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Abstract. We investigate the question under which conditions the algebraic difference between
two independent random Cantor sets C| and C» almost surely contains an interval, and when not.
The natural condition is whether the sum d + d; of the Hausdorff dimensions of the sets is smaller
(no interval) or larger (an interval) than 1. Palis conjectured that generically it should be true that
di + dy > 1 should imply that C; — C; contains an interval. We prove that for 2-adic random
Cantor sets generated by a vector of probabilities (pg, p1) the interior of the region where the Palis
conjecture does not hold is given by those pg, p; which satisfy pg + p; > +/2 and pop;(1 +
p(z) + p%) < 1. We furthermore prove a general result which characterizes the interval/no interval
property in terms of the lower spectral radius of a set of 2 x 2 matrices.

1. Introduction

The algebraic difference of two sets A, B of real numbers is defined as
A—-B:={x—y:xe€A,y e B}

An interesting situation arises when A and B are relatively small, and A — B large. For
example, A and B are Cantor sets, but A — B contains an interval. Whether this will
happen or not depends on the size of A and B. For instance, if the sum of the Hausdorff
dimensions of A and B is smaller than 1, then A — B will have a Hausdorff dimension
smaller than 1, and cannot contain an interval. A well known conjecture by Palis ([[Pal87]])
states that—conversely—if

dimg A + dimy B > 1, (1)

then generically it should be true that A — B contains an interval. In this paper we will
follow [Lar90] and [DS08] and interpret ‘generically’ as ‘almost surely’ with respect to a
probability measure. The central question in this paper is:

Under which conditions does the algebraic difference between two independent ran-
dom Cantor sets almost surely contain an interval, and when not?

Here we will consider a canonical class of random Cantor sets, which randomize the
classical triadic Cantor set C in a natural way. In this introduction we will give a loose

F. M. Dekking, B. Kuijvenhoven: Delft University of Technology, Mekelweg 4, 2628 CD Delft,
The Netherlands; e-mail: f.m.dekking @tudelft.nl, bram @kuijvenhoven.net



734 F. Michel Dekking, Bram Kuijvenhoven

description. Instead of discarding the middle interval and keeping the left and the right
interval at every step in the construction of C by decreasing intersections of unions of
triadic intervals, we do the following: fix three numbers pg, p; and p; between 0 and 1.
Then at every step, retain the left interval with probability po (discard it with probability
1 — po), the middle with probability p; and the right interval with probability p;, indepen-
dently of each other, and of the actions in other intervals at all levels. (See also Figure
where we use trees to describe this recursive construction).

More generally we consider the M-adic case for integers M = 2, 3, ..., where inter-
vals are recursively divided into M subintervals of equal length, which are retained with
survival probabilities po, ..., py—1.

It turns out that the cyclic correlation coefficients yy, defined by

M=1
Vi = Z Pi Di+k 2
i=0

fork = 0,..., M — 1 play an important role (here the indices i + k should be taken
modulo M). Indeed, the main result in [DS08] is the following.

Theorem 1.1 ([DS08]). Consider two independent random Cantor sets Fy and F> with
survival probabilities py, ..., py—1.

@ If yp > Lforallk = 0,...,M — 1, then F\ — F, contains an interval a.s. on
{Fi — F, # }.
®) If v, Vi1 < 1for somek, then F\ — F, contains no interval a.s.

This implies that if F| and F> are two independent copies of the random triadic Cantor set
described above, then their difference F; — F, contains an interval a.s. if pop1 + p1p2 +
p2po > 1, and does not contain an interval a.s. if pgop1 4+ p1p2+ papo < 1. However, the
triadic case is special, and Theorem gives only a partial solution to, e.g., the dyadic
case, where intervals are split in two all the time, and retained with probability pg and p;.
Here Theorem@] merely implies that F| — F> contains an interval a.s. if 2pgp; > 1,
and does not contain an interval if p% + p% < 1. In Section |8 we will fill the gap, and
completely classify dyadic random Cantor sets with respect to this property (except on
the separating curve).

The tool that is used in the proof of this result is that of higher order Cantor sets,
which has been introduced in [[DSO8]. The same tool will enable us in Section[7]to obtain
a general classification result in terms of the lower spectral radius of a certain set of
matrices.

A major problem that arises is that the ‘independent interval” property gets lost if one
passes to higher order Cantor sets. It is therefore important (and not just for the sake of
generalization) to consider a more complex mechanism to generate random Cantor sets.
The obvious way to allow for dependence is to define a joint survival distribution @ on
the set of all subsets of {0, ..., M — 1}. In Section E] we give a version of Theorem@]
for this case.

Finally we remark that the recent paper [MSS09]| considers the weaker property of the
difference F| — F; having positive Lebesgue measure. This time it is not the minimal y,
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which is determining, but the product of the y,’s. Thus one obtains interesting examples
of differences of Cantor sets which have positive Lebesgue measure, but do not contain
an interval.

2. Construction

The construction of M-adic Cantor sets is intimately related to M-ary trees and M-ary
expansions of numbers.

Let M > 2 be an integer. An M-ary tree is a tree in which every node has precisely M
children. The nodes are conveniently identified with strings over an alphabet of size M,
we use the alphabet A := {0, ..., M — 1}.

Strings over A of length n are denoted as i, = iy ...i,, where iy, ..., i, € A. The
empty string is denoted by ¥ and has length 0. The concatenation of strings i . .. i, and
J1 ... jnis simply denoted by iy ...i,j1 ... ju-

The M-ary tree Tis defined as the set of all strings over the alphabet A. The root node
is the empty string ¢. The children of each node ij ...i, € 7 are the nodes iy . ..i,i,11
for all i,,11 € A. The level of a node corresponds to its length as a string. For each n > 0,
the set of all nodes at level n is denoted by 7,,. We thus have

T:UTn:U U U{il...in}.

n>0 n>0i €A in€A

Strings over the alphabet A can also be interpreted as M-ary expansions of numbers.
Forallij...i, € Twelet[i...i,]y denote the value of i| ...i, as an M-ary number:

n

[ir. . indy =Y M" i 3)
k=1
Consequently, [i] .. .i,]) takes its value in the range O, ..., M" — 1.

2.1. Random Cantor sets

We consider the construction of random M -adic Cantor sets on the interval [0, 1]. The
construction is iterative: we start with the entire interval [0, 1], and at each level of the
construction, the intervals surviving so far are ‘split’ into M equally sized closed subinter-
vals, of which a certain random subset is allowed to survive at the next level. The random
Cantor set is a stochastic object which consists of those points in [0, 1] that persist at all
levels. Here, when we speak of ‘splitting” a closed set into some smaller closed sets, it
should be understood that the smaller sets need not be disjoint, but their interiors are.

We consider the probability measure [P, on the space of {0, 1}-labelled trees {0, l}T,
where we label each node iy ...i, € 7 with X;, ; € {0, 1} and u is a probability mea-

n

A . . . . . .
sure on 2> called the joint survival measure. It is of course determined by its restriction
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to 2A, which we also denote u, and call the joint survival distribution. The measure IP;, is
defined by requiring that P, (Xy = 1) = 1 and that for all i1 ... i, € 7 the random sets

{int1 € A Xy i = 1} 4)

are independent and identically distributed according to .
The n'" level M-adic subintervals of [0, 1] are defined by

| : . :
Iil-..in = Mn (1. indprs lin e cindy + 1] 4)
for all i1 ...i, € 7. The n'" level intervals that survive in the n™ level approximation of

the random Cantor set are the ones that are indexed by the nodes in the level n survival
set

Spi= i1 in: Xiy = Xiyiy = - = Xiyi, = 1) ©)

for all n > 0. The random Cantor set F is given as the intersection of all its n™ level
approximations, which we denote by F":

o0 o0
F=MF'=( U -
n=0 n=01iy...i, €S,

An important property of random Cantor sets is their self-similarity: conditional on the
survival of any n™ level M-adic interval, the process starting at that interval (scaled
by M") has the same distribution as the whole process, which starts at I; = [0, 1].

0 f 6(\ {
" 0 e e _ 1
Fl ¥ @ | X; [ @ |
F? Xoo  Xop xu G X e

0 5 3 5 9 1

Fig. 1. The first three levels of a realization of a tree labelled by (X;, ;) with p = (1,0, 1/2),
with the surviving intervals in the approximations F"*. The encircled X;, _;, correspond to nodes
obtaining the value 1.

n

The vector of marginal probabilities p := (po, - .., pm—1) is defined by
pi=PuXi=1 @)

for all i € A. Note that these marginal probabilities do not need to sum up to 1. The
joint survival distribution p can be chosen such that the X;, i € A, are M independent
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Bernoulli variables; the respective probabilities of success then equal the marginal prob-
abilities po, ..., py—1. In this case we call F an ‘independent interval’ Cantor set.

The traditional deterministic triadic (so M = 3) Cantor set is obtained with the mea-
sure u defined by ({0, 2}) = 1. Its vector of marginal probabilities is p = (1, 0, 1).

The number #S,, of level n intervals selected in F" is a branching process with, as
offspring distribution, the distribution of #S;. Since the F" are non-increasing, F' = @ if
and only if the branching process (#S,,) dies out. Since E, [#S1] = po+ -+ + py—1 =
[Ipll1, it follows that F 7~ ¥ with positive probability if and only if

lplli >1 or P,#S1=1) =1.
Discarding the uninteresting case on the right, we will assume henceforth that

Ipllt > 1. ®)

2.2. Algebraic difference

We consider the algebraic difference F; — F, between two independent random M -adic
Cantor sets F1 and F. In general, we denote the joint survival distribution of Fj by
w and that of F> by A. The corresponding marginal distributions will be denoted by p
and q respectively. In Section [6] and further we will restrict ourselves to the symmetric
case, where p = (. The algebraic difference F; — F> can be seen as a 45° projection
of the Cartesian product F; x F». Thus F| — F> is defined on the product space of the
probability spaces of F; and F,. We will use P := P, x [P, to denote the corresponding
product measure and E to denote expectations with respect to this probability.

3. Triangles and expectations

Let F1 and F; be two independent M -adic random Cantor sets with joint survival distribu-
tions u and A, respectively. Denote by F|' and F3 their n'" level approximations (n > 0)
and define the following subsets of the unit square [0, 1]%:

o
A":i=FxFy, nz0, A=FxF=[]A"
n=0

Note that as Ff' | Fy and F) | F», also A" | A.Let¢ : R? — R denote the 45°
projection given by ¢(x,y) = x — y; then F1 — F, = ¢(A). As ¢ is a continuous
function and {A"}7° , is a non-increasing sequence of compact sets, it follows that the

algebraic difference F; — F, can be written as

Fi=F=9(8) = ([ A") = (e = (¢(F} x F) = (\(F] = F).
n=0 n=0 n=0

n=0
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L[).?

I
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~1 0 1
L A

Fig. 2. Anillustration for M = 3 of the unit square [0, 112 rotated by 45°, being projected by ¢ to a
/2-scaled-down version of [—1, 1]. The columns Clg split the n level squares Q; i =1 xI;
into the ‘left’ and ‘right’ triangles L; ; and R; ; .

3.1. Squares, columns and triangles

The A" are unions of M-adic squares

Qi1~~~iizsj1~~'jn = Iilmin X I]l]n

withiy...ip, j1...jn € Tyandn > 0. See Figure@]fora graphical representation of these
M-adic squares and their ¢-projections. Observe that the projections ¢ (Q;, i, j...j,) are
equal to unions of two subsequent level n M-adic intervals in [—1, 1].

In order to be able to represent the M-adic intervals that are in [—1, 0], we generalize
our notation of M-adic intervals on [0, 1] to the entire real line. For any n > O and k € Z
we define

1 k k+1
L, (k) :== W[k’k+l]= [W%} ©)

Note that I,,(k + M"i) = Iy, .k, +i forall k = [k ...k,]p and i € Z. See also Figure
The inverse images of these intervals under ¢ form diagonal ‘columns’ in the plane R~,
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Fig. 3. Two ways of enumerating M-adic intervals (with M = 2) — [,(i),i € Z, and [ U with
Ue{L,R)andk, € T.Heren =0, 1,2. h

denoted by
Cu(k) := ¢~ (1, (k)

forall k € Z.

When rotating the unit square [0, 1]*> by 45°, as in Fi gure the columns with ¢-image
in [—1, 0] intersect with the ‘left’ half of the unit square and those with ¢-image in [0, 1]
intersect with the ‘right’ half. For this reason we distinguish between ‘left’ and ‘right’
M-adic intervals and columns by defining, for any k; ...k, € 7,

I = Tady — V= Lk okl — M), IR o= Tk, = Ln(Tky - knlag),
Ch k= Cnllky .. knlyg =M™, CE 4 i= Cu(lky .. knly)-

n

In fact, any n'h level M-adic square Qj; i, j...j, i splitinto a ‘left’ and a ‘right’ triangle
by the M-adic columns. These triangles are called L-triangles and R-triangles, and are
denoted by

Lii i jtojn = Qitinesjioju NV Cnli1 . inlpyr — U1+ Julyy — D, (10)
Riyinjiojn = Qitocinsjrojn VCu i1 inlayr — Ut -+ Julp)s

forany iy ...in, j1...jn € 7.

3.2. Triangle counts

ForallU,V e {L, R} and k, € T we let

Z (k) ==#(,. j ) Qipj S AV, S CL)

inid,

denote the number of level n V-triangles in A" N C,f] . Note that these V-triangles have

been generated by the level O U-triangle. We also denote the total number of V-triangles
in columns C kL and C ,f together by

zV(k,) = Z" (k) + Z®V (k,),
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R™ looks like R

L™ looks like L

[ — K—>

L R
Ckn Ckﬂ

Fig. 4. A comparison of a level n left triangle L™ and right triangle R" with the level O left triangle
L and right triangle R. In particular, the expected number of (level n + 1) V-triangles in the inter-

section of the subcolumn C,f ¢ With the triangles L" and R" together equals EZ V(k), the expected
number of (level 1) V-triangles in C kL and C ,5 together.

for all k,, € 7. These triangle counts (and their self-similarity property) are illustrated in
Figure ]
An important observation is that an M-adic interval I,f/ is absent in ¢ (A") exactly

when there are no triangles in the corresponding column C ,g in A™:
Il 2o & 29k, = 2%k, = 0. (11

The triangle counts Z UV(Ign), with k1, kp, ... a fixed path, constitute a two-type
branching process in a varying environment with interaction: the interaction comes from
the dependence between triangles that are aligned, i.e., triangles contained in respective
squares Qj, i j..j, and Qi;.‘.i,’,,j]’...j,’, with i . ...i,, =i}...0, or JUeeidn = Jioi i
The expectation matrices of the two type branching process are given by

_ [EZYEk,) EZMR(k,)
M(lﬁn) i |:EZRL(]£n) E’ZRR(kn) ) (12)
where k, € 7. These matrices satisfy the basic relation
Mky .. ky) = M(ky) - - M(ky) (13)

forallky ...k, € 1.



Differences of random Cantor sets and lower spectral radii 741

3.3. Correlation coefficients

Define the cyclic cross-correlation coefficients

M1
Vi =Y qiDiths (14)
i=0

where the indices of p should be taken modulo M, and k € A.

This definition is extended to Z by setting y; ;,, := ¥, for all i € Z. For the sym-
metric case p = (, these coefficients are called the cyclic auto-correlation coefficients.
For brevity, however, we will use the shorter term correlation coefficients. The smallest
correlation coefficient value is denoted by

:= mi . 15
Y = miny, (15)

Lemma [3.T] below motivates the definition of the correlation coefficients, as they are in
fact the triangle count expectations EZY (k), V € {L, R}.
For convenience, we define the vector e := [1 1].

Lemma 3.1 ([DSO08]). Forall k € A we have
eM(k) = [1 UM (k) = [EZ" (k) EZ* ()] = [Ye+1 74-
Proof. As in [DS08] this follows from (10) withn =1,
P(Q:; €AY =P C Fl, I; € F)) =P,(I; € FHP.(I; € Fy) = pigj
and some careful bookkeeping. O

A property that in general holds only for the symmetric case (i.e., p = q) is that y is the
largest of the auto-correlation coefficients:

0<% <. (16)

This follows easily from the Cauchy—Schwarz inequality.

4. The basic result with joint survival distributions

In this section we generalize Theorem [I.1] of [DSO8]| to joint survival distributions, and
to the asymmetric case.

In the setting of general joint survival distributions p and X, the condition stated below
is sufficient for the theorem to hold.

For a joint survival distribution p : 284 5 [0, 1] we define its marginal support by

Suppm (1) := (_J{S S A pu($) > 0} (17)

In other words, the marginal support is the set of i € A for which p; =P, (X; =1) > 0.
For example, take M = 4 and u defined by n ({0, 3}) = u({1, 3}) = n({3}) = 1/3; then
Suppm(n) = {0, 1, 3}.
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Condition 4.1. A joint survival distribution p : 28 5[0, 1] satisfies the Jjoint survival
condition (JSC) if it assigns a positive probability to its marginal support: ©(Suppm (1))
> 0.

In the ‘independent interval’ case, u satisfies the joint survival condition since in that
case u(Suppm(pn)) = HieSuppm(M) pi > 0. In the example above, where Supppn (i) =
{0, 1, 3}, the JSC is not satisfied.

Theorem 4.1. Consider two independent random Cantor sets Fy; and F, whose joint
survival distributions satisfy Condition[d.1} the joint survival condition.

@) If y, > 1 forallk € A, then F1 — I, contains an interval a.s. on {Fy — F, # }}.
®) If v, Vi < 1forsomek € A, then F\ — F; contains no interval a.s.

We will give a proof of this result in the next section.

The joint survival condition is not a necessary condition. Here is an example where the
JSC does not hold, but where F; — F; contains an interval: take M = 5, and n ({0, 1, 2, 3})
=p=1-pu(l,2,3,4}) where p is arbitrary between 0 and 1. Then y = 3 for all p,
but the JSC does not hold. However, any realisation A" contains the deterministic set A"
generated by & defined by ({1, 2,3}) = 1. A simple geometric analysis shows that
F = [—1/2, 1/2], and hence F must contain this interval. (An algebraic alternative is to
use Theorem 2 of [DSO08]]: the collection of reduced matrices of i is {73, Ty, T12}, and
since this set is closed under (mutual) multiplications, this theorem tells us that F will
contain an interval.) See [DD10] for a weaker condition than the joint survival condition
under which Theorem 4.1 still holds.

5. Proof of Theorem [4.1]

A proof for the symmetric case and ‘independent interval’ Cantor sets is given in [DSOS]].
An extension of the proof to the asymmetric case and general survival distributions sat-
isfying the joint survival condition is easy for part (b) (where, moreover, the JSC is not
needed), but for part (a) several complications arise. The proof for this part is based on
the following observations. The process of n™ level M-adic squares that are surviving
in the level n approximations A" inherits the self-similarity property of the individual
random Cantor sets F| and F»: conditional on the survival of an n™ level M-adic square
Qi\...in, ji...ja» the (scaled) process starting at this surviving square has the same distribu-
tion as the whole process, which starts at [0, 1]2. Moreover, conditional on the survival
of a set of n™ level M-adic squares that are pairwise unaligned, the processes in each of
these squares are independent.

The columns behave very inhomogeneously: for every n there are columns which
contain at most one triangle. This observation led to the idea in [DSOS]] to pair unaligned
left and right triangles that survive in the same column into what are called A-pairs. The
main idea of the proof for part (a) is to show that with positive probability a A-pair will
occur in some column C of some A™ (Lemma, and that conditional on this, the pairs
in all subcolumns will grow exponentially, so the projection of the A-pairs within C N A
will be an M-adic interval (Lemma [5.4). We will follow the structure of the proof in
[DSO8]); each lemma there corresponds to a subsection with lemma here.
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5.1. Joint growth of A-pairs

For the ‘Ignth subcolumn of a level m A-pair’ (L, R™) that is contained in a column
C = ¢ we will write
- Cly NL"UR™

for the intersection of the A-pair with C ,the k, th subcolumn of CU
For such a A-pair (L™, R™), the dlstrlbutlon of the number of level m +n V-triangles
surviving in A" in the lgnth subcolumn of (L™, R™), conditional on the survival of
(L™, R™) in A™, is independent of m, the particular choice of the column C and the
A-pair in it. Therefore, we can unambiguously denote a random variable having this
distribution by
Z¥ (k,) (18)

—n

forall V e {L,R}and k, € T.

In general ZV(Ign) does not have the distribution of Z" (k,) because there is possible
dependence between the offspring generation of the two level O triangles, whereas there
is no dependence between the offspring generation of the L-triangle and the R-triangle of
a level m A-pair by unalignedness. Essentially, Z" (k,,) has the distribution of the sum of
independent copies of the random variables ZXY (k,) and ZV (k,), but ZV (k,,) is just the
sum of these random variables, which may be dependent. (Compare the level O triangles
with the A-pair in Figure I) Clearly, the Z UV(k ) are dependent if they count triangles
that are aligned, e.g., ZRR (k,)and Z LL (k,)) will in general not be independent. However,

The level 0 triangles, whose union is [0, 1]2

L R

Independent (

Dependence allowed at level 1

A level m A-pair in a column CU
(magnified by a factor M '”) R™

I CIU

Lm

Fig. 5. The distinction between level O triangles and a A-pair.
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ZRV (k,) and ZV (k,,) will never be aligned. But there can also be dependence between
the offspring of level 0 squares—if that is dictated by the joint survival distributions—
which induces dependence between the random variables Z UV(lgn), at any level n. See
Figure 5] Despite these differences, both do have the same expected value (by linearity of
expectations), and this is all that is needed in the proof.
Let

N(k,) = min{Z"(k,), Z"(k,)} (19)
forall k,, € 7. This is the distribution of the minimum number of triangles of each triangle
type that survive in the Ignth subcolumn of a A-pair. The next lemma states that with
positive probability the growth of N (k,,) for all k,, up to a certain level n is exponential.

Lemma 5.1 (Extension of Lemma 1 in [DSOS8]). If y > 1, and the joint survival distri-
bution(s) satisfy the joint survival condition, then for all n > 0,

P(]\?(lgm) > y™ forallk,, € Ty, forall0 <m <n) > 0.
Proof. The proof is similar to the proof of Lemma 1 in [DSOS]], but it shows where and
how the JSC emerges for general survival distributions.

For a joint survival distribution i we uniquely define the joint survival distribution
w* by requiring that u*(Suppm(n)) = 1. (See for the definition of the marginal
support Suppm(u).) For example, if p = (1, 1/m, 0, 1/2), then Supppm(n) = {0, 1, 3}
and p* = (1, 1,0, 1). Note that Suppmy, (1) = Suppm(u*). We obtain p*, A* from u, A
in this way. We mark all entities that refer to the substitution of w, A by u*, A* with a *
superscript. Note that M*(k,) > M (k,) componentwise for all k, € 7.

Consider for each n > 0 the event

n
Joi= (Y UQi,.j S A" iy, €T withpi . pj >0}
m=0

This is the event that in the first n steps of the construction, all squares that have positive
marginal survival probability do survive all jointly. Let a be the number of level 1 squares
having positive marginal survival probability. For each n > 0 the number of such squares
at level 7 is given by a” and the event J,, has probability P(J,,) = P(J;)!+¢++4" ' where
P(J1) = u(Suppm(u))A(Suppm(X)). At this point we use the joint survival condition,
since it implies that P(J;) > 0 and thus P(J,) > 0. Note that by construction we have
P*(J,) = 1.

Let N(k,) = min{Z%(k,,), ZR(k,,)}. By the self-similarity of the process and the
requirement that the process runs independently in the triangles of a A-pair, the event
that in the first n > 0 sublevels of the surviving A-pair all triangles (in the A-pair) that
have positive probability to survive, do survive simultaneously, occurs with probability at
least (IP’(J,,))2 > (. Conditional on this latter event—which has positive probability—the
following chain of componentwise (in)equalities holds:

(ZE (k) ZR (k)1 = 1255 (k) 25 (k)]
= [EZ*E(k,,) EZR (k)] = [EZ*E (k,,) EZ5R (k)]
= eM*(k,,) > eM(k,) > yeM(ka) - -- M(ky) > --- > y™e
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forall 0 < m < n and k,, € 7y, and where e is the 2-dimensional all-one row vector.
This directly implies the statement of the lemma. O

5.2. Existence of a A-pair
Lemma 5.2 (Extension of Lemma 2 in [DSO8]). Ify > 1, then

pa = P@m > 0 such that there exists a level m A-pair in A™) > 0.

Proof. We will show that one can take m = 2: if y > 1, then
P(there exists a level 2 A-pair in Cé% NA2%) > 0.

The corresponding geometric structure is depicted in Figure [2]
From y,, = Z?igl P(Q;i € A1) > 1 we may conclude that there exist distincta, b €
{0, ..., M — 1} such that

P :=P(Qua, Qb € A1) > 0.

From y, = P(Qo,m—1 € A") + Zf‘i}l P(Q;i—1 € A') > 1 we may conclude that
there exists at least one ¢ € {1, ..., M — 1} such that p¢ :=P(Q,..—1 € A > 0.

Using the independence of the process in the unaligned squares Q, , and Qp 5 and
the self-similarity of the process, we now conclude that

P(Qua,aa> Cbe,be—1) S A?)
= P(Qaa,aar Qbe.pie—1) S A | Qaar Qbp S ADP(Qurar Obp € A1)
=P(Qua.aa € A* | Quas Obp S AVP(Qvepe—1) € A? | Quras Qb € AV p®
=P(Qaa € AYP(Qec1 € ADp® = p®pp® > 0,

which finishes the proof, as (Lpc b(c—1)> Raa,aa) 15 a level 2 A-pair in Céeo. m]

5.3. Unaligned triangles

The following lemma is purely combinatorial, and serves to obtain independence between
the triangles in a A-pair.

Lemma 5.3 (Lemma 3 in [DSOS8])). We are given N distinct odd numbers o1, ..., 0N
and N distinct even numbers e1, ..., en. Then we can couple the odd numbers with the
even numbers and we can colour the N couples with three colours (say r, g and b) such
that no two numbers in pairs of the same colour are adjacent and all colours are used
for at least | N /3] pairs. That is, there exists a permutation 7w of {1, ..., N} such that we
can colour the pairs
(e1,051))s .-, (en, 0z ())

with the three colours such that with each colour we paint at least | N /3] pairs and for
any (also if £ = k) (ex, 0z k)) and (eq, ox(¢)) having the same colour it is true that

leg — oxyl > 1.
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5.4. Exponential growth

Lemma 5.4 (Adaptation of Lemma 4 of [DSO8]). If y > 1, then there exists an 1 <
n < vy such that

pr :=P(N(k,) > n" forall k, € T, for all n > 0) > 0.

Proof. We can follow literally the proof of Lemma 4 in [DSOS8], except that we define
here the sets

Ay = {N(k,) > n" forall k, € T, forall0 <m < n}, (20)

instead of A, = {N (k,) = n™ forallk, € 7,}. The (rather embarrassing) reason is
that the equality IP’(A;Jrl | A, N---NA, = IP’(A;Jrl | A,) on the bottom of page 10 in
[DSO08] is wrong in general. All one needs is that the equality sign can be replaced by a <
sign, but since proving this seems to be rather involved (although intuitively obvious) we
chose to redefine A, as in (20), since this conveniently leads to a sequence of decreasing
sets with intersection the set in the statement of Lemma[5.4] The proof then continues as

in [DS08], deducing from Lemmas [5.1]and[5.3] that

pr=P(()Ax) = lim P(4,) >0,

n>0
which finishes the proof. O

Lemma 5.4 ensures that with positive probability p; the offspring in all subcolumns of a
surviving A-pair never dies out. Lemma ensures that with positive probability pa a
surviving A-pair exists. Using the self-similarity of the process, we thus have the follow-
ing corollary:

Corollary 5.5. Ify > 1, then foralli,, j € 7T,
P(¢(A N Qi,. ;) contains aninterval | Q; ; A") > papr > 0.

As the next step, it is shown in [DSO§|] that when A # #, the maximum number of
unaligned surviving squares at level n grows to infinity as n — o0. In each unaligned
surviving square the process runs independently and identically distributed to the process
starting at [0, 1]%. Because the number of these squares grows arbitrarily large, and in each
square there is a positive probability that its projection contains a non-empty interval, this
implies that almost surely the projection of A contains an interval.

6. Higher order Cantor sets

From now on we restrict ourselves to the symmetric case, that is, the vectors of marginal
probabilities satisfy p = . Whether similar results can be obtained for p # q is yet
unknown. The major difficulty is that relation will no longer hold (in general) in the
asymmetric case.
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Essentially, the n'™ order random Cantor set is constructed by ‘collapsing’ n steps of
its construction into one step. We denote all entities of an n'" order random Cantor set
with a superscript ™.

The alphabet A®™ of the n'h order random Cantor set is {0, ..., M"—1}, with elements
i =T[iy.. .0 u- To reduce the overloaded notation we will omit the superscript here,
and simply write i = i,

The joint survival distribution n® : 22" — [0, 1], which by definition is the distri-
bution of the sets

{imi1 € A® : x™

ll...imim+1

forall iy ...i, € T", is determined uniquely by requiring that
W T
n
Xi ~ 1_[ Xiyig = Xiy Xigin - Xiy i,
d=1

foralli = [i1...ix]y € A®™, where the X;, ..i, are defined in (@).
It is clear that the higher order marginal probabilities are given by

n n
PV =P X" =1 =[]PuXias =1 =[] ri @1
d=1 d=1
foralli = [i1...inly € A®.

6.1. Joint survival

Note that when p describes an ‘independent interval’ Cantor set, it is not true in general
that 1" corresponds to an ‘independent interval’ Cantor set with marginals pl.(") . This is
because e.g. the products XoXoo and X Xo; are not independent: they share the X term.

However, the joint survival condition (Condition [4.1)) nicely propagates to higher or-
der Cantor sets. Suppose u satisfies the JSC. We have

n
Suppm(,u(n)) = {l =li.. ln]M € A(n) : pl(n) = Hpid > 0}7
d=1

which implies that 1 satisfies the joint survival condition as well:

2., n—1
1 (Suppm (™)) = ((Suppm () FHET T S 0,
where a := #Suppp () is the cardinality of the marginal support of .
The key observation regarding higher order Cantor sets is that for alln > 1,

oo
m=1

hence statements such as Theorem can be applied to higher order correlation coeffi-

cients yk(") in order to get results not only for F 1(") — Fz(”), but for F; — F; as well.
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6.2. Expectation matrices

The expectation matrices of the higher order Cantor sets satisfy the following factoriza-
tion property: for all k1 ...k, € 7,

MO ([ky . kylpg) = Mk .. k) = M(ky) - - M (k). (23)
For the yk(") we can use Lemma|3.1| which relates the yk(") to the expectation matrices.
Recall thate :=[1 1]. Forall ky ...k, € 7,

) 1) = eM®P (k) = eMky) - M k), (24)

where k = [k ...k,]). We define yk(o) = 1 for all k € Z. A direct consequence of

is the following recursive relation between yk(n) of different orders, written as a matrix
multiplication:

s Vo] = I P IM = 0 (25)

forall0 <m < n, k € A andl € A®™ In fact we can take k € Z here because, by

definition, yk(_':’[)v[,,, .= yk(m) foralli € Z,m > 0 and k € Z. Note that in particular
+1 1
[J//E;Hl)ﬂ sz/?k+l)] = [Vk(i)l Vk(n)]/\/l(l) (26)

foralln >0,k € Zand! € A.

6.3. An alternative notation

In the expectations EZ UV(lgn) are put into the matrices M (k,). In this section we
discuss another way to alias these expectations in such a way that equivalent entries get the
same alias. This aliasing scheme also provides an alternative representation of recursion
relation (26).

The expectation matrices M (k) together contain 4M entries, but not all entries are
distinct. The number of left triangles in column & for example equals the number of right
triangles in column k + 1. The reason is simple: the left triangles in column k and the right
triangles in column k + 1 are the respective halves of the same M-adic squares—those
that have the same projection under ¢. The following equations point out which triangle
count expectations are always equal to each other, and define the aliasing scheme m,,
ee{—M,..., M}, for those e satisfying |e| < M:

mi—y =EZM (k- 1) =EZR k), 0<k <M,
mo :=EzZM M — 1) = EZRR(0),
mp :=EZR(k — 1) = EZ®R k), 0<k <M.
The remaining two aliases, m, with |e| = M, are given by

m_y =EZ"R0) =0, my:=EzR M -1)=0.
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These expectations are always zero because there are no right triangles in the leftmost
column and no left triangles in the rightmost column.
The matrices M (k) take their entries from these m, as follows:

Mk) = | ™F1=M Me—b @7
M1 mj
for k € {0,..., M — 1}. Consequently, recursion relation can be written using the
me as
1
v = mi—uy Y+ miy" 28)

foranyn > 0,k € Zand!l € {0,..., M}. Note in particular that the case [ = M is
allowed and valid here; it corresponds to the leff column of with [ = M — 1 there.

Relation can also be written in terms of the m,, though the higher order version
mg""”) is required as we are dealing with entries from M ®~") () instead of M (I). The
equation that relates the n' order to the m™ order is

(n) _ o (n—m)  (m) (n—m) _ (m)
yMnfmk_H - ml_Mn—m yk_i,_l + m[ yk (29)

foral0 <m <n,k e Zandl €{0,..., M* ™},

An explicit formula for the m, can also be given; some careful bookkeeping yields
the following set of formulas:

min(M,M+e)—1 min(M,M—e)—1
me= Y pipi= ) pibiee= ) Piweri (0
i,jeA:i—j=e i=max(0,e) Jj=max(0,—e)
fore € {—M, ..., M}.For |e]| = M, these are sums over empty sets, which by convention
evaluate to 0.
From equation (30) it is immediately clear that m, = m_, foralle € {—M, ..., M},
so my, ..., my is all we need to encode the matrices.

6.4. Bounded skewness

The scope of Theorem [4.1| can be extended if eventually for some n all yk(") are strictly

greater than 1, or when two subsequent ones, say yk(") and y(")

1 are strictly less than 1. If
it were possible that the ratio between two successive an could become arbitrarily large
as n — 090, it could be hard to show that we would eventually end up in one of these
cases; perhaps one yk(") would always remain below 1, while all the others would already
be above 1.

The next lemma shows that the scenario of unbounded neighbour ratio is not the case
if all m, are positive for |e|] < M. In the next section this lemma will play a key role
in proving that—except for a (topologically) negligible set of marginal probabilities p—
Theorem 4.1 can always be fruitfully applied to higher order Cantor sets for orders n that
are large enough.
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Suppose that m, > 0 for |e| < M. Then

min(my_p, my)

Ri= o ( ) b
< max(my _pg, My
k’e{lil,kﬂ} K=M> Tk
is well defined, and R € (0, 1].
Lemma 6.1. Ifm, > O0fore=1,..., M — 1, then
: (n) , (n)
min ,
(Ve 1) >R 32)

max(yk(n), k(_':_)l) B

foralln > 0 and k € 7, where R is defined as in @)

Proof. Assume that m, > 0 for all |e] < M. Note that by applying a simple inductive
argument over n to recursion relation (28) with initial conditions yk(o) = lforallk € Z—
and using the fact that for/ € {0, ..., M}, m;_p and m; are never both equal to zero—it
follows that yk(") > O forall n > 0 and k € Z. Hence the fraction in @) is well defined.

An equivalent formulation of (32)) is that for all » > 0 and all neighbour indices
k,k' € Z—i.e., |k —k'| = 1—we have yk(")/yk(,”) > R. We will prove this version, as it
turns out to be slightly more convenient to work with.

We will use induction on n. For n = 0 we have yk(o)/y(,o) =1/1 =1 > R. Now
assume that the lemma holds for an n > 0. Let k, k' € Z with |k — k| = 1 be arbitrary.

First assume that M does not divide k; then we can write k = Mk + kp for some
ki € Z and some 0 < ky < M. If we define k) by setting k), — ko = k' — k, then
k" = Mk + k, with 0 < k&, < M. Using recursion relation (28)), we obtain

(n+1 (n+1) (n) (n)
Ve : VMt | Mko=MYi 41 T MY

(n+1) = _(n+1) T (n) (n)
Vi Viiy sk Mky=M Vi p1 T Vi

min(m, . mig) (v + 7

v

> K.
max(my _y M) (Ve + 7))

Note how the fact that 0 < k» < M is used in the last inequality. Also, we did not need to
use the induction hypothesis for this case.
Now assume that M does divide k, and write k = Mk; for some k| € Z. Because
Me +Me—pyy =y, < ¥y =mogforalle € {0, ..., M}—here we use equation (]E[)—we
have the bounds
vt = vt = mowy L+ miy” < momax(y ",y ).

(n+1) _ _ (n+1D) _ (n) (n) (n) _ (n)
Vel = YMq—D+M—1) = M=1Vg, T mm-1Y, Zy < momax(yy, -, v, Zy)-
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If we define k| by setting k| — k; = k’ — k, kj and k; are neighbours, we can use these
bounds as follows:

+1 (n+1) (n) (n)
yk(n ) yMkl moykl . ykl
= > =min|( 1, — ) > R,
(n+1) (n+1) (n) _, (n) (n)
Vi Vi mo maX(Vkl ) Vk; ) kal
where in the last step we used the induction hypothesis. O

7. The lower spectral radius connection

In the previous section higher order Cantor sets were introduced. The corresponding
higher order expectation matrices M " (k) are products of the first order matrices M (k),
as (24) shows. It will turn out that, for most p the lower spectral radius of the set of matri-
ces M (k), k € A, captures exactly the information needed to determine whether F; — F;
contains an interval or not. The following definition generalizes the concept of ‘spectral
radius’ to a set of matrices.

Definition 7.1 ([Gur93])). Let |-|| be a submultiplicative norm on R?*? and & C R4*4
a finite non-empty set of square matrices. The lower spectral radius of ¥ is defined by

= limi . A = i A
p(E) =liminfp, (. ). p,(E. )= min_JAr- 4, (33)

Toeees n

It is easily seen that the definition of the lower spectral radius is independent of the
particular choice of matrix norm.

7.1. A spectral radius characterization

For the algebraic difference between two M-adic random Cantor sets, we are interested
in the lower spectral radius of the set of matrices

Ep = {M©O), ..., M(M — 1)}. 34)

The following theorem provides a generalization of Theorem [4.1] for the symmetric
case using the concept of the lower spectral radius.

First we need yet another notion. We call the collection {M (0), ..., M (M — 1)} of
matrices irreducible if

EZ"R(k) >0, k=1,....,M—1,
EZRE (k) >0, k=0,....,M—2.

Note that the constraints on k are natural, because we always have EZLR(0) = 0 and
EZRL(M — 1) = 0.
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Theorem 7.1. Consider the algebraic difference F1 — F, between two M -adic indepen-
dent random Cantor sets F| and F» whose joint survival distributions satisfy the joint
survival condition, have equal marginal probabilities and lead to an irreducible collec-

tion  pq as in (34).

(a) Ifﬁ(EM) > 1, then F| — F, contains an interval a.s. on {F| — F, # (}.
(b) Ifﬁ(ZM) < 1, then F| — F, contains no intervals a.s.

Proof. Let ||-||; denote the maximum absolute column sum norm.
First assume that p(X 4¢) < 1. Then there exists a number n such that °, s 41D
< 1. In particular, there exist k1, ..., k, € A such that

M) - M) < 1.

It follows that for k = [ky ...k,]y € A™,
max(y", ") = IMP 1 = IMKy) - M) 1 < 1. (35)

From Theorem [.1] statement (b) follows.
Now assume that p(£ ) > 143 with § > 0. Then there exist infinitely many n such
that for all k1, ..., k, € A,

IMKD) - MDY = p (Eaa. 11D > 1+38/2.

This implies that there exists an n such that for all k = [k; ...k, ]y € AM,

1
max(r 1y 1) = 1Ml = IMGE) - M) >
where by irreducibility we can take the constant R as in (31)). Using Lemma this
implies that for this n and all k € AW,

() ()

) min()/k B yk+]) (n) (n) 1 =
Nz 0 ) = R =1

maX(Vk ) yk+l)
so statement (a) also follows by applying Theorem [.1] O

We remark that the assumptions p = q and irreducibility are used only in the second part
of the proof, hence these conditions are not necessary for statement (b) in the theorem.

7.2. Scope of the theorem
We consider the following two questions:

e When do we get p(Xpq) = 1 or areducible Xy, the cases the theorem says nothing
about?

e How can we calculate p(X4)? Is there an explicit expression or algorithm for calcu-
lating it?
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There is good and there is bad news here: the good news is that the cases p(X () = 1
and m, = 0 for some |e| < M happen only for a very limited set of vectors of marginal
probabilities p in [0, 11¥, but the bad news is that the lower spectral radius is in general
hard to calculate (see [TB97]).
First note that m, = 0 for some |e] < M happens only when at least one of the p;,
i € A, is zero. Thus
Eo:={p € [0, 11" : £/ reducible}

has dimension at most M — 1, and hence has empty interior and Lebesgue measure zero.
The other exceptional set in the theorem is

Ei:={pel0,11":p(Zp) =1}. (36)

The lower spectral radius has the following scaling property with respect to the vector of
marginal probabilities: if p = cp for some ¢ > 0, then M(k) = c2M (k) for all k € A
and hence p(X ) = c? P(Z ). Thus for each vector of marginal probabilities p at most
one scalar multiple is in E;. Similarly, if p > p componentwise, then /\;l(k) > M(k)
componentwise and hence p(X ) > p(X ). Combining this with the scaling property,
it follows that if p > p componentwise, then also P(X ) > p(Eam). From the scaling
property it also follows that E has empty interior.

With respect to the irreducibility condition for X4 it is interesting to consider the
second example given in [DS08, Section 7]. Here p = (1, 0, p, 0, 1) with p € [0, 1] (see
Figure[6). The corresponding (reducible) set of expectation matrices is given by

([t o 0 11 f2p 07 [0 2p] [2+p7 O
(M(k))keA—<|:0 2_|_p2i|’|:2p 0]’|:0 2Pi|’|:l Oil’|: 0 1i|>’

hence (y,)kea = 2+ p*. 1,2p. 2p, 1).

ck ¢k CF ¢k ¢k cl CF CR CR CR

Fig. 6. The parameterized family p = (1,0, p, 0, 1), p € [0, 1].
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The level 1 expectation matrices have the property that each row and column contains
at most one non-zero element. We will call matrices having this property permutative
matrices. Clearly any product of permutative matrices is permutative again. Moreover,
letting w(A) denote the product of the non-zero entries of a permutative matrix A, it
follows that

TMkr .. k) = [ [rM*))
i=1

forall ki ...k, € 7. Itis easy to see that for any permutative D x D matrix A,

IAlloo = Al = /7 (A)].

If p > 1/2, then (M (k)) > 2p for all k € A. Altogether, by plugging the two equations
above into the definition of the lower spectral radius, we find that

P(ZM) =2p>1 ifp>1/2.

However, in [DSO08]] it is shown that for all p < 1 the algebraic difference F| — F> contains
no interval a.s. This example thus shows that at least some irreducibility condition is
necessary in Theorem

8. Classifying 2-adic random Cantor sets

In this section we consider the symmetric case for M = 2. For short we write («, ) :=
(po, p1) = (qo, q1) for the marginals. Note that

po+ p1 = ({0} + u({1}) +2u({0, 1}).

Since we require po + p1 > 1 (recall (), it follows that ({0, 1}) > 0, and so the joint
survival condition is always satisfied.

8.1. Expectations
The expectation matrices are given by
7 0 . o>+ 8% af

and the y, and m, are given by

vo=a’+B% yy =20 mo=o’+p% m=ap. my=0.
Recursion relation (28) hence becomes

+1
vt =moy” = @ + By,

+1
) = mi” + v = e + v,

foralln > Qand k € Z.
Note that pg 4+ p1 > 1 implies that o, 8 > 0. Therefore both my > 0 and m; > 0.

(38)
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8.2. Neighbour bounds
The skewness lower bound from Lemma|6.1]is reduced to the simple expression
m o
R= _ P (39)

mo a2+ B2

The following lemma provides a bound that 1s even sharper than that of Lemma [6.1] and

shows a specific ordering of neighbouring yk
braic difference. See also Figure[7}

) that appears in the symmetric 2-adic alge-

Vi .
T~ o
B \‘\\\\ Vi Yo - '
Tk ,x”/ Tl
TR el | , o TR T
TS TR W TR
0 0
Alk" k 2\k! 2K/ k AR
R K) = (k—1,k+1) KK = (k—1,k+1)

Fig.7. A graphical representation of Lemma with the y, displayed as a bar graph. The situation

is shown for the two solutions to the equation {k’, X’} = {k — 1, k + 1}. The arrows indicate the
order of the inequalities in the lemma.

Lemma 8.1. Consider the algebraic difference between two independent 2-adic random
Cantor sets that have equal vectors of marginal probabilities. Then

R R
(n) _ () 0 (n) (n)
R ST-gW <% =W =V

(40)

foralln >0, oddk € Zand {k', K"} = {k — 1, k + 1} such that 4| k" and 2 | k'.
Proof. First note that since mo = y, > y; = m—1 +m; = 2m|, we have R < 1/2, so
the fraction R/(1 — R) is always well defined.

The proof is by induction on n. Since y(o) = 1forall k € Z, the case n = 0 is trivial.
Now assume that (@0) holds for some n > 0, and let k, k', k” be as stated. Note that k' /2

is odd and k”/2 even, and |k’/2 — k" /2| = 1. The first and the last inequality of {@0)
follow from

J/(n+1) (&1 m B wm+D)

) B
= my )/k,/z S moyk///z — Vk// (41)
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The middle two inequalities of follow from

R R R
(n+1) m( > (n+1) mi (ﬂ + 1) @

" - P 1 " "
1-R'k mo —r ) Yir 2

@0 1 @0 1—R
= mi + vl &y L — i

m 1—R
L1 _1<1 + )Vk(’nﬂ) (6] Vk(/’HI)v
mo R

where in the last inequality we used (@0), multiplied by a factor (1 — R)/R. O

8.3. The smallest correlation coefficient

Lemma allows us to pinpoint for each n > 0 a k,, such that yk(:) equals the minimal
value

y® =miny™ = min ™.

keZ keA®
Obviously &, should be an odd number, but we can say more: one of the two neighbours
of 2k, will turn out to serve well as k,+1. Even though this selection procedure is very
‘local’, it will still pinpoint a global minimum.
In order to decide which neighbour of 2k, has to be chosen, an auxiliary sequence
(k;,) is defined. This is done in such a way that k|, is the neighbour of &, that has the

smallest value of y(," ) Define the sequences (k,) and (k) by

ko:=0, k =2k, + (K, —ky) =k, + k,,
? tl-H n ( n n) n n (42)
kg =1, an = 2k,,
for all » > 0. Note that this indeed makes k;; a neighbour of &, for all n > 0, but their
relative order alternates for subsequent n: kén = ko, + 1, but k/Zn = kop+1 — 1 for all
n>0.
We mention that the sequence (k;) is also known as the Jacobsthal sequence, since
knt2 = knt1 + 2k, forn > 0and kg = 0, k; = 1.

Lemma 8.2. Let (ky)n>0 and (k},)n>0 be as defined in G2). Then for all n > 0,

(n) o, M) o, (m) (n) o)
= min = min , ,’ = min . 43
yk" keZ Vi keZ V2k+1 yk" keZ Yk ( )
Proof. The proof is by induction on n. For n = 0 the statements are trivial because
yk(o) = 1 for all k € Z. Now suppose that the statement of the lemma holds for a certain

n > 0. Then, by using the induction hypothesis, the last equality of {3]) follows from

. (n+1) . (n) (n) (n+1) (n+1)
min = mgmin =m = =y, . 44
keZ ka 0 keZ J/k OJ/kn VZk” ykn+1 ( )
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Note that by the induction hypothesis

(n)y _ s (n) (n) (n)
Ve, =Miyyey and y” =miny’,

thus by observing that of any two consecutive integers one is always even and one is
always odd, it follows that

(n) (n)

lglln(l/ k+l) = V(n)

+y(").

By applying Lemma 8.1] the first, double equality from (@3) follows:

(n+1) . (n+1) . (n) (n)
min = min = mj min
ren heg [2k+1 T M (y" Vi)
+1 +1
=miy +vg)) = yz(;’ ey =Vt 45)
O
8.4. Limit behaviour of y™
Define the sequence (a;),>0 of minimum values by setting
a, = yk(n) (46)
for all n > 0. Using (@3)) and {@4) the following recurrence relation is obtained:
2 1 1
anpr =y =mi " + yk"+ )
=mi (" + moy) = mians1 + mimoa, @7
for all n > 0. The initial conditions are given by
0 1
=y =1 a=y) =y =2m. 48)

The characteristic polynomial of this linear recurrence relation is z(x) = x> — mx —

mom| with roots
Xg = %ml + . /mumgo+ ‘l‘m%

Since m1 > 0, x4 and x_ are two distinct roots of the characteristic equation, so the
general form of the solution to the recurrence relation is

ap = c xy +c_x"

for all n > 0, where the constants c4 and c_ are determined by the initial conditions.
Since x4 > 0 is the largest zero of the parabola &z we have

il <1 e h(1)>0 < mi(mo+1) < 1,
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thus we can conclude that

0, 1 ]o, <1,
™ _ lim a, = { il <1 { mi(mo+1) < 49)

00, |xpl>1 |oo, mimo+1)> 1.

Using the rightmost equations in (@4)), we find that the neighbour sequence yk(," ) behaves
in exactly the same way.
Altogether this leads to the following result:

Theorem 8.3. Consider the algebraic difference Fi— F> between two independent 2-adic
random Cantor sets F| and F>» whose joint survival distributions have the same marginal
probability vectors.

e [f C > 1, then F| — F, contains an interval a.s. on {F| — Fy # (}}.
e If C < 1, then F| — F, contains no interval a.s.

Here the number C is defined by

C :=m(1 +mo) =af(l +a*+ B> = pop1(1 + p§ + pD). (50)

Proof. We will show that the conditions of Theorem[.1]do hold for Cantor sets of appro-
priate higher order. We already remarked that the JSC holds for 2-adic Cantor sets, and
so it holds for all higher order Cantor sets.

If my(1 + mg) < 1, then yk(:) — 0 and y(Z) — 0asn — 00, so for some n large

enough, yk(:) and " are both strictly smaller than 1.

If mi(1 +mg) > 1, then yk(:) — 00 asn — 00, so for some n large enough, yk(:) is
strictly larger than 1, and by Lemmathis holds for all yk("). O

Remark 8.4. The number C in Theorem 8.3]is not the spectral radius of the collection
Em = {M©O), M(D}.

In fact, let Lpr(A) denote the Perron—-Frobenius eigenvalue of a matrix A. It is well known
that Apr(A) is sandwiched between the smallest and the largest column sum of A. Com-
bining this with Lemmal6.1] we obtain

(n)

P (n) _ (n) (n) _ (n) (n)
= min min ,
Yk e {Vk

. Lo 1
’ yeh) = mindpr(M®k) < 5 minmin(y,"”, v/ = 2"
According to Theorem B.1 of [Gur93], (mingcz Apr(M (k)))!/", which is nothing other
than the n' root of the smallest spectral radius of all length n products of matrices from %,
converges to p(X ). Together with our results above, it follows that the lower spectral
radius of X pq = {M(0), M(1)} is equal to

: 1/n : 1 1 1.2
Jim ay’” = lm (e x} +c x7) M =xi = gmy +\/mimo + tm?.
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Fig. 8. Classification of the 2-adic symmetric algebraic difference in the (pg, p1) plane: (1) Be-
low |plli = 1as. F| = F, = #. (2) Below |pll; = \/5 there are no intervals because
dimyg(F) — F») < 1. (3) Below y, = 1 the ‘no intervals’ part of Theoremholds. (4) Above
¥, = 1 the ‘intervals’ part holds. (5) The line C = 1 is the separating boundary of Theorem@
The area where the Palis conjecture fails is shaded grey.

This might be of independent interest: we have shown that for max{2b, 1 — 2b} < a <
1 4 b? the lower spectral radius of the collection consisting of

M«»:[g Z] M(1>=[z 2} (51)

is equal to 3b + 3~/4ab + b2,

Figure[§gives an overview of boundaries in the space of vectors of marginal probabil-
ities p that separate areas where different sets of conditions imply the absence or presence
of intervals. The figure also indicates the area where the Palis conjecture fails, i.e., the area
where @) does not imply that F| — F> contains an interval (on {F| — F, # 0}).
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