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Abstract. This is the second of a series of papers in which we investigate the problem of finding,
in hyperbolic space, complete hypersurfaces of constant curvature with a prescribed asymptotic
boundary at infinity for a general class of curvature functions. In this paper we focus on graphs over
a domain with nonnegative mean curvature.
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1. Introduction

In this paper we continue our study of complete hypersurfaces in hyperbolic space H"*!
of constant curvature with a prescribed asymptotic boundary at infinity. Given I' C
dsoH™*! and a smooth symmetric function f of n variables, we seek a complete hy-
persurface ¥ in H"*! satisfying

f«[Z]) = o, (L.1)
ox =T, (1.2)
where k[X] = (i, ..., k,) denotes the hyperbolic principal curvatures of ¥ and o €

(0, 1) is a constant.
We will use the half-space model,

H = {(x, xp41) € R Xn+1 > 0}

equipped with the hyperbolic metric

5 1 n+1 5
ds® = — del.. (1.3)
X1 i=1

B. Guan: Department of Mathematics, Ohio State University, Columbus, OH 43210, USA;
e-mail: guan@math.osu.edu

J. Spruck: Department of Mathematics, Johns Hopkins University, Baltimore, MD 21218, USA;
e-mail: js@math.jhu.edu

Mathematics Subject Classification (2010): Primary 53C21; Secondary 35J65, 58J32



798 Bo Guan, Joel Spruck

Thus d.oH"+! is naturally identified with R” = R” x {0} ¢ R**! and (1.2) may be
understood in the Euclidean sense.

As in our earlier work [[L1}[9} 5] [7], we will take I" = 02 where 2 C R” is a smooth
domain and seek X as the graph of a function u(x) over €2, i.e.

Y ={(x,xp41) : X € 2, xp41 = u(x)}.
Then the coordinate vector fields and upper unit normal are given by

—uje; +eny1
Xi=e +uje,41, N=uy=u——m-—,
w

where w = /1 4 |Vu/|?. The first fundamental form g;; is then given by

e

1 8ij
8ij = (Xi, Xj) = -5 (8ij + uiuj) = —5-. (1.4)
To compute the second fundamental form /;; we use

1

szj = o {=8ik8in+1 — 8ik0j nt1 + 8ijSk nt1} (1.5)
n+
to obtain 5
VXin = < = +uij — it >€n+1 — M (1.6)
Xn+1 Xn+1 Yot 1
Then o
hij ={(Vx, Xj,uv) = _<1 gy — Uil +2u,u.,)
uw u u u
1 ¢ g5
uzw( ij +ouiuj + uuj) . an

The hyperbolic principal curvatures k; of X are the roots of the characteristic equation

w

_n ¢ 1 Iy,
det(h;j — kgij) =u"" det hij_; K — 8ij =0.

Therefore,

P |
Ki = UK; +E. (1.8)

We will present other more explicit and useful expressions for the «; in Section 2}
The function f is assumed to satisfy the fundamental structure conditions:

A : .
ﬁ(k):T>0 inkK,1<i<n, (1.9
i
f is a concave function in K, (1.10)

and
f>0 inK, f=0 onodk, (1.11)



Hypersurfaces of constant curvature 799
where K C R” is an open symmetric convex cone such that
K" :={» € R" : each component A; > 0} C K. (1.12)
In addition, we shall assume that f is normalized,
f,...;,H =1 (1.13)
and
f is homogeneous of degree one. (1.14)
Since f is symmetric, by (1.10)), (T.13) and (T.14) we have
1 .
FO)= fM+Y HMG =1 =3 fiDhi =~ ki inK (1.15)
and
S0 =fW+Y A - = fM =1 inK. (1.16)
Lemma 1.1. Suppose f satisfies (I.9)—(T-14). Then
1
DRz = Qf I+ D) if A <0 (1.17)
ir =
and so |
2 2
Yo fin = ;Zmi if A, < 0. (1.18)

i#r

Proof. Suppose A, < 0 and order the eigenvalues with A; > 0 the largest and A,, < O the

smallest. Then as a consequence of the concavity condition (I.I0) we have
fu= fi foralliandso f,A2 > f,A2.

By (L.19),
D ki =+ falal.
i#n
By the Schwarz inequality and (T.19),
LA falbal + F20 <D i Y fid = Dfa Y fidl
i#n  i#n i#n
Therefore,

1
Y [k = ———Qf hal + fudD).
4 n—1
i#n
Using (T-T9) this implies

2 2o 1 2o L 2
DSk 2 D S 2 Cf Dl + fakd) 2 —— Q|+ frAD),

i#r i#n
completing the proof.

(1.19)

(1.20)

O
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All of the above assumptions (T.9)—(T.14) are fairly standard. In the present work, the
following more technical assumption is important:

Rlim Fua, ..o, -1, An + R) = 14+ 69 uniformly in Bs, (1) (1.21)
— 00

for some fixed &9 > 0 and 59 > 0, where Bs,(1) is the ball of radius §p centered at
1=(1,...,1) eR".

The assumption is fairly mild. For f = Hk1 /k corresponding to the “higher
order mean curvatures”, where Hy is the k-th normalized elementary function,

lim f(1+ O(e)+ Re,) = 00
R—o0

while for f = (Hk,l)l/(k_l) = (Hk/Hz)l/(k_l), k > [, the class of curvature quotients,

Jim 1+ O() + Rey) = (1 + 0(e)) (k) 1)/ =D,

Problem (T.I)—(I.2) reduces to the Dirichlet problem for a fully nonlinear second
order equation which we shall write in the form

G(D*u,Du,u) =0, u>0 inQcCR (1.22)
with the boundary condition
u=0 ondQ. (1.23)

The exact formula for G will be given in Section 2]
We seek solutions of the Dirichlet problem (I.222)—(T:23) satisfying «[u] =
k[graph(u)] € K. Following the literature we define the class of admissible functions

AQ) = {u € CX(Q) : k[u] € K}.
Our main result may be stated as follows.

Theorem 1.2. Let I' = 32 x {0} C R**! where Q is a bounded smooth domain in R,
Suppose that the Euclidean mean curvature Hygq is nonnegative and o € (0, 1) satisfies

o > 00, where oy is the unique zero in (0, 1) of
8 22 5
$a) = za+ Ea3 - E(az +3)3/2, (1.24)

(Numerical calculations show 0.3703 < oy < 0.3704.) Under conditions (T.9)—(T.14)
and (1.21)), there exists a complete hypersurface ¥ in H'*! satisfying (1.1)—(1.2) with
uniformly bounded principal curvatures

k[X]]| <C onX. (1.25)
Moreover, ¥ is the graph of a unique admissible solution u € C®(2) N CY(Q) of the
Dirichlet problem —. Furthermore, u*> € C® () N CH1(Q) and
J14|Du> <1/, ulD*u|<C in%,
J1+|Dul?=1/0c ondQ.

(1.26)
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Theorem [T.2]holds for a large family of functions f such as

N
F=N"Y (i fin) ™

=1

where each fi; satisfies (T.9)—(T.T4) and at least one of fi1, ..., fin, (for every I) satisfies

By [2]] condition (T.9) implies that equation (T.22) is elliptic for admissible solutions.
As we shall see in Section 2] equation (T.22) is degenerate where u = 0. It is therefore
natural to approximate the boundary condition (I.23) by

u=¢e¢>0 ondQ. (1.27)

When ¢ is sufficiently small, the Dirichlet problem (T.22)), (T.27) is solvable for all o €
©,1).

Theorem 1.3. Let Q2 be a bounded smooth domain in R" with Hyq > 0 and suppose f
satisfies (LY)—(L.14) and (L.21)). Then for any o € (0,1) and ¢ > O sufficiently small,
there exists a unique admissible solution u® € C*> () of the Dirichlet problem ,
(T.27). Moreover, u® satisfies the a priori estimates

J1+|Duf2<1/o  in, (1.28)

u’|D*uf| < CJ/e?  inQ, (1.29)
where C is independent of .

We shall use the continuity method to reduce the proof of Theorem to obtaining C?
a priori estimates for admissible solutions. This approach critically depends on the sharp
global gradient estimate (I.28), which is carried out in Section [3] under the assumption
Haq > 0. It implies that the linearized operator of equation (T.22)) is invertible for all
e € (0, 1], a crucial condition for the continuity method. The centerpiece of this paper
is the boundary second derivative estimate, which we derive in Section@ Here we make
use of Lemma [[.T] and a careful analysis of the linearized operator to derive the mixed
normal-tangential estimate. Again the sharp global gradient estimate (T.28) enters into
the proof in an essential way. We then use assumption (T.21) to establish a pure normal
second derivative estimate. In order to use Theorem [I.3] to obtain Theorem [I.2] (see the
end of Section 4 for a more detailed explanation), we need a uniform (in &) estimate
for the hyperbolic principal curvatures of the graph u®. Therefore in Section [ we prove
a maximum principle for the maximal hyperbolic principal curvature using a method
derived in our earlier paper [7]. It is here that we have had to restrict the allowable range
of o € (0, 1). Otherwise our approach is completely general and we expect Theorem|[I.2]
is valid for all o € (0, 1). In Section 2] we summarize the basic information about vertical
graphs and the linearized operator that we will need, and in Section [3] we review some
important barrier arguments using equidistant sphere solutions.
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2. Vertical graphs and the linearized operator

Suppose ¥ is locally represented as the graph of a function u € C*(Q), u > 0, in a
domain @ C R™:
Y ={(x,ux)) e R"*!:x e Q.

oriented by the upward (Euclidean) unit normal vector field v to X:

—Du 1
V= ,— ), w=./1+|Dul?.
w S w

The Euclidean metric and second fundamental form of ¥ are given respectively by

e _ 5. i e _ ..
gij—(?,j—i—u,u], hij—u,]/w.

According to [3]], the Euclidean principal curvatures x°[X] are the eigenvalues of the
symmetric matrix A°[u] = {afj}:

aj; = %y"kuw’f', @1
where
y =8 — —w(';i:t_jw). (2.2)
Note that the matrix {yij } is invertible with inverse
Yij = 8ij + lu_l—ujw (2.3)

which is the square root of {gfj}, ie., Vikkj = gfj. By (L.8) the hyperbolic principal
curvatures «[u] of ¥ are the eigenvalues of the matrix Alu] = {a;;[ul}:

ajjlu] := %(Sij + uyFugy'y. 2.4)
Let S be the vector space of n x n symmetric matrices and
Sk ={AeS:AA) € K},
where A(A) = (A1, ..., A,) denotes the eigenvalues of A. Define a function F by
F(A) = f(A(A)), A e Sk. 2.5
Throughout the paper we denote

ij,kl aZF
(A, FPH(A) = ———(A). (2.6)
aijj aaijaakl

. oF
Fi(A) = o
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The matrix {F ij (A)}, which is symmetric, has eigenvalues fi, ..., f,, and therefore is
positive definite for A € Sk if f satisfies (I.9), while (I.I0) implies that F is concave for
A € Sk (see [2]), that is,

FUM(A)g 80 <0, V(&) €S, A e Sk. @7
We have
FU(A)aij =Y [, 2.8)
Fl(A)airajx =Y fi(LM(A))A]. (2.9)
The function G in equation (T.22) is determined by
G(Dzu, Du,u) = F(Alu]) (2.10)
where A[u] = {a;j[u]} is given by @ Let
L= G933 + G0 + G, 2.11)
be the linearized operator of G at u, where
G G G
G'="2 =2, Gy=-—. (2.12)
81"51 aus aM
We shall give the exact formula for G* later but note that
G = LFUySyIt Gluy = uGy = Flay — — Y FY, (2.13)
w w
and ) 5
°G e e g
qu,st — — M—2F"I’kl]/”)/t'/)/kp)/ql (214)

- Ot pg du sy w
where F'/ = F/(A[u)), etc. It follows that, under condition (1.9), equation (1.22) is
elliptic for u if A[u] € Sk, while (1.10) implies that G(D?u, Du, u) is concave with
respect to D?u. N N
For later use, the eigenvalues of {G"} and {F'/} (which are the f;) are related by

Le1_1_1ma 2.1. _Let O<pu <---<pupand0 < fi < --- < f, denote the eigenvalues of
{G"} and {F"} respectively. Then

wuk Sufe <wpr, 1<k <n (2.15)
Proof. Forany & = (&1, ...,&,) € R" we have from (2.13)

uFige = wGMyyygig = wGhgg

where D
& = vk =& + (SH_—L;)M,
Note that
17 < 167 = 15 + 1§ - Dul® < wlgl
where £’ = (&, ..., &}). Since both {G"/} and {F'/} are positive, follows from the
minimax characterization of eigenvalues. O
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3. Height estimates and the asymptotic angle condition

In this section let ¥ be a hypersurface in H**! with 8% C P(e) := {x,41 = €} s0 X
separates {x,4+1 > ¢} into an inside (bounded) region and an outside (unbounded) one.
Let Q2 be the region in R” x {0} such that its vertical lift Q° to P(e) is bounded by 9%
(and R" \ @ is connected and unbounded). It is allowable that €2 has several connected
components. Suppose k[X] € K and f (k) = o € (0, 1) with respect to the outer normal.

Let B = Bg(a) be a ball of radius R centered at a = (a’, —o R) € R"*! where
o € (0,1)and §1 = aB1 N H"t. Then «;[S1] = o forall 1 < i < n with respect
to its outward normal. Similarly, let B, = Bg(b) be a ball of radius R centered at b =
(b',0R) € R"! with S, = 9B, NH"+!. Then «;[S>] = o forall 1 <i < n with respect
to its inward normal.

These so called equidistant spheres serve as useful barriers.

Lemma 3.1.
1) ZN{xpy1 < e} =0.
(ii) If 0¥ C By, then ¥ C Bj.
(i) If By N P(e) C Q°, then B1N'X = (.
GV)If BoNQF =0, then B,N'L = .

3.1

Proof. For (i) let ¢ = minyey Xx,+1 and suppose 0 < ¢ < &. Then the horosphere P(c)
satisfies f (k) = 1 with respect to the upward normal, lies below ¥ and has an interior
contact violating the maximum principle. Thus ¢ = ¢. For (ii), (iii), (iv) we perform
homothetic dilations from (a’, 0) and (', 0) respectively which are hyperbolic isometries
and use the maximum principle. For (ii), expand B continuously until it contains ¥ and
then reverse the process. Since the curvatures of ¥ and S are calculated with respect
to their outward normals and both hypersurfaces satisfy f(x) = o, there cannot be a
first contact. For (iii) and (iv) we shrink Bj and B; until they are respectively inside and
outside X. When we expand B; there cannot be a first contact as above. Now shrink By
until it lies below P (¢) and so is disjoint (outside) from 3. Now reverse the process and
suppose there is a first interior contact. Then the outward normal to ¥ at this contact point
is the inward normal to S,. Since the curvatures of S are calculated with respect to its
inner normal and it satisfies f (k) = o, this contradicts the maximum principle. O

Lemma 3.2. Suppose f satisfies (1.9), (1.11) and (1.14). Assume that 3% € C? and let

u denote the height function of 2. Then for ¢ > 0 sufficiently small,

1 — o2 21 V1 =02 21—
e/ o~ & ;"‘7)<vn+l_g<‘E o +8( 20) ond¥ (3.2)
rn ry 1 r

where ry and ry are the maximal radii of exterior and interior spheres to 9S2, respectively.
In particular, v+ S g ondT ase — 0.
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Proof. Assume first r» < 0o. Fix a point xg € 92 and let e be the outward pointing unit
normal to 32 at xg. Let By, By be balls in R*t! with centers a; = (xo—rie1, —R10, az =
(x0 4+ raze1, Ryo) and radii Ry, R; respectively satisfying

R} =r}4 (Rio+¢)?% RS =r}+ (R —e). (3.3)

Then By N P(¢g) is an n-ball of radius ri internally tangent to 92° at xo while By N
P(¢e) is an n-ball of radius r, externally tangent to dQ2¢ at xo. By Lemma iii) & (iv),
B;NY =0¢,i =1,2. Hence,

—0oR R
_uzmoky e _utoRy at xo.
R Ry
That is,
€ n+1 €
- - — atxo. 34
& <V o< R X0 34
From (3.3),
1 (1—0rl+ &2 —eo =62 ¢(1-o0)
R 2 .2 < + 2
R ri+e r r;
1 (1—02)r22+82+80 MT—02 e(l+o0)
— = 5 5 < + 5 .
R rs+e %) r;
These estimates and (3.4)) give (3.2)), completing the proof of the lemma. O

4. The approximating problems and the continuity method

We study the approximating Dirichlet problem
G(D*u, Du,u) =0 in€,

u=¢ onds, @D
using the continuity method.
Consider for 0 < ¢ < 1 the family of Dirichlet problems
G(Dzut, Du',u'y=0c":=to +(1—1) inQ,
u'=¢ onodQ, 4.2)
u’ =e.

For Q a C*** domain, we find (starting from u® = ¢) a smooth family of solutions
u', 0 <t < 21, by the implicit function theorem since G| 40 = 0. We shall show in a
moment that these solutions are unique. By elliptic regularity it is now well understood
that if we can find uniform estimates in C2 for 0 < to <t <1 then we can solve .
By Lemma we obtain the C? estimate

e<u'<C inQ. 4.3)
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4.1. The C! estimate

The following proposition shows that we have uniform C! estimates in the continuity
method and that the linearized operator L satisfies the maximum principle.

Proposition 4.1. Let u' € C*(Q) be a family of admissible solutions of (4.2) for 0 <
t < t*. Suppose Hyq > 0. Then G, |£ < 0 so we have uniqueness. Hence w' assumes its
maximum on 02 and w' < 1/o' on Q forall 0 <t < r*.

Proof. 'We (usually) suppress the ¢ dependence for convenience. By (2.13)) and (T.16),

1 1
uGuzo’—JZﬁ 50’—;.

Fort = 0, we have 60 = 1, u® = &, ki = 1, fi = 1/n and so uG, = 0. Note also
that %(o’ — 1/wh|;=0 = 0 — 1 < 0. Hence for ¢t > 0 sufficiently small, uG, < 0 so
the operator £ given by satisfies the maximum principle. But Lu; = 0 so each
derivative uj achieves its maximum on 9€2. In particular, w assumes its maximum on 9€2.
Let 0 € 92 be a point where w assumes its maximum. Choose coordinates (xi, ..., X;)
at 0 with x,, the inner normal direction for 0$2. Then at O,

Uy =0, 1<a<n, u,>0, uu=<0,

and
Z Ugg = —up(n — D)Haq < 0.

a<n

Note that by (1.15)), the hyperbolic mean curvature of graph(u) is at least . Therefore,

n 1 1 Unn Un
— - )< — E < —(n—1)— < 0.
8(0 w)_w< uaa+w2)_ (n )wHaQ_O

a<n

Hence o — 1/w < 0,0or w < 1/0. Thus G, < 0 so L satisfies the maximum principle.
Consequently, the same estimates must continue to hold as we increase ¢ up to *. O

In Section [} we will make use of Proposition to complete the proof of the C? esti-
mates (see Theorem[5.1]and Corollary [5.8). Since the linearized operator is invertible, we
have unique smooth solvability all the way to ¢ = 1, completing the proof of Theorem|1.3

Using the global maximum principle, Theorem 6.1 of Section [6|and Theorem [5.1] we ob-
tain uniform estimates for the hyperbolic principal curvatures. Note also that by Lemma
[3.1(iii), we have a positive lower bound (uniform in €) on each compact subdomain of
Q for the solutions u® obtained in Theorem This allows us to obtain uniform C>*¢
estimates for u® on compact subdomains of €2 by the interior estimates of Evans—Krylov.
We can now let ¢ tend to zero to obtain Theorem .21
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5. Boundary estimates for second derivatives

In this section we establish boundary estimates for second derivatives of admissible so-
lutions to the Dirichlet problem (.2)) for all 7p < ¢ < 1. Clearly it suffices to consider
the case + = 1. Throughout this section let Q2 be a bounded smooth domain in R” with
Hoq >0,andu € C 3 (5_2) an admissible solution of the Dirichlet problem

{G(Dzu,Du,u) —o ong, 5

u=c¢ on 9%2,
where G is defined in (2.10)).

Theorem 5.1. Suppose that f satisfies (1.9)—(1.14) and (1.21). If ¢ is sufficiently small,

then
ulD*ul < C  ondQ (5.2)

where C is independent of .

Recall that in Section 4, we proved the global gradient estimate w < 1/o. In particular,
e <u < (14 1/0)e in an e-neighborhood of 92, This will be used repeatedly in the
proof of Theorem [5.1| without comment.

The notation of this section follows that of Section [2} Let £’ denote the partial lin-
earized operator of G at u:

L =L—-G,=G"80 +G*d
where G*', G, are defined in (2.12) and
ks 2 B )
! ) + S FluiyS (53)
w
by the formula (2.21) in [6], where F'/ = F'/(A[u]) and a;; = a;;[u].

Since F = {F/} and A = {a; j} are simultaneously diagonalizable by an orthogonal
matrix P, we have

= Zfr|’(r|~

54

|Fai| = (FA)jx = |(P(PTFP)(PTAP)PT )| = \Z Py fricr Par

Hence from (5.3)) and (5.4)), we obtain
Lemma 5.2. Suppose that f satisfies (1.9), (1.10), (1.13) and (1.14)). Then

o 2 -
|G5|55+52F“+2Zﬁ|x,»|. (5.5)
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Since y¥us = u;j/w,

s 1 1) Fii 2 i 2 i
Guy = o FYa;j — EF ajxuruj + EF uiuj. (5.6)
It follows from (2.6), (2.8) and (2.13) that
Lu= - Fii Ly pit = 2 pii 2 pii 5
u—ﬁ “if_EZ — a,-kukuj—i—ﬁ uildj. 5.7

Lemma 5.3. Suppose that f satisfies (I.9), (1.10), (1.13) and (I.14). Then

£ (1—-o0)e - 2e .. .
L(l - —) <-——5—> Fi- uzwzF”aikukuj in Q. (5.8)

u u-w

Proof. By (7). @T3) and (I.T3)

28
E(l — E) = %E/u - —iG”usut + G, (l - E)
u u u u
e (o 1 i e 28 i
=== Z F'|+G,|1- - - u2w2F ajguruj.  (5.9)

Since G, < 0 by Proposition .1 (5.8) now follows from (T.16). |

We now refine Lemma [5.3] For the symmetric matrix A = A[u] we can uniquely define
the symmetric matrices (see [10])

1 1
|Al = (AAT)12) AT = SUAI+A), A7 = (A1 - A), (5.10)

which all commute and satisfy ATA~ = 0. Moreover, F = {F"} commutes with
|A|, AT and so all are simultaneously diagonalizable. Write AT = {aij;.} and define

2
L=L- = Flagud. 5.11)
Lemma 5.4. Suppose that f satisfies (I.9), (1.10), (I.13) and (L.14). Then
e (1 —o0)e L

Proof. Since {F'/} is positive definite and simultaneously diagonalizable with A%,
F"ja;—,iéjék >0, V&cR"'.

Therefore,
; — 3 .
FYajuguj = FY(a;f, — a;)uguj > —FYa; ugu;. (5.13)

Combining (5-13) and Lemma [5.3| we obtain (5.12). o

The following lemma is stated in [4]]; it applies to our situation since horizontal rotations
are hyperbolic isometries. For completeness we sketch the proof.
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Lemma 5.5. Suppose that f satisfies (1.9), (1.10), (1.13) and (1.14)). Then

L(xjuj —xju;) =0, Lu; =0, 1<i,j<n. (5.14)
Proof. Without loss of generality we may assume i = 2, j = 1. Let R(0) be the or-
thogonal n x n matrix with entries rj; = ryp = cosf, rip = —ry1 = —siné, ry = 6
for k or/ < 3. Let y = Rx and v(y) = u(x). Then since rotations in xp, ..., x, are

hyperbolic isometries, v(y) satisfies
G(D*v(y), Dv(y), v(y)) = o, (5.15)
where
v(y) =u(R"y), Dv(y)=RDu(R"y), D*v(y)=R(D*u(R"y)R". (5.16)

We differentiate (5.15) with respect to 6 and evaluate at @ = 0. With the obvious notation,
we obtain
G + Gy + Guv = 0. (5.17)

Using (5.16) and the definition of R, we compute
V=uj— = u;ipi (0)xp = xou1 — x1U2,
36 g—o
Vs = i (O)u; + 75 (Q)u;jipj (0)xp = xou1s — X1u2s + u1852 — U251
= (xou1 — x1u2)s,
Ukt = Oki81juijmTram (0) Xy 4 (ui17ki (0) + ug;i1;(0)) = (xou1 — X1u2)u.
Hence L£(v) = 0 as stated. The statement L£(u;) = 0 is left to the reader. ]

Proof of Theorem Consider an arbitrary point on d€2, which we may assume to be
the origin of R” and choose the coordinates so that the positive x,, axis is the interior
normal to 02 at the origin. There exists a uniform constant » > 0 such that 92 N B, (0)
can be represented as a graph

1
5w =p() =3 D Bupraxp+ OUx'P). ¥ =(romen). (518)
a,B<n

We shall assume & < r below. Since u = ¢ on 92, we see that u(x’, p(x’)) = ¢ and

uaﬁ(o) = —UpPap, O, B <n. (5.19)

Consequently,
lugp(0)| < ClDu(), o, B <n, (5.20)

where C depends only on the (Euclidean maximal principal) curvature of 9€2.
As in [[1]], we consider for fixed « < n the operator

Tu =00+ Bup(xpdn — xn0p). (5.21)
B<n
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Using Lemma|[5.5]and the boundary condition u = & on 92 we have
LTyu =0,

1
|Toul+ =Y u? <C in QN B.(0),
2 ; (5.22)

1
o] + 5 > uj < Clx[* ondQnN B.(0).

I<n

12:2 C 2
¢_:|:Tu+_ ul_8_2|x|

I<n

where C is chosen large enough (independent of ) so that ¢ < 0 on (2 N B:(0)). This
is possible by (5.22)).

By , (5.22), and Lemma (recall u < ce in B¢(0) by virtue of the C!

estimates),

Lo = GYujugy — g(Zf + Zﬁ|x,-|) inQNB:0). (523

I<n

Following Ivochkina, Lin and Trudinger [8]] we have

Proposition 5.6. At each point in Q N B (0) there is an index r such that

ZGijuliulj > C()I,tZ:fi(K,'e)2 = ;—Z(Z fzKlz - % th) (5.24)

I<n i#r i#r

Proof. Let P be an orthogonal matrix that simultaneously diagonalizes {F/} and A¢. By

(.13) and 2.1,

st S t st
> GYuyuy = " SOFYSy uug = uw Y FYag,ab, vprvg

I<n I<n I<n
=uw Y fi(k Ppivpi Paivgr = uw y_ fikf)*b7, (5.25)
I<n l<n

where B = {b,s} = {P, vis} and det B = det(BT) = w.
Suppose for some i, say i = 1, that

> bpy <62,

I<n

Expanding det B by cofactors along the first column gives

l<w=detB=bC"' +- 4+ b,_11C"" " + b, det M < 16 + crdet M,
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where the C!/ are cofactors and M is the n — 1 by n — 1 matrix

biz ... bp_12
M = . (5.26)
bln v bn—ln

SodetM > (1 — c10)/c2. Now expanding det M by cofactors along row r > 2 gives

det M < C3(Z b},)l/z

I<n

by the Schwarz inequality. Hence

p s (L=a? ’ 527
> b= o ) (5.27)

l<n

If we choose 0 < 1/(2¢1), (3.27) and (3.25) imply

Z G ujjuj = cou Z fi(fcf)2 for some r.
I<n i#r

Finally using «{ = %(K,’ — 1/w) yields (5.24). |
Proposition 5.7. Let L be defined by (5.11)). Then
.. 1
Lo > —C <G”¢,-¢,» +-2 ﬁ-)
for a controlled constant Cy independent of ¢.

Proof. By the generalized Schwarz inequality,
2 i - 1w\
o Pl ajuidel < 2(“F”¢’i¢1)1/2(EF”“ilakj?)

CO 2 ..
- > fik? + CGlgig; (5.28)
ki <0
where we have used Lemmato compare u F/ ¢;p; to GV ¢; ;.

Since (recall (T.14))
D filkil=0+2)" filkil,

ki <0

usin s , Proposition and Lemma we have
g (5.28). (5.23), Prop
L¢>C_0 E fl.K.z—C_O E filC-Z—C<Gij¢i¢j+l E fl>
- 1 1
2u iz dnu 0 e

. 1
> —C) <Glj¢,-¢j + - > ﬁ) (5.29)

for a controlled constant C; independent of ¢. O
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Leth = (€1 — 1) — A(1 — &/u) with C; the constant in Proposition and A large
compared to C;. By Proposition [5.7]and Lemma [5.4] (here again we use u < c¢ in B;(0)
by virtue of the C 1 estimates),

h<0 ond(NB(0), Lh>0 inQN B (0).
By the maximum principle 2 < 0 in 2 N B, (0). Since ~A(0) = 0, we have h,(0) < 0,

which gives
A
[uan(0)] < C—Mn(O). (5.30)
1€

Finally, |u,, (0)| can be estimated as in [7] using hypothesis (1.21]). For completeness
we include the argument here. We may assume [u45(0)], 1 < o, 8 < n, to be diagonal.
Note that 1, (0) = 0 for @ < n. We have, at x = 0,

14+ uuqg 0 U, /w
1 0 14+uury ... U, /w
Alul = —
w : : . :
Uy1/w  uupp/w ... 1+uu,,,,/w2
By Lemma 1.2 in [2], if eu,, (0) is very large, the eigenvalues A, ..., A, of A[u] are

asymptotically given by

1
Ao = E(l +cuaq(0)) +o(1), o <n,

3 _Sunn(o) 140 1
" <+ (814,,,1(0)))'

3
w
By (5.20) and assumptions (T.14), (I.Z1), for all ¢ > 0 sufficiently small,

1 1 £0
0 =~ FwAl(0) = —<1 + —)

(5.31)

w 2
if €u,,(0) > R where R is a uniform constant. By the hypothesis (I.2I)) and Proposi-

tion [4- 1] however,
L1 2) s o(14 2
o> — — o — ) >
Tw 2]~ 2 o

which is a contradiction. Therefore ¢|u,, (0)] < R and the proof is complete. ]

Applying the maximum principle for the largest principal curvature kpy,x obtained in The-
orem 5.2 of [7] we obtain

Cor(_)llary 5.8. Let Q be a bounded smooth domain in R" with Hyg > 0, and u €
C3 () N C*(Q) an admissible solution of problem (5.1). Suppose that f satisfies (1.9)—

(T.14) and (L21). Then, if ¢ is sufficiently small,
ulD>u| < C/e> inQ (5.32)
where C is independent of .

Note that Corollary [5.8]suffices to complete the proof of Theorem[I.3]but we cannot use
it to pass to the limit as ¢ — 0. In the following section we address this problem.



Hypersurfaces of constant curvature 813

6. Global estimates for second derivatives

In this section we prove a maximum principle for the largest hyperbolic principal cur-
vature kpmax(x) of solutions of f(k[u]) = o. We make extensive use of our previous
calculations in Section 5 of [[7].

Let X be the graph of u. For x € Q let kmax (x) be the largest principal curvature of X
at the point X = (x, u(x)) € X. We define, as in [4],

K X
MO — max max( )’

xeQ N —a

where n = 1v"*! = e-vand 0 < a < o < infy. Here e is the vertical Euclidean unit

vector and as before v is the Euclidean upward unit normal to X.

Theorem 6.1. Suppose that f satisfies (.9)-(L.14) and o € (0, 1) satisfies o > oy,
where oy is the unique zero in (0, 1) of

8 22 5 5, 3
=+ —a’ — = 3)3/2, 6.1
¢(a) 3a+27a 27(61 +3) 6.1)
Letu € C*(2) be an admissible solution of B.) such that prtl = 1/w > o. Then at an
interior maximum of My,

kmax < C/(0 = 00)°

where C is independent of €. Numerical calculations show 0.3703 < o9 < 0.3704.

Proof. Suppose M is attained at an interior point xo € 2 and let Xo = (xo, u(xop)). After
a horizontal translation of the origin in R”*!, we may write ¥ locally near Xq as a radial
graph

X=ez, zeSLcCR", 6.2)

with Xg = e" )z, 2y € S, such that v(Xy) = zo. Note that the height function
u = ye", and the upward unit (Euclidean) normal is v = (z — Vv)/w where y = e - z
and w = (1 4+ |Vv|®)!/2 . Hence n = (y — e - Vv)/w.

We choose an orthonormal local frame 11, ..., 7, around zp on S'| such that v;; =
V1, Vv is diagonal at zg, where V denotes the Levi-Civita connection on S"™. As shown
in Section 2.2 of [7], the hyperbolic principal curvatures of the radial graph X are the
eigenvalues of the matrix AS[v] = {al.sj[v]}:

1. .
aj;lvl == E()’Vlkvkzyl] —e- Vud;j) 6.3)
where ViV
4 U w( + w)

We can then rewrite equation (3.1)) in the form
F(A*[v]) =o. 6.4)

Henceforth we write A[v] = A[v] and ¢;; = aisj[v].
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Since v(Xg) = zg, Vv(zg) = 0 and hence
ajj = yvij = Kidjj (6.5)

at zo by (6.3), where 1, . .., k, are the principal curvatures of X at Xj.
We note that, at zg,
yi=Vie-z)=e-Viz=e- 1,

(e-Vv)r =e-virTi = yiVik = YkVkk»

y—e-Vv
ni=\———) =yl —vi),
i

w (6.6)
aijk = YVijk + Yk (Vii — Vkk)dij,
Vijk = Vikj = Ukij  (since Vu(zg) = 0),
y(ai1,1 —airi) = yi(ki — K1).
We may assume
K1 = Kmax(X0). 6.7)
The function a1 /(n — a), which is defined locally near z(, then achieves its maximum
at zy. Therefore at zg,
a
( ”):o, 1<i<n, (6.8)
n—aj;
and
.. .. .. an
VO —a)Flay i =y Flinig = Y2 (v — )’ F" (E) <0. (69
i

The left hand side of (6.9) is exactly calculated (these calculations are long) in Propo-
sition 5.3 and Lemma 5.4 of [7] (with ¢ = n) and yield

oy —ayi +ax Y fik] + (@ =201 = yY)(y— a1 Y fi

2ak; 2 2azKlz - fl fl 2.2
<20k + —= § fi(k; —a) y> — E : Ki — a)?y? 6.10
= 1 l(Kl )y, 2(y )i < | i(l ) Vi ( )

where o = ax/(k1 — (y — a)). We note only that differentiation of equation (6.4) twice
gives - N
Y2y — @) F a1 = —y*(y — @) F7" a; 1ap,1 (6.11)

and the last term in (6.10) comes from this “concavity term”

fi—n

1

(vai1.1)* (6.12)

n
— (= a)F Mg 010 = 2y —a) Y
i=2

. an . _ . ok .
where, since (nTa), =0, thatis, aj1,; = J=ali> We find, using ,

Vi a1 (ki — a)y;
yaii,1 = yai,i + (& —k1)yi = (ak1 — (k1 — (y — a))k;))—— = — : ..
y - a(y —a)
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We also recall the identity

D=1y

which has been used in (6.10), which follows from
yi=Vie-z)=e-17;, and e= Z(e - Ti)T + YZ.

It was shown in Section 6 of [7] that the coefficient y (y) of k1 Y f; in (6.10),

v =a-20-y)(—a), (6.13)
satisfies
7 4 32
y(y) > —a — ﬁa — —(a +3)7*>0 on(a,l) (6.14)

if > > 1/8. Therefore the terms on the left hand side of (6.10) are all positive and we
have one term of order K12. The only “dangerous” term on the right hand side of (6.10) is
the second one and we may throw away those terms in that sum where k; < «. Thus we
need only concern ourselves with

I =1{i:xi>a>a}
Fix 6 € (0, 1) to be chosen later and let

J={iel:fi<Of), K={iel:fi>0f)

Then
a1 Y fik} > a*k1 Yy fi (6.15)
iel ieJ
and
2ak 2 3 2f 2
D filki — )y} —axi fi <k o —aki ) fi <0, (6.16)

iek
provided k1 > 2/(af). On the other hand by the Cauchy—Schwarz inequality (or com-
pleting the square),

Y 2_ fim fi 22
;.fl(’cl o) Vi ; P K: ki —a) Vi
= Zf’yl <(Kz —a) - 1 =0a (ki — 01)2)
Py a(y —a)
aly —a)(l —y?) oz(a ala—y(y)
= 4(1 — 0)a Zf‘ —0)a Zf" 617

Combining (6.10), (6.19), (6.16) and (6.17)) we obtain
oy —a)i + oy Y fi < 20k (6.18)

ieJ
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where the coefficient of k1 ) ;. ; fi in (6.18) is

_ _a—y) 3
$o(y) =y () A0 +a’.
Note that by (6.14),
o) = 2y + 2 - &
= — —-as — —
oLy 2 Yy 3 3
bl B B 3 P B
>4{3“ A T L
8 225 5 5 .,
= - _— —_ =: . ]
3a+27a 27(61 +3) ¢(a) (6.19)

For a € (0, 1) it is easily checked that ¢'(a) > 0, ¢(0) < 0, ¢(1) > 0. Let o be the
unique zero of ¢ (a) in (0, 1). Numerical calculations show that 0.3703 < op < 0.3704.

Now assume that 2¢g := 0 — 0p > 0 and choose a = oy + €9. Then ¢y(y) > 0 on
(a, 1) if & > 0 is chosen sufficiently small. By Propositiond.1l y —a > o —a > g at
29, so by (6.18) (assuming «; > 2/(af))) we obtain 8(_)/(12 < 2k1. Hence

1 1 1 1
k1 <2max{ —, — = 4max ,
ab go 0(c +09) o — o9

and so (since n —a < 1)

max k (x)<M<8max{ ! }
weq 0T e0 0(c2— o) (6 —00)*)

completing the proof of Theorem 6.1] O
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