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Abstract. We develop potential-theoretical methods in the construction of measure-valued branch-
ing processes. We complete results of P. J. Fitzsimmons and E. B. Dynkin on the construction, regu-
larity and other properties of the superprocess associated with a given right process and a branching
mechanism.
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1. Introduction

Let X = (R, F, F, 6:, X;, P¥) be a fixed Borel right Markov process with state space E,
a Lusin topological space with Borel o-algebra B = B(E). Let (P;);>0 be the transition
semigroup of X, P, f(x) = E*(f o X;;t < ¢), and (Uy)g>0 the associated resolvent
of kernels, Uy f = fooo e ™ P, f dt for all f € pB; pB denotes the set of all positive
numerical B-measurable functions on E.

We also fix a “branching mechanism”, that is, a function ® : E x [0, c0) — R of the
form

O(x, L) = —b(x)A — c(x))u2 + /oo(l —e M~ As) N(x,ds)
0

where ¢ > 0 and b are bounded B-measurable functions and N : pB((0, 0c0)) — pB(E)
is a kernel such that N (u A u?) € bpB and lim,\ o |V (10, - u?)|lso = 0. Fora family
F of numerical valued functions (defined on the same given set) we denote by b those
elements of F that are bounded.

Notice that examples of branching mechanisms are ® (1) = —Af for 1 < B < 2 since

A a fOO 1— e—As 4
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and therefore

ds if0<a<l.
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In this paper we develop potential-theoretical methods related to the construction of
an (X, ®)-superprocess. The method of construction is the so called “semigroup ap-
proach” presented in Ch. 4 of the book [11]] of E. B. Dynkin; cf. also the references
therein. P. J. Fitzsimmons [13]] obtained with this approach regularity properties of the
superprocess (which is in particular a right process); see also the papers [10] and [15]
for extensions and improvements, including the inhomogeneous case. The property of an
(X, ®)-superprocess to be a right process is essential for further developments like con-
sidering the capacity induced by the reduction operator (the capacity of the superprocess),
the stochastic calculus with additive and multiplicative functionals of the superprocess,
and the Revuz correspondence (see e.g. [2]] and [17] for the general theory).

We shall emphasize (in Corollary {.3) relations between the excessive functions with
respect to X and two classes of excessive functions (defined on M(E) := the space
of all positive finite measures on (E, B3)), with respect to the (forthcoming) (X, ®)-
superprocess: the “exponential type” excessive functions which will be useful in the con-
struction and in proving the properties of the transition semigroup of the superprocess,
and the “linear” ones which will be used to obtain relations between the reduction op-
erators of X and, respectively, the (X, ®)-superprocess (cf. Proposition [4.7). A special
linear excessive function for the superprocess becomes a function having compact level
sets which in particular will provide a nest of compacts on M (E).

The excessive measures (which correspond to the excessive functions for the dual
theory), in particular the potential excessive measures of an (X, ®)-superprocess, as well
as the energy functional (a bilinear functional between excessive functions and measures
generalizing the classical “mutual energy”) will also be studied. Based on these tools
we shall give (in Theorem the proof of the existence of an (X, ®)-superprocess, a
Borel right process with state space M (E) endowed with the weak topology. Our proof is
transparent, the main arguments coming from the potential theory associated with Markov
processes. In addition, it turns out that the entrance space of an A-transform of the (X, ®)-
superprocess is precisely M (E1), where E is the entrance space of X. This result should
be compared with the similar ones obtained by P. J. Fitzsimmons [13, Theorem (3.7)]
and by E. B. Dynkin [9]. The existence of a nest of weak compact sets on the space of
measures will ensure that the superprocess has cadlag trajectories.

We complete the introduction with the outline of the construction of the measure-
valued branching Markov process associated with X and ®, the (X, ®)-superprocess. It
will be done in three steps. The first two steps follow the approach from [13]].

I. The construction of a non-linear semigroup. For each f € bpB the equation

t
(1.1) v (x) =P f(x) +/ Pi(x, ®(-,v—5))ds, t>0,x€E,
0

has a unique solution (t,x) +— V;f(x) jointly measurable in (¢, x) and such that
SUPg<s<; lVslloc < o0 for all ¢+ > 0. The mappings f +— V;f form a nonlinear semi-
group of operators on bpJ3.

Precise results on the nonlinear semigroup will be given in Section 3 (Proposition 3.2);
we are indebted to P. J. Fitzsimmons for providing us with a manuscript containing the
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proof of Proposition 2.3 of [[13]]. The proofs of the results from Section 3 will be presented
in the Appendix.

I1. The transition semigroup on the space of measures. For a function f € bpB we
shall consider the mappings Iy : M(E) — R and ey : M(E) — [0, 1] defined by

o) = (e f) = [ Fde weME). e = exp-ip)

M (E) is endowed with the o -algebra M(E) generated by {/s | f € bpB}.
For each t > 0 there exists a unique kernel Q; on (M (E), M(E)) such that

Qi(ef) =evy,r, f €bpB.

Since the family (V;);>¢ is a (nonlinear) semigroup on bpB, (Q);>o is a (linear) semi-
group of kernels on (M (E), M(E)).

ITI. The measure-valued Markov process. This step is essentially different from the
existing approaches. We first show (Proposition {.5) that all the points of M (E) are non-
branch points for the semigroup (Q;);>0, consequently it becomes the transition function
of a right Markov process having a larger space state, namely the entrance space M (E).
In order to prove that the process stays in M (E), under some regularity conditions on ¢
or (V;)s>0, we show that the set M(E); \ M(E) is polar (see (2.4) below) and so there
exists a Borel right process with state space M (E) endowed with the weak topology,
having (Q;):>0 as transition semigroup; this is precisely the (X, ®)-superprocess. A key
argument in our development is a measure representation for negative definite functions
defined on the convex cone of all bounded excessive functions (with respect to X); cf.
Proposition [2.4] It is inspired by a measure-theoretical result of P. J. Fitzsimmons (Corol-
lary (A.6) in [13]]) which will be obtained here as a consequence.

2. Sub-Markovian resolvents of kernels and negative definite functions

Below we follow the terminology of [2]. Let i/ = (Uy)q~0 be a sub-Markovian resolvent
of kernels on the Lusin measurable space (E, B). We shall denote by U the initial kernel
of U: U = supy.o Uy. If B > 0 then the family Ug = (Ug1a)e>0 i also a sub-Markovian
resolvent of kernels on (E, B), having Ug as (bounded) initial kernel. A function v € pB
is called U-supermedian if aUyv < v for all « > 0. A U-supermedian function v is
named Uf-excessive if in addition sup,.,aU,v = v. We denote by £UL) (resp. S(U))
the set of all B-measurable {/-excessive functions (resp. B-measurable I/-supermedian
functions). If v € S(U) then the function ¥ := sup,. gaUyv is U-excessive and the set
M = [v # V] is U-negligible, i.c., Ug(1p) = 0 for some (and hence all) 8 > 0. We
denote by Dy, the set of all non-branch points with respect to I/, namely,

Dy = {x € E | inf(v, u)(x) = inf(v, u)(x) for all v, u € EU), 1(x) = 1(x)}.

If B > 0 then Dy, € B8 and it does not depend on > 0, and E \ Dy, is U-negligible.
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Recall that a o -finite measure & on (E, B) is called Uf-excessive if £ oalU, < & for all
a > 0. We denote by Exc({f) the set of all I{/-excessive measures. A U{-excessive measure
of the form o U (where i is a o -finite measure) is called potential. We denote by Pot(UA)
the convex cone of all potential I/-excessive measures. Further let L : Exc(Uf) x EU)
— R be the energy functional (associated with I/) defined by

L(&,v) :=sup{u(v) | Potf) > poU < &}

for all £ € Exc(id) and v € £UA). The energy functional associated with Ug will be
denoted by Lg.

For the rest of the section (with the exception of Corollary 2.3) we assume that for
some (and hence all) § > 0:

o The pointwise infimum of any two Ug-excessive functions is also a Ug-excessive func-
tion and 1 € EU) (or, equivalently, Du“3 =E)
o o(EWU)) =B.

Notice that if I/ is the resolvent of a Borel right process with state space E, then the
two conditions above are satisfied.

The fine topology on E is the topology generated by all /g-excessive functions (and
it does not depend on 8 > 0).

A metrizable topology on E is called natural if it is smaller than the fine topology and
its Borel o-algebra is 3. Every Ray topology (i.e., the topology generated by a Ray cone;
see e.g. [2] for details) as well as the original topology on E are natural.

We now present several results related to the existence of a right process having U/ as
associated resolvent.

(2.1) The following assertions are equivalent:

(2.1.a) For some (and hence all) 8 > 0, in Exc(Ug) every Ug-excessive measure
dominated by a potential is also a potential.

(2.1.b) There exists a Lusin topology on E such that 3 is the o -algebra of all Borel
sets of E, and there exists a right process with state space E, having U as
the associated resolvent.

(2.1.c) For every natural topology on E there exists a right process with state
space E, having U as associated resolvent.

(See Section 1.7 in [2] and Theorem 1.3 in [3]].)

Remark. By Proposition 3.5.3 in [2], for every natural topology there exists on E a
finer Ray topology. In particular we deduce from the above considerations that for a right
process the original topology may always be enlarged to a Ray one, considering the so
called “Ray realization of the process”.

(2.2) The following property (satisfied for one and therefore for all 8 > 0) implies that
the above equivalent assertions (2.1.a), (2.1.b) and (2.1.c) hold:

(2.2.a) every § € Exc(Up) with Lg(§, 1) < oo is a potential.
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(2.3) There exists a second Lusin measurable space (Ej, By) such that E C E;, E €
Bi, B = Bi|g, and a resolvent of kernels ut = (Ué)a>0 on (Eq, B;) such that
Du/; = Ep, U(S(Ué)) = B, Ué(lE]\E) = 0, E; satisfies (2.2.a) with respect
toU!, and U is the restriction of ! to E (i.e. Ug(g) = Ué (g"), where g! € pB; and
g'le = g). In particular, by (2.1) and (2.2), U! is the resolvent of a right process
with state space E, for a suitable Lusin topology on E{. More precisely, one can
take for E; the set of all extreme points of the set {§ € Exc(Ug) | Lg(§, 1) = 1},
endowed with the o-algebra B generated by the functionals u, u(§) := Lg(§, u)
forallé € Ey and u € £(Ug). The set E is called the saturation of E. If I is the
resolvent of a right process with state space E, then E; coincides with the entrance
space of the process. Let (E’, B') be a Lusin measurable space such that E C E’,
E € B, B = B'|g, and there exists a proper sub-Markovian resolvent of kernels
U = (U))a>0 on (E', B') with D% = FE/, G(S(U/’g)) =B, U,é(lE/\E) =0, E
satisfies (2.2.a) with respect to &', and U is the restriction of I/’ to E. Then the map
X g olU }; is a measurable isomorphism between (E’, B’) and the measurable
space (E1, By).

(2.4) The following property is equivalent to the above assertions (2.1.a), (2.1.b) and
(2.1.c): the set E1 \ E is polar with respect to the right process on E; given by (2.3).

Further in this section, for some fixed 8 > 0 we shall use the notation
S =bEUp).

(2.5) Leth € EU), h > 0. We consider the kernels Ué’ on (E, B) defined by U(fl'f =
(1/h)Uy(hf), f € pB. Then the family U" = (U")4~0 is also a sub-Markovian
resolvent of kernels on (E, B), D;;» = E and the following assertions hold:

@) S(Z/{g) = (1/h) - EWUp) and if & is a o-finite measure on (E, B), then
£ € ExcUp) < h-& € ExcUy), & €PotUp) < h-& € PotUy).

In particular, E satisfies (2.1.a) with respect to 2/ and 2" simultaneously.
(ii) If € € Exc(Up) and u € EUp), then Lg(&,u) = Lg(h - &, u/h), where L’;,
denotes the energy functional with respect to Z/{g. The set E satisfies (2.2.a)

with respect to U" if and only if every § € Exc(Ug) with Lg(§,h) < lisa
potential.

Lemma 2.1. Assume that E satisfies (2.2.a) with respect to U and there exists k > 0 such
that Ugl > k. Let y be a positive finite measure on a second measurable space (F, Br)
(not necessarily of Lusin type) and let K : S — pBr be a mapping such that: KO = 0,
y-a.e., Ku < ooforallu € S, and if (uy)y C S withu =), uy, then Ku =), Kuy,
y-a.e. Then there exists a kernel K : bpB — pBp such that for all f € bpB we have
KUgf =KUgf, y-a.e.
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Proof. Let us consider the mapping K’ : bpB — pBr defined by K’ = K o Ug. Then
K’ is a y-quasi kernel and, in addition, K" o aUp4a [ < K’f y-a.e. for all « > 0 and

f € bpB. So, there exists a kernel | K bpB — pBp such that K f <ooforall f € bpB,
KOOlUﬂ+a < Kforalla € Qs, Kl <ocand KUg f = Kf y-a.e. forall f € bpB (see

e.g. [2]). Consequently, for every x € F the functional f |—> K f(x) is a Ug-excessive
measure on E and Lg(K+, 1) < (1/K)Lg(K+, Ugl) = (1/K)K1(x) < oc. Therefore,
since E satisfies (2.2. a) there exists a measure > [y ON (E, B) such that K (x = Mx 0 Ug.
We define the kernel K : bpB — pBFr by Kf(x) Wy (f). Hence K(U,gf)(x) =

uxoUg(f) = Kf(x) forallx € E; therefore the function x — u, (f) is Bp-measurable
for all f € bpBB and we clearly have KUgf KUgf, y-ae. O

Proposition 2.2. Ifv: E — Ry and B > 0, then the following assertions are equivalent:

1) v e &Up).
(ii) For every continuous increasing concave function ¢ : I — R4, where I is an
interval such that Im(v) C I, it follows that ¢ o v € EUp).
(iii) 1 —e " e EWUp) forall o > 0.
(iv) There exists a sequence (cty), C RY, oy \ O, such that 1 — e~ € E(Up).

Proof. ()=(ii). By the Jensen inequality we have aUg 4 (9ov)(x) < @(aUpgiqv(x)) <
@(v(x)), hence @ o v is Ug-supermedian. Since ¢ is continuous, ¢ o v is finely continuous
and therefore ¢ o v € £E(Up).

(i)=(iii). The implication follows since the function ¢ : Ry — R, defined by
¢(x) =1 — e~%% is continuous, concave and increasing.

@iv)=(@). Let v, := (1 — e~ *")/a,. By hypothesis, (v,), is an increasing sequence
from £(Up), hence v = sup,, v, is also Ug-excessive. ]

For the next corollary we do not assume that Dy, = E. If F is a convex cone of real
valued functions, we shall denote by [F] the vector space spanned by F : [F] = {u — v |
u,v e F}

Corollary 2.3 (cf. [18]).

(1) Letv: E — Ry and let ¢ : I — Ry be an increasing concave function, where 1 is
an interval such that Im(v) C I. If v e S(Up) then ¢ o v € S(Up). In particular, the
vector space [bS(Ug)] is an algebra and v € S(Up) if and only if 1 — e™*" € S(Up)
foralla > 0.

(2) The following assertions are equivalent:

@) DZ/{,:; =FE.
(ii) The vector space [bEUp)] is a unitary algebra.

Proof. (1) The first assertion follows by the Jensen inequality as in the proof of Propo-
sition [2.2) E the implication (i)=-(ii). To prove that [bS(4g)] is an algebra, it suffices to
show that v € [bS (Up)] for every v € bS(Up). We may assume that v < 1 and let

: [0, 1] = Ry be defined by ¢(x) = 2x — x2. Then @ is concave and increasing, hence
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@ ov € bS(Up), and therefore v? € [bS (Up)]. The last assertion follows again as in the
proof of Proposition 2.2}

(2) The implication (i)=>(ii) follows from Proposition [2.2] and the above considera-
tions.

(ii)=(@i). Let A be the closure of [b€(Up)] in the supremum norm. It is a Ba-
nach algebra, and therefore a lattice with respect to the pointwise order relation. Since
limy 00 @Upgtqv = v pointwise for all v € EUp), the same property holds for all
v € A. Consequently, since 1 € A, we have T = 1 and if uy, upy € EUp) then the Ug-
supermedian function v = inf(uy, us) belongs to A, and therefore v = v, Duﬁ =FE. O

Recall that a function ¢ : & — R is called positive definite if for all n > 1,
{vi,...,v} C Sand{ay,...,a,} C R we have

> aiajp(v; +v)) = 0.
iJj
A function ¢ : § — R is called negative definite provided that for all n > 2,
{vi,...,v} CSand{ai,...,a,} CRwith )}, a; =0 we have

> aiajev; +v)) <0.
ij
Considering S as an Abelian semigroup, a bounded semicharacter of S is a function
p S — [—1,1] such that p(0) = 1 and p(u +v) = p)p(v) forall u,v € S.
The set S of all bounded semicharacters of S is an Abelian semigroup (under pointwise
multiplication, with neutral element the constant semicharacter 1) and it also is a compact
Hausdorff topological semigroup endowed with the topology of pointwise convergence.

The folowing two results hold for positive and negative definite functions on S (cf.
[1]] and [[13]).

(2.6) Let W : S — R. Then W is negative definite if and only if e~'¥ is positive definite
forall t+ > 0.

(2.7) Let ¢ : S — R be a bounded positive definite function. Then there exists a unique
positive Radon measure v on S such that

o) = /;,o(v) v(dp) forallveS.
S

The following result will be a main tool in proving that the space of measures M (E)
satisfies (2.2.a) with respect to the resolvent associated with the semigroup (Q;);>0.

Recall that the specific order relation on S is denoted by < and is defined as follows:
if u,v € S then

u < v & there exists w € S such that u + w = v.

Proposition 2.4. Assume that E satisfies (2.2.a) and there exists k > 0 such that
Ugl > k. Let ¢ : S — [0, 1] be a positive definite function having the following two
order continuity properties:
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() Ifv € Sthen p(Lv) 7 ¢(0).
(i) If (vp)n C S is pointwise increasing to v € S then ¢ (vy) \ ¢ (V).

Then there exists a unique finite measure P on (M(E), M(E)) such that

o) = P(e,) forallveS.

Proof. By (2.7) there exists a Radon measure y on S such that p() = fg,o(v) y(dp)
for all v € S. Observe first that if v € S is such that ¢(v) = 0, then ¢ is identically zero.
Indeed, it follows from 0 = p(v) = f g p(v) y(dp) that the function p > p(v) vanishes
y-a.e., and therefore

1 1
0= /Ap(v)l/"y(dp) = /m(—v) y (dp) =<p(—v).
S S n n

By property (i) we see that ¢(0) = sup, (p(%v) = 0 and since ¢ is bounded we
conclude that ¢(u) < ¢(0) forallu € S, hence ¢ = 0.
Assume further that ¢ 7~ 0. Then

~ 1
0# y(S) =90 = supw(;) = /gsupmn‘/" y(dp) =y ([p(1) > 0]).

Let §+ [,0(1) > ( ]. By the above considerations we have y(§\§+) =0and p(v) >0
for every p € S+ andv € S.
Define the function k : 8 x S — R4 by

_J—lnp) ifpedS;,
kp,v) = {O otherwise.
Since the function p > k(p, v) is the extension by zero on S \ S+ of a continuous func-
tion defined on the open set S+, we deduce that it is B(S) measurable. Consequently,
we may define a mapping K : § — pB(S) by Kv := k(-, v). We claim that K sat-
isfies the hypothesis of Lemma 2.1} The positive functional v — k(p, v) is additive
and homogeneous over the positive rational numbers. Notice that every positive defi-
nite function on S is decreasing with respect to the specific order on S. In particular,
if u,v € Sand u < v then k(p,u) < k(p,v). Let now (u,), C S be such that
Yo un = v € S.If we put v, = ) ,_, u;, then by (ii) we get ¢(v,) \ ¢(v), or
equivalently fs[p(v) o]y (dp) ¢ 0. Hence y-a.e. (in p): p(v,) \y p(v) and
> k(p,uy) = lim, k(,o, vy) = k(p,v) = Y, Kuy(p) = Kv(p). We conclude that
there exists a kernel K : bpB — pB(S) such that for all v_e S, v = Ugf with
f € bpB we have y(AKv #* Kv]) 0. We remark that K1 < oo y-ae. and if
p € [K1 < oo] =: & then the functional f > K o(f) = Kf(,o) is given by a
finite measure K, € M(E).
We define the measure P on (M (E), M(E)) by

f F(u) P(dp) = fA F(K,)y(dp). F €bpM(E).
M(E) S
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If v=Up f then P(e,) = [g ev(K,) y(dp) = J5,e K@) y(dp) = [5, eV y(dp)
= f§+ p() y(dp) = ¢(v). If v € S then there exists a sequence (f,), C bpB such that

Ugfy /' v and by (i) we get (Up f) i @(v). Since clearly P(eu,f,) \ P(ey), we
conclude that ¢(v) = P(e,) forallv € S.

The uniqueness of P follows by a monotone class argument because the vector space
spanned by {e, | v € S} is an algebra of functions on M(E) generating the o-algebra
M(E). O

Remark 2.5. Let ¢ : S — [0, 1] be a positive definite function such that if (v,), C S is
specifically decreasing to zero (i.e., decreasing to zero with respect to the specific order
relation on S), then ¢(v,)  ¢(0). For every (u,), C S which is specifically increasing
tou € S we have p(uy,) \y ¢u).

The assertion follows from the inequality

o) + o) <0+ +v) forallu,ves,

since 0 < @(u,) — ) < ¢(0) — ¢(u — u,) and the sequence (v — uy), is specifically
decreasing to zero.

Corollary 2.6 ([13| Corollary (A.6)]). Let ¢ : bpB — [0, 1] be positive definite such
that (f) /' ¢(0) wh_enever (fiu)n C bpB and f, N\, 0 pointwise. Then there exists a
unique finite measure P on (M (E), M(E)) such that

o(f) = F(ef) forall f € bpB.

Proof. The assertion follows from Proposition [2.4] applied to the resolvent of kernels
U= (H#al)wo and from Remark because £(Up) = pB in this case. O

3. The nonlinear semigroup

We assume in this section that i = (Uy)q=0 is the resolvent of a right process X with
state space E. Recall that if 8 > 0 then the S-subprocess of X has the transition semi-
group (P,’3 )r>0, Where P,’3 = ¢ P! P, and its resolvent is precisely Ug = (Ugta)a>0- We
suppose that P;1 = 1.
Let us put
Pg(x,A) =P(x,\)+BA, x€E, L>0,

and for each f € bpB3 consider the equation

t
G Vs =P+ [ PP Vi ds, 120 x€E,
0

If A denotes the infinitesimal generator of X, then equation (3.1)) is formally equiva-
lent to

d
Ev’(x) = Av(x) + P (x, v (x)),

U():f.
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Since the infinitesimal generator of the S-subprocess of X is A — g, it is again for-
mally clear that equations and are equivalent. The precise result is given by the
following proposition. The idea of its proof has been suggested to us by Habib Maagli
(private communication).

Proposition 3.1. Let f € bpB and let (¢, x) — v;(x) be a jointly measurable function
such that supy<,<; |Vsllooc < 00 for all t > 0. Then v, is a solution of @) if and only if
it is a solution of (3.1)).
We shall use the notation

B:=1b"lloo -

The following result is essentially Proposition 2.3 from [13]] stated there without
proof. However, as mentioned in Introduction, we had access to a manuscript of its proof.
Since the method of proof is important for our approach, we shall outline it in the Ap-
pendix.

Proposition 3.2. (i) Forevery f € bpB equation has a unique solution (t, x) —
Vi f (x) jointly measurable in (¢, x) such that supg.,; || Vs fllooc < 00 forallt > 0.

(ii) Forallt = 0and x € E we have 0 <V, f(x) < eﬁ’||f||oo.

(i) Ift — P;f(x) is right continuous on [0, 00) for all x € E, then so ist — V; f(x).

(iv) The mappings f v V; f form a nonlinear semigroup of operators on bpB.

(v) Forallt > 0 and u € M(E) the map f +— (u, Vi f) is negative definite on the
semigroup bpB.

vi) If (fu)n C bpB is a decreasing sequence with f, \( f, then V; f, \ Vi f for every
t>0.

The next result is a version of Proposition 2.7 from [13].
Proposition 3.3. If b is a bounded, B-measurable function and t > 0, then the following
assertions hold.

(i) Forevery f € bpB the equation
t
(3.2) ki =P f —/(; Py (bki—s) ds

has a unique solution (t,x) +> Ptb f(x) jointly measurable in (t,x) such that
SUPg<s<; 1 Ps flloo < 00 forallt > 0. The family (Ptb)tz() is a semigroup of bounded
kernels on (E, B) and e”g/’P, < Plb < eP' P, where B’ := ||b* || so. More precisely,
for every x € E we have

(3.3) PP f(x) = EX (e~ JobX0ds p(x ).

@ii) If b = O then the semigroup (P,b )i>0 is sub-Markovian, P,b < Py and all the points
of E are non-branch points for (Ptb )i>0, i.e., with respect to the resolvent U, gener-
ated by (Ptb )i=0. The fine topologies on E generated by U and Uy, coincide.

(iii) Ifa € R then PP™ = e~ PP, If by and by are two bounded, B-measurable func-
tions and by < by, then

(Ptbz_bl)bl _ Ptbz < Ptbl'
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4. The measure-valued right process

The transition function on the space of measures and a key property are given by the next
two results which are due to P. J. Fitzsimmons, [[13]. For the reader’s convenience we
present their proofs in the Appendix.

Let (V;);>0 be the nonlinear semigroup of operators on bp3 given by Proposition

Proposition 4.1. There exists a unique Markovian semigroup of kernels (Q:);>0 on
(M(E), M(E)) such that

Oilef) =ey,r forevery f ebpBandt > 0.

Proposition 4.2. If f € bpB andt > 0, then
Q,(lf) = lPtbf'

Let i = (Ug)a=o be the Markovian resolvent of kernels on (M (E), M(E)) generated
by the semigroup (Q;);>0 given by Proposition 4.1}

Recall that B = ||b™ ||0, let B/ > B and
b :=b+Pp.
Then b’ > 0 and by assertion (ii) of Proposition the resolvent U generated by
(P,b,),zo is sub-Markovian and bounded if 8’ > B.

Corollary 4.3. Ifu € bpB then the following assertions are equivalent:
() u € EUy).
(i) I, € EWUp).
(iii) Forevery a > 0 we have 1 — ey, € 5(55/).
Proof. (i)&(ii). Since by Proposition we have P?" = ¢ F*Pb we deduce from
Proposition [4.2] that
e Qi) = 1py,.

and therefore u € S(Uyy) if and only if [, € S (Uﬁ/). We also deduce that

u=1limPY'u & 1, =limi,, |
\0 N0 Pru

thus the claimed equivalence holds.
The equivalence (ii)<> (iii) follows by the last part of Corollary [2.3|1), using Propo-
sitions [3.2](iii) and O

Corollary 4.4. Ift > 0 and u € bEUyy), then 1 — ev,, € EUp).

Proof. According to Corollary wehave | —¢, € £ (275/), and therefore 1 — ey,, =
0:(1 —ey) € EUp). O
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Proposition 4.5. All the points of M(E) are non-branch points for the semigroup
(Q1)r=0 (i.e. with respect to the resolvent Ug).

Proof. According to Corollary 3.6 from [18], it will be sufficient to prove that the unique-
ness of charges and the specific solidity of potentials hold for U g.

1. The uniqueness of charges. Assume that 8 > . We have to show that if i, v are two
finite measures on (M (E), M(E)) such that u o U,g/ =vo Uﬂ/, then u = v. Indeed,
from p o Uﬂ/ =vo U/g/ we see that w(F) = v(F) for every F € 5(5,3/). It follows by
Corollary [.3] that the above equality holds for every F lying in the linear space spanned
by {e, | u € bEUy)}. Since this space is an algebra of bounded M (E)-measurable
functions and generates M (E), by a monotone class argument we conclude that . = v.

2. The specific solidity of potentials. We have to show thatif &, u o Uﬂ/ S Exc(alg/) and
E<nun OUlg/, then £ is a potential; here < denotes the specific order relation on EXC(ng/).
Let A be the additive semigroup generated by {V;u | u € bEUy), t > 0} and [A] the
vector space spanned by {e, | v € A}. Then [A] clearly is an algebra, 1 € [A] and since
{ew | u € BEUy)} C [A] we have o ([A]) = M(E). We show that [A] C [bEU )]
Corollary implies that 1 — ey,, € bf u p) provided that u € b&(Uy). Since by
Corollary , [bS(Zjﬁ/)] is an algebra, ¢, € [bs@g,)] for every v € A. So we have
to prove that the map s — Qg (ey)(w) is right continuous on [0, co) for every v € A
and u € M(E). According to Proposition we have Q;(ey) = ey, and therefore,
by Proposition [3.2[iii), it will be sufficient to show that the map s > Psv(x) is right
continuous for every v € A and x € E. We may assume that v = V,u with u € bEUyy)
and ¢ > 0. We have
A
Vs4ru = PsViu +/ Py @ (-, Vstr—ou) da.

0
Again by Proposition [3.2] we know that s + V,u is right continuous and thus s +—
fg Py ® (-, Vyys_qu) da is also right continuous (by dominated convergence), concluding
that s — Py V;u has the same property.

Leté, u oﬁﬂr € Exc(ZT[ﬂr) withé < u oﬁlg/. We may suppose that (1) < 1. Indeed,
if it is not the case, then u = Y, pu, with p, (1) < 1 for all n and by Ch. 2 in [2]] there
exists a sequence (£,), C Exc(aﬁ/) suchthat§ =) & and§, < o0 Uﬁ for every n.
Let ¢ : EUp) — Ry be the functional defined by ¢z (F) = Ly (&, F) for F € EUp),
where Zﬂ/ denotes the energy functional associated with Hﬂ/.

By the first part of the proof, we may extend ¢g to an increasing linear functional on
[./_4]. Let £ be the closure of [7{] with respect to the sup norm. Clearly, £ is a vector lattice
and we claim that ¢ extends to a positive linear functional on £. Indeed, if (F,,), C [A]
is a sequence converging uniformly to zero and we consider a sequence (v; o Uﬁ/)k C

Pot(aﬁ/) with v o Uﬂ/ &, then
lps (Fu)| = lilgn|vk(Fn)| < lin}cinka(IFnl) < Slin}{inka(l) =eLlpE, 1) <en() <e,

provided that n > ng and || F; |0 < € for all n > no.
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Since £ < o ﬁﬁ/ we have ¢z (F) < u(F) for every F € L., and therefore,
if (Fy)» C L4 is a sequence decreasing pointwise to zero, then gg (F,) \ 0. By the
Daniell theorem there exists a measure v on (M (E), M(E)) such that ¢ (F) = v(F) for
all F € L. In particular, if u € b€ (Uyy) then Zﬁ/ &, Qi(ew)) = gz (ev,u) = v(Q;(ey)) and
therefore

Ly €. Up ) = limuUp (eu) = /O e P lim v (Q; (ex)) dt
= fo e P Ly (&, Oien) dt = v(Ugi(en)).

We conclude that § = v o Uﬁ/. o

Remark 4.6. By the last part of the above proof the following assertion holds. If
& € Exc(Hﬁr) with Zﬂr(é, 1) < 1 and v is a positive measure on M (E) such that
Zlgf(.’;:, Qq(ey)) = v(Q;(ey)) for all ¢ > 0 and u lying in a convex cone C C bE Uy )
which is separable in the supremum norm, inf-stable, separates the points of E and there
exists a sequence (u,), C C withu, 7 1,then =vo ﬁlg/.

If M € Band u € EUy), then recall that the reduced function of u on M (with
respect to Uy ) is the function R 271 u defined by

RYu :=inf{v € EUy) | v > u on M}.

The reduced function Rﬁfl u is universally B-measurable.

We now present a relation between the reduced functions on E and M (E), respec-
tively; we shall denote by E;F (' e M(E), F € pM(E)) the reduced function with
respect to £ (ng/).

Proposition 4.7. Ifu € bEUy) and G € B is a finely open subset of E, then

_M GC c
le’;u = Rﬁ’( ) leu'
Proof. By Theorem 1.3.8 in [2] there exists a sequence (f,), C bpB such that f,, = 0
on G and (Uy f;), increases to Rgu. From Proposition we get U/g/l = lUb, f, and
since /7, vanishes on M (G°) we have

)C

- SM(G) 7= —M (G
leu = sgplyb/fn = sgp Ugls, = sgp Ry Uply, = Ry le”. |

Assume that 8/ > 8. We shall consider the following regularity condition:

(x) Viv belongs to the closure in the supremum norm of [bE Uy )] for every t > 0 and
v lying in a convex cone C C b&Uy) which is separable in the supremum norm,
inf-stable, separates the points of E and there exists a sequence (uy,), C C with

u, /1.
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Proposition 4.8. Each of the following two conditions implies that condition (x) holds:

(4.a) b, c and N do not depend on x € E.
(4.b) (P:)i=0 is a Feller semigroup (on the locally compact space E) and V;(Co(E)) C
Co(E) for everyt > Q.

Proof. By Proposition we have 1 — e™*Y € bE(Uy) provided that v € bE Uy ) and
s € R,.If (4.a) is satisfied then from the above considerations with the notation from the
proof of Proposition [3.2] we have ¢(v) € b€ (Uyy) and, since

t
vty = Pty +/O Peo(VE v)ds,

we deduce by induction that Vtkv € bE(Uyy) for every ¢t > 0. Since ( V,kv(x))k is converg-
ing uniformly in x to V;v(x) and because the approximation from Step II is also uniform,
we conclude that V; (b€ (U )) C bE(Uyy) and, in particular, condition () holds.

If condition (4.b) is satisfied, then there exists a Ray cone R C b& (g _g) such that
[RNCo(E)]is dense in Co(E) in the supremum norm (see e.g. [4]). Condition () holds
in this case too, because &(Up'_g) C EUy). O

Remark. Situations when condition (4.b) is satisfied are presented in [[14, Appendix].
Notice that in this case the topology of E is a Ray topology. For other regularity conditions
on ® and (V;);>0 see also [12].

Recall that a right process X is called standard if it is quasi-left-continuous on [0, ¢),
i.e., for every increasing sequence (7,), of stopping times with limit 7 we have a.s.
X7, = X7 on [T < ¢], ¢ being the lifetime of X. Notice that since we assumed that
P;1 = 1, X has infinite lifetime and, clearly, if X is standard, then it is in fact a Hunt
process, that is, it is quasi-left-continuous on [0, 00).

Let X be a finite measure on E. An increasing sequence (F,), C B is called a A-nest
provided that

Rg\F”l =0 AX-ae.

(4.1) The following assertions are equivalent (cf. [3] and [4]).

(4.1.a) There exists a A-nest of compact sets.
(4.1.b) There exists a function v € £(Ug) N LY(E, 1) such that for all n € N the
set [v < n] is relatively compact; one says that v has compact level sets.
(4.2) If X has cadlag trajectories (i.e., it possesses left limits in E a.s. on [0, ¢)) then the
above equivalent conditions (4.1.a) and (4.1.b) are satisfied for every finite mea-
sure A (see e.g. [2l]). Notice that if the topology is a Ray topology and condition
(4.1.a) is fulfilled for every A, then the process X is standard.

We can now state the main result of this paper.

Theorem 4.9. If condition (x) holds then the following assertions hold.

(1) There exists a Borel right process (called an (X, ®)-superprocess) with state space
M (E) endowed with the weak topology, having (Q;);>0 as transition semigroup.
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(ii) If X is a Hunt process then the (X, ®)-superprocess has cadlag trajectories and if,
in addition, V;(C) C C for all t > 0, then the (X, ®)-superprocess is also a Hunt
process.

(iii) If E1 (resp. M(E)1) denotes the entrance space of X (resp. the entrance space of the
(X, ®)-superprocess), then M(E1) C M(E)| and the set M(E); \ M(E) is polar.
In addition, M (E1) is precisely the saturation of M (E) with respect to HZ/, where
hi=1+1 € EUp).

@iv) If u € M(E), f € pBand G € B is finely open, then

TG ./ — _p'Te
EF(eh V0 ds pxy) = B (e P Moo (x2, RO f)),
M(GE)E
where Tg is the hitting time of G by the process X, and TAC,I;(GC)C denotes the hitting
time of M(G€)° by the (X, ®)-superprocess (be)tz&

Proof. Step I. Assume that E satisfies (2.2.a) with respect to f and let £ € Exc(a/g/) be
such that Z,gr (&, h) < 1. Notice that according to Corollary we have l, € £ (Zjlﬁr) and
e, € [bE (17/3/)] for every u € b€ Uy ) =: S. We define the functional ¢ : S — R by

o) :=Lg(, e,), ues.

We check that ¢ satisfies tlf conditions from Proposition Clearly, ¢(u) € [0, 1]
for every u € S since ¢(u) < Lg/(§,1) < 1. Using the inequality 1 —e™ < x if x > 0,
we get

llulloo —
ZLp(E 1),
n

¢(0) - ¢(%) =Ly(&, 1 —eun) < Lp(E Luyn) <

and therefore go(%u) /" 90). If (u,), C S withu, /" u then (1 —e,, ), is a sequence of
Uﬁ/—excessive functions which is increasing to 1 — e, and thus

Ly 1—ey) / LyE 1 —e,

or equivalently _ _
o(uy) = Lﬂ’(s, €u,) L}g/(é, ey) = p(u).
It remains to show that ¢ is positive definite. If (a;)i<, C R and (#;)i<, C S then

_ _ 2
Zaiajfﬂ(ui +uj)=Lg (E, Zaiajeui-‘ruj) =Lg (5, (Z aieui) ) >0.
i i i

We conclude that there exists a probability measure P on (M (E), M(E)) such that for
all u € S we have

p(u) = P(ey).
According to Remark in order to show that € = P o ﬁﬁ/, it will be sufficient to prove
that Lg (€, Q/(eu)) = P(Q;(ey)) forall # > 0 and u from the cone C given by ().
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Since L p'(§, 1) < 1, there exists a measure v on M (E); such that§ = vo U B Notice
that every f € [b& u )] has a finely continuous extension f to M(E);. Let A be the
linear space of bounded functions on M (E); spanned by the set {¢, | u € S}. Because A
is an algebra and v(e,) = Lg (£, e,) = P(e,) for every u € S, by the monotone class
theorem we have

(4.3) W(F)=P(F) forall F € o(A).

By hypothesis (x), if u € C then there exists a sequence (f,,), C [S] converging uni-
formly to V;u. As a consequence, for every u € M(E) we have leg, (1) — ey, ()| <

I fn—Vittlloo -1y (), hence e, —€v,ul < || fu—Vittlloo: l1 on M (E),. It follows that (€, )n
converges p01ntW1se to €v,u on the set [11 < 0] € U(.A) From v(ll) = Lﬂ/("g‘ 1) < o0
we deduce that 7 1 < 00, v-a.e. Therefore, 1[11 <o0] <€y is O'(.A) measurable and by (4.3)
we now get v(€ey,,) = P(ev,u)- Since Q;(e,) = ey,,, we conclude that

Zﬂ/(f, O (ey)) = V(gV,u) = F(Ql(eu))‘

Notice that it follows from Corollary [4.3] that the weak Ray topology on M (E) is natural
for U gr. Consequently, the weak topology on M (E) is also natural. Assertion (i) and the

last assertion of (iii) follow now by (2.5) applied to Hﬂ/ instead of U.

EN\E E\\E

Step IL. If we put u, := R, "1 then, since B,,

therefore

1 = 0, we have u, = 1g,\g, and

M(E) = [ly, = 0] € M(E1).

For every u € M(E/) there exists a decreasing sequence (v,), C b&(Uy) such that
Up > u, forevery n and [, () = inf, [,, (u). Therefore, we have [,,, = inf{F € E(Zjﬁ/) |
F >1,,}. According to [2], the function [, is strongly supermedian with respect to ﬁlg/
and so the set M (E) = [[,, = 0] is a finely open subset of M (E;) and

M(E)\M(E)

(4.4) Ry 1= 1mE)\mE)-

Because Ubl, (u,) = 0, it follows by Propositionthat Uﬂ/(lug) =Iin ) = 0. Conse-
b/ o

quently, M (E1) is embedded in M (E);. Since from Step I of the proof the resolvent u
on M(E1) is associated with a right process with state space M (E1), by (4.4) we can
restrict this process to M (E), obtaining the right process having (Q;);>¢ as transition
function.

Assertion (iv) follows from Proposition relation (3.3) and since by Hunt’s theo-
rem on balayages we have Rﬁcf(x) = E*(e PTG f(X15)).

Step III. Assume that X is a Hunt process. From Theorem (47.10) in [17] we deduce that
X has cadlag trajectories in any Ray topology. We consider such a Ray topology 7 which
is finer than the original topology and is generated by a Ray cone R D C. Let A € M(E).
By (4.2) there exists a function v € £Uy) N L'(E, A) having Tr-compact level sets.
Corollaryimplies thatl, € £ (Hﬂ/) and it follows by [7] that /;, has compact level sets
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in the weak Ray topology. According to (4.1), there exists an increasing sequence (Mp,),
of weak Ray compact subsets of M (E) such that

4.5) igfﬁfﬁ‘”w" 100 = 0.

In order to prove that the (X, ®)-superprocess has cadlag trajectories and it is quasi-left-
continuous, we proceed as in the proof of Theorem 3.7.7 from [2].

We first show that the superprocess has P -as. left limits in M (E). Let E be the > Ray
compactification of E with respect to R. Since by Corollarythe function 1—e, is U gr-

excessive (provided that u € R, for some 8” > B’), the process t —> e‘ﬂ”t(l—eu)(X;D) is

a bounded right continuous supermartingale. We infer that this process has left limits P -

a.s. (cf. [8]). Since the Ray cone R is separable with respect to the uniform norm, the pro-

cess (X )0 has P -as. left limits in M (E). From E%(E)\M" 1) = £ (e~ P TmE)mn)

we deduce by (4.5) that P"-as. we have sup,, Ty (E)\m, = oo. Hence for every w € Q
with TM(E)\M,, (w) < oo we have X;b(a)) € M, provided that r < TM(E)\M,, (w) and
SO X;’L (w) € M,. Consequently, the process (be )i>0 has left limits (in the weak Ray

topology) in M (E), ﬁk—a.s. on [0, 00).
Let now (7,), be an increasing sequence of stopping times and 7 = lim, 7,,. We
show that lim,, X ch; =X ? , Fk-a.s. It follows from the above considerations that the limit

Z = lim, X%l exists in M(E), ﬁx-a.s. It remains to prove that Z = X2, ?A—a.s. Let
u,velC,G:=e,and F :=e¢,.If « > 0 and n < m then

— — — g
E'(GXP)UpioaF(XP) =E <G(X%l)/0 e +“>’ev,v(x§’m)dt>
_)\’ o0 ’
=E <G(X%1 ) / e (P +“><me>F(X?)dt>.
T‘)ﬂ

Assuming that V;(C) € C C R and letting m — 0o, we obtain
—A p— —X\ o0 ’
E"(G(X})Up4oF(2)) =E (G(X%l)/ e ¥ +°‘>(’—T>F(X;I’)dz>
T
_)\. _
=E(G(XT)HUp1aF(X])).
Letting now n — 0o we get
E'(G(2)aUp 1o F(2)) = E (G(Z)aU gy F(XD)).
Because F € [bé’(Zj,g/)], letting @« — 00, we get
—A —A
E"(G(2)F(2)) = E"(G(Z)F(X})).

The o-algebra M(E) being generated by {e, | u € C}, a monotone class argument
implies that the above equality holds for all F, G € pM(E) and, as a consequence,
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ENH(Z, 7)) =E (H(Z, X$)) forall H € p(M(E)xM(E)). Taking as H the charac-

teristic function of the diagonal of M (E) x M (E), we conclude that FA([Z * X%’]) =0.
O

Remark. (i) Theorem [4.9iv) gives a relation between the hitting distributions of the
finely open sets of the given spatial Markov process X and the hitting distributions of
the (X, ®)-superprocess. Notice that an analogous result for the excessive functions was
stated in Corollary namely the Uy -excessive functions were identified (through the
map u +— [,,) with the “linear” U p-excessive functions.

(ii) The additional assumption from Theorem 4.9(ii) is satisfied if condition (4.a) from
Proposition 4.8 holds. One can check that in the proof of Theorem 4.9(ii) we use only the
following weaker assumption: V;(C) is a subset of the closure of [C] in the supremum
norm. This condition is satisfied if (4.b) holds.

(iii) The two integrability conditions imposed (in Section 1) on the kernel N are pre-
cisely those considered in Theorem 3.2, Section 4.3.3 of [11] and are clearly satisfied if
the assumption N (u Vv u?) e bpB from [13] holds.

Appendix

Proof of Proposition 3.1. Let F := E x (0, 0o). We shall consider on (F, B(F)) the semi-
group having the infinitesimal generator the “heat operator” A — d/dt. More precisely, if
h: E x (0,00) — R is B(F)-measurable, then we put

Ph(x,s —1t) ifs >t,

Prh(x, s) = {0 ifs <.

Oge can check that (13;),20 is a sub-Markovian semigroup of kernels on (F, B(F)). Let
(Va)a>0 be its associated resolvent, so that

t
Voh(x,t) = / e S Ph(-, t —s)(x)ds.
0
Clearly, the initial kernel V of (Va)a>0 is given by
~ t
Vh(x,t) = / Psh(-,t —s)(x)ds.
0

We shall give two properties of (Va)a>0-
(A.1) If B > 0and f € bpB, then
(I+BV)PPf=Pf onF,

where Pf(x,t) := P, f(x) and Pﬂf(x, t) = P,ﬁf(x).



Measure-valued Markov branching processes 703

Indeed, we have (I ~|—,3i7)P/3f(x, Hn=_2p fé Py Ptﬂ_sf(x)ds + Ptﬁf(x) =e PP f(x)+
e PP f(x) [o BePrds = P f(x).

(A2) If f, g € pB(F)and (I + BV) f = (I + BV)g < oo then f = g.

The assertion follows directly from the resolvent equation.
Equation (L.T) is equivalent to

v=Pf+Vo(,v),

while (3.1) is equivalent to
V= Pﬂf + V,Bq)ﬁ(a v)’

where the function v € pB(F) is defined by v(x, ) := v;(x).
Since Vv < 0o, by (A.2) and (A.1) we have

v= PP+ Vdp(,v) & (I+BVIv=(+BV)PPf+ Vds(,v))
& v+,3‘7v =Pf+ V@,(-, v)
& v=Pf+VI(,0).

Hence (1.1) and (3.1) are equivalent.

Sketch of the proof of Proposition 3.2. As we mentioned in Introduction, this proof is due
to P. J. Fitzsimmons (private communication).

Step I. Assume that ¢ = 0 and /01 s N(-,ds) € bpB. The function V; f is constructed by
the method of Picard iterations.

L1. Let us fix Ao, %, > 0 and define A| := A,eP. Let a be a real number with a >
M + ||b|| 00, Where fooo s N(-,ds) < M.If we define the function ¢ by

o, A) i=D(x,A)+ar, xeE, LeRy,
we deduce that
0<@x,A) <(a+p)r forallx e Eand X € [0, 1],

and ¢ is a Lipschitz function on [0, A1] with Lipschitz constant C > 0 (uniformly in
x € E).
For f € bpB, f < Ay, and x € E we define Vtof(x) = 0 and, for k > 0,

t
V/‘“f(x)=Pt”f(X)+/ Po(x, o, VE f)ds, 0<t<t,
0

where P? := e~“' P;. One can prove that

0<VEF) < el fllo
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forall x € E, and
(Cctyt
k!

IV f =V flloo < I £ lloo-

The last inequality implies that the limit
Vif () = lim VA f (x)

exists uniformly in (x,7) € E x [0, t,]. In particular, the function v;(x) := V; f(x),
x € E, is a solution of the equation

t
(A.3) v (x) = P f(x) +/ Pl(x, @ v—s))ds, 0=t =t,.
0

The uniqueness for equation (I.1)) follows by Gronwall’s lemma while the semigroup
property (assertion (iv)) is a consequence of this. Varying A, and ¢#,, we obtain the exis-
tence and uniqueness for equation (A.3) for every f € bpB. By Proposition [3.1] we now
deduce that assertions (i) and (ii) hold. Assertion (iii) follows since the right continuity of
the map ¢ — P; f (x) implies the same property for ¢ Vtk f(x) for every k > 0.

1.2. The negative definiteness. We show that if the map V : bpB — bpB is such that
f — Vf(x) is negative definite for every x € E, then so also is f +— ¢(x, Vf(x)).
Indeed, the assertion follows from (2.6) because

P(x, ) = <a —b(x) — /OOSN(Xde))}“f‘/OO(l — e ) N(x,ds)
0 0

anda > b+ f0°° sN (-, ds). Notice that the map f — P/ V f(x) is also negative definite.
We conclude by induction that f +— P/ VK f(x) is negative definite for every k, and
therefore also f — V; f(x) as a limit of negative definite functions.

Step II (The general case for ¢ and N). For n € (0, 1) define
o
O"(x,\) = —b(x)A +/ (1 —e™™ — xs) N'(x, ds),
0

where 2e(x)
c(x
N'(x,ds) = 78,,((13) + lig=p N(x, ds).
Then fol sNT(-,ds) € bpB3, ®7 is also a Lipschitz function on [0, A1] and by the hypoth-
esison N,
1
lim sup —||®"(-, 1) — ®(-, A =0.
fim sup 107, 2) = O Al
If V" f denotes the solution of equation (1.1) with N instead of N, then by Gronwall’s
lemma V," f converges uniformly in x and ¢ < 1, to the solution V; f of l) asn — 0.
Assertion (vi) holds since a consequence of (iv) is the fact that the map f — V; f(x)
is increasing and by the uniqueness of the solution of (L.T).
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Proof of Proposition 3.3. As in the proof of (2.7) from [13], the existence and uniqueness
of the solution of equation (3.2) follows from Proposition [3.2] applied for ®(x, 1) =
—b(x)A. Equation (3.3) follows by uniqueness. The inequalities e Pip < P,b < PP,
Ptb2 < Ptbl if b1 < by, and the first assertion of (iii) are consequences of (3.3). In
particular, we get Ptb 1> 0.

Assertion (ii) follows since by Proposition @iii) the resolvent (/g is exactly subordi-
nate to U, and by Section 5.1 in [2]]. To prove that (P,bz_bl Yor = P,bz, let S, := (Pthz_hl ybr,
It is sufficient to show that for all # > 0 we have

t
Sf=Pf— /0 Py(b2Si—s £) ds.

Since §;= P> "' — [1 P71 (b1 S,—5) ds and P> = Py — [3 Py ((ba—b1) P2 ") du,
we get
by—b ! N by—b
s = [ as ( S 1>du>(blst_s>,
0 0
thus

t t Ky
s — Pt g / Py(b1Si_y) ds = /0 ds / Pu((b2 — b1) PP (b1 S,y )) du
0 0

t t—u
- / du[Pu<(b2—b1) / Ps”z—”'(bls(,m)ds)}
0 0

t
= fo P,((by — b)) (P2, — Si_)) du,
br—b ! br—b ! !
Sy = P,2 ‘+/O Pu((bz—bl)P,_zu ‘)du—/o P,(brS;_,) du = Pt—/o Py (brS; ) ds.

Proof of Proposition 4.1. By Proposition v)&(vi) and (2.6), the map f > ey, r(u)is
positive definite on bpB3 for every u € M(E), and if (f;;),, C bpB is pointwise decreasing
to zero, then ey, s, /" ey,0. By Corollary@]there exists a unique finite measure Q; , on
(M(E), M(E)) such that Q; , (ef) = ey, s(u) for every f € bpB. Put

Qi F(n) :== Q1 u(F), F € bpM(E).

Since Q;(ef) € bpM(E) for every f € bpB and the set {> ;_,ajer, | n € N*, f; €
bpB,a; € R,i < n}is an algebra of bounded M (E)-measurable functions generating
M(E), we conclude that Q, F € bp M(E) for every F € bpM(E), hence Q; is a kernel
on (M(E), M(E)).

Proof of Proposition 4.2. We define the function ¢, : Ry — bpB by ¢;(X) := V;Af.
Since the map f — V; f(x) is negative definite, it is increasing, and using Corollary 2.6
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itis concave. The function A > ¢; (1)/A is therefore decreasing and by Proposition[3.2(ii)
we have

(pl()") < eﬁ[

(A.4) Il flloo-

Therefore, the function (p,’ (0) := sup, - ¢:(X)/A belongs to bpB and, in addition, for
every 4 € M(E) we have

.l —=epm(w)
Ly a0) = im —— 20,

On the other hand, Q;(e;f) = ey, ), and therefore l(p,’(O)(M) = —(Q,(ekf)(,u))Q»ZO =
Qlr(n). Hence it is sufficient to show that ¢;(0) satisfies equation 1) We have

t
“0 gy P,_s<b%i”)ds
0

A

t 2 00

—/ P,_s(c% @) +/ l[1 —e%“)“—%(x)u]N(-,du)> ds.
0 A 0o X

Letting 2 — 0 we find that ¢;(0) satisfies (3.2)) since the last two terms converge to zero
by (A.4) and because limy~ o g5 (A) = 0.

Notes added in proof. 1. In Zenghu Li’s monograph [16], devoted to measure-valued branching
processes, it is shown (by a counterexample in Section 5.4) that the hypothesis on X to be a Hunt
process in Theorem 4.9(ii) is necessary in order to deduce that the (X, ®)-superprocess is also a
Hunt process.

2. In the proof of Theorem 4.9, a main step in obtaining the cadlag property of the trajectories
of the measure-valued (X, ®)-superprocess was the existence of a nest of weak compact sets on
the space of measures, produced by a special excessive function having compact level sets. It turns
out that this is an efficient way to obtain the path regularity of a Markov process in other infinite-
dimensional situations too; a presentation of this method and its applications in relevant examples
are given in the survey article [6].

3. In 5] a Markov process is constructed which is a combination of an (X, ®)-superprocess and
a discrete branching type process, on the space of finite configurations of positive finite measures.
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