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Abstract. We consider dynamic programming problems with a large time horizon, and give suffi-
cient conditions for the existence of the uniform value. As a consequence, we obtain an existence
result when the state space is precompact, payoffs are uniformly continuous and the transition cor-
respondence is nonexpansive. In the same spirit, we give an existence result for the limit value. We
also apply our results to Markov decision processes and obtain a few generalizations of existing
results.
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1. Introduction

We mainly consider deterministic dynamic programming problems with infinite time
horizon. We assume that payoffs are bounded and denote, for each n, the value of the
n-stage problem with average payoffs by v,,. By definition, the problem has a limit value
v if (v,) converges to v. It has a uniform value v if (v,) converges to v, and for each
& > 0 there exists a play giving a payoff not lower than v — ¢ in any sufficiently long n-
stage problem. So when the uniform value exists, a decision maker can play e-optimally
simultaneously in any long enough problem.

In 1987, Mertens asked whether the uniform convergence of (v,) was enough to im-
ply the existence of the uniform value. Monderer and Sorin (1993) and Lehrer and Mon-
derer (1994) answered this in the negative. In the context of zero-sum stochastic games,
Mertens and Neyman (1981) provided sufficient conditions, of bounded variation type,
on the discounted values to ensure the existence of the uniform value. We give here new
sufficient conditions for the existence of this value.

We define, for every m and n, the value v, , as the supremum payoff the deci-
sion maker can achieve when his payoff is defined as the average reward computed be-
tween stages m + 1 and m + n. We also define the value wy, , as the supremum pay-
off the decision maker can achieve when his payoff is defined as the minimum, for t
in {1, ..., n}, of his average rewards computed between stages m + 1 and m + . We
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prove in Theorem that if the set W = {wy,, : m > 0,n > 1}, endowed with
the supremum distance, is a precompact metric space, then the uniform value v ex-
ists, and we have the equalities v = sup,,~qinfy,>1 Wy 1 (2) = SUP,,=g infy>1 Vi »(2)
= inf,>1 sup,,~¢ Vm,n(2) = infy,>1 sup,,~¢ w,;,n(z). In the same spirit, we also provide in
Theorem [3175]21 simple existence result for the limit value: if the set {v, : n > 1}, en-
dowed with the supremum distance, is precompact, then the limit value v exists, and we
have v = sup,,~inf,>1 Vi n(z) = inf,>1 sup,,~¢ vm,n (z). These results, together with a
few corollaries of Theorem[3.7} are stated in Section[3]

Section 4 is devoted to the proofs of Theorems and [3.10] Section [3] contains a
counter-example to the existence of the uniform value, comments about 0-optimal plays,
stationary ¢-optimal plays, and discounted payoffs. In particular, we show that the exis-
tence of the uniform value is slightly stronger than the existence of a limit for the dis-
counted values, together with the existence of e-Blackwell optimal plays, i.e. plays which
are ¢-optimal in any discounted problem with low enough discount factor (see Rosenberg
et al., 2002).

We finally consider in Section [6] (probabilistic) Markov decision processes (MDP
hereafter) and show: 1) in a usual MDP with finite set of states and arbitrary set of actions,
the uniform value exists, and 2) if the decision maker can randomly select his actions, the
same result also holds when there is imperfect observation of the state.

This work was motivated by the study of a particular class of repeated games gener-
alizing those introduced in Renault (2006). Corollary can also be used to prove the
existence of the uniform value in a specific class of stochastic games, which leads to
the existence of the value in general repeated games with an informed controller. This is
done in a companion paper (Renault, 2007). Finally, the ideas presented here may also
be used in continuous time to study some nonexpansive optimal control problems (see
Quincampoix and Renault, 2009).

2. Model

We consider a dynamic programming problem (Z, F, r, zp) where Z is a nonempty set, F’
is a correspondence from Z to Z with nonempty values, r is a mapping from Z to [0, 1],
and zg € Z.

Z is called the set of states, F is the transition correspondence, r is the reward (or
payoff) function, and z is called the initial state. The interpretation is the following. The
initial state is zg, and a decision maker (also called player) first has to select a new state
z1 in F(zp), and is rewarded by r(z1). Then he has to choose z> in F(z1), has a payoff of
r(z2), etc. We have in mind a decision maker who is interested in maximizing his “long-
run average payoffs”, i.e. the quantities Y (z) + - + r(z)) for ¢t large. From now
on we fix I' = (Z, F, r), and for every state zo we denote by I'(z0) = (Z, F, r, z¢) the
corresponding problem with initial state zp.

For zg in Z, a play at zq is a sequence s = (21,...,2,...) € Z° such that z; €
F(z;—1) forall t > 1. We denote by S(z¢) the set of plays at zg, and by S = Umez S(z0)
the set of all plays. Forn > 1 and s = (z/)r>1 € S, the average payoff of s up to stage n
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is defined by

] n
yn(s) = =3 1),

t=1

and the n-stage value of T'(zq) is

Vn(z0) = sup ya(s).
s€S(z0)

Definition 2.1. Let z be in Z. The liminf value of I'(z) is v~ (z) = liminf, v,(z), and the
limsup value of T'(z) is vt (z) = limsup,, v, (2).

We say that the decision maker can guarantee, or secure, the payoff x in I'(z) if there
exists a play s at z such that liminf, y,, (s) > x.

The lower long-run average value is defined by

v(z) = sup{x € R : the decision maker can guarantee x in I'(z)}

= sup liminf y,(s).
seSiz)y "

Claim 2.2. v(z) < v (2) < v7(2).

Definition 2.3. The problem I'(z) has a limit value if v~ (z) = v*(z), and it has a uni-
formvalue if v(z) = vt (z).

When the limit value exists, we denote it by v(z) = v~ (z) = v (z). For e > 0, a play
s in S(z) such that liminf, y,(s) > v(z) — ¢ is then called an g-optimal play for T'(z).

On the one hand, the notion of limit value corresponds to the case where the decision
maker wants to maximize the quantities t=Yr(z1) + -+ - + r(z;)) for t large and known.
On the other hand, the notion of uniform value is related to the case where the decision
maker is interested in maximizing his long-run average payoffs without knowing the time
horizon, ie. t~Y(r(z1) + -+ +r(z)) fort large and unknown. We clearly have:

Claim 2.4. T'(z) has a uniform value if and only if T (z) has a limit value v(z) and for
every ¢ > 0 there exists an g-optimal play for I (2).

Remark 2.5. The uniform value is related to the notion of average cost criterion (see
Araposthathis et al., 1993, or Herndndez-Lerma and Lasserre, 1996). For example, a
play s in S(z) is said to be strong average-cost optimal in the sense of Flynn when-
ever lim, (v, (s) — v,(z)) = 0. Notice that (v,(z)) is not assumed to converge here. A
0-optimal play for I'(z) satisfies this optimality condition, but in general e-optimal plays
do not.

Remark 2.6 (Discounted payoffs). Other types of evaluation are used. For A € (0, 1],
the A-discounted payoff of aplay s = (z;); is defined by y (s) = Y o) A(1 — N (z),
and the A-discounted value of I'"(z) is v;(z) = SUPses(z) Vi (s).

An Abel mean can be written as an infinite convex combination of Cesaro means,
and it is possible to show that lim sup,_, va(z) < limsup,,_, . v,(z) (Lehrer and Sorin,
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1992). It may happen that lim; ¢ vy (z) and lim,_, » v, (z) both exist and differ, but it is
known that the uniform convergence of (v, ), is equivalent to the uniform convergence
of (v,),, and whenever this type of convergence holds the limits are necessarily the same
(Lehrer and Sorin, 1992).

A play s at zg is said to be Blackwell optimal in T"(zg) if there exists A9 > O such that
for all A € (0, Apl, ¥5(s) = vi(zo). Blackwell optimality has been extensively studied
after the seminal work of Blackwell (1962) who proved the existence of such plays in the
context of MDP with finite sets of states and actions (see Subsection[6.1]). A survey can
be found in Hordijk and Yushkevich (2002).

In general Blackwell optimal plays do not exist, and a play s at zo is said to be &-
Blackwell optimal in T'(zq) if there exists A9 > 0 such that for all A € (0, Ag], 5 (s) >
v (z0) — &. We will prove at the end of Section[3]that: 1) if I'(z) has a uniform value v(z),
then (v (z)), converges to v(z), and e-Blackwell optimal plays exist for each positive ¢;
2) the converse is false. Consequently, the notion of uniform value is (slightly) stronger
than the existence of a limit for v, and e-Blackwell optimal plays.

3. Main results

We will give sufficient conditions for the existence of the uniform value. We start with
general notations and lemmas.

Definition 3.1. Fors = (z/);>1in S, m > 0,and n > 1, we set
1 n
Yin($) =~ 3 r(@mts) and vpu(s) = min{y () £ € {1, n}).
=1
We have vy, () < Yma(s) and yo.,(s) = yu(s). We write v,(s) = vgn(s) =

min{y,(s) : t € {1,...,n}}.
Definition 3.2. Forzin Z, m > 0,and n > 1, we set

vm,n(z) = sup ym,n(s) and  wy, ,(z) = sup Vm,n(s)-
s€S(2) s€S(2)

We have vg ,(z) = v, (s), and we also set w,(z) = wo »(z). The quantity v,, , cor-
responds to the case where the decision maker first makes m moves in order to reach a
“good initial state”, then plays n moves for payoffs; and w,, , corresponds to the case
where the decision maker first makes m moves in order to reach a “good initial state”,
but then his payoff only is the minimum of his next n average rewards (as if some adver-
sary trying to minimize the rewards was then able to choose the length of the remaining
game). This has to be related to the notion of uniform value, which requires the existence
of plays giving high payoffs for any (large enough) length of the game. Of course we have
Wmon+1 < Wim.n < U, and, since r takes values in [0, 1],

nvy < (M + vy <nvy+m and vy, < (M +0)vyyn <AV, +m. (1)

We start with a few lemmas, which are true without any assumption on the problem.
We first show that whenever the limit value exists it has to be sup,,,( infy>1 vy 1 (2)-
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Lemma 3.3. Forallz € Z,

v~ (2) = sup inf vy, 4 (2).
m>0 n>1

Proof. For every m and n, we have vy, ,(2) < (1 + m/n)vpy4,(2), so for each m we get
inf,>1 v n(z) < v7(z). Consequently, sup,,~qinf,>1 vm n(z) < v~ (z), and it remains
to show the opposite inequality. Assume for contradiction that there exists & > 0 such
that for each m > 0, one can find n(m) > 1 satisfying vy o) (z) < v~ (z) — €. Define
now mo = 0, and set by induction my41 = n(my) for each k > 0. For each k, we have
Umpomeyr <V (2) — &, and also

(my+ -+ M)Vt (2) < M1V, (2) + M2V iy (2) + -+ MicVmy iy (2)-

This implies vy, 4...4m; () < v (z) — €. Since limg (m + - - - 4+ my) = +00, we obtain
a contradiction with the definition of v~ (z). ]

The next lemmas show that the quantities w,, , are not that low.

Lemma 34. Forallk>1,n>1,m>0,andz € Z,

k—1
Um,n(Z) < sup wl,k(Z) + —.
>0 n
Proof. Fix k,n, m and z. Set A = sup;( wy x(z), and consider ¢ > 0.

By definition of v, ,(z), there exists a play s at z such that y,,, ,(s) > vy, (2) — €.
For any i > m, we have min{y; ;(s) : t € {1,...,k}} = vix(s) < w;x(z) < A. So we
know that for every i > m, there exists #(i) € {1, ..., k} such that y; ;;(s) < A.

Define now by induction iy = m, ip =i +1(i1), ..., iy = ig—1 +1t(ig—1), Where g is
suchthatiy, <n <i;+1t(iy). Wehave ny,, ,(s) < q-1 tip)A+(n—ig)l <nA+k—1,

=1
SO Ymun(s) < A+ (k —1)/n. r o

Lemma 3.5. For every state z in Z,

v (z) < inf sup wy, ,(z) = inf sup vy, (2).
nzl ;>0 nz1 m>0
Proof. Using Lemma[3.4with m =0 and arbitrary positive k, we can obtain lim sup,, v,(z)
< supyoq Wy k(2). S0 v (2) <infy>1 sup,,=( Wi,n (2). We always have wy, ,(2) <vp,q(2),
so clearly inf,> Sup,,>o Wm,n(z) < infy>1 sup,,>( Um,x(z). Finally, Lemma gives

Vk>1,Va>1,YVm >0, vy <supwii(z)+1/n,
>0

SO SUp,, Um,nk(2) < sup;so wix(z) + 1/n. So inf, sup,, v »(z) < infy, sup,, vk (2) <
sup;> wy.k(2), and this holds for every positive k. O

Definition 3.6. We define W = {w,,, : m > 0, n > 1}, and for each z in Z,

v*(z) = inf sup wy, ,(z) = inf sup vy ,(2).
n>1 m>0 n>1 m>0
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The set W will always be endowed with the uniform distance doo(w,w’) =
sup{lw(z) — w(z)| : z € Z}, so W is a metric space. Due to Lemmas and
we have the following chain of inequalities:

sup inf wy, ,(z) < sup inf vy, ,(2) = v~ (2) < v (2) < v*(2). 2
m=0Nn= m>0n=1

One may have sup,,-qinfy>1 W (z) < sup,qinfy>1 vm,n(z), as Example @ will
show later. Regarding the existence of the uniform value, the most general result of this
paper is the following (see the acknowledgements at the end).

Theorem 3.7. Let Z be a nonempty set, F' be a correspondence from Z to Z with non-
empty values, and r be a mapping from Z to [0, 1]. Assume that W is precompact. Then
for every initial state 7 in Z, the problem I'(z) = (Z, F, r, z) has a uniform value which
is

U*(Z) =v(z) = U+(Z) =v (2) = sup inf vm,n(Z) = sup inf wm,n(Z)v
m=>0"n=1 m>0n=1

and the sequence (vy), uniformly converges to v*.

If the state space Z is precompact and the family (W »)m>0.2>1 is uniformly equicontin-
uous, then by Ascoli’s theorem, W is precompact. So a corollary of Theorem [3.7]is the
following:

Corollary 3.8. Let Z be a nonempty set, F' be a correspondence from Z to Z with
nonempty values, and r be a mapping from Z to [0, 1]. Assume that Z is endowed with a
distance d such that (Z, d) is a precompact metric space, and the family (W n)m>0, n>1
is uniformly equicontinuous. Then we have the same conclusions as in Theorem 3.7

Notice that if Z is finite, we can consider d such that d(z,z’) = 1if z # z/, so Corol-
lary gives the well known result: in the finite case, the uniform value exists. As the
hypotheses of Theorem and Corollary depend on the auxiliary functions (wy, ),
we now present an existence result with hypotheses directly expressed in terms of the
basic data (Z, F, r).

Corollary 3.9. Let Z be a nonempty set, F be a correspondence from Z to Z with
nonempty values, and r be a mapping from Z to [0, 1]. Assume that Z is endowed with a
distance d such that:

(a) (Z,d) is a precompact metric space,

(b) r is uniformly continuous,

(c) F is nonexpansive, i.e. forall z € Z, 7' € Z, and z1 € F(z), there exists 7| € F(z')
such that d(z1,z)) < d(z, 7).

Then we have the same conclusions as in Theorem[3.7)
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Suppose for example that F has compact values, and use the Hausdorff distance between
compact subsets of Z: d(A, B) = max{sup,., d(a, B), sup,cpd(A,b)}. Then F is
nonexpansive if and only if it is 1-Lipschitz: d(F(z), F(z")) < d(z,Z)) for all (z, 7))
in Z2.

Proof of Corollary Consider z and 7’ in Z, and a play s = (z;);>1 in S(z). We have
71 € F(z), and F is nonexpansive, so there exists z; € F(z') such that d(z1,z}) <
d(z, 7). It is easy to construct inductively a play (z;); in S(z') such that d(z, z;) <
d(z, 7') for each ¢. Consequently,

V(z,7) € Z%, Vs = (z)i=1 € S(2), 38 = (Z))i>1 € S(), V1 > 1, d(z1, 7)) < d(z, 7).
We now consider payoffs. Define the modulus of continuity & of r by

o) = sup  |r(z) —r(Z)| fora >0.
z,7/,d(z,7) <«

So |r(z) — r(z)| < &(d(z, 7)) for each pair of states z, z/, and & is continuous at 0.
Using the previous construction, we find that for z and z’ in Z, and allm > Oand n > 1,
[V ,n(2) — Um,n(z/)| < &(d(z, Z/)) and Wi, (z) — wm,n(Z/)| < é(d(z, Z/))- In particular,
the family (w, n)m>0, n>1 is uniformly continuous, and Corollary gives the result. O

We now provide an existence result for the limit value.

Theorem 3.10. Let Z be a nonempty set, F be a correspondence from Z to Z with
nonempty values, and r be a mapping from Z to [0, 1]. Assume that the set V = {v, :
n > 1}, endowed with the uniform distance, is a precompact metric space. Then for every
initial state z in Z, the problem I'(z) = (Z, F, r, z) has a limit value which is

v*(z) = inf sup vy, ,(z) = sup inf vy ,(2),
n>1 m=>0 mZO"—l

and the sequence (vy,), uniformly converges to v*.

In particular, the uniform convergence of (v,), is equivalent to the precompactness of V,
and if (vy,), uniformly converges, then the limit has to be v*. Notice that this does not
imply the existence of the uniform value, as shown by the counter-examples in Monderer
and Sorin (1993) and Lehrer and Monderer (1994).

4. Proof of Theorems[3.7land
4.1. Proof of Theorem[3.7]
We assume that W is precompact, and prove Theorem 3.7} The proof is in five steps.

Step 1. Viewing Z as a precompact pseudometric space. Define d(z,7) =
SUpyyy | Win,n(2) — Wm n(z)| forall z, z’ in Z. Then (Z, d) is a pseudometric space (hence
may not be Hausdorff). Fix ¢ > 0. By assumption on W there exists a finite subset / of
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indices such that for all m > 0 and n > 1, there exists i € I such that doo (W), w;) < €.
Since {(w;(z))ier : z € Z} is included in the compact metric space ([0, 11, uniform
distance), we obtain the existence of a finite subset C of Z such that for every z € Z,
there exists ¢ € C such that |w;(z) — w;(c)| < e forall i € I. We deduce that for each
& > 0, there exists a finite subset C of Z such that for every z € Z, there is ¢ € C with
d(z,c) <e.

Equivalently, every sequence in Z admits a Cauchy subsequence for d.

In the rest of this subsection, Z will always be endowed with the pseudomet-
ric d. It is plain that every value function wy, , is now 1-Lipschitz. Since v*(z) =
inf,;>1 sup,,~o Wm,»(2), the mapping v* is also 1-Lipschitz.

Step 2. Iterating F. We define inductively a sequence of correspondences (F"), from
Z to Z by FO(z) = {z} for every state z, and F**! = F" o F for all n > 0 (where the
composition is defined by G o H(z) = {z” € Z : 7" € G(Z') for some 7' € H(z)}). Then
F"(z) represents the set of states that the decision maker can reach in n stages from the
initial state z. It is easily shown by induction on m that

Vm >0,Vn>1,VzeZ, wm,n(z) = sup wn(y)~ 3)

yeF™(2)

We also define, for every initial state z, G" (z) =|J;/_, F"(z) and G®(2) = F"(2).
The set G*°(z) is the set of states that the decision maker, starting from z, can reach in
a finite number of stages. Since (Z, d) is precompact pseudometric, we can obtain the
convergence of G (z) to G*(z):

Ve >0,Vze Z, Am >0, Vx € G®(), Iy € G"(z), d(x,y) <e. 4)

(Suppose on the contrary that there exist €, z, and a sequence (z,)» of points in G*(z)
such that the distance d(z,,,, G" (z)) is at least ¢ for each m. Then by considering a Cauchy
subsequence (Zy(m))m, one can find mq such that for all m > mo, d(2pm), Zp(me)) < &/2.
Let now k be such that zy(m,) € G*(z). Then, for every m > k, £/2 > d(Zp(m)» Zp(mg))
> d(z2g(m)» GX(2)) > d(zpm), G¥™(z)) > &, a contradiction.)

Step 3. Convergence of (v,(z))n to V*(2).
3.a. Here we will show that
Ve>0,Vz€Z,AM>0,Vn>1,I3m <M, wp,(iz)>v"@) —e¢ (&)

Fix e > O0and z in Z. By @) there exists M such that for every x € G*°(z), there
exists y € GM(z) such that d(x, y) < e. For each positive n, by definition of v* there
exists m(n) such that wy, ) .(z) > v*(z) — &. So by , one can find y, in G (z)
such that w, (y,) > v*(z) — 2¢. By definition of M, there exists y,, in GM (7) such that
d(yn, y) < € and wy(y;) = wy(yn) — € > v*(z) — 3¢. This proves (3).

3.b. Fix ¢ > 0 and z in Z, and consider M > 0 given by @) Consider some m in
{0, ..., M} such that wy, ,(z) > v*(z) — ¢ for infinitely many 7n’s. Since Wy, n+1 < Wi ps
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the inequality wy, ,(z) > v*(z) — ¢ is true for every n. We have improved Step 3.a and
obtained

Ve>0,¥z€Z,Am>0,Vn>1, wy,(z) > v"@F) —e. 6)

Consequently, for all z € Z and ¢ > 0, sup,, inf, wy, »(z) > v*(z) —e. So for every initial
state z, sup,, inf, wy, »(z) > v*(z), and inequalities give

supinf wy, ,(z) = supinfv, ,(2) = v (z) = v+(z) =v*(2).
m N m N

And (v, (2)), converges to v*(z).
Step 4. Uniform convergence of (vp)y-

4.a. Write, for each state z and n > 1, f,(2) = sup,,>¢ Wm.»(2). The sequence (f,), is
nonincreasing and simply converges to v*. Each f, is 1-Lipschitz and Z is pseudometric
precompact, so the convergence is uniform. As a consequence we get

Ve >0, 3ng, Yz € Z,  SUP W 0y (2) < 0" (2) +&.

m=>0
By Lemma (3.4 we obtain

—1
Ve >0, 3n0, ¥2€Z, Vm>0,¥n > 1, vpn(@) <v () +e+ 0"
n

Considering n1 > ng/e gives

Ve >0, 3n,Vz € Z, Vn=ni, 0,(2) < Sup vyn(z) < v*(2) + 2e. (7

m>0

4.b. Write now, for each state z and m > 0, g (2) = sup,, <, infy>1 Wy ,(2). Then
(gm)m is nondecreasing and simply converges to v*. As in 4.a, we can see that (g,,)m
converges uniformly. Consequently,

Ve>0,IM >0, Vze Z,Im <M, inf1 W (2) > 0*(z) —&. 8
n>

Fix ¢ > 0, and consider M as above. Let N > M /e. Then for all z € Z and n > N, there
exists m < M such that wy, ,(z) > v*(z) — €. But v,(z) > vy n(z) — m/n by , SO we
obtain v, (z) > vy x(2) — & = v*(z) — 2¢. We have shown

Ve >0,3IN,VzeZ, Vn>N, v,(2)>v*z) —2e. 9)
By (7) and (9), the convergence of (vy), is uniform.

Step 5. Uniform value. By Claim [2.4] in order to prove that I'(z) has a uniform value it
remains to show that e-optimal plays exist for every ¢ > 0. We start with a lemma.

Lemma4.1. Ve > 0,IM > 0,3K > 1,Vz € Z,Im < M,Vn > K,3s = (2:)1>1 € S(z)
such that
Vm,n(s) = U*(Z) —¢/2 and U*(Zm+n) > U*(Z) —&.
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This lemma has the same flavor as Proposition 2 in Rosenberg et al. (2002), and Propo-
sition 2 in Lehrer and Sorin (1992). If we want to construct e-optimal plays, for every
large n we have to construct a play which: 1) gives good average payoffs if one stops
the play at any large stage before n, and 2) after n stages, leaves the player with a good
“target” payoff. This explains the importance of the quantities v,, , which have led to the
definition of the mappings w, .

Proof of Lemma[d.1] Fix ¢ > 0. Take M given by (8). Take K given by (7) such that for
allz € Zandn > K, v,(z) < sup,, Um.n(z) < v*(z) +e¢.

Fix an initial state z in Z. Consider m given by @, and n > K. We have to find
s = (z1)r=1 € S(2) such that vy, , (s) > v*(z) — &/2 and V*(Zpm+n) = V*(2) — &.

We have w,, ,/(z) > v*(z) — ¢ for every n’ > 1, 80 wp,21(z) > v*(z) — ¢, and we
consider s = (z1,...,2s,...) € S(z) which is e-optimal for w;, 2,(z), in the sense that
V20 () = Wy 2, (2) — €. We have

Vm,n(s) > Vm,Zn(S) > wm,2n(z) —€& = v*(z) — 2e.

Write X = Ypu,n(s) and Y = yiyyp 0 (5).
X Y

21 Zm Zm+1 Zm+n  Tm+n+1 <m+2n

Since vy, 2,(s) > v*(z) — 2¢, we have X > v*(z) — 2¢, and (X + Y)/2 = ym.on(s) >
v*(z) — 2¢. Since n > K, we also have X < vy, ,(z) < v*(2) + €. Andn > K also
gives vy (Zmtn) < V" (Zmtn) + &, 50 V* (Zmtn) = Vn(Zm+n) — & = Y — &. We now write
Y/2 =(X+Y)/2— X/2 and obtain Y/2 > (v*(z) — 5¢)/2.So Y > v*(z) — 5¢, and
finally v*(Zp40) > v*(z) — 6e. O

Proposition 4.2. For every state z and ¢ > 0 there exists an g-optimal play in T'(z).

Proof. Fixa > 0. Foreveryi > 1,seteg; = oz/2i. Let M; = M(¢;) and K; = K (¢g;) be
given by Lemma@] for ¢;. Define also n; as the integer part of 1 + max{K;, M;y1/a},
so that clearly n; > K; and n; > M;y1/a.

Foralli > 1 and z € Z there are m(z,i) < M; and s = (z/);>1 € S(z) such that

V(i () = (@) — /2 and v*(@miyin) = V() — /2%

We now fix the initial state z in Z, and for simplicity write v* for v*(z). If @ > v*itis
clear that o-optimal plays at I'(z) exist, so we assume v* — o > 0. We define a sequence
(z', mj, s')i>1 by induction:

e First put z' = z, m; = m(z!,1) < My, and pick s' = (Ztl)tzl in S(z') such that
Vm1,n1(sl) > U*(Zl) — 01/22 and U*(Zr1r11+nl) > U*(Zl) —a/2.
e Fori >2,putz = Z;n_l-i1+n,-71’ m; = m(z',i) < M;, and pick s' = (z});>1 € S(z')

such that vy, », (s') = v*(z') — /2" and v* (2}, ,,.) = v* () — /2"
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Consider finally s = (z], ...,z,LlHl,z%, ...,ziﬁnz, e 2 ""Zin,-+n,-, le+1’ ol
which is a play at z, and is defined by blocks: first s is followed for m; + n; stages, then
52 is followed for my + n, stages, etc. Since 7/ = z;;i]Jrni_l for each i, s is a play at z.
For each i we have n; > M,/ > m;y1/, so the “n; subblock™ is much longer than

the “m;41 subblock”.

m stages nj stages m; stages n; stages

s! st
For each i > 1, we have v*(z') > v*(z' 1) — «/2!71. So
: o o o o
VE) Z—g m g Ty YR 2V —et
Hence vy, p, (s') > v* — a.
Let now T be large. First assume that T = my +ny + --- +m;—1 + n;—1 + r, for

some positive i and r in {0, ..., m;}. We have
T —my 1 T T —my 1 T
yr(s) = g(s) = 8(s1)
T T-m <= T T—m1t=;+l !

T —mq 1 il N
> o (L)t -

ButT —my <ny+my+---+ni_1 +m 5(1+a)2j;11nj,so

—my

T *
yr(s) = m(v —a),

and the right hand side converges to (v* — «)/(1 + «) as T goes to infinity.
Assume now that T = m1 +ny +---+m;—1 +n;—1 +m; +r for some positive i and

rin {0, ..., n;}. The previous computation shows that
my+ni+---+m;

5;) > ——— (V" —a).
g(s) = TTa ( )

=1

Since vy, 4, (s') = v* — o, we also have Zt:m1+n1+~~+mi+l g(s;) > r(v* — ). Conse-
quently,

TyT(s)>(T—ml—r)v*_a+r(v*—a)>Tv*_a—mlv*_a rot(v*—ot)
- 1+« T 1+« 14+« 14+«
vi—a mp v -«

O 2T T T Tra

So we obtain liminfr yr(s) > (v* —a)/(1 + @) = v* — 1_%o[(l + v*). We have proved

the existence of an «(1 4+ v*)-optimal play in I'(z) for every positive «; this concludes
the proof of Proposition#.2] and consequently of Theorem 3.7} |
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Remark 4.3. One can see that properties and (8]) imply the uniform convergence of
(vy) to v*(z) = sup,, inf, wy ,(z2) = sup,, inf, v, ,(z), and Step 5 of the proof. So
assuming in Theorem [3.7] that (7)) and (8] hold, instead of the precompactness of W, still
yields all the conclusions of the theorem.

Remark 4.4. The hypothesis “W precompact” is quite strong and is not satisfied in the
following example, which deals with Cesaro convergence of bounded real sequences.
Take Z to be the set of positive integers, and the transition F(n) = {n + 1} (hence the
system is uncontrolled here). The payoff function in state n is given by u,,, where (u,),
is the sequence of 0’s and 1’s defined by consecutive blocks: Bl, B2, ..., where B* has
length 2k and consists of k consecutive 1’s followed by k consecutive 0’s. The sequence
(un)n Cesaro-converges to 1/2, hence this is the limit value and the uniform value. We
have 1/2 = sup,, inf,, vy, , but v* = inf, sup,, v, = 1, and W is not precompact here.

4.2. Proof of Theorem[3.10]

We start with a lemma, which requires no assumption.
Lemma 4.5. For every state z in Z, and mgy > 0,

inf  sup  Vp.n(2) < v (2) < v (2) < inf sup vy a(2).
n21o<m<mg L )

Proof. Because of Lemma we just have to prove that infy,> SUP, < Umon(z) <

v~ (z). Assume for contradiction that there exist z in Z, mg > 0 and ¢ > 0 such that

for each n > 1 there is m < mg with vy, ,(z) > v~ (z) + ¢. Then for eachn > 1, we

have (mo 4+ n)vpy4n(z) = n(v™ (z) +¢), which gives vy;,40(2) > m0n+n (v~ (z) +¢). This

contradicts the definition of v—. ]

We now assume that V is precompact, and will prove Theorem [3.10] The proof is in three
elementary steps, the first two being similar to those in the proof of Theorem

Step 1. Viewing Z as a precompact pseudometric space. Define d(z,7) =
sup,,~ [va(z) — v, ()| for all z, " in Z. As in Step 1 of the proof of Theorem we
can use the assumption “V precompact” to prove the precompactness of the pseudometric
space (Z, d). We deduce that for all ¢ > 0, there exists a finite subset C of Z such that
for every z € Z, there is ¢ € C withd(z,c) < ¢.

In the rest of this subsection, Z will always be endowed with the pseudometric d. It
is plain that every value function v, is now 1-Lipschitz.

Step 2. Iterating F. We proceed as in Step 2 of the proof of Theorem and define
inductively the sequence of correspondences (F"), from Z to Z by FO(z) = {z} for
every state z, and F ntl — Fn o F forn > 0. Then F" (z) represents the set of states that
the decision maker can reach in n stages from the initial state z. We easily have

Vm>0,Vn>1,Vz2€Z, vpa(@) = sup v,(2). (10)

7/ €F™(z)
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We also define, for every initial state z, G (z) =|J,_; F"(z) and G*®(z) =, F" (2).
The set G*°(z) is the set of states that the decision maker, starting from z, can reach in
a finite number of stages. And since (Z, d) is precompact pseudometric, we obtain the
convergence of G (z) to G*(z):

Ve >0,VzeZ, dm>0,V7 € G®(2), 3" € G"(z) d(.7") <e. (11)

Step 3. Convergence of (v,),. Fix an initial state z. Because of (I0), the inequalities of
Lemma[.5] give: for each mg > 0,

inf  sup v,(Z)<v () <v'() <inf sup v,(Z) = v*(2).
n>1 2/€G™0(z) n>1 2€G®(z)

To prove the convergence of (v,(z)), to v*(z), it is thus enough to show that for each
& > 0, there exists mg such that infy,> | Sup,cgmo ;) va(z) = infy>1 SUpP,rcGoo(y) Un(2) —e.
We will simply use the convergence of (G™(z)),, to G*°(z), and the equicontinuity of the
family (vy),.

Fix ¢ > 0. By , one can find mq such that for every 77 € G®°(z), there ex-
ists 77 € G™0(z) with d(z/,7”) < e. Fix n > 1, and consider 77 € G*(z) such that
v(Z) > SUPyegoo(z) Un () — €. There exists 7" in G™0(z) such that d(z’, 7”") < e. Since
vy is 1-Lipschitz, we have vy, (z") > supycgoo() Un(y) — 2&, hence supyegmo () vn(y) >
SUPyeGoo(z) Un () — 2¢. Since this is true for every n, it concludes the proof of the conver-
gence of (v, (2)), to v*(2).

Each v, is 1-Lipschitz and Z is precompact, hence the convergence of (v,), to v* is
uniform. This concludes the proof of Theorem 3.10] o

5. Comments

We start with an example.

Example 5.1. This example may be seen as an adaptation to the compact setup of an
example of Lehrer and Sorin (1992), and illustrates the importance of condition (c) (F
nonexpansive) in the hypotheses of Corollary [3.9] It also shows that in general one may
have sup,,, > infy>1 Wy, (2) 7 SUP,,>0 infn>1 Vim0 (2).

Define the set of states Z as the unit square [0, 1]*> plus some isolated point zg. The
transition is given by F(zo9) = {(0, y) : y € [0, 1]}, and for (x, y) in [O, 112, F(x, y) =
{(min{1, x + y}, y)}. The initial state being zg, the interpretation is the following. The
decision maker has only one decision to make, namely to choose at the first stage a point
(0, y) with y € [0, 1]. Then the play is determined, and the state evolves horizontally (the
second coordinate remains y forever) with arithmetic progression until it reaches the line
x = 1. Here y also represents the speed chosen by the decision maker: if y = 0, then the
state will remain (0, 0) forever. If y > 0, the state will evolve horizontally with speed y
until reaching the point (1, y).
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20 4

wl—
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Let now the reward function r be such that for every (x, y) € [0, 1]2, rix,y) =1
if x € [1/3,2/3], and r(x,y) = 01if x ¢ [1/4, 3/4]. The payoff is low when x takes
extreme values, so intuitively the decision maker would like to maximize the number of
stages where the first coordinate of the state is “not too far” from 1/2.

Endow for example [0, 1]? with the distance d induced by the norm || - ||; of R?, and
set d(zg, (x, y)) = 1 for every x and y in [0, 1]. Then (Z, d) is a compact metric space,
and r can be extended as a Lipschitz function on Z. One can check that F is 2-Lipschitz,
ie.d(F(2), F(Z)) <2d(z,7) foreach z, 7.

For each n > 2, we have v, (z0) > 1/2 because the decision maker can reach the line
x = 2/3 in exactly n stages by choosing initially (0, 2/(3(n — 1))). But for each play s
at zg, we have lim,, y,,(s) = 0, so v(zg) = 0. The uniform value does not exist for I'(zg).
This shows the importance of condition (c) of Corollary 3.9} although F is very smooth,
it is not nonexpansive. As a byproduct, we find that there is no distance on Z compatible
with the Euclidean topology which makes the correspondence F' nonexpansive.

We now show that sup,,~qinf,>1 wy,»(z0) < sup,,~qinf,>1 v, n(z0). Indeed, we
have sup,,~q inf,>1 vm,n (20) = v (z0) > 1/2. Fixnow m > 0 and ¢ > 0. Take n larger
than 3m/8?and consider a play s = (z;);>1 in S(zo) such that v, ,(s) > 0. By definition
of vy, we have y,, 1(s) > 0, so the first coordinate of z,, 1 is in [1/4, 3/4]. If we denote
by y the second coordinate of z1, the first coordinate of z,,1 is my, somy > 1/4. But this
implies that 4my > 1, so at any stage farther than 4m the payoff is zero. Consequently,
NYmn(s) < 3m, and y,, ,(s) < &. Moreover v, ,(s) < &, and this holds for any play s.
So sup,,,>¢ infy>1 Wy n(z0) = 0.

Example 5.2 (0-optimal strategies may not exist). The following example shows that 0-
optimal strategies may not exist, even when the assumptions of Corollary hold, Z is
compact and F has compact values. It is the deterministic adaptation of Example 1.4.4. in
Sorin (2002). Define Z to be the simplex {z = (p?, p?, p°) € Ri cpt 4 pl 4 pt =1L
The payoff is r(p?, p?, p¢) = p® — p¢, and the transition is defined by F(p®, p?, p¢) =
(1 —a —a®)p® p? + ap®, p¢ + &?p®) : a € [0,1/2]}. The initial state is z9 =
(1, 0, 0). Notice that along any path, the second coordinate and the third coordinate are
nondecreasing.

The probabilistic interpretation is the following: there are three points a, b and ¢, and
the initial point is a. The payoff is 0 at a, it is +1 at b, and —1 at c¢. At a, the decision
maker has to choose « € [0, 1/2]; then b is reached with probability «, c is reached with
probability o, and the play stays in a with the remaining probability 1 —a — o>, When b
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(resp. c) is reached, the play stays at b (resp. c¢) forever. So the decision maker starting at
a wants to reach b and to avoid c.

Back in our deterministic setup, we use the norm || - ||; and find that Z is compact,
F is nonexpansive and r is continuous. Applying Corollary [3.9)gives the existence of the
uniform value.

Fix ¢ in (0, 1/2). The decision maker can choose at each stage the same probability
¢, i.e. at each state z; = (p{, pﬁ’, py) he can choose the next z;41 tobe ((1 —& — &) p*,
p’ + ep®, p¢ + €2 p®). This sequence s = (z); of states converges to (0, 11?, Tig)- So
liminf; y(s) = }% Finally we see that the uniform value at zg is 1.

But as soon as the decision maker chooses a positive « at a, he has a positive prob-
ability to be stuck forever with a payoff of —1, so it is clear that no 0-optimal strategy

exists here.

Remark 5.3 (On stationary e-optimal plays). A play s = (z/);>1 in S is said to be
stationary at z¢ if there exists a mapping f from Z to Z such that z; = f(z;—1) for every
positive t. We give here a positive and a negative result.

(A) When the uniform value exists, an e-optimal play can always be chosen stationary.

We just assume that I"(z) has a uniform value, and proceed as in the proof of Theo-
rem 2 in Rosenberg et al. (2002). Fix the initial state z. Consider ¢ > 0, aplay s = (z;)r>1
in S(z), and Ty such that y7(s) > v(z) —eforall T > Ty.

Case 1: Assume that there exist #; and 7, such that z;, = z;, and the average payoff
between 1 and 1, is good in the sense that y;, ;, (s) > v(z) —2¢. It is then possible to repeat
the cycle between #; and t, and obtain the existence of a stationary (“cyclic”) 2¢-optimal
play in I'(2).

Case 2: Assume that there exists z' in Z such that {t > 0 : z; = 7’} is infinite: the play
goes through 7 infinitely often. Then necessarily Case 1 holds.

Case 3: Assume finally that Case 1 does not hold. For every state 7/, the play s goes
through 7" a finite number of times, and the average payoff between two stages when z’
occurs (whenever these stages exist) is low.

We “shorten” s as much as possible. Set yo = zo, i1 = max{r > 0 : z; = 2o},
Y1 = Zij+1, i2 = max{t > 0 : z; = y1}, and by induction for each k, yy = z;,+1 and
iky1 = max{t > 0:z; = y}, sothat z;, | = yx = zj+1. The play s = (y;);>0 can be
played at z. Since all y, are distinct, it is a stationary play at z. Regarding payoffs, going
from s to s” we removed average payoffs of the type y;, 1, (s), where z;, = z;,. Since we
are not in Case 1, each of these payoffs is less than v(z) — 2¢, so going from s to s’ we
increased the average payoffs and we have y7(s’) > v(z) — ¢ forall T > Ty. Hence s’ is
an g-optimal play at z, and this concludes the proof of (A).

Notice that we have not obtained the existence of a mapping f from Z to Z such that
for every initial state z, the play (f'(z));>1 (where f' is f iterated ¢ times) is -optimal
at z. In our proof, the mapping f depends on the initial state.

(B) Continuous stationary strategies which are e-optimal for each initial state may not
exist.
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Assume that the hypotheses of Corollary are satisfied. Assume also that Z is a
subset of a Banach space and F has closed and convex values, so that F' admits a con-
tinuous selection (by Michael’s theorem). The uniform value exists, and by (A) we know
that e-optimal plays can be chosen to be stationary. So if we fix an initial state z, we can
find a mapping f from Z to Z such that the play (f7(z));>1 is e-optimal at z. Can f be
chosen to be a continuous selection of I'?

A stronger result would be the existence of a continuous f such that for every ini-
tial state z, the play (f'(z));>1 is e-optimal at z. However this is not guaranteed, as
the following example shows. Define Z = [—1, 1] U [2, 3], with the usual distance. Set
F(z) = [2,z+3]ifz € [-1,0], F(z) = [z +2,3]if z € [0,1], and F(z) = {z} if
z € [2, 3]. Consider the payoff r(z) = |z — 5/2]| for each z.

A

3

Ay

The hypotheses of Corollary [3.9] are satisfied. The states in [2, 3] correspond to final
(“absorbing” states), and v(z) = |z — 5/2| if z € [2, 3]. If the initial state z is in [—1, 1],
one can always choose the final state to be 2 or 3, so that v(z) = 1/2. Take now any
continuous selection f of I'. Necessarily f(—1) = 2 and f(1) = 3, so there exists z in
(—1, 1) such that f(z) = 5/2. But then the play s = (f'(z));>1 gives a null payoff at
every stage, and for ¢ € (0, 1/2), is not e-optimal at z.

Remark continued (Discounted payoffs, proofs). We prove here the results an-
nounced in Remark [2.6] about discounted payoffs. Proceeding as in Definition [2.3] and
Claim we say that I"(z) has a d-uniform value if (v)(z)); has a limit v(z) when A goes
to zero, and for every ¢ > 0 there exists a play s at z such that liminf) ¢ ;. (s) > v(z)—e.
Whereas the definition of uniform value fits Cesaro summations, the definition of d-
uniform value fits Abel summations.

Given a sequence (a;);>1 of nonnegative real numbers, we denote, for eachn > 1 and
A € (0, 1], the Cesaro mean n~! Y7, a; by ay,, and the Abel mean Y 72, A(1 — 1) ~lq
by a,. We have the following Abelian theorem (see e.g. Lippman, 1969, or Filar and
Sznajder, 1992):

limsupa, > limsupa, > liminfa, > liminfa,.
n—oo r—0 r—0 n—o00

Moreover the convergence of a,, as A goes to zero, implies the convergence of a,, as

n goes to infinity, to the same limit (Hardy and Littlewood Theorem, see e.g. Lippman,

1969).

Lemma 5.4. If I'(z) has a uniform value v(z), then I (z) has a d-uniform value which is
also v(z).
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Proof. Assume that I'(z) has a uniform value v(z). Then for every ¢ > 0, there exists a
play s at z such that liminf, .o 3 (s) > liminf,,_ o ¥, (s) > v(z) —&. Soliminf)_, ¢ vy (2)
> v(z). But one always has lim sup,, v, (z) > lim sup, v, (z) (Lehrer and Sorin, 1992). So
va(z) = v(z) as A — 0, and there is a d-uniform value. m]

We now give a counter-example to the converse of Lemma [5.4] Liggett and Lippman
(1969) showed how to construct a sequence (a;);>1 with values in {0, 1} such that a* :=
limsup, _,gay < limsup,_, ., dn. Le us define Z = N and z9 = 0. The transition
satisfies: F(0) = {0, 1}, and F(t) = {t + 1} is a singleton for each positive ¢. The reward
function is defined par r(0) = a*, r(¢) = a; and for each t > 1. A play in S(z¢) can be
identified with the number of positive stages spent in state O: there is the play s(co) which
always remains in state 0, and for each k£ > 0 the play s(k) = (s;(k));>1 which leaves
state O after stage k, i.e. s;(k) = O for t < k, and s;(k) =t — k otherwise.

For every A in (0, 1], ya(s(c0)) = a*, y.(s(0)) = a,, and for each k, vy, (s(k)) is
a convex combination of y; (s(00)) and y; (s(0)), so v;(z9) = max{a™*, a,}. So vy (z0)
converges to a* as A goes to zero. Since s(00) guarantees a* in every game, I'(zg) has a
d-uniform value.

For each n > 1, v,(z0) > yx(s(0)) = ay, so limsup, v,(zo) > limsup,_, o, a,. But
for every play s at zg, liminfy, y,(s) < max{a*, liminf, a,} = a*. The decision maker
can guarantee nothing more than a*, so he cannot guarantee lim sup,, v,(zo), and I"(zo)
has no uniform value.

6. Applications to Markov decision processes

We start with a simple case.

6.1. MDPs with a finite set of states

Consider a finite set K of states, with an initial probability pp on K, a nonempty set A of
actions, a transition function g from K x A to the set A(K) of probability distributions
on K, and a reward function g from K x A to [0, 1].

This MDP is played as follows. An initial state k1 in K is selected according to pg
and told to the decision maker, then he selects aj in A and receives a payoff of g(ki, ay).
A new state k» is selected according to ¢g(ky, aj) and told to the decision maker, etc.
A strategy of the decision maker is then a sequence o = (o0;);>1, wWhere for each ¢,
o 1 (K x A7 x K — A defines the action to be played at stage 7. Considering
expected average payoffs in the first n stages, the definition of the n-stage value v, (po)
naturally adapts to this case. And the notions of limit value and uniform value also adapt
here. Write W (pg) for this MDP.

We define an auxiliary (deterministic) dynamic programming problem I'(zg). We
view A(K) as the set of vectors p = (p¥)x in Rf such that ), p¥ = 1. We introduce:

1" We proceed as in Flynn (1974), who showed that a Blackwell optimal play need not be optimal
with respect to “Derman’s average cost criterion”.
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a new set of states Z = A(K) x [0, 1],

a new initial state zo = (po, 0),

a new payoff function r : Z — [0, 1] such that r(p, y) = y for all (p, y) in Z,
a transition correspondence F from Z to Z such that for every z = (p, y) in Z,

F@ ={(3 rrata). Y petkan) ra e Avk e K.
keK

keK

Notice that F'((p, y)) does not depend on y, hence the value functions in I'(z) only de-
pend on the first component of z. It is easy to see that the value functions of I" and W are
linked as follows: v, (z) = v,(p) forall z = (p, y) € Z and n > 1. Moreover, anything
that can be guaranteed by the decision maker in I'(p, 0) can also be guaranteed in W(p).
So if we prove that the auxiliary problem I'(pg, 0) has a uniform value, then (v,(po))n
has a limit that can be guaranteed, up to any ¢ > 0, in I'(po, 0), hence also in ¥ (pg).
Moreover we obtain the existence of the uniform value for ¥ (pg).

It is convenient to set d((p, y), (p’,y")) = max{||p — p'll1, |y — y'|}. Then Z is
compact and r is continuous. F' may have noncompact values, but is nonexpansive so that
we can apply Corollary Consequently, for each pg, W(pop) has a uniform value, and
we have obtained the following result.

Theorem 6.1. Any MDP with a finite set of states has a uniform value.

We could not find Theorem in the literature. The case where A is finite has been
well known since the seminal work of Blackwell (1962), who showed the existence of
Blackwell optimal plays. If A is compact and both g and g are continuous in a, the
uniform value was known to exist (see Dynkin and Yushkevich, 1979, or Sorin, 2002,
Corollary 5.26). In this case, more properties of (¢)-optimal strategies have been obtained.

6.2. MDPs with partial observation

We now consider a more general model where after each stage, the decision maker does
not perfectly observe the state. We still have a finite set K of states, an initial probabil-
ity pp on K, a nonempty set A of actions, but we also have a nonempty set S of signals.
The transition ¢ now goes from K x A to Ag(S x K), the set of probabilities with finite
support on S x K, and the reward function g still maps K x A to [0, 1].

This MDP W (py) is played by a decision maker knowing K, pg, A, S, g and g and
the following description. An initial state k1 in K is selected according to pg and is not
told to the decision maker. At every stage ¢ the decision maker selects an action a; € A,
and has an (unobserved) payoff g(k;, a;). Then a pair (s;, k1) is selected according to
q(k:, ar), and s; is told to the decision maker. The new state is k4, and the play goes to
stage r + 1.

The existence of the uniform value was proved in Rosenberg et al. (2002) in the case
where A and S are finite setsE]We show here how to apply Corollaryto this setup, and

2 These authors also considered the case of a compact action set, with some continuity of g and g;
see comment 5 p. 1192.
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generalize the above-mentioned result of Rosenberg et al. (2002) to the case of arbitrary
sets of actions and signals.

A pure strategy of the decision maker is then a sequence ¢ = (o07);>1, wWhere for
each 7, o; : (A x S)'~! — A defines the action to be played at stage 7. More general
strategies are behavioral strategies, which are sequences o = (0;);>1, where for each ¢,
o (AxS) 1 > Ar(A) and A (A) is the set of probabilities with finite support on A. In
W (po) we assume that players use behavioral strategies. Any strategy induces, together
with pg, a probability distribution over (K x A x §)*, and we can define expected
average payoffs and n-stage values v, (po). These n-stage values can be obtained with
pure strategies. However, one has to be careful when dealing with an infinite number
of stages: in general it may not be true that something which can be guaranteed by the
decision maker in W(py), i.e. with behavioral strategies, can also be guaranteed with
pure strategies. We will prove here the existence of the uniform value in W(pg), and thus
obtain:

Theorem 6.2. If the set of states is finite, a MDP with partial observation, played with
behavioral strategies, has a uniform value.

Proof. As in the previous model, we view A(K) as the set of vectors p = (p*); in Rf
such that ), p¥ = 1. We write X = A(K), and use || - ||; on X. Assume that the state
of some stage has been selected according to p in X and the decision maker plays some
action a in A. This defines a probability on the future belief of the decision maker on the
state of the next stage. It is a probability with finite support because we have a belief in X
for each possible signal S, and we denote this probability on X by ¢(p, a). To introduce
a deterministic problem we need a larger space than X.

We define A(X) as the set of Borel probabilities over X, and endow A(X) with the
weak-* topology. Then A(X) is compact and the set A¢(X) of probabilities on X with
finite support is a dense subset of A(X). Moreover, the topology on A(X) can be metrized
by the (Fortet—-Mourier—)Wasserstein distance, defined by

Vu,v € A(X), d(u,v) = sup |u(f) —v(f)l
fEE)
where E| is the set of 1-Lipschitz functions from X to R, and u(f) = f cx f(p)du(p).
One can check that this distance also has the following nice propertiesEf

1) For p and ¢ in X, the distance between the Dirac measures 6, and 8, is [ p — g|l1.

2) For every continuous mapping from X to the reals, let us denote by f the affine exten-
sion of f to A(X). We have f(u) = u(f) for each u. Then for each C > 0, we obtain
the equivalence: f is C-Lipschitz if and only if f is C-Lipschitz.

We will need to consider a whole class of value functions. Let 6 = ), 65, be

in Ay(N¥), i.e. 6 is a probability with finite support over positive integers. For p in X

and any behavioral strategy o, we define the payoff y[g](cr) = Epp_g (Z;’il 0 gks, ar)),

3 Notice that if d(k, k") = 2 for any distinct states in K, then sups. g R 1.Lip | Yok pkf(k) -
Sk a* fl=llp —qll; for every p and g in A(K).
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and the value vjg;(p) = sup, y[‘g](o). Ifo =n! Z?:l d;, then ve)(p) is none other than
v (p). As vpg) is a 1-Lipschitz function, so is its affine extension vg]. A standard recursive
formula can be given: if we write 8T for the law of t* — 1 given that t* (selected according
to 0) is %reaterA than 1, we get, for each 6 and p, vip1(p) = sup,c4 (01> pkek, a) +
(1 = 01)vpe+1(q(p, a))).

We now define a deterministic problem I'(zg). An element u in A¢(X) is written as
U= ZpEX u(p)3p, and similarly an element v in Ay (A) is writtenas v = ), 4 v(@)8,.
Notice that if p # g, then (1/2)8, + (1/2)4, is different from &(;,2)p+(1/2)4- We intro-
duce:

anew set of states Z = Ar(X) x [0, 1],

a new initial state zo = (8p,, 0),

a new payoff function r : Z — [0, 1] such that »(u, y) = y for all (u, y) in Z,
a transition correspondence F from Z to Z such that for every z = (u, y) in Z,

F(2) ={(Hu, ), R(u, f)): f: X = Ar(A)},

where

Hau, =Y up) (Y F(D@i(p. @) € A,

peX acA

Rw, =Y up( Y P ro@ska).

peX keK,acA

I"(z0) is a well defined dynamic programming problem. F'(u, y) does not depend on y,
so the value functions in I'(z) only depend on the first coordinate of z. For every 6 =
thl 6;8; in Ay (N*) and play s = (z;)r>1, we define the payoff yjg)(s) = Y, 6,7 (z1),
and the value vg)(z) = SUPses(z) vie1(s). If 0 = n! Z?=m+1 8¢, V61(8) 1S Just ¥, (s),
and vg1(z) 1S vy, »(z) (see Definitions and . Moreover y;1(s) is just the payoff of
stage ¢, i.e. r(z;). The recursive formula now is vjg)((u, y)) = Supf:X%Af(A)(el R(u, f)
+(1=61)vp+(H (u, f),0)), and the supremum can be taken over deterministic mappings
f : X — A.Consequently, the value functions are linked as follows: vjg)(z) = vjgj(u) for
all z = (u, y) € Z. Moreover, anything which can be guaranteed by the decision maker
in I'(zp) can be guaranteed in the original MDP W (pg). So the existence of the uniform
value in I"(zg) will imply the existence of the uniform value in W (py).

We set d((u, y), (', y")) = max{d(u,u’), |y — y'|}. Since Ay(X) is dense in A(X)
for the Wasserstein distance, Z is a precompact metric space. By Corollary[3.8] if we show
that the family (wy,.n)m>0, »>1 1s uniformly equicontinuous, we will be done. Notice that
since vjg] is a 1-Lipschitz function of u, vjg is a 1-Lipschitz function of z.

Fix now z in Z, m > 0 and n > 1. We define an auxiliary zero-sum game A(m, n, z)
as follows: player 1’s strategy set is S(z), player 2’s strategy set is A({1, ..., n}), and
the payoff for player 1 is given by I(s,0) = > 1, 6;Vm,:(s). We will apply a minmax
theorem to A (m, n, z) to obtain sup, infy /(s, 8) = infg sup, I(s, €). We can already notice
that sup, infg I (s, ) = SUPses(z) infreq1,....n) Ym,: (8) = W,n(z). The set A({1, ..., n})is
convex compact and / is affine continuous in 6. We will show that S(z) is a convex subset
of Z, and first prove that F is an affine correspondence.
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Lemma 6.3. For every 7 and 7" in Z, and A € [0, 1], F(AZ' + (1 — M)7Z") = AF(Z) +
(1 = NF ).

Proof. Write 7/ = (W', y), 7" = W”,y")and z = (u,y) = 2z’ + (1 — 1)z”. We have
u(p) = r'(p) + (1 — LMu”(p) for each p. It is easy to see that F(z) C AF(Z) +
(1 = X)F(Z"), so we just prove the reverse inclusion. Let z; = (H(', f'), R(’, f')) be
in F(z')and z{ = (H@", "), R(u", ")) be in F(z"), with f" and f” mappings from
X to Ay (A). Using here the convexity of Ar(A), we simply define, for each p in X,

' 1—Mu”
F(py = 2P g1y o LZAD) )
u(p) u(p)
We have, for each p,
_ )‘u/(p) / (1 - X)u”(p) 1
Ry, f) = ) R(Sp,f)Jr—u(p) R(p, f7).

SoR(u, f) = AR, f)+(1—A)Rw", f”). Similarly the transitions satisfy H (u, f) =
AH@', fY+ (1 —=2)H(u", f”). Thus we obtain Az} 4+ (1 — )z = (H(u, f), R(u, f))
€ F(2). O

As a consequence, the graph of F is convex, and this implies the convexity of the sets of
plays. So we have obtained the following result.

Corollary 6.4. The set S(z) of plays is a convex subset of Z°°.

Looking at the definition of the payoff function », we now see that [ is affine
in s. Consequently, we can apply a standard minmax theorem (see e.g. Sorin, 2002,
Proposition A8 p. 157) to obtain the existence of the value in A(m,n,z). So
Wnn(2) = infé)eA({l,‘..,n}) SUPseS(z) 211:1 Ot Vm,i (s). But SUPsesS(z) Z?:] Ot Vi1 (5) is
equal to vjgmn)(z), where 6™ is the probability on {1, ..., m + n} such that 65" = 0
ifs <m,and 65" =Y "_ _ 6;/tif m <s < n+ m. The precise value of 6" does
not matter much, but the point is to write wy, »(2) = infoca((1,...,n}) V[omn1(2). SO Wy 4 1S
1-Lipschitz as an infimum of 1-Lipschitz mappings. The family (w, »n)m.» is uniformly
equicontinuous, and the proof of Theorem is complete. O

Remark 6.5. The following question, mentioned in Rosenberg et al. (2002), is still open:
do there exist pure e-optimal strategies?
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