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Abstract. We study solutions of the 2D Ginzburg-Landau equation
1 2
—Au+ —zu(|u| —1)=0
e

subject to “semi-stiff” boundary conditions: Dirichlet conditions for the modulus, |¢| = 1, and
homogeneous Neumann conditions for the phase. The principal result of this work shows that there
are stable solutions of this problem with zeros (vortices), which are located near the boundary and
have bounded energy in the limit of small . For the Dirichlet boundary condition (“stiff”” problem),
the existence of stable solutions with vortices, whose energy blows up as ¢ — 0, is well known. By
contrast, stable solutions with vortices are not established in the case of the homogeneous Neumann
(“soft”) boundary condition.

In this work, we develop a variational method which allows one to construct local minimizers of
the corresponding Ginzburg-Landau energy functional. We introduce an approximate bulk degree
as the key ingredient of this method; unlike the standard degree over the curve, it is preserved in the
weak H !-limit.

1. Introduction and main results
In this work, we study solutions of the Ginzburg—Landau (GL) equation

1

—Au+ —u(u>*—=1)=0 inA, (1.1

e
where ¢ is a positive parameter (the inverse of the GL parameter x = 1/¢), u is a complex-
valued (Rz—valued) map, and A is a smooth, bounded, multiply connected domain in R2.
For simplicity, hereafter we assume A is an annular type (doubly connected) domain of the

form A = Q\, where Q and w are simply connected smooth domains and @ C © C R2.
Equation (I.T) is the Euler-Lagrange PDE corresponding to the energy functional

1 1
Ecw) =~ | |[VulPdx+ — | (u> = 1)*dx. (1.2)
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Equations of this type arise, e.g., in models of superconductivity and superfluidity. Addi-
tionally, (1.1) is viewed as a complex-valued version of the Allen—Cahn model for phase
transitions [31].

Solutions of (I.I)) subject to Dirichlet boundary conditions, u = g on dA with fixed
S'-valued boundary data g, have been extensively studied in the past decade. Special
attention has been paid to solutions with isolated zeros (vortices). In contrast with the
Dirichlet problem, in the case of the homogeneous Neumann boundary condition, solu-
tions are typically vortexless; in particular, stable solutions with vortices have not been
found.

This work is devoted to finding the solutions of (I.) subject to the “semi-stiff” bound-
ary conditions

9
u|=1 and uxa—":o on 9A. (1.3)
V

These boundary conditions are intermediate between Dirichlet and Neumann in the fol-
lowing sense: any solution u € H(A: R?) of is sufficiently regular [7], so it
can be written as u = |u|e'V (locally) near the boundary. Then (1.3) means that Dirichlet
boundary conditions are prescribed for modulus, |#| = 1 on d A, and Neumann conditions
are prescribed for the phase, d¢/dv = 0 on dA.

Problem (I.1] [T.3) is equivalent to finding critical points of the energy functional (1.2))
in the space

J ={ueH (A;R?); |u| =1ae.ondA}. (1.4)

Our main objective is to study the existence of stable solutions of (I.1}[T.3]) with vortices.
Since the problem is time independent, stable solutions are defined as (local) minimizers
of in 7. In other words, we are interested in whether the model stabilizes
vortices similarly to the Dirichlet problem or does not stabilize vortices analogously to
the Neumann problem. The boundary conditions (I.3) are not well studied, and this work,
along with studies [10} [19}[7, 8 9]], reveals their distinctive features, described later in the
Introduction.

Let us briefly review the existing results for the Dirichlet and Neumann boundary
value problems for equation (L.I). The first results on the existence of stable solutions
with vortices for the Dirichlet problem were obtained in [[17, [18]]. Stable solutions of
with vortices were obtained and studied in [11] for star-shaped domains and prescribed
S'-valued boundary data with nonzero topological degree. In [L1]], the limiting locations
(as ¢ — 0) of the vortices of the global minimizers and other solutions with vortices
(if they exist) are described by means of a renormalized energy. Subsequently, these re-
sults were generalized to multiply connected domains in [33]]. The existence of locally
minimizing and minmax solutions was established first in [23] and [24]], then in more
detail and generality in [27] (see also [4}[15]). We refer the reader to [13], and references
therein, for the various results on the Dirichlet problem. As mentioned above, only vortex-
less stable solutions of (I.I)) with the homogeneous Neumann boundary condition in 2D
are known. Moreover, all locally minimizing solutions are constant maps if A is convex
[20], or simply connected and ¢ is small [32]. The existence of nonconstant (but vortex-
less) locally minimizing solutions is established in [21] and [3]. In the recent work [15],
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a general result for the existence of (nonminimizing) solutions with vortices have been
found. Similarly to the Dirichlet problem, these solutions with vortices have energy that
blows up as ¢ — 0.

Equation (I.I) (and functional (I.2)) is usually referred to as a simplified GL model
(without magnetic field). There is a large body of mathematical literature on the general
GL model with a magnetic field (e.g., [29} 15, 2, 28| 22)). Since (I.1)) is obtained from the
general GL energy by setting the magnetic field equal to zero, it describes the persistent
currents in a 2D cross-section of a cylindrical superconductor (or in a 2D film). It was
observed in [[11] that the degree of the boundary data on connected components of 9 A
creates the same type of “quantized vortices” as a magnetic field in type II superconduc-
tors or as angular rotation in superfluids. Despite a relatively simple form of equation
(T.1), it leads to a deep analysis of properties of its solutions similar to other fundamental
PDE’s in mathematical physics.

The boundary conditions model, e.g., the surface of a superconductor coated
with a high temperature superconducting thin film. Generating a mathematical model of
persistent currents in such a superconductor then amounts to finding critical points of
functional 1} in the space 7, when u = |u|e’¥ on the boundary and |u| = 1, while the
phase ¥ is “free”.

Boundary conditions (I.3) appeared in recent studies [10L [I9] 8] of the minimization
problem for the GL functional (I.2) among maps from J with prescribed degrees on the
connected components of the boundary. The minimization of the energy in J pro-
duces only constant solutions of , similar to the case of the Neumann problem,
which corresponds to finding critical points of in the entire space H!(A; R?). An
obvious way of producing critical points with vortices is to impose two different degrees
g # p on L2 and dw; that is, to consider the minimization of E,(u) in the set J,;, C J,
where

Tpg = {u € J; deg(u, do) = p, deg(u, IQ) = q}. (1.5)

Recall that the degree (winding number) of a map u € H 1/ 2(y; s!) on y (where y is
either dw or d€2) is an integer given by the classical formula (cf., e.g., [12])

1 9
deg(u, y) = 2_/ ux 2 ar, (1.6)
7 J, ot

where the integral is understood via H'/>-H~1/? duality, and 8/t is the tangential
derivative with respect to the counterclockwise orientation of y. (Throughout the paper
we assume the same orientation of dw and 0€2.) Note that 7, are connected components
of J (see [12]).

Simple topological considerations imply that critical points from J,, must have at
least | p — g| vortices (with multiplicity). We emphasize that the existence of such critical
points is far from obvious. For example (see Section [2)), there are no global minimizers
of E¢(u) in Jy; and the weak limits of minimizing sequences do not belong to Jo;. This
simple example illustrates an important property of the sets 7,4, which is crucial for our
considerations: these sets are not weakly H'-closed, since the degree at the boundary may
change in the weak H '-limit. Thus the direct methods of the calculus of variations cannot
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be used. On the other hand, the results of this work show that when p = ¢ and there is no
topological reason for vortices to appear, local minimizers typically do have vortices.

As mentioned above, the vortex structure of solutions of with Dirichlet and Neu-
mann boundary conditions is well studied. In contrast, only vortexless solutions of the
semi-stiff problem @ @]) have been found [8,[19]. In [8]], it was shown that minimizing
sequences for the corresponding minimization problem develop a novel type of so-called
“near-boundary” vortices, which approach the boundary and have finite GL energy in the
limit of small . However, such minimizing sequences do not converge to actual minimiz-
ers [9]]. These studies lead to the natural question of whether there exist true solutions of
with near-boundary vortices. Unlike the minimizing sequences, such solutions
may model observable states of a physical system (e.g., persistent currents with vortices
and superfluids between rotating cylinders [[16]). The following theorem, which is the
main result of this work, provides an answer to this question.

Theorem 1 (Existence of solutions with vortices of problem [L.3). Forany integer
M > 0, there exist at least M distinct stable solutions of with (near-boundary)
vortices when ¢ < g1 (¢1 = €1(M) > 0). The vortices of these solutions are at distance
o(¢e) from the boundary and have bounded GL energy in the limit ¢ — 0. The solutions
are stable in the sense that they are (local) minimizers of (I.2)) in J.

To construct local minimizers of @]) in J, we represent 7 as the union of subsets
j;;” (defined in lb below), J = U, 4.acz Jlfg), and study the existence of global
minimizers in 7, [53). Furthermore, we show that each minimizer lies in j,fg) with its open

neighborhood. Therefore, the minimizers in 7, ISZ) are distinct local minimizers in 7.
Thus, the construction of solutions of (I.T} [T.3) is based on the study of the following
constrained minimization problem:

me(p, q,d) = inf{E¢(u); u € Jy9}, (1.7)

where
TD = (u € Jpg: d — 12 < abdeg(u) < d +1/2}, (1.8)

P, q and d are given integers, and abdeg(u) is the approximate bulk degree, introduced as
follows. Consider the boundary value problem

AV =0 inA,
V=1 ono<, (1.9)
V=0 ondw.

Introduce abdeg( - ) : H'(A; R?) — R by the formula

1
abdeg(u) = E/ U X (O, V Oyt — 0y, V 1) dx, (1.10)
A



Solutions with vortices for the Ginzburg—Landau equation 1501

where V solves (1.9). In the particular case where A is a circular annulus, Ag,g, =
{x; R1 < |x| < Ry}, abdeg(u) is expressed by

Ry
abdeg(u) = —1 L/ u x 8—uds ﬁ (1.11)
log(RZ/Rl) R 2w |x|=& ot %‘

For S'-valued maps, abdeg(u) becomes integer valued and the representation (1.11])
clarifies its interpretation as an average value of the standard degree. The definition
is motivated by the following intuitive consideration: represent the standard degree over
the boundary 9<2 via a “bulk” integral over the area of A for S'-valued maps and notice
thatif E;(u) < A for some finite A and sufficiently small ¢, then u is “almost” Sl-valued.

It was observed in [3] that for S!-valued maps in an annulus A, one can define the
topological degree deg(u, A) that classifies maps u € H'(A; S') according to their 1-
homotopy type [34] (I-homotopy type is completely determined by the degree of the
restriction to a nontrivial contour). This definition was extended in [3]] to maps that are not
necessarily S'-valued by considering u/|u| in a subdomain A, C A, which is obtained by
removing neighborhoods of the boundary d A and zeros (vortices) of u. Definition
does not require the removal of vortices from A, and abdeg(u) is obtained by a simple
formula (unlike deg(u, A) in [3l], where the domain of integration depends on u). Note
that in general abdeg(u) is not an integer. The most important fact for our considerations
is that abdeg(u) is continuous with respect to weak H '-convergence, unlike the standard
degree in (this issue for deg(u, A) was not addressed in [3]]).

The minimization in problem li is taken over 7, ;g), which is not an open set, and
therefore minimizers of (if they exist) are not necessarily local minimizers of (I.2))
in J. Indeed, while J,, is an open subset of J (hereafter we assume the topology
and convergence in 7 to be the strong H! unless otherwise specified), the constraint
abdeg(u) € [d — 1/2,d + 1/2] defines a closed set with respect to both strong and weak
H'-convergences. However, if we further consider a subset of maps with bounded energy
and choose ¢ small enough, then the constraint abdeg(u) € [d — 1/2,d + 1/2] becomes
open due to the following proposition:

Proposition 2. Fix A > 0. There exists eg = g9(A) > 0 such that if 0 < & < &, then
for any integer d and any u € H'(A; R?) satisfying Ec(u) < A the closed constraint
abdeg(u) € [d — 1/2,d + 1/2] is equivalent to an open one, that is,

d—1/2 <abdegu) <d +1/2 & d —1/2 < abdeg(u) < d + 1/2. (1.12)

(Actually, it will be shown that abdeg(u) is close to integers uniformly in u satisfying
E.(u) < A when ¢ is sufficiently small.) The following theorem is the main tool in
proving the existence of local minimizers.

Theorem 3 (Existence of minimizers of the constrained problem). For any integers p, q
andd > 0[d < 0] with d >max{p, q} [d <min{p, q}] there exists 1 =¢1(p,q,d) >0
such that the infimum in (1.7) is always attained when ¢ < €. Moreover

me(p,q,d) < Ilo(d, A) +7(ld — p|+ |d —q), (1.13)
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where :
Ip(d, A) = min{E/ |Vul?>dx; u e H'(A; S mjdd}. (1.14)
A

The value Iy(d, A) is expressed by Ip(d, A) = 2(nd)2/cap(A) via the Hl-capacity
cap(A) of the domain A.

The key difficulty is to establish the attainability of the infimum in (I.7), which is highly
nontrivial since the degree on dQ and dw is not preserved in the weak H '-limit [8,0]. We
show that the solutions of (I.T} [[.3), which are the minimizers of (local minimizers
of in J) with p # d and any g (or ¢ # d and any p) must have vortices. For fixed ¢,
these vortices are located at a positive distance from 0 A and approach dA as ¢ — 0.

Without loss of generality, throughout this work we always assume that d > 0 (other-
wise one can reverse the orientation of Rz).

Theorem [I] follows from Theorem [3] and Proposition [2] The asymptotic behavior of
the local minimizers is established in

Theorem 4 (Asymptotic behavior of minimizers and their energies). Assume that the in-
tegers p, q and d satisfy the assumptions of Theorem[3| Then as ¢ — 0 the minimizers u
i

of (1.7) converge weakly in H'(A), up to a subsequence, to a harmonic map u which
minimizes (1.14)). Additionally,
Eg(ug) = Io(d, A) +n(ld — pl +1d —q]) +o(1) ase— 0, (1.15)
1
E.(u,) = 5/ |Vue|?>dx +o0(1) ase — 0. (1.16)
A

In particular, it follows from (I.15} [[.T6) that there is no strong convergence of the mini-
mizers of 1| in H'(A)ase — Ounless 7(|[d — p|+|d —q|) =0.Forp =g =d =1,
the minimizers of problem actually coincide with local minimizers of in 711
established in [7]]. While work [8] is primarily concerned with global minimizers in J11,
in its preprint version [7] the issue of local minimizers was raised. Namely it was ob-
served that the vortexless local minimizers of (T.2) in Ji; can be obtained by adapting
the method of [28], that is, by seeking local minimizers that are H'-close as ¢ — 0 to
those of problem for S'-valued maps. This method, however, does not allow one
to find local minimizers with vortices.

The techniques of finding local minimizers and other critical points with vortices for
the GL functional (with and without magnetic field) are developed, e.g., in [4} 15123} 24}
27,130]]. These works establish solutions with vortices distanced from the boundary (inner
vortices) and use the reduction to an appropriate renormalized energy function of finitely
many variables. For instance, in [30]] local minimizers with n vortices are obtained for
the full GL energy functional by restricting the minimization to some open sets of the
type U, = {(u, A); w(n — 1)|loge| < Gg(u, A) < m(n + 1)|logel|}, where Gg(u, A)
is the energy without external magnetic field. Then the “hard” part of the analysis is to
show that the infimum is attained inside U,,. Similarly, the main difficulty in establishing
local minimizers of in J is to show the attainability of the infimum in (I.7). Note
that in we impose constraints on the approximate bulk degree abdeg(u) rather than
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the energy constraints and also prescribe degrees on the connected components of the
boundary.

The method proposed in our work does not use the renormalized energy. Indeed,
the asymptotic expansion of energy (at least to the leading order as it is used for
the inner vortices) does not provide enough information on the location of vortices that
approach the boundary. The same difficulty was observed in [8] in the study of the ex-
istence/nonexistence of minimizers. We avoid the hard problem of construction of next
order renormalized energy (or equivalently next order in the expansion (I.15)) by a di-
rect construction of test functions with near-boundary vortices that approximate actual
minimizers. Our approach to problem involves such tools as the Price Lemma [§]]
and its “uniform” version (see Lemma [I8)) together with tight upper bounds explicitly
constructed for fixed (sufficiently small) ¢.

Next, we summarize the distinctive features of the GL boundary value problem with
semi-stiff boundary conditions. The first interesting feature is the existence of solutions
with a new type of vortices called near-boundary vortices. Unlike the inner vortices,
whose energy blows up at the rate of |loge|, the energy of near-boundary vortices is
bounded as ¢ — 0 and they are located at a distance o(¢) from the boundary.

Secondly, the semi-stiff boundary conditions result in a lack of compactness. Namely,
as of now, the only way to find nonconstant minimizers is by searching for minimizers
in subsets 7, p(g) C J. These subsets, however, are not weakly H 1_closed and therefore a
weak H!-limit of a minimizing sequence {u(k)} € j,ﬁg” may not lie in ._7,53), but rather in
‘715’{1)’ with p’ # p or (and) ¢’ # p. Theoremshows that if d > 0 and d > max{p, ¢},
then (for small €) any weak H!-limit of a minimizing sequence u®}) c jp(g) always

belongs to \711(3) , despite the lack of weak H 1_closedness of JISZ). In contrast, if d > 0
and d < max{p, g} we have

Conjecture 5. Letd > 0,d < max{p, g} (ord < 0,d > min{p, q}) and let u be a weak
limit of a minimizing sequence for problem (1.7) (such a minimizing sequence exists and

bound ll holds for any integer p, g, d). Then u ¢ j,,(? when ¢ is sufficiently small.

In the simplest case, when d = 0 and either p = landg = Oor p =0and g = 1,
this conjecture is demonstrated by an argument quite similar to the nonexistence proof
in [7] for simply connected domains (see Sec. [2|below).

A more interesting example, which supports the conjecture above, follows from the
previously studied (global) minimization problem m, = inf{E.(u); u € J11}. It was
shown in [[7, 9] that if cap(A) > 7 (subcritical/critical cases), then 7, is always attained,
whereas if cap(A) < 7 (supercritical case), then i, is never attained for small £. One can
see that the elements of minimizing sequences lie in 7, 1(11 ) in subcritical/critical cases and
in J](?) in the supercritical case. Moreover, the nonexistence of minimizers in problem
ford = 0, p = ¢ = 1 and small ¢ holds for any doubly connected domain (with
any capacity). (For cap(A) < = the proof is presented in [9]]; this proof can be easily
generalized to cap(A) > .)
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We conclude the introduction by outlining the scheme of the proof of Theorem
which employs a comparison argument. Fix an integer d > 0. First, we establish the
existence of minimizers in problem for p = g = d by using the so-called Price
Lemma [8] (see Lemma[9]below), the uniform lower energy bound from Lemma [I8]and
the upper bound from Lemma which is obtained by considering S'-valued testing
maps. We show that these minimizers (which belong to J d(fll)) are vortexless. Next, we
argue by induction on the parameter &(p,q) = |d — p| + |d — gq|. This parameter is
naturally associated with the number of vortices—for example, for the above minimizers
in J d(j), we have &(d,d) = 0. Given an integer K > 0, we assume the existence of
minimizers in problem for p, g such that (p, g) < K and p, g < d (the induction
hypothesis) and prove the existence of minimizers for p, ¢ such that &(p, g) = K+1 and
P, q < d. The first step in the induction procedure (when K = 0) is shown in SectionE}
The key technical point there is to construct a testing map v € J, ;871) such that

E:(v) < E¢(ug) + 7, (1.17)

where uq is a minimizer of 1) in 7 ;Z). This map v is constructed by using the minimizer

uo and Mobius conformal maps on the unit disk with a prescribed single zero near the
boundary. Then, given a minimizing sequence {u®} C jédd)_l) of problem 1) for
p=d,q =d — 1, we have, by (2.7) from Lemma(9]and (I.17)

>

Ec(u) + m(|d — deg(u, dw)| + |d — 1 — deg(u, IQ)|)
< lim E,(u®) < Ec(uo) + 7, (1.18)
k—00

where u is a weak H!-limit of {u(k)} (possibly a subsequence). Then we estimate the left
hand side of (I.T8) by the lower energy bound from Lemma [I8]and the right hand side of
(T.T8) by the upper energy bound from Lemma[T6] Thus

Io(d, A) + 7 (2|d — deg(u, dw)| + |d — 1 — deg(u, 32)| + |d — deg(u, 02)|)
<Io(d, A) +3n.  (1.19)

This implies that deg(u, dw) = d, and either deg(u, 02) = d — 1 or deg(u, 02) = d.
In view of (1.18), the only possible case is actually deg(u, 02) = d — 1, since otherwise

u € J;Z) and therefore E.(u) > E.(up), which contradicts 1} Thus u € jd(?;—l)

and u is a minimizer in J d((dd)—l)' The proof of the existence of minimizers for p =d — 1,
q = d is quite similar. So we have shown that the existence of minimizers for &(p, g) = 0
implies the existence of minimizers for &(p, ¢g) = 1. In the general case, when passing
from #(p,q) < K to ®(p,q) < K + 1 in problem (I.7), we use the same idea but
it is technically much more involved. It requires the asymptotic analysis as ¢ — 0 of
minimizers u,q of with &(p, g) = K, which is carried out in Section @ Based on

the results of this asymptotic analysis, we construct testing maps v € jp(fiq), (p' = p,

g =q—1orp =p,q =q—1)suchthat E;(v) < E;(upg) + 7. This allows us to
employ the arguments similar to the reasoning in the first step of the induction procedure
to show the attainability of the infimum in (1.7).
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2. Preliminaries

Throughout the paper we use the following notations:

e The vectors a = (aj, az) are identified with complex numbers a = a; + ias.

e a - b stands for the scalar producta - b = a1b; + axby = %(aE + ab).

e a x b stands for the vector producta x b = ajby — axb; = %(aﬁ —ab).

e The orientation of simple (without self-intersecting) curves in R? (in particular de and
0€2) is assumed to be counterclockwise. If £ is such a curve, T stands for the unit
tangent vector pointing counterclockwise, and v is the outer unit normal vector such
that (v, ) is direct.

e If & is a scalar function, then V1h = (=0x,h, 0y, h).

e B,(y) is the open disk of radius r centered at y, B,(y) = {x € R%; |x — y| < r}.

2.1. Properties of the solutions of

As shown in [7] by a bootstrap argument, any solution u € H (A; R?) of problem
is sufficiently regular (e.g., u € C2(A) if A has a C? boundary). By the maximum
principle we also have

Lemma 6. The function p(x) = |u(x)| satisfies p < 1 in A.

Locally, away from its zeros, u can be written as u = pe'® with a real-valued phase ¢.
We will also frequently make use of the current potential % related to the solution u of
(CI[T3) by

V4Lh = (u x dy,u, u x dy,u) in A,

2.1
h=1 onodf. @D

Unlike the phase ¢, the function # is defined globally on A (V¢ is also defined globally),
and

Vh=—p>V+té¢ whenp > 0. (2.2)
The existence of a unique solution of problem (2.I) and its elementary properties are

established in the following

Lemma 7. There exists a unique solution h of problem (2.1). Moreover h = const on dw,
and

Ah =20y u X 0,u inA, 2.3)
1
div(—ZVh> =0 whenp>0. 2.4
0

Proof. The vector field F' = (u x 0y, u, u X Ox,u) is divergence free. Indeed, since u is
a smooth solution of (I.T), we have div F = u x Au = 0 in A. It follows that for any
simply connected domain W C A there is a unique (up to an additive constant) function
® solving V- ® = F in W (this is the well known Poincaré lemma). Such a local solution
@ can be extended to a (possibly multi-valued) solution on A. Thanks to the fact that u
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satisfies we have 0®/0t = —F -v =0o0n dA, i.e. ® takes constant values on every
connected component of the boundary. Thus & is actually a single-valued function. Then
h(x) = ®(x) — ®(3K2) + 1 is the unique solution of 2.1).

The verification of (2.3)) is straightforward, and (2.4) follows directly from 2.2). O

We will also use the following result, which is valid for any solution of the GL equation

(1.1) (not necessarily satisfying (1.3)).

Lemma 8 ([26]). Let u be a solution of the GL equation (1.1) such that |u| < 1 and
E.(u) < A, where A is independent of €. Then

e2C
1= u@))? < ——— 2.5
ol = dist?(x, dA) )
and c
|D*u(x)| < d (2.6)

dist (x, dA)’
where C, Cy are independent of .

2.2. Minimization among maps from J with prescribed degrees

Any minimizer of @ in the set Jp, with prescribed integer degrees p and q is clearly
a solution of (I.1] [1.3). However, the existence of minimizers is a nontrivial problem. In
[LOL (19} [7, 18, 9] the minimization problem for the Ginzburg-Landau functional in
J11 was considered. In the case when A is a circular annulus, it was observed in [10]] that
minimizers, if they exist, break the symmetry when the ratio of the outer and inner radii
of the annulus exceeds a certain threshold. By contrast, in the case when this ratio is suffi-
ciently close to 1, the existence of a unique minimizer and its symmetry are shown in [19]].
The techniques in both [10] and [[19] relied on the circular symmetry of the domain. A
more general approach based on the Price Lemma was proposed in [[7} [8]].

Lemma 9 (Price Lemma [8]). Let {u®} c Jpq be a sequence that converges to u
weakly in H! (A; Rz). Then

1 1
lin}(infzf (Vu® 2 dx > 5/ \Vul>dx + 7(|p — deg(u, dw)| + |g — deg(u, I)|),
A A

or equivalently (by Sobolev embeddings),

lin}(inng(u(k)) > E.(u) + n(|p — deg(u, dw)| + |g — deg(u, 9Q))). 2.7

Several proofs in this work are based on this lemma. With the help of Lemma [9] it was
shown in [8] that the infimum of @ in J11 is always attained when cap(A) > . It was
also conjectured in [8]] that when cap(A) < 7 and ¢ is sufficiently small the weak limit of
any minimizing sequence is not in the class of admissible maps, i.e. the global minimizer
does not exist. In [9] this nonexistence conjecture was proved by a contradiction argument
based on explicit energy bounds.
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While the existence/nonexistence of minimizers in Jp, for p = g = 1 is nontrivial
and the answer depends on cap(A) and also on ¢, the case p = 0, ¢ = 1 (and p = 1,
qg = 0) is simple. Arguing as in [7] we can show that inf{E.(u); u € Jo1} is never
attained. Indeed, using the pointwise equality |Vu‘,;|2 = 20y, Us X Oxyllg + 4|8gu‘,3|2 and
the Jacobian degree formula we have

1
—f [Vu|?>dx > /axluxaxZudx
2 Ja A

whenever u € Jp1. On the other hand, by constructing an explicit minimizing sequence
in the spirit of [10]] (see also [7]), we have inf{E.(u); u € Jo1} = 7. Thus, if there exists
a minimizer u € Jo1, then u € H'(A; S!) and u solves the GL equation (1.1). Then u
must be a constant map, which contradicts that u € Jo;.

= m|deg(u, 02) — deg(u, dw)| =x

3. Properties of the approximate bulk degree

The degree of the restriction of maps from H'!(A; S') to any smooth closed curve, in
particular 9%, is preserved by the weak H !-convergence. This follows from [34]], or can
be shown directly using integration by parts as in below (note that, for any S'-valued
map u, deg(u, 02) = deg(u, dw) = deg(u, L), where L is an arbitrary smooth simple
curve in A enclosing w). Thus we have the decomposition

H'(A; 8" = | J{u e H'(A; §"); deg(u, 9Q) = d) (3.1)
deZ

into disjoint sets, each of them being closed in the weak H !-topology of H'(A; S).
Fix A > 0. In this section we consider maps u € H'(A: R?) in the level set

E}N = {u; Ec(u) < A}.

We show that the approximate bulk degree abdeg(u) classifies maps u € E2 similarly
to the above classification (3.1) of S'-valued maps. We now establish the following basic
properties of abdeg(u):
(a) abdeg(u, A) = deg(u, 32) ifu € H'(A; §1),
(b) |abdeg(u) — abdeg(v)| < Z[|V[lcia)AY2llu = vl 204y if u,v € E2, where V is
defined in (1.9).
The property (b) plays a key role in our considerations. It implies that, unlike deg(u, 9€2),
abdeg(u, A) is preserved with respect to weak H '-convergence in the following sense:
(c) Ifu, — uin H'(A; R?), then abdeg(u,, A) — abdeg(u, A).
The first property follows directly from the definition (I.I0) of abdeg(u). Indeed, inte-
grating by parts in (T.10), we get
1 a 1
abdeg(u) = —f ux 2as— —/ Ot X dyuV dx = deg(u, 32)  (3.2)
2 IQ Jat T JA

for any u € Hl(A: sYH (0, u X Oy, u =0 a.e. in A since |u| = 1 a.e.). The property (b) of
abdeg(u) is proved in the following
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Lemma 10. Foranyu,v € H! (A; RZ) we have

1
|abdeg(u) — abdeg(v)| < ;uvnc](A)«Eg(u))”Z + (E )Pl = vll 124)-

Proof. Integrating by parts, we get
27 (abdeg(u) — abdeg(v)) = /A(u — V) X (Oy,ut O, V — Oy, u 0y, V) dx
+ fA b X (B0t — ) By V — By (4 — v) B, V) dlx
= /A(u — V) X (Ot 0y, V — O u 0y, V) dx
+ /A(u — V) X Oy, 0 0y, V — 0y v 0y, V) dx.

Then the statement of the lemma follows from the Cauchy—Schwarz inequality. O

The main consequence of properties (a) and (b) of the function abdeg(u) is

Proposition 11. For sufficiently small €, abdeg(u) is close to integers uniformly in u €
E ;\ More precisely,

(d) sup dist(abdeg(u),Z) — Oase — 0.

ueEAM

Remark 12. This proposition implies that, for small ¢, J,,NE A admits a decomposition
into disjoint sets parametrized by d:

Tpg N EX = U(jp(fj) NED).
deZ

Before proving this fact we note that Proposition |11 immediately implies Proposition
stated in the Introduction.

Proof of Proposition According to (3.2) and Lemma[I0] we have

2
sup dist(abdeg(u), Z) < sup inf |abdeg(u)—abdeg(v)| < —||V||C1A1/285, (3.3)

ueEM ueEA vEE) T
where &, is the (nonsymmetric) distance

8 = sup disty24(u, E)) (3.4)

A
uekE}

between E é\ and

A 1 1 1 2
Ey = ueH(A;S);Eo(u):E [Vul“dx < A;.
A
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We now show that §, — 0as e — 0. In view of this yields the desired result. Assume
towards a contradiction that §;, > ¢ > 0 for a sequence g — 0. By virtue of the Sobolev
embeddings, the supremum in is attained on Eé\ i.e. 8 = disth(A) (ug, Eé\), where
E¢(ug) < A. We can extract a subsequence of {ug, }, still denoted by {u, }, that converges
to a map u weakly in H'(A;R?). Thanks to Sobolev embeddings u;, — u strongly
in L2(A) and we have u € H!(A; S!), since fA(Iugl2 — D%dx < 4A&?. Moreover,
Eo(u) < A by the lower weak semicontinuity of the Dirichlet integral. Thus u € Eé\ and
8¢ < llu —ugllf24) — O. m]

The following lemma illustrates the relation of abdeg(u), which is not necessarily an inte-
ger, with the standard notion of degree over a closed curve. It provides a simple criterion
for the constraint abdeg(u) € [d — 1/2,d + 1/2] in to be satisfied in a particular
case when u is a solution of equation (L.T).

Lemma 13. Let L = {x € A; V(x) = 1/2} denote the 1/2 level set of V, where V is the
solution of (1.9). (L is a smooth curve enclosing w.) If a solution u of the GL equation
(L) satisfies |u| < 1in A and E;(u) < A, then

1) |ul =1/20nL,
(i) we have
abdeg(u) € [d — 1/2,d + 1/2] & deg(u/lul, L) =d 3.5

when ¢ < g1, where &1 = €1(A) > 0 does not depend on u.

Remark 14. The choice of £ in Lemma [13|is not unique. In fact, £ can be any smooth
curve that encloses w and lies strictly inside the domain.

Proof. Consider the domain
As={xe€eA; §<Vx) <1-5}, 3.6)
where 0 < § < 1/2. Lemma|§]implies that u satisfies
lu| > 1/2  on As, 3.7

when ¢ < ] (&) = £](8) > 0). This proves (i). We can now write u = pe'V (p = |u| >
1/2) on Ag, and find an extension of i onto the entire domain A. To this end we will
consider a conformal image of A.

It is well known (see, e.g., [[1]) that there is a conformal mapping G of A onto the
annulus O with R = exp(sr/cap(A)) and 1/R as the outer and inner radii, respectively.
Moreover, G is explicitly given by G = exp(%(v —1/2+4iWV)), where W is a (multi-
valued) harmonic conjugate of V. Hence G maps A;s onto the annulus G(As) C O whose

outer and inner radii are R’ = exp(%(l /2 —§8)) and 1/R’, respectively.

Now considerjﬂ x) = 1[/(9_1 (x)) on G(As). We can extendAi/A/ to the gntire domain
O by reflections ¥ (x) := ¥ (x(R")?/|x|?) when |x| > R’ and ¥ (x) := ¥ (x/(R'|x])?)
when |x| < 1/R’. Thus

/ |V | dx 5/ |VI/;|2dx+/ |V | dx 52/ IVy12dx  (3.8)
@ G(As) O\G(45) G(As)
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when 0 < 8§ < 1/4. Then (3.8)), the conformal invariance of the Dirichlet integral and

(3.7) imply

/ |v1}|2dx52/ |v1/}|2dx=2/ IV |? dx
o G(As) As

< 8/ 2|V |2dx < 16E,(u) < 16A. (3.9)
As

The desired extension of i onto A is now given by lﬂ(x) &(g(x)) Using the

conformal mvanance of the Dirichlet integral again, we see by || that E, (e”/’) =
3[4 IVY 2 dx = 3 fO |V |2 dx < 8A. Moreover, since ¥ = ¥ on Ag and p = |u| < 1,
we obtain

e — eV |2 / u—eVP2dx+ | (p—1)2dx
LA J g ay A5

<4|A\ As| + (0> — D2dx < 4(JA\ As| + A&?). (3.10)

As
Then, by choosing small § and 1 = €1(§) > 0 (¢1(8) < 81) in view of Lemma | the
bounds E.(e'V) < 8A, E;(u) < A and (3.10), we get [abdeg(u) — abdeg(e'?)] < 1/2,
when ¢ < g1. But abdeg(e”p) = deg(e”p, Q) = deg(e'V, £) = deg(u/|ul, L), due to
(3.2). Therefore if deg(u/|u|, £) = d, then abdeg(u) € [d —1/2,d+1/2], and vice versa.
Thus (ii) is proved. ]

4. Minimization among S'-valued maps. Upper and lower bounds for problem (1.7)

Consider the minimization problem
Io(d, A"y ;= inf{Eg(u); u € H'(A"; §Y), deg(u, d0') = deg(u, 0Q') =d}, (4.1

where Eo(u) = [,/ [Vul>dx, A’ = Q' \ ', and o/, Q' are arbitrary smooth bounded
simply connected domains in R? such that ' C €. This problem is a particular case of
the minimization problem considered in [[11, Chapter I].

Proposition 15 ([11]). There exists a unique (up to multiplication by constants with unit
modulus) solution u of the minimization problem @.1), and u is a regular harmonic map
in A (i.e. —Au = u|Vu|*in A, u € H'(A")) satisfying u x g—ﬁ =0on oA

If A’ = A, then any minimizer u of (4.1) belongs to Jy4. By (3.2) we also have abdeg(u)
= d. This yields the following (optimal) bound for (1.7), in the case p = ¢ =d.

Lemma 16. For any ¢ > 0 we have m¢.(d, d, d) < Ip(d, A).
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It is shown in [[11, Chapter I] that Io(d, A) can be expressed by

1
o(d. ) = 5 [ 1VhoP d. (42)
2Ja
where A is the unique solution of the linear problem

Ahyg=0 1inA,
hp=1 ond2, hop=const ondw, 4.3)

oh
/ —Oda =2nd.
AN av

The solution V of (1.9) and h¢ are related via hg = 14+27d(V —1) /cap(A), where cap(A)
stands for the Hl—capacity of A (see, e.g., [25]). Thus Ip(d, A) = 2(71d)2/cap(A), and
this clearly holds for any doubly connected domain A’ in place of A. Therefore we have

Lemma 17. Iy(d, A’) depends continuously on cap(A’).

Using this simple result, we obtain the following lower bound for the GL energy of solu-
tions u € J of the equation (L.IJ).

Lemma 18. There exists €2 > 0 such that for any solution u € Jim of the GL equation
(L.1) satisfying E¢(u) < A and abdeg(u) € (d — 1/2,d + 1/2), we have

E.u) > Io(d. A)—%+n(|d—l|+|d—m|) 44)

whenever ¢ < & (&3 depends only on A).

Proof. The maximum principle implies that |u| < 1 on A. As in Lemma[I3]we consider
the domain As defined by where 6 < 1/2 is a positive parameter to be chosen later.
Since u| < 1 on A we can apply Lemma|§]to get the bound

ul>1—¢ inAs 4.5)

for e < &), (5 = &,(8, A) > 0). We introduce the map

- 1 iu ifju) < 1—e, “6)

T 1-¢ (1 —&)u/lu| otherwise.

By (@.5) we have |ii] = 1 on As and, according to Lemma [13] deg(it, £) = d when
¢ < min{ey, &,}. Consequently, the degrees of it on both connected components of dA;
are equal to d, so that % an IVii|2dx > Ip(d, As) (cf. ). Therefore, using the obvious

pointwise inequality |Vi|> > 2|0y, % X Oy,it| and integration by parts, we get

1 / i 1 i . -
— [ |Vu| dxz—/ |Vu|“dx + Oy, U X Oy, dx
2 J4 2 Jas k;2 AL ' g

Io(d, As) + 7 (ld — 1| 4 |d —m]), 4.7

v
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where Agk) (k = 1, 2) are the outer and the inner connected components of A \ As. On
the other hand, it follows from (4.6) that |u| < |iz| < 1. Therefore,

- 1
E:(u) < mEs(M)- (4.8)
Bounds @.7) and (4.8) yield (4.4) when & is such that Io(d, As) > Ip(d, A) — /4 (cf.
Lemma[I7) and ¢ is sufficiently small. O

5. From a vortexless minimizer to one with a single vortex

The main Theorem [3]is proved by induction on the “number of vortices” in minimizers.
More precisely, given an integer d > 0, we show the existence of minimizers of for
p=¢q=d,thenmoveontothecase p =d—1,g =dand p =d,q =d — 1, etc.
The key point of the proof is the induction step, when the degree changes by one on dw
or d€2. This change in degree results in an additional vortex in a minimizer. For arbitrary
p and g satisfying the conditions of Theorem [3] this step is quite technical. This is why
we consider here a particular case of transition from p = g = d (no vortices) to p = d,
q = d — 1 (one vortex). The transition from p =g =dto p =d — 1 and ¢ = d is quite
similar. We first establish

Lemma 19. Fix an integer d > 0. Then for sufficiently small €, ¢ < &3 with 3 > 0, the
infimum mg(d, d, d) in (1.77) is always attained, and m:(d, d, d) < Ip(d, A).

Proof. Let u be a weak H'-limit of a minimizing sequence {u®} c 7 d(j)' Since any
minimizer v of problem (I.14) is an admissible testing map for problem (I.7)), such a
minimizing sequence exists and by using Lemma[9] we obtain

1
E.w)+7(l —d|+|m—d|) <liminf E, %) < -/ [Vv|?dx = Iy(d, A), (5.1)
k—o00 2Ja

where | = deg(u, dw), m = deg(u, 0€2). Due to Proposition [2} we have abdeg(u) €
(d —1/2,d + 1/2) when ¢ < &g, therefore the first variation of at u vanishes,
i.e. u is a solution of equation (I.I)). Indeed, thanks to Lemma [I0] we know that for any
w e HO1 (A; R?) with sufficiently small H'-norm, u® + w is an admissible testing map
when k is large. Hence Eq(u 4+ w) — E¢ (1) = limj_ oo (Ec(u® + w) — E;u®)) > 0
(where limy_, o, denotes any subsequential limit), and we are done. Now, since u is a
solution of (T.I)), we can apply Lemma[I8] Namely, we substitute (4.4) in (5.1)) to get

|d =1+ |d—m| <1/4 (5.2)

for ¢ < min{eg, €2}, 1.e. ] = m = d (since [, m and d are integers). Thus the infimum in
(1.7) for p = g = d is always attained for sufficiently small €. O

Next, we perform the transition from the minimization problem (1.7) for p = ¢ = d to
that for p = d, g = d — 1 and show that m.(d,d — 1, d) is always attained when ¢ is
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sufficiently small. This is done by comparing m.(d, d — 1, d) with the energy E. (1) of a
minimizer u of for p = q = d. We first describe the properties of such minimizers.

In Section 6, it is shown that for small & any minimizer u of forp=q =4dis
vortexless (see Remark , ie. u = pe!¥ with smooth p > Oand v : A — R/2ndZ
(torus). It follows that we can write u = peide, where ¢ and V6 are smooth maps
defined globally on A. Then the boundary value problem (I.I} [I.3) can be rewritten in
terms of p and 6 as follows:

div(p’V6) =0 inA,

a6 5.3)
— =0 onodA,
av
—Ap +d2|VO 2 + ip(p2 ~1)=0 inA
g2 ’ 5.4
p=1 ondA.
In view of (2.2)), we also have
Vh = —dp’V+'o inA, (5.5)

where £ is the solution of (2.1J). It follows that (%, 6) defines orthogonal local coordinates
in a neighborhood of 9€2, thus straightening out the boundary. Indeed, it is straightforward
to verify that

1

1 — h(dw) = T

/ Vh - VV dx = 2m abdeg(u)/cap(A),
A

while abdeg(u) > d —1/2 > 0. Then, by applying the maximum principle to (2.4) we get
1 > h(x) > h(dw) in A. This in turn implies, by Hopf’s lemma, that 0/2/0v > 0 on 9€2;
i.e. the map (h,0) : A — R x (R/27Z) can be extended to a C!-diffeomorphism of a
one-sided neighborhood of 92 onto its image. Thus, there are some § > 0 and a domain
Gs C A such that

xeGs> (h,0) el =(1—6,1)x (R/277Z)

is a one-to-one correspondence which extends to a C!-diffeomorphism of Gj onto
[1—34,1] x (R/27Z).

The following proposition is crucial for the existence of minimizers of for
p = d,q = d — 1. In particular, if combined with Lemma @ it provides a bound
form¢(d,d — 1, d) independent of ¢.

Proposition 20. Let u = pe'®?, p > 0, be a minimizer of (1.7) for p = q = d. Assume
that & is small enough that Proposition2|holds with A = Iy(d, A). Then there is a testing
map v € Jyd—1) such that abdeg(v) € (d —1/2,d 4+ 1/2) and

E.(v) — E.(u) <. 5.6)
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In Section [/| a generalized version of Proposition [20] is used to show the existence of
minimizers with several vortices.

Proof of Proposition We seek a testing map v of the form
v = pw, (5.7

where w; € Jy—1) will be defined below. The following lemma allows us to compare
the energy E.(u) of u with that of v.

Lemma 21. Ifw € H'(G'; R?), G' C A, is such that |w| = 1 on 3G’, then

1
[ (vw + 50002 = 02) ax
G’ 2¢e
1
= /G,<|Vu|2 + @(W — 1)2) dx +2L 9D (w, G,

where

1 d?
LYW, G)== | p*IVwl?dx — = | |VO|*p*|lw|>dx
¢ 2 Jo 2 Jor

1
+— | p*(wl* —1)dx. (5.8)
4e G’

This result is a version of the factorization argument from [14]; its proof is presented at
the end of this section.
Note that if G’ = G5 we can rewrite the functional (5.8 by using local coordinates

(h, 0) as (cf. (3.3))

d 1
LD w, Gs) = E/H [0pw|>p* dh do + 2 ) (|9gw|?> — d?|w|?) dh do
) 8

dhdo
d|VeR

T (5.9)
8

482 I

Instead of dealing with Léd)(w, Gs) we will make use of simplified functional with a
quadratic penalty term and parameter A = A(g, d) to be determined in (5.14)) below,

M _ 1 2 2 2
r(w) = - : (d|3pw|” + [9gw|”) dh d6
5

1 .
+ 57 Mw — €99 — a?|w|?) dh dob. (5.10)
Is

Note also that the integrand in the first term of Lf;d) (w, Gs) has been multiplied here by
the factor p~* > 1. The functional (5.10) can be simplified using separation of variables.
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Now consider the map w; that is given by w, = ¢4’ in A \ Gs, and extended to G4
as a minimizer of the functional M) (w), with the following prescribed boundary data:

w; = Y F (%) ondg, (5.11)
w, =% ondGs\ R, (5.12)

Here A > 2d?, F;(z) := C;(z) (where the bar stands for the complex conjugate), C; (z) =
ZZ'(TS)_?I is the classical Mobius conformal map from the unit disk onto itself, and ¢ < 1
is a positive parameter to be determined later. Since deg(F;, S') = —1 and deg(e?, 9Q)
= 1, the standard properties of the topological degree imply that if v is defined by (5.7),

then

deg(v, 0Q) =d — 1, deg(v, dw) =d. (5.13)

The map w; is well defined, because the functional M, (w) with Dirichlet condition on
the boundary has a unique minimizer for A > 2d%. Moreover |w;| < 2. Otherwise by
taking w; = w; min{l, 2/|w,|} in place of wy, the first term in does not increase
while the second decreases, i.e. M, (w;) < M, (w,); a contradiction.

Note that under the choice

9
Ai=max| ———— 247 (5.14)
2¢2infg, |VO|?

(JV@] > 0 on the closure of Gs) we have
P2 (lw, > — D? < (Jwe| — D2(lwe| + 1)? < [wy — €12 (Jw,| + 1)?

<9lw; — €12 < 2621 |VO 2w, — € in Gy,

thanks to the bounds |w;| < 2 and p < 1. It follows that LY (w,, G5) < M (w;). We
now see, by virtue of Lemma 2] that v = pw; satisfies

Es(v) < Ec(u) + M) (wy). (5.15)
We next obtain a representation for M (w;) through separation of variables. Namely,
expanding z¢F;(z) on S' as
o0
F@=>0=-0+1 -2 1=k
k=0
we seek w; as a Fourier series
wy = (1= 1f1 () + 10 =2) Y (1 =) fi(ye *D7, (5.16)
k=0
where the coefficients fi(h) satisfy, according to (5.11][5.12)),
fil=8)=0, fr(1)=1 (5.17)
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We substitute (5.16) into (3.10) to obtain

M) = “F o TSN 221 — o 518
Mwp) = —- _1(f_1)+7];< - 221 = ) o (fo), (5.18)
where
1
Sr(fi) = /1 8(d2|f,:(h)|2 + ((k—d+ 12 + 1 —d))| e ?) dh. (5.19)

Minimizing (5.19) under the conditions (5.17) we get

ok (h=1) ok (h=1)

Jelh) = 55 T (5.20)
where k4 = :té\/(k —d + 12 + 1 — d2. Therefore,
_n
Op(fi) =dk —d + 1)<1 +—a t 0(1/k3)) as k — 00. (5.21)

Finally, using (5.21)) in (5.18)), we obtain

00 o) _ 2k
M; (w;) < (1 — )% = 1)? Zk(l — %k 42720 — d%) Z % +Cr?
k=0 k=1

=m(l =2t =220 —d*) log(l — (1 = 1)%)) + (C + 7). (5.22)

Observe that the right hand side of (5.22) is strictly less than 7 when ¢ > 0 is chosen
sufficiently small. By (5.13), for such ¢ the map v = pw; satisfies (5.6).

It remains only to show that abdeg(v) € (d — 1/2,d + 1/2). To this end note that by
(5.16) and (5.20), w; — €' pointwise in G5 as t — 0. Therefore pw; — pe'?? (= u)
weakly in H (A), so that abdeg(pw;) — abdeg(u). On the other hand, by Proposition
we know that d — 1/2 < abdeg(u) < d + 1/2. Thus, after possibly passing to a smaller ¢,
v = pw; satisfies the required property. O

Now, under the conditions of Proposition 20 there exists a minimizing sequence
w® c ‘7;8_1) of testing maps from problem for p = d,q = d — 1 such
that limg— oo E-@®) < mg(d,d,d) + 7 and u® weakly Hl—converges to a map
u € J. Moreover, any minimizing sequence has a subsequence with the same proper-
ties. We show that any weak limit « is also an admissible map. Let [ = deg(u, dw) and
m = deg(u, 3$2). By virtue of Lemma T8] (in the same way as in Lemma [T9) one shows
that u satisfies (I.1)) and Lemma[9) we have

b4
lo(d, A) — E+n(2|d—l|+ |d —1—m|+|d —m]|)
SEc(u)+a(d—=I+|d=1=m|) <mcd,d,d)+m, (523)
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since abdeg(u) = limg_, oo abdeg(u®) € [d — 1/2,d + 1/2]. Due to Lemma , we
have mg(d,d,d) < Io(d, A) so that (5.23) implies that | = d and eitherm = d — 1 or
m = d. In the latter case, u becomes an admissible map in problem forp=qg=d
and therefore E;(u) > m.(d, d, d), which contradicts the last inequality in (5.23). Thus,
u € Ja@-1y abdeg(u) € [d —1/2,d + 1/2], i.e. u is in the set J4¢) | of admissible
testing maps of problem forp=d,q=d— 1.

Proof of Lemma[21] We have, using (5.4),
fG, IV(pw)|*dx = fG/(p2|Vw|2+Vp~V<p(|w|2 — 1))+ |Vp|*)dx
= //(p2|Vw|2+d2p2|V9|2+ SLZ,OZ(,OZ— 1)) dx
—/G,<d2p2|ve|2|w|2+gizpz(pz— Djw|* — |Vp|2) dx.

Then simple algebraic manipulations yield the required result. O

6. Asymptotic behavior of local minimizers

In the previous section, we established the existence of minimizers of lb in d(:zli) and
demonstrated the first induction step of the proof of Theorem [3| that involves a transition
fromp =g =dtop =d,q = d—1in (1.7). (In fact, modulo the assumption

that minimizers in 7, d(j) are vortexless, we actually proved the existence of minimizers

in éji 1d and J c%d)—l)') In order to show the induction step for any integer p < d and
q < d, we need to establish some properties of minimizers of (I.7). We are especially
interested in their behavior near the boundary. At this point, we assume we are given a

family {u.} of minimizers for (1.7) and
Eg(ug) < A:=1Io(d, A) +n(ld — pl +|d — q). (6.1)

We suppose also that & < g9, where g9 = g9(A) > 0 as in Proposition [2] It follows that
the maps u, are local minimizers of E¢(«) in J and therefore satisfy [1.3).

Throughout this section we will use the notation p.(x) = |u.(x)], the function A, (x)
that is the unique solution of (associated with u,), and the contour £ as in Lemma
The contour £ separates the two open subdomains Q7 in A, where Q7 is the domain
enclosed by 9 and £, and 0~ = A\ (QT U £). We also set QEi ={x € 0%; pg(x) <
1—el/2).

6.1. Proof of Theorem (4|

Since |Vhg| < |Vu,| (by Lemma@), the family {/,} is bounded in H'(A), and therefore
there is a sequence g — 0 such that

he, — h weakly in HI(A) as k — oo. (6.2)
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In order to identify /4, we make use of Lemma [§|to deduce that, up to a subsequence, the

maps ug, converge to an S'-valued map u in C|(A). Since 0y u X dy,u = O a.e.in A, we
have Ahg, = 20y,ug, X y,Uus, — Oin C&C(A), thus £ is a harmonic function. Moreover,
h =1o0n 02 and & = const on dw. On the other hand,

1 1 1 oh
abdeg(ug,) = —/ Vhg - VVdx — —/ Vh-VVdx = — —
2 A 2 A 2w IQ av

According to property (d) of abdeg( ) (see Proposition[TT]in Section[3), abdeg(u,) — d
as ¢ — 0. Therefore h = ho (where hy is the unique solution of (4.3)) and the con-
vergence in (6.2) holds for the whole family {/.}. Thus, applying Lemma [§] again, we
obtain

he — hg in CIIOC(A) and weakly in H'(A)ase — 0. (6.3)

By and Lemma the maps u, converge, up to a subsequence, to u € H'(A; 1)
in CllOC (A) and weakly in H L(A). Moreover, abdeg(u) = d and in view of Vu| =
|Vho| a.e. in A. It follows that u is the solution of the minimization problem (/1.14).

In order to demonstrate the energy expansion stated in Theorem [4] we argue as fol-
lows: by using the pointwise equalities |Vu5|2 = 20y, Ug X Oy, lsg —i—4|85148|2 and |Vug|2 =
—20y,Ug X OxyUg + 4|8Zus|2 and the pointwise inequality |Vu,| > |Vh,|, we have

1
5/ [Vue|> dx > —/ By e X Opylte dx +2/ |0,u¢ | dx +/ By e X Oyylte dx
A of of 0:

1
+2/ |0zu0 ) dx + —/ [Vh,|? dx. 6.4)
o 2 Javituo:n)

Let us estimate the right hand side of 1) from below. Introducing o, (x) = max{ /052 (x),

1 — &!/2}, we have (by , )

diV( 1 th) 2 {0 in A\ (QF U Q)),
o:(x)

T _¢l2 Oy Ue X Oy,ue Otherwise.
Integrating (6.5)) over O, we get, for sufficiently small &,

2 oh ohe d
1/2 / Ox Ue X Opylte dx = / £ ds —/ ¢ —2S
1—¢l/2 Jor 30 OV £ v p2(x)

l dug Ug 0 ug
= Ug X —ds — X — ds =2n(qg —d),
a0 at Clugl 9T |ugl

where we have used Lemmas|[§]and[13] Thus, we have

(6.5)

/+ e tte X Opytte dx = (1 — P (q — d). (6.6)

o

Similarly, integrating (6.5)) over O~ we obtain

/7 Ay tte X dpyite dx = (1 — eV/2)(d — p). (6.7)

&
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In order to estimate the last term on the right hand side of (6.4), we write it as

/ |Vhe|?dx = / |Vh, — Vho|>dx + / (2Vh, — Vho) - Vhodx
A\(QFUOY) A\(QFUQ;) A
— / (2Vhy — Vhg) - Vhodx,
ofuoy

and note that by virtue of (6.1)), the measure of QO U QO vanishes as ¢ — 0, so that

/ |Vhe|? dx = / |Vhe — Vho|* dx +/ [Vho|*dx 4 o(1). (6.8)
A\(QFU0D) A\(QFU0D) A

Thus (6.6H6.8} [6.4} [6.1) imply E,(u:) — Eo(u) + 7 (|ld — p| + |d — gl). O

As a byproduct of the above proof, by (6.6)—(6.8), (6.4) and (6.1)), we get
f(|ug|2 — 1)?%dx = o(e?), (6.9)

A
f |Vhe — Vho|>dx = o(1), (6.10)
A\(QFU0;)
/ 10,1, dx = o(1), / |0su¢ ) dx = o(1). (6.11)
of 0;

6.2. Properties of minimizers of (I.7) for small &
First, by using (6.9) and the methods from [11]] we deduce that p, converges to 1 uni-
formly on compacts in A. Moreover, we have

Lemma 22. For any i > 0 we have

sup{dist(y, 0A); y € A, psz(y) <1—pu}=o0(). (6.12)
Proof. Assume towards a contradiction that for a sequence & — 0 and y > 0 we have
p2, () < 1 — p and dist(yx, 9A) > yeg. Due to (2.6), |V]ug [*| < a/ex in Byg, (3i),
where 0 < A < y and o = «()) is independent of g;. It follows that |ug, x)? <
1 — p+ 8o when x € Bsg, (yk) and § < A. Then Bsg, (yx) C A and

1
— (Jug,|* = D?dx = 7w (u — 8a)?6% > 0,

€k J Bsgy (k)
as soon as 0 < § < min{A, u/(2e)}. This contradicts (6.9). |
Important properties of u, and h,, in the vicinity of the boundary d A, are established in
Lemma 23. Forany 0 < u < 1 and x < 1 there are £1(11), €2(i, k) > 0 such that if
pZ(y) <1 — u, then

(a) fore < &1(n) we have: he(y) > 1+ u/4 if dist(y, Q) < € and
he(y) < he Q) — pn/4 if dist(y, dw) < &
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(b) fore < &y(u, k) we have

1
-/ |Vue|?dx > k. (6.13)
2 JanBey)

Proof. Assume that either (a) or (b) is violated for a sequence & — 0 and some y = yi
such that ,ogk (k) < 1 — . According to Lemma yr — JA. For definiteness we
suppose that yy — 92. Then (by Lemma[22)

dist(yk, 0€2) = o(&g). (6.14)

Let u, be extended in w so that [ug|l g1 (q) < Cllugllg1(4y and |ug| < 1in €2, where C
is independent of ¢. Extend /. (x) inside the domain w by h, = h.(dw). Following [8]]
we rescale ug, and hg, by a conformal map that “moves” y; away from the boundary.
Fix a conformal mapping 7 from 2 onto the unit disk Bj(0). We introduce the confor-
mal map & (z) = (z — n(k))/(M(k)z — 1) from By (0) onto itself and set Uy (z) =
e, (17" (G (), Hi(z) = he, (07" (G (2))). Tt is easy to see that [|Ug|| 15,0y < C and
| Hicll g1, (0y) < € with some C independent of k. Therefore, without loss of generality,
we can assume that Uy and Hj converge to limits U and H (respectively) weakly in H',
as k — oo.

Arguing as in [8] (Section 4), we can show that Uy — U in Clloc(Bl (0)) and that
AU = 0 in B;(0). Therefore, |[U(0)]> = limy_ o0 |[Ux(0)> = limy— o0 g, (y)1> <
1 — u. We also have |[U| = 1 a.e. on S'. We now show that 3,U = 0 in B;(0). In-
deed, by the maximum principle, |[U| < 1 in B1(0), hence max g, o) |Ux @ <1- 811/2
for any fixed 0 < ¢t < 1 and sufficiently large k. It follows that for such k we have
(G (B:(0)) C Q7. Then, in view of , we get, by using the conformality of the
maps ! and ¢,

/ 10, Us|? dx =/ |9,1ae, > dx 5/ |0,ue, |* dx — 0.
B:(0) 1~ (¢ (B (0))) o

This implies that ;U = 0 in By (0).
In order to show (b), we use the pointwise equalities %|VU 12 = -0, U x 9,U +
2|3,U|* and 3.U = 0 to obtain

1

-f IVU|?dx = —f 3, U x 8y,U dx = —mdeg(U, S1).
2 /B0 B1(0)

As U = const, we therefore have % f B,(0) VU |2 dx > m. It follows that there is 0 <

t < 1 such that

1
-/ VU |*>dx > k. (6.15)
B (0)

The image & (B;(0)) of the disk B,(0) is the disk By, (&) with radius #, = %

2
centered at & = % According to (6.14), # = o(sr) for k — oo, hence
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r]_l(B,k (6x)) C Bg (yx) N A when k is sufficiently large. Then, by using the confor-
mal invariance and lower semicontinuity of the Dirichlet integral and bound (6.13), we
get

/ Vg, |* dx z/ |Vug, |* dx
Be, ()NA 112k (B (0)))

:/ |VUk|2dx > 2km  ask — oo.
B (0)

In order to show that A, (yx) = Hi(0) > 1+ /4 when k — oo we note that the
system (2.1)) is conformally invariant, i.e.

VY He = (Ug x 83, Uk, U x 3, Ur) — in g (n(A)).

Then, bearing in mind the convergence properties of Uy, we find that Hy — H in
C.(B1(0)) and

VIH = (U x 8,,U, U x 3,,U) = —3VH(U|*)  in B1(0),

where we have used the fact that 9,U = 0 in B1(0). Since H = |U| = 1 on d B1(0) we
have H = % - %|U|2 in B1(0), therefore

lim Ay (y) = lim He(0) = 3 = 51U = 1+ /2.
k— o0 k— o0

This completes the proof of the lemma. O

Remark 24. Lemma [23]implies that in the case when p = ¢ = d minimizers of
are vortexless for sufficiently small ¢. Indeed, by Theoremthey H'-strongly converge,
up to a subsequence, as ¢ — 0 to a minimizing harmonic map u € J, (;j). On the other
hand, (6.13) exhibits the energy concentration property near zeros of minimizers, which
is incompatible with the strong H '-convergence.

The following result, which describes the structure of the function k. for small ¢,
plays a crucial role in the proof of the main technical result (Lemma[27) in Section

Lemma 25. For sufficiently small ¢, ¢ < &4 (84 > 0), we have

@) pg(x) > 1/2 when he(0w) — 1/8 < he(x) < 9/8 and he(dw) < ming he(x) <
maxg he(x) < he(0S2); if,ogz(x) < 1/2, then either

dist(x, 0Q2) < dist(L, 9R2) and hg(x) > 9/8,

or
dist(x, dw) < dist(L, dw) and he(x) < he(dw) — 1/8;

(ii) there exist x} € 02 and x}* € dw such that %(x;f) > 0and %(x:*) > 0.



1522 L. Berlyand, V. Rybalko

Proof. (i) follows from Lemma 22| Lemma 23] and the convergence properties of &, (as
e — 0) established in the proof of Theorem ] To prove (ii) we argue as follows. Let
g2(1, k) be the best (biggest) constant in Lemma Then &,(u, k) is increasing in u
and decreasing in k. For j = 2,3, ... set

N . A 1 Jj 1 1 j—1\ 1
e =1/j when mingér| - , — , = <e<minié| -, — |, =
j+1 j+1) j+1 j j j

(this defines 1, > 0 for all 0 < ¢ < min{&>(1/2,1/2),1/2}). Then 1, — Oase — 0
and li is satisfied with « = 1 — [1, when pgz(y) < 1 [l; the same is true when fi, is

replaced with . = max{,&g e1/2}. We pick apomtx ) in A such that o (xsl)) < 1—fhg;
then we pick a pomt x )in A \ Bae (xé )) such that p; ()ce3 )) < 1 — e, etc., unless for
some K, we have p; (x) >1—pusonA\ Uk:l By, (xgk)). By the construction of p,

since the disks B, (xék)) are disjoint,

/ Vil |2 dx > -Z/ . IVul > dx > Ke(1 — pe)m.
ANBg(xg )

Therefore, by (6.1)), we have a uniform bound K, < C. Arguing as in [11, Chapter IV,
Theorem IV.1] we can increase the radii of disks to ex > 2& (with A independent of &)
and take a subset I, of {1, ..., K.} such that

U Baaeb) o U By(x) and  dist(xX, x¥) > 4ex  for different k, k' € I.
kel k=1

We also have

pr(x) = 1—pe in A\ | Bea(xd).
kel

Assume h, and hg are extended to the entire R? by he = h.(dw), ho = ho(dw)
in w, and hé‘ = ho = 1 1in Rz \ Q. Since ,Og(-x) > 1 — e > 1 — 81/2 in Dék) —
Boe () \ Bre (xM), by lb we have

/(k) |Vhe|?dx < 2/ o (Ve = ho)|> + |Vho?)dx — 0 ase — 0.
Dy Dy

(k

Then, writing the integral over D( ) in polar coordinates centered at x; ), and using Fu-

bini’s theorem, we can find )\,gk), re < kgk) < 2Ag, such that

2 _
/lx o W| hel?do = o(1/e).

Therefore, by the Cauchy—Schwarz inequality,

12
(k172 2 N
/Ix MO Vhelds < (2mh") {/Ix RO Vel ds} =o().  (6.16)
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We now integrate li over 0\ e . B,w (xék)) using (6.16) and Lemmato obtain

h dhe d
/ 8ds=271d+2/ 2D —omd—o(l) whens — 0.
r, v & etiinw ov 2

Here I] denotes the subset of indices k € I, such that Bx“‘) (xg(k)) NQOt 4P, and T, =
RI9AN Ukel, B)Lac) (xék)). Therefore, there is x} € T, such that %(x:) > 0. Similarly, we

k . he
can show that on ye = 9w \ Uges,\ 12 B, w (xM) there is x;* such that %—U(x;**) >0. O

7. Inductive proof of Theorem 3]

Fix A > 0 and an integer d > O such that A > Iy(d, A), and let &( be the greatest integer
such that

Ip(d, A) +teg < A.

Clearly, ®p > 0. In this section we show that, for small ¢, the infimum in problem (1.7
is always attained, provided the integers p, g satisfy

&(p,g) <xy and p<d, q=<d, (7.1)
where ®(p, q) = |d —q|+|d — p|.

Proposition 26. Given an integer K < @, let p < d, g < d be integers such that
&(p,q) < K. Then, for sufficiently small &, the infimum in problem (1.7)) is always at-
tained and

me(p,q,d) <me(l,m,d)+n((I—p)+(m—q)) whenp<l<d,q<m=d. (12)

Moreover, the inequality in (T.2) is strict unless | = p and m = q.

Proof. The proof is by induction in K. The basis of induction (K = 0) is established in
Section[5](cf. Lemma[T9). The demonstration of the induction step relies on the following
lemma, whose proof is at the end of this section.

Lemma 27. Assume the integers p and q satisfy (T.1), and for ¢ < es, &5 > 0, there
exists a minimizer u, of problem (I.7) whose GL energy E.(u;) satisfies (6.1). Then for
any ¢ < min{eq, &5} (Where g4 is as in Lemma @ there exists ve € Jpg—1) such that
abdeg(vg) € (d — 1/2,d + 1/2) and

Eé‘(vs) < m&(p1 qu)+7-[ (73)

Similarly, in J(p—1)q there exists a testing map (still denoted v.) satisfying (/.3) and such
that abdeg(v,) € (d — 1/2,d + 1/2).
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In view of Lemma to prove the claim of Proposition [26| for K + 1 in place of K, it
suffices to show that m.(p,q — 1, d) is always attained for sufficiently small & when-
ever p < d,q < d and ®(p,q) = K (the attainability of m.(p — 1, g, d) is proved
analogously). Let u be a weak H!-limit of the minimizing sequence {u®} C &71,(2271).
According to Lemma[27] such a minimizing sequence exists. Moreover, this lemma, with
the induction hypothesis, implies

limsup E,(u®) < me(I',m’,d) + 7' = p) + 7(m’ — (g — 1)) (7.4)
k—o00

for any integers I’, m’ satisfying p <1’ <d,q—1 <m’ <dand&(’',m") < K. We know
that abdeg(u) = limy_ o abdeg(u®) € (d — 1/2,d + 1/2) when ¢ < gy (where gy =
go(A)isasin Proposition, hence u is a solution of the GL equation (see arguments
in Lemma . Therefore, if we write liminfy_, o E, (u(k)) < limsupy_, o, E¢ (u(k)) and
apply Lemma [9] and Lemma [T8] successively to the left hand side, we find, using
with I’ = m’ = d, that for sufficiently small &,

4
Io(d, A) — > +rnel,m)+na(l—pl+Im—(q—-D]) <m.d,d,d)+re(p,qg—1),

where [ = deg(u, dw), m = deg(u, 02). Thanks to Lemma me(d,d,d) < Iy(d, A).
Thus

l=d|+|l=pl<|p—=dl+1/2 and |m—d|+|m—(qg—D|=<[(g—1—d+1/2.

Since [ and m are integers, it follows that p </ < d andg — 1 < m < d. Now, assuming
I # porm #q — 1, we use Lemmal[9]and (7.4) with I’ = I, m" = m to obtain

E.w)+n(—p+m—(g—1)) < I}CminfEs(u(k)) <mel,m,d)+7(—p+m—(g—1)),
—00

ie. E.(u) <mg(l, m,d). On the other hand, u € \71%), implying that E,(u) >m. (I, m, d):
this is a contradiction. Therefore, / = p and m = g — 1; i.e., u is an admissible testing
map in problem (1.7) and thus the infimum m.(p, g — 1, d) is always attained. O

Proof of Lemma [27] For simplicity we drop the subscript . The underlying idea is to
modify the minimizer u of in a neighborhood of 32 as in Proposition [20] (see Sec-
tion [5)). In general, u may have zeros now. Thus, the arguments need to be more deli-
cate. Loosely speaking, we construct a testing map v with an additional “vortex” located
“near” x*, where x* is a point on 9€2 such that %(x*) > 0 (cf. Lemma.

Step 1: Domain decomposition. Let 1 —§, where § > 0, be a regular value of 4 (thanks to
Sard’s lemma this holds for almost all §). Consider the subdomain of A where & > 1 —§.
There is a (unique) connected component Ds of this subdomain such that dDs D 9.
Since h(02) = 1 > h(dw), when § is sufficiently small, the boundary of Ds contains
a connected component I's # 92 enclosing w. According to Lemma [25] if we choose
8 < 89 (8¢9 > 0), then the domain enclosed by I's and 92 will lie away from the contour £,
i.e. ['s also encloses L. Moreover, if p(x) (= |u(x)|) vanishes at a point x in this domain,
then h(x) > 1. Therefore, the minimum of % over the closure of the aforementioned
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domain cannot be attained at any interior point; otherwise, / satisfies div(p_QVh) =0
in a neighborhood of that point, which is impossible. In other words, # > 1 — § in the
domain enclosed by I's and 9<2; i.e., this domain coincides with Ds. Thus, the boundary
of Djs consists of exactly the two connected components €2 and I's. Also, possibly for a
smaller &g, the set P = {x € Ds; h(x) > 1} is independent of § (recall that § < &g and
1 — & is a regular value of /). Indeed, consider the set S5 = {x € A; h(x) > a} N D;
(0 < 8§ < &p), where « is a regular value of & and 1 < o < 9/8. The set S5 consists of
a finite number n(8) of connected components. Since Ds O Dy for § > &', the function
n(8) is nondecreasing, hence n(8) = limy_.on(8") when 0 < § < 8¢ (for some §y > 0)
and S5 = Sy for 8,8 € (0, 8p). It follows that 1 — § < h < « in Ds \ Dy when
0 < & < & < 8. For such 8 and &8 the function 4 satisfies div(p~"2Vh) = 0 in Ds \ Dy
(by Lemma [23)), while 2 < 1 on the boundary of Ds \ Dy. Thus & < 1in D5\ Dy.
We now see that {x € Ds; h(x) > 1} = P = ﬂ5,<80 Dg, when 0 < § < g, as
required.
Thus we have, for § < §,

1 oh d 1 0
d = — ——i:—/ix—ids=deg(u,f‘5)>0
2w Jry 0v p 2 Jry |ul ot |u|

(1 —6 = h(T'5) is aregular value of # and & > 1 — § in Ds, while h satisfies div(p=2Vh)
=01in Ds \ P, hence dh/9v > 0 on I's) and the integer d’ is independent of §. Therefore
u admits the representation u = pe'? in G5 = Ds \ P, where 6 : Gs — R/27Z is a
smooth function and p > 0 in Gs. Moreover, for every 0 < 8’ < §suchthat1 — 4§ isa
regular value of 4 we have 060/dt > Oon 'y (VA = —d'p?V16 and 9h/9v > 0 on Ty)
and the total variation V(0, I'yy) of 6 on 'y is V(8, I'y/) = 27 deg(eie, [y) =2m.

Without loss of generality, we can assume that u(x*) = 1. Since % (x*) > 0, we have

[Vh| > 0in A N G’ for some neighborhood G’ of x*. We also have p > 0in AN G’
(possibly by choosing a smaller G’). Then, since Vi = —d’' p>V+6, the map x > (h, 6)
is a C!-diffeomorphism from A N G’ to its image. Clearly, we can assume that A N G’ is
a simply connected domain hence we can fix a single-valued branch of § in A N G’ such
that (x*) = 0. Set G5 :={x e ANG'; 1 -8 <h <1, § € (=4,8)}. By choosing
8 < 8o small enough we have G5 C G'. We can also assume, without loss of generality,
that 1 — § is a regular value of A, since by Sard’s lemma 1 — § is a regular value of & for
almost all §.

Next, we show that 8 (x) does not take values from (—§, §) +27Z in G \ G:S. Indeed,
choose some 8’ € (0, §) such that 1 — §' is a regular value of &, and consider the simply
connected domain {x € G \G_g; 1 -8 < h(x) < 1 — §'}. Its boundary consists of the
segments Fg =Is\TsN G_’B) and Fé, =Ty \(Cy ﬂG_g), and the shortest curves (where
6 = £8 (mod 2717Z)) connecting I'§ and T'§, along opposite faces of G. There is a single-
valued branch of 6 in this domain such that § < 6 < 2w — § on its boundary (06/d7 > 0
onI'sand 'y, and V(0,T's) = V(8,'syy) = 2m). Since O satisfies div(pZVQ) = 0 we
have § < 0 < 2w — § everywhere in the domain by the maximum principle. By assuming
8 —>0wegetd <0 <2m —§8inGs \G_g. Therefore, G5 can be equivalently described
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Fig. 1. Domain decomposition.

as
x€Gy & xe€Gs, 1 =8 <h(x) <1, 0(x) € (=8,08) + 27 (7.5)

Thus we have A = G5 U G§ U (A \ Gys) (see Fig.|1), where G§ = G5 \ G§.

Step 2: Construction of the testing map. We construct the testing map v, which will have
the form

U:!u in A\ Gs, 76

pw; in G,
with w, = w;(h(x), 6(x)) is unknown for the moment. We impose the following bound-
ary conditions on 9Gs:
id'o e 1? — (1 —19(9))
e (1 —19(9) — 1
4% onTy, (7.8)

on dG; \ s, 7.7

wy = ¢
wr =

where 0 < ¢ < 1 is a smooth 2w -periodic cut-off function such that ¢(0) = 1 when
0 € (=§/2,8/2) +2nZ and p(0) = 0if 6 & (—48,68) + 2nZ. Let w; = w,(h,0) be a
smooth 27 -periodic (in 6) map, defined in the strip 1 — § < h < 1, which satisfies @)
and @, when i = 1 and h = 1 — 8, respectively. Then (7.6) defines a family of maps
ve HY(A;R?) for0 < t < 1 such that [v] = 1 on A and

deg(v, 02) =q — 1, deg(v, dw) = p. (7.9)
We expand the right hand side of (7.7) into a series to get

e € — (1 —t9(0))

T @y —1 = (A= th_ () +1 " br(nye  *FV - (7.10)

k-1

‘We next set

wi(h,0) = (1 — tb_y (1) f-1 () +1 " b() fie(mye ¢4V (711
k#—1
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where the functions fj are defined by (5.20) with k1 = :I:(l/d’)\/(k—d’~|—1)2+k—d’2.

The positive parameters ¢ < 1 and A > 2d’ 2 are to be specified below. The coefficients
by (t) have the following property:

|bp() — k@ < CA+ kD", Vn>0, (7.12)

where C = C(n) is independent of ¢, ¢ = (t —2)(1 —t)ffork >0,c_; = 1,andcx =0
for k < —1. The estimate (7.12) is obtained, in a standard way, by comparing the Fourier
coefficients in (7.10) with those of ¢4 ? (e — (1 —1))/(e™ (1 — 1) — 1).

Step 3: Verification of (7.3)). Thanks to Lemma[21] we have (since |w;| = 1 on 3G due

to (771 [7-8))

E:(v) = Ec(u) + L' (w;, G5)

where the functional Lgd/) (w) is defined as in || We now show that, for sufficiently
small 7, )
L (w,, Gs) < 7. (7.13)

To this end, as in the proof of Proposition[20] we consider the quadratic functional
1 2 ; 2
M w) = | @ jopw | + 1dgwil® + dwr — €17 = a7 Jwi)p*| VO dx. (7.14)
Gs

(One can actually show that w, minimizes (7.14) under the boundary conditions (7.7
.) Since Vi = —d'p?V+0 in Gs and p < 1 in A, we have

/Gp2|Vw,|2dxs/G(d’2|ahw,|2+|aewt|2>p2|ve|2dx. (7.15)
) §

Moreover, if we put

9
A=max}-—— 247}
2¢% ming |VO|?
8

then, under the additional assumption that |w;| < 2 in G, the pointwise inequality
2620w, — €912 VO|12 > p2(Jlw|*> — 1)? holds in G’ (see the proof of Proposition .
Thus,

: 1
LD (w,, Gs) < Mj(wy) + E/ ot (lwe)? = 1) dx. (7.16)
o4
To obtain (7.13) we first note that
P’r &
M () = —= 3 7 1k (O (fe), (7.17)
k=—00

where the functional ®; is defined just as @i in (5.19) with d’ in place of d. While
the representation is analogous to (5.18), its justification is different because Vh
vanishes at least at some points of the boundary of G5 (and possibly somewhere in GY).
We rely on the following lemma, which directly implies (7.17).
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Lemma 28. Let f, g € C'([1 — 8, 11; C). Then for all integers n, m,

0 5 () eimf 52 ; e
/f(h)e g (W)e™? p*|VO| dx = 2”/ F©F)ds ifn=m.

Proof. By virtue of the pointwise equalities Vi - VO = 0 and div(p?>V60) = 0in G, for
any regular values o, B of i suchthat 1| —§ <« < B < 1 and any integer n # m,

/ fein9 gei’"9 p2|ve|2 dx = __l Vo - Vei(n—m)efgpz dx
a<h<p n—mJau<h<p
_ 1 / dlv(pZVG)f_ i(n—m)6 dx
a<h<pB

n—m

/ VO -Vh(f'g+ fg)e"™p2dx =0, (7.18)
n—m Ju<h<p

where all the integrals are over subsets of Gs. If n = m we set F(h) = f‘; f(s)g(s)ds.
Then, since |VA| = d’p?|V8|, we have

[ saampvoras=— [ v vn S
a<h<p d a<h<pB P
oh ds A
(ﬁ)f 2/ d1V<—2Vh)F(h)dx
=p av p? "< Ja<h<p P
= d—7,Tf f(s)g(s)ds. (7.19)

Here we have also used the fact that div(p~2Vh) = 0 in Gs. The statement of the lemma
is then obtained by passing to the limits @ — 1 — § and 8 — 1 in (7.I8] [7.19). o

Using (712) in (7-17), we compute

2 00
Mi(wt)—t Z ek (PP, (fi) + 0% = (1= 1)> = D* Y k(1 —1)*

k=

0 1 _ 2k
o2 (h—d?) ]; (th) +00>) =7 —2nt+o0(). (7.20)

Simple but tedious computations also show that

B
+ [(t—2)e(l_d/)((h_l)/d/_i6) i((l _t)e(h—l)/d/—iG)k 1+)L_—(d/)2(h_ D)+0®)
= 2kd’
— eid/e + t([ _ 2)6(1_d/)((h_l)/d/_ie)/(l _ (1 _ t)e(h_l)/d/_ig) + O(t),
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uniformly in @ and i € (1 — 8, 1). Here we have used (7.11), (7.12) and the explicit form
of the functions fi. This yields

lw, — 4%l < Ct  when 8 & (—a,a) + 277, (7.21)

for any 0 < « < 2m, where C is independent of ¢. From (7.21)), we see that the second
term in (7.16) is of order O(¢?) as t — 0. Combined with (7.20) this proves (7.13).

Final step. The bound is established under the assumption that |w;| < 2 in
GY. Note that this inequality can always be achieved by replacing w, with w, :=
w, min{1, 2/|w;|}. This change increases neither the first term in nor the second
one. Thus, in order to complete the proof of the lemma, we need to show only that the
map v defined by satisfies d — 1/2 < abdeg(v) < d + 1/2 when ¢ is chosen suffi-
ciently small. Indeed, due to , w, weakly H'-converges to /4" Therefore the norm
llu — vl 24y tends to O when 7 — 0. Then, according to Lemma for small ¢, abdeg(v)
is close to abdeg(u), while d — 1/2 < abdeg(u) < d + 1/2 and we are done. O
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