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Abstract. We consider one-dimensional Brownian motion conditioned (in a suitable sense) to have
a local time at every point and at every moment bounded by some fixed constant. Our main result
shows that a phenomenon of entropic repulsion occurs: that is, this process is ballistic and has an
asymptotic velocity approximately 4.58. .. as high as required by the conditioning (the exact value
of this constant involves the first zero of a Bessel function). We also study the random walk case
and show that the process is asymptotically ballistic but with an unknown speed.

1. Introduction

The goal of this paper is to describe the macroscopic behaviour of a process which locally
behaves like a Brownian motion, but which is constrained to satisfy a global constraint
of a self-avoiding nature. Informally speaking, we consider one-dimensional Brownian
motion conditioned on the event £ that the local time of the process is bounded by a fixed
constant, say 1, at every time and position. The event £ has of course zero probability,
so a precise definition is needed—this is deferred to the next section. For the moment, it
suffices to say that it is possible to define a probability measure Q on continuous paths
corresponding to this conditioning, which is obtained by a limiting procedure.

From an intuitive point of view, one expects that, conditionally on &, the process will
be transient and must in fact escape to infinity with a positive velocity. In fact, one expects
the speed to be at least equal to 1, since that is precisely what it means to spend less than
one unit of local time per level. This being a very costly behaviour for Brownian motion,
it is tempting to believe that the process is not likely to satisfy any constraint that would
be even stronger, and hence that the speed of the process will in fact be equal to 1 in the
limit.

Our main finding in this paper is that this intuition turns out to be erroneous. To be
precise, we obtain the following result.

Theorem 1. lim;_ » X;/t = Yy exists in Q-probability, and furthermore

% —=4.5860... (1
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where jo = 2.4048 ... is the first nonnegative zero of the Bessel function Jy(x) of the first
kind and of order 0.

A more precise result is stated in Theorem[2]in the next section, after the definitions have
been given. In Theorem 5} we obtain a similar result for the corresponding random walk
problem: given some Ly > 2, a simple symmetric random walk on Z is conditioned to
never visit any site more than Lq times. Under the limiting measure Q, we show that the
particle escapes to infinity with a certain speed y (Lo) and we show that y (Lo) > 1/Ly.

We call this phenomenon Brownian entropic repulsion, by analogy with a situation
arising in the study of the harmonic crystal which will be described below (in Section [3)).
Roughly speaking, entropic repulsion describes the fact that the easiest way to achieve
a certain global constraint for a random process is to achieve much more than required.
Here, this phenomenon arises due to the fact the local time process has wild oscillations,
and therefore the process must on average have a small local time if it wants to avoid ever
being equal to 1. As discussed in Section (3| the situation in the harmonic crystal is not
much different. We also describe other conditionings of Brownian motion where a similar
entropic repulsion occurs in the paper [[1]], and recall some results of that paper later on in
Section[3] We expect entropic repulsion to be a general principle in this sort of situations,
even though it seems hard to even formalize this idea precisely.

Our techniques are very different in the continuous and the discrete cases. In the
continuous case, our main tools are the Ray—Knight theorem and some careful coupling
estimates. The existence and uniqueness of the measure (Q is obtained by showing that the
approximating sequence forms a Cauchy sequence for a suitable metric (and showing that
this implies weak convergence). The value of the speed is obtained through a connection
to an eigenvalue problem for the Laplacian in the unit disc of the plane (Sturm—Liouville
problem). While it seems possible to adapt these techniques to the discrete case, we have
used here a rather different method which we believe sheds additional light on the prob-
lem. In particular, the notion of regenerating levels plays a significant role in this proof
and we crucially apply the renewal theorem in the spirit of Kesten [10]. This theorem is
here viewed as a purely analytic result on sequences of numbers satisfying certain condi-
tions, and is applied to sequences which do not have obvious probabilistic interpretations.

2. Statement of the results

Let Q2 be the space of continuous, real-valued functions defined on [0, o). We endow 2
with the Skorokhod topology and the Borel o-field defined by it, and with the Wiener
measure W. (We let W, be the Wiener measure started at the point x € R). Let (X;, ¢t > 0)
be the canonical (coordinate) process on €2, and let L(z, x) denote a jointly continuous
version of the local times process of X, i.e., W-almost surely for all x € R and all r > 0,

g
L) = lim > fo 11, x| ds. @)

(We may, occasionally, write L(¢, x, @) to make explicit the dependence of L(¢, x) upon
the path w € .) In particular, X satisfies the occupation formula: almost surely, for all
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¢t > 0 and for all nonnegative Borel functions f,

t
/ f(Xs)dSZ/ JOL(, x)dx. 3
0 R

(For this and other basic facts about local times of Brownian motion, we refer the reader to
Chapter VI of [15]]. The above statement corresponds to Corollary (1.6) in that reference.)
For all a > O, let

1, = inf{t > 0: X; > a}.

We approximate the event £ described in the introduction by conditioning on what hap-
pens up to time 7,, and let a tend to infinity. Hence, define

Eq = {supsup L(x,t) < 1}. 4)

1=<7q xeR

A more precise statement of Theorem|[T|follows. Recall that yp = 4.5860 . . . is defined
by (D).

Theorem 2. The family of measures {P, := W(-|E4)}as0 converges weakly to a mea-
sure Q on Q as a — o00. Moreover, lim;_, oo X;/t = yp in Q-probability.

Roughly speaking, the idea for the proof of this theorem is that, by the Ray—Knight the-
orem, the local times of Brownian motion between the two endpoints 0 and a behave as
the square radius of a two-dimensional Brownian motion. Conditioning by the event &,
amounts to conditioning this Brownian motion to stay within the unit ball. By well-known
results due to Pinsky [14] on metastability, this has a simple equilibrium distribution, un-
der which the square radius has an average ¢ < 1. The asymptotic speed of the process is
then given by 9 = 1/c, and thus yy > 1.

Remark 3. If one requires the local time to be bounded by C > 0 rather than 1 in the
events £ and &, it can be shown that the limiting speed of the process becomes yy/C.
That is, entropic repulsion makes the particle travel 4.5860 . . . as fast as one would expect
from the constraint in the conditioning.

Remark 4. Conditioning on the event £, drives the process to +00 because the condition
is imposed at time t,, the hitting time of a > 0. If we replace t,, in the definition of &,
by 1, where

t, = inf{t > 0: |X;| = a}

then Theorem |2 easily implies that the same statement is true with lim;_, o, X;/t = £y
with probability 1/2 each.

We now turn to the discrete version of the problem, about which we know both more
and less information. As our basic probability space we take €2 = {—1, +1}%+. A generic
point of €2 is written as w = {w;};>0. For o € €, let

n
Se@) =) wj, n=0.1,...,
j=I1
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be the random walk on Z associated to w. For t € Z, x € Z, define

t
L(t,x) = Z I{Sj:)f}'
=

Of course, L(t, x) is a function on 2. Occasionally it will be useful to write L(z, x, )
for the value of L(z, x) at the point w € Q. In fact, L(¢, x, w) depends only on the first
t + 1 coordinates of , so we can also regard it as a function on ; := {—1, +1}/*1 If
w; € 2, we shall also use the notation L(¢, x, w;) for the value of L(¢, x) at this point.
Unless otherwise indicated we take Sy = 0. Let us now define the event 3 which serves
as our constraint: for r € Z, let

B, ={L(t,,x) < Loforall x} = {w € Q: L(1,(w), x, w) < L for all x}

where
T =inflk >1:8; =r}.

To formulate our main result for random walks we will need to introduce the notion
of “regenerating levels”, to borrow from the terminology of random walks in random
environments. Define

vi=inf{r >0:8; >rforallt > 1, + 1}
and recursively, for all i > 2,
vi =inf{r > v;_1: S8 >rforallt >t 4+ 1}.
The levels v; are those which are visited only once for a given trajectory w.

Theorem 5. The measures P(- | B,) converge weakly to a limiting measure Q as r — o0.
Then for all j > 1, v; < oo Q-a.s. Moreover, the random variables (vj1| — vj)j>1 are
i.i.d. and satisfy

EQjt1 —vj) < oo.

The portions of the path between two successive renewal levels are also independent. In
particular, y (Lo) = limg_ o Xi/k exists Q-almost surely, and is a nonrandom number
satisfying y (Lo) > 1/Ly.

3. Related work

3.1. Harmonic crystal with hard wall repulsion

As already mentioned above, the term “entropic repulsion” was introduced to describe a
situation arising in the study of the discrete Gaussian free field on a lattice (also known as
the harmonic crystal) with hard wall repulsion, which presents some strong analogy to the
phenomenon described by Theorems [2|and E} Indeed, in [3]], the following result (among
other things) is proved. Let ®y = (¢x)xecv, be the law of a free field on a box Vy =



Random paths with bounded local time 823

{1,...,N }2 with zero boundary conditions and covariance cov(¢y, ¢y) = Gy (x, y) (the
discrete Green function stopped when the walk reaches the outside of the box). Let Dy
be a “nice” domain in the box (essentially, the discrete approximation of a smooth fixed
domain in (0, 1)> away from the boundary, blown up by a factor of N), and let QJL;N be
the event that ¢, > O for all x € Dy. Then, conditionally on Q+N, the value of the field
¢, is typically of order log N, in the following strong sense: for all ¢ > O,

4
¢ — —log N
T

lim sup IP’(

ZslogN‘Q+ ):0. &)
N—>o0 xep N Dy

The intuitive reason for this behaviour is the same as in Theorem[2]above. To simplify, due
to the wild oscillations of the free field (or the local time field, in our case), the simplest
way to achieve the constraint is a global shift which guarantees that the wild oscillations
do not break the constraint.

3.2. Brownian motion with limited local time

In [1], we have also studied other conditionings of Brownian motion which favour a self-
avoiding behaviour, even though the constraint is much softer than the event £. Namely,
we discuss Brownian motion conditioned on the event C that the growth of the local time
at the origin is slower than some function of time f(¢) where f is nondecreasing but
FOr=12is nonincreasing. We show that if floo f(t=32dt < oo then the process is
transient. We believe this condition to be sharp. In particular, if f(t) ~ c+/f(log)~" for
some ¢ > 0 and y > 0, then the process is transient as soon as y > 1. In the regime where
0 < y < 1, and where we thus anticipate that the process is recurrent, we nonetheless
expect an entropic repulsion phenomenon to occur in the sense that L, = o(f(t)) with
high probability for t — oo.

3.3. Edwards and Domb—Joyce polymer models

Finally, the present work is closely related to the field of polymer models. The well-
known Domb—Joyce model (and its Brownian analogue—the Edwards model) is a model
where simple random walk measure is penalized by a weight exponential in the number of
self-intersections. More precisely, given an inverse temperature 8 > 0, the Domb—Joyce
model is defined by looking at the measure py on nearest-neighbours discrete random
paths of length N obtained by setting

1 -N
un (@) = Zn exp(—,B 0<Z 1{w,-=wj})2
<i<j=<N

where Zy is a normalizing constant. Similarly, the Edwards model (in one dimension)
is defined by taking a large 7 > 0 and considering the measure ;7 whose density with
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respect to the Wiener measure is

dur _ L _ 2
W Zr exp< ,B/RL(T,x) dx). (6)

where L(z, x) is a jointly continuous version of the local time at time ¢ and position x.
It is the limit of the distribution of the position of the endpoint under these measures
(and their dependence on 8) as N or T tend to infinity which is of interest. The main
result on this model, proved in [7]], is that X7 is approximately normally distributed with
amean c(B)T and variance o%(8)T. In the case of the Edwards model, these parameters
have simple dependence on fB: in fact, the variance parameter o >(8) is independent of
the self-repellency strength B, while c(8) = b*B'/3 for some 0 < b* < oco. However,
in the discrete Domb—Joyce model, the dependence on f is largely unknown—it is still
an open question to show that c(8) is monotone in . See [8] and the references therein
for a very interesting account of the theory. See also the paper [13] for a polymer model
related to our work, where explicit calculations on the ballistic behaviour of the process
can be done.

We note that both the present work (in the continuous case) and the papers [[7, [13]
use in a fundamental way the Ray—Knight theorem, as well as (for [[7]) a connection to an
eigenvalue problem for the Laplacian. However, this is where the analogy stops: while [7]
requires many difficult analytical estimates, we only require careful but simple-minded
probabilistic coupling estimates. Also, in this paper we discuss the full convergence of
the path (X, s > 0) (in the sense of weak limits of measure on paths) rather than its
position at a large time. During the revision of this paper we learnt from the referee that
Joseph Najnudel [12] has recently constructed a probability measure on €2 corresponding
to the whole process in the setup of the Domb—Joyce polymer model. His techniques are
very different from ours. Note also that the discrete case uses entirely different techniques.
Finally, we mention that it is very likely that our techniques would yield a central limit
theorem for the position of the particle in Theorems [2]and [5] We have not tried to pursue
this direction.

A related problem has also been studied by Morters and Sidorova [11], where they
analyse the order of magnitude of the maximal displacement of a random walk condi-
tioned on the p™ moment of its local time profile being unusually small, for some p > 1.
More precisely, let

An(p) =) L@ m)",
z2€Z
where L(z, n) denotes the number of visits by a simple random walk to z by time n. They
consider the simple random walk conditioned on the event that {A,(p) < ¢, E(A,(p))}
for some sequence ¢, = o(1). They are able to show that under this conditioning, there
exist constants c¢q, ¢y > 0 such that

maXj<i<n [ Snl <o
—1 -1 —
Jren /(p—1)

with high probability as n — oo. Their result is based on a careful large deviation analy-
sis.

1 =
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4. Existence and uniqueness of the weak limit

We start the proof of Theorem 2] with the existence and uniqueness of a weak limit for
the measures P, := W(-|&) as t — oo, for the Skorokhod topology (we refer the
reader to [2] for background on weak convergence). In fact, we are going to prove a
stronger statement and show that for the total variation distance on sets measurable with
respect to Fr, for a fixed arbitrary a > 0, the measures P, form a Cauchy sequence. For
the convenience of the reader, we first explain precisely what we mean by this and then
prove that this implies weak convergence with respect to the Skorokhod topology. The
remainder of the section will be devoted to the proof that P; is a Cauchy sequence in that
sense.

Thus, let @ > 0, and recall that t, = inf{s > 0 : X; > a}. For probability mea-
sures [, v on (§2, Fr,) define

da(, v) == sup [u(A) —v(A)l. )
AeFy,

Lemma 6. Let {14;}:>0 be a sequence of probability measures on F such that for every a,
the restrictions of s to Fr, form a Cauchy sequence for the distance d, i.e., for every
& > 0, there exists to such that for all s, t > t,

da(pr; 1s) < €. ®)
Assume also that for all A > 0 fixed,

lim limsup u;(sup | X (s)| > b) = 0. ©)]
b*)OO — 00 s<A
Then there exists a probability measure |t on (2, F) such that jt; — u weakly ast — 00
for the Skorokhod topology on Q.

Proof. The proof is mostly routine manipulations, so we content ourselves with outlin-
ing it. The bottom line is that convergence in total variation distance is typically much
stronger than weak convergence. Fix A € F;,. Then by and , we find that ,(A)
is a Cauchy sequence, so has a limit u%(A) as t — oo. It is easy to check that u%(A) is
a probability measure on (€2, F) (o -additivity follows from the uniformity over all sets
in ). Moreover, for every A € Fr,, u;(A) — u%(A) ast — oo. From this it is trivial
to check that u“ satisfies the conditions of Kolmogorov’s extension theorem, and thus we
may define a unique measure p such that for all a > 0,

e (A) =5 u(A)  forall A € Fr, . (10)

While it does not seem a priori easy to extend toall sets A € F such that £(dA) =0,
where 0 A is the boundary of the set A with respect to the Skorokhod topology, we claim
that it follows easily from that {14+ };>0 is a tight family. There are two conditions to
verify, of which the first one (nonexplosion in finite time) is part of the assumption on 1,
(see @I)). The second condition to verify is: for all A > 0, and for each n > 0,

limlim sup u, (sup{|X (s") — X(s")| : 0 <5, s" < A, |s'—s"| <€} >n)=0. (11)
el0 >0
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First observe that by (9) and (10), for all s > 0 and E € F;, we also have
wi(E) = u(E) (12)

uniformly in £ € F; ast — oo. Therefore, fix § > 0 and let #y be such that for all
E € Fa, |m(E) — us(E)| < §forallt,s > to. Thus for t > 1y, and E, . the event
in (1)), we have

[t (Ene) — peg(Epe)l <6,

from which it follows that

Limsup p,(Epe) < 8+ gy (Epe).

t—00

Now, since 4, is the law of a continuous process, limg_,¢ (41, (Ey,¢) = 0. Therefore,

lim lim sup u; (E; ) <6

el0 t—oo
where § > 0 is arbitrary. Then follows by letting § — 0. Therefore, {i;};>0 forms a
tight family, and so there exists some weak subsequential limit. On the other hand, by
this limit must be w since the finite-dimensional marginal distributions are specified by
events of the form E € F; for some finite + > 0. Since the weak subsequential limit is
unique and we have proved tightness, we conclude that 4, — p weakly as t — oo, for
the Skorokhod topology. O

For the proof that there exists a weak limit to the sequence W(-|&,) as a — o0, we
will use Lemma [6] It turns out that () is very easy to verify, and the core of the proof
is to check (8). Crucial to this proof is the Ray—Knight theorem; we start by reminding
the reader the statement of this result, as can be found in [15, Chapter XI.2], or [16, VI.
(52.1)] for the formulation we use here.

A square Bessel process of dimension § > 0 is the unique strong solution to the
stochastic differential equation

t
Z; =zo+2/ VIZs|dBg +6t,  zo > 0. (13)
0

In the special case where § = 0 this process is known as the Feller diffusion. When §
is an integer > 1, Z can be interpreted as the square Euclidean norm of a §-dimensional
Brownian motion.

Let (B;,t > 0) be a one-dimensional Brownian motion with joint local time process
{L(t, x)};>0, xeRr, and let 7, = inf{t > 0 : B; = a} be the hitting time of a fixed level
a>0.

Theorem 7 (Ray, Knight). Forall a > O, the law of L(t,, a — x) is specified by:

1. {L(z4,a — x)}o<x<q is a square Bessel process of dimension 2, started at Q.
2. Conditionally given L(t,,0) = zo > 0, {L(t4, —X)}x>0 is a Feller diffusion started at
20 and is independent of {L(t4, a — X)}o<x<a-
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We now state a lemma which allows us to compare different constraints on a 2-dimension-
al square Bessel process, which will be used repeatedly throughout the proof. It should
be noted that in general there is no known way to compare the effect of two different
constraints, even when one is intuitively stronger than the other. Lemma|[g|shows however
that making comparisons is possible when, in some sense, the constraint only deals with
the position of the process.

Let (Y;,t > 0) denote a square Bessel process of dimension 2. We may view Y as
a random element of (€2, F) under the probability measure Y, which is (as explained
above) the law on (€2, F) of the squared Euclidean norm of a two-dimensional Brownian
motion. As we work with many different processes it will at times be convenient to use
a generic symbol P for the underlying probability space of different random processes.
The notations {X (t)},>0, {Y (¢)};>0 then serve to differentiate these processes, and from
the context it should be clear to which processes they refer.

For a given T > 0 and a positive measurable function f : [0, T] — [0, 00), let
{Yf(t)},zo denote a version of Y conditionally given A(0, x) = {w € Q : ws < f(s) for
all s < T;and wg = x}. For0 < u < T, we also define the event

A, x) ={w e Q:ws < f(u+s)foralls < T —u; and wg = x}. (14)

Lemma 8. {Y/(r),0 <t < T} is an inhomogeneous diffusion on R which satisfies

ayl () =Y (0)dB, + {2 =87 (¢, YT (1)))dt 15)

where 87 (t, y) > 0 forall0 <t < T and for all0 < y < f(t). Moreover, if g is another
function such that g(t) < f(t) forall0 <t < T, then

88(t,y) =871, y) (16)

forall0 <y < g(t). Asaresult, Y > Y/ > Y8, where > stands for stochastic domina-
tion.

Proof. Tt is a well-known fact the conditioned process ¥/ can be realized as an h-
transform of the original process ¥: more precisely, by Girsanov’s theorem, Y/ is an
inhomogeneous diffusion having the form (I3 where

d
wa=—5bwmw (17)

with
h(t,y) = Y(A(, y)). (18)

(Details can be found for instance in [[16 IV.39] in the case where the process Y is Brown-
ian motion. Generalization to weak solutions of stochastic differential equations presents
no difficulty and we do not give the details here.) For the first part of Lemma [§] it thus
suffices to prove that

Oh(t,y) _

n 0. (19)
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Lete > 0, and let y = x + ¢. It suffices to prove that for all ¢ > 0 small enough,
Y(A(1, x)) = Y(A(@, y)). (20)

We use a coupling technique to prove this. Let Y denote a square Bessel process of
dimension 2 started from x and let Y> denote an independent square Bessel process of
dimension 2, but started from y. Let 7 > 0 and let

fs)=f(T—t+s) foralls<T:=T—1. Q21
Lett =inf{r > 0: Y1(¢t) = Y»(¢)}, and let
@ ifr<r,
1) = {Yg(t) else. @2)

Then by the strong Markov property, Y3 has the same distribution as Y7 and moreover
Y3(s) < Ya(s) for all s > 0 almost surely. It follows that if

Yo(s) < f(s) forall s < T

then automatically ) .
Ya(s) < f(s) foralls <T.

The desired (20) follows.

The second part of Lemma [§| is an easy consequence of the first part. Indeed, Y&
can be obtained by conditioning further the process Y/ to stay below the function g. We
conclude again by Girsanov’s theorem that there exists an additional drift term /8 (z, y)
such that

dY®&(r) = /Y&()dB, + {2 — 87 (1, Y4 (1)) — §8(¢, Y8 (1)) }dt (23)
and that 858 (z, y) satisfies
8781, y) = 9 log /8 (1, y). (24)
dy
This time, .
hi8, y) = P(Y/(s) e A(t,y)) (25)

where f is defined in and A'(z, y) has the same definition as A(z, y) except that f

is replaced with g. Since Y7 is a strong Markov process by the first part, the coupling
argument works equally well to show that

0
—hl8(t,y) < 0. (26)
dy

As above, this implies Sf’g(t, y) >0forallt <T,0 <y < g(t), and thus §8(¢, y) >
sf (t, ). To get the final statement of the lemma, we note that it is easy to show that
admits strong and pathwise unique solutions, since the coefficients are locally Lipschitz.
From this and Theorem 3.7 in [15], the desired stochastic dominations follow directly.

O
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We now show that if P; := W(-|&) for t > 0, then P, satisfies the assumptions of
Lemma@ Lets,t > Owiths < ¢ andlet0 < a < s. First note that if A € F7,, then by
elementary manipulations we have
W& |ANE)
P;(A) =Py (A)————F—= 27

1(A) = Ps(A) WE 1) (27
so it suffices to prove that the ratio is arbitrarily close to 1, uniformly in s, # large enough,
and A € F;,. We will show the existence of a coupling P between two processes X and Y,
having respectively the law of W(- | &) and W(- | & N A) such that P-almost surely,

L(tg,x,X)=L(tg,x,Y) forallx >a+ A (28)

where A < oo P-almost surely, and in fact there exists a random variable A* whose
distribution does not depend on any parameter, and such that A < A*, and A* < oo
almost surely. For the moment, let us admit these facts and see how we proceed with
them. Let (Z,, u > 0) be a square Bessel-0 process started at an unspecified point Zy =
x € (0, 1). We claim that there exist C, « > 0 independent of x such that for all # > 0,

P(Z; >0|supZ, <1;Zy=x) < Ce ™. (29)

0<u

This follows easily from the Markov property and the fact in any period of duration 1, Z
started from position 1 has a positive probability pg to reach zero. If not, then at the next
iteration the process is still below 1 and again has a probability bigger than pg to die out
in the next interval. Using Lemmal(8] we conclude that (29) holds with « = —log(1 — po).

To ease notations, let Fy(u) = 1 — L(tg,t — u, X) for all u > 0, and similarly let
Fo(u) =1—L(tg,t —u, Y) for all u > 0. In particular, note that F1 (1) = F>(u) = 1 for
all u <t —s, P-almost surely. Note that our assumption implies that F1(u) = F>(u)
forallu <t — (a + A). If now (Z,,u > 0) is the Ray—Knight diffusion changing
dimension at time u = ¢ — s, then we have

W(E, | &) = P(Zs < Fi(s) forall s > 0)

and
W(E |ANE) = P(Zs < Fp(s) forall s > 0).

Let E1, E; be the two events in the above equations. It follows that if p := W(& | &) =
P(Ej)and g :=W(& |ANEs) = P(E,), we have

P=PE;Zigr=0)+PE1;Zi—g—n > 0)

while
q=PE2rZian=0)+P(Es; Zi g >0).

By definition of A, we must have P(E1; Z;—4—n = 0) = P(E2; Zi—q—n = 0), so it
follows that

|lp —ql = P(E1; Zi—g—n > 0) + P(E2; Zj—q—n > 0).
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and thus

q

P(Ey; Zi—qn>0
‘1—;=P(Z,_a_A>O|E1)+ (B2 Zi-a-2 > 0)

(30)

We study the two terms on the right hand side separately. For the first term, we note that
by and Lemmal8] we get

P(Zi—g-a > 0| E1) < E(Ce*07"M1) < € E(em*074740)
where x = sup(x, 0) is the positive part of x. Similarly, the second term in satisfies

P(Ey, Zi_4_ 0 P(Ey, Zi_4— 0
(B2 Zi—g—n > ): (E2; Zi—q—n > )QZP(Z;_Q_A>O|E2)Z
p q p P

S CE(e—Ol(S—a—A*)Jr)g
p

by another application of Lemma [§] To put these two things together, define & :=
CE(e®6~4=A%4) < o0 and let x = ¢/p. Thus we have proved

[1—x| <e+ex.

Thus x — 1 < & 4+ ex and solving this inequality we find x < (1 4+ ¢)/(1 —¢) =
1 4+2¢/(1 —¢). Note that by the Lebesgue convergence theorem, ¢ — 0 as s — oo. Thus
if s is large enough that ¢ /(1 — ¢) < 2e, we have proved that

x <1+4e

and a similar lower bound follows without any difficulty. From this and (27), we see that
for any n > 0, there exists so > a large enough that for all so < s < ¢,

[P (A) —Ps(A)l =n

for all events A € F7,. In other words, we have proved that if u, is the law of (X, r < 1,)
under P;, then

da (e, s) <1

forall s, r > so. Thatis, {is};>0 forms a Cauchy sequence for the total variation distance.
Condition (9) is a direct consequence of Lemmas [I5] and so the proof is deferred to
the next section. Thus, provided @) holds, u; satisfies the assumptions of Lemma@and
therefore has a (unique) weak limit p.

We now turn to the proof of (28). This is based on a time-reversal argument and
coupling. Note first that it suffices to construct a coupling of {L(ts, x, X)},cr and
{L(zs, x,Y)}xer Which achieves (28). Combining the Markov property at time 7, for X
with the Ray—Knight theorem, we find that if Z, = L(zs, x, X), then conditionally on
{Z, = z € (0, 1)}, the process {Z;_y}o<x>s—a 1S a square Bessel-2 process conditioned
to never exceed 1 and to be at z at time s. In other words, it is a square Bessel bridge of
dimension 2 from O to z of duration s — a, conditioned never to exceed 1 on that interval.
There is naturally a similar description for Y: if Z|, = {L(xs, x, Y)}, then conditionally

on {Z, = 7/ € (0, 1)}, the process (Z,_,,0 < x > s — a) is a square Bessel bridge
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from O to z’ in duration s — a, conditioned never to exceed 1 during that interval. We
can now return time and say that, conditionally on {Z, = z € (0, 1)} (resp. {Z, = 2}),
the process (Zy,a < x > s) (resp. (Z,,,a < x < s)) is a square Bessel bridge from z
(resp. z’) to 0 in duration s — a, conditioned never to exceed 1 during that interval. This
being an (inhomogeneous) Markov processes, we can couple the processes Z and Z’ after
the first time (above level a) that they meet. That is, let z < z’ € (0, 1) without loss of
generality, and let (Z,,s < x < a) and (Z)’C, s < x < a) be two independent square
Bessel bridges conditioned never to exceed 1, started respectively from z and z’. Consider
A = inf{x > a : Z, = Z!}. Then the process 7 defined by

. Z, ifx <A,
T Z, ifx > A,

has the same distribution as Z’ and satisfies (28). It thus suffices to show that there ex-
ists A* independent of z, 7/, and a, s and ¢, such that

A < A* 3D

and A* < oo almost surely. We will show that in any interval of duration 1, the two
processes have a positive probability p to meet, independently of anything in their past.
This will show the inequality holds with A* a certain geometric random variable.
By Lemma 7' is stochastically dominated by an unconditional square Bessel-2 process
started from 1, so for any s < x < a, and any n > 0,

P(_inf Z, <nlo(Zy,y<x))=p as.
yelx,x+1]
for some p; > 0 (note that p; = pi(n) depends only on n). This provides an upper
bound for Z’ and it remains to give a similar lower bound for Z. This takes a few more
steps: indeed, it is not hard to see that by the second part of Lemma (8} for any x €
[s,al, (Zy,x < y < x + 1) dominates stochastically a square Bessel bridge (by, x <
y < x + 1) of dimension 2 from O to O in duration 1, conditioned on the event £ =
{sup,<y<y41 by = 1}. This event E has positive probability, p, say. It follows that

P( sup Zy<nlo(Z,y<x)<P( sup by<n|E) as.
yelx,x+1] x<y<x+l
< P(bxy172 < n)/p2.
Now, as n — 0, the right hand side tends to 0, so we can find > 0 small enough (and

universal) such that the right hand side is smaller than 1/2 say. Taking the corresponding
p1(n), it follows from the above considerations that

PA<x+1|A=>x)=>pi(n)/2,

so taking A* a geometric random variable with success probability p;(n)/2 gives us what
we were looking for. O
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5. Ballistic behaviour

We start with the identification of the value of the limiting speed, which is obtained by
solving a certain eigenvalue problem for the Laplacian in two dimensions. Here again our
main tools are the Ray—Knight theorem and some careful comparisons obtained through
coupling arguments.

Let Y7 be the law of a square Bessel process (Y;, ¢ > 0) of dimension 2, conditioned
on {sup,.7 Yy < 1}. The expectation under this probability measure will be denoted by
Eyr(X ) for a random variable X > 0.

Lemma 9. We have

im lm Eyr(Y,) = mg = L)
t—>00 T—00 Yyt = 0_)/0 - 3 ’

(32

Proof. Step 1. We start by observing that the measure Yg is the law of (| Z7 (¢) |2, t >0,
where Z7 is a 2-dimensional Brownian motion conditioned not to exit the unit disc D by
time 7. By a theorem of Pinsky [14], the distribution of {Z(¢)};>0 converges as T — oo
to a diffusion {Z*°(¢)};>0, which can be determined explicitly. We will not be interested
in the precise form of the generator of Z°°. However, we will need to focus on the long
term behaviour of the process Z°°. From the same paper, it is known that Z* admits an
invariant nontrivial probability measure measure 7 on D whose density is equal to

7(dx) = %(p(x)zdx (33)

where ¢ is the principal eigenfunction associated with the smallest eigenvalue of the
operator L = —%A with Dirichlet boundary conditions on D, and C = fD @(x)% dx.
(Note that it does not matter how we have normalised ¢ here.) That is,

%A(p = —Ap,

34

¢lap  =0. GY
It is well-known that the problem has solutions only for a discrete set of values
{Ao < A1 < - - -} where the lowest eigenvalue is simple, i.e., the corresponding eigenspace
is one-dimensional, generated by an eigenfunction denoted by ¢, the principal eigenfunc-
tion. Thus ¢ = ¢p, which is well-known to be rotationally invariant (a good reference at
this level of generality is Jost [9, Chapter 9.5]). Hence ¢(x) takes the same value over the
entire circle of radius 0 < r < 1. We may thus define a function ¢ (r) on (0, 1) such that
¢(r) = ¢(x) for all x € D such that |x| = r. By the ergodic theorem ([16} V.54]) applied
to the diffusion (Z°, t > 0), it follows that

1
lim E(|Z>°)?) = mg := —f Ix|%(x)? dx. (35)
t—00 C D

Therefore, lim; .o lim7 o0 Eyr (Y;) exists and is equal to mo = (1/C) Jp IXPo(x)* dx.
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Step 2. It turns out that this integral can be evaluated explicitly. The principal eigenfunc-
tion can be identified explicitly as (see, e.g., Courant and Hilbert [4, (29) in Chapter V])

¢ (r) = Jo(jor) (36)
where Jy is the Bessel function of the first kind of order v = 0, jo = 2.4048... is the

first nonnegative zero of Jy. Having chosen this normalisation of ¢, C is given by

1
C = / JoGjor)*2mr dr. (37)
0

It follows that

2 fol r3JoGor)?dr foj" x3Jo(x)2 dx (38)
mo = =j 4 )
2w fol rJo(jor)2 dr 0 J3° xJo(x)? dx

We turn to the following result which can be found in [[17, p. 137], known as Schatheitlin’s
reduction formula: for all z > 0, and all & > 0,

(n+2) /Zx“+2J0(x)2dx = _411(’” D3 /Zx“JO(x)zdx
0 0
N Y 1 ? prtf 2 1 2 b
+ 5 X xJy(x) — E(M + DJo(x) ) +x x4+ Z(u + D7 ) Jo(x)*| . (39)

0

Taking u = 1 and z = jp and recalling that Jo(jo) = O, we obtain

Jo Jo 1
3/0 A Jo(x)?dx = —2/0 xJo(x)? dx + EjSJ(’)(jo)z. (40)
Thus i
S S herdx g0 @
90 x Jo(x)2 dx 2 [0 xJo(x)2dx

It also turns out that ]
0 2 Lo 2
xJo(x)“dx = 5o Jo (o)™ (42)
0

(This is a consequence of the fact that the Bessel functions are orthonormal for the
weight x: this is a classical property which can be found in [17, p. 576] for instance.)
Thus, using (38)) together with (41) and (#2)) we obtain

mo = jo 2(1/3)[=2+ j§1 = (1/3)L —2j;21. @3)
This completes the proof of Lemma[9] O

ForO<x <land T > 0, let Yg denote the law

YI()=Y(|Yo=x; sup ¥, <1) (44)

0<s<T
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and let
Y® = lim Y! (45)
T—o0

be the weak limit of Y){, which may be described with Pinsky’s result [[14].

Lemma 10. For any ¢,n > 0, there exists ty such that for all t > ty, and for all large

enough T > 0,
l t
T

Proof. Lett > 0. Ast — 00, we know by the ergodic theorem for one-dimensional
diffusions (Theorem V.53.1 in [[16]) and the above calculations that, Y‘l"/’z-almost surely,

> 5) <. (46)

1 t
lim — Yo ds = my. @7

t—o00 t Jo

Thus this convergence holds in Y‘l";z—probability as well, and we may choose fg large

enough that
1 t
Y?%( ;/0 Yyds —mg

forall t > #y. Let us fix any ¢ > 1. Since YIT , converges weakly towards Y{7,, and since
integration over the compact interval [0, ¢] is a continuous functional, we conclude that

t t
Y{/2<f Ysds € B> — Y;X;z(f Ysds € B)
0 0

for all Borel sets B C R, as T — oo. Taking B = [(mo — ¢)t, (mp + €)t], we may
choose Ty large enough that for all 7 > T,

- g) <2 48)

[ s (1 [
‘Y?%(‘;/O Yods —mg| > 8) —Yl/z(‘;/o Yods —mg| > 8) <n/2. (49)
Combining and gives the result. O

The next step is to extend Lemma [I0]to a similar convergence type of result, but where
the starting point x is not necessarily equal to 1/2, while keeping the estimates uniform
inx.

Lemma 11. For any ¢, n > 0, there exists ty such that for all t > 1y, for all x € [0, 1),
and for all T large enough,

1 t
YI(‘—/ Yods —myg
t Jo

>8)5n (50)
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Proof. We prove this by coupling. Consider two independent processes Y! and Y? sam-
pled respectively from YlT/z and Y;. Lett = t(x,T) = inf{s > 0 : Ysl = Ysz}, and
define

Y) = Vo) + ¥ L2y, D
It is easy to show that Y3 has the same distribution as Y2, i.e., its law is Yg. Moreover, an
application of Lemma|8]shows that the random variable 7 is bounded above stochastically,

uniformly in 7 and x € [0, 1). That is, for any 7, there exists #; > 0 such that for all T
large enough and for all x € [0, 1),

P(r > 1) <n. 52)
Indeed, the coupling time 7 is smaller than the meeting time of two independent processes
given by an unconditional square Bessel process of dimension 2 started at 1, with the

diffusion Y°. This meeting time is finite almost surely, which proves (52). Let &, n > 0.
If we now choose ¢ large enough that 71/t < ¢ and ¢ > 79 from Lemma|l0} we obtain

1 t
Yi(‘;/ Yods —myg >e>
0
>28).

1 t
>28> < P(t > tﬂ—i—P(‘;/ Yslds—mo
0

1 t
—/ Yods — myg
tJo

Taking the limsup as 7 — oo, and using Lemma [[0] we obtain

=< 7I+Y)lc/2(

1 t
limsqu){(‘—/ Yods — mg| > 28) <2n (53)
T—o00 t Jo
for all # > max(to, 11 /¢). Lemma[IT]is now easily deduced from (53). |

Our next lemma shows that, given &,, we are unlikely to spend a large amount of time
below 0, and this amount can be controlled uniformly over a. In fact, the lemma states
that once we reach a given level we are unlikely to spend more than a certain amount of
time z below it.

Lemma 12. For any ¢ > O, there exists z > 0 such that for all a > 0, and for all

0<y<a,
Ta
W0</ Lix,<ypds >z
Ty

y

&,) <e 54)

where T, = inf{s > 0 : Xy = y}. Similarly, there is b > 0 such that for all a > b, and all
y € (b,a),

Wo( inf X; <y—>b)<n. (55)
Ty<S<Tq4
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Proof. Fors > 0, let f(s =Xr4s =Y and Z(s, w) = L(ty + s, y + w). By the Markov
property, it is easy to check that, given & and 77, the process X has the law Wo(- | &),
where

= {L(s,w) < f(w) forall 0 <s < 7,_} (56)
with ~
fw):=1-LO,w)=1~-L(ty,y +w). 57
For s > 0, let ~ ~
Zy = L(Z4—y, —s) — L(0, —s) (58)

be the local time at level y — s accumulated by X after hitting y. Then note that by the
occupation formula,

Ta fy—a o0
/ Iix, <y ds Z/ 1{)Z’S<o} ds Z/ Zsds. (59)
Ty 0 - 0

By the Ray—Knight theorem, given € and Zo=x €[0,1), (Zg, s = 0) has the law
7 = 7 (-1 {Zw < f(w) forall w > 0}), (60)

where Z, denotes the law of a Bessel process of dimension O started from Zy = x,
i.e., Z, is the Feller diffusion started from x. (Note that the event on the right hand side
of (60) is an event of positive probability for any given x < f(0), since Feller diffusions
become extinct almost surely.) By Lemma [§] applied to the diffusion Z rather than Y,
for any x < f(0), the conditional law Z){ is stochastically dominated by Z,. Using for
instance the branching property of Feller diffusions, this is itself dominated by Z1, since
x < f(0) < 1. Thus, letting u(dx) denote the law on [0, f(0)] of Z,
)

T Ty_a
WO(/ Lix, <y ds > 2| Fry; 5a) = WO(/ Lz < ds > 2
Ty 0 -

y
1 o0
=/ ,u(dx)Wo(/ Zsds >z
0 0
1 00
5/ M(dx)z){<f sts>z>
0 0
1 9]
5/ ,u(dx)Z1(/ sts>z)
0 0
o0
§Z1</ sts>z).
0

Now, under Z1, (Zs,s > 0) is almost surely continuous and becomes extinct in finite
time, thus fooo Zgds < oo almost surely, and the right hand side in the above inequality
can be made arbitrarily small for large enough z. Taking the expectation to average out the
conditioning of F  finishes the proof of the first part of Lemma. 12} The second part @
also follows from the same method; the details are left to the reader.

Zy =x;5)
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We now show how Lemma|l2|can be applied to prove a first piece of the result in The-
orem [2} it is shown that if y < a is given (we want to think of y large but fixed, and
a — 00), then given &, it has taken no more than approximately mqy units of time to
reach y.

Lemma 13. For any &, n > 0 there exists yo large enough that if y > vyo, and for all
sufficiently large a > 0,

Wo(zry > moy(1+¢e)|&) <n (61)
where T, =inf{s > 0: Xy = y}.

Proof. We start by noticing that for any z > 0,
y
Wo(ty > moy(1+¢)|&) < Wo(f L(ty, w)dw > moy(1 +¢) —z Sa)
0
&,).

Thus if we choose z as in Lemma|[I2] applied to y = 0, we have, for any a > 0, and for
any y > y| := 2z/(mog)
ga)

5,,) . (62)

Ta
—i—Wo(/ l{xsg()}ds >z
0

y
Wo(zy > moy(1+¢)[&) <n +Wo</ L(ty, w)dw > moy(1 +¢/2)
0

y
<7 +Wo</ L(tg, w)dw > moy(1 +¢/2)
0

For w > 0, let Y, = L(74,a — w). Under Wy, recall that by the Ray—Knight theorem,
(Yy, w > 0) is a strong Markov process which has the law of a square planar Bessel
process for (0 < w < a) and a Feller diffusion for w > a. Now, conditionally on &,, and
conditionally on Y, = x € (0, 1), it follows easily from the strong Markov property at
time a that (Y5, 0 < s < a) has the law of a square planar Bessel bridge conditioned on
{sup,<, Ys < 1}. That is, if we further condition on the position ¥, = x, the part of the
constraint on Y,, for w > a becomes irrelevant.

We now appeal to the following time-reversal argument: let (¥, s > 0) be a square
Bessel bridge of dimension 2 with Yy = 0 and Y, = x, and let

Yo =Yy, O0=<w=<a, (63)

be the time-reversed process. Then (Y,;~,0 < w < a) is itself a square Bessel bridge of
dimension 2 with ¥;~ = x and ¥, = 0. (This follows quite easily from the rotational
invariance of Brownian motion and from the fact that a Brownian bridge presents the same
time-reversibility.) Furthermore, note that by Lemma [8] a square Bessel bridge from x
to 0, conditioned on {Y; < 1foralls < a}, can be related to the measure Y¢ in the
following fashion:

Yi(Ye=0) = alin%YiC |Ye <8) 2 Y5(0) (64)



838 Itai Benjamini, Nathana&l Berestycki

where < stands for stochastic domination. Therefore, taking Y,, = L(t,, a — w),

Ya:x>

y
=YZ</ Yy dw > moy(l + ¢/2) ‘ |Y, =O)
0

y
W()(/ L(tg, w)ydw > moy(1 4+ ¢/2)
0

Eu Y, = x)

a
:Yﬁ(f Yydw > moy(l +¢/2)
a—y

< YZ(l /y Yy dw > my(l +8/2)). (65)
yJo

By Lemma|TT] we may choose y, large enough that if y > y, and for all large enough a,
the right hand side of (63)) is smaller than 7. Thus for y > y; Vv y», and for all large
enough a, we have by (62) and unconditioning on the position Y, in (65),

Wo(ry > moy(1+¢) &) <21 (66)
as required. O

We now prove a bound in the other direction for the hitting times of certain levels. To
start, we need an a priori bound that says that it is unlikely for L(z,, 0) to be close to 1
when we condition on &,.

Lemma 14. For any n > 0, there is a § > 0 such that
Wo(L(tg,0) > 1-61&) <n (67)
for all large enough a > 0.

Proof. By Lemma [§]and the Ray—Knight theorem, we observe that the random variable
L(t,, 0), conditionally given &,, is stochastically dominated by the squared modulus of a
two-dimensional Brownian motion at time a, conditioned to be smaller than 1. However,
the modulus at time a is an exponential random variable with mean +/a, so follows
easily. O

Lemma 15. For any &, n > 0 there exists y3 large enough that if y > vy3, and for all
sufficiently large a > 0,

Wo(ry <moy(l —¢)[&) <. (68)
Proof. The proof proceeds basically through the same steps as Lemma([I3] but there are a

few changes. Let z be as in Lemma[I2] and let 2z /¢ =: y4 < y < a. On the event E(y, z)
that X does not spend more than z units of time after 7, below level y, we get

y
E(y,z) N{ty <moy(1 —&)} = E(y,2) N {/

—00

L(ty, w)dw < moy(l — 5)}
C {fv L(tg, w)ydw < moy(l —¢) —i—z}
0

C {/y L(tg, w)ydw < mpy(1 —8/2)}.
0
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Define (Yy,, w > 0) to be, as usual, Y¥,, = L(t,,a — w), for any w > 0. Recall that Y is
an inhomogeneous diffusion, or more precisely, a square Bessel process of dimension 2
on [0, a], and a Feller diffusion on [a, 00). Fix § > 0 as in Lemma [E], and note that by
optional stopping, since Z is a Z_s-martingale,

Zi—s(sup Zs < 1) = 6.
s>0
Now, by Lemma|[IT] we can choose yo such that if y > yo, forall x € (0, 1) and all b > 0

large enough,
1 [y
Yi(—/ Yo ds < moy(1 —s/z)> <s. (69)
0

y
)

y
< 77+W0</ L(tg, w)ydw <moy(1 —¢/2);Yg <1-36
0

Therefore,

W()(/y L(tg, w)ydw < moy(l —¢g/2)
0

5a>

1 a
§n+5Y8</ sts<m0y(1—8/2);Ya§1—8)
a—y

1 a
<n+ SYB' (/ Yods < moy(l — 8/2)). (70)
a-y
The idea is now to condition upon the position Y, _, = x. Conditionally on this event,
a ! 1 y
Yg<f Yids < moy(l —&/2) ‘ Yooy = x) = Y}C(;/ Yy ds < mo(l — 8/2)).
a—y 0

However, by Lemma Yy < Y} forany b > y. Thus

a 1 y
Y8 (/ Yy ds < moy(1—¢/2) ‘ Yooy = x) < Y§<;/O Yy ds < mo(1 —g/z)) <8
a—y

by our choice of y > yp and by taking b sufficiently large that holds. Plugging this
into (70)), we obtain

W()(/y L(tg, w)dw < moy(l —&/2)
0

1
Sa) =n+nd=2n.

This completes the proof of Lemma [I3] O
We are now ready to finish the proof of Theorem 2}

Proof of Theorem [2] The proof is divided into two steps, a lower bound and an upper
bound. We start with the lower bound. We want to show that for any ¢, n > 0, there
exists #3 large enough that for all > 13, and for all @ > O sufficiently large,

Wo(X: < yor(1 —e)|&) <. (71)
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Indeed, if this holds, then it follows by weak convergence that any subsequential limit Q
of Wy (-|&,) satisfies: for any e, n > 0, there exists #3 such that for all ¢ > 13,

QX <yr(1—28) =n (72)

because the canonical projection map X +— X, is a continuous map for the Skorokhod
topology. Hence Q(X;/t — yo < —¢&) < n, and we conclude that

QXi/t =y < —e) —— 0,
11— o0

which is, as claimed, the lower bound required for the proof of Theorem @ Let us thus
turn to (72), fix e, n > 0 with ¢ < 1, and choose yo as in Lemma[I[3] For t4 = 4yomg and
t >t lety = ppt(1 —e/2) > yg. Thus, for all a sufficiently large,

Wo(ry <t(1 —¢&/4) &) < 1.

Having reached level y = yot(1 — ¢/2) by time ¢(1 — ¢/4), the only way X; can be
below yo(1 — &)t is if X reaches again ypt (1 — ¢) after time 7,. By (13_1[) in Lemma@, if
t > t5 = 4b/e (where z is as in Lemma @, then this occurs with probability at most n
for all large enough a. Thus we conclude, for r > 3 := #4 V ts, for all large enough a,

Wo(X; < yor(1 —e) | &) < 2. (73)

This concludes the proof of the lower bound. We now turn to the proof of the upper bound,
where we wish to prove that for all n, & > 0, there is #¢ large enough that for all r > #,
and all @ > 0 large enough,

Wo(X; > yor(1 +&)[&) <. (74)

However, note that the event {X; > pot(1 + ¢)} is contained in the event {7, < ¢} where
y = yot (1 4+ ¢). By Lemma([I5] if y > y3, in particular if t > 5 := y3mo, then it follows

m
Wo(X; > yor(1 + &) | €a) = Wo(ry =11&) < W(ry =< 1y+08 Sa> =,
as desired. This completes the proof of Theorem O
6. Random walk with bounded local time
Throughout this section we assume
Lo > 2. (75)

We need to introduce some notation. Let

T = inf{i : §; =k} (76)
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be the first hitting time of k > 0. We then define By, B,j to be the events

By == Ay, = {L(%, x, w) < Lo for all x}, 77

Bf :=B,N{Si >0forl <i <1,}. (78)
Thus B occurs if the sample path minus its endpoints stays strictly between its initial
point at 0 and its final point at n. Thus the maximum value of the points is n and this is
taken on for the first time at the endpoint and necessarily, the length of the path equals t,,.
Moreover, the sample path through time t; visits each value x at most L¢ times. The
event B,j will play a major role in our analysis, since it can be interpreted as having a

regenerating level immediately at the starting point. We shall make use of the following
o -fields:

Fo=0{Sii<n),  Foo=\/Fu Gi=Ty.

n>0
Lemma 16. There exists some constant C3 > 0 such that
P(B) = C3P(By), k=>1. (79)
Proof. Fix k and let p be the last time before t; at which the random walk visits 0, i.e.,
p=max{i < 1 : §; = 0}.

Note that S;, = k > 0 for k > 1. Therefore, S; > 0 for p < i < 7. Consequently, a
decomposition with respect to the value of p shows that

PB) =Y P(p=j.B
j=0

o0
<Y P(S;=0,L(j.x) < Loforallx, 7 > j
=0
and §, —S; >0forl <n—j <t —j, L(t,x) — L(j, x) < Lo for all x)

o0
=Y P(S; =0,L(j.x) < Lo forall x, j < 7) P(B)). (80)
j=0

But for any x, on the event {S,, = y, L(n, x) < L for all x} we have
P(L(n+2Ly+2,y)> Lo+ 1]So,...,S)
> P(Sp42i41 =Y+ 1, Sugoiqa =Sy =yfor0<i < Lo >27""" >0
It follows easily from this that

P(L(j,x) < Lo forallx) = P(A;) < Cqe™ 5/ @1
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for some constants 0 < C; < oo. In turn, this implies

0 o0
Z P(Sj =0, L(j,x) < Loforallx, j < ) < Z P(L(j,x) < Lo forall x) < oo,
j=0 j=0

so that follows from (80). O

We need sharper information about possible weak limits of P (- | B;). This will be given
in the following lemma. We define

Cr:=1{S; > kforalli > 7;}. (82)

Remark 1. We are going to study weak limit points of the measures P (- | 5,) asr — 0.
Note that each 7, < 0o a.s. [P], so conditioning on B, is the same as conditioning on
B, N {t, < oo} for any n, including n = r, possibly. This does not automatically say that
for a limit point Q of P(-|B,;) we have Q(t, < o0o) = 1 for all n. In fact this will be
false for n < 0. But it is correct for n > 0. Indeed, the case n = 0 is trivial, since g = 0
a.s.[P].Forr >n > 0,

P(t, >1,B,) = E(l{r”>t}P(Br | F) < P(ty > ) P(Br—y). (83)

To see this, note that if the walk is at a position m < n at time ¢, then for B, to occur the
local time has to be < L as the walk moves from m to r, which is an interval of length
at least r — m > r — n: this implies (83). Therefore, by below,

P(Br—n)

P(Tn>t|Br)SP(Tn>I)W

< P(r, > 1)2".

For fixed n > 0 we can make the limsup of the right hand side here as r — oo as small
as we like by taking ¢ large. Thus Q(t, = o0) = 0 for eachn > 0.
The following lemma is the first of two crucial steps in the proof of Theorem [3]

Lemma 17. There exists a constant 0 < C4 < 00 such that

lim P(B)"/" =e (84)
11— o0
and forall t > 0,
P(B;) > e 4. (85)
In addition, for all s,t > 0,
P(B;) <2°P(Bis). (86)
Further,
P(B) ~ Cge™ 4" (87)

for a suitable constant C¢ > 0.
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Proof. For and (85), we merely have to observe that
P(Byys) = P(Aq,,,) < P(A;)P(Ay,) = P(By)P(By), (88)

because if the random walk {S,,} reaches level s+ at time 7,4, with sup, L(Ts+s, x) < Lo,
then the random walk must first reach s at time 7, with sup, L(zy, x) < Lo and then the
random walk starting at s must reach s + ¢ with sup, [L (754, x) — L(7,, x)] < Lo. Thus
P(B,) forms a submultiplicative sequence, and it follows that lim,_, o, P(B,)!/! = e+
exists. It is obvious that C4 > 0, and from @, proved below, we get C4 < log2 < oo.
Moreover it is well-known that by submultiplicativity, —C4 = inf;>1 log P (3;)/t, hence
P(B;) > e % forallt > 1.

As for (86), this follows from the simple fact that (by definition) the random walk
arrives at ¢ for the first time at 7, so that S;, = ¢. If then the random walk takes one step
to the right it arrives for the first time at # 4-1 at time t; + 1. Moreover, sup, L(7;+1, x) <
1 v sup, L(t;, x), because the random walk visits a new point at t; + 1. Thus, if 5;
occurred, then also B, occurs in this case. Hence

1
P(Bi41) = P(B)P(Sg41 =S, +1) = EP(B’)'

Induction on s now yields (86).

The proof of is much more involved. However, it is closely related to Lemma 2 in
Kesten [10]. In analogy with the L, from this reference we introduce the further event £,
which is roughly speaking the event that B;" occurs (so that 0 is a regeneration level) and

there is no other regeneration level between 0 and n. To give the formal definition, we
define the shift 7, by

(Th0); = or, 1.

We then take Ba“ to be the certain event, Lo the empty event, and £; = BT the event
{So =0, §; = 1}. Further, forn > 2,

Ly =B N{Vk <n, Trw ¢ B_,}. (89)
The last property says that a sample path (wg, w1, ..., ;) in L, cannot be decomposed
into two pieces (wo, . .., w;) and (wj, . . ., wy,) with the first part minus its endpoint lying

strictly to the left of w; and the second part lying strictly to the right of w; (except for its
initial point). The first part in such a decomposition would belong to BJT" and the second

part would be a translate of a path in B:_ j

Of course {Trw € B:[_k} is the event that B:_k occurs for the shifted sequence
Tiw = (wg, w41, .. .). Since B;k depends only on (w, ..., ws, ;) we shall occa-
sionally abuse notation and write (@, Wr+1, - .., ®7,) € B,f_k instead of Ty w € B;r_k.

The main step will be to show that

PBH =Y PULHPB), n=1 (90)
j=I1
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This relation holds by convention if # = 1, so assume n > 2 and that B,T occurs. Then
define k to be minimal so that B,j N{Tiw € sz—k} occurs. This minimal index is well
defined because the event B;” N {T,w € B} = B, occurs. Of course the minimal index
is unique. We claim that for this minimal k the event £; occurs. Indeed, note that B,j
occurs, so that by the definition with n and k replaced by k and j, if £ fails, then
it must be that {Vj < k, Tjow ¢ B,'Ctj} fails, i.e., there is j < k such that Tjw € B,:j.
Since w € B, this implies that Tiw e B;r_ ;as well, and it is obvious that Bf must hold
as well since B,j holds. This contradicts the minimality of k, and hence £ holds. Since
Tiw € B;_k by definition, it follows immediately that

n

P(BH) <) P(LyN{Tkw € Bi_}).
k=1

But L € Gi, because the occurrence of £y depends on (wo, ..., wr,) only. (Recall that
Gr = JFz, by definition.) Thus, by the strong Markov property,

n n
P(BY) <> PL)P(Trw € B ) =Y P(L)PB_. 1)
k=1 k=1
To prove the opposite inequality fixak € {1, ..., n} and assume the following two events
occur:
Ly and o =Ty = (0g, Wg41,...) € B . 92)

Then w is such that
l<wg<k—-1 forl <l <1, wy =k, 93)

and
k+1<wgyu=w,<n—1 forl <€<7,—1. (94)

Moreover, if 7, _, denotes the first hitting time of n — k by the path ', then
sup L(ty, X, ) < sup L(tx, x, w) Vsup L(t, _;,x, @) V1
X X X

= sup L(tk, x, w) Vsup[L(t,n,x,w) — Lk, x,w)] V1< Ly. 95)
X X

Together these properties show that @ € B;F. Thus the sample sequences for which the

events in occur contribute P(£k)P(B;_ o) to P(B;}). In order to prove

P(BH =Y P(LHPB_) (96)
j=1

we therefore merely have to show that (92)) can occur only for one k. To see that this is
indeed the case assume that in addition to (92) also

L; and " :=Tijw= (0, Or11,...) € B,;tj 97)
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occur for some j # k, j € [1, n]. For the sake of argument let j < k. But then, on the
one hand, B;“ occurs (by definition of £; or since B,j occurs) and on the other hand, also

Tiw e B,j_ ; occurs. 98)

But this contradicts the definition of £, so that and cannot hold simultaneously.
This, in turn, implies (96) and then finally (90).
We can finally start the proof of proper. Define

fo=e“"P(L,) and u, =e“"PB).
By our conventions just before (89),
wo=1, fo=0, u=f1=(1/2)0e.

Moreover, by these quantities satisfy the renewal equation
n
un:Zf}un—j, n>1
j=1

In addition, by Lemma[I6]and (83),
up = e“"P(BY) > C3¢“" P(B,) > C3 > 0,

and lim,,_ oo [, ]V/" = 1. By the renewal theorem (see, e.g., Feller [6, Theorems 2 and 3
in 12.3]), these facts imply

> 1

E fi=1 and lim u, =—,
4 n—00 "

J=1

where
o0
0<,u=ann<oo. 99)
=
Thus,
1
P(BF) ~ —e G4, (100)
U
which proves (87). The finishes the proof of Lemma(l7] |

We now move on to the second crucial step in the proof of Theorem 3}

Lemma 18. The limit

P(BF
Cs := lim ((B”) exists and Cs> Cz > 0. (101)

n—oo n

Also for £ an event in Gy,

lim P(ENCy|B,) = C5ec4kP(€, sup L(tx, x) < Lo), (102)
n—od X
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where Cy. = {S; > k for all i > 11} is the event defined in [82). Finally,

lim e“"P(B,) = C7 (103)
n—oo

exists, where 0 < C7 < oo.

Proof. Let R = {0 < r; < rp < ---} be a subsequence along which the weak limit

of P(-|Ayg,) exists, and let Q(-) be the value of this limit. The limit along the subse-
quence R will be denoted as lim, . Without loss of generality we may assume that
also lim, < P(Bj )/ P(B,) exists (since it is a bounded sequence) and is at least C3 (by
Lemma [T6). (Later on we will prove that this limit does not depend on R and hence
lim, o P(B})/P(B,) exists.) Now let £ € Gx. Then

QENC) =QE,S; >kforalli > 1) = Nlim QE&,Si >k, <i < tpen). (104)
—00

We want to show that this equals

P(Bt
Sk pe, sup L(z, x) < Lo) limy P((Brr))'

(105)
To this end observe first that
P&, Si >kfort <i < tsn, By)

P(B;) ’

QE,S; > kforty <i <tgyny) = lim
reR
and secondly that for » > k + N (because S;, = k)

|P(E,S; > kfort, <i <tpan,B)—P(E,S; >kfort, <i <1, B,)|

< P(S; = k for some 134y <i < 7, sup L(z,,x) < Lo)
X

< P(there exists some T4y < i < 7, for which S; = k
and sup L (i, x) < Lo as well as sup[L(z,,x) — L(i,x)] < Lo)
X X

< P(S;j =kandsupL(i,x) < Lo for some tx1y <i < 7. )P(By_x)
X
< P(S;j =kandsupL(i,x) < Lo forsome 51y <i < t,)ZkP(Br)
X
< 2P(sup L(tx4n, x) < Lo)P(By) = 2" P(Brn) P(B,) < C72%e~ N p(B,)
X

for some constant C7 independent of k, r (use Lemma([T6|and (TO0) for the last inequality).

Consequently, using (T04),

PE,Si>k,tu<i<1t,B,)
P(By) '

QE,S; > kforalli > 1) = lim (106)
reR

Butif §; > k for tp < i < 7,, then

L(t, x) ifx <k,

L@, x) = {L(t,,x) ~ L(t.x) ifx> k.
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Therefore (use £ € G;, and again S;, = k)
PE S >k v <i<t, B)=PEB)PB .

Together with (T06) and (T00) this proves the desired (103).
We next claim that there exist events & € Gy such that

{&, S; > kforalli > 1} = & NCy

= {k is the smallest value of n for which C, occurs}.

To see this, set for j < k,
Djx:={8 > jfort; <i < 1}.

Then C; N Cx = Dj x N Cx and consequently

U @neo=can | D
0<j<k 0<j<k
The right hand side of (T08) equals
c
Cr \ U (Cjﬂck) ZCkﬂ[ U 'Dj,k] .
0<j<k 0<j<k
This gives us (108) with & equal to the complement of (U, ; ¢ Dj -
We can now apply (T03)) with & taken equal to &, with the result that

QO (k is the smallest value of n for which C,, occurs) = Q (& N Cx)

P(Bf
= Sk p(&, sup L(z, %) = Lo) limy P((Brr)) '

Finally we shall show that

o0
QO (k is the smallest value of n for which C,, occurs)
k=0
= Q(Cx occurs for some k > 0) = 1.

From this and (T09) we can conclude that

Cs := lim
ST R P(B)

(107)

(108)

(109)

(110)

(111)

exists, is independent of R, and > C3 by virtue of Lemma [I6] In view of (T0@)) this will

also show that for all £ € G, the full limit

lim P(ENCk|By) = Cse* P (&, sup L(t, x) < Lo)
n—oo X

exists, and has the value given in (I02). Also (T03) follows from (§7) and (ITI).
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It remains to prove (110). To this end we want to show that Q(C | Gx) is bounded
from below. To prove this we note that for each fixed k, any element of Gy is up to Q-null
sets a finite or countable disjoint union of sets of the form

Hm) ={Si =w; =n;, 0<i <m},

where m < oo and n = (9, . . ., ny) runs over the sequences which satisfy

=0 n-—-n==x,1<i<m, 9 <nu=k0<j<m. (112)
(Note that the requirements on 7 in (IT2) are such that 7y = m for any sample point with
(So, - .., Sm) = m. We can restrict ourselves to finite m, because Q(ty = oo) = 0 by
Remark 1.) Now, as before, for any such 7,
O(H(m), Ck) ... P(HM),Si >k, it =m <i < 14N, sup, L(zr, x) < Lo)
———— = lim lim .

Q(H(m)  N—ooreR P(H(m), sup, L(z, x) < Lo)
(113)

This time we use that the denominator on the right hand side here is at most

P(H(n), sup L(t, x) < Lo)P(B,_x)

(compare (I07)). As in the lines following (I06) the numerator on the right hand side of
(113) is bounded below by

P(H(mn), sup L(tk, x) < Lo) P(Drk+n, sup[L(ty, x) — L(tk, x)] < Lo)
= P(H(n), sup L(tx,x) < Lo)P(B ;) > C3P(H(n), sup L(tx, x) < Lo) P(Br—p).

It follows from these estimates that

QH(M).Co _
Q(H(m) ~

Since this holds for all atoms 7 of G; we conclude that
Ok 1Gr) = Cs. (114)

The relation (110) is a simple consequence of (114)) and the martingale convergence the-
orem. Indeed, set

Cs.

YN = I{Ck occurs for some k > N}-
Then, if we write E€ for expectation with respect to Q, we have, for each fixed N,

Jim E9(Yy|G) =Yy as.[Q]

On the other hand, for k > N, E€(Yn | Gk) = O(Ck | Gk) > C3, from which we deduce
that
Yn > C3 as. [Q]

Thus Q(Yy = 1) = 1 and (TI0) holds. This finishes the proof of Lemma [I8] O
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Lemma 19. The sequence of measures P (- | B,) converges weakly to a limit measure Q.

Proof. Because the walk is nearest-neighbour, it is always the case that P (- | B,) is tight:
it thus suffices to prove uniqueness of the weak subsequential limits. Thus, let O be a weak
limit along the subsequence R. Let vp = 0 and let 0 < v; < vy < --- be the successive
values of v for which C, occurs. shows that v; < 0o a.s. [Q], but the proof of
shows that all v; are a.s. [ Q] finite. From this we will see that Q(€) = lim,—.~ P(E | B,),
with the limit taken along the sequence of all integers, for any cylinder set £. Indeed, let
&€ € F;. Since 1; > t (because |Sj+1 — S;| < 1), we have F; C G;, and so £ € G;. Now
let p be the first v; > 7. Then & = (J,-,[EN{p = s}]land EN{p = s} = & N Cs for
some & € G; (as in (T08)). Consequently,

lirrc}o P(EN{p =s}|B,) exists (by (102)).

Also,
s=t+N
PEIBY— Y PENLo=5)IB)| = P(p>1+N|By.
s=t
Finally,
lim limsup P(p >t+ N |B,;) =0, (115)

N—>0oo p—soo

because if this fails, then (by the monotonicity in V) there exists a sequence R = {r; <
ry) < ---}and an € > 0 such that

OQp<t+N)<1l-—¢ foralh,

where Q is the weak limit of P(-|B,,). But we have just seen that p < oo a.s. [Q], so
that (TT3)) must hold. But then

o0
lim P(E|By,) = Z lim P(EN{p =s}|By).
n—oo = n—oo

This proves Lemma O

From now on Q will be the (weak) limit of the probability measures P (- | 3,) on €. Since
So =0and S,4+1 — S, = £1 with P-probability 1, it is also the case that

0So=0=1 and Q(Sp4i — S, ==+1) =1. (116)

Also
0 (S,, = y for more than L values of n) = 0, (117)

because for each fixed n and all r > n,
P((Lo + D)™ visitof S to y is at time n | B,) = 0.

We remind the reader that Cy is defined in (82). We now come to our main result, which
describes the structure of Q and is a more precise statement than Theorem [5} Define
oo =0,

o1 :=inf{ry : Cp occurs},  ojy1 = inf{z; > o; : C¢ occurs},
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and, in agreement with Remark 2, let v; be the unique value of v for which o; = 7,,.. That
is, oj is the time at which the j th regeneration level occurs. Thus, by definition,

Sp <v; forn<mty, S =vj
but
Sp > So; = Sruj =v; forn>r1y,.

Moreover, if n = 1, but s is not one of the v;, then §; < s for some r > t;. Roughly
speaking, the t; are the strict upward ladder epochs for the random walk {S,}. The o; are
special ladder epochs which make them regeneration times (in a sense to be made precise
in Proposition 5). The o; are those ladder epochs which are visited only once. For 7 to
be such a special ladder epoch it is required that after t; the random walk stay strictly
above its value at 7y, that is, it is required that C; occur. The special ladder epochs oy
are regeneration epochs, because they separate the path of the random walk {S, } into two
pieces which do not overlap (except that the endpoint of one of these pieces coincides
with the initial point of the next piece).

On the event {v; < oo} we define the jM excursion Y; to be the sequence of random
variables (S, — STUJ,) = (8, —vj), vj < n < vj;1. We already proved in Remark 2 that
all v; are finite a.s. [Q]. To describe the distribution of the excursions we introduce some
collections of possible finite sequences which can be the value of Y;. For 1 < m < oo,

we define /F\Zm as the collection of sequences n = (19, 11, - . ., Nm) Which satisfy
no=0 n—n-1e{+l,-1} forl<i=<m, (118)
forany x € Z, n; = x for at most L values of i € [0, m], (119)
Nm >1n; for0<i<m, (120)

but there isno 0 < j < m such that
Si<Si <S¢ <S8y fori<j<dt<m. (121)

These collections will serve to describe the distribution of Y; when j = 0. For j > 1
weihall use M, which is defined as the collection of sequences 11 = (19, 91, ..., Nm)
€ M,, which in addition satisfy

ni >0 forl <i<m. (122)

Proposition 20. Under Q all the v; are a.s. finite. Moreover, the excursions Y are inde-
pendent, with a distribution specified by

1
QYo =mn=0,...,0m) = 766“'"1”((50, cs Sm) =m) (123)

foranyn € /\7,,, Here Z is a normalizing factor given by

00

Z=Y 4" 3" P((So. ... Sw) = ). (124)

m=0 neMp
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Similarly, the distribution of Y5 with s > 1 is given by

1
O(Yy=n=(00,-..,1m) = Ee“’”P((so, c S =m) (125)

forany mp € M,,, with Z given by

Z=) 4" 3" P((S0.--. Sw) =) (126)
= neMy,

In particular, the (Y, s > 1) are i.i.d. under Q. Moreover, for every s > 0,
E2(vgp1 — vg) < 00. (127)

Proof. We already know from Remark 2 that all v; are finite a.s. [Q].

Now suppose that H () occurs for some 7 € ./Wm By we then automatically
have m = 1, for s = n,,. Therefore, on H(n) N C; = H(n) NC,,,, Ts N Cy occurs and
s = 1y, has to equal o, for some r and s has to be one of the v;. In fact, @) shows that
there can be no j < m such that »; is an earlier o, i.e. o; with t < r. Thus, on H(n) N C;
we have o1 = 1,. Moreover, o7 = 7, can occur only if 7;(\@77) for some n € Mm occurs,
as well as Cy. Thus, Yo = n is possible only if 7 lies in M,,, for some m. Furthermore

(To=n)={HmNC,,} forne M,.

Also, for n € /qm, H(n) € Gy, (because m = T, by ). Hence li with &£
replaced by H(n), shows that

0(To=mn) = Q(H(MN) NCy,) = C5¢“" P((So, - .., Sm) =, sup L(m, x) < Lo).

The condition sup, L(m, x) < Lo can be dropped here, because this is automatic if
Si =n;,0 <i <mforsomen e /\/lm (by ( .) This 1mpl1es 3) with -

To prove the statements (123]) and (126) in Proposition 5 we have to show that for
n® e Mm(O)s and N € M,y s) for 1 < s < r, and for some constant C,

.
0Ny =n®,0<s<r)=C[]le“" D P((So. ... Su) =0 (128)
s=0
Let n® = (Tim 0,..., nm(s)) and write

s—1
q(s) =Y m(j)
=0
(with ¢(0) = 0). Then the event on the left hand side of (I28) will occur if and only if

£0) = [Syri = an,{gj)+n,” 0<i=m.0ss<r| (129
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as well as , |
ﬂC(an,{()j)> (130)
s=0 j=0

occur. Here we have written C(a) for C, to avoid complicated subscripts. By the defini-
tions of M,,(0) and the M, (s, 77;(1?()0) > 0 and all n}s), 0 < j < m(s) are nonnegative.

Therefore ) ;_ 77,(1{()/) >3 0 n,(,f()l), l<s<r,and
r—1 K r
mc Zn(j) cEVne Zn(j)
m(j) m(j))*
s=0 =0 =0

Also the event (129) is contained in G(3_§_ nm ( S)) (where we have written G (a) for G,,),

since on S. reaches the level > _ r/,(;zs) first at the time g (r + 1). It now follows
from the act that the value of (I04) is given by (I03) that the left hand side of (I28)
equals
Cs5eC4 D pEe® sup L(q(r + 1), x) < Lo). (131)
X

Finally,

,
ED = (g — Sqi) =0, 0 < i <m(s)},
s=0
and on £ the range of {Sq(s)+i»0 < i < m(s)} consists of the integers in the interval
[Z ‘0 n’(é() i > =0 nr('{() J)] 1 < s < r. The interiors of these intervals are disjoint and
any value x in those interiors is taken on at most Lg times by {S; ()4, 0 < i < m(s)}if
(Sq(g‘) — Sq(;), Sq(s‘)_’_l — Sg(s)s - - q(?+l)) — Sq(;)) = 77(3) by virtue of 1’ More-
over, on £, the endpoints Z i—0 nfn () ) 0 < s < r, are even taken on only once by

the S;, 0 < i < q(r + 1), because Z o ,7’(,{(]1 by > Z 0 17,(7{()]) Therefore, the con-

dition sup, L(g(r + 1), x) < Lo is automatically fulfilled on &£ (") and can be dropped
from (I3T). The result is

0, =0, 0 < r < 5) = CseC40TD p(e)

.
= Cs [ [l P(s; =0 0 <i <m(s)]  (132)
s=0

for n©@ ¢ /ﬁ,n(o), n® e Mns), 1 < s < r. The fact that the right hand side here is a
product of factors each of which depends on the value of one Y only shows that the Y
are independent. The actual distribution of the Y can also be read off from and is
given by (123)) and (126).

Finally, the random variables (vs4+1 — v5), s > 1, are i.i.d. under Q, so that by the
renewal theorem,

1 n
— Z O (¢ equals some v;) — [EQ(v2 — 1)1)]_l asn — oo. (133)
n

=1
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However, by (114), we know that

Q (£ equals some v;) > Q(Cy) > C3,

hence

lkn_l)gréf% Z O (£ equals some v;) > C3.
Since C3 > 0, this and (I33) imply (127). |
Corollary 21.

EC(0541 —05) = E%(1y,, — T0,) < LoEC (vyp1 — vy) < 0. (134)

Proof. By (117)), the amount of time spent by the walk in any interval [a, b) C Z is at
most Lo(b—a). By definition of the 7’s and the o’s the walk stays in the interval [v;, v;j11)

fiuring [ty;> Tvj;,) = [0}, 0j4+1). Thus @ follows from (127). The strict inequal.ity
in (T34) follows from the fact that for every j > 0, every site x between two successive
regeneration levels x € [vj, vjy1) N Z is visited at most L times, except x = v; itself
which is visited at most once. It follows that

0j+1—0; < Lo(wjy1 —vi— 1D +1
almost surely. Taking expectations leads to the strict inequality in (T34). ]

With this in mind, routine manipulations show that under Q, the position X, satisfies the
law of large numbers:

. ¢
lim — := y(Lo) (135)

n—oo n

exists almost surely under Q, with

EQ(vep1 — vy)
y(Lo) i= —5———.
E% (0541 — 03)
By (134), we see that ¥ (L) > 1/Lo, which concludes the proof of Theorem 5 O
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