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Abstract. We study the parametrized Hamiltonian action functional for finite-dimensional families
of Hamiltonians. We show that the linearized operator for the Lz—gradient lines is Fredholm and
surjective, for a generic choice of Hamiltonian and almost complex structure. We also establish
the Fredholm property and transversality for generic S Linvariant families of Hamiltonians and
almost complex structures, parametrized by odd-dimensional spheres. This is a foundational result
used to define §! -equivariant Floer homology. As an intermediate result of independent interest,
we generalize Aronszajn’s unique continuation theorem to a class of elliptic integro-differential
inequalities of order two.
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1. Introduction

Motivation I. Hamiltonian Floer homology is commonly referred to as Morse homology
for the symplectic action functional on the free loop space of a symplectic manifold. One
of the most important features of the free loop space is that it carries an S'-action by
reparametrization at the source

T =yO-1), tes y:5'->W,

where (W, w) is the target symplectic manifold. It was realized at an early stage of the
theory that Floer homology should admit an S'-equivariant version. In the last section

F. Bourgeois: Département de Mathématique CP 218, Université Libre de Bruxelles, Boulevard du
Triomphe, 1050 Bruxelles, Belgium; e-mail: fbourgeo@ulb.ac.be

A. Oancea: Institut de Recherche Mathématique Avancée, UMR 7501, Université de Strasbourg et
CNRS, 7 rue René Descartes, 67000 Strasbourg, France; e-mail: oancea@math.unistra.fr



1182 Frédéric Bourgeois, Alexandru Oancea

of the foundational article [10], Floer, Hofer, and Salamon explicitly set the goal of con-
structing it.

Such an S!'-equivariant theory was first defined by Viterbo [19], in the context of
symplectic homology. Viterbo’s paper contains a wealth of structural properties with rich
applications, but it does not give any kind of technical details for the definition. The
present paper grew out of our efforts to understand S'-equivariant Floer homology and
put it on firm grounds.

The topological motivation of the definition is the following. Let X be a topological
space endowed with an S'-action, and ES! be a contractible space on which S! acts
freely. The Borel construction of X, denoted X g1, is defined to be the quotient of X x E S|
by the free diagonal action. The S!-equivariant homology of X is defined to be

HS' (X) = Hy(Xg1).

Taking as a model for ES' the inductive limit 11_1’1)1 SZNF1 of the unit spheres S>V*! ¢
CN*1, one sees that X g1 = lim X x g1 S$2N+1 Moreover, we have

HS' (X) = lim H, (X x5 §2N 1),

Assume now that X is a finite-dimensional manifold. Morse theory on the finite-
dimensional approximation X X g1 §ZN+1 of the Borel construction is the same as S'-
invariant Morse theory on X x S?N*+1. Viterbo’s idea is to define S'-equivariant Floer
homology as the direct limit of S'-invariant Floer homology groups for S!-invariant ac-
tion functionals defined on C®(S!, W) x S?N*!. The latter space carries the diagonal
Sl action

T- (M) > (v —1), T Q).

The equation. Let H : St x W x SN+l L R H = H(0, x, A), be a smooth function,
which we view as an S2N+1-family of Hamiltonians H, : S! x W — R. Let Jf, 6 e S,
A € SN+ be an SZV*!_family of time-dependent almost complex structures which are
compatible with . Let g be a Riemannian metric on SV *!. The parametrized Floer
equation for a pair of maps u : R x S' — Wand A : R — S?M*! is the integro-
differential system

st + Jf ) (Bou — X%m) (u)) = 0, (1.1)

i(s) — /1 Vi H@®, u(s,0), h(s))do = 0, (1.2)
S

subject to the asymptotic conditions
lim_ (u(s, ), A() = (7, 1), lim (u(s, ), A(s) = (¢, 1), (1.3)
§—>—00 §—>+00 -

where (y, A, (Z , A) are elements of

0H
P(H) := {(% Ay — X (y) =0, /;1 a(é’, y(0),2)do = 0}. (1.4)
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Here and in what follows we use the notation V for a gradient vector field, whereas V
will denote a covariant derivative. Our convention for the Hamiltonian vector field is that
w(Xy,)=dH.

The Fredholm and transversality analysis contained in this paper apply to any sym-
plectic manifold and any component of the free loop space of W. However, in order to
interpret as a (negative) gradient equation, it is convenient to restrict to the com-
ponent CS0,.(S I W) of contractible loops and to assume that (W, w) is symplectically
aspherical, i.e. (@], m2(W)) = 0. The equations (I.THI.Z) are in this case the negative
gradient equations of the parametrized action functional

A:C2 (SU, W) x SV L R,

contr
defined by
Aly, A) :=—/ 7*60—/ H(0,y(9))do. (1.5)
D? sl

Here 7 : D* — W is a smooth extension of y to the disc. The metric on C3,,.(S!, W) x

SZN+1 s the product of the (A-dependent) L2-metric determined by (Jf )pest With the
metric g. The elements of P(H) are the critical points of .A.

Sl-invariance. Let us now assume that H and J are S'-invariant with respect to the
diagonal S'-action on S' x §?¥*! meaning that

Hep(0+71,)=H0,)), JST =] (1.6)

forall® € S', 7 € S', » € S*M*! Let us also assume that the metric g on S?V+!
is S'-invariant. Then equations are invariant under the diagonal S'-action on
Cu (ST, W) x SN+,

Equation is not, since S! acts freely on the asymptotes p = (7, 1), p = (¥, A).
To fix this, we introduce the S!-orbits

S,:=S"p, pePH),
and the condition
Siirjloo(u(s, ), A(s)) € Sp, slil}kloo(u(s’ ), M(s)) € Sp. (1.7
The results of Sections [5|and [7]are summarized in the following statement.

Theorem A. (a) For a generic choice of the S'-invariant Hamiltonian H, and for any
choice of S'-invariant (J, g), the operator which linearizes is Fredholm
between Sobolev spaces with suitable exponential weights.

(b) There exists an explicit class consisting of S'-invariant triples (H, J, g) with H as
above such that, for a generic choice of (H, J, g) inside this class, the Fredholm

operator which linearizes (1.1H1.2)) is surjective for all solutions of (1.1H1.3) and all
p.p € P(H).
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Part @ is proved as Theorem As a matter of fact, that theorem is more precise. It
states that we can achieve transversality within a special class of almost complex struc-
tures (called adapted, Definition [7.2), after possibly perturbing a Hamiltonian which is
either generic (in the sense that it belongs to the class Hgen defined in Section , or split
(in the sense that it belongs to the class Hgpiit, loc. cit.). In the case of split Hamiltonians,
our proof works under the assumption that W is symplectically aspherical. For generic
Hamiltonians, this assumption is not used.

The Hamiltonians satisfying (@) are those for which the Hessian of A at a critical point
is degenerate only along the infinitesimal generator of the S!-action. As a consequence
of (b)), for a generic choice of (H, J, g) inside the given class, the spaces of trajectories

/\//\l(ﬁ, p; H, J, g) = {(u, 1) solving (CI T2 I3}

and

M(Sp. Spi H. J. g) == {(u, ) solving (TT} T2 [77)}

are smooth manifolds, for all p, p € P(H). Viterbo’s definition of S !_equivariant Floer
homology relies on counting modulo the S'-action the elements of the moduli spaces

M(S5. Spi H. J. ) = M(Sz, Sp: H. J. 8)/R.

The parameter space. In part (a) of the above theorem we need to consider the lin-
earized operator acting between weighted Sobolev spaces. This is necessary since, for a
generic choice of the § !invariant Hamiltonian H, the elements of P(H) come in Morse—
Bott nondegenerate families of dimension 1 given by the free S'-action. In order to prove
the Fredholm property, one first has to establish it for operators of the same form and
having nondegenerate asymptotics. This corresponds to considering the linearization of
equations for a generic and non-invariant H.

The point is that equations (I.THI.3) and the action functional (T.5) still make sense
if one replaces the parameter space §?N+1 by some arbitrary manifold A, and so do the
spaces of trajectories M(p, p; H, J, g).

We summarize the results of Sections [2Jand[]in the following statement.

Theorem B. Let A be an arbitrary finite-dimensional parameter space.

(a) For a generic choice of H and for any choice of (J, g), the operator which lin-
earizes (I.IHI.2)) is Fredholm between suitable Sobolev spaces.
(b) For a generic choice of the triple (H, J, g), the Fredholm operator which lin-

earizes l l is surjective for all solutions of l l and all’p, p € P(H).

The Hamiltonians satisfying () are those for which the Hessian of .4 at a critical point
is nondegenerate. As a consequence of (b)), for a generic choice of (H, J, g) the moduli
spaces of parametrized Floer trajectories

M@, pi H.J,g) == M, p; H. J. 9)/R
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are smooth manifolds, for all p, JS ‘P(H). We use these moduli spaces in [3]] to define
parametrized symplectic homology groups and establish a Gysin long exact sequence for
symplectic homology.

Motivation II. Our initial motivation was the desire to interpret the long exact sequence
in [2] as a Gysin exact sequence. To this end, we prove in [4] that, given an aspherical
symplectic manifold W with contact type boundary M = 9W, the (positive part of)
the S'-equivariant symplectic homology of W is isomorphic to the linearized contact
homology of M, provided the latter is well defined. Via this isomorphism, the long exact
sequence of [2] is isomorphic to the Gysin exact sequence of [4].

However, we believe that the present paper has ramifications going well beyond
S!-equivariant symplectic homology.

e Transversality in linearized contact homology. The second author is currently devel-
oping with Cieliebak a version of “nonequivariant” contact homology [9]. The Borel
construction can be applied to it in order to define an invariant which is isomorphic
to linearized contact homology. The results of the present paper will be instrumental
in proving that transversality can be achieved for this theory, modulo having it for fi-
nite energy holomorphic planes or, alternatively, modulo the data of a linearization for
the contact complex. Transversality can currently be achieved for linearized contact
homology only for homotopy classes of loops which contain only simple Reeb orbits.

o Lagrange multiplier problems. Equations can be viewed as a Floer type La-
grange multiplier problem. To prove unique continuation for this integro-differential
system, we were led to prove a generalization of Aronszajn’s theorem for integro-
differential inequalities (see below). This is relevant for any Floer-type problem in-
volving an additional parameter space. Examples are Rabinowitz—Floer homology [8]],
or G-equivariant Floer homology [14]].

e Floer homology for families. Our methods can be extended to define parametrized
Floer homology groups for a symplectic fibration. We expect these to coincide with the
target of the Hutchings spectral sequence [12].

e Relation to Givental’s point of view. Given a closed symplectic manifold X, Given-
tal defined in [11] a D-module structure on H*(X; C) ® Anov ® C[A], where Anov
is a suitable Novikov ring and % is the generator of H*(BS'). He interprets this as
being the S'-equivariant Floer cohomology of X. Our construction of S'-equivariant
Floer homology in [3] provides an interpretation of the underlying homology group
as the homology of a Floer-type complex. We expect that the D-module structure can
also be defined within our setup. Note that, in Givental’s setup, the quantum product
is typically nontrivial so that we cannot assume that X is symplectically aspherical.
Therefore, we have to restrict to the class Hgen of generic Hamiltonians defined in
Section[7]

Aronszajn’s theorem. We prove in Section [3| the following unique continuation result
for solutions of integro-differential inequalities, as Theorem This generalizes a cele-
brated theorem of Aronszajn [[1]]. It allows one to prove unique continuation for solutions

of the system (I.IHI.2).
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Theorem C. Let h > 0 and denote Zj, := 1—h, h[x S'. Assume u € C*(Z;,, C") satis-
fies

|Au(s, 0)|* < M[lu(s, N + |Vu(s, 0)? +/ lu(s, z)|2dz}
Sl

forall (s, 0) € Z,, where M > 0 is a positive constant. If u vanishes together with all its
derivatives on {0} x S thenu = 0on Zy,.

Noncompact setup. We use the setup of symplectic homology, since this was our initial
motivation. The consequences are merely cosmetic, and the adaptation to the setup of
closed manifolds is straightforward.

Structure of the paper. In §2| we prove Theorem B(a) as Proposition [2.4] and Theo-
rem [2.3] In §3] we prove several results on unique continuation, and in particular Theo-
rem C as Theorem [3.2] In §] we prove Theorem B(b) as Theorem {.1] In §5 we prove

Theorem A(a) as Propositions [5.1] and In §6] we prove a unique continuation result
needed for the S'-invariant theory. Finally, in §7|we prove Theorem A@ as Theorem|7.4

2. Fredholm theory for the parametrized Floer equation

In this section, we prove Theorem B(a). The setup is that of symplectic homology. Our
ambient symplectic manifold, denoted (VT/, @), is the symplectic completion of a compact
symplectic manifold (W, w) with contact type boundary. This means that there exists a
vector field X defined in a neighbourhood of d W, transverse and pointing outwards along
oW, such that Lxw = w. The 1-form @ := (txw)|sw is a contact form, and the flow
of X determines a symplectic trivialization of a neighbourhood of aW as ([—4, 0] x
W, d(e'a)). The symplectic completion is

W = W Uyw [0, oo x dW.

Moreover, we assume that w (or, equivalently, W) is symplectically aspherical, i.e.
(@, mp(W)) = 0. The Reeb vector field R, on M := dW is defined by the conditions
kerw|y = (Ry) and a(Ry) = 1. The contact distribution on M is defined by § = kera.
Finally, we define the action spectrum of (M, @) by

Spec(M, «) := {T € R™ : there is a closed R,-orbit of period T'}.

Let A denote a finite-dimensional closed manifold of dimension m, which we call
“parameter space”. The elements of A are denoted by A.

We define the set H of admissible Hamiltonian families to consist of elements H €
C%(S' x W x A, R) which satisfy the following conditions:

e H<0OonS!'xWxA,;
o there exists 7o > O such that H(®, p,t,A) = Be' + /(L) fort > 1y, with0 < B ¢
Spec(M, a) and 8’ € C°(A, R).
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Let H : S' x W x A — R be an admissible Hamiltonian family denoted by
H (@, x, A) = H, (0, x). The differential of the corresponding action functional A defined

by (I.3) is given by
dA(y, 1)-(5.0) = /51 w(y(©)—Xu, (y(©)), é“(9))d€’—fs1 88—21(9, y(0),2)do-t (2.1)
and therefore (y, ) is a critical point of A if and only if
y € P(Hy) and /;1 88—1)1[(6’, y(©), 1) do = 0. 2.2)

In (T.4) we denoted the set of critical points of A by P(H).

Remark 2.1. Equation (2.2) can be interpreted as follows. Every loop y : S! — W
determines a function

F,:A—>R, 1 I—)f H®, (), 1) do. (2.3)
s!

A pair (y, A) belongs therefore to P(H) if and only if
y € P(Hy) and X e Crit(F)).

LetJ = (Jf ), A € A,0 € S!, be a family of 8-dependent compatible almost complex

structures on W which, at infinity, are invariant under translations in the ¢-variable and
satisfy the relations
Je=¢g J0/3t) = R,. (2.4)

Such an admissible family of almost complex structures J induces a family of L?-metrics
on the space C*®(S!, W), parametrized by A and defined by

@mn:iLw@w»ﬁmmma ¢y e T,C(S, W) = Dy TW).

Such a metric can be coupled with any metric ¢ on A and gives rise to a metric on
C>(S!, W) x A acting at a point (y, 1) by

(6.0, (1. 0)) 1. = (C. )i + 8L K). (5. 0). (. k) e T(y*TW) @ T, A.

We denote by J, the set of pairs (J, g) consisting of an admissible family of almost
complex structure J on W and of a Riemannian metric g on A. The parametrized Floer
equations are the gradient equation for .4 with respect to such a metric (-, -) 7 ¢.
For the reader’s convenience, we rewrite them:

Astu + Jf ) (Bou — X%M (u)) = 0, (2.5)
A(s) —/ Vi H (O, u(s, 0), A(s)) do = 0, (2.6)
Sl
and, for (7, %), (v, ») € P(H),

lim (s, ), 26) = 7.0, lim (s, ), 26) = (.. @27)
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Remark 2.2. Equation is equivalent to
i) = VFys.) (0(s)) =0, 2.8)

where Fy (.. is defined by (2.3). Thus, the parametrized Floer equation is a system in-
volving a Floer equation and a finite-dimensional gradient equation.

Let us fix p > 2. The linearization of the equations (2.5H2.6) gives rise to the operator
Disy : WP TW) @ WHPOFTA) — LP(w*TW) & LP(WTA),

Dy¢ + (D3 J - €)(Bpu — X, () — Ju(D3 X g, - £) )

D L) = N N
wn (0 (vse — Ve [t Vo H O, u,0)d0 — [ VeV H (O, u, 1) dO

where
D, : WEPW*TW) — LPW*TW)

is the usual Floer operator given by
Dyt =Vl + HhVol — HhVe Xy, + Ve Ju(Ogu — Xg,).

The Hessian of A at a critical point p = (y, A) is given by the formula
2 oH
d“ Ay, M((&, 0), (n, k) = [ @oNVen = VyXp,. §) do — oM an -L)do
s

k(dH, )d@—/ az—H(ﬁ k)do
- /:gl )L'C s1 akz ’

OH
=d*Au, (). ) —f n(— -z) do
sl oA

—/ k(dHj - ¢)d6 — d*F, (L)(L, k). (2.9)
Sl

We define the asymptotic operator at a critical point (y, 1) by

Dy H'Y(S', y*TW) x LA — L2(S', y*TW) x Ty A,

J(Voe — Ve X, — (D3 Xm) -@)

(2.10)
— [ V2 do — [ v 2 ag

Dy )&, 0) = (

Note that Dy, ;) is obtained from Dy, ;) for (u(s, 8), A(s)) =(y (0), A) and (£ (s, 0), £(s))
= (£(0), 0).

Lemma 2.3. The Hessian d*>A(y, 1) has trivial kernel if and only if the asymptotic op-
erator Dy ) is injective.
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Proof. The conclusion follows readily from the identity

d* Ay, V((E, 0), (1, k) = (Dy.1)(C, 0, (n, k). O

We say that a critical point (y, 1) is nondegenerate if the Hessian d>A(y, 1) has trivial
kernel. Since the operator D, ;) is self-adjoint, this is equivalent to its surjectivity by
Lemma 23]

An admissible Hamiltonian family H is called nondegenerate if 'P(H) consists of
nondegenerate elements. We denote the set of nondegenerate and admissible Hamiltonian
families by HA reg C Ha.

Proposition 2.4. The set H reg is of the second Baire category in Ha. Moreover, if
H € HAp reg the set P(H) is discrete.

Proof. Given an integer r > 2, we denote by 7, the set of functions H : § S VT/ x A
— R of class C" which satisfy the defining conditions for an admissible Hamiltonian
family. This is a Banach manifold with respect to the C"-norm. As a matter of fact, it is
an open subset of the Banach space of C"-functions & : S' x W x A — R which, outside
a compact set, have the form Be’ + p’(A) with 8 € Rand B’ : A — R of class C”". Hence
the tangent space Ty H', is identified with this Banach space. We denote by Hg’mg CHy
the set of Hamiltonians H such that P(H) consists of nondegenerate elements as defined
above. For 1y > 0, we denote {t < tp} := WU M x [0, 9], and let H’, . C H'\ be the

A,reg,
set of Hamiltonians H such that the elements (y, A) € P(H) withim(y) C {t < 1y} are

nondegenerate. Then
r — r
A,reg — m HA,reg,to'
19=>0

Our first claim is that each H’, is open and dense in H',, so that H', reg is of

A,reg,ty
the second Baire category. To prove that Hf\,reg’to is dense, we consider the Banach
bundle £ — H/ x C'(S", {t < 1)) x A whose fibre at (H,y, A) is EHyn =

crl(st, y*TW) x Ty A, and the section f given by
f(H, y, 1) = (;} —Xpoy, _/. %AH).
s

The main step is to prove that P := f~!(0) is a Banach submanifold of H, x
C"(S', {t < to})) x A. Indeed, the vertical differential of f at a point (H, y, 1) € P
is given by

AF .y 3 - (b g, ) = Vol — Ve Xy — (D3 Xpg) - £ — Xp
RS EN L Vel — [0 VeV H — [0 Vah )

where h € Ty Hﬁ\ and X}, is its Hamiltonian vector field. That df (H, y, A) is surjective is
seen as follows. Given k € T) A, we have (0, Ig) =df(H,y,r)-(h,0,0), with h(~,/~lk) =
const in some neighbourhood of im(y) and V,h = k. Given n € cr-1(st, y*TW), we
have (n,0) = df(H, y, A) - (h,0,0), with & independent of A and such that X, = —p
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along y. This proves that P is a Banach submanifold as desired. Since Hﬁ\’reg,to coincides

with the set of regular values of the natural projection P — H',, we conclude by the
Sard—Smale theorem that it is dense.

To prove that H;\’reg,to is open in H’,, we prove that its complement is closed. Let
therefore H" € H), \ H); ., ,, be a sequence such that H” — H € H), as v — oo. Let
(y",A") € P(H") be such that D, v ;v) is not surjective and im(y") C {t < fp}. Since A
is compact, it follows from the Arzela—Ascoli theorem that, up to a subsequence, (", L")
converges to some (¥, A) € P(H), with im(y) C {t < 19}. Since the sequence D,v ;v)

converges to Dy, 3), the latter cannot be surjective, so that H € H', \ 'H', reg, 1 35 desired.
Let HA reg,r = ﬂ,zz H?\,reg,to C Ha. The same argument as above shows that

HA reg 1, is open. We claim that it is also dense, so that Hp e = ﬂt0>0 HA reg.ro 18
of the second Baire category in H . To see this, let H € H, be fixed and consider a

sequence H" € H?\,reg,to such that H" — H in any fixed norm C', i.e. in the C*°-

: - . o . o .
topology as r — oo. Since HA’reg’to is open in H'y and H 4 is dense in H', , there exists
H' € Hj\’reg)to NHa = Hareg,1o Such that |H" — H"||cr < &, withe, — Oasr — 0.

Then H" — H in the C°-topology, which shows that H reg s, C Ha is dense.

It remains to prove that, given H € Hp reg, the elements of P(H) are isolated. This
follows from the nondegeneracy of the Hessian d”.A, as can be easily seen using a Taylor
expansion at first order for d A. O

Let I C R be any interval. We denote

WU = WEP(T x SY,u*TW) @ WhP(I,0*TA),
LP(I) := LP(I x S', u*TW) @ LP(I, \*TA),

and we abbreviate WP := WP (R) and LP := Q(R).

Given (7,1), (y,A) € P(H) and (u,1) € M((7,%), (y,A): H, J,g), we denote
D := D). We can choose a unitary trivialization of w*TW and a trivialization of
A*T A in which D has the form

N .| [(9s+Jod O ¢
(@)= )] e

with N : R x §1 — Maty;, +m, (R) pointwise bounded and limg_, 150 N (s, 6) symmetric.

Theorem 2.5. Assume (v, ), (Z’ A) € P(H) are nondegenerate. For any (u,A) in
/\7((7, ), (y,2); H, J, g) the operator

D := Dy -whr s rr
is Fredholm for 1 < p < oo.

Remark 2.6. The nonlinear theory only requires the case p > 2, so that our W!-?-maps
to W x A are continuous.
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Remark 2.7 (Structure of the proof). There are two main ingredients in the proof of
Theorem [2.5] The first is that D is an elliptic operator, so that it satisfies the estimates in
Lemma[2.8|below. The second ingredient is that the constant operators at the asymptotes
are bijective, due to our standing nondegeneracy assumption. This is proved in Lemma[2.9]
below, and allows us to refine the elliptic estimate by introducing a compact operator
(Lemma|2.10).

Proof of Theorem[2.5] By Lemma[2.10|below, the operator D satisfies an estimate of the
form
Ixlhrr < CUIDx|gr + IKxl 2o q-1,71), (2.12)

where K : WP — LP([—T, T]) is the restriction operator and T > 0 is large enough.
The embedding W7 < C° with p > 2 is compact if the domain is bounded and has
dimension at most 2, so that K is a compact operator. By [13, Lemma A.1.1] it follows
that D has a finite-dimensional kernel and a closed image.

To show that D has a finite-dimensional cokernel, we introduce its formal adjoint
D* : Wh4 — L9 1/p + 1/q = 1, defined by

*C . _3s+~]039 0 T é-
r()-[( B)](0) e

where N7 denotes the transpose of N. Lemma applies also to the operator D*, which
therefore satisfies an estimate of the form

Ixlhwre < CUD*xliza + 1K x|l coq—7.77)s (2.14)

with K : W4 — L£4([—T, T]) the restriction operator and T > 0 large enough. The
embedding W14 < L4 is compact for a bounded domain of dimension at most 2, so that
K is compact and we infer that D* has a finite-dimensional kernel.

Given an element y € £9 which annihilates the image of D, we have D*y = 0. On
the other hand, by elliptic regularity for D*, we have y € W!4. The cokernel of D there-
fore coincides with the kernel of D* and is finite-dimensional. This proves the Fredholm
property for D. O

Lemma 2.8. Under the hypotheses of Theorem[2.5] and for p > 1, there exists a constant
C > 0 such that, for any k € Z and x € WLr([k =1, k + 2)]), we have

Ixlreqrk+1y < CUDX N crqr—1.+21) + 1% 2 k—1.k+21))- (2.15)

Similarly, there exists a constant C1 > 0 such that, for x € WP, we have

Ixlhwir = CillDxllge + llxlizr). (2.16)
Proof. Let us denote
0+ Jody O
b= ( 0 d/ds)

and let Dg be the operator given by multiplication with N, so that D = D + Dy. The
crucial point is that D; is diagonal and each of its components satisfies an estimate
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of the form (2.13). For the component d; + Jydg, this follows immediately from [13]
Lemma B.4.6(ii)] (with the notations therein, one has to take ¢ = r, p = 00, Q' =
T, k+1[ x SY, Q@ =1k — 1,k +2[xS}). For the component d/ds, the estimate follows
from the fact that the right hand side of (Z.15)) defines a norm which is equivalent to the
Sobolev norm on WP ([k — 1, k + 2], T5.A).

We have | Dox |l zrqk—1,k+21) < C1llxll £r((k—1,k+2]) since N is pointwise bounded, so
that

xlwr sy < CUDIX N 2o k—1.k+21) + X1 2P ((k—1.k+2))
< CUIDx|lgrk—1,k+21 + 1Dox | crqk—1,k+21) + Xl crr—1,1+27)
< C2(IDx |l zrk=1,k421) + Nxll 2o r—1,6+21))-

The estimate (2.16) follows from (2.15]) by summing over k € Z. O

Lemma 2.9. Let (y, Ag) € P(H) and (u, 1) be the constant trajectory at (y, Ly), defined
by u(s,0) := y (@) and A(s) = ro. If (v, o) is nondegenerate, then the operator D :=
Dy : WP — LP s bijective for p > 1.

Proof. We follow [[16, Lemma 2.4] and [[16l Exercise 2.5].
Step 1. The claim holds for p = 2.

Let
A=Dy . H' S,y TW) @ TA - L2(S', y*TW) @ T) A

be the asymptotic operator at (y, 1), defined by (2.10). Our nondegeneracy assumption
on (y, A) ensures that A is bijective. We view A as an unbounded self-adjoint operator on
H := L*(S', y*TW) @ T, A with domain W := H'(S!, y*TW) & T; A. The Hilbert
space H admits an orthogonal decomposition into negative and positive eigenspaces as
H = E* @ E~.Let P* : H — E* be the corresponding orthogonal projections, and
denote A* := A|g=+. These operators generate strongly continuous semigroups s +—
e and s > A defined for s > 0 and acting on E¥ respectively. We define K :
R — L(H) by

_ AT
e APt >0,

K = _
) —e AP~ 5 <.

This function is discontinuous at s = 0, and strongly continuous for s # 0. Moreover, it
satisfies

-8
KO gy <e™™
for a suitable constant 6 > 0, because A is bijective and therefore its eigenvalues are

bounded away from 0. We define the operator Q : L?>(R, H) — W'2(R, H)NL*(R, W)
by

0y(s) = / K(s — 0)y(1)dr.

—00
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We note that WH2(R, H) N L2(R, W) = W2 and L2(R, H) = £2, and we claim that
Q is the inverse of D. Indeed, given y € £, the orthogonal decomposition of x = Qy =
xt + x~ is given by

N o

xt(s) = f ATyt dr, xT(s) = —f e A6y (1) dr.
—00 N

One computes directly that ¥ + ATx* = y* so that ¥ + Ax = Dx = y. This proves

Step 1.

Step 2. Let p > 2. There exists a constant C > 0 such that, for all k € 7 and x €
WLP([k — 1, k + 2]), we have

||x||W1-p([k,k+1]) < CUIDx|lcr(k—1.k+27) + ||x||£2([k—1,k+2]))~
We have

Ixlwre i1y < CrUIDxl e qk—172.4+3/21) + 1%l o qr—1/2.6+3/21)
< Co(IDxll g qk—1/2.k+372) + X hwr2qr—1/2,k+3/21))
= GUIDx |l crk—1/2.k+3/2) + IDXN 22 (k-1 k421 + 11 22((k—1,1427))
< C4(IDx |l crk—1.k+21) + X1 22k 1.k427))-

The first and third inequalities follow from Lemma [2.8] The second inequality follows
from the Sobolev embedding W'2([k — 1/2,k + 3/2]) — LP([k — 1/2,k + 3/2])
(see [13L Theorem B.1.12] and the subsequent discussion for the summands defined
on [k —1/2,k+ 3/2] x S', and [13l Theorem B.1.11] for the summands defined on
[k —1/2, k4 3/2]). The last inequality holds because p > 2, so that LP([) — L2(I) for
any bounded interval /.

Step 3. Let p > 2. There exists a constant C > 0 such that, if x € W2 and Dx € LP,
then x € WP and
lxllyrr < CllDx|zp- 2.17)

We first remark that if x € W!'?2 and Dx € E{;c, then x € Wllocp . Indeed, as seen
in Step 2, we have an embedding WL2(I)y < £P(1) for any bounded interval /. The
remark then follows from elliptic regularity for D (see [18, Proposition 1.2.1] and the
references therein). R

Let H := L*(S', y*TW) @ Ty A and, for an interval I C R, denote the natural
norm on LP (I, H) by || - L1, ). It follows from Step 2 and the inequality (a + b)? <
2P(a? + bP) that

lell”w.,p([k”]]) < CUIDxll zrqk—1.k+2p) + X1 2 —1 k427)"

P p p
S 2 C(||Dx||[,p([k71,k+2]) + ”x”£2([k—l,k+2]))

= zpC(”D)C”Zp([k_l’k+2D + ”x”p )

L2([k—1,k+2],H)
< 2PCUIDxII 3r/2t

P
k—1k42p T XN Lo (k1 k21, 1))

/2—1 p 7
< 320 CUDX N p et b2y + X ILo =1 k21 10)-
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The third inequality is Holder’s. By summing over k € Z we obtain
X051, < CLUIDXNZp + 107 g g))- (2.18)
Let Q : £2 — W'2 be the inverse of D : W12 — £2 as in Step 1. Then

Ixllzrr, iy = 1ODx|Lr R, H7Y = IIK * (DX) || Lr (R, )
<Kl @ cpllDxliLe® my < C2llDxlle® Hy < C3llDx|lce.

The first inequality is Young’s inequality for a convolution [6, Théoréme 4.30], and the
last inequality follows from the fact that || - |21y < || - l|Lr(s1), While any two norms
are equivalent on the finite-dimensional space T, A. Combining the above inequality

with (2.18]), we obtain (2.17)). This proves Step 3.
Step 4. We prove the lemma for p > 2.

The estimate (2.17) holds in particular for x € C§®(R x st u*TW) ® C°(R, T;.A) and,
by density, for all x € W!P. We infer that D : W'-P — LP is injective and has a closed
image. To prove that it is surjective, it is therefore enough to show that its image is dense

in L7, Indeed, it follows from Steps 1 and 3 that its image contains the dense subspace
LP N L2

Step 5. We prove the lemma for 1 < p < 2.

Let g > 2 be such that 1/p + 1/g = 1. Define W=7 := W—LP(R x S!, u*TVT/) <)
W-LP(R, T5 A), where W17 is the dual space of W4, so that WP is the dual space
of W4, Note also that £ is the dual of £P. The formal adjoint D* defined in
is canonically identified with the functional analytic adjoint D* : W4 — £ of D :
LP — WP By Step 4, there exists a constant C > 0 such that, for any x € W9, we
have

Ixllywre < CIID* x| ca- (2.19)

Using that D* is bijective and duality, we obtain, for y € L7,

Ilce = sup [{(z,y)l= sup [(D*x,y)l= sup [(x, Dy)]
lzll ca =1 I D*x]l ca =1 I1D*xll ca =1
< sup |xllyraIDyllyy-1p < sup  ClID*xlizalIDyllyy-1.p
ID*x|l cg=1 I1D*xl g =1
= ClIDyllyy-1.p- (2.20)

The last inequality uses (2.19).
We now prove that there exists a constant C > 0 such that, for any x € Whr we
have
llxlhyyry < CllDxllze. (2.21)

Forx = (¢,0) € WP we have

xlhyrr < Crlxlice + 1195xlicr + 199 I Lr)- (2.22)
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Using (2.20) and the inclusion £7 < W~!7 we obtain
lxllcr < CllDxllyy-1.» < ClIDx|l 2.
On the other hand we have

9sxllcr < CIID@sx) lyy-1.p = Cll5(Dx) — (@s N)x[lyp-1.
= Ci(19s(Dx) lyy-1.p + lIxlyy-10) = CLIDxlIzr + lIxllcr) < C2l| Dx|lzp.

The first and last inequalities use (2.20) for d;x and x, the second inequality uses the fact
that d; NV and its derivatives are pointwise bounded, and the third inequality uses that d; :
LP — WP is bounded (and of norm 1). Similarly, we have [|dg¢|zr < C3||Dx|lz».

Using (2.22) we obtain (2.21).
It follows from @21)) that D : W7 — LP? is injective and has a closed image. To

prove that it is surjective, it is enough to show that its image is dense in £”. Consider
therefore y € £4 such that (Dx, y) = 0 for all x € W!?. We obtain D*y = 0in W14,
By elliptic regularity for D*, we infer y € W4, Since D* : W4 — L4 is injective by
Step 4, we obtain y = 0. O

Lemma 2.10. Let p > 1. Under the hypotheses of Theorem[2.3] there exists T > 0 and
a constant C > 0 such that

lxllywrr < CUDx|gr + 1Kx | rq—1,77)> (2.23)
where K : WP — LP([—T, T1) is the restriction operator.

Proof. Let (,A) and (u, Z) be the constant trajectories at (¥, A) and (y,2) respec-
tively. Denote by D := D @5 and D := D7 the corresponding operators which,
by Lemma[2.9] are isomorphisms. Since invertibility is an open property in the space of
operators, and because the order 0 part of D converges as s — =00 to the order 0 part of
D and D respectively, we infer the existence of constants 7 > 0 and C > 0 such that, for

every x € WL.P such that x(s) = 0 for |s| < T — 1, we have
lxllyrr < ClIDx|zp- (2.24)

Let 8 : R — [0, 1] be a smooth cutoff function such that 8(s) = O for |s| > T and
B(s) = 1for|s|] < T — 1. We obtain

lxlyrr < 1Bxllywre + 11 = B)xllyyrp
< CiIDB)N zr + I1Bxllce + I1D((1 = B)x)I 2r)
< C(IDxllgp + IKx| coq—1,7]))-

The first and the third inequalities are straightforward, whereas the second uses (2.16)
and ([2.24)). This proves the lemma. O



1196 Frédéric Bourgeois, Alexandru Oancea

3. Unique continuation for the parametrized Floer equation

The fundamental property on which rest transversality results in Floer theory [10] is the
unique continuation principle for Floer trajectories. We know of two ways to prove it. The
first one is the Carleman similarity principle [[10, Theorem 2.2], which cannot hold in our
setup due to the integral term, which makes the system of equations (2.5H2.6) nonlocal.
The second one is Aronszajn’s theorem, stating that a solution of a pointwise differen-
tial inequality involving an elliptic operator of order 2 satisfies the unique continuation
property [1]. Again, one cannot apply it to our setup because of the integral term.

Aronszajn’s theorem relies on a local estimate [, (2.4)] which is nowadays called
a Carleman-type inequality. We will extend Aronszajn’s theorem to a class of integro-
differential elliptic inequalities by proving a semi-local Carleman-type inequality. This
generalization of Aronszajn’s theorem will apply to the solutions of our system of equa-
tions. Our arguments closely follow the ones of Aronszajn [[1]].

For r > 0, we denote Z, := ]—r, r[ x S', with coordinates (s, 0).

Proposition 3.1 (Semi-local Carleman inequality). Let h > 0. There exist ¢ > 0 and
ag > 0 such that, forany 0 < r < h,a > ag and u € CSO(Z,, C™) which vanishes
together with all its derivatives along {0} x S!, we have

cr? |s|_2"‘|Au|2dsd6?z/ Is| 722 (| Vul? + |u|?) ds db. (3.1
Zy Z,

First proof. In our first proof, we use a change of variables inspired by the original paper
of Aronszajn [1]. It is enough to prove the inequality on Z; :=]0, r[ x S'. We make the
change of variables s = ¢™”, x < p < 00, x = —logr and define

w:lx, 00l x S' = C",  w(p,0) =ePPue?,0),

with 8 = o 4 3/2. Our assumption on u guarantees that w vanishes together with all its
derivatives as p — oo. We denote w’ = dw/dp and w” = 8%w/dp>. A straightforward
computation shows that

?TZ(W’, 0) = —e"PP ' (p,0) — Bw(p, ),
82
a—;zt@"’, ) = eZ PP (p,0) — 28 — Dw'(p, 0) + (B2 — Bw(p, 0)).

‘We therefore obtain

o0
/+ Is| 72| Aul? ds do =/ /. lw” — 28 — Dw' + (B — Byw + Agw|* dp db,
Zr X S
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with Agw = e72?9%w/30?. We denote the last integral by /. Expanding the integrand
in / we obtain

1=/ /(Iw”|2+l(ﬂ2—ﬂ)w+AewI2)
x ISt
+ f fs (2B — D2 w'|> + w"[(B> — B)® + Agw] + 0"[(B* — Bw + Agw])
X 1
+/ /(1—2ﬂ><w’Aew+w’Aew>.
x JS!

We have used that ff(w”w/ + w”w’) = 0 and that [[(w'w + w'w) = 0, which follow
from the fact that w and w’ vanish for p — oo and p near y. We denote the above three
integrals by JY J2, and J3 respectively. Since J!' > 0wehave I > J% + J3.

We treat J2. Using integration by parts with respect to p we obtain [f(w'v+w"w) =
=2 [[ 1w |2. Using integration by parts with respect to 6 and p we obtain

2 —
[ o= (] 2
e . Jsi\| a0 36 06

o aw' > _dwaw w|?
:/ / ('l’ +2_w w _4_w )eZP_
. Ja\| 90 30 90 36

For the second equality we have used another integration by parts with respect to p. Thus

[e'e) 00 Jw’ 2
f (w”AgliJ~|—12)”Agw)=/ f(z — >e—2f’.
x JS! x JS!
Finally

36
o0 1\ 1 duw' |* 2 o0 dw |
[ J(Cloz) 2wl )[4

We treat J3. Integrating by parts with respect to # and p we obtain
/oo/ Ao /O"/ 8w8w7 / / dw dw’ 8w
wAgw = —
P L Js 00 90 ¢ <\ 30 96 2%

so that
© © dw |2
/ /(w’Agu')—i—zi/Agw):—/ /2— -
X Sl X Sl 89

We denote by 72 the first integral in the expression (3.2)) for J2, and set

00 9 2 00 9 2
_/ / 4‘_11) e—2p:/ / (45_6)‘_“) -
y Jst |06 x Jst a0

sothat J2+ J3 =12+ I3,

2
—4

ow

e, (3.2)

2
> eizp ’
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We now treat the right hand side in (3.1)). Using the same change of variables as above
we obtain

[ 7w + i ds do
z

Z/oo/ |w/_'3w|2€—2p_|_ a_w
X Sl 39

The first term in the integrand is |w’ — Bw|?>e 2" = |w’|?e 2 + B2 |w|>e™ " — B(w'w +
w'w)e 2P, and we have

o0 o0 o0
/ W'+ B w)e = / / (W' — B — 2w))e=2P = / / 2w(2e 2.
x I8! x Js! x Jst

The right hand side in (3.1)) is therefore equal to

* 2 -2 2 2 -2 ow|?
/ / (Iw/l e P+ (BT =2B)|wl"e " + ‘—
X Sl 89

2

e Y+ |w|26_4"> dp déb.

e 4 |w|2e4/’).

We now recall the inequality (4.10) in [1]] which reads in our case, for 6 € S ! fixed,

R g e,
/ lw|“e” " dp < 5 / lw'|“dp, 1 >0. (3.3)
X T Jx

To prove (3.3) we write w(p) = f ; w’, and use the Cauchy—Schwarz inequality to obtain

lw(p)|> < (p — x) f;’" |w’|. On the other hand, f;’" e P(p—x)dp = e TX )72
Using with T = 2 and the relations 48 — 6 = 4o > 4and I > 1>+ I3, we

obtain the desired conclusion with the constants ¢ = 1 and ag = 1. m]

Second proof, by Luc Robbiano. We again work on Z;'. We define v := s~ u, so that v
vanishes with all its derivatives along {0} x S!. We have

Au = s%95v + as® v,
32u = s%92v + 205 3v + a(a — 1)s* 2v.
We obtain
s Au = 92 + 82v + 2as 90 + (o — 1)s 2.
In order to estimate A := |, s |s =% Au|?, we separate self-adjoint and anti-adjoint terms

in the previous expression. Denoting by (-, -) the L?-scalar product for functions defined
on Z}, and by | - || the corresponding L2-norm, we obtain

A= [10%v 4 93v + ala — 1)s 2v||? + 4a?||s~ o502
+ 2Re (Bszv + 8021) + oo — Ds v, 2as7185v).
Let us further compute the last term. We have

(02, 20~ 150) = —(Byv, 2ad (s~ Oyv)) = —(B5v, —2as 2dv) — (dyv, 25~ 920),
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so that
2Re (92, 201 5v) = 2a||s a0
Similarly,
(930, 2as ™1 350) = —(2ad; (s 7182 v), v)
= —2a(s7'8;07v, v) + 2a(s 2850, v)
= —2a(s™'d;v, Rv) + 20 (s 2050, v),
so that

2Re (82v, 2as 1 85v) = 2a(s 2820, v) = —2a||s "' dpv]|.
Finally, we have
(a(a — 1)s ™2, 2as 1 50) = — (2% (@ — 1)ds(s v), v)
= —2a%(a — 1)s 3050, v) + (62’ (a — 1)s v, v),

so that
2Re (ae(a — 1)s 20, 2as ™ 9,50) = 602 (. — D|ls v

Let us now denote Bv := aszv + 8921) + a(a — 1)s~2v, so that
A = ||Bv|)* + (da® + 20)|Is 3 v]1* + 6a (@ — Dls2vl|* + 2als ™ dpv|?
+ 4oz(s72(Bv — afv —a(a — l)sfzv), v).
We again further compute the last term. We have
[{(4as ™2 Bv, v)| < | Bu|l> + 4a?|s vl
We also have
—4a(s72832v, v) = 4a(dsv, Bs(sfzv)) = 4a(0sv, s7285v) — 8a{0sv, s73v),
and
18 (35v, s 73v)| < 4l agu]1> + da?||s v
We obtain
A > (4o? + 60 — )llsT a5v)1? + 202 (@ — 5)llsT2v)|? + 2a]|s ! Bpv]|?
> 25~ o512 4 4o (ls vl + 20l pv|.
The last inequality holds if « > 7. Now since v := s~ %u, we have

s~ ogull < s a5l + alls 2,

Is™*2ull = [ls~2vll,
s~ dgull = lIs~" dpvll.

Substituting these in the above estimate, we obtain

A > s Bgul® 4+ s ™ Bpull® + s 2u).

Since s < r < h, we deduce the desired inequality with the constants ¢ = max(l, hz)

and og = 7.

]
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Theorem 3.2 (Unique continuation for integro-differential inequalities). Let h > 0. As-
sume u € C®°(Zy, C") satisfies

[Au(s, 0)> < M|:|u(s, )| + [Vu(s, 0) +/ lu(s, )% dr] (3.4)
Sl

forall (s,0) € Z,, where M > 0 is a positive constant. If u vanishes together with all its
derivatives on {0} x S, then u = 0 on Zj,.

Proof. Tt is enough to prove that u vanishes in a neighbourhood of {0} x S'. The conclu-
sion then follows by a connectedness argument on ]—h, h[. Let 0 < r < 1//Qx + 1)eM
be fixed, where ¢ > 0 is the constant in (3.I). Let ¢ : ]—r, 7[ — [0, 1] be a smooth func-
tion equal to 1 for |s| < r/3 and to O for |s| > 2r/3. Let u; (s, 6) := @(s)u(s, 0). Then

/ |s|—2“[|u(s, 0% + |Vu(s, 0)]? +/ lu(s, )% dti| ds do
Zy3 st

<Q2r+1) IS 72 |u(s, 0) > + |Vu(s, 6)|*]1ds do

Z3
<(@Qrm+ 1)/ Is172 (Jur)* + [Vur ) < @ + l)ch/ Is| 72| Auy [*
Z, Z,
= Q7 + 1)cr2/ Is| 72| Aul> + 27 + 1)cr2/ Is| 72| Aup |
Zr/3 Zr\Zr/3

< Q27 + Der’M |s|_2°‘|:|u|2—|— |Vu|? +/ |u|2]
Z3 N

+ Q2nr + 1)cr2/ 15|72 | Aup |2
Zr\Zr/3

The third inequality follows from Proposition[3.1] for & > «y. It follows that

/ |s|2“[|u|2+|w|2+/|u|2}sc/ 5172 Auy |
Z/3 st Z\Zy3

c 2
< [Aup]”,
(/3 Jz\2,

with C = 27 + D)er?/(1 — 2 + 1)er?M). We claim that u = 0 on Z,/3. Following
Carleman [7]], we assume this is false: there is (so, ) € Z,/3 such that u(sq, 6p) # 0.
Hence there exists a constant £ > 0 (depending on u, but not on «) such that

k —2 2
_ 5/ 5172
|S0| Z3

for all « > «g. In view of the above, we obtain

|SO|2a 2
O0<k<C 3 [Auq]”.
(r/3) « Z\Zy/3

Since |sg| < r/3, we obtain a contradiction as o« — 0. m]
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In the next statement we denote I, := |—h, h[ for h > 0.

Proposition 3.3. Leth > Oandu : Z, — C", A : I, — R™ be C*®-functions satisfying

osu + J(s,0)0pu + C(s,)u + D(s, 0)A =0,

3.5)
OsA + / E(s,Ou(s,0)do0 + F(s)A =0,
s1

with C, D, E, F of class clJ of class C* and J? = —1. Assume there exists a
nonempty open set U C Zj such that (u(s, 0), A(s)) = (0,0) for all (s,0) € U. Then
u=0onZyand A =0onI.
Proof. We first notice that, for any (s, 0) € U, there exists ¢ > 0 such that u = 0 on
Is —e,s+¢e[ x Stand A = 0on]s — &, 5 + ¢[. Indeed, choose ¢ > 0 small enough
such that |s — e, s +¢[ x 10 — &,0 + [ C U. The condition on A then follows from the
hypothesis. On the other hand, u satisfies dsu + Jpu +Cu =0on]s —e, s+ e[ x S! and
vanishes on this domain by the standard unique continuation property [10, Theorem 2.2,
Proposition 3.1]. Let us assume without loss of generality that (0, 8) € I forsomed € S'.
The previous discussion shows that the pair (u#, A) vanishes together with all its derivatives
along {0} x S!.

Let i denote the standard complex structure on C"*. We choose a C*° function ¥ :
Zp — GLR(C") such that J¥ = Wi, and we define v : Z — C" by u = Wv. Then v is
C®° and satisfies _ ~

osv +idgv + C(s,0)v + D(s,0)A =0,

with C = \11’1(85\11 + JopW + CW¥) and D=v"!D. Moreover, A satisfies

B +f E(s,0)v(s,0)do + F(s)\ = 0,
Sl

with E = EW. Thus 5, 5, and E are C!. We assume in what follows without loss of
generality that J = i.

Denote U(s, 0) := (u(s, ), A(s),0) € C" x C™, so that U : Z;, — C"™™ satisfies
an equation of the form

U +i0gU + A(s,0)U +/ B(s,7)U(s,1)dt =0
s1

for some A, B of class C'. Applying ; and —i 9y to this equation, summing, substituting
d;U from the equation, and integrating once by parts with respect to 6, we obtain

AU + AU + Aro,U + A309U +/ Aq(s, D)U(s, t)dt = 0.
Sl
Here A;, j =1,...,4, are CY and givenby A1 = ;A —idpA, Ay = A, A3 = —iA,

A4 = 0B — BA+ 09yBi — B fSl B. By restricting to a smaller cylinder Z;/, k' < h so
that the A; are pointwise bounded by some constant K > 0, we obtain

2
AU ? §4K[|U|2+|VU|2+ </ |U|> } < 871K|:|U|2+|VU|2+/ |U|2i|.
st st

The conclusion follows from Theorem 3.2 O
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Remark 3.4. Assuming that the coefficients C, D, E, F in are C*°, the conclusion
of Proposition @]holds under the assumption that A(0) = 0 and u(0, -) = 0. Indeed, by
successive differentiation in @ we find that the pair (u, 1) vanishes together with all
its derivatives along {0} x § L

Proposition 3.5 (Unique continuation). Let h > 0 and u; : Z; — W Ai I — A
i =0, 1, be smooth functions satisfying equations [2.5H2.6)), i.e.

Osu + Iy Bu — Xy () =0,

i(s) — /1 Vi H @, u(s,0), x(s))do = 0.
S

If (ug, ro) and (uy, 1) coincide on some nonempty open setUd C Zj, then they coincide
on Zy.

Proof. We can assume without loss of generality that i/ = I5 x I, for some §,& > O.
Since Ag = A on s, it follows that uo and u; satisfy the same Floer equation dsu +
Jf(agu — Xf) =0on I x S!. Since up and u; coincide on U, it follows by the unique
continuation property for the Floer equation [10, Proposition 3.1] that ug = uj on Is x S 1

Let I C I, be the set of points s such that ug = u; on {s} x S1 and Ao(s) = Aq(s).
Then I D Is and hence is nonempty. Moreover, it is closed. To prove the proposition,
it is enough to show that / is open. Let so € I be a point on the boundary of a con-
nected component of / with nonempty interior, and denote y := uo(so, -) = ui(so, *).
We consider a trivialization of y*T W of the form S' x C”, and a local chart in A around
Ao(so) = Aq(so), which we identify with R™. Then, for s close to sg, we can view uq(s, -)
and u (s, -) as taking values in C", and similarly Ao(s) and A (s) as taking values in R™.
The difference (u, A) := (up — u1, Ao — A1) then satisfies an equation of the form (3.3))
with smooth coefficients (the computation is similar to the one in the proof of [10, Propo-
sition 3.1]). Moreover, (u, A) vanishes to infinite order along {so} x st By Proposition
we conclude that (#, A) = 0 on a small strip around {so} x S 1 so that s¢ belongs to the
interior of /. ]

Remark 3.6. The conclusion of Propositionholds under the assumption that uq(so, -)
= u1(sg, -) and Ag(sg) = Ai1(sg) for some 59 € R (use Remark . By successive
differentiation, this hypothesis implies that (ug, Ag) and (u1, A1) coincide together with
all their derivatives along {so} x S 1

4. Transversality for the parametrized Floer equation

Let H € Hareg. A pair (J,g) € Ja is called regular for H if the operator Dy, j)
is surjective for any solution (u, 1) of (2.5H2.7). We denote the space of such pairs by
JA reg(H). In this section we prove Theorem B(D) as the following statement.

Theorem 4.1. There exists a subset HIA reg C Ha reg X Ja of second Baire category
such that (J, g) € Ja reg(H) whenever (H, J, g) € HJIA reg.
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Remark 4.2. In general, it is not possible to first fix H € Ha e and then prove that
I, reg(H) is of the second Baire category in J4, as the following example shows. Con-
sider a Hamiltonian of the form H (0, x,A) = K (0, x) + g(x) f(A). Assume K has non-
degenerate 1-periodic orbits with disjoint geometric images, fix a regular almost complex
structure J for K, consider a Floer trajectory u for (K, J) with asymptotes i/, y,letg = 1
near ¥, g = —1 near y, and let 19 be a minimum of f. If dim A > ind(x), then (u, Ag)
is a parametrized Floer trajectory of negative index, independently of the choice of Rie-
mannian metric g on A. Moreover, since u survives under small perturbations of J, the
parametrized trajectory (u, Ag) will survive under small perturbations of the pair (J, g).
This shows that the latter cannot be chosen generically to be regular.

This phenomenon is similar to the one arising in the construction of the continuation
morphism in Morse homology from a regular pair (f_, g_) to a regular pair (f4, g+). In
that situation, we again cannot first fix the homotopy ( f;) and then choose the homotopy
(gr) generically. One has to choose the pair (f;, g;) generically. An explicit example is
provided by the homotopy f; : R — R given by f;(x) = —%t)c2 fort e [-1,1],x e R.
In this case the constant trajectory at x = 0 has index —1 and exists for any choice of
metric.

Let (u,2) € M(p,p).p = (¥, ), p = (v, ). We define the set of regular points
for (u, 1) by

(Dsu(s, 0), 9s1(s)) # (0, 0),
R(u, 1) := {(5,0) e Rx S': (uls,0),1(5)) # (¥(0),2), (¥(6), 1),
(u(s,0), 1(s)) & (-, 0), A()R\ {s})

Notation. In the following we denote U (s, 8) = (u(s, 8), A(s)) and assume that U sat-
isfies equations (2.5H2.6). We also denote R(U) := R(u, 1).

Proposition 4.3 (Regular points). Assume d;U # (0, 0). Then:

(1) The set {(s,0) : 9,U(s, 0) # (0,0)} is open and dense in R x St Moreover; given
s € R, there exists 0 € S! such that 3,U (s, 0) # (0, 0).
(i) The set R(u, A) is open.
(iii) If dgu = 0, then R(u, 1) is equal to R x S'. If d;u # 0, then R(u, 1) is dense in the
open set {(s, 0) : d;u(s, 0) # 0}.

Remark 4.4. If o;u #= 0 and d;A = 0, the proposition implies that R(u, 1) is dense in
R x S!. Indeed, u satisfies a Floer equation which is independent of s and the open set
{(s,0) : 9;u(s, 8) £ 0} is dense in R x S! [10, Lemma 4.1].

To prove Proposition[4.3] we need the following enhancement of Proposition [3.5] (this
is the analogue of Lemma 4.2 in [10]). In the next statement we denote Vj(s,0) :=
Is—h,s+h[x10—h,0+h[CRx Stand I;;(s) :==1s —h,s + h[ C R for h > 0.

Lemma 4.5. Let U; = (u;, A;), i =0, 1, be smooth functions defined on a strip I, x st
ho > 0, and satisfying equations 2.5H2.6) in Proposition[3.5| Assume that

Uo(s0, 00) = Ui(s0,00),  dsuo(so, 6p) #0,  d;U1(s0, 00) # (0,0)
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for some (sg, 6p) € Rx SL. Assume also that, forany 0 < h’ < hy, there exists 0 < h < hyg
with the following property: for any (s, 0) € Vj(so, 0p), there exists (s',0) € Vi (s0, 6p)
such that

Uy(s,0) = U (s, 6).

Then Uy = Uj.

Remark 4.6. We could not prove Lemma [{.3] under the more general assumption
asUo(s0, 6p) # (0,0) (instead of d5up(so, 6p) # 0). This in turn influences the con-
clusion of (iii) in Proposition 4.3} we only show that R(u, 1) is dense in the set {(s, 6) :
osu(s, 0) £ 0}.

Proof of Lemma By Proposition it is enough to prove that Uy = U; on some
open neighbourhood of (s, 6p). Let us choose A’ > 0 small enough so that I/ (sg) —
W x A, s — Uj(s,0), is an embedding for all & € I;/(6p). By further diminishing
the corresponding 27 > 0 we can also assume that I;(sg) — W s = up(s, ), is an
embedding for all 6 € I}, (6p).

For each 6 € Ij,(6p), we have by assumption Uy (I}, (so), 8) C Uy (I (so), 8). We can
therefore define smooth embeddings Gy := (U (-, N~ o Uy(-, 0) : In(so) — I (s0).
Moreover, for & small enough, we have sy € im(Gy). Let us choose 0 < A" < i’ small
enough such that I, (sg) C im(Gy) for all & € I;(6p). By the implicit function theorem,
we obtain a smooth embedding Fy := (Go)~ ' : Iy (s0) = In(so). The collection { Fy} of
maps gives rise to the smooth map F : Vj» (s, 6p) — Vi (s0, 6p) defined by F (s, 6) :=
(Fo(s),0) :== (¢ (s,0),0). We have

Ui(s,0) = Uo(¢(s.6), 60)
for all (s, ) € Vp»(so, 80). Substituting in the Floer equation for u |, we obtain
0 = dsur + Jf, (un) (Bpur — Xy, (u1))
= B5u0(F) - 85 + J3, () (0 (F)) @510 (F) - 89 + dpuo(F) = Xy, (uo(F)))
= d5u(F) - (3¢ — 1) + J5, () o (F)dsuo(F) - dgp.

The last equality follows from the Floer equation for u. Since d;uo 7% 0 on V},(so, 6p) we
see that the vectors dyuq(F) and Jfo( P dsug(F) are linearly independent, so that d;¢p = 1
and dg¢p = 0. Since ¢ (sg, y) = s, we obtain ¢ (s, 8) = s for all (s, 8) € Vy»(s9, 6p) and
the conclusion follows. ]

Proof of Proposition (i) A straightforward computation shows that, for any s € R,
the pair d,U = (dsu, dsA) satisfies an equation of the form with smooth coefficients
in a local trivialization along the loop u(s, -) and in a local chart around A(s). Assume
by contradiction that 3;U = (0, 0) on some nonempty open set U{. By Proposition [3.3]
we see that 9,U = (0, 0) on some open strip around {/. By the standard open-closed
argument we get ;U = 0 on R x S', which contradicts the hypothesis.

We now prove the second statement. Assuming by contradiction the existence of a
point 59 € R such that o,U = (0, 0) along {s¢o} x S 1 we deduce by Remark that
;U = (0, 0) on a strip around {so} x S ! We then conclude as above.
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(i) The first two conditions defining the elements of R(u, A) are clearly open. We
need to show that the third one is open as well. Arguing by contradiction, we find a
point (so, 89) € R(u, 1), a sequence (s*, 0") — (so, 8), and a sequence s"V # s’ such
that U(s",0") = U(s”, 8"). Since 9;U (so, 8y) # (0, 0), we can find & > 0 such that
U(:, 6p) is an embedding on I;(s9) and U (-, 6") is an embedding on I;(s") for v large
enough. Thus, we can assume without loss of generality that s”" is bounded away from s
(otherwise s’V € I, (s") for v large enough, a contradiction). Since U converges at +00
to its asymptotes, and U (so, 6p) does not lie on those asymptotes by assumption, we infer
the existence of some T > 0 such that s’ € [—T, T] for all v. We can therefore find a
convergent subsequence, still denoted s, such that s — s, # so. Then U (s, 6p) =
U (so0, 6p), which contradicts the assumption that (sg, 6p) € R(u, A).

(>iii) If o;u = 0, then X satisfies an ordinary differential equation independent of s, and
since 9,4 # 0, we infer that ;A # 0 on R and every point (s, 8) € R x S! is regular.

Let us now assume dsu % 0. It is enough to show that for any (s, 6) such that
asu(s,0) # 0, there exists a neighbourhood U/ such that R(u, 1) N U is dense in U.
Let (sg,6p) € R x S! be such that dsu(sg, 90)/\75 0. We choose i > 0 small enough
such that d;u 7~ 0 on Vj(so, 09) and Iy (s9) — W, s — u(s, 0), is an embedding for all
0 € Iy(6p). Then I (so) — W x A, s — U(s, ), is a fortiori also an embedding for
all 6 € I,(6p). Since every point (s, 0) € Vj(sg, 6p) can be approximated by a sequence
(sV, 0") satisfying U (s", 8Y) # p(6Y), p(8’), we can assume without loss of generality
that

V(s.0) € Vi(so.00), U(s,0) #Pp(0), p0). 4.1)

The conclusion of the proposition now reduces to showing that (sg, 89) can be approxi-
mated by a sequence (s*,0") € R(U). Assuming this is false, there exists 0 < ¢ < h
such that V(sg, 6p) N R(U) = @, i.e.

V(s,0) € Ve(so,60), s #s, U(s',0) =U(s,0). 4.2)

Since limg_, o, U(s,0) = p(s,0) and limg_, o, U(s,0) = p(s, ) uniformly in 6, we
infer from (@.1)) the existence of a constant 7 > 0 such that |s'| < T in (@.2).

Let us denote C(U) := {(s,0) € Rx S! : 8,U (s, 6) = (0, 0)}. Note that, by the proof
of (i), the set C(U) has empty interior. We now claim that (sp, 6p) can be approximated
by a sequence (s”, 0y) such that, for all v and all s’ € R with U(s’, 8y) = U(s”, 0p), we
have (s’, 89) ¢ C(U). Assuming the claim, we can suppose without loss of generality
that, for each s’ € R such that U (s’, 8y) = U (sg, 6p), we have (s’, 0) ¢ C(U). Moreover,
after further diminishing & > 0, we can assume without loss of generality that

Y(s,0) € Ve(so,00), Vs' € R, U(s,0) =U(s',0) = (s',0) ¢ C(U). (4.3)

Indeed, if this failed for all & > 0, we could find a sequence (s”, 8) — (so, 6p) and a
sequence s’ such that (s’V,8) € C(U), U (s"",0") = U(s",0"),and |s"” —so| > &9 > 0.
Up to a subsequence, we have s’V — s’ € [T, T], 8" — 6y, and U (s’, 8y) = U (s9, 0p)
with (s”, 8g) € C(U). This contradicts our last assumption on (sq, fy), obtained via the
claim.



1206 Frédéric Bourgeois, Alexandru Oancea

To prove the claim, let us choose a neighbourhood V of U (I, (sp), 6p) in W x A, of
the form I, (sp) x RZ*t"=1 and denote pr; the projection to the first coordinate interval
I.(s0). Let f := pr; o U(:, 6p), with f : dom(f) = U(, 00)~ (V) = I.(s0). Let
CU)g, :=1{s e R: (s,6p) € C(U)}. Then f(C(U)g, Ndom(f)) is contained in the set
of critical values of f. By Sard’s theorem, this is a nowhere dense set in /. (sg), and the
claim follows.

We now closely follow the proof of Theorem 4.3 in [[10]. We first remark that, for any
(s,0) € Ve(sg, 0p), there are only a finite number of values s’ € R such that U(s’, 0) =
U (s, ). If not, we could find an accumulation point s’ € [T, T'] such that d,U (s, ) =
(0,0) and U(s’, 8) = U (s, 9), in contradiction with @3). Let s1,...,sy € [T, T] be
the points such that U (sj, 6p) = U(so,00), j =1,..., N.

We now claim that, for any r > 0 there exists § > 0 such that

N
V(s, 0) € Vas(s0, 0), 3(s', 0) € U Vi(sj, 60), U(s,0) =U(s',0).
Jj=1

If this failed, we could find » > 0 and a sequence (s”, 8") — (so, 6p) such that, for all v
and for all (s/, 8V) € U;'V=1 V- (sj, 60), wehave U (s, 6¥) # U(s’, 6¥). On the other hand,
by [@.2) there exists s’ € [T, T] such that U(s",0") = U(s", 6"), and in particular
|s" — sj| = r for all j. Up to a subsequence we have sV — s’ and 8¥ — 6y, so that
U(s', 00) = U(so, 0p) and s" # sj, j = 1,..., N, a contradiction.

Following [10], we define

T = {(s,0) € Vs(s0,60) : 3(s",0) € Vi (s, 60), U(s',0) = U(s, 0)}.

Then %; is closed and Vs(so, 0p) = =1 U--- U Zy. It follows from Baire’s theorem that
one of the X;, say X1, has nonempty interior.

Let (5, 6) eint(X) and denote by (51, 6) the unique preimage of U (5, 8) in V, (s1, 60).
Let 0 < r; < r be such that V,,(51,6) C V,(s1,6), and 0 < & < & be such that
Vs,(5,0) C X1, and such that for all (s, 8) € Vs, (5, ), there exists (s',0) € V,, (51, 0)
such that U(s, 8) = U(s’, 0). It follows from our construction that, for all 0 < 4’ < rq,
there exists 0 < & < 8; such that for all (s, ) € V4 (5, 0) there exists (s", 8) € Vi (51, 0),
such that U (s, 8) = U(s’, 8). We can therefore apply Lemma with (sg, 6) := (5, 0),
Up:=U,U,:=U(+5s1—35,-),and hy = ry to obtain Uy = U;. This implies

UG,0)= lim U(s+kG1—5),0)=p®) = p@).

This contradicts our standing assumption d;U # (0, 0). Proposition[d.3]is proved. O

Proof of Tl heorem Let J§, r > 1, denote the space of pairs (J, g) of class C" such
that J is an admissible almost complex structure on W. Let Hf\’reg, r > 1, denote the
space of regular admissible Hamiltonians of class C". Let H.7, [’Lreg C H;\,reg x J) denote
the space of triples (H, J, g) such that (J, g) is regular for H. By a standard argument due
to Taubes [13| p. 52], it is enough to prove that H 7, X,reg is of the second Baire category
in Hﬁ\’reg x Jy.
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Given p > 2 and p, p € P(H), we denote by B the space of pairs (1, A) consisting
of maps u : R x S! — Wand A : R — A which are locally of class W7, which
satisty (2.7), and which are of class WP in local charts near the asymptotes. Then B x
'Hf\,reg x J, is a Banach manifold. There is a Banach bundle £ — B x Hf\’reg x Jx
whose fibre at (u, A, H, J, g)is LP := LP(RxS', u*TW)@L”(R, A*T A). The solutions
of the parametrized Floer equations @]—@ for (H, J, g) are the zeroes of the section
[ B X H) oy X Ty — & given by

9
f(M,?»,H,J,g);z( Oyt + I3 (Bpu = Xy () )

A(s) — fsl V,\H(H, u(s,0), A(s))do

The crucial step is to prove that the universal moduli space M := f~!(0) is a Banach
submanifold of B x H’, reg X J - Then the claim follows easily from the Sard—Smale
theorem as in [[13} proof of Theorem 3.1 S(in)].

The vertical differential of f at a point (u, A, H, J, g) € M is given by

df(u,r, H,J,8) - (5, £, h, Y, A) = Dy, x)(( 19

Jf(Y) has )(u) +7Y A(v) (Bpu — X?{A(x) (u))
— [t Vah(0,u(s,0), A(5)) dO + A - [ Vi H (O, u(s,6), A(s)) dO

where h € THHZ\ reg and (Y, A) € T(y,¢J,. For a description of & we refer to the

proof of Propos1t10n We view Y as a family ¥ = (Ye) L e A, 0 e S, with
Y? € End(T W), such that Y279 + J7Y! = 0and @(Y{-, ) + @(, Y{-) = 0. Moreover,
fort > ( large enough, Y is mdependent of ¢, it preserves & and Vamshes on (3/0t, Ry).
The element A is a tangent vector at g to the space Met" (A) of Riemannian metrlcs of
class C" on A. Considerlng a 1-parameter family g° € Met” (A) such that g° = g, we
define Aby g(A-,-) = 7= |8 -0 g%, so that A is an element of End(7 A) which is symmetric

with respect to g. Denoting by Ve H the A-gradient of H with respect to g, we then have

d =9 -

— ViH=—-A-V,H,
de e=0

hence the formula for the vertical differential of f.

We need to show that df is surjective. Since the image of Dy, ) is closed and has
finite codimension, it follows that the image of df has the same property. Thus, it suffices
to show that it is dense. Let (n,k) € £7 = (LP)*, 1/p + 1/¢ = 1, be an element
annihilating Im(df). Using that (u, A, H, J, g) € M, this means that

/ 1(77’ Dy + (DyJ - )Josu — J(D3 Xpg, -£) — JXp, + Y)?Jaslﬂ ds do
RxS

+/<k,VS€—V4/ %H—/ V;%H—/ %h+A-i>ds=o 4.4)
R St St St
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forany (¢,¢,h,Y, A) € Ty )B @ THHf\)reg ® T(y,0)J - We claim that (5, k) = (0, 0).
Taking h = 0, Y = 0, A = 0 we find that (5, k) lies in the kernel of the formal adjoint
Dzku’ 5+ The latter has the same form as D(y,3) and is therefore elliptic with smooth coeffi-
cients. By elliptic regularity, it follows that  and k are smooth. We distinguish now three
cases.

Case 1: o;u = 0 and 9,4 = 0. By Lemmathe operator Dy, ) is bijective, so that df
is surjective.

Case 2: d;u = 0 and A # 0. In this case A satisfies an ordinary differential equation
independent of s and therefore A # 0 on R and every point (s,6) € R x S! is regu-
lar. We claim k = 0. Indeed, if there existed so € R with k(sg9) # 0, we could take
¢ =0,£ =0,h =0,Y = 0 and A supported in a small neighbourhood of A(sp)
such that A(A(so))A(so) = k(so), so that the sum of the integrals in @34) would be
> 0. We claim n = 0. Indeed, if there existed (sg, 6p) such that n(sg, 8g) # 0, we
could take { = 0, £ = 0,Y = 0, A = 0 and h supported near A(sp), and satisfy-
ing Jf SO)Xh(G, ¥(0), A(sp)) = —n(so,0) forall 6 € S!. Then the sum of the integrals
in would be > 0.

Case 3: o,u # 0. By Proposition there exists a nonempty open set @ C R x §!
consisting of regular points (s, 8) such that dsu(s, 8) # 0.

We first claim that » = 0 on Q. Arguing by contradiction, we find (sg, 8y) € 2
such that n(sg, 8p) # 0. We then take { = 0, £ = 0, h = 0, A = 0 and Y supported
near (6. u(s0. 6), A(s0)) such that ¥,° I d.u(s0.60) = n(so. o). The second in-
tegral in (@.4) is zero, whereas the first one localizes near (sg, 6p) and is positive. This
contradicts (@.4).

We now claim that k(s) = O for all (s, #) € 2. Arguing again by contradiction, we
find (so, 8p) € 2 such that k(sg) # 0. We consider a function & of the form 2(9, x, A) =
@ (0)¥ (x)h1(A) such that ¢ is a cutoff function supported near 9y, 1 is a cutoff function
supported near u(sg, 6p), and &1 is supported in a neighbourhood of A(sg) and satisfies
%;th (A(s0)) = —k(sp). The crucial observation is that if the support of ¥ is small enough
(depending on the choice of /1), then

(k(s), V> h(0, u(s, 6), A(s)) > 0

on R x S!, and vanishes outside a small neighbourhood of (sg, 6p). Here we use that
(s0, Bp) is a regular point and dsu(sp, 6p) # 0. We now take ¢ = 0, £ = 0, Y = 0,
A = 0, and h as above, so that the first integral in @]) vanishes, and the second integral
is positive, a contradiction. O

Remark 4.7. We needed the possibility to deform the metric g in the proof of Theo-
rem[.T|only to treat Case 2.

5. Fredholm theory in the S'-invariant case

In this section we take the parameter space to be A = SNt N > 1.
1 o o - -~
We denote by Hy, C Hgow+1 the set of admissible Hamiltonian families H : ST x W x
§?N+1 _ R which are invariant with respect to the diagonal S'-action on S! x §?N+1,



Fredholm theory and transversality 1209

meaning that H(@ + 7, x,tA) = H(@, x,X) forallt € S1. It follows from the definitions
that there exists #p > 0 such that, for ¢ > 1y, we have H(0, p,t, 1) = Be' + B’ (1) with
0 < B ¢ Spec(M,a),and B’ € CR(SN+L R) being S'-invariant.

Given H € HZSVI, the parametrized action functional A is S Ujnvariant, and so is the
set P(H) of its critical points. For p = (y, A) € P(H), we denote

Sp=Spu i=1{(ty,tr) 1T € S'}y C P(H),

so that S, = S;.,, T € S'. We refer to S, as an S'-orbit of critical points.

We denote by 7. 15 the set of pairs (J, g) consisting of an S'-invariant admissible
S2N+1_family J of almost complex structures on W, and of an S'-invariant Riemannian
metric g on S?V*!. The S'-invariance condition on J means that Jff T = Jf for all
resh

An S!-orbit of critical points S, C P(H) is called nondegenerate if the Hessian
dzA(y, A) has a 1-dimensional kernel V), for some (and hence any) (y, A) € Sp. It fol-
lows from Lemma [2.3] that nondegeneracy is equivalent to the fact that the kernel of the
asymptotic operator D), is also 1-dimensional and equal to V). In both cases, a generator
of V), is given by the infinitesimal generator of the § I_action.

Sl
We define the set HN’reg

p € P(H), the S L orbit Sp is nondegenerate.

1 .
C Hf\, to consist of all elements H such that, for any

Sl
N,reg

each S'-orbit S, C C*(S!, W) x SN+ s isolated.

Proposition 5.1. The set 'H is of the second Baire category in 7"(1S\,1 . Moreover, if

Sl
HeH N.reg’
Proof. The proof is similar to that of Proposition@ Given an integer r > 2, we denote

1
by H;’,S the space of S!-invariant admissible Hamiltonian families of class C”. We denote

by H"Sl C Hngl ., the set of Hamiltonians H such that, for any p € P(H), the S'-

N,reg
orbit S, 1s nondegenerate. For o > 0, we denote {r < 7o} := W UM x [0, 7] and let
1 1
H?{,‘?reg’to C ’H;\’,S be the set of Hamiltonians H such that for any p = (y,A) € P(H)
with im(y) C {t < 1y}, the S Lorbit Sp is nondegenerate. Then
St St
HN,reg = m HN,reg,to‘

19=>0

1 1
Asin Proposition it is enough to prove that Hg’,’sreg’ 0 is open and dense, so that Hg’,ieg

r,S!

is of the second Baire category. The proof that H N.reg.to

H:\,reg,zo
1

the Banach bundle € — Hy® x C"(S', {t < 1o}) x SN 1 xR whose fibre at (H, y, *, a)

is EH,ya) i= C (S, y*TW) x T5,8?N+1 and the section f given by

is open is similar to the proof that

r,S!

N oreg,to 18 dense. We consider

is open in Proposition We now prove that H

f_(HJ/,)L,Cl) = ()}_XHOV“‘“)}a_/I %)»H—i_aX)’
N
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where the vector field X denotes the infinitesimal generator of the S'-action on SZV+!,
— - 1
We first prove that P := f’] (0) is a Banach submanifold of Hg’,s x C"(St, {t <1p}) x
S$2N+1 o R, Indeed, the vertical differential of f atapoint (H, y, X, a) € Pis given by
_ Vol —VeXy — (D) Xg)-€— X, + by
A,y ha)- (e by = (00—t n
— [t VeVaH — [ VeViH — [ Vih + bX

—df(H,y. 1) - (h. 0. 0) + b (;)

where f(H, y, 1) is the restriction of f to {a = 0}. That d f(H, y, A, a) is surjective is
seen as follows. First, df(H, y,A,a)-(h,0,0,a+ 1) = (0, X) for h = H near im(y).
Given k € T,S*M*! such that g(k, X) = 0, we have (0, k) = d f(H, y, *,a)-(h,0,0,0),
with (-, -, A) = const in some neighbourhood of im(y), A is S!-invariant and V, h = k.
Given n € C"71(S', y*TVT/), let us choose i € THH;’,SI such that X; = —n along y.
Then the first component of df_(H, y,A,a) - (h,0,0,0) is equal to n. This proves that
d f (H, y, A, a) is surjective and that P is a Banach submanifold as desired.

— 1
We now claim that the set of regular values of the natural projection pr : P — H;\’,S

1
is contained in H%> . It then follows from the Sard—Smale theorem that the latter is

N,reg,ty
dense. Given such a regular value H, for any (H, y, A, a) € pr’l (H) we see that

1 h Y,
VheTHHR}S,a(;,E,b), ( f §h>+D(M)(§’£)+b<§)=O‘
— Jst VA

Since the restriction of d f to THH;’,S1 D00 R is surjective, we deduce that the cokernel
of Dy, has dimension at most 1 for any (H, y, A, a) € pr_1 (H) and in particular for
any (y,A) € P(H). On the other hand, since Dy, ;) is self-adjoint, the same holds for
dimker Dy ;). But the latter is at least 1 by S I_symmetry, which proves the claim. O

Let d > 0 be small enough (for a fixed H € H]S\,I’reg, one can take d > 0 to be smaller
than the minimal spectral gap of the asymptotic operators D), p € P(H)), and fix 1 <
p <oo.Givenp, p € P(H) and (u, A) € M(S5, Sp; H, J, g), we define

WhPd = WP TW; e?Mlds do) @ WP TSN elPlds) @ Vi @ V),
L£r4 = LPu*TW; eWlds do) @ LP (VTSN elds).

Here we identify V5, V), with the 1-dimensional spaces generated by the sections

B(s)(7, X73), respectively B(—s)(y, X,) of w*TW & A*T S2N+L, For this identification,
we denote by X5, X, the values of the infinitesimal generator of the S'-action on §2N+1
at the points A, respectively A, and choose a cut-off function 8 : R — [0, 1] which is

equal to 1 near —oo, and vanishes near +ooc.
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Proposition 5.2. Assume that S, SE C P(H) are nondegenerate. For any (u, ) in
/\//\l(Sﬁ, Sp; H, J, g) the operator

D - Wl’p’d — LPd
is Fredholm.

Proof. Let W'P and LP be defined as W' P4 and £P4 above, with d = 0 and
without taking into account the direct summands Vp, V). Let D(u a o Whe g

be the operator obtained by conjugating with e@/Psl the _restriction of Dy, 3 to
wh p(u*TW eslds doy @ Whr (T SN+ ¢4l ds). Then D(u » has nondegenerate
asymptotics, hence it is Fredholm by Theorem [2.5] (the asymptotic operator at —oo is
Dy = Dy + (d/p)1, and the asymptotic operator at +oo is D, = D, — (d/p)1). It
follows that the operator Dy ») is also Fredholm. B B o

6. Unique continuation in the S'-invariant case

The purpose of this section is to prove a unique continuation result which is slightly more
general than the one in Section[3] This is needed in the proof of Theorem A(b).

Notation. We denote by X the infinitesimal generator of the S'-action on the parameter
space A = S?M*1 We denote by ’H[Sv1 C Hgon+1 the set of admissible Hamiltonian
families H : S! x W x S2N+! — R which are invariant with respect to the diagonal
Sl-action on §' x S*N*! We denote by JNS the set of pairs (J, g) con51st1ng of an

Sl-invariant admissible SZN +1_family of almost complex structures J on W and of an
S'-invariant Riemannian metric g on SV +1,

Definition 6.1. Given H € 13, , we define H : W x S2V*! — Rby
H(x,2) := H(0,x, ).
Given an S!-invariant almost complex structure J = (Jf ), we define
Tu(x) := J2(x).

Given maps u : R x S!—> W, : R — S2V*! we define mapsk R x §' — §2N+1
and U : R x S' — W x §2V+1 py

s, 0) = (=0) - A(s), U(s,0) := (uls, ), A(s, 0)).

It follows from the definitions that the pair (u, 1) satisfies equations (2.5H2.7) if and
only if U = (u, A) satisfies the equations

dsu + Jx (Bpu — X g ) =0, 6.1)
A h — / . Vi HU(s, 0 + 1)) dr =0, 6.2)
Sl

I + X7 =0, (6.3)
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and

Jim UGs.0) = @@, (=0)-D,  lim U0 =@®). (=)0 (64

for all @ € S'. We note that equations (6.1H6.3) are independent of the variables s and 6.

Proposition 6.2 (Unique continuation). Let h > 0 and l7i~= (ug, 3:[) 72y — W x
2N+ 1 =0, 1, be smooth functions satisfying l . If Uy = Uy on some nonempty
open setU C Zy, then Uy = Uy on Zj,.

To prove Proposition[6.2] we need the following enhancement of Proposition[3.3]

Proposition 6.3. Let h > 0 and U = (u,%) 2 Zp — C" x RPN pe C®-functions
satisfying
osu + J(s,0)0pu + C(s,0)u + D(s, 0)A =0,

asi+/ E(s,0,7)U(s, 7)dt =0, 6.5)
Sl

doh + F(s, 0)A = 0,

with C, D, E, F of class clJ of cNZass C® and J?> = —1. Assume the{Ve exists a
nonempty open setU C Zy such that U (s, 0) = (0, 0) forall (s,0) € U. Then U = (0, 0)
on Zy.

Proof. We first remark that U must vanish on some strip 1so — &, 50 + e[ x S L'c z,.
More precisely, let us choose (sg,6p) € U and ¢ > 0 sucll that Jso — €, 50 + €[ x
160 — €, 80+ e[C U. Then, for s € ]so — ¢, so + €[, we see that A(s, -) solves a linear ODE
on S! and vanishes at 6, hence vanishes identically. Thus u solves dsu + Jdgu + Cu =0
on |so — &, so + €[ x S!, and therefore must also vanish identically by the standard unique
continuation property [[10, Theorem 2.2, Proposition 3.1]. In particular, U vanishes with
all its derivatives along {so} x S 1

As in the proof of Proposition [3.3] we can assume without loss of generality that
J =i. Let us denote

V(s,0) := (u(s, 0), (s, 0),0) € C" x CN+L,

Then V satisfies an equation of the form

8s\7+i89\7+A(s,9)\7+/

B(s,0,7)V(s,1)dt =0,
Sl

with A, B of class C!. As in Proposition we infer an inequality
IAV? < 871K[|\7|2 +|VV 2 +/ |x7|2}.
s!
The only difference with respect to Proposition[3.3]is that the function A4 therein depends

now on 6. However, it is still pointwise bounded and the same argument carries through.
The conclusion follows from Theorem [3.2] |
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Proof of Proposition The proof follows the same pattern as that of Proposition
and makes use of Proposition[6.3]
_ Let us assume without loss of generality that ¢/ = I5 x I for some §, ¢ > 0. Since
Xo(s, -) and A1 (s, -) solve the same ODE on S! and coincide on ., we infer that they co-
incide on S! forall s € I5. By the unique continuation property for the Floer equation [10]
Proposition 3.1], we infer that ug = u on the strlp Is x S°. 1

Let I C I be the set of points s such that Uy = U] on {s} x S'. Then I is nonempty
(it contains Is), closed, and we must prove that it is open. Let so € I be a p01nt on
the boundary of a connected component of / with nonempty interior, and denote y :
Uo(so, D) = U 1(s0, ). We consider a trivialization of y (TW x TSN +]) of the form
S' x € x R*NF!. Then, for s close to so, we can view Uo(s, -) and U1 (s, -) as taking
values in C" x R2N+!, The difference U := = (u, A) = (ug — uy, Ao — )q) satisfies an
equation of the form (6.3]) with smooth coefficients. The computation is similar to the one
in [10, Propositiorl 3.1], and we just establish the second equation in @ We have, for
suitable matrices E and E,

dh(s, 0) = /S (- 0).[Vi.HUo(s, 1)) — VaH (U (s, 7)) dt

=/ (t —0).E(s, U (s, t)dt:/ E(s,0,70)U(s, 7)dr.
st st

The conclusion follows from Proposition [6.3] o

7. Transversality in the S!-invariant case

We prove in this section that transversality for the S'-invariant Floer equations can be
achieved within the following two classes of Hamiltonians.
A. Generic Hamiltonians. We require such Hamiltonians H to be admissible, regular,
and to satisfy the following two conditions:
e forall (y,A) € P(H), y is a simple embedded curve;
o for all distinct elements (y1, A1), (2, A2) € P(H) we have y; # ».
We denote the class of generic Hamiltonians by Hgep.

B. Split Hamiltonians. We require such Hamiltonians to be admissible and of the form
K(x) + f(&), with K being CZ%-small on W. Here fis Sl.invariant and K has ei-
ther constant and nondegenerate 1-periodic orbits, or nonconstant and transversally
nondegenerate ones.

We denote the class of split Hamiltonians by Hpiit. We denote
Hy = ngn U Hsplit'

Definition 7.1. An admissible Hamiltonian H € H]SV1 is called strongly admissible if the
following two conditions hold:

1. For every (y, A) € P(H) such that y is not constant, we have
X (v(©) #0, Voes.
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2. For every (y,A) € P(H) such thai y is constant (equal to x € W), there exists a
neighbourhood ¢/ of {x}x (S'-1) in W x ¥+ such that H(®, x’, ') = K(x")+ f (1))
forall @ € S! and (x’, A') € U. Moreover, x is an isolated critical point of K.

We denote by H' the class of strongly admissible Hamiltonians.

We clearly have H, C H'.

Definition 7.2. Given H € H’, an almost complex structure J € 7, 151 is called adapted
to H if the following hold:

1. For every (y, Ao) € P(H), we have
X5, . X5, 1(v () ¢ Span(J) X, . X3,), Vo eS' reS' .

2. For every (y, Ao) € P(H) such that y is constant (equal to x € W), there exists a
neighbourhood U of {x} x (S!- 1) in W x S*M*! such that Jf is independent of 6 and
ronl,ie. Jf(x’) = J(x') forall (x’,1) € and 6 € S.

We denote by J'(H) C J, 151 the set of almost complex structures adapted to H.

Remark 7.3. The set J'(H) is nonempty for every choice of strongly admissible Hamil-
tonian H. This is proved by a genericity argument: given a nonzero vector field X along
a curve, one can choose generically a nonzero vector field Y which is linearly indepen-
dent of X along the same curve, and such that the distribution spanned by X and Y is
noninvolutive and symplectic.

We denote

HeH,, (J,g) € T (H),
HoJ' = {(H,J,g): J admissible, cylindrical fort > 1, ¢ ,
independent of (0, 1) if H € Hpiic

and
HT ={(H,J,g): HeH, (J, g €T H)
so that HyJ' C HJT'.

1
Let H € H,SV reg’

surjective for any p, pE P(H) and any (u, 1) € /W(ﬁ, p; H, J, g). We denote the set of

A pair (J, g) € J. 151 is called regular for H if the operator Dy, ;) is

such regular pairs by 7, ,ﬁfreg(H ).

The next result proves Theorem A(D).

Theorem 7.4. There exists an open subset HJ,., C HJ' which is dense in a neighbour-
hood of H.J' C HJ' and consisting of triples (H, J, g) such that

1 1
HeHY g (J,8) € Ty reg(H).
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Remark 7.5 (on symplectic asphericity). The previous theorem can be rephrased by
saying that we can achieve transversality within the special class of adapted almost com-
plex structures, after possibly perturbing a Hamiltonian which is either generic (in the
sense that it belongs to Hgen), or split (in the sense that it belongs to Hplie). We would
like to draw the reader’s attention to the fact that, in the case of split Hamiltonians, our
proof uses the assumption that W is symplectically aspherical and the Hamiltonian is
C?-small on W. For generic Hamiltonians, these assumptions are not used.

In this section we denote by X the infinitesimal generator of the S!-action on S?V+!.
Also, we make extensive use of the notation H, J, U introduced in Definition and
of the fact that (H, J, U=(u, A)) solve | | if and only if (H, J, U=(u, 1)) solve

(2.5H2.7).

Our first result is an analogue of Lemma @ We recall the notation Vj, (s, 6p) :=
Iso — h, so + h[x]00 — h, 6 + hl.
Lemma 7.6. Let H eﬂﬁmg N'H and (.9 € J'(H). Let D = (V. 7)., p = (v, 1) €
PH) and U; = (uj, %) : R x ' — W x $2N+1 | = 0, 1, be solutions of (6.1H6.4).
Assume that, for some (sg, 6p) € R x § 1

ﬁo(so, 6p) = ﬁ] (s0,6p) and dug(sg, 0o), dﬁ] (so, Oo) are injective.

Also assume there exists hy > 0 such that, for all 0 < h’' < hg, there exists h > 0 with
the following property: for any (s, 0) € Vi (so, 60), there exists (s’,0") € Vyy (so, 6) such
that

Uo(s, 0) = Uy (s, 0").

Then there exists a neighbourhood U C W x §2N+1 ofz(Sl) x (S'- )), independent of

ﬁo and U 1, such that, if ﬁo(so, 6o) € U, the above assumptions imply l70 =U 1 (the same
holds for the asymptote at —o0).

Proof. By Proposition it is enough to prove that 170 and U 1 coincide on some open
neighbourhood of (sg, 8p). Let us choose 0 < 7’ < hg small enough so that U; :
Vi (s0, 6p) — W x SN+l igan embedding. Upon further diminishing the corresponding
h > 0, we can assume that ug : Vj(so, 6g) — W is also an embedding.

By assumption we have ﬁo(Vh (s0, 60)) C U 1 (Vi (s0, 6p)). We can therefore define a
smooth embedding G := (171)_1 o ﬁo : Vi(so, 60) — Vi (so, 6p). Moreover, we know
by assumption that (sg, 89) = G(sg, 89) € im(G). There exists therefore 0 < h” < h’
such that V,» (sg, 6p) C im(G). By the implicit function theorem, we obtain a smooth em-
bedding F := G~! := (¢, ¥) : Vi (s0,60) = Vi(s0, 6o). It follows from the definition
that

Ui(s,0) = Up(p(s, 0), ¥ (s, 0))
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for all (s, 0) € Vy»(s9, 8p). Substituting this relation into for u; we obtain

0= dyur(s, 0) + Ty, ) @1 s, 0) = X, (1)

= O5u0(F)ds¢p + dguo(F)dsyr
o+ Ty Wo(F) Do (F) g + dguo(F)dgr — X (o (F))]

= B5u0(F)dsp + dpuo(F)osy + T[Tz, () (=B0uo + X i )39
0(F)
+ (JXO(F)BA‘“O + XI-NIXO(F))BQI/I - XﬁKO(F)]

= (05§ — B V)0su0(F) + B + 09)0guo(F) = B¢ X g (o(F))
= (1= 80¥) Jyy ) (o) X . (o (F)). (7.1)

The third equality uses the Floer equation (6.1)) for (uo, ko)
By Deﬁmtlon L we can choose a neighbourhood U C W x S2V+1 of Y (SHx(s'- A)
such that
(WX g, X 1(x) & Span(J,(x) X 7, (x), X 7, (x))

for all (x, A) € U. ~
Up to further diminishing 2 > 0, we can assumeNthat Uo(Vi (50, 60)) C U. We now
claim that the four vectors d5uq, dgug, X it (o), J5,(uo)X 7. (uo) are linearly inde-
0 A0

pendent on an open dense subset of V},(sp, 6p). This follows from the argument in [10}
Lemma 7.7]. More precisely, assume by contradiction the existence of a nonempty open
subset 2 C V},(s0, 6p) such that these four vectors are linearly dependent on 2.

Let us first use the assumption of strong admissibility on H. Since u( is an embedding
on Vj,(sg, 6p), we can further assume, after slightly moving the base point (so, 90),~ that
uo(Vi(so, 6p)) does not intersect the geometric image of y. Also, by assumption, Ag is

close to S! - A, and therefore ng (uo) # 0 on Vi (sg, 6p).
0

On the other hand, by assumption the vectors dsu( and dpuo are linearly independent
on V},(sg, 0p). Let us use the shorthand notation J = JX and X5 =X ,;N Since dgug =

Tosuo + X5 77 (o), the linear dependence of the above four vectors on Q is equivalent
to the hnear dependence of dsuq, Josuo, X, J. X 7. This in turn implies that d;up €
Span(J X j ii» X ), 1.e. there exist smooth functions a, b : 2 — R such that
dsuto = aJ X 7 (uo) + bX g (o).
From dgug = fasuo + X ;7 we also obtain
dguo = bJ X (o) + (1 — @)X  (uo).

‘We now use the fact that [05uq, dgug] = 0 on 2 to obtain

@ +b*—a)[JX 5, X1 = (3a — 3;b) T X7 + (3sa + 06b) X . (1.2)
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Note that the linear independence of dsug and dyug is equivalent to the condition a? +
b —a # 0. We infer that, for all (s, 6) € €,

).

[Jxo(sﬁ)Xﬁ;O(w)’ Xﬁ%(y,@)](u()(s’ 0)) € Span(‘lﬂ)to(sﬂ)xﬁxo(m)’ Xﬁxo(x_(;)

This contradicts our choice of Y. We have thus proved that the four vectors dsup,
doug, X ﬁxo (uo), JKO(M())X HXO (up) are linearly independent on an open dense subset
VY C Vi (s0, 6p).

Since F : Vyr(so, 60) — Vu(so, 6p) is an embedding, we infer that F (V) is open
and nonempty. Equation now implies that 9;¢ — gy = 0, 05 + 39 = 0, dpp = 0,
and 1 — 99y = 0, so that F(s,0) = (s + 5,60 + 6) on F~1(V) for suitable constants §
and 0. Since F (so, 6p) = (s0, 6p), we must have s = 0 and @ = 0, and therefore U; = U
on F~1(V). This concludes the proof. O

The next lemma is the analogue of Lemma 7.6 in [10].

Lemma7.7. LetU = (u, X) be a solution of 1 , and assume asﬁ £ (0, 0).
() Ifdu # 0, the set of points (s, 0) € R x S' such that the vectors

aU(s,0) and dU(s,0) (7.3)

are linearly independent is open and dense in {(s, 0) : du(s, 0) # 0}.
(i) Ifdu = 0, the above vectors are linearly independent on R x S'.

Remark 7.8. The key point in the statement is that 8X17 and 3 U lie in the kernel of the
operator which linearizes equations (6.1H6.3)), since the latter are independent of s and 6.
Equivalently, (d;u, 1) and (dgu, —X) lie in the kernel of the linearized operator Dy, ).

Proof of Lemma Openness is clear by continuity of d; U and dp U.To prove density,
we argue by contradiction and assume that d;U and dpU are linearly dependent on some
open set @ C R x S'. By Proposition i), the set of points where 9;U # (0, 0) is open
and dense in R x S!, so that we can assume without loss of ggnerality that o0,U 7é~ 0,0
on 2. We thus find a smooth function © : 2 — Rsuchthat dyU (s, 0) = u(s, 0)o;U (s, 0)
for all (s, ) € Q. More explicitly,

(Bpu(s, 0), (=0)+Xi(s)) = pu(s, 0)(@su(s, 0), (=0)+9s1(s)).

Since X # 0, we infer p # 0. Since X (5) and d;A(s) do not depend on 8, we infer that
the same holds for w, so that

u(s, 0) = uls).
In the computations that follow we denote total derivatives by d, and partial deriva-
tives by d. We compute
ds(HoU) = 8, H - dsu + 9, H - 3 = (X fj, dyu) + 03 H - ds 1
= (=T dgu + du, dgu) + 3 H - 0 = |dgu|> + d H - dsA.
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For the third equality we used the Floer equation for u. We also have
~ o~ ~ ~ ~ ~ 1 ~ ~
dg(HoU) =dH - 9U = udH - 3,U = —|dgu|* 4+ 9, H - dpA.
"

We now compute mixed second derivatives:

dods(H o U) = 2(Vpdsu, dsu) + w@su, (3,7 - dgh) - dsut) + 3p (85 H - d51)
/

~ o~ 2 1 ~ ~
dydy (H o U) = =25 10gul® + = (Vy0gu, dgu) + —e Bgu, (3T - 957%) - dgu)
0 0 0
+ 05(0, H - dg)).

The equality dyd; (I—NI o ﬁ) = dsdg(ﬁ o 17) implies (/) |9gu|? = 0. Indeed,

2
2(Vgosu, dgu) = 2(Vydgu, dsu) = —(Vsdgu, dgu)

7

because Vgosu = V0gu, and we have

~ ~ 1 ~ ~
w(Osu, (0yJ - 0gA) - Osu) = —w (dgu, (95 J - dsA) - dgut)
%

because dpu = pdsu, A = dsh; similarly,

(03 H - 957) = Vy 7 (03 H) - 95 + (03 H) - Vodsh + .95 H - (dgu, 9 1)
=V, 50 H) - 093 + (9. H) - Vsdgh + 0,0, H - (dsu, dp1)
= 35 (. H - dgh).

Thus
(1 /uH)|Bou|* = wW'9sul* = 0. (7.4)

We now prove (i). In this case we have dsu # 0 or dpu # 0 on Q2. Then (7.4)) implies
u' =0, so that y is constant on 2. We now claim that

U(s — pt,0+1) = Us, 0) (1.5)

for t sufficiently close to 0 and (s, #) in some nonempty open subset of 2. Indeed, this
clearly holds for T = 0 and the derivative of the left hand side with respect to 7 is given
by

—udsU + 39U = 0.

Both sides in define solutions of (6.1H6.4), and they must coincide by the unique
continuation property (Proposition[6.2). In particular, their asymptotes must also coincide.
This leads to a contradiction, since the asymptote (say at —oo) of the left term in (7.5)) is
(—7) - p, which is different from the asymptote  for small r # 0, due to the fact that S’
acts freely on S2V+1,
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We now prove (ii). In this case we have d;u = dgu = 0 on R x St sothatu(s, 0) = x.
We have

d ~ o~ W o~ o~
0= — H(x,A(s,0 +1))dT =/ VAH(x,)L(s,Q—i—T))-X;(S 0+7) dt
d@ s1 sl s

- /1 T Vi H(x, K(s,0 + 1) dT - X3, 4.
S

For the last equality, we used that X3, o) = T« X3 ¢+r)- Assuming by contradiction that
—X7(.0) = H($)35A(s, 0) at some point (s,0) € R x S', we obtain 0 = d;A(s, 0) -
X0y = — /DI X55.0) |12, which is impossible. |

Definition 7.9. Let H < Hf,l. Given maps u : R x S! 5> Wand A : R — S2N+1
denote U := (u, A) as in Definition and assume that U satisfies the asymptotic con-
ditions (6.4) for (¥, A1), (y,4) € P(H). A point (so, 6p) € R x S1 is called injective
if

U~ (U(s0, 00)) = {(s0, 60)}, ~ dU(so, ) is injective

and
U(s0.60) # (7). (—6) - %), U(s0.60) # (y(®), (=) -2), Vo eS. (16
We denote the set of injective points by R(ﬁ ).

Proposition 7.10. Ler H € H]Svl,reg NH and (J,g) € J'(H). Let p, p € P(H) and

U= (u,X) ‘R x S — W x S2N+! pe g solution of (6.1H6.4) satisfying 3,U # (0, 0).
For every R > 0, there exists a nonempty open set @ C [R,oo[ x S! consisting of
injective points.

Proof. We proceed in several steps.
Step 1. We prove that R ([7 ) is open.

The second and third conditions in the definition of an injective point are clearly open,
and we must prove that the first one is open as well. Arguing by contradiction, there exists
(s0,00) € R(U), a sequence (s”,0") — (sg, 6), and a sequence (s, 0") # (s",0")
such that U(s",0"") = U(s", 0"). Since dU (so, 6p) is injective, the sequence (s", 6"")
is bounded away from (sg, ). On the other hand, since U (sg, 6p) does not belong to
any of the asymptotes, it follows that the sequence s is bounded. Therefore (s, 6"V)
has a subsequence converging to (s(’), 96) % (50, 6p). On the other hand, we must have
U (s4, 6)) = U (s0, 6o), which contradicts the assumption that (sg, 6p) € R(D).

Step 2. The set R(l7) is dense in
U U) N {(s,0) e R x S': dus, 0) injective},

where U is chosen as in Lemmall.6l
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Arguing by contradiction, we find a nonempty open set 2 C R x S! consisting of non-
injective points, and such that du(s, 6) is injectjye for all (s, #) € 2. By Lemma i)
we can assume without loss of generality that dU is injective on 2. This implies that the
set of points (s, 8) such that condition is satisfied is open and dense in €2, so that we
can assume without loss of generality that it is satisfied on Q. Thus, the fact that points in
2 are noninjective is equivalent to

Y(s,0) € Q, 3, 0) # (5,0), U,0)=1Uls,0).

By further shrinking €2, we can assume that U |@ is an embedding. Following [10} proof
of Lemma 7.8] we denote

Q={((.0)e Rx S'\Q:U(.0) e UR)).

Since condition is satisfied on €2, we infer the existence of some 7' > 0 such that
Q' C [T, T] x S'. We claim now that ' must contain a nonempty open set. To prove
this, consider the map ® : Q' — Q defined by the commutative diagram

o ® Q

U(Q)

This extends to a smooth map on an open neighbourhood of Q' (compose U in the target
with a projection onto the submanifold U (€2), then apply U~ 1. If a point (s, 0)eQisa
regular value of @, then d U (s’, 0") is injective for all (s’, 8") € @ such that U (s',0") =
U (s, 0). This implies that a regular value of ® has only a finite number of preimages in &’
(otherwise we could find an accumulation point of preimages, which would be a preimage
at which the condition of injectivity of dU would be violated). By Sard’s theorem, we can
gpoose such a regular value (s, 6p). Let (s1, 01), ..., (sy, On) be the other preimages of
U (50, 6p). As in the proof of Proposition , one sees that for any r > 0 there exists
8 > 0 such that

N
V(s, 8) € Vas(s0, 6p), 3(s, 0") € U Vilsj, 0i),  U(s,0) =U(s", 8"
j=1

(if this were not true, one would produce by a compactness argument in [—7, T'] x Sla
preimage of U (so, 0p) distinct from (s;, 6;), j =0, ..., N). Let us define
;= {(5.0) € Vs(s0.60) : 35, 0") € V,.(s;.6). U(s'.0') = U(s.0)}.

Then X; is closed and Vs(s0,60p) = Ty U---UZ N It follows from Baire’s theorem
that some %, say X, has nonempty 1nter10r Then U (int(X1)) is nonempty and open
in U(Q) so that X7 := (U|v,@1 o)~ 1(U(1nt(2]1))) is nonempty and open in ', which
proves our claim.
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Let (5, 6) € int(X) and denote by (51, 01) € | the unique preimage of U, 9). Let
0 < rno<r be such that Vrl(s1,01) C X{,and 0 < §; < § be such that Vs, (s, 0) C I
and U (Vs, (5, 9)) C U (Vr, G51, a). It follows from our ¢ construction that, for all 0 < A’
< ry, there exists 0 < h < §; such that U(Vh (s, 9)) C U(Vh/(s1, 01)). We can therefore
apply Lemmaw1th (50, 60) := (5, 6), Uo = U U1 = U( +51—5,-+6; —6),and
ho = ry. Since U (sg, 69) € U, we obtain Uo = Ul

We can now get the desired contradiction as follows. We first note that, by construc-
tion, we have (51, 01) # (5,0). Assume first that 0: # 9. Since limy_, _ ooU(s 0) =
(7/(9) (—6) - 1), we deduce from Uo = U1 that A = (8 — ) - A, a contradiction. Thus
61 =0, so that 5 # 5. Then

U(s, 0) = kgrfooﬁ(s + k(1 —75),0) = F(6), (—6) - 1),

so that 0 U= (0, 0), a contradiction again. The proof of Step 2 is complete.

Step 3. Assume there exists Ry > 0 such that du(s, 0) is noninjective for all s > Ry
and 0 € S'. Assume that limg_, oo (u(s, 0), L(s)) = (Z(O), A) andz is nonconstant. Then

dsu = 0 on [Ry, oo x S' and R(U) is dense in [Ro, oo[ x S!.
Let us choose R > Ry large enough so that X?_Im) (u(s,0)) # 0 for all s > R and

6 € S!'. This is possible since, by assumption, the Hamiltonian H is strongly admissible
(see Definition [7.T). As a consequence of the Floer equation for u, the vectors d;u and
dpu cannot vanish simultaneously for s > R.

We first show that there exist «, 8 € R such that

adsu(s,0) + Bogu(s,0) =0 (7.8)

for all (s,0) € ]R,oo[ x S'. By our assumption on du, this relation holds for some
choice of smooth functionsNa, B ;]R, oo x S! — R such that a? + ,32 = 1. Let us
use the shorthand notation J := J3, X5 := X s so that the Floer equation for u reads

st + .73(-)14 = JNXg. We obtain
8Su=,32fXg—a,BXﬁ and aguz—aﬁfXg—i—azXﬁ.

Let us denote a = ,32, b := —ap, so that o;u = aJNXﬁ + bX g, dgu = bJNXﬁ +
(1 —a)Xg,and a?® + b? — a = 0. From [9;u, dpu] = 0 we obtain (see also (7.2))

0 = (dpa — dsb) T X 7 + (dsa + dpb) X 7.

By our choice of R > 0 we have X5 # 0, hence the linear combination above must be
trivial. The map (b, a) : 1R, oo[ x S' — C is therefore holomorphic. On the other hand,
its image lies on the circle a® 4+ b> —a = 0, and this map must be constant. It then follows
that « and B are constant as well.

By assumption, the asymptote y is nonconstant. This implies that 8 = 0, as seen by

passing to the limit s — oo in (7.8). Thus d;u = 0 on [R, oo x S'.
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We now prove that d,u = 0 on [Rg, 0o[ x S'. Let Z := {R € [Ry, 0o : d;u = 0 on
[R, oo[ x §'}. We have just showed Z # @, and clearly Z is closed. On the other hand, the
previous proof also shows that Z is open (if R € Z, then u([R, oo[ xS') = Z(Sl), hence

u([R—e, oo xS is close to y (S') for ¢ > 0 small enough, so that X i is nonzero along
the image of u and one can apply the previous argument). Thus Z = [Ry, ool.

We claim that dU (s, 0) is injective for all (s, 8) € [Ry, oo[ x st Indeed the compo-
nent A of (u, A) solves a time-independent ODE on [ Ry, oo, and since d; U # 0, we infer
that )'»(s) # 0 for all s > Ry. Since dgu ;é 0 on [Ry, oo x S!, the claim follows.

We finally claim that the set R(U) of injective points is open and dense in
[Ry, oo x S1. Arguing by contradiction, we find a nonempty openset 2 C [Ro, 00] x st
consisting of noninjective points. Since dgu # 0 on 2 and dU is injective, it follows that
the second and third conditions in the definition of an injective point are satisfied. Thus,
the fact that points in 2 are noninjective is equivalent to

Y(s,0) € Q, 3, 0) #(s,0), Us,0)=1Uls,0).

Arguing verbatim as in Step 2, we find (after possibly shrinking €2) an open set SZ’ C
]—o00, Ro[ x St, dlS_]Olnt from €2, and a diffeomorphism ® := (¢, V) : Q
such that U oy = U | o @ (see diagram (7.7)). Substituting the relation u(s 0) =
u(@(s,0), ¥(s,0)) for all (s,0) € Q' in the Floer equation (6.I) for u, we obtain, as

in (7.1),
0 = (05¢ — 99 ¥)0su(P) + (0¥ + dgP)dpu(P) — dp¢p XH~ (M(CD))
— (1 —0899) JX@)(M(CD))XHX@) (u(P)).
Using that d;u = 0 and dgu = Xﬁx # 0 on 2, we obtain
W =0, g = 1.
The same substitution in for X yields

0= dph + X7 = 8, 1(P)3pd + dpA(P)p Y + X5 (g
= M (@) + (B0 — 1)(—X5(g))- (7.9)

The third equality uses equation for A. Since dg¥ = land 3;)? # 0 on 2, we obtain

d = 0.
Thus ¢(s,0) = ¢(s) and ¥ (s,0) = 0 + 6y, 6y € St are actually defined on some
open strip I’ x S which intersects Q'. Let us denote I := ¢(I’), so that we have a

diffeomorphism
=@.y¥):I'xS' > I xS\

‘We first observe that

MD(s,0)) = A(s,0), V(s,0)el xS
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This follows from the fact that both A o ® and % solve the same ODE (6.3), due to the
special form of ®. We now claim that u o ® and u coincide on I’ x S!. This follows from
the unique continuation property for the standard Floer equation, since u o ®(s, ) =
y (0 + 6p) and therefore

35 (1t 0 D) + Jx (1 0 D) (g (u 0 D) — Xz) =0

on I’ x S'. We have thus obtained

Uo®=0U
on I’ x S'. Let now sy € I' and denote sy := ¢ (s;). The maps U and ﬁ(~ + 50 — 5,
-+6p) coincide along {s} x § !"and solve 1 , hence by unique continuation (Propo-

sition they coincide on R x S'. Arguing as in the last paragraph of Step 2, we obtain
a contradiction with our standing assumption d;U % (0, 0). This proves Step 3.

Step 4. Assume there exists Ry > 0 such that du(s, 0) is noninjectiyffor all s > Ry and
0 € S'. Assume that limg_, oo (u(s, 0), A(s)) = (x, L) for some x € W (recall that, in this
case, we have h = K + f near (x, ))). Then either

e du =0on[Ry, oo xS! and R(U) is dense in [Ry, oo[ x S, or
o there exists R > R such that dpu = 0 and u is a nonconstant gradient trajectory of K
on [R, 0o[ x S'. In this case, R(U) is dense in [R, oo[ x S'.

By condition (2)) in Definition[7.1] there exists R > Ry such that, for s > R, the compo-
nents u and A solve the decoupled equations

dsu + J (u)(dpu — X (u)) = 0,
A—VfQH) =0.

The first equation implies that Cg(u) := {(s,0) € ]R, oo[ x S' o du(s, ) = 0} either
coincides with ]R, oo[ x S! or is discrete [10, Lemma 4.1]. In the first case, we obtain
du = 0on |R, oo[ x S!. In the second case, the complement of Cg(u) is connected. As
in Step 3, one then shows that there exist «, 8 € R such that o + ﬂ2 = 1land

adsu(s,0) + Bogu(s,0) =0

for all (s, ) € IR, oo[ x S!.

If o # 0, let us assume without loss of generality that @ > 0. Then u(s, 6) = u(s+oat,
0 + Bt) forall t > 0 and (s,0) € |R, oo[ x st Letting t — oo we see that u(s, 0) = x
and we again obtain du = 0. If @ = 0, then dgu = 0 and u is a gradient trajectory of K.

We now prove the following: if du = 0 on [R, oo[ X S! for some R > Ro,
then the same holds on [Rg, oo[ x S'. Arguing as in Step 3, we consider the set
Z:={R €[Rp,00[:du=0o0n[R, o0 x Sl}. Then Z # () and 7 is closed. On the other
hand, 7 is open: if R € Z, then u([R, oo[ x S') = x and therefore u([R — ¢, oo[ x S')
belongs to a neighbourhood of x where H has the form K + f, provided ¢ > 0 is small
enough. The above argument shows that either du = 0 on [R — ¢, 00[ X § Loruisa
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nonconstant gradient trajectory of K on the same domain. The latter is impossible since
du =0on [R, oo[ x S'. This shows Z = [Ry, ool.

Let us refer to the case du = 0 as Case 1, and to the case when u_is a nonconstant
gradient trajectory of K as Case 2. We denote R:= = Rp in Case 1, and R := Rin Case 2.
We now prove that injective pomts are dense in [R oo x S,

Let us first assume that A #_0 on [R oo[. Since X and A are orthogonal (by S'-
invariance of f ), we infer that dU is injective on [R oo[ x S!. Moreover, since A(s) ¢
St.xfors > R, the third condition in the definition of an injective point is satisfied.
Arguing by contradiction as in Step 2 (using Baire’s theorem), we find open sets Q' C
]—o0, R[ x S' and Q@ C [R, oo x S! and a diffeomorphism <I> =(p,Y): QL > Q
such that U(s, 8) = U(®(s,0)) for all (s,0) € . Using (7-9) of Step 3 we obtain
dp¢ = 0and dpyy = 1. Thus ¢ = ¢(s) and ¥ = 6 + U(s), and ® admits an extension
D = (@.¥): 1/ x 81— I x S as in Step 3. The same arguments as in Step 3 show
that U o ® = U on I’ x S'. We then fix sy € 1" and denote s := ¢(s ) The maps U

and U( + 50 — SO, + 1//(s0)) coincide along {so} x S! and solve , hence by
unique continuation (Proposiﬁgion they coincide on R x S!. As in the ﬁnal paragraph
of Step 2, this contradicts ;U # (0, 0).

We now assume that A = 0 on [R, oo[. Then u is a nonconstant gradient trajectory
of K (Case 2). Under our assumptions d U is injective on [R, oo[ x S'. Moreover, u
is not equal to x on this domain and hence the third condition in the definition of an
injective point is satisfied. Arguing as above and using the same notatlon we find that
U(s,0) = U(D(s,0)) for all (s,0) € Q, with d = (¢, ¥). Using (7.1) we obtain
9s5¢ = 1 and dg¢p = 0, so that ¢(s,0) = s + 5 for some 5 € R. Using we obtain
dpy = 1,80 Y(s,0) =6+ E(s). We conclude exactly as above. This proves Step4. O

Proposition 7.11. Let H € HISV]’re NH and (J,g) € J'(H). Let (u, %) : R x §1 —

W x S2V+1 pe g solution of l ) satisfying osu # (0, 0). Assume one of the following
holds:

e one of the asymptotes of u has a nonconstant first component,
e both asymptotes have a constant first component and u differs from a nonconstant
gradient trajectory in the neighbourhood of —oo or +o00.

Then there exists a nonempty open set @ C R x S! consisting of injective points and such
that du is injective on Q.

Proof. We distinguish several cases.

Assume there exists a sequence (s, 8") such that s* — o0, v — oco and du(s”, 6")
is injective. In this case, the claim follows from Step 2 in the proof of Proposition

Now assume there exists Ry such that du is noninjective on [Rg, oo[ xS 1 and the
asymptote y := limy_ oo u(s,-) is nonconstant. Let R_ := inf{R : ds;u = 0 on
[R, oo] x S‘}. By Step 3 in Proposition we have R_ < Ry. Moreover, the as-
sumption dsu % 0 ensures that R_ > —oo. Applying Step 3 again, we find a sequence
(sV,60") such that s* — R_asv — oo (withs” < R_), and du(s", 6") is injective. Then
the claim follows from Step 2.
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Finally, assume there exists Ry such that du is noninjective on the domain
[Rg, oo x S, and the asymptote y := limg_, o u(s, ) is constant. By Step 4 in the proof
of Proposition and our assumption above, we must have du = 0 on [Rg, co[ X S L
Let R_ :=inf{R : du = 0on [R, oo x Sl}. Then R_ < Ry and, because d;u # 0, we
have R_ > —oo. Applying Step 4 again, we find a sequence (s”, 6") such that s* — R_
as v — oo (with s¥ < R_), and du(s”, 6V) is injective (if such a sequence did not exist,
we could find ¢ > 0 such that du is noninjective on [R_ — &, 0o[ x S so that, by Step 4,
we either have du = 0 on this domain and get a contradiction with the definition of R_,
or u is a nonconstant gradient trajectory and we get a contradiction with our assumption).
The claim then follows from Step 2. O

Proof of Theorem We start by defining the neighbourhood of H,7' c HJ' for
which we will prove the theorem. Let us fix (Hp, Jy, go) € HsJ and define which
perturbations (H, J, g) of (Hy, Jo, go) are allowed. If Hy € Hgen, then we allow any
H € Hgen and any (J,g) € J'(H). If Hy € Hgpit, then the S Linvariant metric g
on S?V*1 is allowed to be arbitrary. The pair (H, J) is required to be a perturbation of
(Ho, Jo) supported away from the constant orbits of H, and close enough to (Hy, Jo) so
that the following two conditions hold:

e For all (y1, A1), (y2,A2) € P(H) such that y; = y» and A1 # X2, and for every
solution A : R — S?N*1 of the equation

i:/aﬁHwJM®JM9 (7.10)
s!

with limg_, o A(s) = A1 and limg_, o0 A(s) = A2, there exists a nonempty open inter-
val Z C R such that, for any s € 7 and s' € R\ {s}, we have A(s’) ¢ S' - A(s).

e Forany p = (y,A),p = (y,A) € P(H) such that y = X, y = x are constant,
and any (u, A) € /\7(?, D; H, J, g) such that, near p and D the components u, A are
nonconstant gradient trajectories of K, f , respectively K, i , we have

ABRNGSH- D=0 or AR NS 1) =0. (7.11)

The condition involving is clearly satisfied for (Hp, g) with g arbitrary. Hence
it will still be satisfied for small enough perturbations of Hy.

The condition involving is also satisfied for the pair (Hp, Jo). Let us write Hy =
Ko+ fo. By the maximum principle and taking into account that constant orbits of K are
situated in W, the trajectories involved in condition are contained in W. Since K
is C?-small on W, and W is symplectically aspherical, these must be gradient trajectories
of Ko [17]. Similarly, the A-components are gradient trajectories of fjy. Hence is
satisfied due to S!-invariance of fo- As a consequence, it will still be satisfied after a small
perturbation of the pair (Hy, Jp).

Once the above neighbourhood of H,. 7’ has been defined, the proof is set up as for
Theorem with obvious modifications dictated by S !_jnvariance and the fact that, in
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the split case, we only allow perturbations supported away from the constant orbits. The
main equation is (.4)), namely

/ (0. Dyt + (DiJ - 0 dsu = T (DX, - €) = T X, + Y9 Tdsu) ds do
RxS

+f<k, vsz—w/ %H—/ V;%AH—/ %h+A~)l>ds=O. (7.12)
R st st st

We must show that if (7.12) is satisfied for all (¢, ¢, h, Y, A) € T B @ ThHN reg @

1y, g)jN , then (n,k) = 0. Taking h = 0,Y = 0, A = 0 we find that (5, k) lies in the
kernel of the formal adjoint D{;, ;. The latter has the same form as Dy, and is therefore
elliptic with smooth coefﬁc1ents By elliptic regularity, it follows that  and k are smooth
and the pair (n, k) satisfies the unique continuation property. It is therefore enough to
show that (7, k) vanishes on a nonempty open set. We now distinguish three cases.

Case 1: d;u = 0 and 9,4 = 0. In this case (u,A) = (y, o) € P(H). The operator
Dy, 1s Fredholm of index 1 (using the notation in the proof of Proposition @, the
index is easily seen to differ by 1 from the index of the operator Dy, ), which is equal
to 0 since Dy, ;) is bijective). We must therefore show that D(u ») has a 1-dimensional
kernel. Let V € ker Dy, and denote V (s) := V(s,-) € H'(S!, y*TW) @ T, SNV +1.

Let V(s)' be the L?-orthogonal complement of (y, —X) and consider the asymptotic
operator Dy 5 : H'(S!, )/*TV’I7)EBTAOSZI\“rl — L2(S', y*TW)EBTAOSZN“. In suitable
coordinates, we can write D, ) = ds + D(y,1y)- Since V € ker D ), we have

2
(@5 — D(y.20)) @5 + Dyag))V = 02V — D, ;, V= 0.

Taking the L2-scalar product with V(s)%, using that Dy, ;) is self-adjoint, and that
@ V)Lt = a,(Vh), we obtain (32VL, V) — |D(, ) VEII? = 0. By assumption, the
kernel of Dy ;) has dimension 1 and is generated by (y, —X). Hence there exists a
constant ¢ > 0 such that

DG VT2, = V)7, Vs eR.

As a consequence 32| VL)% > 2(32vE, vE) > 2¢| VL2 Since |V - Oass —
Fo00, we infer by the maximum principle that VL = 0. Thus V(s) = a(s)(y, —X) and
we obtain

0= DV =d)y,—X) +a(s)Dy.) ¥, —X) =d (s)(y, —X),
so that a is constant. This proves that ker D, ) is generated by (y, —X), as desired.

Case 2: 9;u = 0 and d;1 # 0. By Steps 3 and 4 in the proof of Proposition the
set of injective points is open and dense in R x S!. By condition (7.10), there exists a
nonempty open set 2 C R x S! consisting of injective points such that A(s") ¢ S - A(s)
for all s’ # s and all (s, 8) € €. Note that A # 0 and, up to further shrinking €2, we can
assume without loss of generality that 7 is an embedding on £2.
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We claim that k(s) = 0 for all (s, 8) € €2. Arguing by contradiction, we find (sg, 6y) €
 such that k(sg) # 0. Wetake ¢ = 0,¢ = 0,Y = 0, h = 0, and A supported near
S . A(so) and satisfying A(A(so)) - A(so) = k(so). The first integral in vanishes,
and the second integral is localized near so and is positive. This contradicts (7.12).

We now claim that n = 0 on . If not, let (so, 6p) € €2 be such that n(so, 6p) # 0.
Let us consider a function & of the form h(x, 1) = ¢(x)y¥ (1) such that ¥ is a cutoff
functlon supported near X(so, 0p) = (—6p) - A(s0), ¢ is supported near u(sg, 00) and satis-
fies JA(bO’GO)X W0 (u (50, 60)) = n(so, 6p). This determines uniquely an Slinvariant

function A& via h(6, x, A) = h(x, (—6) - A). We now remark that if the support of ¢ is
small enough (depending on the choice of ¢), we have

(n(s,0), — A(v Q)th (u(s,0))) =0

on R x S!, and vanishes outside a small neighbourhood of (s, fp). To see this, one uses
that (s, 6p) is an injective point and that X is an embedding on 2. We now take ¢, ¢, Y, A
to be zero, and 4 as above. Then both integrals in are localized near (sq, 6p). Since
k vanishes on €2, the second integral vanishes, whereas the first one is positive. This

contradicts (7.12).

Remark. The perturbation / is admissible even if # = x is a constant orbit. Indeed,
in this case A is a gradient trajectory of an S'-invariant function on S?¥+! so that
A(so) ¢ S'- A, with A := lims_, o A(s). Thus, the Hamiltonian H remains split” in
a neighbourhood of {x} x (S! - 1) under perturbations that are supported away from this
set.

Case 3: 9,u # 0. Let us first assume that u satisfies the assumptions of Proposition[7.11]
and let 2 C R x S! be a nonempty open set consisting of injective points and such that
du is injective on 2.

We claim that » = 0 on Q. If not, we can find (sg,0p) € € such that
1(so, 60) # 0. Moreover, we have dsu(so, 6p) 7# O by the definition of 2. Let Y :
W x S2N+1 _ End(TW) be a function supported near pg :— (0, 00), A (50, 60)) =
(u(sg, 6p), (—6p) - Ao), and which satisfies the relation Y(po)J (u(so, 6p))0s u(so,eo)
r)(so, 6p). This uniquely determines an Slinvariant function Y via Y x) =
Y(x (—0) - 1). Taking ¢ = 0, £ = 0,h = 0, A = 0, and Y as above, the ﬁrst inte-
gral in (7.12) is localized near the injective point (sg, 90) and hence is positive, whereas
the second integral in is zero. This contradicts (7.12)) and proves that n = 0 on 2.

We now claim that k(s) = 0 for all (s, 9) e Q. Argumg by contradiction, we find
(so, 0p) € 2 such that k(sg) # 0. Let h: W x S2V+1 5 R be a function of the form
h(x A) = ¢(x)¥ (L) such that ¢ is a cutoff functlon near u(sg, 6p), and ¥ is supported
near A(so, 6p) = (—6p) - A(sp) and satisfies Vuﬁ()\(so, 6o0)) = —k(so). This uniquely de-
termines an S!-invariant function 4 via h (6, x, 1) := h(x, (—6)-1). The main observation
is that if the support of ¢ is small enough, then

<k(s),f %Ah(e,u(s,e),)\(s))d9>zo
Sl
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and vanishes outside a small neighbourhood of (sg, 6p). This follows from the fact that
(s0, Bp) is injective and the assumption that du(sg, 6p) is injective, so that u is an embed-
ding near (sg, 6p). Taking ¢ = 0,£ = 0,Y = 0, A = 0, and & as above, we see that
both integrals in are localized near (sg, 6p). Since n was shown to vanish on €2, the
first integral vanishes, whereas the second integral is positive. This contradicts and
proves the claim.

We are now left with the case when both asymptotes of u are constant and u is a
nonconstant gradient trajectory near +oo. It follows from Step 4 in Proposition that
there exists R > 0 large enough such that d;u # 0 on Q2 := (]—o0, —R]U [R, oo[) x st
and the set of injective points is open and dense in this domain. The same argument as
above shows that n = 0 on Q.

We claim that k(s) = O for all (s, ) € . If A is constant near —oo or +00, the same
construction as above proves the claim. Let us therefore assume that A is a nonconstant
gradient trajectory near both f-oc0.

We now use that (u, A) satisfies , say at 4+o00. This implies that, for s > 0 large
enough, we have A(R\ {s}) N S1. A(s) = @. Let us choose an injective point (sg, 6p) with
so large enough such that k(sg) # 0. Since i(so) # 0, we can choose an Slinvariant
function A supported in a neighbourhood of § L. x(sp) and satisfying A(A(sp)) - )'L(so) =
k(sp). The first integral in vanishes since 1 was shown to be zero near +00, and the
second integral is localized near sp and is positive. This contradicts and finishes the
proof. O

Acknowledgments. We thank Luc Robbiano for having read our proof of Proposition and for
having suggested an alternative one.

The authors were partially supported by the Ministere Belge des Affaires étrangeres and the
Ministere Frangais des Affaires étrangeres et européennes, through the programme PHC-Tournesol
Francais. F.B. was partially supported by the Fonds National de la Recherche Scientifique (Bel-
gium). Both authors were partially supported by ANR project “Floer Power” ANR-08-BLAN-0291-
03 (France).

References

[1] Aronszajn, N.: A unique continuation theorem for solutions of elliptic partial differential
equations or inequalities of second order. J. Math. Pures Appl. (9) 36, 235-249 (1957)
Zbl 0084.30402/ MR 0092067

[2] Bourgeois, F., Oancea, A.: An exact sequence for contact- and symplectic homology. Invent.
Math. 175, 611-680 (2009) [Zbl 1167.53071 MR 2471597

[3] Bourgeois, F., Oancea, A.: The Gysin exact sequence for § 1 -equivariant symplectic homology.
arXiv:0909.2588

[4] Bourgeois, F., Oancea, A.: Linearized contact homology and S 1 -equivariant symplectic ho-
mology. In preparation

[5] Bourgeois, F., Oancea, A.: Symplectic homology, autonomous Hamiltonians, and Morse—Bott
moduli spaces. Duke Math. J. 146, 71-174 (2009) Zbl 1158.53067 MR 2475400

[6] Brézis, H.. Analyse fonctionnelle: théorie et applications, Masson, Paris (1983)
Zbl 0511.46001! MR 0697382


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0084.30402&format=complete
http://www.ams.org/mathscinet-getitem?mr=0092067
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1167.53071&format=complete
http://www.ams.org/mathscinet-getitem?mr=2471597
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1158.53067&format=complete
http://www.ams.org/mathscinet-getitem?mr=2475400
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0511.46001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0697382

Fredholm theory and transversality 1229

(7]
(8]

(9]
[10]

(11]
(12]
[13]

(14]

[15]

(16]

(17]

(18]

[19]

Carleman, T.: Sur les systemes linéaires aux dérivées partielles de premier ordre a deux va-
riables. C. R. Acad. Sci. Paris 197, 471-474 (1933) [Zbl 0007.16202

Cieliebak, K., Frauenfelder, U.: A Floer homology for exact contact embeddings. Pacific J.
Math. 239, 251-316 (2009) |Zbl pre05541980 MR 2461235

Cieliebak, K., Oancea, A.: Non-equivariant contact homology. In preparation

Floer, A., Hofer, H., Salamon, D.: Transversality in elliptic Morse theory for the symplectic
action. Duke Math. J. 80, 251-292 (1995) |Zbl 0846.58025 MR 1360618

Givental, A.: Homological geometry. I. Projective hypersurfaces. Selecta Math. (N.S.) 1, 325—
345 (1995) Zbl 0920.14028| MR 1354600

Hutchings, M.: Floer homology for families. I. Algebr. Geom. Topol. 8, 435-492 (2008)
Zbl 1170.57025/ MR 2443235

McDuff, D., Salamon, D.: J-holomorphic Curves and Symplectic Topology. Amer. Math.
Soc. Collog. Publ. 52, Amer. Math. Soc. (2004) Zbl 1064.53051/ MR 2045629

Oancea, A., Wehrheim, J.: G-equivariant Floer homology. In preparation

Robbin, J., Salamon, D.: The spectral flow and the Maslov index, Bull. London Math. Soc.
27, 1-33 (1995) Zbl 0859.58025 MR 1331677

Salamon, D.: Lectures on Floer homology. In: Symplectic Geometry and Topology, Y. Eliash-
berg and L. Traynor (eds.), IAS/Park City Math. Ser. 7, Amer. Math. Soc., 143-229 (1999)
Zbl 1031.53118 MR 1702944

Salamon, D., Zehnder, E.: Morse theory for periodic solutions of Hamiltonian systems
and the Maslov index. Comm. Pure Appl. Math. 45, 1303-1360 (1992) [Zbl 0766.58023
MR 1181727

Sikorav, J.-C.: Some properties of holomorphic curves in almost complex manifolds. In: Holo-
morphic Curves in Symplectic Geometry, M. Audin and J. Lafontaine (eds.), Progr. Math. 117,
Birkhéuser, Basel, 165-189 (1994) MR 1274929

Viterbo, C.: Functors and computations in Floer homology with applications. I. Geom. Funct.
Anal. 9, 985-1033 (1999) Zbl 0954.57015 MR 1726235


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0007.16202&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:05541980&format=complete
http://www.ams.org/mathscinet-getitem?mr=2461235
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0846.58025&format=complete
http://www.ams.org/mathscinet-getitem?mr=1360618
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0920.14028&format=complete
http://www.ams.org/mathscinet-getitem?mr=1354600
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1170.57025&format=complete
http://www.ams.org/mathscinet-getitem?mr=2443235
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1064.53051&format=complete
http://www.ams.org/mathscinet-getitem?mr=2045629
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0859.58025&format=complete
http://www.ams.org/mathscinet-getitem?mr=1331677
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1031.53118&format=complete
http://www.ams.org/mathscinet-getitem?mr=1702944
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0766.58023&format=complete
http://www.ams.org/mathscinet-getitem?mr=1181727
http://www.ams.org/mathscinet-getitem?mr=1274929
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0954.57015&format=complete
http://www.ams.org/mathscinet-getitem?mr=1726235

	Introduction
	Fredholm theory for the parametrized Floer equation
	Unique continuation for the parametrized Floer equation
	Transversality for the parametrized Floer equation
	Fredholm theory in the S1-invariant case
	Unique continuation in the S1-invariant case
	Transversality in the S1-invariant case

