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Abstract. This paper is concerned with Holder regularity of viscosity solutions of second-order,
fully non-linear elliptic integro-differential equations. Our results rely on two key ingredients: first
we assume that, at each point of the domain, either the equation is strictly elliptic in the classical
fully non-linear sense, or (and this is the most original part of our work) the equation is strictly el-
liptic in a non-local non-linear sense we make precise. Next we impose some regularity and growth
conditions on the equation. These results concern a large class of integro-differential operators
whose singular measures depend on x and also a large class of equations, including Bellman—Isaacs
equations.

Keywords. Holder regularity, integro-differential equations, Lévy operators, general non-local op-
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1. Introduction

The aim of this paper is to show that viscosity solutions of fully non-linear elliptic integro-
differential equations are Holder continuous under general suitable strict ellipticity and
regularity/growth conditions on the equations. We also obtain explicit C*¢ estimates in
terms of the space dimension, the non-linearity, the singular measure and the (local) L*°-
bound of the solution.

To be more specific, we describe the general framework we consider. We are interested
in equations of the type

F(x,u, Du, D*u,Z[x,u]) =0 in (1.1

where Q is a domain in R" (not necessarily bounded) and Z[x, u] is an integro-dif-
ferential operator. The function u is real-valued and Du, D?u stand respectively for its
gradient and Hessian matrix. The non-linearity F is a (continuous) function which is
degenerate elliptic: in this context, this means that F' is non-increasing with respect to

G. Barles, E. Chasseigne: Laboratoire de Mathématiques et Physique Théorique CNRS UMR 6083,
Fédération Denis Poisson, Université Frangois Rabelais, Parc de Grandmont, 37200 Tours, France;
e-mail: barles @lmpt.univ-tours.fr, emmanuel.chasseigne @ Impt.univ-tours.fr

C. Imbert: CEREMADE, UMR CNRS 7534, Université Paris-Dauphine, Place de Lattre de
Tassigny, 75775 Paris Cedex 16, France; e-mail: imbert@ceremade.dauphine.fr

Mathematics Subject Classification (2010): Primary 35D99, 35J60, 35B05, 47G20



2 Guy Barles et al.

its last two variables (see below for a precise statement and [4] for further details). The
integro-differential operators we will consider in the present paper are defined as follows:

Ilx,u] = /RN(M(X +2) —u(x) — Du(x) - z1(2)) px (d2) 1.2)

where 15 denotes the indicator function of the unit ball B and {j,},cgrw~ is a family of
Lévy measures, i.e. non-negative, possibly singular, Borel measures on R such that

/ min(|z|%, 1) e (dz) < +o00. (1.3)
]RN

We point out that the solution u has to be given in the whole space RY even if (T.I) is
satisfied on a domain ; see Section [2] for further details.
Important “special cases” of operators of the form (1.2)) are Lévy—It6 operators, namely

Zrilx, ul = /11‘@ (u(x +j(x,2)) —u(x) — Du(x) - j(x, 2)15(2) p(dz) (1.4)

where p is a Lévy measure and j (x, z) is the size of the jumps at x. For the operator to
be well-defined, one usually assumes

|j(x,z)| < Colz] for some constant Cy and for any x € Q, z € RV.

Model examples for a Lévy measure pu and jump function j are the ones associated with
the fractional Laplacian: u(dz) = dz/|z|N+°‘ (with 0 < o < 2) and j(x, z) = z. This
class of operators appears in the context of stochastic control of jump processes and it is
also worth pointing out that, at least to the best of our knowledge, general comparison
results (for viscosity solutions) are only available for operators in the form (T.4).

Many papers deal with Holder estimates for fully non-linear elliptic equations. There
are two kinds of approaches: for uniformly elliptic equations, one can use the powerful
approach by Harnack inequalities which leads also to further regularity results; we re-
fer the reader to Cabré and Caffarelli [7] or Trudinger [16} [17] and references therein
for results in this direction. A simpler method, more closely related to classical viscos-
ity solutions theory, was introduced by Ishii and Lions in [13]. Besides its simplicity, it
has the further advantage of providing results under weaker ellipticity assumptions and
even for some degenerate equations; it was used in [[1], [L0] where further regularity re-
sults are also proved and later in [5,13]]. As far as integro-differential elliptic equations are
concerned, many papers were published in potential theory, with equations being linear in
most of those papers; moreover they rely on probabilistic techniques. See for instance [6]].
One of the first papers about Holder estimates for integro-differential equations with PDE
techniques is probably [15]. It mainly deals with linear equations where singular mea-
sures w, have a very general x-dependence, improving on the previous literature; it also
deals with quite particular non-linear equations, more precisely, F'(Z[x, u], J[x,u]) =0
where 7 and J are two different non-local terms, and for “strictly elliptic” functions F
(in a suitable sense).

In the present paper, we deal with fully non-linear elliptic equations and we obtain lo-
cal C%¢ regularity and estimates for a quite general class of integro-differential operators
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of the form satisfying proper assumptions (see (3.2)—(3.4)). Even if important op-
erators can be seen as special cases of the general one, we will give specific results
with specific assumptions. In other words, our second main theorem is not a corollary of
the first one.

Let us mention that, on the one hand, we do not cover all the examples given in [[15]
(in particular those in Section 3.4 of [[15]), but on the other hand, we can treat examples
outside the scope of [[15]; indeed, we only assume that the measure w, is bounded at
infinity (uniformly with respect to x), while condition (2.2) of [L5] requires a (small)
power of |z] to be integrable at infinity. Moreover, we can handle much more general
non-linear equations, including the important Bellman—Isaacs equations, and we can also
identify the critical Holder exponent o of the solution. To be more precise, we are able
to prove that the solution is ¢-Hdlder continuous for any ¢ < § (and even @ = B under
stronger assumptions in the case § < 1) where B characterizes the singularity of the
measure associated with the integral operator.

In order to treat a large class of non-linear elliptic equations, we decided to present
the main results by assuming that the non-linearity F in (I.T) satisfies a proper ellipticity-
growth condition (see (H) in Section[3). Loosely speaking, this structure condition ensures
that either the equation is strictly elliptic in the classical fully non-linear sense or it is
strictly elliptic in a non-linear and non-local sense. Since this condition is rather technical,
a whole section is devoted to comments and examples (see Section ).

The techniques we use in the present paper do not seem to yield Lipschitz regularity
when 8 > 1 and we intend to investigate this question in a future work. Let us mention
that we proved [2] in quite a general framework that there exists a viscosity solution of
the Dirichlet problem without loss of the boundary condition. The local Holder estimate
we obtain in the present paper applies to the Dirichlet problem too and we will address
naturally in a future work the question of boundary estimates. We also point out that
the techniques we develop here can be readily applied to parabolic integro-differential
equations. Finally, another possible interesting application of these results is the study of
the ergodicity of non-local equations.

We conclude this introduction by mentioning that after this work was completed, we
found out that Caffarelli and Silvestre [8] obtained regularity results for a large class of
non-linear integro-differential equations that are invariant under x-translations and uni-
formly elliptic in a non-local way. In particular, they are able to get C'** regularity of
solutions.

The paper is organized as follows. In Section [2] we recall the definition of a viscos-
ity solution of (I.I). In Section [3] we state two main results: the first one deals with a
general x-dependent Lévy measure and the second with integro-differential operators in
the Lévy—It6 form. In Section |4, we comment on the main structure assumption on the
non-linearity F and we give examples of direct applications of our results. Section [3]is
devoted to the proofs of the main results.

Notation. The scalar product in R" is denoted by x - y. A ball centered at x of radius
r is denoted by B(x, r). If x = 0, we simply write B,, and if »r = 1, we even write B.
Moreover, SV ! denotes the unit sphere of RV .
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The transpose of a matrix A is denoted A* and ||A|| stands for the usual norm of A,
namely [|A] := max|;= |Az]. S¥ is the space of N x N real symmetric matrices. We
recall that X > Y if all the eigenvalues of X — Y are non-negative. If X € SV and
e € (0,1) is such that all the eigenvalues of X are strictly less than 1 (resp. strictly
greater than —1), we set X¢ = (I — X)X (resp. X, = (I +X)~ ' X). These matrices
are obtained from X by applying a sup-convolution procedure (resp. an inf-convolution
procedure), namely, for any & € RV,

6 — ¢l
&

Yo g { } _ { IE—CIZ}
E-&E= sup{X¢-¢— , Xe- &= inf X0+ .
CeRN €

reRN

2. Viscosity solutions for PIDE

In this section, we recall the notion of degenerate ellipticity for non-linear non-local equa-
tions and the definition of viscosity solutions for such equations.

2.1. Degenerate ellipticity

Throughout the paper, the domain €2 is an open subset of RY and the non-linearity F is a
continuous function. We also assume that (I.I)) is degenerate elliptic. In this framework,
this means that we make the following

Assumption (E). Foranyx e RV, u e R, pe RN, X, Y e SV, 11,1, e R,

Fx,u,p, X, 1)) < F(x,u,p, Y, I) ifX=Y, I} =D

2.2. Non-local operators

In order to define viscosity solutions for (T.I]), we introduce two associated operators Z '+
and Z%% by

Il"‘[x,p,zn:/ [u(x +2) —u(x) — p - z215(2)] 1 (d2),

|z]<8

I*°[x, p,ul = / [u(x +2) —ux) — p - z215(@)] pux (d2).

|z|=68

In the case of Lévy-Ito operators (T.4), Z'-% and 7> are defined as follows:

Il*ﬁ[x,p,u]=f (x4 (e, 2) — u@) — p - j(x. D] (),

|z]<é

I*°[x, p,ul =/ [u(x + j(x,2) —ux) — p-jx, 1) 1dz2).

|z|=6
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2.3. Definition

We now recall the definition of a viscosity solution for (I.I). We assume that we are given
a function u defined on the whole space R .

Definition 2.1 (Viscosity solutions). An upper semi-continuous (usc for short) function
u : RN — R is a subsolution of (I.1)) if for any test function ¢ € C*(B(x, 8)) such that
u — ¢ attains a maximum on B(x, §) at x € €2,

F(x,u(x), D$(x), D*¢(x), I"°[x, p, o] + T*°[x, p,ul) > 0

where p = D¢ (x).

A lower semi-continuous (Isc for short) function u : RY — R is a supersolution of
(T-1)) if for any test function ¢ € C>(R™) such that u — ¢ attains a maximum on B(x, )
at x € Q for some r > 0,

F(x,u(x), Dp(x), D*¢p(x), T [x, p, ¢1 + T [x, u]) <0,

where p = D¢ (x).
A continuous function u : RY — R is a solution of (I.I) if it is both a subsolution
and a supersolution.

Remark 2.2. It is possible to construct solutions of (I.I) in the case where @ = RV,
If @ # R", boundary conditions must be imposed. For instance, as far as the Dirichlet
problem is concerned, the function u can be prescribed outside of €2. See [2] for further
details.

Remark 2.3. As remarked in [4]], one can choose r = 0 in the previous definition, at
least in the case of Lévy—Ito operators. See [4]] for further details.

3. Main results

In this section, we state the two main results of this paper: the first one is concerned with
non-local operators of the form (Theorem [3.1) and the second one provides other
results for Lévy—It6 operators (I.4) (Theorem [3.2).

The two results rely on a structure condition imposed on the non-linearity F'. In order
to formulate it, we consider two functions A, A» : € — [0, +00) such that A;(x) +
Ar(x) > Ag > Oon Q.

(H) (Ellipticity-growth condition) For any R > 0, there exist constants k > 0, 7,60 €
(0, 1], a locally bounded function y : RT x RT™ — R™, a modulus of continuity
wr : (0, 4+00) = (0, +00) with wr(0+) = 0 and two constants 7, &g > 0 such that
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for any x, y € Q with |[x — y| < n,u,v € Rwith |u|, |[v]| <R, p,q € RY, lg] < R,
li,lpb e Rwithl; <lp,w € (0,1/3),L > 0, € (0, &) and & € SN~!, we have

F(y,u,p,Y,b)— Fx,v,p+q,X,1)
or(x —yl|)
< A1<x><Tr<X -Y)+ % +1x = YT IpPTT + IplP 4+ x (L, )

v — |2
+ A2<x>(<11 L)+ % T — T 4 Crlplt + (L, n))

if the matrices X, Y satisfy

4 [x 0] 2 z -z I 0
_515[0 —Y}SE[—Z Z}+L[O o]’ G-1)

where I denotes the identity matrix and Z = I — (1 + w)a ® a.

In the next subsection, we comment on this structure condition and give several examples.
The general results are the following.

Theorem 3.1 (Holder continuity for general non-local operators). Assume that the
measures [y satisfy the following: there exist B € (0,2), a constant C w > 0, a mod-
ulus of continuity w,, : (0, +00) — (0, +00) with w,(0+) = 0 and, for n € (0, 1),
a constant C,,(n) > 0 such that forany x,y € 2, d € SN and n,8 € (0, 1),

f|z|2ux(dz)+/N 1y (dz) < Cp,
5 RY\B (3.2)
/1 121 1 (dz) = Cp(m)8*F,
{z:1z|=6, |d-z|=(1-n)|z|}

. 120 |px — payl(dz) < wp(lx — y)8>F, (3.3)
S
wp(lx —yD$'=F if g # 1,
= wyld) < 17 3.4
fB\BE|z||u yl( z>_[wu(|x_y|)un5| B L (34)

with, if B = 1, w,(-) such that w,(r)|Inr| — 0 asr — 0. Suppose also that the non-
linearity F satisfies (H) for some parameters k, t, 6.

W 1If 1
k=8 ifB>1,
9>§(2—,3) and {k<,8 i =<1,

then any bounded continuous viscosity solution u of (I.1)) is locally a-Hélder con-
tinuous for o small enough. More precisely, a must satisfy: o« < 1if B > 1 and
a<B-kb/A-kifp <L

(1) If B < 1 and if we assume moreover that Cr = 0 in (H) and T > k(,B_1 — 1), then u
is B-Holder continuous.
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Moreover, in both cases (i)~and (i), the C%% and COP estimates depend on ||u|co, N
(dimension), the constants C,, C,,(n) and the function w, appearing in @b—@, and
on the constants and functions appearing in (H).

We now turn to Lévy—It6 operators.

Theorem 3.2 (Holder continuity for Lévy-Itd operators). Assume that the function j
appearing in the definition of Iy satisfies: there exist co, Co > such that, for any x € Q
and z € RV,

colzl < 1j(x,2)| < Colzl,  1j(x,2) = j(y,2)| < Colz| |x — y/’ (3.5

with some 6 € (O,~l). Assume, in addition, that the measure |4 satisfies: there exist B €
(0, 2), a constant Cy, > 0 and, for any n € (0, 1), a constant C,,(n) > 0 such that for any
xeQdeSN! andn,s € (0,1),

f|j<x,z>|2u(dz)+/ n(dz) < C,, / 1 (x, D1 n(dz) = Cu(m)8>~#
B RN\B Cs,p(x)

(3.6)
where Cs y(x) == {z: |j(x,2)| <6, |d- j(x,2)| = (1 —=n)|jx, 2)|}, and that, moreover,
for § small enough,

Cud'™F ifp#1,
‘Lwﬂd“udfiémmm FB= 1. (3.7)

Assume, finally, that the non-linearity F satisfies (H) with parameters k, t, 0. If

k<p ifB=1,

then any bounded continuous viscosity solution u of (1) with Z[x, u] replaced with (T.4))
is locally a-Holder continuous for any o < min(1, ).

If. in addition, Cy = 0 in (H) and t > k(1 — )™, then u is B-Holder continuous
when 8 < 1.

Moreover, the C%% estimate depends on ||u|lso, N and the constants and functions

appearing in (H) and 3:3)-(37).

Remark 3.3. It is worth pointing out that (3:3)—(3.7) are analogues of (3:2)-(3:4) but
they do not imply them. It is easy to see that the first condition of (3.3) together with
(3-6) implies (3.2) but (33) and (3-4) do not derive from the second condition of (3.3)
and (37).

Typically we have in mind the measures p which satisfy, for some Cff > 0 and
B €(0,2),

&§>%Q—ﬂ)am {k:ﬁ iFp>1

Cu Ci
|Z|N+ﬂ dz < u(dz) < |Z|T+/3dz' 3.8)
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and functions j(x, z) such that z — j(x, z) has an inverse function J(x, Z) and there
exist cg, Co > 0 such that

V(x,2) € Br(x0,0), colz| =1j(x,2)| = Colzl,

V(x, Z) € Br(x0,0), colZ] = j(x, Z)| = ColZ|,
VZ e RN, ¢y < I|det D,J(xo, Z)|, )
Vze RN, |j(x,2) = j(y, 2| = Colzl lx — yI’,

(3.9)

and these are the properties we will use. We are in such a case if, for instance, for any x,
D, j(x, z) exists for |z| small enough, is continuous in (x, z) and non-singular for z = 0.
Such a condition appears in [6]].

4. Comments and examples

In this section, we comment on the assumptions of the main theorems and give examples
of applications. More precisely, we illustrate the different terms appearing in the structure
condition (H); we give examples of non-local operators of type (T.2)) and (T.4); eventually,
we give a regularity result that applies to the Bellman-Isaacs equation.

4.1. Non-linearities

In this subsection, we illustrate the structure condition (H) we used in Theorems 3.1 and
[3.2)and, to do so, we consider the model equation

—Tr(A(x)Dzu) —c(x)Zx,ul+ H(x,u, Du) =0 in, “.1)

where A : Q2 —> SV, ¢c:Q — Rand H : © x R x RY — R are continuous functions
and Z[x, u] is a non-local term of type or (T.4).

First, the equation has to be degenerate elliptic and therefore we assume that for
all x € Q, A(x) > 0 and c(x) > 0. For A, we are even going to use the more restrictive
assumption (but natural in the probabilistic framework)

forallx € Q, Ax)=o0o((x)o*(x),

where o is a continuous function which maps 2 into the space of N x p matrices for
some p < N.

We go back to the structure condition (H). It combines two different terms. The first
one permits handling equations that are strictly elliptic in the usual sense. The second
permits one to handle non-local equations that are strictly elliptic in a generalized (non-
local) sense. Notice that imposing A (x) + Az(x) > Ag > 0 means that, at each point
x € £, the non-linearity is either strictly elliptic in the classical (non-linear) sense or
strictly elliptic in the generalized (non-local) sense.

A typical situation is the following: we are given two open subsets O, O, of Q such
that O; U O, = Q and the closure of ()¢ is included in O,; moreover we know that
F satisfies (H) in O with Aj(x) = 1, Ap(x) = 0, while F satisfies (H) in O, with
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A1(x) = 0, Ay(x) = 1. Then, if A is a continuous function in € which equals 1 on
the closure of (O1)¢ and has support in Oy, it is easy to check that F satisfies (H) with
Ax)=1-—Ak), Ar(x) = Ax).

For equation (@.T)), the structure condition (H) means that we assume

A(x) > Ai(x)I and c(x) > Arx(x) inQ.

Typically this means that the second-order operator — Tr(A (x)D?u) is uniformly elliptic
in Oy, while there is no degeneracy in the non-local variable / in O,. Of course, in the
conditions “Aj(x) = 1in O;” or “Az(x) = 1 in 0,7, the “= 1” may be replaced by
“= A” with A > 0.

Besides this ellipticity assumption, we have to assume that A (or more precisely o)
satisfies suitable continuity assumptions in O1 and O;: this appears in (H) in the second
subterms of the A, A,-terms. To describe these assumptions, we recall a standard com-
putation which appeared for the first time in Ishii [12]]: we assume that o is bounded and
uniformly continuous in 2 and we denote by w, its modulus of continuity. We apply
to the vector z = (z1, z2) with z; = o(x)e, 2 = o(y)e and an arbitrary e € SN-1 and
get

ol ()Xo (X)e-e —a (F)Yo(y)e-e < éwﬁ(li — 3D+ Lllo 1%

(we used that Z < [I). Therefore
_ _ 1 -
Tr(A(x)X) — Tr(A(»)Y) < gdwg(lx -5 + Ld|lo|%.

Hence, choose wp(r) = dwi (r)yand x(L,n) = Ld|o ||§o. It is worth pointing out that, in
the uniformly elliptic case (i.e. in 1), A or o is only required to be continuous while, in
0», o has to be Holder continuous (the same computations as above provide the |x —y |29—
term if w, (r) = Cr?) in order to take advantage of the ellipticity of the non-local term.

We now turn to the non-local term. Our main remark is the following: in our formula-
tion, the non-local term / is in fact c(x)Z[x, #] and not only Z[x, u]. In that way, assump-
tion (H) is obviously satisfied by (@.I)). On the other hand, in order to verify the assump-
tions of Theorem one has to replace the measure u, (dz) with fi,(dz) := c(x)ux(dz)
and check if the conditions are satisfied by this new measure. In other words, in the case
of (I.2), we rewrite c(x)Z[x, u] as

A{N (u(x 4+ 2) —u(x) — Du(x) - z1p(2)) fix(dz).

Therefore, the continuity assumptions on i, in Theorem [3.1] are indeed continuity as-
sumptions on (i, and, for this reason, they contain continuity assumptions on both
and c.

A priori a similar approach could be used for but this really means that we use
Theorem 3.1]instead of Theorem [3.2]in this case.

It remains to consider the first order term H (x, u, Du) in (.I): this appears in (H) in
the third, fourth and (part of the) fifth subterms of A, A,-terms. As is classical for (local)
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equations, we have to require growth conditions with respect to Du: quadratic growth
(|p|?) when the equation is uniformly elliptic, and a | p|* growth with k depending on the
measure when the strong ellipticity comes from the non-local term.

For example, in the case of the fractional Laplacian (— A)P/2_the natural growth turns
out to be k = B, even if Theorem [3.1] shows that the case B < 1 is a little more particu-
lar. We refer the reader to Subsection [4.3] where an example of the equation involving a
fractional Laplacian is treated in detail.

These growth conditions on the gradient have to be combined with the regularity of
coefficients: we are able to treat gradient terms of the form c(x)|Du(x)|™ with m = 2 if
¢ is merely bounded, and m = 2 + t if ¢ is locally t-Holder continuous. We leave details
to the reader.

We say more about these assumptions in the next subsections. In particular, we treat
equations that are not exactly of the form (I.I)) but can be handled with the same tech-
niques (see Subsection [.4)).

4.2. Singular measures

The model singular measure is the Lévy measure associated with the fractional Laplacian
(—A)P/2 In this case, duy(z) = du(z) = dz/|z|]V P with 0 < B < 2.

A second simple example of a measure u, is c(x, z)u(dz) with a Lévy measure p
satisfying (3.6)—(3.7) with j (x, z) = z and c(x, z) satisfying, forany x, y € Q and z € B,

lc(x,z2) —c(y,2)| <w(x —y|]) wherew(t) - Owhenrt | O,
and, forany x € Q, z € RN, 0 < ¢ < c¢(x,z) < c for some constants ¢, ¢. One can thus
easily check (3.2)—(3.4) and Theorem applies for suitable non-linearities F. Lévy
measures associated with tempered stable Lévy processes satisfy (3.6)—(3.7). Indeed, in

this case

)\t dz A dz
u(dz) = 1(0,+oo)(Z)(G+€ g |Z||Z|T+a> +1(—oo,0)(Z)(G e |Z|Z|T+a>'

These measures appear in financial modeling (see for instance [9]).

4.3. A non-local equation involving the fractional Laplacian

In order to further illustrate our results, we next consider the model equation
(—=MP2u 4+ b(x)|Dul*** + |Du) =0

where b € C%7,0 <7 < 1, 0 < k,r < 2. In this case, condition (H) is satisfied with
A1 =0, A2(x) =1 > 0,0 > 0 arbitrary and 7, k, r as in the equation. It is easy to



Holder continuity and non-linear elliptic non-local equations 11

check that (3.2)) is satisfied with exponent : first, it is a Lévy measure and if Cs ,, denotes
{lz| < |8],d -z = (1 — n)|z|}, then by homogeneity and symmetry of u,

[Cs,yl IC1,5]
/ 2P udz) = S [P azy = 19 / 12 1(d2)
C5~’7 |Bﬁ| Bs |Bl| Bs
C
— M |Z|2—/3—N dz = Cﬂ(n)Sz_‘g.
|Bl| Bs

Moreover, the other hypotheses we make on p (namely (3.3) and (3.4)) are automatically
satisfied since p is independent of x (in other words, one can choose w;, = 0). Since
B < 2, we cannot allow here a quadratic growth for the gradient term; indeed, Theorems
3.1 and 3.2 work only for k,r < B in the absence of local ellipticity. It is also worth
pointing out that, if » < 1, we have [p|" — |p + ¢|” < |g|" < R" and therefore, even if
B < 1, any such r works since the R” can be absorbed in the x (L, n)-term.

4.4. The Bellman—Isaacs equation

Let us illustrate Theorem [3.2] by considering an important second-order non-linear ellip-
tic integro-differential equations appearing in the study of stochastic control of processes
with jumps, namely the Bellman—Isaacs equation. Let us mention the work of Jakobsen
and Karlsen [14] in the evolution case where the authors use completely different tech-
niques.

Corollary 4.1. Consider the following Bellman—Isaacs equation in R :

1
cu + sup inf{—ETr(o,\,y(x)nyV(x)D%) — by, (x)- Du — Iz’]y [x, u] — f;hy(x)} =0

reA VED
4.2)
with ¢ > 0 and where Iﬁ’ly [x, u] is a family of Lévy—Ito operators associated with a
common Lévy measure . and a family of functions jy , (x, z). Assume that

L. satisfies (3.6)—(.7) with constants independent of &, 1,
2. there exist co, Co > 0 and 0 € (0, 1) such that for any (A, y) € A x T, ji , satisfies

(3.5,

3. oxy, ba,y and f. satisfy, for some 6 € (0, 1) (and some constant Cr > 0),
Vo, B, llowylloe + 16,y ll0.e + Il faylloe < CF.

If0,6 > %(2 — B), then any bounded viscosity solution u of @.2)) is a-Holder continuous
foranyoa < 1ifg > 1,andfora < (B —k)/(1 =k)ifB < 1.

Proof. Note that (4.2)) is not exactly of the form (I.1)). Nevertheless, the proof of Theo-
rem [3.2] we present below can be adapted to this framework. It is enough to check that the
structure condition (H) is satisfied by the linear equations

1
Foy@,u, p, Al = cu — ETr(Gx,y(X)GI,y(X)A) —bry () - p—hy = fay &),

with constants and functions appearing in (H) independent of A, y.
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Indeed, if this is the case, then we just have to use the standard inequality

supinf(---) — supinf(---) < sup(---—--- ),
r Y r Y Ay

and we can conclude in this more general case too. O

5. Proofs of Theorems3.1land

We prove successively Theorems and On one hand, the proofs are very similar
and we will skip details in the proof of the second theorem when adapting arguments
used in the proof of the first one. On the other hand, we need to use every parameter very
precisely. This is the reason why constants are computed from line to line and explicit
formulae are given for each of them in order to use them later.

5.1. Proof of Theorem

We first prove (i). Without loss of generality, we assume that Cr = 1 in the ellipticity-
growth condition (H). In order to prove the local Holder continuity of u, we are going
to show that, for any xo € €2, there exists Ly = Ly (xp) such that, for some well chosen
a € (0,1) and for L1 = L(x¢) > 0 large enough, we have

M= sup {u(x)—u(y)—¢x—y)-T'x)}=0
x,yeRN

where ¢(z) = Li|z|* and T'(x) = Lj|x — xo|>. We point out that the role of the term
I'(x) is to localize around xg, while the term ¢ (x — y) is concerned with the Holder
continuity. Proving such a result with a suitable control on «, L1, L» clearly implies the
desired property.

If Q # RN, we first choose L, so that u(x) —u(y) —¢(x —y) —I'(x) < 0ifx ¢ Q:
to do so, we first choose

8llulloo
[d(x0, 0]

If @ = RV, L, is arbitrary. Then we argue by contradiction: we assume that M > 0 and
we are going to get a contradiction for L large enough and for a suitable choice of «.

If the supremum defining M is attained at (X, y), we deduce from M > O that x # y
and

L, >

¥ — 3] < Qllulloo/LD)* =: A,
l* —xol < V2llulloc/L2 =t Ry < d(x0, 92)/2, (5.1
u(x) > u(y).
If Ly is so large that A < d(xg, 9€2)/2, then we have x, y € Q.
Next, we pick some vy € (0, 1) and we define

a=x-Yy, e=lal, a=al/lal, §=we <e.

First, vy will be chosen small enough but fixed (independent of L and ¢).
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From the study of the maximum point property for (x, y), we also get
Lig® <u(@) —u(y) < wule) (5.2)

where w,, denotes the modulus of continuity of # on B(xg, d(xg, 9€2)/2). We will use this
piece of information below (see Step 4). Notice also that if x (x, y) denotes ¢ (x — y) +
I'(x), then x — wu(x) — x(x,y) (resp. y — u(y) + x(x, y)) attains a global maximum
(resp. minimum) at x (resp. y) with x (-, y) (resp. —x (X, y)) of class C? on B(%,8). In
particular, we can use x(x, ) and —x (-, y) as test functions in Definition with any
8 < 8.

The remainder of the proof is divided into four steps. We write down the viscosity
inequalities and combine them (Step 1), we get suitable matrix inequalities from non-
local Jensen—Ishii’s lemma (Step 2), we estimate from above the difference of the non-
local terms (Step 3) and we conclude (Step 4).

Step 1: Writing down viscosity inequalities. Let p denote D¢ (a) and g denote DI"(x).
We use Corollary 1 of [4] which, for ¢ > 0 small enough, provides us with two matrices
X,, Y, € SV such that, for any 8’ < 1,

FGu@), p+q, Xo TVI%, p+ g, 0 DI+ I2V[E, p+ g, ul + 0,(1)) <0,
FG,u@), p, Yo, Y5, p, —x &, )1+ T2 (3, p, ul + 0,(1)) = 0

(where y, is an approximation of x by a localized inf-convolution, see [4]), together with
the following matrix inequality:

1 X, 0 zZ -z I 0
—715[ 0 —YL]S[—Z Z]+2L2[O 0i|+01(1), (5.3)

where Z = D2¢ (a).

Our aim is to first let ¢ tend to O in order to get rid of all the artificial « dependences in
these inequalities; in order to do so, but also in order to apply (H) which requires a two-
side bound on the matrices, we are first going to build matrices X, Y such that the above
viscosity inequalities still hold if we replace X,, ¥, by X, Y and such that the matrices
X, Y satisfy the required inequality in (H).

Then, if we set

o= TR, p+ g G )]+ T2V [R, p+ q.ul,
b =13, p, —x& )]+ I3, pul,

and if we subtract the viscosity inequalities, dropping all the ¢ dependences, we will have

0<FQ,uly),p. Y, lo) — F(x,u(x), p+q, X, 11). (5.4

In order to get the desired contradiction, in the rest of the proof we obtain various esti-
mates, in particular on the differences X — Y and Z>% [x, p + ¢q, u] — Z>% [y, p, u], in
order to apply the ellipticity-growth condition (H) to show that the right-hand side of this
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inequality is strictly negative. We point out that, since we are going to let first §” tend to 0,
the terms Z1-9'[x, p+q, x.(c; ], L8 [y, p, —x.(x, -)] create no difficulty because they
tend to O with §’.

Step 2: Building and estimating the matrices X, Y. We follow here ideas introduced by
Crandall and Ishii [11] to obtain these matrices, by using only the upper bounds on X, Y.
We rewrite (5.3) as: for any zy, z2 € RN,

Xz1 21— Y2222 < Z(z1 — 22) - (21 — 22) + 2La|z1 |

We have dropped the o,(1)-term on the right-hand side for the sake of simplicity since it
plays no role. In fact, we use the previous matrix inequality in the form

(X, —2LxD)z1-z21 — Y22 220 < Z(21 — 22) - (21 — 22).

Next we have to compute Z, as well as, for the rest of the proof, the derivatives of ¢.
It will be convenient to do the proof for ¢ (x) = ¢(]x|) for a general smooth function
¢ : RY — R. We thus get, for any b € RV,

@' (b))
Ib|

Do(b) = ¢'(IbDb, D*¢(b) = Py +¢"(1bDb®b (5.5

where b = b/|b| and P =1 — b ® b is the projection on the orthogonal complement
of b. Hence, if ¢(r) = L1r*, we get

D¢ (b) = La|b|*~b,
D*¢(b) = L1 (a|b|* I + a(a — 2)[b|* b ® b)

= Lialb|* (I — 2 - )b ® D), (5.6)
D*¢(b) < Lia|b|*I. (5.7)

‘We have |
Z=-(I-Q2—-a)a®a) with &= (Ljas* %)~
&

Now we go back to the X, ¥, inequality; we apply to it a sup-convolution in both vari-
ables z; and zp with parameter A—ILE. Noticing that this corresponds to an inf-convolution
on the (Y,z> - z0)-term, we easily get, with the notation introduced at the end of the Intro-
duction,

(X, —2LaD)**z1 - 21 — (V)zpaz2 - 22 < Z%(z1 — 22) - (21 — 22).

On the other hand, tedious but easy, explicit computations (which are provided in the
Appendix) yield
l -«

782 =27 YU — (1 +w)a®a) with @ =3 > 0.
—

Notice that 0 < w < 1/3.
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If we set X = (X, — 2Lo01)¥/* + 2L21, Y = (Y))s/4, then X, Y satisfy with
L =2L;,and since X, < X and Y < Y,, the viscosity inequalities still hold for X and Y
because F is degenerate elliptic.

From this new form of inequality (5.3]), we can obtain several types of estimates on X
and Y. First, choosing zp = —z; = a, we get

Xa-4—Ya-a<—-8w/s+ O(Ly) = —8Liawe* > + O(L»).
Next choosing zp = z; = z with z being orthogonal to a, we have
Xz-z—=Yz-2< 0O(L).
In particular, this yields
Tr(X — Y) < —8Lijawe® % + O(L2). (5.8)

Step 3: Estimates of the non-local terms. The difference of the non-local terms, denoted
by T,, can be rewritten as follows (we recall that B = B(0, 1)):

Tnl = [l 8/[“(2 +Z) _M()Z') — (p+q) 'ZIB(Z)] ,U«)E(dZ)
_/l 6/[M(y+2)_u(y)—pZIB(Z)]M);(dZ)

In order to estimate it, we split the domain of integration {|z| > &’} into three pieces:
RN \ B which leads to the T} term below; C = {z € Bs : |z-a| > (1 —n)|z|} C B which
leads to the 75 term below; and B \ C which leads to the T3 term below.
In order not to add further technicalities, we assume from now on that ' = 0; the
reader can check that if 8’ > 0, the estimates we present below remain valid up to os (1).
Therefore we have to estimate from above T,; = T + T» + T3 + og (1) with

ﬂ::/|5“f+@—uﬁﬂuﬂay—[ [ +2) — ()] (d2)

lz|>1

T = /C[u(i+z)—u(i)— (P +q) -zl ne(dz) —/C[M@JrZ) —u(y) = p-2luy(dz)
n=/ W(E+2) —u@® — (p +q) - 2 s (d2)
B\C
—/ WG +2) — u(3) — p -2l s (d2).
B\C

For the reader’s convenience, we recall that p = D¢ (a) and ¢ = DI'(x).

Estimate of 77. Since u is bounded and so are the measures p, away from the origin, we
conclude that 77 is bounded, uniformly with respect to all the parameters we introduced.
More precisely,

< (5.9)
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where

C1 = 4|ullo sup xRV \ B). (5.10)
x€B(xg,d(x0,082)/2)

Estimate of 7. We estimate 7> from above by using the definition of M. Indeed, its
definition provides the following key inequality:

u@ +d)—u@ —(p+q)-d<u@+d)—u@) —p-d
+{pa+d—d)—¢(a)— D¢(a)-(d—d)}
+{[(F+d) —T(F) — DI'(%) - d). (.11

We then use (5.11)) with d = z and d’ = 0 (resp. with d = 0 and d’ = 7). We obtain
I < /C[tﬁ(a +2) —¢(a) — Do(a) - z] nz(dz)
+/C[¢>(a —2) —¢(a) + D¢(a) - 2] ny(dz)
+](;[1"(X +z2)—TI'(x) = DI'(x) - z] uz(dz)

We now use a second-order Taylor expansion in each integral. First, according to the form
of I', we have

/C[l"()E +2) —I'(X) — DI'(X) -zl pe(dz) = Lz/C |z* ni(dz) = O(La).

Next, for the other two terms and for a general ¢ (x) = ¢(|x|), we recall (3.3) and we
finally get

1 "(la + tz —
< —/ sup (Mp(aﬂz)iz cz4+¢"(la+1z|)(a + 1z - z)2> (1z+u5)(dz)
Cre(-1,n\ la+tz|

+ O(L2).

and using next the equality ¢(r) = Lir%, we obtain

Lix _
<=~ | sup la + 121 (ja + tz*1z1* — 2 — &) ((a + t2) - 2)*) (s + p35)(d2)
te(—1,1)

+ O(L>y).
We use the notation b for a + 1z and we estimate |b| and b - z for z € C as follows:

bl <e+tlz]l <e+6 < (1+w)e,
bzl =la-z+tlz* = (1 — melzl — 8|zl = (1 —n — vo)elzl,
b1z — 2 —a)(b-2)* < (1 +v0)?e?z* — 2 —a)(1 — 5 — vp)?e?|z|?
< ((1+v0)* = 2—a)d —n—vp)He?|zl?,
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where we choose 7, v small enough so that 1 —n — vy > 0 and
Q2—a)(1—n—19)%—=(1+4v9)? > 0. (5.12)
Hence
o < ~L1Ce" [ 1 us +115)(d) + OL2)

With

Using (3.2), we thus obtain

Ty < —L1C4Cpu(ms®?8*F + O(La), (5.14)
and finally,
T) < —Li1Cse* P + O(Ly) (5.15)
with
Cs = C4Cp(mvy *. (5.16)

Estimate of 75. In order to estimate 75 from above, it is convenient to introduce
U@ =uE+2)—uX)—(p+q) -z, U@D=u+2)—uly)—p-z

and write

T3 =/ ul(Z)Mi(dZ)—/ Ur(z) ny(dz).
B\C B\C

We first remark that (5.11) with, successively, (d,d’) = (z,z), (d,d") = (z,0) and
d,d") = (0, z) = 0yields

U (z) —U(z) <T(x+2) —T'(x) - DI'(x) - z,
U(z) = (@la+2) —¢(a) — Dg(a) - 2) + (I'(x +2) —T'(X) = DI'(X) - 2), (5.17)
Ur(z) = —(¢(a —2) — ¢p(a) + D¢ (a) - 2).

We next consider the signed measure u(dz) = uz(dz) — ny(dz). It can be represented
by two non-negative measures = using the Hahn—Jordan decomposition: we write 11 =
wt — u~ where ut, u™ are respectively the positive and negative parts of . We would
like next to introduce a measure min(uz, (). To make it precise, we use the Hahn
decomposition of RN with respect to ju: if K denotes the support of ut, we define
w=1gu; + (1 — 1g)uz. We now rewrite 73 with these measures. We use

pi=put+a and puy=p 40
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together with (5.17) to get

Ty = / U (2) — Us(2) () + / U @)t dz) — / Us(2) ™ (d)
B\C B\C B\C
< / [T(x+2z)—T'(x)— DI'(x) -zl w(dz)
B\C
+/ [p(a+2) — $(a) — D(a) - <] ™ (d2)
B\C
+/ [I'(x 4+ 2) —F()E)—DF()E)~Z]M+(dZ)
B\C
+/ [b(a —2) — $(a) + D(a) - <] p~ (d2).
B\C
In order to estimate the right hand side, we first remark that
/ TG+ = T = D) 21 G+ 1)) < Lz/ (2P i (dz) < Gl
B\ B

Next, for the other two terms, we split the integration domain into B \ Bs and Bs \ C. On
Bs \ C, we use once again a second-order Taylor expansion for ¢ while, on B \ Bs, we
use the concavity of the function # +— L% on (0, +00) to obtain

¢pa+7)—¢a) —Dp(a) -7 < Li(la| + |z')* — Lila|* — D¢(a) - 7’
< aLilal® Y|+ |Dp(a) - 7| <2aLilal® ). (5.18)

Using (5.18) for z/ = z and —z and (3.2)), we are led to

T3 < C~'ML2+L1/

(e — )2z |ul(dz) + 2aLe*! / |zl 11l (dz)
Bs\C

B\Bjs

<Cula+(1— vo)“Lle"*z/ 21 |z — 151(dz)
B;s\C

+2aLle°‘—1/ 12l s — w51(d2),
B\Bs

where |u| = ut 4+ p” = |uz — uyl.
We now use (3.3) and (3:4). It is convenient to introduce

_ [P ifp 1,
W(”_{unn ifg=1.

We finally get
Ty < CuLa + v P Liwu(6)e P + 2aLiw, ()s* Y5 (voe) (5.19)

B

for vg small enough. We use here the fact that vg ~ " controls (1 — vo)"‘_zvé ~# from above.
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Final estimate for 7,,;. Combining (5.9), (5.13)), (5.19), the final estimates are: for 8 # 1,

T < —L1C5e* P 4+ 0(s*P) + O(La), (5.20)
and for g = 1,

T < —L1Cse* ™ + 08 Liwy ()6 + 20 Liwy (e)e* ! In(voe)| + O(L).

We see that if w,, (r) satisfies w,, (r)|Inr| — 0 as r — 0 (which is the case when 8 = 1),
(5.20) still holds true in this case.

Step 4: Conclusion. For all @ < 1, we deduce from (5.20) that 7,; < 0if L is large
enough. Using inequality (5.4) together with (H) with L = R = O(L2) and esti-
mates (5.8) & (5.20), and recalling that & := (Ljae®~2)~!, we are thus led to

0<A1(X)A1 + A2(x) A2 (5.21)
with

Al = Liae® 2 [—8w + wp(e)] + e (@L1e* N2t + (@Li1e* N2 + 3 (Ly),
20

Ay = [~L1Cse® P + 0(e"P)] + S 4 €7 (@L1e® YT + (@L1e* ) + F(Lo),
£

where we have gathered in x (L) the terms that either depend on L, or are bounded. We
use the assumption Aj + Az > Ag > 0 by rewriting (5.21) as follows:

0 < Agmax(Aq, Ap).

To get the desired contradiction and to obtain the C%%-estimate, it is enough to prove that
A; <0fori = 1,2 and L large enough, and to control the size of such L.

As far as A is concerned and as soon as & < 1, we can ensure that —8w + wp(e) <
—4e if L is large enough; using @]) it is clear that, in order to do it, the size of L
depends only on ||#||s0, @ and d(xg, d€2). This yields an estimate of the type

Al < L1e* [~4wa + o> (L)' + o’ L1e%] + (L)

Now there are two ways to estimate L1&“: either to use the first part of inequality
which yields the estimate L1e* < 2|u|«, Or to use the second part and the estimate
of Lie” through the modulus of continuity of u. The strategy of the proof consists in
proving the result for o small enough by using the first estimate of L& and then to use
this first step (which provides a modulus of continuity of «) to prove it for all & by using
the second estimate of L1&®.

Using L1e% < 2|lu|| in the above inequality yields

Al < Lie® —~dma + o®T Qllulloo) T + 20 ulloo] + Z(L2).

For « small enough (depending only on ||u ||~ and 7), the bracket is less than —2wa < 0
and, recalling (5.1)), it is clear that the right-hand side is (strictly) negative if L; is large
enough (depending on «, @, x(L2)). Hence, we get the desired inequality: A < 0.
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For the Aj-term, we first write

Ay =— L1Cse* P 4 0(e* Py + 62 L1672 + e (L1 YT 4+ (L1ae* ™ HE
+ x(L2)
_ ngafﬁ[_cs +0.(1) 4 20-2+B +ak+t8ﬁfk(L18a)k+rfl
+ ok PR T+ R (L)
= L1 P[—Cs+0.(1) + (xk“gﬂ_k(Ll8"‘)]““_l + (xksﬁ_k(Llso‘)k_l] + x(L»)

where Cs is given by (5.16); we also used 20 + 8 — 2 > 0.

The key difference from A is the fact that the exponents of the term Li&“ can be
non-positive and we have to argue differently if it is indeed the case.

We have the following cases.

o If 8 > 1,since C5 > ozC% for some constant Cg independent of « (at least foro < 1/2),
then one can argue as for A; withk = B sincek +t > 1 and k = B > 1 and obtain
the C%¢ regularity and estimates for o small enough.

e If B < 1, then we cannot use this argument anymore since k must satisfy (at least)
k < 1. In order to conclude, it is enough to ensure

PR e T =0,(1) and (L1 =0, (1). (5.22)

Writing ePR(L e 1 = L]f_lsﬂ_k+“(k_1), we see that this term is 0. (1) if K < 1 and
B —k + a(k — 1) > 0; notice that we do not know how to compare, in full generality,
L1-terms and e-terms. The second condition implies that kK < 8. In the same way, for the
other term, either k + v — 1 > 0 and the condition 8 > k is sufficient,ork 4+t —1 <0
and we are led to @« < (B — k)/(1 — k — 7). Gathering all this information yields the
conditions

B—k

1>B>k and o <—-.
1—k

At this point, putting together the information on A; and A, we have shown that u is
locally in C%¢ for @ small enough (depending only on the data and the L°-norm of u)
and we have an estimate of the local C%?-norm of u. In order to conclude the proof, we
need to go back to the estimate on Ay and A, (in the case when 8 > 1) and to estimate
the terms L& using (5.2) and the local C 0.-%_modulus of continuity. This easily yields
the full result and the proof of (i) is complete.

In order to prove the second part of the theorem, we now choose ¢ =  and we only
need to adapt the final step (Step 4) in the previous proof. We proceed as before by writing
(5.21) with A; unchanged and, since Cr = 0, with A, given by

Ay = Li[=Cs + o(D)] + L1eP 7212 4 e7(BL1eP YT 4+ (L),
which we can rewrite as

Ay = Li[=Cs + o(D)] + L1eP 722 4 BL1e7TF-DED 4 2(L,).
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At this stage of the proof, L, is fixed and L; can be chosen large enough in order to
control the term y (L;). Next we notice that 8 — 2 4+ 26 > 0. In order to conclude, it is
enoughtohaver + (8 — 1)(k+ 1) > 0,ie. 7 > k(,B_l —1).

The proof of Theorem 3.1]is now complete. O

5.2. Proof of Theorem

This proof follows the lines of the previous one, the only difference is the way of getting
estimate (5.20) for the non-local term in the new framework and under the new assump-
tions. Let us explain this point.

In order to shed light on the fact that j has to be Holder continuous with respect to x,

we let w(r) denote Cor? and we will see at the end of the present proof that w has to be
chosen as a power law. More precisely, in this case,

Ty = /I s [u(x +j(x,2) —u@x) —(p+q) - j& 2)1p(2)] u(dz)
z|>4’

- /H UG+ G2 =) = p J G D] (o)
z|>8"
We then write T,,; = T} + T + T3 with

n = /l 1[u(JFJrj(J?,Z)) —M(i)]u(dz)—/ [y +j (¥, 2)) —u()] u(dz),

lz|>1

T2=/C[u(i+j()_€,z))—u()2)—(p+q)-j(i,z)]u(dz)
F4S

—/ C[u(ﬁ +J(3. ) —u@) —p-jQ.2)]undz),
ze

T3 =/ [--~]Mx(dz)—f [...Tuy(dz),
z€B, z¢C z€B, z¢C

where C is defined in the following way:

LR (EET N s (o] (EET L
T auvi 27 —_ J 2’ - 2 J 2’r

where the notation Cs ,(x) is defined in the statement of Theorem Roughly speaking,
C is the analogue of the cone used in the proof of Theorem [3.1| where we have replaced z
by j((X 4+ 3)/2, z). Notice that, because of (3.3), C C B if § is small enough.

‘We have chosen such a set C for the following reason: if L is large enough (or equiv-
alently ¢ or § is small enough), then

C C C5.y(®) N Cs.n(3). (5.23)

which means that both j (x, z) and j (¥, z) are in the “good” cones.
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To check these properties, we write

(E2) |- - (322.2)
J ) s < a Jx, z J ) s <
z(1—n/2>‘j(x;y,z)‘—|z|w(2—¥)

> (L =n/D0jx, 2| = 2 —n/Dlzlw(e/2)
> (1=n/2=Q2—=mC; we/D)jE )| = (1 —nlj( 2)|

lj(x,2)-al =

and

lj(x, 2| =

X4y 8 §
Jj ) Fo(e/D)z) < -4+ —w(e/2) <6
2 2 2cp

for L; such that

w(e/2) < min<4nc0 ,c()) = min(Co, ¢g) = co
-n

forn < 1.
Estimate of 7;. We remark that, thanks to the properties of j and w, (5.9) still holds true.

Estimate of 7. One can check that (3.14) and (5.19) still hold true. Indeed, we use (3.6)—
(37) in order to get (3.2)). More precisely, using (3.6)—(3.7) and recalling the computation

we made in Subsection[4.3] we obtain

va, /Izlzu«(dz)zc,u?z"3
c

where C,, = C(co, Co, C;;, 1, d, B). Notice that (3-12) is slightly modified and so is Cy
(and consequently Cs).

Estimate of 75. In the case of Lévy—Itd operators, we estimate 73 as follows. By using
(3-10) withd = j(x,z) andd’ = j (¥, z), we get

T3=/ [u(x +j(x,2)) —ulx) —(p+q) - jx, 2)
z€B, z¢C

—u(G+JjG D +u@ +p-jG D ud) < T + T

with
=[G iED) ST - g e,
z€B, z¢C
i = / [¢a@a+ AR) —¢(a) — p- AR u(dz),
z€B, z¢C
where A(z) = j(x,z) — j (3, 2). Let us first estimate T31 as follows:

Tsl = l/ sup [DT (% +1j (%, 2)j (%, 2) - j (&, 2)] w(dz)
B 1e(0,1)
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and we deduce that
T) < CLy (5.24)

where
Cy = cg[ |zI? u(d2). (5.25)
lzl=<1

We now turn to T32 and we write T32 = T32’] + T32’2 with

Ty = / [p(a+ A) — d(a) — D (a) - A(2)] u(d2),
z€B, z¢C, |A(2)|=6

13 = [ [¢(a+ A®R) — ¢(a) — Dp(a) - A()] pu(d2).
z€B, z¢C, |A(2)|<$

We can now estimate T32’1. In order to clarify computations, we write w for w(¢) in the
following.
We use (5.18); remarking that § < |A(z)| < w|z|, we deduce

77! 5/ 20L1e* | A(2)| 1u(dz) 5/ 2aL1e*  wlz| 1(dz)
s~ <|z]<1 Swl<lz|<1
<2aL1e® Twyg o)

where, by (3.7),

. , (5.26)
Cullnr| ifB=1.

Cur'=F ifg#1,
v = [ el < { :
r<lz|=1
In order to estimate T32’2, we use a Taylor expansion together with (5.7) and the fact that
la +tA(z)] = e —§ > 0. It follows that

L
T2 < sup la +tA@IT AR pudz) < = / ePu(dz) (e — 5)20?
2 Ji<t e 2 Jp
L
< P (1 — ) / el 1(d2).
B

Lix

Gathering the estimates on T32‘1 and T32’2, we obtain
77 < 2aL1e* 'wyg(Sw™") + L1 Cyw?e® > (5.27)

with
1 2 a—2
C3 = > |z|” n(dz) (1 — vo) (5:28)
B

Final estimate of 7,,;. Gathering (3.9), (5.19), (5.24) and (5.27)), we finally obtain

T < 20Liwyg(vow ™ 'e)e® ! + L1C30%6% 2 — L1Cse% P 4+ O(Ly). (5.29)
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Looking at the @?e® 2 term, we see that we need to assume that Jj is Holder continuous

with respect to x and we thus replace w(¢) with cel. Denoting C; = CC3, we get

To < 20L16* 0 g (vs' ) + L1 Cie® 2% — [,C56*F + O(Ly).

We claim that as in the case of Theorem [3.1] (5.20) holds true under the assumptions of
Theorem[3.2] To see this, we write

zangaJr(;fll/fﬁ(VOglfé) + L18a72+2(§ _ ngafﬂ[8ﬂ+§flwﬂ(v()glfé) + Cég,sfzﬂé]

= L1 PP (06" ~0) + 00 (1)
since 6 > %(2 — B) and o < B. We next distinguish two cases.

e If B # 1, then by (3.26)), we get
P07y (ve' ") = 0(e”F)
and we conclude in this case.

o If =1, B : - ~
P01y (e %) = 0(e% |In(e' ) |) = 0.(1)

and we can conclude in this case too.

The proof of Theorem [3.2]is now complete. |

Appendix

In this Appendix we provide the explicit computation of Z#/? used in the proof of Theo-

rem[3.1]
We have Z = (1/8)(I — 2 — a)a ® a) and

—supi1=Zp-p—Ip—ql;-
e 2

_ 2
Z#%q g = sup {Zp-p -~ :Ip—qlz} =
€ peRN

peRN

One checks easily that the (last) sup is achieved at a point p such that eZp = 2(p — q),
ie.

p—Q2-a)a-p)a=2p-q. (5.30)
Taking a scalar product with a, we deduce

2
T3

N

a-qg,

a-p
and inserting in the previous equality yields

22-w)

s, @l (5.31)

P—q=¢q
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Going back to the value of the supremum and using (5.30), we have

_ 2 2
Zg/zqw]::{(p—q)-p—lp—qlz}=:(p—q)-q,
£ £

and now using (5.31), we finally obtain

_ 2 22 —a) .
z¢%q.q == {Iqlz— —(a~q)2}.
g 3—«

Therefore | + @ =2Q2 —a)/B—a)andw = (1 —a)/(3 — ).
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