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Abstract. In this paper we generalize Zak’s theorems on tangencies and on linear normality as well
as Zak’s definition and classification of Severi varieties. In particular we find sharp lower bounds for
the dimension of higher secant varieties of a given variety X under suitable regularity assumptions
on X, and we classify varieties for which the bound is attained.
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Introduction

Let X C IP” be an irreducible, projective, non-degenerate variety of dimension n. For any
non-negative integer k one can consider the k-secant variety of X, which is the Zariski
closure in P" of the union of all k-dimensional subspaces of [P that are spanned by k +
1 independent points of X. Secant varieties are basic projective invariants related to a
given variety X and their understanding is of primary importance in the study of the
geometry and topology of X. As such, they have been, for more than a century, the object
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of important research in algebraic geometry. For instance, the classification of defective
varieties, i.e. the ones for which some secant variety has dimension smaller than expected,
goes back to several classical authors, like Terracini [25], Palatini [18]], [19], and Scorza
[22], [23] to mention but a few. For recent developments on this classical theme see [3]],
[6], [ 7] and the basic reference [27].

In more recent times the interest in the geometry of projective varieties has been
revived by Zak’s epochal work (see [27]). Specifically, Zak first proved his so-called
theorem on tangencies, a basic tool which, although very classical in spirit, completely
escaped the consideration of the classics. This theorem was used by Zak to prove a sharp
lower bound for the dimension of the first secant variety to a smooth variety X, as well as
the classification of those varieties achieving the bound, i.e. the so-called Severi varieties.

In this paper we present an extension of these results of Zak’s. Namely we first extend
the theorem on tangencies, then we provide, under suitable regularity assumptions on a
variety X, a lower bound for the dimension of its higher secant varieties, and finally we
classify the varieties for which the bound is attained.

To be specific, we introduce in §3|the notion of Ji-tangency extending the concept of
J-tangency which is one of the cornerstones of Zak’s theorem on tangencies. The notion
of Jx-tangency is crucial for us, so we devote to it, and to related concepts, all §E} In §E]we
prove Theorem [6.1] which is the announced generalization of the theorem on tangencies.
In we prove our extension of Zak’s theorem on linear normality, i.e. Theorem
providing a sharp lower bound for the dimension of the k-secant variety to varieties having
a suitable tangential behaviour which we call Ry-property, where R stands for regularity
(see Definition[5.5). Basic tools in the proof are the generalized theorem on tangencies, as
well as a few basic facts about secant varieties, defects and contact loci, which we present
in §§2)and

Notice that, without suitable regularity assumptions, it seems quite unlikely to get
good bounds for the dimension of higher secant varieties. Examples, together with a nice
account of the general theory, can be found in [17], where several partial results are given.

In §8| we define k-Severi varieties as the irreducible Ry-varieties for which the bound
in the extended theorem on linear normality is attained. Smoothness is not required in
the definition. However we prove that k-Severi varieties are smooth (see Theorem [8.7).
The classification of k-Severi varieties is given in Theorem [8.3] The main point here
is to observe that k-Severi varieties are Scorza varieties in the sense of Zak (see [27,
Chapter VI]). Then our classification theorem follows from Zak’s classification of Scorza
varieties in [27]]. However, a crucial point here is the smoothness of certain contact loci
(ensured by Lemma [8.5]and Claims [8.9)and [8.12)in the proof of Theorem [8.7), which is
essential in Zak’s analysis of Scorza varieties. It is well known that strong motivations
for Zak’s work have been Hartshorne’s conjectures. One of them, Hartshorne’s Conjec-
ture [7.2) on linear normality, has been proved by Zak. The other (see Conjecture 0.1) is
still unsolved. In §9) we speculate on a possible extension of this conjecture which may
be suggested by the results of the present paper.

We want to finish by observing that, besides the intrinsic interest of the subject, defec-
tive varieties, or more generally properties of secant varieties, are relevant also in other
fields of mathematics, such as expressions of polynomials as sums of powers, Waring
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type problems, polynomial interpolation, rank tensor computations and canonical forms,
Bayesian networks, algebraic statistics etc. (see [9] as a general reference, [4], [13], [15],
[20]). This classical subject is therefore still very lively and widely open to future re-
search.

1. Preliminaries and notation

We work over the field C of complex numbers and we consider the projective space
P" = PP, equipped with the tautological line bundle Opr (1).

If Y C P is asubset, we denote by (Y) the span of Y. We say that Y is non-degenerate
if (Y) = P". A linear subspace of dimension n of P will be called an n-subspace of P".

Given a subscheme X C P, Iy will denote its homogeneous ideal and .y the ideal
sheaf of X.

Let X € P" be a scheme. By a general point of X we mean a point varying in
some dense open Zariski subset of some irreducible component of X. We will denote
by dim(X) the maximum of the dimensions of the irreducible components of X. We
will often assume that X is pure, i.e. all the irreducible components of X have the same
dimension. If X is projective, reduced and pure, we will say it is a variety.

Let X C P" be a variety. We will denote by Sing(X) the closed Zariski subset of
singular points of X. Let x € X — Sing(X) be a smooth point. We will denote by Ty
the embedded tangent space to X at x, which is an n-subspace of P" (n = dim(X)). More
generally, if x1, ..., x; are smooth points of X, we will set

k
TX,xlw.,xk = <U TX,xi>'
i=1

We will denote by V), 4 the d-Veronese variety of P", i.e. the image of P" via the
d-Veronese embedding

d
Vna P P r=<”+ )-1.

d
Given positive integers 0 < m; < --- < my we will denote by Seg(m, ..., my)
the Segre variety of type (my, ..., my), i.e. the image of P! x ... x P" in P, r =

(m1 +1)...(my + 1) — 1, via the Segre embedding
sml ,,,,, mh:Pmlx...Xth_)Pr'

Let0 < a; < --- < a, be integers and set P(ay, ..., a,) = P(Opi(a;) ® --- &
Opi(ay)). Setr = aj + - - -+ a, +n — 1 and consider the morphism

bay....a, - Plar, ..., ap) > P

defined by the sections of the line bundle Opy, ... 4,)(1). We denote the image of ¢, ... 4,
by S(ai, ..., a,). As soon as a, > 0, the morphism ¢y, . 4, is birational to its image.

.....
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Then the dimension of S(ay, ..., a,) is n, its degree isa; +---+a, =r —n + 1 and
S(ai, ..., ay) is a rational normal scroll, which is smooth if and only if a; > 0.

We will denote by G(m, n) the Grassmann variety of m-subspaces in P", embedded
inP,r= (;’:rll) — 1, via the Pliicker embedding.

For all integers k > 1, we will denote by Sy the k-spinor variety, which parametrizes
the family of (k — 1)-subspaces contained in a smooth quadric of dimension 2k — 1. The

variety Sy is smooth, of dimension (k'gl), and its Picard group is generated by a very

ample divisor which embeds Sy in p-1,

2. Joins, secant varieties and defects

Let Xo, ..., Xy be varieties in P". The join J(Xy, ..., Xg) of Xo, ..., Xk is the closure
in P of the set

{x € P" : x lies in the span of k + 1 independent points p; € X;, 0 <i < k}.

We will use the exponential notation J (X'lnl, e, XZ“’) if X; is repeated m; times, 1 <
i <h.If Xo, ..., Xy are irreducible, their join is also irreducible. The definition is inde-
pendent of the order of Xy, ..., Xi and one has

k
dim(J (Xo, ..., Xp)) < min{r, k+ Zdim(x,-)}.
i=0
The right hand side is called the expected dimension of the join.
If X is irreducible of dimension n, we will set Sk(X ) =J(X k+1), and we will call
Sk(X) the k-secant variety of X. This is an irreducible variety of dimension

s©(X) ;= dim($* (X)) < min{r, n(k + 1) + k} =: e®(X). 2.1

Again, the right hand side is called the expected dimension of S*(X).

If X is reducible of dimension 7, then J (X**1) is in general reducible and not pure. In
this case, we consider the union of all joins J (X, ..., Xk), where Xy, ..., Xy are distinct
irreducible components of X. It is convenient for us to denote this by S¥(X) and call it
the k-secant variety of X. With this convention, formula still holds. The varieties X
we will be considering next, even if reducible, will have the property that S¥(X) is pure.
We will therefore often make this assumption.

One says that X is k-defective when strict inequality holds in (2.I). One calls

Sk (X) = e® (X)) — s®(x)

the k-secant defect of X. There is however a slightly different concept of k-defect, which
will be useful for us, i.e. the concept of k-fibre defect fi.(X), defined as

fe(X) = (k+ Dn +k —s®X). (2.2)

Notice that fi(X) = & (X) if r > (k + D)n + k, while otherwise fi(X) = §(X) +
(k+ Dn + k —r, thus f;(X) can be positive even if §;(X) = 0.
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Remark 2.1. The reason for the name fibre defect is the following. Assume S¥(X) is
pure. Then f;(X) equals the dimension of the family of (k + 1)-secant k-spaces to X
passing through a general point of S¥(X).

Indeed, consider the abstract secant variety S¥(X) which is the union of the closures
of the sets

{(POs - P> X) € Xo X -+ X X X P 2 x € (po, ..., pr) = P¥}

with X, ..., Xj distinct irreducible components of X. Then the image of the projection
p:SK(X) — P is SK(X) and fx(X) is the dimension of a general fibre of p. Hence one
may have fi(X) > 0 even if X is not k-defective: this happens when S¥(X) = P’ and
r<((k+n+k.

We will use abbreviated notation like s(k), e®, 8k, fx instead of s(k)(X ), e® (X),
8k (X), fx(X) if there is no danger of confusion. Also, we may drop the index k when
k=1.

3. Secant varieties and contact loci
If Xo, ..., Xy are projective varieties in IP", then Terracini’s Lemma describes the tangent

space to their join at a general point of it (see [25] or, for modern versions, [[1], [S], [8],
(O], [271).

Theorem 3.1. Let Xy, ..., X be varieties in P". If p; € X;, 0 < i < k, are general
points and x € (po, ..., px) is a general point, then

Ty(xq,.... x00.x = (Txq,pp> - - » Txy,pi)-
In particular, if X C P" is an irreducible, projective variety, and if py, ..., px € X are
general points and x € (po, ..., px) is a general point, then

TSk(X),x =Tx,po,....ps-

We recall a useful consequence of Terracini’s Lemma, which is well known in the irre-
ducible case (see [27, p. 106]). The easy proof can be left to the reader.

Proposition 3.2. Ler X C P be a non-degenerate variety. If we have dim(J (X*)) =
dim(J (X*TY)) then J(X*) = P'. Similarly, if dim(S¥(X)) = dim(S¥~1(X)), then
skx) =P.

Given a variety X C [P of dimension n, the Gauss map of X is the rational map
gx : X - G, r)

defined at the smooth points of X by mapping x € X — Sing(X) to Tx . It is well known
that if x € X is a general point, then the closure of the fibre of gy through x is a linear
subspace 'y , of P".
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Definition 3.3. In the above setting, I'x , is called the general Gauss fibre of X and its
dimension the tangential defect of X, denoted by #(X). We will set #;(X) = t(Sk (X)).

Note that if X is smooth, then 7 (X) = 0 (see [27]).

Let X C IP" be a non-degenerate variety such that s (X) < r. Terracini’s Lemma
implies that #; (X) > k. More precise information about f; (X) will be provided in a while.
First we are going to introduce a few remarkable families of subvarieties of X related
to S¥(X).

Given a general point x € S¥(X),i.e.x € (po, ..., px), with po, ..., px € X general
points, consider the Zariski closure of the set

{peX—Sing(X):Tx,p < Tskx)x}-

We denote by Iy, ... 5, the union of all irreducible components of this locus containing
Do, - - - » Pk, and by yx(X) its dimension, which clearly does not depend on py, ..., pk.
Note that 'y . p; € pg,...p foralli =1,..., k. We set

We will use the abbreviated notation I'x, Ig, yx if no confusion arises. Note that ITj
contains (po, ..., pk), hence it contains x.

Definition 3.4. In the above setting, we will call 'y, . ,,, the tangential k-contact locus
of X at po, ..., px. We will call y;(X) the k-tangential defect of X.

Let X CP" be an irreducible, projective variety as above and let again po, ..., pr€ X
be general points. Consider the projection of X with centre T, ;... p,. We call this a
general k-tangential projection of X, and we denote it by tx p, ..,
We denote its image by X, .. p., or simply X;. By Terracini’s Lemma, the map 7 is
generically finite to its image if and only if s (X) = s®=D(X) 4 n + 1.

pi> O Tpy

.....

Definition 3.5. Let pgp € X be a general point. Let Wy, ,, be the component of the fibre
of Tx p,,...p, containing pg. We will denote it by Wy if no confusion arises. It is called

the projection k-contact locus of X at py, ..., pr and we will denote by ¥ (X), or ¥,
its dimension, which is independent of po, ..., px. This will be called the projection k-
defect.

Remark 3.6. Notice that I', .., contains W, . .Indeed T p,. .. p, Projects, via t,
to the tangent space of Xj at the point t(po), thus it is tangent along the component of
the fibre containing pg. In particular we get yx > Y. Equality holds if and only if the
Gauss map of Xy is generically finite to its image, which is equivalent to being birational
to its image.

One has Wy, .. p; © Wp,...p foralli =1,... k.

One of the main consequences of Terracini’s Lemma is that if X is k-defective, then
Y > 0, so that y is also positive.

Other relevant items related to the secant variety S k (X) are the so called entry loci.
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Definition 3.7. Let x € SX(X) be a point. We define the entry locus Ej x of x with
respect to X as the closure of the set

{z€ X : thereisx’ € S 1(X) withx’ # z and x € (z, x)}.

Alternatively, consider the fibre Fy of p : SK(X) — S¥(X) over x. The entry locus
Ej x is the image of F, under the projection p; : Sk (X) — X to the first factor.
If x € S¥(X) is a general point, we may denote Ej_ . simply by Ej.

Next we can provide interesting information about the k-contact loci.

Lemma 3.8. Let X CP" be an irreducible, non-degenerate variety such that s (X) <r.
If po, ..., pk € X are general points and q, . . ., qx are general points on Iy, . . such
that q; specializes to p; foralli =0, ...k, then Ty o = DTgo . -

Proof. One has Tx 4, C TSk(X)’x = Tx, py,..pp foralli =0,...,k, thus Tx gy .. 4 =
Tx, py,..., pr- This immediately implies the assertion. O

Proposition 3.9. Same hypotheses as in Lemma[3.8] Then:

(i) Tpy,....px Is smooth at po, ..., px; moreover it is either irreducible or consists of
k + 1 irreducible components of the same dimension yi, each containing one of the
points po, ..., pk as its general point;

Gi) fi(Cy) = fi(X) foralli =1, ..., k;

(i) Iy = Sk(Fk) equals the general Gauss fibre Dskxy x of Sk(X), whereas S'(T'y)
# I foralli=1,...,k—1;

(iv) % (X) = dim(IT) = kyx +k + v — fi(X).

Proof. Part (i) follows from Lemma [3.8] and from monodromy on the general points
Pos - - - » Pk (see [[7]).

Let us prove (ii). We assume I'y = I'p,, . 5, is irreducible, otherwise the same argu-
ment works. Let x € (po, ..., px) be a general point of S¥(X). Let also qo, ..., g; be
general points on I'; and let y € (qo, ..., ¢;) be a general point of S?(I'y). By the gen-
erality assumption on po, ..., pk, also qo, ..., g; are general points on X, hence y is a
general point of S (X).

Since qo, ..., g; are in I'y, we have T X),y = Tx.q....qi C Tsk(x).x- Moreover, we
have an f;(X)-dimensional family of (i + 1)-secant i-spaces to X passing through y. Let
(ro, ..., r;) be a general element of such a family, withrg, ..., r; € X. ThenTx ;. , =
Tsi(xy,y C Tsk(x),x> Which shows that ro, ..., r; € I'r. This implies (ii).

Let us prove (iii). We have Sk(Fpo,wpk) C Mpp,...pp S Ugkxyx- Lety be a general
point of I'gx(x) ., hence y € (qo, . .., gk) withqo, ..., gk € X. Since Tsk(x) , = Tsk(x) 1o
we have qo, ..., qr € Ty p»thus y € Sk(Fpo ,,,,, pp)- This proves the first assertion.
If S(Ty) = i for some i < k, then we would have S'(X) = S¥(X), contradicting
Sk(x) # P’ (see Proposition.

Part (iv) easily follows. ]
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Remark 3.10. It is useful to notice that the k-contact loci are responsible for the k-fibre
defect of X. In fact Proposition [3.9] tells us that they have the same k-fibre defect of X
and through k + 1 general points of X there is one of them passing.

Moreover, by applying Proposition [3.9] for all positive integers i < k, one sees that
SI(T';) is the linear subspace I1;, which is also the general Gauss fibre of S{(X), and
X)) =iy +i+y — fi(X).

The next proposition shows an important relation between fibre and projection de-
fects.

Proposition 3.11. Let X C P be an irreducible variety of dimension n such that s (X)
< r.Then

fi=v1+- -+, Vi<k.
The same holds if X is reducible but S® (X) is pure and s® (X) < r.

Proof. The proof is by induction on i. The case i = 1 is an immediate consequence of
Terracini’s Lemma.

Suppose i > 1. Consider the general i-tangential projection t; of X from Tx p, .. p;-
One has dim(X;) = n — y; and the general tangent space to X; is the projection of
TX, py,p1.....pi» Po being a general point of X. We have dim(Tx p,, p,,....p;) = in+i+n— f;
and dim(Tx, p,,...p;) =in+i—1— fi_1. Hence n —v; = n— f; + fi_1, and the assertion
follows by induction. O

Corollary 3.12. In the above setting, foralli = 1, ..., k, fix general points p1, ..., pi
in . Then the general projection i-contact locus of Ty coincides with \V;. In particular

Vi (Tx) = i (X).

Proof. Notethat Tty p,,...p; S Tx, py,....p; "1k Moreover Tx ,, ... p; does not contain I't,
otherwise it would contain the whole of X, since pg € I'y is a general point of X. There-
fore it makes sense to consider the restriction to I'y of the i-tangential projection ty ;,
which factors through the i-tangential projection tr, ;. This implies that v; (I'y) < v;(X).
By Propositions[3.1T]and[3.9(ii), equality has to hold foralli =1, ..., k and the assertion
follows. O

Useful information about the entry loci is provided by the following:

Proposition 3.13. Ler X C P" be an irreducible variety with s© (X) < r. Then Ey is
pure of dimension Y. The same holds if X is reducible and Sk=1(X) and S*(X) are pure.

Proof. Let x € SK(X) be a general point. The fibre Fy of p : S¥(X) — S¥(X) over
x is pure of dimension f. The projection to the first factor yields a dominant map ¢q :
F, — Ej . Let z be a general point in a component of Ej x, and let Fy ; be the fibre
of g over z. Let ¢ = (z, p1, ..., pk, x) be a general point in a component Z of Fy .
Note that (p1, ..., px) is a (k — 1)-space intersecting the line (x, z) at a point p. By
Proposition [3.2] the point p does not depend on &. Moreover one sees that, for x and z
general, p is a general point in S¥~!(X). Hence we have a map

2779 Sk_l(X)’ El_)(p17~"9pk’p)v
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which is birational to its image, and this, in turn, is a component of the fibre of Sk-1 (X)
— S¥=1(X) over p. This shows that any component Z of F ; has dimension f;_1. Hence
any component of Ey , has dimension fi — fi—1 = ¥ (see Proposition [3.TT). O

A different proof of Proposition [3.13|follows from Proposition 2.2 of [16]], which asserts
that W, can be seen as a degeneration of Ey.

Remark 3.14. Terracini’s Lemma implies that for x € S¥(X) general and for a general
point z € Ek x, one has Tx ; € Tg(x) ,- Hence Ej , is contained in the tangential k-
contact locus I'y ., forall pg, ..., pr € Ej  which are smooth points of X and such
that x € (po, ..., px). Again we deduce Yy < yx.

We finish by recalling the following well known subadditivity theorem by Palatini—
Zak, whose proof is an application of the previous results (see [27, Chapter V, Proposition
1.7 and Theorem 1.8]). One more piece of notation before that. Let X C P" be an irre-
ducible, non-degenerate variety. We set

ko := ko(X) = min{k € N : $¥(X) = P"}.

Theorem 3.15. Let X C P" be a smooth, irreducible, non-degenerate variety of dimen-
sion n. Then

@ Y1 <<y, <n;
(i) Y > Yp—1 + Y1 forall k < k.

From Theorem [3.13] one deduces
Y = k1, Yk < k. 3.1

Definition 3.16 (see [27, Chapter VI, Proposition 1.2]). A smooth, irreducible, non-
degenerate variety X C P" of dimension n with ¢ > 0 is called a Scorza variety if
equality holds in (3.1)) and in addition ko = [n/v].

The classification of Scorza varieties is contained in [27, Chapter VI].

Remark 3.17. If X is smooth, and the general entry locus E is a quadric, then Ej is
smooth (see [11, pp. 964-965]). To the best of our knowledge, there is no argument for
the smoothness of the general entry locus Ej, though in [27, p. 123], this is claimed to be
a consequence of “usual general position arguments” which we are unable to understand.
The classification of Scorza varieties in [27] seems to depend on this assertion, which is
however false, in its full generality, as the following example shows.

Example 3.18. Consider the scroll X = S(1, h) ¢ P"*2 with h > 4. Let L be the line
directrix of X. For all k > 1, S¥(X) is the cone with vertex L over SK(Y), with ¥ a
rational normal curve in an h-space IT' which is skew with L. Therefore

sOX)=2k+3 <h+2

as soon as k < (h — 1)/2, and X is k-defective if k > 2. In this case it is not difficult to
see that Ey is formed by k + 1 general rulings of X plus the line L.
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4. Zak’s theorem on tangencies

Zak’s theorem on tangencies is a basic tool for the study of projective varieties and their
secant varieties (see [26], [27]]). It says that if a linear space L in IP" is tangent to a smooth,
pure variety X C IP” along a subvariety Y, then

dim(L) > dim(X) + dim(Y). A.1)

Zak’s original formulation in [26] is more general, inasmuch as it also applies to
singular varieties X: in this case the dimension of the singular locus of X enters into play.
On the other hand, as proved in Zak’s book [27]], formula also works for singular
varieties X, provided one takes the right definition of tangency at singular points. Let us
recall this definition.

Definition 4.1. Let X be a variety, L a linear subspace of ", and Y a subvariety of X
contained in L. One says that L is J-tangent to X along Y if the following holds. Let
{(go(), q1(t))};ea be any analytic curve in X x Y parametrized by the unitary disc A and
such that:

(i) qo(t) & Lforanyt e A — {0};
(i) qo(0) € L.

Then the flat limit of the line (go(¢), ¢1(¢)) lies in L.

Remark 4.2. In point (ii) of Definition .| one may equivalently ask that go(0) € Y.
Indeed, if go(0) € L but notin Y, then it is clear that the flat limit of the line {(go(¢), g1 (¢))
lies in L, since ¢1(0) € Y and go(0) # ¢1(0).

If L is J-tangent to X along Y, then it is also J-tangent to X along any subvariety Z
contained in Y.

If L is J-tangent to X along Y, then L is J-tangent to any irreducible component of X
along any irreducible component of Y.

If L is J-tangent to X along Y, and Z is a subvariety of X containing Y but not
contained in L, then L is also J-tangent to Z along Y.

If X is smooth along Y, being J-tangent is equivalent to the condition that L contains
the tangent space T, to X at a general point y € Y. If X is singular at some point y € Y,
J-tangency imposes further restrictions on L.

Example 4.3. If X C P is a non-degenerate cone with vertex v, then no proper subspace
of P" can be J-tangent to X along a subvariety containing v.

The notion of J-tangency provides a suitable setting for a general formulation of
Zak’s theorem on tangencies valid for singular varieties.

Theorem 4.4 (Zak’s theorem on tangencies). Let X C P be a variety. If a linear space
L of P" is J-tangent to X along a subvariety Y, then @) holds.

It is well known that this theorem is sharp.
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Example 4.5. There are smooth surfaces X in P* with a hyperplane H tangent to X
along a curve. An example is the projection X to P* of the Veronese surface V22 in P>
from a general point p € P>,

In fact, the Veronese surface has a 2-dimensional system of conics and there is a
hyperplane tangent to V, > along each conic. Hence, there is a 1-dimensional system of
these tangent hyperplanes passing through the centre of projection p. Such hyperplanes
project down to P* to hyperplanes of P* which are tangent to X along the corresponding
conics.

To be more specific, let Y be any conic on X. Consider the pencil of hyperplanes
containing Y. This pencil cuts out on X, off Y, a pencil of conics having a base point y.
There is a hyperplane tangent to X along Y if and only if y € Y.

Since the map associating y to Y is a projective transformation  : (P?)* — P2, the
locus of points y € X belonging to the corresponding conic Y describes a conic in P> and
therefore a rational normal quartic on X.

Although sharp, Zak’s theorem can be improved, as we shall see. To do this, we first
have to extend the notion of J-tangency. We will do this in the next section.

5. The notion of J;-tangency

In order to improve Zak’s theorem on tangencies, we need to extend the concept of J-
tangency.

Definition 5.1. Let X, L and Y be as in Definition Let k be a positive integer such
that dim({Y)) > k — 1. One says that L is J-tangent to X along Y if the following holds.
Let {(go(?), q1(®), ..., qs(t))}ren, with 1 < s < k, be any analytic curve in X x Y*
parametrized by the unitary disc A and such that:

(1) (qo(?),...,qs(t)) are linearly independent for any t € A — {0};
(i1) go(t) ¢ L foranyt € A — {0};
@iii) go(0) € L.

Then the flat limit of the s-space (qo(t), q1(t), ..., gs(t)) ast — Oliesin L.

Remark 5.2. Of course J;-tangency is J-tangency. Remark[.2]can be repeated verbatim
replacing J-tangency with Ji-tangency.

In particular, in point (iii) of Definition one may equivalently ask that ¢o(0) €
J(¥Y*) N X. Indeed, if go(0) lies in L but not on J(Y*) N X, then the flat limit of the
s-space (qo(t), q1(t), ..., qs(t)) ast — 0 lies in L, since it is spanned by the flat limit IT
of the (s — 1)-space (q1(¢), ..., gs(t)), which lies in L, and by ¢go(0) which lies in L and
not on IT.

Finally Ji-tangency implies Jj-tangency for all 2 < k, but the converse does not hold.

Example 5.3. Let us go back to Example[4.5] from which we keep the notation. Consider
a hyperplane H tangent, and therefore J-tangent, to X along a conic Y. Let us show that
H is not Jo-tangent to X along Y. Let IT = (Y) and let y € Y be as in Example {.5]
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Note that all hyperplanes through IT cut on X a curve of the form Y + Z, with Z a
conic through y. This shows that I1 = Ty ,. Take a general conic Z on X through y.
Set I1" = (Z). Then I1 N IT' is a line £ which is the tangent line to Z at y and is also a
general line in IT through y. Let x be the intersection of £ with Y other than y. Consider
an analytic parametrization p(t) of Z around y, so that p(0) = y € Y, and consider the
analytic curve (p(¢), x, y) in X x Y2. Then the 2-space (p(t), x, y) = IT’ does not depend
on t, and therefore its limit is IT’, which does not lie in H.

The notion of Ji-tangency will play a crucial role below. Let us add a couple of related
definitions.

Definition 5.4. Let X C P be variety, Y a subvariety of X and let k be a positive integer.
We say that X is k-smooth along Y if X is smooth along Y and any subscheme Z of X of
finite length s < k + 1 supported at ¥ spans a linear space of dimension s — 1. We say
that X is k-smooth if it is k-smooth along X.

Definition 5.5. Let X C P’ be a variety such that s%)(X) < r. We will say that X
enjoys the Rj-property (or briefly that X is an Ry-variety) if the following holds. For

anyi = 1, ..., k and general points po, ..., pi, taken in different components of X if X
is reducible, the general hyperplane tangent to X at po, ..., p; is J;-tangent to X along
r .

P05+ Pi

Remark 5.6. (a) The notion of k-smoothness is hereditary, i.e., if X is k-smooth
along Y, then X is k-smooth along any subvariety Z of Y.

(b) The notion of k-smoothness coincides with Ox (1) being k-very ample (see [3]). It
can also be rephrased as follows: X is k-smooth along Y if there is no linear space
L of dimension s < k containing a subscheme Z of X of finite length £ > s 4 2
supported at Y.
Note that k-smoothness is a rather rigid notion. For example a smooth variety con-
taining a line is not k-smooth for any £ > 2. On the other hand, if X is smooth, its
d-tuple Veronese embedding, with d > k + 1, is k-smooth.

Next we will show a relationship between the notions of k-smoothness and Ji-tan-
gency.

Lemma 5.7. Let X C P be a variety, and Y a subvariety of X. Assume that
X is smooth along Y and let L be a linear space tangent to X along Y. Let
{(go(t), q1(2), ..., qs(t))}ren be an analytic curve in X x Y* parametrized by the unitary
disc A such that qo(t), q1(t), ..., qs(t) are distinct fort € A — {0} and qo(0) € L. Let
Zg be the flat limit of the reduced 0-dimensional scheme corresponding to the 0-cycle
Zi =qot)+q1() + -+ qs(t). Then Zy is contained in L.

Proof. Let Z be the limit of the 0-dimensional scheme corresponding to the O-cycle
q1(t) + --- + g5(¢t). Note that Z sits in Y and therefore in L. The degrees of Z and
Z differ by 1. If Z and Z do not share the same support, then the assertion is clear. If
Z and Z have the same support, then go(0) € Y. Moreover the ideal sheaves of Z and
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Z behave as follows: for any point p of the common support one has .z, , S J7 ,
and the inclusion is strict only at one point ¢, where .#7 ,/.%7, , = C. This corresponds
to a single condition imposed on functions in .#7 , in order to have functions in %7 ,.
This is clearly a tangential condition, i.e. the functions in .#z 4, in order to be in .7, 4,
are required to be annihilated by the differential operator corresponding to the tangent
vector to the branch of the curve {go(¢)};ca at ¢t = 0. Since L is tangent to X along Y,
this condition is satisfied by the equations of L as well, proving the assertion. O

Proposition 5.8. Let X C P" be a variety, and Y a subvariety of X. Assume that X is
k-smooth along Y. Then a linear space L is Ji-tangent to X along Y if and only if it is
tangent to X along Y.

Proof. Assume L is tangent to X along Y. Let {(go(?), q1(t), ..., qs(t))}ren, with 1 <
s < k, be any analytic curve in X x Y* as in Definition 5.1

Suppose the limit [T of the s-space I1; = (go(?), q1(¢), ..., gs(¢)) does not lie in L.
Then ITp N L would be a linear space of dimension ¢ < s containing the scheme Z (see
Lemma[5.7). This contradicts the k-smoothness assumption. O

Remark 5.9. The converse of Proposition@]does not hold, i.e. there are varieties which
are k-regular but not k-smooth. For example, the Segre variety Seg(n, n), with n > 3, is
not 2-smooth because it contains lines, hence also triples of collinear points, but it is an
R, _1-variety (see Example below).

Next we point out a couple of easy lemmata.

Lemma 5.10. Let X, Y, k be as in Definition Let L be a linear space which is Ji-
tangent to X along Y. Fix a point p ¢ SK(X) and let 7t be the projection from p. Then
L' =7 (L) is J-tangent to X' = w(X) along Y' = = (Y).

Proof. Let {(qo(t), q1(t),...,qs(®))}ten, with 1 < s < k, be an analytic curve as in
Definition [5.1] Then the limit IT of the s-space (qo(1), q1(7), ..., gs(t)) as t — 0 lies
in L and does not contain p.

Consider the curve {(w(qo(®)), w(q1(t)), ..., 7(gs(®)))}rea in X' x Y'*. It enjoys
properties (i)—(iii) of Deﬁnitionwith Y, L replaced by Y’, L’. The limit of the s-space

(m(qo(®)), m(q1(t)), ..., w(gs(t))) is the projection of IT from p, hence it is an s-space
contained in L’. On the other hand, any curve in X’ x Y’ enjoying properties (i)—(iii) of
Deﬁnitionwith Y, L replaced by Y’, L’ can be obtained in this way. ]

Lemma 5.11. Let X, Y, k be as in Definition 5.4 with k > 2. Let L be a linear space
which is Ji-tangent to X along Y. Let p be a point on Y and let w be the projection
from p. Then L' = w(L) is Jy_1-tangent to X' = 7(X) along Y' = 7 (Y).

Proof. Suppose the assertion is not true. Then we can find an analytic curve {(go(?), . . .,
qs())}ea, with 1 <s <k —1,in X’ x Y’ satisfying (i)—(iii) of Definition[5.1] with ¥, L
replaced by Y’, L', and such that the limit IT" of the s-space {qo(¢), g1 (¢), ..., qs(t)) as
t — 0 does not lie in L'. By slightly perturbing this curve if necessary, we may assume
that it can be lifted to an analytic curve {(po(¢), ..., ps(t))}sea in X x Y*. Consider then
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the analytic curve {(po(¢), ..., ps(t), ps+1())}rea in X X Y5+, with Ps+1(t) indepen-
dent of ¢ and equal to p. This curve satisfies (i)—(iii) of Deﬁnition and therefore the
limit IT of the (s + 1)-space (po(t), ..., ps(t), p) ast — 0 lies in L. But then its projec-
tion from p, which is IT’, should lie in L’, a contradiction. m}

Remark 5.12. As in Lemma|[5.10] one has the following. Let X be an Ry-variety [resp.
a k-smooth variety] and fix a point p ¢ S*(X). Then the image of the projection 7 of X
from p is again an Ri-variety [resp. a k-smooth variety].

Similar considerations hold for Lemma[3.11]

The following provides a simple criterion for the Ri-property.

Proposition 5.13. Let X CIP" be an irreducible, non-degenerate variety such that s (X)
< r. Assume that y; = ; foralli = 1, ..., k. Assume moreover that the intersection of
the indeterminacy loci of all tangential projections tp,, ... p; is empty for po, ..., p; being
general points in X. Then X is an Ry-variety.

Proof. Fix any i = 1,...,k and general points py, ..., p;. Consider the i-tangential
projection 7; of X from Tx ,, .., and set p = 7;(po). Note that y; = 1/; implies that
,,,,, p; 18 the irreducible component of 'y, ., containing pg. Assume I'; = T'p, . p;
is irreducible. The argument in the reducible case is the same, and can be left to the reader.
Thus p is the image via 7; of I'; = I'y .. ;. Consider a general hyperplane H tangent
to X along T';. Let H' be the image of H via t;, tangent to X; at p, which is a smooth
point of X;.

Take a curve {(qo(t), q1(t), ..., qs(t)}rea, With 1 < s < i, in X x I'} satisfying
(1)—(iii) of Deﬁnitionwith Y =T. Choose po, ..., pi on I'; in such a way that none
of the points go(t), q1(t), ..., gs(t), for ¢ general in A, sits in the indeterminacy locus
of 7;. Then the projection via t; of the limit IT of the s-space (qo(?), q1(¢), ..., gs(2)) as
t — 0sits in T, ,, which in turn sits in A’. This implies that IT sits in H, proving the
assertion. O

Example 5.14. The previous proposition implies that the following varieties are Ry-
varieties:

(1) the (k 4 1)-dimensional Veronese variety V5 41 in Pkk+3)/2,
(i) the 2(k + 1)-dimensional Segre variety Seg(k + 1, k + 1) in PF+4+3,
2k+4
(iii) the 4(k 4+ 1)-dimensional Grassmann variety G(1, 2k + 3) in P51,

Indeed, the i-contact locus of V; 1 is the Veronese image of a general linear sub-
space of dimension i. This is also the fibre of the general i-tangential projection of V5 j1.

Similarly the i-contact locus of Seg(k + 1, k + 1) is a subvariety of type Seg(i, i),
which is also the fibre of the general i-tangential projection of Seg(k + 1, k + 1).

Finally the i-contact locus of G(1, 2k 4 3) is a subvariety of type G(1, 2i 4+ 1), which
is also the fibre of the general i-tangential projection of Seg(k + 1, k + 1).

The condition about the indeterminacy loci is easily seen to be satisfied in all these
cases.
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6. An extension of Zak’s theorem on tangencies

The notion of Ji-tangency plays a basic role in the following extension of Zak’s theorem
on tangencies.

Theorem 6.1. Let X C P" be a non-degenerate variety and let L # P" be a proper
linear subspace of P" which is Ji-tangent to X along a pure subvariety Y. Then

dim(L) > dim(X) + dim(J*(¥)) > dim(X) + dim(S*~'(1)). 6.1)

In particular, holds when L is tangent to X along Y and X is k-smooth along Y.

Proof. The proof follows Zak’s original argument.

By definition we have dim((Y)) > k — 1. Fix k independent points pi,...,pr € Y
such that N := (p1, ..., pk) lies in a component Z C J k(Y) of maximal dimension. Fix
po € X general, so that pg ¢ L. Set M := (po, p1, ..., Pk), so that dim(M) = k.

We may assume that M is not contained in X, otherwise X would be a cone with
vertex N, contradicting the fact that L is Ji-tangent to X along Y (see Example [4.3)).

Pick a general point x € M — X and let f : X x J¥(Y) — L x L be the morphism
which is the inclusion on the second coordinate and the projection 7 from a general
linear space IT of dimension » — dim(L) — 1 containing x on the first coordinate. By the
generality assumptiononehas [INL =TI NX = 0.

We claim that f is finite. Suppose in fact C is a curve mapping to a point via f.
Its projection on X would be a curve C’, since f is injective on the second coordinate.
Moreover 7(C’) = y would be a point, and therefore C’ C (y, IT). But then X N 1 D
C’' NI # ¥, a contradiction.

Now consider the component X of X passing through pg and restrict the map f to
Xo x Z. If dim(L) < dim(X) + dim(J*(Y)) = dim(Xo) + dim(Z), Fulton—Hansen’s
connectedness theorem (see [12]) implies that the inverse image of the diagonal D of
L x L is connected.

Notice that w(pg) = y € N. Thus f(po,y) = (v, y). Since also (x, x), with x €
X N J*(Y), belongs to the inverse image of D, Fulton—Hansen’s theorem implies that
there is a curve {(go(t), q1(?), ..., qk(t))}tea in Xg X Y* such that:

1) q1(), ..., qx(t) are linearly independent for any r € A — {0};
(i1) go(?) is a general point in X¢ for t € A — {0}.
(iii) m(qo@)) € Qs :={q1(?), ..., qx(?))) C Zforallt € A —{0};
(iv) qo(0) € J5(Y) N X.

The Ji-tangency hypothesis implies that the limit P of P; := (go(t), q1(¢), - .., qx(t))
as t — 0 lies in L. On the other hand, since 7w (qo(t)) € Q; for allt € A — {0}, we have
I[INP; # P forallt € A—{0}, and therefore [TNP # (. Thus LNIT # @, a contradiction.

[m}

Remark 6.2. Theoremis sharp. The Veronese surface V; > has hyperplanes L which
are Jp-tangent along a conic Y, because V, > is 2-smooth. In that case S 1(Y ) is a plane
and in @I) equality holds. This extends to higher Veronese varieties V5 ., r > 3.
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The Ji-tangency hypothesis is essential in Theorem|[6.1] Indeed, for a general projec-
tion X of Va5 in P4, the inequality does not hold, but X is not 2-smooth (since it
has trisecant lines, see Example [4.3)).

7. An extension of Zak’s theorem on linear normality

A striking consequence of the theorem on tangencies is the famous:

Theorem 7.1 (Zak’s theorem on linear normality). Let X C P be a smooth, irreducible,
non-degenerate variety of dimension n. Then

s(X) = min{r, 3n/2 + 1}.

The reason for the name of the theorem is that it gives a positive answer to the following
conjecture by Hartshorne (see [14]):

Conjecture 7.2 (Hartshorne’s conjecture on linear normality). Let X C P" be a smooth,
irreducible, non-degenerate variety of dimension n. If 3n > 2(r — 1) then X is linearly
normal.

In this section we want to extend Zak’s Theorem by giving a lower bound on s® (X)
under suitable assumptions on the variety X C P”.
Let us prove the following key lemma:

Lemma 7.3. Let X C P" be a non-degenerate variety such that s©OX) < r. Assume X
is an Ry-variety (or X is k-smooth). Then

2fi(X) < kn. (7.1)
Moreover, if equality holds, then:

() yi=vi=if foralli=1,... k,
() fi="SDf foralli=1,...,k, (1.2)
(i) n=&+Df,

where, as usual, we set f = fi.

Proof. After projecting generically and applying Lemma[5.10] we may reduce ourselves
tothecaser =nk+n—+k— fr + 1.

Consider the general tangential i-contact locus I'; = 'y, . p, foralli =1, ..., k. By
the hypothesis, the general hyperplane H; tangent to X at po, ..., pi—1 is Ji_1-tangent
to X along I';_1. Moreover it does not contain I';. Hence it is also J;_i-tangent to I';
along T';_;. Since S'~!(I';) does not fill up II; (see Proposition [3.9), after projecting
from a general point of H; N IT;, by Lemma [5.10| we find a linear space of dimension
dim(H; N I1;) — 1 = dim(I1;) — 2, which is J;_j-tangent to the projection of I'; along
I[';_1. Then, by Proposition [3.2]and Theorem[6.1] we deduce that

dim(IT;) — 2 > dim(I';) + dim(S'~2(I';_1)).
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Using Proposition this inequality translates into

iyiz (@ — Dyi-i+ fi — fi—2 (7.3)
forall i = 2,...,k, where we put fo = 0. Adding these relations up, and taking into
account that y; > f1 = i1, we deduce

kye = fi + fr-1. (1.4)

Now notice that there exists a hyperplane H in P which is Ji-tangent to X along I'.
With the same argument as above, we find

nk > kyk + fx — fi-1.

By taking into account (7.4), follows.

Suppose 2 fx = kn. Then equality holds in forall i = 1,...,k. In particular
we get y1 = ¥1 = f. Thus (i) of [J.2] holds for i = 1. Assume i > 2 and proceed by
induction.

By Proposition [3.T1] we know that y; > ¥; = fi — fi—1. This, together with
(where we must have an equality), yields

=Dy =@ —=Dyi-1+ fi-1— fi2
so that, by induction,
(—Dyi<(-Dyia+v¥ia=iviaa=ii—DFf,

thus i f > y;. On the other hand, by induction and subadditivity (see Theorem [3.15)), we
have

YizVizvVici+y1=vic1+ f=if
so that i f = y;. This proves (i), and (ii) immediately follows; moreover kn = 2 f; =
k(k — 1) f and also (iii) is proved. m]

Example 7.4. There are examples of Ri-varieties X for which formulas (1), (ii)
hold, but 2 f; (X) < knandn # (k+ 1) f.

For instance, take X to be the Segre variety Seg(3, 4) in P!°. The variety $?(X) has
dimension 17. The first tangential projection sends X to Seg(2,3) C P!!. The second
tangential projection sends X to Seg(1,2) C IP3. One computes f = f1 = y| = ¥ = 2,
Y2 = V2 =4=2f, f» = 6 = 3 f. Moreover, using Proposition[5.13|one sees that X is
an R»-variety.

Onthe otherhand,n =7 #6 = (k+ 1) f,and 2 f; = 12 < 14 = nk.

We can now prove our extension of Zak’s linear normality theorem.

Theorem 7.5. Let X C P" be a non-degenerate variety of dimension n. Assume X is an
Ry-variety (or X is k-smooth). Then

k+2
either SK(X)=P" or sPX)> ek
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Proof. Let s®(X) < r. By (7.1), one has

k k+2
s(k)(X)z(k+l)n+k—fkz(k+1)n+k—7n= er n+ k. 0
Corollary 7.6. Let X C P" be a k-smooth variety of dimension n. If (k +2)n > 2(r — k)

then X is linearly normal.

Proof. If X is not linearly normal, then it comes as an isomorphic projection of a variety
X' c P"*! from a point p & X’. Hence X’ is also k-smooth and therefore an Ry-variety.
Then Theorem implies that S¥(X’) = P"*!. Therefore there is some (k + 1)-secant
k-space to X’ passing through the centre of projection, yielding a (k + 1)-secant (k — 1)-
space to X, contradicting k-smoothness. O

We finish this section by stressing that the Ry-property in Theorem[7.5]is really essential,
as the following example due to C. Fontanari shows.

Example 7.7. Consider the rational normal scroll 3-fold X := S(1, 1, h) C Phtd > 2,
Note that we have two line sections on X spanning a 3-space IT. For all k > 1, S¥(X)
is the cone with vertex IT over S¥(Y), with Y a rational normal curve in an h-space TI'
which is skew with IT. Therefore

sOX)y=2k+5<h+4

as soon as k < (h — 1)/2. On the other hand 2k + 5 is smaller than the bound %n +k=
%k+3ass00nask > 4.

Indeed, X is not an Rj-variety. For instance, consider the case 7 = 2k + 2. Then there
is a unique hyperplane H which is tangent to X at k + 1 general points po, ..., pg: it
contains TT and projects to the unique hyperplane H’ in TT" which is tangent to Y at the
projection points py, ..., p; of po, ..., px from IT. The k-contact locus X contains the
union of the rulings of the scroll X passing through po, ..., px. Suppose H is Ji-tangent
to X along X. By projecting down from three general points of IT we would have Ji_3-
tangency of the image hyperplane to a cone over Y, a contradiction (see Lemmal5.11]and

Example [4.3).

8. The classification theorem

Let us start with the following definition.

Definition 8.1. A k-Severi variety is an irreducible, non-degenerate Ry-variety X C P"

such that L1
r>s®x) = +

n+k. 8.1

A 1-Severi variety is simply called a Severi variety. Note we do not require smooth-
ness of X in Definition We will see in a moment that k-Severi varieties are smooth,
thus, in case k = 1, our definition of Severi varieties turns out to coincide with the one of
Zak (see [27]).
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Remark 8.2. A trivial, but useful, remark is that k-Severi varieties are not cones, because
of the Ri-property.

Another striking result of Zak’s is the famous classification theorem.

Theorem 8.3 (Zak’s Classification Theorem). Let X € P" be a smooth Severi variety.
Then X is one of the following varieties:

(1) the Veronese surface V3 in P3;

(ii) the 4-dimensional Segre variety Seg(2, 2) in P8;
(iii) the 8-dimensional Grassmann variety G(1, 5) in Pl4;
(iv) the 16-dimensional Eg-variety in P26,

Remark 8.4. Case (i) of Theorem is due to Severi (see [24]), whence the name of
Severi varieties.

Recall that Severi varieties are related to the unitary composition algebras R, C, H, O.
If A is one of these algebras, then take all 3 x 3 hermitian matrices A and impose that
rk(A) = 1. This gives equations defining the Severi varieties. The secant variety to a
Severi variety is defined by the vanishing of det(A). Note that O being non-associative,
the existence of this determinant is somewhat exceptional. Indeed there is no analogue
for higher order matrices.

We devote this section to the analogous classification of k-Severi varieties for k > 2.

Lemma 8.5. Let X C P" be a k-Severivariety. Let po, ..., px € X be general points and
x € (po, ..., pk) be a general point of SK(X). Then Wyo....px and Ey . are irreducible
components of I'p,

»»»»» Pk
Proof. This follows from (7.2))(i) of Lemma/7.1 m]
Lemma 8.6. Let X C P be a k-Severi variety. Let py, ..., px € X be general points

and set, as usual, I'; = Ty, . and T1; = (I';). Then foralli = 1, ..., k one has

Iri pi,epi = TX,pyyopy N 1L (8.2)

Moreover the intersection of T1; with X coincides with T';.

Proof. One has

By formulas and Proposition 3.9] Tr; p,.....p; has codimension 1 in T1;. Hence, if
(8:2) did not hold, then Tx ,, .., would contain IT;, and therefore I';. Thus it would
contain py, i.e. a general point of X, a contradiction. The final assertion follows from the
fact that I'; is the general fibre of the general tangential projection 7;_j. O

Theorem 8.7. Let X C P be a k-Severi variety of dimension n. Then X is smooth.
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Proof. After a general projection, we may assume that » = %n +k+ 1.
Let p1,..., pr € X be general points. Let t; be the k-tangential projection from

Tx,p,,..., pc- Its image Xy has dimension n — v, and spans a projective space of dimension
r—1—s®D =pr_1—(kn+k—1— fr_y). Using one sees that Xy is a non-linear
hypersurface in P/+1,

Let go, g1 € X be general points. By (7.2), and since the general secant line to X is
not a trisecant (see [27]), the tangential 1-contact locus I'y = I'y 4, is an f-dimensional
quadric. Indeed, by Proposition [3.9|we have dim(I1;) = f + 1.

Claim 8.8. The tangential projection ty, isomorphically maps T'\ to Xi. Then Xy and
'y are smooth quadrics. Moreover the general tangential 1-contact locus intersects the
general tangential k-contact locus T'y = Ty, .. p, transversally in one point.

Proof of the Claim. In order to prove the first assertion, it suffices to show that [T, = (I'y)
does not intersect Tx p,,.... p,- Aiming for a contradiction, assume that Tx ,, .. p, N I1;
# (. If this happens, then either

.....

(i) wx(T"1) is a subspace of dimension at most f, or
(ii) I'yissingular, Tx p,,... p, NI11 is a subspace of the vertex of I'y and 7 (I'1) is a quadric
of dimension smaller than f.

Case (i) is impossible. Indeed, given two general points of Xj there would be a sub-
space 1 (I"1) containing them and sitting inside Xk, contradicting the non-degeneracy of
X in P+ In case (ii), the general tangential k-contact locus I, i.e. the general fibre
of 14, intersects the singular quadric I'1 in a positive-dimensional subspace strictly con-
taining T p, ..., p, NI11 and not contained in the vertex of I';. Consider then the projection
7 : X --» P" from I1; = (I'x) and let X’ be its image, which is non-degenerate in P".

By the above considerations, the image of I'; via 7 would be a linear subspace of
dimension f/ < f. Therefore dim(X’) < n and moreover two general points of X’ would
be contained in a linear subspace of dimension f’ contained in X’. This contradicts the
non-degeneracy of X',

As for the second assertion, note that Xy is a quadric, which is smooth, otherwise we
have a contradiction to Lemmal[8.3] The final assertion also follows from Lemma[8.5]since
the above argument implies that I'j intersects the general fibre of 7y, i.e. I'k, transversally
in one point. O

As a consequence we have:

Claim 8.9. Foralli =2, ..., k, the general tangential i-contact locus T'; is an (i — 1)-
Severi variety.

Proof of the Claim. The irreducibility of the general 1-contact loci implies the irreducibil-
ity of the higher contact loci I'; with i > 2. Moreover, by Lemma [8.6 and by the Ry-
property, I'; is an R;_i-variety, and Lemma [7.3] and Proposition [3.9] imply that I; is a
(i — 1)-Severi variety. m]

Next we have:
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Claim 8.10. Foralli =2, ...k, and for the general tangential i-contact locus I';, the
secant variety Si=1(Ty) is not a cone. Similarly sk (X) is not a cone.

Proof of the Claim. We prove the assertion for I';, the proof for X is similar. Suppose
Si=1(T;) is a cone with vertex p. Since I'; is not a cone (see Remark , there is a
maximum positive integer j < i such that p is not a vertex of S/~!(I';). Then p does
not sit in the indeterminacy locus of the general projection tj = tx,j,,....p;- The image Z
of I'; via 7; has dimension (i — j) f and is a cone with vertex at the image of p. Hence
the general tangent hyperplane to Z is tangent along a positive-dimensional variety. This
implies that the general tangential j-contact locus of I';, hence of X, has dimension at
least jf + 1, which is a contradiction. O

Remark 8.11. The previous argument provides a sort of converse to the criterion of
Proposition[5.13]

Indeed, it proves that if an Ry-variety satisfies y; = ¢; = if foralli =1, ..., k, then
the intersection of the indeterminacy loci of all tangential projections Ty, ..., p; is empty
fori=1,... k.

Now we improve Lemma 8.6

Claim 8.12. Foralli = 2,...,k, the general tangential i-contact locus T'; is smooth.
Furthermore X is smooth along Ty, and Ty is the schematic intersection of T1 with X.

Proof of the Claim. Suppose I'; is singular at a point p. Consider the general tangential
projection T; = Tx p,,..., p;- By generic smoothness of 7; and by Lemma@ p has to be in
the indeterminacy locus of 7;, i.e. in the intersection of Ty, ;... p; With I';. By Lemma@
this coincides with the intersection of Tt p, ... p; With I';. By the genericity of py, ..., p;
and Terracini’s Lemma, we deduce that S°~!(T';) is a cone with vertex p, contradicting
Claim[§. 10}

Let now ¢ € Iy be any point and let pq, ..., pr € 'y be general points. Thus
P1, - - ., Pk are general points on X. Moreover [y is the fibre of ¢ in the tangential projec-
tion tx. Since the image X of X via ti is smooth of dimension f and the fibre of ¢ via 74
is smooth of dimension {; = kf at ¢ we see that X is smooth of dimensionn = (k+1) f
at g. The final assertion follows by the same argument. O

Now we go back to the projection 7 : X --» P" from Il.

Claim 8.13. The map 7w : X --» P" is birational.

Proof of the Claim. Let X’ be the image of X. By Claim the restriction of 7 to a
general tangential 1-contact locus I'y is birational, and its image is an f-subspace of P"
contained in X’. This shows that X’ is a subspace of P, and therefore X' = P".

Assume towards a contradiction that 7 is not birational. Then, if x € X is a general
point, there is a point y € X, with x # y, such that 7 (x) = m(y). Note that there is some
f-dimensional quadric I" containing x and y and contained in X, i.e. a flat limit of I',. ;
with z a general point of X tending to y. The quadric I', as well as Iy ;, has a non-empty
intersection with IT; (see Claim[8.8). Since the fibre of x in 7 is O-dimensional, also the



1288 Luca Chiantini, Ciro Ciliberto

fibre of mr is finite. This implies that (I") N Iy is only one point z € I' and that the
line (x, z) is not contained in I". So the line (x, z) meets I" only at z and x, contradicting
w(x) =n(y). ]

Let H be the hyperplane in PF R+ which is tangent to X along I'y and let H’ be its
image via 7.

Claim 8.14. The inverse of the map 7 : X --» P" is well defined off H'.

Proof of the Claim. We resolve the indeterminacies of m by blowing-up I'x. If f :
X — X is this blow-up, then p = m o f : X — P" is a morphism. Note that X is
smooth along the exceptional divisor E by Claim[8.12] Points on the exceptional divisor
E are mapped via p to points of H’.

Let z € P be a point where the inverse of 7 is not defined. If x € X is a point
such that w(x) = z, then the subspace I1, := (I, x) intersects X along an irreducible
positive-dimensional subvariety Z containing x, which is contracted to a point via .
Since [Ty N X = Iy (see Corollary , we have Z N Ty # (. Let Z’' be the strict
transform of Z on X. Then Z’ intersects E, and is contracted to a point by p. Hence
ze H. i

Now we are able to finish the proof of Theorem 8.7. By Claim X—-—(HNX)is
isomorphic to the affine space P" — H’. It remains to prove that there is no point x € X
contained in all hyperplanes tangent to the tangential k-contact loci I'y. Suppose that such
a point exists. Let pi, ..., pr € X be general points and consider again the tangential
projection 1 from Tx p,,.. p.. Since Sk’l(X) is not a cone (see Claim , 71 1s well

defined at p. Let z be its image via 7. Then all tangent hyperplanes to X would contain z,
hence X} would be a cone, a contradiction. O

We can now prove the classification theorem. By taking into account Theorem and
Zak’s Classification Theorem [8.3] we may consider only k-Severi varieties with k > 2.

Theorem 8.15. Let X C P be a k-Severi variety with k > 2. Then X is one of the
following varieties:

() the (k 4 1)-dimensional Veronese variety V3 11 in Pkk+3)/2.
(ii) the 2(k + 1)-dimensional Segre variety Seg(k + 1,k + 1) in PR +4k+3,
(iii) the 4(k + 1)-dimensional Grassmann variety G(1, 2k 4 3) in P(2k2+4)_1.

Proof. The varieties in (i)—(iii) are Ri-varieties (see Example [5.14). Moreover they are
k-Severi varieties, i.e. holds for them (see [27]).

Setnow s = s® +1 = %n + k + 1 and take a general projection X’ to P*. Then
X' is still a k-Severi variety. Moreover we have ko(X') = k + 1, ¥; (X)) = ¥,(X) = if,
fix)=fi(X) =" sforalli =1,....,kandn = (k+1) f byLemma Thus X’
is a Scorza variety. The classification follows from Zak’s classification of Scorza varieties,
which implies that Scorza varieties are linearly normal, in particular X = X’. Notice the
smoothness of the entry loci, which follows by Lemma(8.5]and Claims [8.9)and [8.12] This
is essential in Zak’s argument (see Remark [3.17)). |
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Remark 8.16. The k-Severi varieties, with k > 2, are related to the unitary composition
algebras R, C, H. In this case we take all (k + 1) x (k + 1) hermitian matrices A and
impose that rk(A) = 1. This gives the equations defining the k-Severi varieties. Again the
k-secant variety to a k-Severi variety is defined by the vanishing of det(A). The absence of
the analogue of the Eg-variety, related to the composition algebra O, reflects the absence
of higher order determinants on O (see Remark[8.4).

A quick proof of the classification of Severi varieties can be obtained by using the
beautiful ideas contained in [21]]. Along the same lines one can give a proof of the clas-
sification of k-Severi varieties, alternative to the one described above based on Zak’s
classification of Scorza varieties. We do not dwell on this here.

9. Speculations

Perhaps the main motivation for Zak’s beautiful piece of work was the following famous
conjecture by Hartshorne (see [[14]):

Conjecture 9.1 (Hartshorne’s conjecture). Let X C P" be a smooth, irreducible, non-
degenerate variety of dimension n. If 3n > 2r then X is a complete intersection of r — n
hypersurfaces in P".

This in turn was motivated by Barth-Larsen’s fundamental result (see [2]) to the effect
that smooth varieties X C IP" of low codimension are topologically similar to P". Barth—
Larsen’s theorem, in our context, can be stated as follows:

Theorem 9.2. Let X C P" be a smooth, irreducible variety. Then for any non-negative
integeri < f1(X) the natural map

px.i: H' (P, Z) > H' (X, Z)

is an isomorphism. In particular, if f1(X) > 2 then X is simply connected and if f1(X)>3
then Pic(X) is generated by the hyperplane class.

One of the basic steps in the proof of Conjecture [9.1] would be to show that, under the
hypotheses, X is projectively Cohen—Macaulay. Since linear normality is the first naive
requirement for being projectively Cohen—Macaulay, this is the motivation for Conjec-
ture which in turn motivates Zak’s theorems.

Now, in presence of our refined form of Zak’s linear normality theorem, one may spec-
ulate on the possibility of having an even more general view on Hartshorne’s conjecture.
This is what we want to present next. To be precise, we want to propose the following:

Conjecture 9.3 (Extended Hartshorne’s conjecture). There is a suitable function
f(r,n, k) such that the following happens. Let X C P" be a k-smooth, irreducible, non-
degenerate variety of dimension n. If (k + 2)n > 2r then Jx is generated by at most
f(r,n, k) elements.

This conjecture does not make too much sense unless one specifies the form of the func-
tion f(r, n, k). What we intend is that f (r, n, k) should be reasonably small. If one wants
to be really bold, one may even conjecture that f(r, n, k) = k(r — n). A further strength-
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ening of the conjecture would be to replace the ideal sheaf .#x with the homogeneous
ideal Ix.

Example 9.4. There are varieties at the boundary of Hartshorne’s conjecture. One of
them is G(1, 4), which has dimension 6 in P°. Its homogeneous ideal is generated by
five quadrics. This would fit Conjecture 0.3 for k = 2 and f(r,n,2) = 2(r — n), but
unfortunately G(1, 4) is not 2-smooth, since it contains lines.

Another variety at the boundary of Hartshorne’s conjecture is the 10-dimensional
spinor variety S4 C P, its homogeneous ideal being generated by 10 quadrics. Again
this would fit Conjecture @] for k = 2 and f(r,n,2) = 2(r — n), but this variety is not
2-smooth either.

More varieties at the boundary of Hartshorne’s conjecture, actually all the known
ones, are deduced from these by pulling them back via a general morphism P" — P,
Now these can in general be 2-smooth and Conjecture [9.3holds for them with f (r, n, 2)
=2(r —n).

The examples of G(1, 4) and S4 suggest that the k-smoothness assumption in Conjec-
ture[0.3|might even be too strong. Maybe something like the Ry-property could suffice.

Remark 9.5. At this point a related natural question arises: is there, in this same spirit,
any extension of Barth—Larsen’s Theorem [9.2]? By taking into account (3.1I)) we see that

2fie =z k(k+ 1 f1

and therefore one might ask: is the map px ; an isomorphism for all positive integers i
such that k(k + 1)(i + 1) < 2 fx(X), under the assumption that X C P" be a k-smooth,
irreducible variety? Or, is px ; an isomorphism under the condition

(kl_l)ii(k—i—l)n—r—(];)

if X C P is a k-smooth, irreducible variety?
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