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Abstract. An affine Hecke algebra can be realized as an equivariant K-group of the corresponding
Steinberg variety. This gives rise naturally to some two-sided ideals of the affine Hecke algebra by
means of the closures of nilpotent orbits of the corresponding Lie algebra. In this paper we will
show that the two-sided ideals are in fact the two-sided ideals of the affine Hecke algebra defined
through the two-sided cells of the corresponding affine Weyl group after the two kinds of ideals are
tensored by Q. This proves a weak form of a conjecture of Ginzburg proposed in 1987.

0. Introduction

Let H be an affine Hecke algebra over the ring Z[v, v~!] of Laurent polynomials in an in-
determinate v with integer coefficients. The affine Hecke algebra has a Kazhdan-Lusztig
basis. The basis has many remarkable properties and plays an important role in repre-
sentation theory. Also, Kazhdan and Lusztig and Ginzburg gave a geometric realization
of H, which is the key to the proof by Kazhdan and Lusztig of the Deligne—Langlands
conjecture on classification of irreducible modules of affine Hecke algebras over C at
non-roots of 1. This geometric construction of H has some two-sided ideals defined nat-
urally by means of the nilpotent variety of the corresponding Lie algebra. The two-sided
ideals form a nice filtration of the affine Hecke algebra. In [G2] Ginzburg conjectured that
the two-sided ideals are in fact the two-sided ideals of the affine Hecke algebra defined
through two-sided cells of the corresponding affine Weyl group (see also [L6, [T2]). The
conjecture is known to be true for the trivial nilpotent orbit {0} (see Corollary 8.13 in
[L6]] and Theorem 7.4 in [X1]]) and for type A [IX]]. Other evidence is showed in [L6}
Corollary 9.13]. We will prove the two kinds of two-sided ideals coincide after they are
tensored by Q (see Theorem 1.5 in Section 1). This proves a weak form of Ginzburg’s
conjecture.

1. Affine Hecke algebra

1.1. Let G be a simply connected simple algebraic group over the complex number
field C. The Weyl group Wy acts naturally on the character group X of a maximal tours
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of G. The semidirect product W = W; x X with respect to this action is called an (ex-
tended) affine Weyl group. Let H be the associated Hecke algebra over the ring A =
Z[v, v~!] (v an indeterminate) with parameter v2. Thus H has an A-basis {T}, | w € W}
and its multiplication is defined by the relations (75 — v?)(Ty + 1) = 0 if 5 is a simple
reflection and T,, T, = Ty, if [(wu) = I(w) + I(u), where [ is the length function of W.

1.2. Let g be the Lie algebra of G, N\ the nilpotent cone of g, and B the variety of all
Borel subalgebras of g. The Steinberg variety Z is the subvariety of N x B x B consisting
of all triples (n,b,b0),n € bNB' NN, b, b € B.Let A = {(n,b) [ n e NNb,b € B}
be the cotangent bundle of B. Clearly Z can be regarded as a subvariety of A x A via
the imbedding Z — A x A, (n,b,6") — (n, b,n,b’). Define a G x C*-action on
Aby(g,2) : (n,b) —> (z_zad(g)n, ad(g)b). Let G x C* act on A x A diagonally;
then Z is a G x C*-stable subvariety of A x A. For 1 < i < j < 3, let pij be the
projection from A x A x A to its (i, j)-factor. Note that the restriction of p3 gives rise
to a proper morphism p,'(2) N py;(Z) — Z. Let K¢*C'(2) = KT (A x A; 2)
be the Grothendieck group of the category of G x C*-equivariant coherent sheaves on
A x A with support in Z. We define the convolution product

w: KOC(2)xKC(2) > KOC(2), TG = (p13)s (P52 F 0, x PiD),

where O« axa i the structure sheaf of A x A x A. This endows KGXC*(Z) with an
associative algebra structure over the representation ring Rgxc+ of G x C*. We shall
regard the indeterminate v as the representation G x C* — C*, (g, z) + z. Then Rg =
is identified with A ®7 Rg. In particular, K GX(C*(Z) is an A-algebra. Moreover, as an
A-algebra, K GxC (Z) is isomorphic to the Hecke algebra H (see [G1) [KL2|] or [CGl
L6]). We shall identify K ¢*C"(Z) with H.

1.3. Let C and C’ be two G-orbits in . We say that C < C’ if C is in the closure of C'.
This defines a partial order on the set of G-orbits in V. Given a locally closed G-stable
subvariety of A/, we set Zy = {(n,b,b6') € Z |n € Y}.

If Y is closed, then the inclusion iy : Zy — Z induces a map (iy)x : KGxC (Zy) —
KGXC*(Z) (see [G1, [KL2]). The image Hy of (iy)« is in fact a two-sided ideal of
K%*C*(Z) (see L6 Corollary 9.13]), which is generated by G x C*-equivariant sheaves
supported on Zy. It is conjectured that this ideal is spanned by elements in a Kazhdan—
Lusztig basis (see [G2, [L6, T2]).

14. Let Cp, = v~!W) Zy<w Py,w(vz)Ty, where Py ,, are the Kazhdan—Lusztig polyno-
mials. Then the elements C,, (w € W) form an A-basis of H, called a Kazhdan—Lusztig
basis of H. Define w <pg u if a,, # 0 in the expression hC,h' =)y a;C; (a; € A)
for some &, A’ in H. This defines a preorder on W. The corresponding equivalence classes
are called two-sided cells and the preorder gives rise to a partial order < g on the set of
two-sided cells of W. (See [KL1].) For an element w in W and a two-sided cell ¢ of W
we shall write w <ppr c if w <pr u for some (equivalent any) u in c.

Lusztig established a bijection between the set of G-orbits in A/ and the set of two-
sided cells of W (see [L4, Theorem 4.8]). Lusztig’s bijection preserves the partial orders
we have defined: this was conjectured by Lusztig and verified by Bezrukavnikov (see [Bl
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Theorem 4(b)]). Perhaps this bijection is at the heart of the theory of cells in affine Weyl
groups; many deep results are related to it. Now we can state the main result of this paper.

Theorem 1.5. Let C be a G-orbit in N and c the two-sided cell of W corresponding
to C under Lusztig’s bijection. Then the elements Cy, (w <pg c) form a Qlv, v1]-
basis of Hs ®7 Q, where C denotes the closure of C and Hp is the image of the map
(ig)e : KO*C(25) > K9 (2) = H.

Remark. In [B] Bezrukavnikov established a closely related result, which involves affine
flag manifolds, derived categories and the Springer resolution (see Theorem 4(a) there).
Bezrukavnikov’s result deals with canonical left cells and suggests a very nice possible
approach to Theorem 1.5. We will discuss this approach in Section 3. I am very grateful
to the referee for pointing out this approach.

2. Proof of the theorem

2.1. Before proving the theorem we need to recall some results about representations of
an affine Hecke algebra. Let H = C[v, v™'] ® 4 H and for any nonzero complex number
g set H; = H®cy, ,-17 C, where C is regarded as a C[v, v~ !]-algebra by specializing v
to a square root of g.

For any G-stable locally closed subvariety Y of N we set KT (zy) =
KGX(C*(Zy) ® C. If Y is closed, then the inclusion iy : Zy — Z induces an injec-
tive map (iy)y : KG*C"(Zy) < KOG*C'(Z) = H. If Y is a closed subset of N, we shall
identify K¢*C"(Zy) with the image of (iy), which is a two-sided ideal of H. See [KL2]
5.3] or [L6} Corollary 9.13].

Let s be a semisimple element of G, and n a nilpotent element in A/ such that ad(s)n =
gn, where g is in C*. Let 13} be the subvariety of 3 consisting of the Borel subalgebras
containing n and fixed by s. Then the component group A(s,n) = Cg(s,n)/Cg(s, n)°
of the simultaneous centralizer in G of s and n acts on the total complex homology group
H.(B}). Let p be a representation of A(s, n) appearing in the space H, (). It is known
that if 30, cw, q'™ 2 0 then the isomorphism classes of irreducible representations
of H, are in one-to-one correspondence to the G-conjugacy classes of all the triples
(s,n, p), where s € G is semisimple, n € N satisfies ad(s)n = gn, and p is an irre-
ducible representation of A(s, n) appearing in H,(B5). See [KL2, X3].

Remark. In the proof of this section we shall often use arguments from [KL2] although
the setting there is different from ours. In [KL2] equivariant topological K-homology
Kiop() is considered, while we consider equivariant algebraic K-theory K (). We explain
why the arguments of [KL2] work in the present paper. Besides the fact that algebraic
K-theory and topological K-theory share many properties (one may compare [KL2] with
[Th1l Th2,|CGl), the key reason is that K (B;) >~ Kp(B;) and K(B)) @ C =~ Kip(5;)
® C, as explained in [LS5l p. 80]. (The isomorphisms rely on the results in [DLP].) One
may see that the properties of Ko, (53;) ® C play a key role in the arguments of [KL2].

2.2. From now on we assume that ¢ is not a root of 1. Let L, (s, n, p) be an irreducible
representation of H, corresponding to the triple (s, n, p). Kazhdan and Lusztig con-
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structed a standard module M (s, n, g, p) over H, such that L, (s, n, o) is the unique
simple quotient of M (s, n, q, p) (see [KL2, 5.12(b) and Theorem 7.12]). We shall write
M, (s, n, p) for M(s, n, q, p). The following simple fact will be needed.

(a) Let C be a G-orbit in N. Then the image Hg of (iz)« acts on My(s, n, p) and
L4(s, n, p) by zero if n is not in C.

Proof. Clearly Y = C U (G.n — G.n) is closed. If n is not in C, then the complement in
X =CUG.nof Y is G.n. Recall that KGXC*(Zy/) is regarded as a two-sided ideal of
H for any closed subset Y’ of A/ (see 2.1). According to [KL2, 5.3(c), (d) and (e)], the
inclusions i : ¥ < X and j : G.n — X induce an exact sequence of H-bimodules

0 — K€ (zy) - KT (zx) - KT (z5.,) — 0.

Using [KL2, 5.3(e)] we know the inclusion k : C — Y induces an injective H-bimodule
homomorphism £, : KGX(C*(ZC-) — KO*T(Zy). Since M, (s, n, p) is a quotient mod-
ule of KG*C* (Zg ) (cf. proof of 5.13 in [KL2])), the statement (a) then follows from the
exact sequence above.

2.3. Let J. be the based ring of a two-sided cell ¢ of W, which has a Z-basis {t,, | w € c}.
Let D, be the set of distinguished involutions in c. For x,y € W, we write C,C, =
> cew Pxy.zCz, by y . € A. The map

0(Co) = > huwautu, weW,

deD,
ueWw
a(d)=a(u)

defines an .4-algebra homomorphism H — J, ®7 A, where a : W — N is the a-
function defined in [LL1} 2.1]. The homomorphism ¢, induces a C-algebra homomorphism
¢e,q : Hy — Je = J.®zC. If E is a J.-module, then through ¢ ,, E gets an H,-module
structure, which will be denoted by E,;. See [L2!IL3]].

Let C be the nilpotent orbit corresponding to c¢. According to [L4] Theorems 4.2 and
4.8], the map E — E, defines a bijection between the isomorphism classes of simple
J.-modules and the isomorphism classes of standard modules M, (s, n, p) with n in C.
The following fact will be needed.

(a) Letc be atwo-sided cell of W and C the corresponding nilpotent class. Let M, (s, n, p)
be a standard_modl_lle with 7 in a nilpotent class C'. If CywMy(s,n, p) # 0 for some
w € c, then C' C C.

Proof. Let ¢’ be the two-sided cell corresponding to C’. Then M, (s, n, p) is isomor-
phic to E; for some simple J.-module E. Thus Cy,M,(s,n, p) # 0 implies that
@ q(Cw)E # 0. 80 hy 4,y # 0 for some distinguished involution d € ¢’ and some
u € ¢’. We then have ¢/ <y g c. By [Bl Theorem 4(b)] we know that C’ C C. The state-
ment is proved.

Now we start to prove Theorem 1.5.
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2.4. We first show that H is contained in the two-sided ideal H= of H spanned by all
Cy (w <Lg ©).

Let C = G.n and recall that H; stands for the image of (i5)« : KGxC (Zp) —
K>C(z)y = H. It Hg were not contained in the A-submodule H =¢ of H, we could
find x € W such that x Zp g c and Cy appears in Hz. (We say that C, appears in Hp if
there exists an element Zwew ayCy (ay € A)in Hp such that a, # 0.) Choose x € W
such that C, appears in Hs, x ZLr c and x is highest with respect to the preorder <p g
and to H in the following sense: whenever C,, appears in Hg, then either w and x are in
the same two-sided cell or x £ g w. Let ¢’ be the two-sided cell containing x. We then
have ¢’ £ c.

Choose an element 2 =}, .y awCy (ay € A) in Hg such that he = )
is nonzero. We have ¢ (h) = ¢y (h).

We claim that ¢, (h.) is nonzero. Let u € ¢’ be such that @, has the highest degree
(as a Laurent polynomial in v) among all a,,, w € ¢’. Let d be the distinguished invo-
lution such that d and u are in the same left cell. It is known that for any distinguished
involution d’, the degree hy, 4, is less than the degree of h, 4, if either w # uord’ # d
(see [L2, Theorems 1.8 and 1.10]). Thus the degree of ay,hy, 4, is less than the degree
of ayhy, 4., if either w # u or d’ # d. Hence ¢ (h..) is nonzero.

Clearly, there are only finitely many g such that ¢,/ , (k) is zero after specializing v
to a square root of g. According to [BO, Theorem 4], the ring J. is semisimple, that is,
its Jacobson radical is zero. So we can find a nonzero ¢ in C of infinite order and a simple
J.-module E’ such that @c',q(h) = @ 4 (her) 1s nonzero and its action on E " is nonzero.

wec! awa

According to [L4, Theorems 4.2 and 4.8], EZ] is isomorphic to a standard module
My (s', n’, p) with n’ in the nilpotent orbit C" corresponding to ¢’. Since ¢’ Zrg ¢, C' is
not in the closure of C (see [Bl Theorem 4(b)]), so by 2.2(a), the image Hp of (i5)« acts
on E (/I by zero. This contradicts that the action of ¢,/ ,(h) on E’ is nonzero. Therefore Hz
is contained in the two-sided ideal H=¢.

2.5. In this subsection all tensor products are over Z except when other specifications are
given.

Now we show that H=¢ ® Q is equal to H; ® Q. If C is regular, then C is the whole
nilpotent cone and the corresponding two-sided cell ¢ contains the neutral element e; in
this case, both Hs and H =¢ are the whole Hecke algebra.

We use induction on the partial order <y g in the set of all two-sided cells of W.
Assume that for all ¢’ with ¢ < ¢’ and ¢’ # ¢, we have Hz ® Q = H=¢ ® Q, where
C’ is the nilpotent orbit corresponding to ¢’.

We need to show H> ® Q = H =¢ ® Q. Let ¢’ be a two-sided cell different from ¢
such that ¢ <; p ¢’ but there is no two-sided cell ¢” between ¢ and ¢’, i.e. no ¢’ such that
c<irc’" <prcandc #c" £

Let IF be an algebraic closure of C(v). We first show that F ® 4 H; = F ® 4 H=C.
Assume this were not true. Note that IF is isomorphic to C (noncanonically), so we can
apply the results in [KL2[]. By 2.4 and induction hypothesis, there would exist w € ¢ such
that Cy, is contained in F ® 4 Hz butnotin F ® 4 Hp.
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We claim that C, is not contained in F ® 4 Hz_/. Let Ci (i =1,...,k) be nilpotent
classes such that ¢’ — C’ is the union of Cy, ..., Cy and C; Z C_j whenever 1 <i # j <k.
By the choice of C’, we have C = C; for some i. It is no harm to assume that C = C;. It
is known that F ® 4 Hz _ - is the sum of all F ® 4 Hc-i, 1 <i <k (see [KL2, 5.3(e)]).
Since C Z C_l- for i # 1, by [Bl Theorem 4(b)] we know that C,, is not in H=%, where c;
is the two-sided cell corresponding to C;. By 2.4 we see that F ® 4 Hz (i = 1) does not
contain Cy,. Assume that Cy, were contained in F ® 4 Hz_ /. Then there would exist a
subset J of {1,...,k}and h; € ]F®AHC] (i € J)ysuchthat C,, =), ; hj and h; & Hé,/
for different i, i’ in J. We may choose such a J so that ) ;_; i is minimal possible. Let

Jj be the largest number in J. Then j > 1 since Cy, is not contained in F ® 4 Hg, (recall
that C; = C).

Let C} be a nilpotent class in C; such that hj isin F ® 4 Hc-]{ butnotin F ® 4 H(fj’.—cj’.'
Thus the image in Mgy = F @4 KT (Ze) = F @4 Hz/F ® 4 He_cr of hy s
nonzero. According to [KL2, Corollary 5.9], the action of each nonzero element in F ® 4
HC_]’. \F® 4 HC_]’. e on M is nonzero. The argument for [KL2| Proposition 5.13] implies
that each nonzero element in MCJ/. would have nonzero image in some standard quotient
module of Mcj/_. Thus the action of /; on some standard quotient module M, (s, n}, o)

of M is nonzero, where n; € C]/.. Note that C_J/ ¢ C; forany i € J with i # j since
J

hjisnotin F ® 4 Hs if i # j. By 2.2(a), h; acts on M (s, n; o) by zero if i # j.
So CwMyp(s, 1}, p') = hjMya(s,n}, p') # 0. By 2.3(a), we get éj’. C C = C;. This
contradicts that ) ; ;i is minimal and j > 1. Therefore C,, is not contained in F ® 4
Hz_p.

0170/

Thus the image in Mo = F@ 4 K€ (Ze) = F @4 Hp /T @4 Hpr_pr of Cy is
nonzero. According to [KL2, Corollary 5.9], the action of each nonzero element in F ® 4
Hz \F ® 4 Hp _ on M is nonzero. The argument for [KL2, Proposition 5.13] implies
that each nonzero element in Mg would have nonzero image in some standard quotient
module of M¢:. Thus the action of C,, on some standard quotient module M2 (s, n’, p)
of M is nonzero, where n’ € C’. According to 2.3(a), we have C’ € C. By Theorem 4(b)
in [Bl], we get ¢’ <pg c. This contradicts our assumption ¢’ # ¢ <; g ¢’. So we have
F@AH(:-:F@AHSC.

Thus for each w € ¢, we can find a nonzero a € F such that aCy, is in Hp. Clearly,
we must have @ € A. Now we show that KE*C* (Zy) is a free C[v, v—!]-module for
any G-stable locally closed subvariety Y of A/. According to [KL2} 5.3] we may assume
that Y is a nilpotent orbit C. It is enough to show that the completion of KGxC (Ze) at
any semisimple class in G x C* is free over C[v, vl Using [KL2, 5.6] it is enough to
show that the right hand side of 5.6(a) in [KL2[ is free. This follows from [KL2, (13)];
the assumption there is satisfied by [KL2l 4.1]. Using [KL2l 5.3] we know that as a free
C[v, v~']-module, Hg, ®C is a direct sum of HC-®(C and KO*C* (Z_p). By assumption,
Hp @ Q= H="® Q, thus Hz ® Q is a free Q[v, v~!]-module and contains C,,. These
imply that if aC,, € Hp for some nonzero a € A then C,, € Hs ® C. Therefore we
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can find a nonzero complex number a such that aCy, is in Hz. Obviously a € Z. Thus
H=®Qis contained in H; ® Q. By 2.4 we then have H=‘® Q = H; ® Q. Theorem 1.5
is proved.

3. An approach based on Theorem 4(a) in [B]

In this section we discuss a nice possible approach to the main result of the present paper
based on Theorem 4(a) in [B]; this was suggested by the referee. Let I be the union of
all canonical left cells of W, and I the left ideal of H generated by all C,,, w ¢ I'. Then
M = H/I is the anti-spherical module. Moreover, the images in M of all Cy,, w € T,
form a basis of M. For each two-sided cell ¢ of W, let M<. be the submodule of M
spanned by the images of all C,, w € I"and w <pr c.

According to Arkhipov and Bezrukavnikov (see Subsection 1.1.2 in [[ABI)), as an H-
module, M is isomorphic to K GxC* (A) (see Subsection 10.1 in [L6] for the definition
of the H-module structure on K¢*C" (A)). Let C be the nilpotent class in A corre-
sponding to the two-sided cell ¢ under Lusztig’s bijection. Let As = {(N,b) € A |
N € C). Then the inclusion Jé © Ag — A induces an H-module homomorphism
e« - KoxC (Ap) — K%*C*(A). A variation of Theorem 4(a) in [B] implies that
the image Im(jz)+ of (jz)« is M<c if we identify M with KGXC*(A).

Since each left cell in a two-sided cell has a nonempty intersection with any right cell
in the same two-sided cell, we see that for a two-sided cell c, the two-sided ideal H=¢ of
H spanned by all Cy, (w <pr c) is the annihilator of M /M.

Let C be the nilpotent class corresponding to the two-sided cell c. Then naturally one
hopes to prove that the image Im(i;5) of the map (i)« : KGxC (Z5)— K*C'(z)=H
coincides with the two-sided ideal H=¢ by using the above characterizations for M,
and H=°. A natural way to reach this coincidence is to prove the following two state-
ments:

(@) KT (A \ Ap) is isomorphic to K 9*C"(A)/Im(jp)..
(b) If x € K¢*C'(Z) annihilates K “*®"(A)/Im(jjg)+, then x €Im(iz)..

(a) implies that the image Im(i7) is in H=¢, and (b) implies that this image contains H=.
Unfortunately, the author has not been able to prove these two statements. See com-
ments in Subsection 4.2 for some ideas.

4. Some comments

4.1. If one can show that K S*C"(Z¢) is a free Z-module for any nilpotent orbit C, then
the argument in 2.5 shows that the image of (i)x in H = K GxC*(7) contains H=C,
where c is the two-sided cell corresponding to C. Then Ginzburg’s conjecture would be
proved. In fact, it seems that one can expect more. More precisely, it is likely the following
result is true.
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(a) K*C"(Ze) is a free A-module and K IGXC* (Z¢) = 0 for all nilpotent orbits C. (We
refer to [CG, Section 5.2] and [Q] for the definition of the functor K I.G.)

If (a) is true, then we also have
(b) The map (ip)« : KT (Zz) — K*C'(Z) is injective.

We explain some evidence for (a) and prove it for G = GL,(C), Sps(C) and
type Ga. Let N be a nilpotent element in C, and By be the variety of Borel subalgebras
of g containing N. By the Jacobson—Morozov theorem, there exists a homomorphism
¢ : SLp(C) — G such that d(p(g (1)) N.ForzinC*, letd, = (0 ,1) Following Kazh-
dan and Lusztig [KL2, 2.4], we define Oy = {(g,z) € G x C* | ad(g)N = z>N}. Then
Qy is a closed subgroup of G x C*. Letx = (g,2) € On acton (G x C*) x By x By
by x(y, b, ) = (yx~!, ad(g)b, ad(g)b’). Then Z¢ is isomorphic to the quotient space
ON\((G x C*) x By x By). Thus we have K> (Zc) = K2V (By x By) (see [KL2,
5.5] and [Thll Prop. 6.2]). It is known that Q, = {(g,2) € G x C* | go(x)g™! =
o(dxd; Y forallx € SLy(C)} is a maximal reductive subgroup of Qy (see [KL2,
2.4(d)]). So we have KiQN (By x By) = Kl.Q"’ (Bn x By) (see [CG, 5.2.18]).

Let P be the parabolic subgroup of G associated to N (see [DLP, 1.12]). Then we
know that the intersection By » of By with any P-orbit &' on B is smooth. The torus
D = {¢(d;) | z € C*} is a subgroup of P and acts on By ¢, and By ¢ is a vector bundle
over the D-fixed point set BE’ ¢ (see [DLP, 3.4(d)]). Since the action of Qy on By ¢
commutes with the action of D, according to [BB], this vector bundle is isomorphic to a
Q-stable subbundle of T(By o) 8%, , where T (By ) is the tangent bundle of By ¢.

Thus the vector bundle is Q- equlvarlant so that the computation of K; ‘”(BN x By)

is reduced to the computation of K; O (BD o X BN o) for various P-orbits 7, 0’ on

B (see Theorems 2.7 and 4.1 in [Thl] or Theorems 5.4.17 and 5.2.14 in [CG]). Note
that C, = {gp(d; Y(g, 2) € 0Oy} is a maximal reductive subgroup of the centralizer
Cg(N) of N (see [BV] 2.4]) and the map (g, z) > (g(p(d’l) z) defines an isomorphism

from Q, to C, x C*. Thus we have KQV’(B ﬁ x BP ﬁ,) = C‘”XC (B}\?ﬁ X Bﬁ o)

Now the factor C* and the group D act on B N.o X BP N0 tr1V1ally, we therefore have
C

,.Q“’ (Bﬁﬁ X BNﬁ’) =K, “’(Bgﬁ X BNﬁ’) ® Res (see [CGl (5.2.4)], the argument

there works for higher K -groups). Note that we have identified R¢, with A = Z[v, vl
Thus the statement (a) is equivalent to the following one.

©) Kic“’ (BE o X Bﬁﬁ,) is a free Z-module for i = 0 and is O fori = 1.

The statement (c) seems much easier to access. The variety BP N.G and its fixed point

set B, N ﬁ for any semisimple element s in C, are smooth and have good homology prop-
erties. See [DLP].

4.2. Replacing Z by A, we can state the counterparts of 4.1(a), 4.1(b) and 4.1(c) as
follows.



Kazhdan—Lusztig basis and a geometric filtration 215

(@) K9*C"(Ae) is a free A-module and K 1G xC (A¢) = 0 for all nilpotent orbits C.
If (a) is true, then we have

(b) The map (ip)« : KT (Az) — KO*C'(A) is injective.

As in 4.1, the statement (a) is equivalent to the following one:

(©) KZ.C“’ (B]Z\?’ﬁ) is a free Z-module for i = 0 and is O fori = 1.

It is easy to check that the statement (a) implies 3(a). Also (a) is helpful to understand
the statement 3(b).

Proposition 4.3. The statements 4.1(a) and 4.2(a) are true for GL,(C), Sp4(C) and
type Ga. In particular, Ginzburg’s conjecture is true in these cases.

Proof. We only need to prove statements 4.1(c) and 4.2(c). For G = GL,(C), we know
that Ble ¢ has an a-partition into subsets which are affine space bundles over the flag

variety B’ of C, (see Theorems 2.2 and 2.4(a) in [X2]). In this case, 4.1(a) and 4.2(a) are
true since we are reduced to computing Kl.c‘” (B’ x B') and KI.C‘” (B) (cf. [CG, Lemma
5.5.1] and the argument for [L7, Lemma 1.6]). For G = Sp,(C) or type G2, we know that
BD Y is either empty or the flag variety of Cy, if N is not subregular (see Prop 4.2(i) and

Section 4.4 in [X2]). In this case, we are also reduced to computing K; “’(B’ x B’) and

C“’ (B) (loc.cit.), so 4.1(a) and 4.2(a) are true. If N is subregular, then By is a Dynkin
curve and it is easy to see that BD o is either a projective line or a finite set (see Prop.
4.2(ii) and Section 4.4 in [X2] for a computable description of By). The computation for

Cw (BD PR BD ﬁ,) and K; Co (B o) 1s easy, they are free Z-modules for i = 0 (see
4. 3(b) and 4.4 in [X2]) and are 0 for i = 1 (since this is true for a projective line and a
finite set). The proposition is proved.

Remark. For GL, (C), this proposition also provides another proof for the main result of
[TXI, where results of [T1] are used.

Proposition 4.4. Assume that C, is connected. Then

(a) KC (By x By) is a free Z-module.
(b) K% (By x By) is a free A-module. That is, KG*Cx(z6 N) is a free A-module.

Proof. Let T be a maximal torus of C,. According to [ITh2, (1.11)], we have a split
monomorphism K¢ (By x By) — KT (By x By). Similar to the argument for [L7]
Lemma 1.13(d)], we see that K7 (By x By) is a free Ry-module. (a) follows.

The reasoning for (b) is similar since Q,, is isomorphic to C, x C* and the monomor-
phism K 2¢(By x By) — KT*C"(By x By) is split. The proposition is proved.

Remark. If G = GL,(C), then all C,, are connected and have simply connected derived
group. In this case K 2¢(By x By) is a free Rg,-module since Rg, = Rc, ® A and
Rrxc+ is a free R, ® A-module. Combining this, Subsection 2.4 and the argument in
Subsection 2.5 we obtain a different proof of the main result in [TX]].
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4.5. The K-groups K ¥ (By) and K¥ (By x By) are important in representation theory
of affine Hecke algebras for F being Q,, C, or a torus of Q, (see [KL2, [L7]]). For the
nilpotent element N, in [L4, 10.5] Lusztig conjectured that there exists a finite Cy-set Y
which plays a key role in understanding the based ring of the two-sided cell correspond-
ing to G.N. It seems that as R¢,-modules, K€ (Y) and K€ (Y x Y) are isomorphic to
K€ (By) and K€ (By x By) respectively. Let X = By or By x By. In view of [L4]
10.5] one may hope to find a canonical Z-basis of K¢ (X) and a canonical .A-basis of
K 2¢(X) in the spirit of [L6|[L7]. Moreover, there should exist a natural bijection between
the elements of the canonical basis of K ¥ (By x By) (F = Cy or Q) and the elements
of the two-sided cell corresponding to G.N.
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