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Abstract. We consider the fractional Laplacian —(—=A)*2 on an open subset in RY with zero
exterior condition. We establish sharp two-sided estimates for the heat kernel of such a Dirichlet
fractional Laplacian in cl! open sets. This heat kernel is also the transition density of a rotationally
symmetric «-stable process killed upon leaving a C 11 open set. Our results are the first sharp two-
sided estimates for the Dirichlet heat kernel of a non-local operator on open sets.
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1. Introduction

Second order elliptic differential operators and diffusion processes take up, respectively,
central places in the theory of partial differential equations (PDE) and in probability the-
ory (see [18] and [19] for example). There are close relationships between these two
subjects. For a large class of second order elliptic differential operators £ on R?, there is
a diffusion process X in R? associated with it so that £ is the infinitesimal generator of X,
and vice versa. The connection between £ and X can also be seen as follows. The funda-
mental solution p(t, x, y) of 3;u = Lu (also called the heat kernel of £) is the transition
density of X. Thus obtaining sharp two-sided estimates for p(z, x, y) is a fundamental
problem in both analysis and probability theory. In fact, two-sided heat kernel estimates
for diffusions in R? have a long history and many beautiful results have been established.
See [12} [14] and the references therein. But, due to the complication near the boundary,
two-sided estimates on the transition density of killed diffusions in a domain D (equiva-
lently, the Dirichlet heat kernel) have been established only recently. See [13} 14} [15] for
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upper bound estimates and [27]] for a lower bound estimate of the Dirichlet heat kernels
in bounded C''! domains.

Markov processes with discontinuous sample paths constitute an important family of
stochastic processes in probability theory. Recently there has been intense interest in non-
Gaussian stable processes, due to their importance both in theory and in applications. It is
well-known that (cf., e.g., Janicki and Weron [20], Samorodnitsky and Taqqu [24]) many
physical and economic systems should be and in fact have been successfully modeled by
non-Gaussian stable processes.

In this paper we always assume that o € (0, 2). A (rotationally) symmetric a-stable
process X = {X;,t > 0,Py,x € Rd} inRYisa Lévy process such that

E [’ Xi=X0] = ¢~ forevery x € R? and & € RY.

The infinitesimal generator of a symmetric a-stable process X in R? is the fractional
Laplacian —(—A)%/2, which is a prototype of nonlocal operators. The fractional Lapla-
cian can be written in the form

dy

_(—A)¥/2 —cli _ 77
(=A)*u(x) = clim ) =) =

e0 J{yeRd : |y—x|>¢}

for some constant ¢ = c(d, «). Recently there has also been interest from the theory
of PDE (such as singular obstacle problems) to study such fractional Laplacians (see, for
example, [3,25] and the references therein). We will use p(#, x, y) to denote the transition
density of X (or equivalently the heat kernel of the fractional Laplacian —(—A)%/2). It is
well-known (see, e.g., [L,I8]) that

sty <t A — L 0n(0,00) x RY x R (1.1)
lx — y|d+a
Here and in what follows, for two nonnegative functions f and g, the notation f < g
means that there are positive constants ¢y and ¢, such that c;1g(x) < f(x) < cpg(x) in
the common domain of definition of f and g. For a,b € R, a A b := min{a, b} and
a VvV b := max{a, b}. The Euclidean distance between x and y is denoted by |x — y|. We
will use B(x, r) to denote the open ball centered at x € R? with radius r > 0.

For every open subset D C RY, we denote by X the subprocess of X killed
upon leaving D. The infinitesimal generator of X? is the Dirichlet fractional Laplacian
—(—A)*/?|p (the fractional Laplacian with zero exterior condition). It is known (see [8])
that X has a transition density pp(z, x, y) with respect to the Lebesgue measure that is
jointly Holder continuous. The connection between second order elliptic differential oper-
ators and diffusion processes can be extended to a large class of Markov processes. In par-
ticular, the transition density of X D js the fundamental solution of d,u = —(—A)%/ 2| DU
(also called the heat kernel of the Dirichlet fractional Laplacian —(—A)%/?|p).

The purpose of this paper is to establish, in Theorem[I.1] two-sided sharp estimates on
pp(t, x, y) forevery t > 0. To state this theorem, we first recall that an open set D in R?
(when d > 2) is said to be a C1'! open set if there exist a localization radius Ry > 0 and a
constant Ag > 0 such that for every z € 3D, thereisa C!"!-function ¢ = ¢, : R¥~1 — R



Heat kernel estimates for the Dirichlet fractional Laplacian 1309

satisfying ¢ (0) = 0, Vg (0) = (0, ..., 0), [Volloo < Ao, [VP(x) =V (2)| < Aolx —zl,
and an orthonormal coordinate system CS;: y = (y1,..., Yi—1,Ya) = (¥, yq) with
origin at z such that

B(z, Ro) N D = B(0, Ro) N {y : ya > ¢(M},

where the ball B(0, Rp) on the right hand side is in the coordinate system CS,. The pair
(Ro, Ag) is called the characteristics of the C'-! open set D. We remark that in some
papers, C!:! open sets defined above are called uniform C':! open sets as (R, Ao) is
universal for all z € 3 D. For x € R?, let §5p (x) denote the Euclidean distance between x
and 9 D. It is well-known that any C'-! open set D satisfies both the uniform interior ball
condition and the uniform exterior ball condition: there exists ro < R such that for every
x € D with 83p(x) < rgand y € R? \ D with 83p(y) < ro, there are zy, z, € 3D such
that |x — z,| = 83p(x), |y — zy| = 83p(y) and B(xo,ro) C D and B(y,ro) C R? \ D
for xo = zx +ro(x — 2x)/|x — z¢| and yo = zy +ro(y — 2y)/|y — zy|. By a C" open set
in R we mean an open set which can be written as the union of disjoint intervals so that
the minimum of their lengths is positive and the minimum of the distances between them
is also positive. Note that a C!-! open set can be unbounded and disconnected.

Theorem 1.1. Let D be a C1! open subset of R? with d > 1 and §p(x) the Euclidean
distance between x and D€.

(i) ForeveryT > 0,0n(0,T] x D x D,

- 8D(x)a/2 5D(Y)a/2 —d/a t
potin.) = (14 2= ) (18 22T ) (o 8 ).

(1) Suppose in addition that D is bounded. For every T > 0, there are positive constants
c1 < ¢y such that on [T, 00) x D x D,

c1e M8 p () 28p(y)*? < pp(t, x, y) < c2e™ M1 8p(x)*/?8p(y)*/?,

where A1 > 0 is the smallest eigenvalue of the Dirichlet fractional Laplacian
(=2)*"|p.

By integrating the two-sided heat kernel estimates in Theorem [I.1] with respect to 7,
one can easily recover the following estimate on the Green function Gp(x,y) =
fooo pp(t, x,y)dt, initially obtained independently in [11]] and [21]] when d > 2.

Corollary 1.2. Let D be a bounded cl! open set in R withd > 1. Thenon D x D,

1 $ a/23 /2
- (1 A p () p(y) ) when d > «,
lx =yl lx — y|*
S oz/26 /2
Gp(x,y) < log(l + D(x|) D|‘(xy) whend = 1 = a,
X =Yy
Sp(x)*28p (y)*/?

Bp@)Sp() @ V/2 A whend =1 < a.

|x — ¥l
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Theorem [I.1{i) will be established through Theorems [2.4] and which give the upper
bound and lower bound estimates, respectively. Theorem|I.1ii) is an easy consequence of
the intrinsic ultracontractivity of a symmetric a-stable process in a bounded C'! open set.
The latter will be reviewed and discussed in Section 3. In fact, the upper bound estimates
in both Theorem [I.T] and Corollary [I.2 hold for any domain D with (a weak version of)
the uniform exterior ball condition in place of the C''! condition, while the lower bound
estimates in both Theorem|[I.T]and Corollary[I.2]hold for any domain D with the uniform
interior ball condition in place of the C*! condition (see Theorems and 3.1 and the
proofs for Theorem [I.1{ii) and Corollary [T.2).

Although two-sided heat kernel estimates for jump processes in R¢ have been studied
recently by several authors (see [8, 9} 5] and the references therein), as far as we know,
this is the first time that sharp two-sided estimates on the Dirichlet heat kernels for jump
processes in open sets are established. We point out that, in addition to the use of the two-
sided estimate (I.I) of p(z, x, y), the stable-scaling of X and the Lévy system of X and
the boundary Harnack principle of X in the annulus U := {x € R? : a < |x| < b}, only
the following exit time estimate is used to get the upper bound estimate for pp (¢, x, y)
fort <T:

E [ty] < caapdu(x)¥?  forx € U. (1.2)

Here and in what follows, for any open set D C RY, tp = inf{r > 0: X; ¢ D} denotes
the first exit time from D by X.

There are fundamental differences between obtaining two-sided Dirichlet heat kernel
estimates for the Laplacian and the fractional Laplacian.

(1) Unlike the Dirichlet heat kernel for the Laplacian, the Dirichlet heat kernel for the
fractional Laplacian does not have exponential decay in |x — y|. Thus we cannot use
the chaining method, which is used to prove off-diagonal lower bound estimates of
the Dirichlet heat kernel for the Laplacian.

(ii) Davies developed in [12] (see also [4} Section 3]) a very useful method to obtain
off-diagonal upper bound estimates for the heat kernel of diffusions in the whole
space. This method can also be used to prove off-diagonal upper bound estimates for
the heat kernel of the Dirichlet Laplacian. Unfortunately we are unable to apply this
powerful method to obtain upper bound estimates for the heat kernel of the Dirichlet
fractional Laplacian.

(@iii) In [27], a scale invariant parabolic boundary Harnack inequality obtained in [[16]]
is used to obtain a sharp lower bound heat kernel estimate for the Dirichlet Lapla-
cian. Such a parabolic boundary Harnack inequality is not available for the fractional
Laplacian.

Due to the above differences and difficulties, obtaining two-sided sharp estimates on
pp(t, x,y) for the fractional Laplacian with zero exterior condition requires new ideas
and approaches. Our approach is mainly probabilistic. It uses only the following five in-
gredients:

(i) the upper bound heat kernel estimate in ((I.1) for the rotationally symmetric a-stable
process X in R? and the stable-scaling property of X (see (B.1) below);
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(ii) the Lévy system of X that describes how the process jumps (see (2.1)));

(iii) the mean exit time estimates established in Lemma[2.T|and the two-sided esti-
mates in the ball B = B(0, 1): E,[t5] = 85(x)*/?;

(iv) the boundary Harnack inequality of X in annuli (when d > 2) and in intervals (when
d = 1), and the parabolic Harnack inequality of X;

(v) the intrinsic ultracontractivity of X in bounded open sets.

The upper bound heat kernel estimate in (I.T)) gives an upper bound for pp (¢, x, ¥),
while the Lévy system is the basic tool used throughout our argument as the symmetric
stable process moves by “pure jumping”. To get the boundary decay rate of pp (¢, x, y),
we use the boundary Harnack inequality and the domain monotonicity of the killed stable
process X? in D by comparing it with certain truncated exterior balls (i.e. annuli) as
well as interior balls. The mean exit time estimate (I.2)) established in Lemma 2.1 for an
annulus with the help of the boundary Harnack inequality is applied to get the boundary
decay rate in the upper bound heat kernel estimates in Lemma 2.2 and Theorem The
two-sided estimate in the ball B = B(0, 1), E,[tg] = 85 (x)%/2, is used to get the two-
sided estimate (3.10) on the first eigenfunction in balls. The latter is then used in the proof
of Lemma|[3.6]to get the boundary decay rate for the lower bound estimate in pp(t, x, y).
The parabolic Harnack inequality allows us to get a pointwise lower bound on pp (¢, x, y)
from the integral of w — pp(¢/2, x, w) over a suitable region, which is used in the proof
of Proposition When X? is intrinsic ultracontractive, pp(t,x,y) is comparable to
ct¢p(x)¢p(y) for some ¢; > 0 and a good control is known for ¢; when ¢ is above a
certain large 79, where ¢p is the positive first eigenfunction of (—A)®/?|p. This property
is used in the proof of Lemma[3.6|for balls and in the proof of Theorem [I.Jii).

The ideas developed in this paper can be used to study heat kernel estimates for other
types of jump processes in open subsets and their perturbations. In fact, in [6] and [7]
the ideas of this paper have been adapted and further developed to obtain two-sided sharp
estimates for the transition density of censored stable processes and relativistic stable
processes in C! open sets, respectively.

Throughout this paper, d > 1. We use cy, ¢, ... to denote generic constants, whose
exact values are not important and can change from one appearance to another. The label-
ing of the constants c1, ¢z, . . . starts anew in the statement of each result. The dependence
of the constant ¢ on the dimension d will not be mentioned explicitly. We will use “:=" to
denote a definition, which is read as “is defined to be”. We will use 9 to denote a cemetery
point and for every function f, we extend its definition to d by setting f(9) = 0. We let
dx denote the Lebesgue measure in R, For a Borel set A C R?, we also use |A| to denote
its Lebesgue measure.

2. Upper bound estimate

Throughout this section we assume that D is an open set satisfying the uniform exterior
ball condition with radius 79 > 0 in the following sense: for every z € dD and r € (0, rp),
there is a ball B of radius r such that B ¢ R?\ D and dB*N 9D = {z}. The goal of this
section is to establish an upper bound for the transition density (heat kernel) pp(z, x, y).
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It is well-known that the symmetric stable process X has Lévy intensity function
J(x,y) = Ald, —a)|x — y| 7@+,

where

al'((d + a)/2)
21-agd/2T(1 —a/2)"
Here I' is the Gamma function defined by I'(}) := fooo t*~le!dt for every 1 > 0.
The Lévy intensity function gives the Lévy system for X, which describes the jumps
of the process X: for any nonnegative measurable function f on Ry x R? x RY with

f(s,y,y) =0foralls > 0and y € R?, for any x € R? and any stopping time T (with
respect to the filtration of X),

T
E[Y /6 Xs_,xa]:Ex[fo (/R £, Xs,ymxs,y)dy) ds]. @0

s<T

A(d, —0[) =

(See, for example, [8, proof of Lemma 4.7] and [9, Appendix A].)

In several places in this paper including the next lemma, we will use the following
well-known fact (see [[17]): for every d > 1 and @ € (0, 2), there exists ¢ = c(«) > 0
such that for every xg € RY andr > 0,

Ey[tB(x.n] = c(r? — |x — x0|H*?  forx € B(xo, r). (2.2)

Lemma2.l. Let U:={z e R? : ry < |z] < 3ro/2}. There is a constantc = c(rg, o) >0
such that
E,.[ty] < C8U()c)°‘/2 forrg < |x| < 5rp/4.

Proof. For d > 2, we use the upper bound of the Green function Gy (x, y) from (1.4) in
[T, Theorem 1.1] (cf. also [21]]) to deduce that E,[ty] < ¢dy (x)%/2.

Now let d = 1 and, without loss of generality, assume x > 0. Let B be the open
interval (rg, 3r9/2). Note that 65 (x) = Sy (x). Taking xo = 9rg/8, by the Lévy system
@.1) with f(s, x,y) = 1y (x)1i5r5<|y|<10rp)(¥) and T = 77, we have, on U,

Ald, —a)
P,(10rg > | X+, | > 5rp) = |:f / dy dsi| =< E,[ty].
} " (Sro<lyl<10r) 1Xs — Y9+ )
(2.3)
Hence by the boundary Harnack principle for X in B (see [2, Remark 6]),
Py, (10rg > | X4, | > 5rp)

E < 1P, (10. X 5
x[tu] < c1Px(10rg > | r3|> rO)Pxo(lorO>|X13|>5”())

< 2Px(10rg > [X4| > 5ro)

for some positive constants ¢; = ¢;(ro, @), i = 1, 2. By (2.2) and (2.3 but with B in place
of U, we conclude that

Elty] < e3Bxltp] < cadp(x)®? = cady (x)*/?

for some positive constants ¢; = ¢;(ro, @), I = 3, 4. O
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Lemma2.2. Let D = {x € R? : |x| > ry). For every T > 0, there is a constant

¢ = c(rg, @) > 0 such that
8p(x)*/?

po(t,x,y) <c(Tv l)w

forrg < |x| < 5ro/4, |y| =2rpandt <T.
Proof. Define U := {z € RY : ry < |z| < 3rp/2}. It is well-known (see, e.g., [2]) that
Xy, ¢ 0U. Forryg < |x| < 5r9/4, |yl = 2rg and t € (0, T], it follows from the strong
Markov property and (2.1)) that

pD(tvxvy):Ex[PD(t_TU»Xrva) 1 <t]

t
= / (/ PU(S,X,Z)</ J(z, w) pD(t—s,w,y)dw)dz)ds
0 U {w:|w|>3rg/2}
t
= / (/ PU(&%Z)(/ J(Z,w)pD(t—s,w,y)dw)dz)ds
0 U {w:3rg/4+|y]/2>|w|>3rp/2}
t
+/ (/ pU(s,x,z)</ J(z, w)pp(t — s, w, y)dw> dz) ds
0 U {w:|w|>3ro/4+]y1/2}

= I +1I.
Note that for |w| < 3ro/4 + |y|/2,
1 3ro Iyl lx—yl
_ > _ ) > X > X 2.4
w y|_2<|y| 2)_8_ 6 @4

Since pp(t — s, w,y) < p(t —s,w, y), by (I.I) and (2:9), there exist constants ¢ =
ci1(a) > 0and ¢ = c2() > 0 such that

! c1T
15/(/ PU(&%Z)(/ J(Z,W)l—de)dZ>dS
0 \Ju {w:3r0/4-+1yl/2=w|>3r0/2) lw =yl
o T !
S T it pu(s,x,z) J(z,w)dw )dz | ds
lx = y197 Jo \Ju (wiBro/4-+1y1/2 lw|>3r0/2)

o T
- Ix — y|d+an(3r0/2 <Xzl =3ro/4+1yl/2itw < 1)
T
= k- yld-’rO[IEDX('XTU' > 3rp/2).
Without loss of generality, assume that x = (x1,...,xg) with x; > 0. Taking xo =

(9r9/8, 0, ...,0), by the boundary Harnack principle for X in U when d > 2 and in
= (ro,3r0/2) when d = 1 (see Theorem 1 and Remark 6 of [2]), we have, for
|x| € (rg, 5ro/4) with x; > 0,

Py (1 Xz | > 3r0/2)

P, (X 3r0/2) < 3P, (10 X 5
' ( rU|> ro/2) 3P (10rg > | ‘[U|> rO)PxO(10r0>|XrU|>5rO)

IA

calPy(10rg > | X4, | > 5r0)

cE[/ f Ad, ~o) dyds]<cE[r]
= C4 = (5 U
{5ro<|y|<10rg} |X - y|d+°‘ *
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for some positive constants ¢; = ¢;(rg, ®), i = 3,4, 5. Thus by Lemma@ we have

8p(x)*/?

I <c(TVI1)——"rs
= co( )|x—y|d+“

2.5)

for some positive constant cg = c¢(rg, o). On the other hand, forz € U and w € R4 with
lw| > 3ro/4 + |yl/2,

1 3ro Iyl _ Ix—yl
_ > _ — ) > = > .
2wl = 2<|y| 2 ) - 8 T 16

Thus by the symmetry of pp(t — s, w, y) in (w, y), we have

4 C
IIS/ (/ pU(s,x,z)</ —7d+apD(t—s,y,w)dw)dz)ds
o \Ju {w: w]>3r/4+yl/2) 1X — Yl
P /oo f ( )ydz ) d
I —E—— S, X, N
Syl fy Sy PO O

c7 cgdp (x)*/2
= ————E[ty] < m

- lx — y|a’+a
for some positive constants ¢ = ci(rg, @) for k = 7, 8. In the last inequality, we used
Lemma to deduce that E,[ty] < ¢8y (x)*/? = ¢8p(x)*/? for some positive constant
¢ = ¢(ro, «). This together with (23] proves the lemma. o

A result similar to Lemma [2.2) has been established in [23] Theorem 4.2] for relativistic
a-stable processes. Our proof seems to be simpler. Moreover, unlike [23], we also cover
the case d = 1.

Theorem 2.3. Let D be an open set that satisfies the uniform exterior ball condition with
radius ro > 0. Then for every T > 0, there is a constant c = c(ro/ T, o) > 0 independent
of A € (0, T such that for x, y € A~ D,

Pacip(l,x,y) < emin{l, |x — y[ 79798, -1 5 ()2

Proof. Since for any open subset U C R¢, by (T.1)),

put,x,y) < pt,x,y) <t 4% A ' o (0,00) x U x U, (2.6)
lx — y|d+a

it suffices to prove the conclusion for x € A~! D with 8,-1p(x) < ro/(4T). Note that for
every A € (0, T], 271D satisfies the uniform exterior ball condition with radius ro/T.
Let z € 3(A~'D) with |x — z| = 8,-1p(x). Let B; := B(zo,70/T) C (A~YD)¢ be such
that 9B, N d(A~' D) = {z}. When 8,-1p(x) < ro/(4T) and |x — y| > 5ro/T, we have
) B¢ (y) > 2r9/T and so by Lemma@ there is a constant ¢; > 0 that depends only on
(ro/T, d, o) such that

S@ O dip0”
|x—y|d+"‘ 1 |x_y|d+a

Dy-1pt,x,y) < p@-)(.(t,x, y) <ci fort < 1. 2.7)
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So it remains to show that when §,-1,(x) < ro/(4T) and |x — y| < 5ro/ T, there exists
a positive constant ¢o = ca(rg/ T, d, @) such that

Pr-ip(1,x,y) < 28,1 (x)*/2. (2.8)

The proof of (]2;8[) is similar to that of [26, Lemma 3.2], but for the readers’ convenience
we spell out the details. Define U := {w € R? : |w — zo| € (ro/ T, 8r9/ T)}. Note that

x,yeU NA~'D and du(x) =8,-1p(x).
By the strong Markov property and the symmetry of p,-1,(1, x, y) in x and y, we have

Pi-1p(1, x,¥) = pyoy-1p(1, x, y)

+ Ey[p)\—lD(l — TUQA—ID, XrUﬁA*ID’ .x), TUQA—ID < min{l, T)L—ID}].

By the semigroup property,

pUﬂ)\,*lD(la X, Y) = /
Una-!

lp(1/2, -, MooPx(tyms-1p > 1/2)
e3Bxltym-1p] < 3Bxlty] < eady (0)*? = cady 1 p(x)*/2.

Pur-1p(1/2,x, D) pyru-1p(1/2, 2, y) dz
D

IA

IA

In the last inequality, we used Lemma [2.1]
On the other hand, we have X,
and so

vmaip €UCN 27D on {tymy-1p < min{l, 7,1 p)),

|X _.x| Z7r0/T on {‘CUQ)\_ID <mln{1, T}\,_ID}}'

Tuni-1p

Consequently, by 2.7) for p; -1 p(1 — tyns-1ps Xz 1,0 %)

Ey[pk—lD(l — Tynr—1D> XTUﬂ)Lfll)’ x), Tuna—1p < min{l, T}L—ID}]
8. /2
SEy C1 A ID(X)
| X

_x|d+(¥’ IUQ)L_ID < mln{l,rk—lD}
< 8 Ol/Z]P) : 1 < 3 a/z
= (5 )L—ID(.x) y(TUﬂA‘lD < mln{ 5 T)\._ID}) = C5 )L—ID(.x) .

Tun-1p

This completes the proof of (2:8) and hence of the theorem. O
Theorem 2.4. Let D be an open set that satisfies the uniform exterior ball condition with

radius ro > 0. For every T > 0, there exists a positive constant c = c(T, ro, ) such that
fort € (0,T]andx,y € D,

§ a2 S a2
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Proof. Fix T > 0. By Theorem 2.3] there exists a positive constant ¢; = ¢1(T, o, @)
such that for every A € (0, T1/¢],

Pi-ip(l,x,y) < cpminfl, [x — y| 74798, -1 ()2 (2.10)

Thus forevery t < T,

pot,x, y) =t~ p iy (1,67, 171 y)

< crt™ ! min{1, |7V = )78 e p (074 x)

_ t 8p(x)*/? 8p(x)*/?
c1(t dje d+a) <aopt,x,y)————.
Ix — vl NG NG

By symmetry, the above inequality holds with the roles of x and y interchanged. The
semigroup property for t < T yields

IA

pD(t,x,y)=/ pp(t/2,x,2)pp(t/2,z,y)dz
D

Sp(x)¥/28p (y)*/?
Cc3
t
8p(X)¥/28p (y)*/?
<c3 p

/p(t/Z,x,z)p(t/Z,z,y)dz
D

p(t,x,y).

This proves the upper bound @) by noting that (1 A a)(1 A b) = min{l, a, b, ab} for
a,b>0. O

When D is a semibounded convex domain, estimate (2.9) is given in [26, Theorem 1.6].

3. Lower bound estimate

Throughout this section except for Proposition [3.3] Lemma [3.4] and Proposition [3.3] the
open set D is assumed to satisfy the uniform interior ball condition with radius ro > 0
in the following sense: for every x € D with §p(x) < ro, there is zy € dD such that
|x — z4| = dp(x) and B(xp,r9) C D for xo := zx + ro(x — zx)/|x — zx|. Clearly, a
(uniform) C!-! open set satisfies the uniform interior ball condition.

The goal of this section is to prove the following lower bound for the heat kernel

pp(t, x,y).

Theorem 3.1. For every T > 0 there exists a positive constant ¢ = c(rg, o, T) such that
forall (t,x,y) € (0,T] x D x D,

8p(x)*/? oM\ ( _a/a t
e [ o (=)

We start with the following simple result which will be used later.
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Lemma 3.2. For any positive constants ¢ and a, there exists c; = ci(c, a,a) > 0 such
that for every z € R? and » > 0,

inf Py (tpe01/0) > ar) = c1 > 0.

yeR4
ly—zl<cal/e

Proof. Without loss of generality, we may and do assume that z = 0. By the stable-
scaling for symmetric «-stable proceses:

{)F”“(XM — Xo), t > 0} has the same distribution as {X, — Xo, t > 0} 3.1
for every A > 0, we have

ggd PY(TB(O,ZC)LI/O‘) > a)») = infd Py(fB(Olc) > a)

y yeR
ly|<cal/® lyl=c
> inf / PB(y,o)(a,y,u)du
yeR? JB(y.0)
lyl=c
=/ PB,c)(a, 0, u)du.
B(0,¢)
This proves the lemma. O

We will first establish the conclusion of Theorem for small T, that is, we will first
assume that

t < Ty := (ro/16)%. (3.2)
For this, we need some preparation. Note that Proposition [3.3] Lemma [3.4] and Proposi-
tion [3.5]below hold for any open set D and for every ¢ > 0.

Proposition 3.3. Suppose that (t, x, y) € (0, 00) x D x D with8p(x) > tY/% > 2|x —y|.
Then there exists a positive constant ¢ = c(«) such that

po(t, x, y) = et (33)
Proof. Lett € (0,00) and x, y € D with 8p(x) > t'/¢ > 2|x — y|. By the parabolic
Harnack principle in [8, Proposition 4.3],

pp(t/2.x, w) < cipp(t,x,y) forw e B(x,2t'/%/3),
where the constant ¢; > 0 is independent of x, y and 7. This together with Lemma [3.2]
yields
1

_—_— pp(t/2, x, w)dw
c1|B(x, tY/2)| Jpx 11/ 2

pp(t,x,y) >

v

C2t_d/0[ / pB(x,,l/a/z)(t/Z,x, w)dw
B(x,t1/2/2)

= Czt_d/apx(TB(x’tl/a/z) > t/Z) > C3[_d/a,

where ¢; = ¢j(a) > 0 fori =2, 3. O
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Lemma 3.4. Suppose that (t,x,y) € (0,00) x D x D with min{ép(x), 5p(y)} > /e
and |x — y| = 271tY%_ Then there exists a constant ¢ = c(a) > 0 such that
b L1y td/ot+]
- o
P (X, € B(y,27 ¢t ))Zcm-

Proof. The proof is a simple modification of that of Proposition 4.11 in [9]. For the read-
ers’ convenience, we spell out the details.

By Lemma starting at 7 € B(y, 4~'¢!/®), with probability at least ¢; = ¢;(a) > 0
the process X does not move more than 6 g1/ by time ¢. Thus, it is sufficient to show
that there exists a constant ¢ = ¢>(e) > 0 such that

td/oz+l

P, (X? hits the ball B(y, 4~ '¢1/%) by time 1) > ¢, (3.4)

|x — yld+e
forall [x—y| > 27'7!/% and ¢ > 0. Now with B, := B(x, 6~ 't1/%), B, := B(y, 6 't1/%)
and 7, := 7p,, it follows from Lemma [3.2] that there exists c3 = c3(er) > 0 such that
t
E lt Aty] > EPx(rx >1t/2) > c3t fort > 0. 3.5)
Thus by using the Lévy system,

P, (X? hits the ball B(y, 4~ '¢'/%) by time 1)

> Py (Xine, € B(y, 4_1t1/°‘) and t A T, is a jumping time )

ATy
EEX[/ / @ p duds:|
0 B, | Xy — uldte

1

d td/ot+1
ZCSEx[t/\Tx]/ mduzc6t|3y||x—y|f >
B,y -

|x — y|d+e

for some positive constants ¢; = c¢;(«), i = 4,5, 6, 7. Here in the fourth inequality, (3.3)
is used. This establishes the lemma. O

Proposition 3.5. Suppose that (t, x,y) € (0,00) x D x D with min{ép(x), Sp(y)} >
(t/2)Y* and |x — y| > 271t /2)"/%. Then there exists a constant ¢ = c¢(a) > 0 such that

pp(t,x,y) =c¢ (3.6)

|x — y|d+oz'

Proof. By the semigroup property, Proposition [3.3]and Lemma [3.4] there exist positive
constants ¢; = c¢1(«) and ¢» = ¢ («) such that

pD(t,x,y)=/ pp(t/2,x,2)pp(t/2,z,y)dz
D
> / po(t/2.%. Dpp(t/2.2. y) dz
B(y.2-1(t/2)\/%)

_ _ t
> eyt Py (X[), € B, 27 /D)) z o o
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The proof of the next lemma uses the intrinsic ultracontractivity of X in the ball B(0, 3).
Recall that when an open set U is bounded, the transition semigroup {PtU, t > 0} of the
symmetric a-stable process XU, which is a strongly continuous contraction semigroup
in L2(U, dx), is compact. Let )\%’ > 0 be the smallest eigenvalue of (—A)*2|y and let

¢u (x) be the positive eigenfunction of PIU corresponding to e~ with loull2wy = 1.

The semigroup {P,U ,t > 0} of XY in the bounded open set U is said to be intrinsic
ultracontractive if for any ¢t > 0 there are positive constants ¢, > 1 such that

;' pu )Py (y) < pult. x.y) < cipu()gu(y) forx,y e U. (3.7

The notion of intrinsic ultracontactivity was introduced by Davies and Simon in [15].
It has many equivalent definitions (see [[15, Theorem 3.2]). It follows from Theorem 4.2.5
of [14] that if {P,U, t > 0} is intrinsic ultracontractive, there exists 77 > 0 such that for
all (¢, x,y) € [T1,00) x U x U,

I _,u, 3 oy
5 dux)pu(y) < pu(t,x,y) < 5¢ ! du (x)Pu (y)- (3-8)

It was shown in [10, Theorem 4.6] using the log-Sobolev inequality that for any
bounded C!'! domain U, the semigroup {PV,t > 0} of XV is intrinsic ultracontrac-
tive. It was later proved by Kulczycki [22] that the intrinsic ultracontractivity holds for
the semigroup {PY, ¢ > 0} of XY in any bounded open set. Though in [22] it is assumed
that d > 2, the proof there in fact works for d = 1 as well. In particular the semi-
group of XB©:3) is intrinsic ultracontractive, and by [22 Theorem 9], there is a constant
c1 = cq(a) > 0 such that

f Ga0.3)(x, ) dy = ¢1 / Gai0.3)(x, ) dy
B(0,1) B(0,3)
= ClEx [‘L’B((),3)] for x € B(O, 3). (3.9)

The ground state ¢p(0.3) of X3 is bounded, strictly positive and continuous in B(0, 3).
So by 2.2), for x € B(0, 3),

B(0.3 B(0.3
$B0,3)(x) = )»1( )GB(O,3)¢B(0,3) (x) = )»1( )|I¢B(o,3)||ooEx[fB(o,3)]

< c28p(0.3) ()2,
while by (2.2) and (3.9),
¢B0,3)(x) = )\f(o’3)GB(O‘3)¢B(O,3)(x) > 63/ Gp.3)(x, y)dy > calEx[tp(0,3)]
B(0,1)

> ¢58p(0,3)(X)*/2.

Here [|¢5(0,3)lloc := SUPep(0,3) PB(0,3)(x). In other words, we have

$B0.3)(x) = 80,3 (x)**  on B0, 3). (3.10)



1320 Zhen-Qing Chen et al.

Lemma 3.6. Suppose that (t, x) € (0, To] x D with §p(x) < 3t'/* < rgand € (0, 1).
There exists zx € 0D such that |x — zx| = §p(x) and B(xg,r9) C D where xo =
Zx +10(x —22) /|x — zx|. Let 2o = zx + 3t Y% (x — 2,) /|x — z|. Suppose B(xq, 2«t'/*) C
B(zo, 3t1/°‘). Then for any a > 0, there exists a constant ¢ = c(k, o, a) > 0 such that

P, (X2 € B(xg, k11/%)) = 17128 p (x)%/%.

Proof. The existence of x¢ follows from the definition of the uniform interior ball condi-
tion with radius ro. For convenience, we may assume zo = 0 and let B := B(xq, kt'/%)
and B := B(0,3'/%). Note thatx € B C D and 9BNdD = {z,},1~"/*B = B(0, 3) and
t~1/*B = B(t7"*x0, k) with B(t~"/%xg, 2«) C B(0, 3). By the stable-scaling (3.1)),

Px(Xg‘ € §) = Pt—l/ax(Xta_]/aD c t—l/aﬁ)
—1/a o~ R
> Poije, (X B ¢ 1Ry = P, 1ju, (XBOD ¢~V B,
By (37) and (3.10), there is a constant ¢; = c;(a, &) > 0 such that
PB0.3)(@ 2, ¥) = c18800.3) ()Y *8p0.3(NY?  forz,y € B(0,3).

Hence we have

P (XD € B) > c18p0.3 @~ /¥x)*/? /

—

80,3 () *dy
ljap

> 28,-1/a p (17 x)? = et 7V 25 (0)¥/?

for some ¢ = ¢y (k, @, a) > 0. O
Proposition 3.7. Suppose that (t,x,y) € (0, Tyl x D x D with |x — y| < tY/% and
8p(x) < 2tY/2. Then there exists a constant ¢ = c(rg, @) > 0 such that

po(t,x,y) = et~ 18 p () 28p (1), 3.11)
Proof. Note that under the assumptions of the proposition, we have

Sp(y) < Ix =yl +8p(x) < 3t < ro/5.
So there are points zx, zy € 9D such that |[x — zy| = dp(x), |[y — zy| = dp(y) and

B(x1,r0) C D, B(y1,r0) C D for x1 1= zx + ro(x — zx)/Ix — zx| and y; = z, +
ro(y — zy)/ly — zyl. Let

xo =2y + 4% —z0)/Ix —z¢| and yo =z, +41'/*

> =zy)/ly — zyl.
Observe that

8p(x0) = 8p(yo) =4t and  |x —xol, |y — yol € [¢"/*, 4¢'/%).
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By the semigroup property, with B := B(xq, 4~'¢1/*) and B:= B(yo, 4~ 11/,
pp(t, x,y) = / pD(t/3,x,z)/ po(t/3,z, w)pp(t/3, w, y)dwdz
D D
> / pD(t/3,x,z)/~pD(t/3,z’ w)pp(t/3, w, y)dwdz
B B

> inf _pp(t/3,z, w)/pD(t/3,x,Z)dZ/~PD(1‘/3,w,)’)dw~
(z,w)eBxXB B B

Since forz € B and w € E,
8p(2) = 8p(x0) — |xo — z| = t1/%,  8p(w) = 8p(yo) — |yo — w| > 1/*

and

|2 = wl < |z = xol + o — x| + Ix = y[+ Iy = yol + [yo — w| < 106/,
by combining Propositions [3.3]and [3.3] we find that there exists ¢; = ¢ (e, rg) > 0 such
that

inf _pp@/3,z,w) > eyt~

(z,w)eBxB

Since 8p(x) < 21V/% < ry/8 and p(y) < 3t1/¢, by Lemmawe have
po(t, x,y) = cat™ 18 p ()28 p (1)
for some positive constant ¢y = ca (e, r¢). O

Proposition 3.8. Suppose that (t,x,y) € (0,Ty] x D x D with §p(x) < Ve and
(t/2)1/°‘ < ép(y) and |x — y| > tY%, Then there exists a constant ¢ = c(a, rg) > 0
such that

tl/ZSD(x)Dt/Z

- 3.12
|x _y|d+a ( )

pp(t,x,y) = ¢

Proof. Since D is an open set satisfying the uniform interior ball condition with radius rg
and 8p(x) < 1'/% < /16, there is z, € 3D such that |x — z,| = 8p(x) and B(x1, ro) C
D for xi := zy + ro(x — zx)/|x — zx|. Define zo = zy + 2t"/%(x — z,)/|x — zx| and
choose xq in B(zg, 2t'/%) and k = k(«) € (0, 1) such that

B(xo, 2c11/%) C B(zo, (2 — 272/*) V%) A B(x, (1 — 2712/ 1/y,
Such a ball B(xq, 2«t'/%) always exists because
2<@-2H+1-27) <@-27 41 -2,
Note that

Sp(2) = (t/HV* and |y —z| =27 @/HV*  forevery z € B(xg, kt'/%).
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On the other hand, for every z € B(xo, ctl/ “),
2=yl <lz—x|+lx—yl < (1 =277 4 x —y] < 2x — y).

Thus by the semigroup property and Proposition [3.3] there exist positive constants ¢y, ¢2
and c3 depending only on « and rg such that

ot x.y) = fD po(t)2. 3. D pp(t/2.2. y) dz

v

/ pp(t/2,x,2)pp(t/2,z,y)dz
B(xq,ktl/@)

t
> clf pp(t/2,x,2) ———dz
B(xgkt1/%) |z — y|dte
t
> Cz—f pp(t/2,x,2)dz
lx — yl‘”‘” B(xq,kt1/®)

t
:C3—
|x_y|d+oz

Py (X)), € B(xo, kt'/%)).
Applying Lemma[3.6] we arrive at the conclusion of the proposition. |
Proposition 3.9. Suppose that (¢, x, y) € (0, Tp] x D x D with

max{8p (), Sp() < /2" < lx = yl.

Then there exists a constant ¢ = c(«, rg) > 0 such that

3p(x)*/*8p(y)*/?
lx — yldte

pp(t,x,y) > ¢ (3.13)

Proof. As in the first paragraph of the proof of Proposition let z; € 3D be such
that |[x — zx| = §p(x) and B(x1,79) C D for x1 := zyx + ro(x — zx)/|x — zx|. Let
x0 = 2y +3tY%(x — z,)/|x — zx|. Then dB(xo, 3t/*)N D = {z,}. Letk := 1 -2/,
Note that

8p(z) = 2(t/2)"/* and |y —z| = 8p(z) —8p(y) = (1/2)/* forevery z € B(xo, kt'/®).

Thus by the semigroup property, the symmetric property of pp(t, y, z), and Propositions
[:3]and[38] there exist positive constants ¢; and ¢, depending only on o and rg such that

pD(t,x,y)=/ pp(t/2,x,2)pp(t/2,z,y)dz
D

> / pp(t/2,x,2)pp(t/2,z,y)dz
B(xg,kt1/®)

172 w2
t°8p(y)

> c1/ pD(t/Z,x,z)—dW dz
B(xp, it /) |z — ¥
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12 a2
t'/°8p(y) /
> pp(t/2,x,2)dz
Ix — Y191 J gy ket

1125 ()2

D 1
lx — yldte Py(X{), € Bxo. x1'/)).

:C2

Applying Lemma[3.6] we arrive at the conclusion of the proposition. O
Now we are ready to present the proof for Theorem [3.1]

Proof of Theorem 3.1} We first assume that r < Tp. By combining Proposition [3.3] (for
min{8p(x), 8p(y)} > /% and |x — y| < t'/®* < 2|x — y|) and Proposition [3.7| (for
max{3p (x), 8p(»)} = 1'% min{8p(x), p(y)} < 1'% and |x — y| < 1"/ < 2[x — y)),
we get the conclusion of Theorem for max{Sp(x),8p(y)} = tY/% and |x — y| <
t1/% < 2|x — y|. Using Proposition [3.3[(for max{§p(x), 8p(y)} = t'/* > 2|x — y|) and
the above, we get the conclusion of Theorem @When

max{8p(x), 8p(y)} > ¢'/*

= |x =yl
By symmetry, Propositioncovers the case when max{8p(x), 8p(y), |x — y|} < ¢!/
Now we consider the case |x — y| > ¢!/%. Combining Propositions and and
using symmetry, we obtain the conclusion of Theorem |3;1'| for min{ép(x), Sp(¥)} <
(t/)V* and |x — y| > t/* Proposition covers the remaining case that
min{8p(x), 8p(y)} = (1/2)"/% and |x — y| > t'/*. We have deduced the conclusion
of Theorem 31| for ¢ < Tp.
To get it for T > Ty, it is enough to handle the case T = 2Ty. Recall that Tp =
(ro/16)¥. For (t, x, y) € (Tp, 2Tp] x D x D, let xg, yo € D be such that max{|x — x|,
|y = yol} < ro and min{Sp(xo), §p(¥o)} = ro/2. Then

» t/3 » 1/12
(t/3) aA—|x—z|d+°‘ ch<(1/12) QAW , z€D,

cifa 1 a2
(t/3) /\|w_y|d+azcl<(t/12) “A|w_y0|d+a, w e D.

Similarly, there is a positive constant ¢, such that

t/2
(t/2)~ 4 A 2 > oo 17 A
|xo — yold+«

t
|x _ y|d+a :
Let Dy :={z € D : §p(z) > ro/4}. Clearly, xo, yo € D1 and

min{8p, (xo), 8p, (o)} > ro/4 = 4(Tp)"/* > 4(t/2)"/. (3.14)
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Combining this with the three displays above and the lower bound estimate in Theorem
B-d]for pp on (0, Ty] x D x D, we have

pp(t, x,y) =/D DpD(t/3,x,Z)pD(t/3,z, w)pp(t/3, w,y)dzdw
8p(x)¥/? Sp(y)*/?
63(“ Vi3 )(“ NGE )

3 8 af2

t/3 §p(w)*/?
w— y|d+a>(1 SV )d“lw

3p(x)*/? Sp(»)*”? —dJa t/12 )
(1220 ) (1022 >/DIXD1<““2) Qi

Py (t/3. 2, w)((r/lzrd/“ A2 >dzdw

- S |lw — yold+e
Sp(x)* Sp(»)«
2“(“ NG )(“ N )

/ pp,(t/12,x0,2)pp,(t/3,z, w)pp, /12, w, yo) dzdw
D1 x D

5 /2 S /2
=65(1A D(j;; )<1A D(j; )PDI(I/Z,XO,)/O)

3p(x)*/* 3p(y)*/? dja t/2
C6<1A ﬁ )(1/\ ﬁ )((I/Z) Am)

3p(x)*/? oW\ ( —aja 1
1222 (2T ) )

for some positive constants ¢;,i = 3, ..., 7. Here @) is used in the third inequality, and
the combination of Propositions [3.3] and [3.5] which works for any open set and ¢ > 0,
is used in the fourth inequality in view of (3.14). Iterating the above argument one can
deduce that the conclusion of Theorem [3.1]holds for T = kTj for any integer k > 2. This
completes the proof of the theorem. O

v

.<(t/3)—d/“ A

v

4. Large time heat kernel estimates and Green function estimates

In this section, we prove Theorem [II[ii) and Corollary [I.2]

Proof of Theoremii ). For any bounded C!-! open set D in R?, since ¢p = e PID ép,
we see from Theorem [I.1[i) that on D,

>¢D<y> dy = 8p(x)*/>.
4.1)

6p(x) = (1 A Sp(0)*/?) fD(l A aD<y)“/2)(1 S

x — y|d+ot
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This together with (3.7) implies that for any bounded C!-! open set D, we have
e '8p)*28p(N*? < pp(t,x,y)
< adp(0)**8p(*? for (1, x, ) € (0,00) x D x D.

Furthermore, by (3.7), (3:8) and (&.1), there exist ¢; > 1 and 77 > 0 such that for all
(t,x,y) €[T1,00) x D x D,

oy e p () 28p (N2 < ppltx, y) < c1eM8p () 8 (1),
If T < T1, by Theorem ﬂ;fki), there is a constant ¢y > 1 such that
c; '8p(D)**8p(N*/* < pp(t, x, y)
< e8p ) 5p(»)*/?  fort € [T, Ti)and x, y € D.
This establishes Theorem [T.1fii). O

Proof of Corollary[I.2] Put T := diam(D)%, where diam(D) is the diameter of D. By a
change of variable u = [x — y|*/¢, we have

T sp@*? oW\ ( —aja t
Jo (2 ) (22 ) (e e )

1 /00 (ud/“_z/\u_3)<l/\ﬁaD(x)aﬂ)<1/\ ﬁSD(y)a/2> "
I

Clx =yl Syt lx — yle/? lx — y|«/?
4.2)
Note that
1 [e%9) S /2 S a2
—/ Wlla=2 p =3 (1 4 VODOUTN () VO WITTY |
|x — yld—« |x — yle/2 |x — yl/2
1 ® 4 8p(x)*/? Sp(y)*/?
Z ——70= d_a'/ u <l/\ —an 1A —an du
|x — ¥ 1 |x — ¥ lx — v
1 Sp(x)*/? Sp(y)*/?
:2 — d_g(l/\ —an 1/\—_ o |’ “4.3)
[x — ¥ lx — yl lx — ¥l
while
1 *® 2 Ju8p(x)*/? Jusp(y)®/?
—d—/ (Md/a_ AN l/t_3)<1 AN —2) (1 VAN —2> du
Ix — yl4=« J; Ix — y|o/ lx — y|o/

1 00 5 /2 8 /2
=y ) (”_1/2 . |xD(xy)|“/2> (”_1/2 " |xD(yy)|a/2) a
_ 1 — _
oo a/2 /2
<t / T LG Y FONLIS Vi S
T =yl Jy lx — yle/2 |x — yl@/?

1 S /2 /2
_ LA p(x) 1A dp(y) ‘ 4.4)
lx — y|d—« |x — y|o/2 |x — yl|o/?
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By Theorem|[T.1{ii),
o0
f pp(t, x,y) =< 8p(x)**8p(y)*/2. 4.5)
T

(i) Assume d > «. Observe that

[ e (1 YR SO,
x—y|*/T

bt o~ 172 X~y
/2 a/2 1
S (M 5p(x) )(M 5p() )/ 2y,
lx — y|4=« |x — y|o/2 Ix —yle2 ) Jo
@ 1 <1 A Sp(x)*/? ><1 A SD(}’)“/2> “6)
_d—a|x_y|d—ot |x_y|a/2 lx_yla/z . .
So by Theorem [T and @.2)—(@.6)), we have
T o0
GD(x,y):/ pD(t,x,y)dt+/ pp(t, x,y)dt
0 T
1 SD()C)O‘/2 aD(y)ot/2 n /2
Tyl (1 " =yen M |x — y[o/? +8p(x)*“op(»)*

1 S a/2 5 a/2
_ ; (1 N p(x) 2)(1/\ p(y») 2>.
|x — yld—« lx — yl/ lx — y|o/

In the last estimate, we used the fact that D is bounded. Since dp(x) < dp(y) + |x — y|
for every x, y € D, itis easy to see that for every r € (0, 1],

(1 A r5D(x)> (1 A r50(y)> <1A r28p(x)8p(y) < 2<1 A rt?[)(X))(1 A r5D(y)>.
Ix — vl Ix — I Ix —yI? Ix — vl Ix — vl

“@.7
Soon D x D,
1 S a/28 a2
Gpr.y) = - <1/\ p(xX)*“8p(y) )
lx — y|¢—® lx — y|*
For the other cases, we let
$ a/28 /2
"o = p(xX)¥“3p(y) 4.8)
lx — y|*

Clearly 1/ug > |x — y|%/diam(D)® = |x — y|*/T.
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(ii) Now assume d = a = 1. We have

! /‘ (ud/azwg)OA ﬁ6D<x)“/2><lA ﬁsu<y)“/2) i
|x—=y|*/T

Ix — y|4=« lx — y|o/? lx — y|o/?

1 /2 a/2
x/ 4! <1 A udp(x)*=8p(y) )du
\

x—yle/T lx — y|*

1 1
=/ ufll{uzl/uo}duvL/ uoLu<t/ug) dut
b=yl T =1/ T

=log(uo v 1) + uo((1/ug) A1 —|x — y|*/T). (4.9)
So by Theorem|T.1} #-2)-(#3) and @E-7)-E9),

e¢]

T
GD(x,y)=/0 pD(t,x,y)dtJr/ pp(t,x,y)dt
T

/2 a2
= <1 A M)(l A |8DL> + log(up Vv 1)

= yI*72 x =y

+uo((1/uo) A1 —|x — y|*/T) + 8p(x)*/*8p (y)*/?

X

1 A ug + log(uo v 1) 4+ uo((1/ug) A1 — |x — y[*/T) + 8p(x)*/*8p(y)*/?

1 A ug +loguo v 1) + 8p(x)* 28 p(y)*/?

X

log(1 + o) 4 8p ()28 p(y)*/?

8D(x)“/28D(y)“/2)
lx — y|* ’

X

= 10g<1 +

In the last estimate, we used the fact that D is bounded.
(iii) Lastly we consider the case d = 1 < a < 2. By @.7)-@.3),

1 /2 a/2
! / wd/*=2 A u_3)(1 A Y3 )(1 NNCLLI) )du

lx = y197% Jix—ypesr |x — y|o/2 lx — y|o/?

Ix =y« Je—ypor lx — y|*

1 (/1 1Ja—2 : 1/a—1
= u 1iy>1/um du —I—/ uou 'y, <1 jur du
lx — y|l—oz eyl /T {u=1/uo} |/ T {u<1/up}

1

- - ( - ((”0”)11/“—1>+auo((uov1)1/“—(|x—y|°‘/T)‘/°‘>).
[x —y|' ¥\ —1
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So by Theorem [I.1] #.2)-@.3), @.7)—(@.8) and the last display, we have
00 T

Gpx,y) = / pp(t, x,y)dt +/ pp(t, x,y)dt

T 0

1
= 80 (@) P8p () 4 g (1 A wo)

ey (@ v DIV = D oo v DTN = (= 317/ 1))
a/2 a/2 1 1-1/a
= 8p(x)*“6p(y) +——— (woAu )
|x — yll—a 0
= 5p(x)*28p(y)¥/? + 1 (50(x)01/261)(y)a/2 SD(X)(al)/ZaD(y)(al)ﬂ)
|x—y|1*0! lx — y|* |x—y|0‘*1
k) oz/28 /2
= Bp(0)8p () @12 A 22D 000)
lx =l
In the last estimate, we used the fact that D is bounded. This proves the corollary. O
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