J. Eur. Math. Soc. 13,[533H599] © European Mathematical Society 2011
DOT 10.4171/JEMS/261

Thomas Duyckaerts - Carlos Kenig - Frank Merle J E MS

Universality of blow-up profile for small radial type II
blow-up solutions of the energy-critical wave equation

Received August 1, 2009 and in revised form September 17, 2009

Abstract. Consider the energy-critical focusing wave equation on the Euclidian space. A blow-up
type II solution of this equation is a solution which has finite time of existence but stays bounded
in the energy space. The aim of this work is to exhibit universal properties of such solutions.

Let W be the unique radial positive stationary solution of the equation. Our main result is that
in dimension 3, under an appropriate smallness assumption, any type II blow-up radial solution
is essentially the sum of a rescaled W concentrating at the origin and a small remainder which is
continuous with respect to the time variable in the energy space. This is coherent with the solutions
constructed by Krieger, Schlag and Tataru. One ingredient of our proof is that the unique radial
solution which is compact up to scaling is equal to W up to symmetries.
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1. Introduction
Consider the focusing energy-critical wave equation on an interval 7 (0 € 1),
02U — Au — u| "7y = N
U u—|ul2u=0, (,x)el xR", (L.1)

Ujr=0 = Up € H', Ot p—g = U1 € L2,
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where u is real-valued, N € {3,4,5}, and H! = HI(RN). We set S(I) =
2N+1)
L N2 (I x RY). We will often restrict ourselves to the case of radial solutions in space
dimension N = 3. )
The Cauchy problem (T.I)) is locally well-posed in H' x L?. This space is invariant
under the scaling of the equation: if u is a solution to (I.I)), A > 0 and

_ 1 t x
ux—mu X’X s

then u;, is also a solution and [|lu; (0) || g1 = lluoll g1, 10:5.(0) |2 = llull2.
Let T4 € (0, +o00] be the maximal positive time of definition for the solution u. It
satisfies the following finite time blow-up criterion:

Ty <00 = |lullso,1,) = 0. (1.2)

Note that this criterion does not rule out type II blow-up, i.e. solutions such that 7 < oo
and
sup [19,u()2, + IVu(@)?,] < oo. (1.3)
tel0,T)
This is different from the case of lower order nonlinearity (of the form |u|?~'u with
p < (N +2)/(N — 2)), where the finite time blow-up implies the blow-up of the energy
norm.

Energy arguments of Levine type [Lev74] are not expected to give directly type II
blow-up. Examples of radial type II blow-up solutions of (I.T) were constructed in space
dimension N = 3 by Krieger, Schlag and Tataru [KST09]. The aim of this article is to
exhibit universal properties of this type of solutions.

Let {
W = , (1.4)
X2 \(N=2)/2
(1+ xv=2)
which is a stationary solution of (1.1)). The construction of [KSTQ9] relies on an elaborate

fixed point argument which yields the following description of the solution:

1 X

where A(1) = (T4 — )'*Y, v > 0 and

lim [Ve(r)|? dx +/

1= Ty Jix|<Ty—t x| <Ty—t

10;(1)| dx +/ le(®)®dx = 0. (1.6)
[x|<Ty—t
In this work, we investigate the converse problem: if we consider an arbitrary type II
radial blow-up solution, does such a decomposition hold?
We will obtain this result under an appropriate smallness assumption. From [KMOS]|
(see also [DKM]) if N = 3, 4 or u is radial, and

sup [[IVu()|7, + [8u®7,] < IVWI3,.
tel0,T4)
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then 7y = oo and the solution scatters forward in time, and in particular does not blow
up. In this work, the authors introduce a general road map to tackle such critical problems
in focusing and defocusing situations. From a concentration-compactness result (in this
case [BG99])), one reduces the proof to some rigidity property of solutions of (I.I)) that are
compact in the energy space up to the invariances of the equation. This rigidity property
has to be shown by independent arguments.

The threshold ||VW||%2 is sharp. Indeed, from [KSTO9], for all no > O there exists a
type II blow-up solution such that

sup [IVu®)|3, + [8;u®)3.] < IVWI3, + no. (1.7)
te[0,T4)

In the present article, we consider type II blow-up solutions such that (1.7 holds. Our
main result is the following.

Theorem 1. Assume that N = 3. There exists ng > 0 such that for any radial solution
u of (LI such that T (u) = Ty < oo that satisfies (I.7), there exist a solution v(t) of
(T1) defined in a neighborhood of t = T4, a sign 1y € {1}, and a positive CO function
A(t) on (0, Ty) such that, as t S 1.,

Lo X . -1
u(t) = v(t) + Ww(m> +o(l) inH', (1.8)
du(r) = dv(t) +o(l) inL?, (1.9)
A1) = o(Ty —1). (1.10)

Note that (T.8)), (T.9) imply that u is of the form (T.3)) with ¢ satisfying (T.6): any radial
blow-up solution satisfying is of the type of the solutions constructed by Krieger,
Schlag and Tataru.

As is now well-known from previous works on similar problems (see remarks be-
low), the result is based on classification of solutions of that are compact up to the
symmetry of the equation. We state this result for its own interest.

Theorem 2. Let u be a nonzero radial solution of (I.1)) in space dimension N = {3, 4, 5}.
Assume that there exists a function M(t) of t € (T—(u), T+ (u)) such that

K = {(x@ON > ut, x(0) ), MOV ut, 1) ) 1t € R}

has compact closure in H' x L2. Then there exist Ay > 0 and a sign 1y € {£1} such that

(t.x) = —o W(x)
u(t,x) = ——- — ).
YL

Remark 1.1. The proof of Theorem@](see Section@ uses the material of [DMOS||, where
a first classification result of this type was obtained. Namely, at the energy threshold
E(ug, u1) = E(W, 0), all solutions such that [ [Vug|* + [ [u1|> < [ [VW|? are globally
defined, and the only ones that do not scatter are (up to the transformations of the equa-
tion) W and a solution W, which scatters backward in time and tends to W exponentially
as t goes to 00.
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Remark 1.2. These results are essential to understand type II blow-up. After one has
exhibited a universal profile for blow-up, one can hope using local dynamics near W,
or linearization around W (see e.g. [KSO7]]) to understand the possible blow-up speeds,
which will complete the program to understand type II blow-up. Moreover, this is the first
step to prove that the boundary of the set of initial data that lead to blow-up is given by
type II blow-up solutions.

The proof of Theorem (1| highlights, through the mechanism of profile decomposition
and the finite speed of propagation, why the only candidates to be type II blow-up profiles
are compact solutions. The only case where such a striking fact was established was for
GKdV by Martel and Merle [MMO00, MMO1].

Remark 1.3. In the case of nonlinear wave maps, all blow-up solutions are of type II: the
equation is defocusing, in the sense that the energy provides a bound on the energy norm.
An analogue of Theorem(I]is known locally in space for a sequence of times (without size
condition due to the defocusing nature of the equation). Namely, if u is a blow-up solution,
there exist a sequence of times t, — T and a sequence A, — 0% such that u(t,, x/A,)
tends to a nonlinear object. This follows from a remarkable paper of Christodoulou and
Tahvildar-Zadeh [CTZ93||. See also the article of Shatah and Tahvildar-Zadeh [STZ97]
which established a result similar to Theorem [2] in this context, the articles of Struwe
[Str02, [StrO3]], and the recent article of Sterbenz and Tataru [ST10] for the general case of
solutions without any special invariant properties. We also refer to the works of Rodnian-
ski and Sterbenz [RS]], Krieger, Schlag and Tataru [[KSTOS8|] and Raphaél and Rodnianski
[RR]] for the construction of blow-up solutions.

Remark 1.4. Universality of blow-up profiles for a critical equation, as ¢ goes to the
blow-up time 7 (without restriction to a sequence of times), was established, also under
a smallness condition, in two cases:

e for the critical KdV equation
ur = (Uxx + us)x’ x € R,

by classification of compact solutions of the GKdV equation: see Martel and Merle
[MMO00, MMO1, MMO2];
e for the mass-critical NLS equation

iug =Au+|u|4/Nu, 1<N<5,

by Merle and Raphaél, by classification of solutions that are nondispersive (in a weak
sense) [MRO4]].

See also the subcritical wave equation in dimension one where all blow-up profiles were
found by Merle and Zaag [MZQ7,IMZ08] for general data (see the work of Caffarelli and
Friedman for specific data [CES6]).

We next sketch the proof of Theorem
Consider a radial, blow-up solution u of (1.1)) in space dimension N = 3 that satisfies
(I.7) and assume for simplicity that the blow-up time 7 (1) is 1. As is shown in Section[3]
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u may be decomposed as the sum of a solution to (1.1]) which is well-defined around the
blow-up time, and a singular part a(¢, x) which is supported in the light cone |x| <
1 — . Choose a sequence #, — 1~ and a Bahouri—Gérard [BG99]| profile decomposition
associated to the sequence {(a(?,), d;a(t,)),}. According to the result of [KMOS], the
bound implies that there is one large profile and that the other profiles are small (see
Remark [3.10). This contrasts with [KMOS] where the minimality of the solution imposes
automatically that there is only one profile (the large one). In our case, we must show by
another mechanism that the small profiles do not exist, which would imply by Theorem 2]
that the large profile is W, yielding Theorem ]

The main idea to exclude the small profiles is that any small block of energy norm
decoupled from the main profile would yield, for each time 7,, a nonnegligible amount
of energy norm localized on a light cone By finite speed of propagation one can show
that these small energy blocks, localized in disjoint light cones, sum up, implying the
blow-up of the energy norm, which contradicts the bound (I.7). A similar phenomenon
is highlighted in the context of the nonlinear Schrodinger equation in [MROS, IMROS]].
Unfortunately, this strategy can be implemented only for a class of profiles that are very
small and exterior in a certain sense (see Proposition @, and we must exclude the other
small profiles by indirect means (see Sections [5] [7]and [g).

By Proposition the existence of a sequence t, — 1~ such that a(t,) concentrates
at a speed faster than self-similar implies, at least for another sequence of times t, — 17,
that all profiles are equal to the stationary solution W. This property follows from rigidity
arguments involving virial type identities. In particular, there cannot be small profiles,
and the bound implies that W is the only profile for this particular sequence #,,. This
yields the strong condition that the energy of the singular part E (a, d;a) tends to E(W, 0)
as t — 17 (see Corollary , which can be combined with the results of [KMOS] to
complete the proof (see and §8.4).

It remains to exclude the case of self-similar concentration, which is the object of
Proposition @} Towards a contradiction, we show (as a consequence of the nonexistence
of small exterior profiles) that this self-similar concentration, if it exists, must concern
the large profile. The solution of corresponding to this profile is globally defined
and nonscattering backward in time, satisfies a global bound similar to for negative
times, and is partially located around the light cone |¢| = |x| as t — —oo. This type
of solution is excluded by Proposition [/.1] using the nonexistence, shown in [KMOS]], of
self-similar blow-up solutions of which are compact up to scaling.

The outline of the paper is as follows.

After some preliminaries (Section [2)), we give in Section [3] general results on type
II blow-up solutions of @ in space dimensions N = 3,4, 5. In the next two sections
we restrict ourselves to radial solutions in space dimension 3. In Section [d] we show the
nonexistence of small exterior profiles for a radial type II blow-up solution. In Section 3
we assume that the solution does not concentrate at a self-similar rate, and show that

1 This follows from a property of the radial three-dimensional linear wave equation that does not
hold in the nonradial setting or in higher dimensions (see Lemma [4.2), which is the main reason
why we restricted ourselves to radial solutions in space dimension N = 3.
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in this case, there exists a sequence #, — T4 such that u(#,) decomposes as a sum of
rescaled stationary solutions.

In the following two sections, we consider solutions of (I.I) that do not blow up in
finite time. Section[6]is devoted to the proof of Theorem 2} which is a consequence of the
classification result of [DMOS]]. Section is concerned with the localization of the energy
for globally defined, bounded, nonscattering solutions of .

Section [8| gathers the results of all previous sections to prove Theorem [I} In Ap-
pendix [A] we prove some technical properties of profile decompositions. Appendix
shows a simple result on a family of sequences of positive numbers which is needed in
some parts of the proof.

In all the article, for sequences of positive numbers {¢,}, and {8,},, we will write
onp K B when o, /B, — 0asn — oo, and o, & B, when Cla, < Bn < Cay, for
some large constant n. We will denote by o, (1) a sequence that goes to 0 as n goes to co.

Let us mention that the nonradial case will be the object of a subsequent paper to
appear in JEMS [DKM].

2. Preliminaries

2.1. Cauchy problem

The Cauchy problem for equation (I.1)) was developed in [Pec84] IGSV92| [LS95| [SS94|
SS98L ISog95, [Kap94|. If 1 is an interval, we define

2(N+ 2N

S =L T2 xRY), W) =LF1TdxRY), NUI) =L 57 xRY).

Let S; () be the one-parameter group associated to the linear wave equation. By defini-
tion, if (vo, v1) € H! x L? and t € R, v(t) = S.(t)(vo, v1) is the solution of

v — Av =0, 2.1
V=0 = V0,  OyV—0 = V1. (2.2)
‘We have |
Si.()(vg, v1) = cos(tv/—A)vg + N sin(t/—A)vy.
By the Strichartz and Sobolev estimates,
1/2
lvllsmw) + 1Dy vllww) < Cslvollgr + llvillp2)- (2.3)

A solution of @I} on an interval I, where O € I, is a function u € C 0(I , H 1) such that
du e CO(I, L?),
1/2
Jel = 1D ullwy) + lulls) < oo Q2.4)

satisfying the Duhamel formulation

Usin((t — s)/—A)

= lu(s)| ¥Z u(s) ds. (2.5)

u(t) = S(tug + /
0
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We recall there exists a small §9 > 0 such that for any interval / containing 0 and any
(ug, u1) € H' x L? such that

1SL(#) (o, u) sy < o, (2.6)

there exists a unique solution u of (I.I) on /. Furthermore if 8¢ is chosen small enough,
this solution satisfies

lullscryy < 2080 @) (uo, u)llsr)- 2.7
Sticking together these local solutions, we see that for any initial condition (ug, u1) in
the energy space, there exists a unique solution u of (I.1)), which is defined on a maximal
interval of definition

Imax = Imax(uo, u1) = (T—(uo, u1), Ty (ug, uy)).

We will often write Iax (1), T (1), instead of I (uo, u1), T (ug, uy).
If ISL(#)(uo, u1)llsgy = & < 8o, then u is close to the linear solution with initial

condition (uq, u1) in the following sense: if A = ||D;/2SL(t)(u0, u1)llwry, we have
e (-) =S () (o, ur)llscry+suplllu() =S (@) (o, wi) [l g1 +110:u(t) —0; (SL.(7) (uo, u1)) |l 2]
tel

<CASTZ  (28)

(see for example [KMO6, proof of Theorem 2.7]).

Any solution u of (I.T) satisfies the blow-up criterion (I.2)), and the analogue for
negative time. As a consequence, if ||u||so,7,) < 00, then Ty = co. Furthermore in this
case, the solution scatters forward in time in H' x L?2: there exists a solution v of the
linear equation (2.T)) such that

lim [flu(r) = v(®) ]l 2 + 10u(®) = Bl 2] = 0.

Of course an analogous statement holds backward in time also.
We next recall a long-time perturbation theory result for (I.I) (see Theorem 2.20 of
[KMOS]).

Theorem 2.1. Let M > 0. There exists g = e9(M) with the following property. Let
I C R be a time interval such that O € I, and ii be defined on I x RN such that

~ ~ ~ 1/2~
léllscy + suplla® g + 13,@0 21 <M,  J el = D allwyy < oo.
tel

Denote (iig, ii1) = (ii(0), 8,i1(0)). Let (ug, u1) € H' x L? and ¢ € (0, &¢). Assume

2~ T Tr. sy N
ofu—Au—|ul"2u=e, (t,x)el xR,

~ ~ 1/2
luo — dioll g + luy — dinllz2 + 1D el ey < e.

Then the solution u of (I.1)) with initial condition (ug, u1) satisfies Imax () C I and for
a ,3() > 0,

lullscry < C(M),  suplllu(r) — @)l g1 + 10 () = 3, (@0)]| 2] < C(M)sP.

tel



540 Thomas Duyckaerts et al.

2.2. Remarks on stationary solutions of (1.1))

Recall from (I.4) the definition of the stationary solution W. It is known from the works of
T. Aubin [[Aub76| and G. Talenti [Tal76] that W is the unique minimizer, up to translation,
scaling and multiplication by a scalar constant, for the Sobolev inequality on RY,

I fll2viv-2 < Ca IV fllL2.
By a classical ODE argument, we also have the following uniqueness result:

Claim 2.2. Let U be a (real) H' (RY) radial solution of
AU + |U|F2U = 0.

Then

1 X
U=0 or 3)L()>0, U=iww<)\’—0>
Note that the equation AW + WN+2/(N=2) — ¢ implies E(W,0) = N~! [ [VW|> > 0.
This fact is used to prove the following variational properties of W which will be needed
throughout the paper.

Claim 2.3. Letv € H!. Then

IVol2, < IVWI3, and E(v, 0) < E(W,0)

, _ VWL ~
= Vol < EW.0) E(,00)=NE(,0). (29

Furthermore, if | Vv|2, < (5) " "IV W2, then E(v,0) > .

Proof. The first part of the claim is shown in [DMOS|, proof of Claim 2.4]. For the second
part, write

1 N-2 1 N—2 2 L
E@,0) = _/|w|2_—/|v|% > —/|Vv|2— 2ty /|Vv|2 ,
2 2N 2 2N

where Cy is the best constant in the Sobolev inequality ||v|2n/(v—2) < CnlIVV] 2. Let
y = f |Vv|2 and assume that E (v, 0) is negative. Then

Ny

This shows that y > y,, where y, is the unique positive solution of % y— Nz—;?c F ynN-=2

= 0. Using that Cy," = [ |[VW/|?, we obtain y, = (%)(N_z)/zf |VW|2, which con-

cludes the proof. O



Blow-up for energy critical wave 541

2.3. Profile decomposition

We recall here the profile decomposition of H. Bahouri and P. Gérard [BG99]. This paper
is written in space dimension N = 3 but the results stated below hold in all dimensions
N > 3. See also [BC85] and [Lio83] for the elliptic case and [M V98] for the Schrodinger
equation.

Choose a sequence {(vo,, v1,,)}, Which is bounded in H' x L2, Let {U,f }j=0 be a
sequence of solutions of the linear equation @I) with initial data (U({ , U IJ ) € H' x L2,
and (A} u, Xjn, tj,n) € (0,00) X RY x R, jsn € N, be a family of parameters satisfying
the pseudo-orthogonality relation

A A tin—1 Xjin — X
j£k = lim [ﬂ+ﬂ+'“’ enl 4 Poin ’“"'}=oo. (2.10)

n—00| Ak Ajn Ajn Ajn

We say that {(vo,, v1,2)}n admits a profile decomposition {U{ Vi AAj.ns Xjns tjn}j,n Wwhen

J
1 i —tin X—Xj
_ J J\n J.n J
vo.n = Z Nl UL( M i ) + wp , (%),

)
! , o @2.11)
1 i —tin X —Xj
Vi =) atU{( L2, ”) +wi, (),
i Ajn o Ajn
with
lim_lim sup lw Il s®) =0, (2.12)

J—o00

where w,{ is the solution of (2.1I)) with initial conditions (w({ o wlj .- Then:

rI:heorem 2.4 (IBGO9ll). If the sequence {(vo.n, Vi,n)}n is bounded in the energy space
H' x L2 there always exists a subsequence of {(vo.,, V1,n)}n Which admits a profile
decomposition. Furthermore,

(N=2)/2
)Ljyn

. N/2
J = J = ( w,{(tj,m Xj.n +)"j,ny), )"j,r{ atw;{(tj,n’ Xj.n +)\'j,ny)) m\ 0,
2.13)

weakly in Hy1 X Li, and the following Pythagorean expansions hold for all J > 1:

J 2
ol =Y Uﬁ( A/’:) . + llwg 1551 + o (D), (2.14)
j=1 7
J g 2
N
loral}. =" w{(kf ) + w125 + on (1), (2.15)
J.n L?

Jj=1

J
EWon vin) =Y E(Uﬁ (— ™ ) U/ (— " )) + E(wg,,. wi,) +on(1).
j=I1 Jn

],n
(2.16)
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X.X/

Replacing U/ (1, x) by V/ (t,x) = o S ’f,

) for some good choice of the

parameters A;, ¢;, x;, and extracting subsequences, we can always assume that one of the
following two cases occurs:

t
I e (—o00, 00}. (2.17)
j.n

vn, tjin, =0 or lim
n—oo

We will need the following bound on the parameters:

Lemma 2.5. Let v, be as above and {iu,,}, be a sequence of positive numbers. Assume

lim lim sup/ [|Vvo.,|* + v} ,1dx =0. (2.18)
x[> Ryn '

R—0o0 p—soo

Then for all j, the sequences {\j n/in}n, {tjn/tn}n and {xXjn/in}n are bounded. Fur-
thermore, there is at most one j such that {A; /it }n does not converge to 0.

Proof. The case u, = 1 follows from [BG99, pp. 154—155]. For the general case, apply
the result of the case w,, = 1 to the rescaled sequence {(vo,,, U1,,)}, defined by

N/2—-1 N/2
Mn/ /

vo,n (1, X) = Vo, (pnx),  V1n(t, X) = pn 010 (UnX). o
Notation 2.6. For any profile decomposition with profiles {UL‘} and parameters
{A;, s Ljns Xj, 2}, we will denote by {U/} the nonlinear profiles associated with

(U] (—tjn/Xjn), O UJ( tj,n/Ajn)}, which are the unique solutions of (L.I) such that for

alln, —tj n/Ajn € Imax (U7) and
o —t; L —t
ath( ””) —3,U/ (—’) ] =0.
Ajn Ajn 12

i [|o/(552) - (557)
n— 00 ]n )\j,n

Assuming (2:17), the proof of the existence of U/ follows from the local existence for
(I1) if #;,, = 0 and from the existence of wave operators for equation (L.T) if #; ,/2; »
tends to +oco. By the Strichartz inequalities for the linear problem, and the small data
Cauchy theory (see (2.7)), if limy—, o0 —#j.n/Aj.n = 00, then T (U/) = oo and

H!

50> T-(U7) = [|U7[|5(59,00) < 00 (2.19)
an analogous statement holds in the case lim;, o tj n /Aj.n = 00.
Notation 2.7. We will often write, for the sake of simplicity,

i 1 (t—ti, X —Xjp
Ul(t,x) = UJ< Ly L )
n )MJ}-V,{271 )\j,n )\j,n

i 1 i[t—tin X—X
Ul ,(t,x) = U/ Loy 22,
L,I‘t( ) )\'N/Zfl L ( )" )\j,n

J.n on
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We will need the following approximation result, which follows from Theorem [2.1]
and is an adaptation to the focusing case of the result of Bahouri—Gérard (see the Main
Theorem, p. 135 in [BG99]).

Proposition 2.8. Let {(vo,n, v1,1)}n be a bounded sequence in H' x L% which admits the
profile decomposition 2.11). Let 6, € (0, 00). Assume that for all j, n,

0, — t; . , .
— L% o7 (U’ and limsup WU NSt/ 510t 1) < OO
)\j,n n—o00

(2.20)

Let u,, be the solution of (ﬂ;fl) with initial data (vo ,, v1,,). Then for large n, u,, is defined
on [0, 6,),

limsup ”Mn”S((),Q,,) < 0Q, (2.21)
n—>oo
and
J .
Vi €[0,6,), wp(t,x) =Y Ui(t,x) +w) (t,0) +r, (1,%),  (222)
j=1
where
lim lim sup[nr,{ Is©.on + sup (VR @2 + 18] (z>||Lz>] =0.  (223)
n=>0 j 00 te(0,6,)

An analogous statement holds if 6, < 0.

Remark 2.9. Assume that for all j, at least one of the following occurs:

(a) ||U({ | g1 + ||U1j ;2 < 8o/ Cs, where the constant Cg is given by the Strichartz esti-
mate (2.3) and 8y by the small data theory;

b) lim —2" = co.

n—>00 A;
Jn

(c) limsup M < T+(Uj).

n— 00 )\«j,n
Then (2.8)) holds. Indeed in case (a), this follows from (2.3) and the small data theory. In
case (b)), it follows directly from the small data theory: see (2.19). It remains to treat case
(c), when t; , = 0or —¢; ,/Ajn — —00.1f t;,, = 0, then by definition T_(U-/) < 0 and
(2-8) is a consequence of (Z4) and (c). If —#; ,/Aj,» — —oo, then the analogue of (2.19)
for negative times and (c)) imply 2-8).

Remark 2.10. When N is odd, under the assumptions of Proposition [2.8] we have lo-
calized pseudo-orthogonality properties for all time of the interval (0, 6,) as follows: let
7, € (0, 6,) for all n, {u,} be any sequence of positive numbers, and x € Cgo (RM) be
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radial and such that x = 1 in a neighborhood of 0. Then,if ¢ = 1,9 = yorp =1 — y,
one can show after extraction the following Pythagorean expansion:

f ¢<i>|vz,xu(rn>|2dx
Mn

J
X i X
=2 f so(—>|v,,xU,{ (t)* dx + / w(—)|vt,xw,{<rn)|2dx +on(1),
j:l MUn W

n
where |V,,xu|2 = (3;u)? + |V,u|?. This follows easily from Claimin the appendix
and we omit the proof.

Sketch of proof of Proposition Denote the nonlinearity by F(u) = |u|*¥~2u. Let

J
1 St —ti, X —Xj
~J J.n J.n J
un(l"x): E (N—Z)/ZU./< v s v >+wn(t,x).
j=1 )»j’n jin jin

We will apply Theorem [2.1]to i, and u,, for large n.
We notice that there exists Jy > 0 such that

Viz=Jo+1, U lIs®) < b, (2.24)

where 8 is given by the small data theory for (I.I). Indeed, this is an immediate conse-
quence of the Pythagorean expansions (2.14), (2.15) and Strichartz estimates. Thus we
can use the small data theory which implies, by (2.7),

VizJdo+1, U ls@ < CUU g + 1U] 112). (2.25)

Fixing a large J, one can show, as a consequence of the orthogonality (2.10) of the pa-
rameters,

J 2(N+1)
bt e
P Moo A ) s,
J 1 r—t e
_ (L Xy
= (qu( i X ) +ou(l).
j=1 )‘j,n ], 1 J>n 5(0,6,)

Combining this with (2:23) and the Pythagorean expansions (2.14), (2.13)), we get

lim sup lim sup ||ft,{ Isc0.6,) < 00.
J—>00 hn—>00

Let J > Joand ¢/ = (37 — A)ii] — F(ii). Then

; < - L it - J L it ;
e, (1, %) = Z LD/ Iy - Z LD/ Iy +wy |
iz in jn i=1 A j.n

1 j=1
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From (2.8)) and again the orthogonality (2.10) of the parameters, we can deduce

. . 12
lim lim sup ||Dx/ e,{”N(O,r,,) =0.
J—>00 p—soo
Furthermore
i) (0) = uy (0),  &ii; (0) = dyu; (0),

which yields by Theorem [2.1]the conclusion of the proposition. |
We will also need the following technical claim. The proof is postponed to Appendix [A]

Claim 2.11. Assume that N is odd. Let {w,} be a sequence of radial solutions to the
linear wave equation (2.1) with bounded energy and such that

lim_[w,|ls@) = 0. (2.26)
n—oo

Let (wo,n, w1.n) be the initial data of wy, x € Cé’o (RN) be radial and such that x = 1
around the origin, and {),} be a sequence of positive numbers. Consider the solution W,
to @) with initial data (o, W1.,) = (@(1X|/An)Wo.n, 9(IX|/An)W1.0), where ¢ = x
oro=1—x.Then

im |y l[s@) = 0. (2.27)

3. Description of general type II blow-up solutions

In this section we consider a general type II blow-up solution of (I.I)) in space dimension
N € {3, 4, 5}, that is, a solution # bounded in the energy space and such that 7 (1) < oo.
We do not assume that u is spherically symetric.

Definition 3.1. Let xo € RY. We will say that the point xq is regular if

uZ

Ve > 0, 3R, Vt € [0, Ty (u)), /

[x—xo|<R

[|Vu|2 + + (8,u)2:| <e (3.1

Ix — xo/?

If xg is not regular, we will say that it is singular. We will denote by S the set of singular
points.

Theorem 3.2. Let u be a solution of (1) with type Il blow-up forward in time, and Ty =

T (1) the blow-up time. Then there exists K € N* and K distinct points mi, ..., mg of
RN such that S = {m, ..., mg)}. Furthermore there exists (vy, v{) € H' x L? such that
(), Bu(t)) —— (vo, v1)  weakly in H' x L2 (3.2)

t—T4

Ifp € C° (RN) is equal to 1 around each singular point, we have

lErIT1+[|I(1 — @) @) —vo)ll g + 11 = @) (@ru(t) —v)l2]1 = 0. (3.3
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Furthermore, if k € {1, ..., K}, assuming moreover N = 3, 4 for (3.4),

nmsupf [Vu(t, )1 + |8u(t, x)|*] szWF, (3.4)
t—>Ty Jlx—my|<|t—Ty|

S 2 2 2 2

lim inf (Vu(t, x)|* + [du(t, )1 > — [ [VW]|°. (3.5)
=T Jjx—my| <~ T4 | N

Definition 3.3. Under the assumptions of Theorem [3.2] le v be the solutions of (I.1J)
such that (v(7), 0,v(T+)) = (v, v1). We will call v the regular part of u at the blow-up
time T, and a = u — v the singular part of u. Note that implies, together with the
finite speed of propagation, that

K
suppa C U{(t,x) S —my| <t — T4}
k=1

This section is divided into two parts. In §3.1] we perform a first analysis of the be-
havior of u around each singular point, showing (3.2) and (3.3). In §3.2] we write a profile
decomposition of the solution around each singular point to show (3.4) and (3.3).

We will assume throughout without loss of generality that the blow-up time is
Ti(u) =1.

3.1. Generalities on regular and singular points
Lemma 3.4. There exists a constant §1 > 0 with the following properties:

(a) forall xo € RN, 19 € (0,1) and R > 0, if
2 2 1 2
[Vu(10)|” + [0u(to)|” + ———— u(to)|” | < é1,
lx—xol<lto—1|+R |x — xol

and ¢ € CSO(RN) has compact support in {|x — xo| < R}, then (pu(t), ¢o:u(t)) has
alimitin H' x L2 ast = 1;
(b) forallty € (0,1)and R > 0, if

1
f [IVM(IO)IZ + [0 (t0)* + —zlu(lo)lz} <41
Ix|>R |x]
and ¢ € C®(RN) is equal to 1 at infinity and is supported in the set |x| > R+|1—to|,
then (u(t), pd,u(t)) has a limitin H' x L* ast > 1.

Proof. Let us prove (). Assume that for some parameter 70 > 0 to be determined later,

1
/ [IVM(to)Iz + |0 (t0)|* + —2|u(ro)|2] < noE(W,0).
lx—xo|<lto—L+R lx — xol
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If ng is chosen small enough, then, by a standard extension theorem, there exist g € H!
and ii; € L? compactly supported on R" and such that

uo(x) =u(to,x) and i = du(to, x) if |x —xp| < |to — 1| + R, (3.6)

e L
/RN [IVM0|2 +lin |+ mwoﬁ] < CE(W,0) < E(W.0). 37

Consider the solution u of (1.I]) with initial condition (&g, #1) at t = fg. By (3.7), we
have

Elii. iiy) 1/ Vil |2+1f @l - Y2 [ g < Eow.0)
U, U1) = = u — ulc— ——- up|v-2 < ,0),
0-H1 2 JrN 0 2 JrN ! 2N JrN 0

IViioll3, < E(W,0) <f|VW|2.

By the result of Kenig-Merle [KMOS|, u is globally defined. The mapping ¢ —
(@(1), 8,41 (r)) is continuous from R to H! x L2. By finite speed of propagation and (3.6),

Vi € [0, 1], Vx € RN, |x—xo| < |t=1|+R = u(t,x) = i(t, x), du(r, x) = d,i(t, x).

In particular, (ou(t), d;u(t)) = (¢i(t), d;u(t)) has a limit as + — 1, which concludes
the proof of case (a).

Case @ is similar. Indeed, in this case, if §; is small enough, there exist iz and i
such that

ug(x) = u(to,x) and iy = du(ty, x) if |x| > R,

S 2~ 2 I
IVito|” + 1" + —=liol” | < E(W,0).
RN x|
Consider the solution # with initial data (i, 1) at t = fy. By finite speed of propagation,
u and u coincide if |x| > |fg —t| + R, and the result follows again by the global existence
of . O

Corollary 3.5. For any singular point m, and all t € Inax = Imax (1),
2 2 1 2
81 < IVu@)|” + [0u ()" + ———= [u(®)|” |, (3.8)
[x—m|<|t—1| |x — m]

where 81 is given by Lemma[3.4) Furthermore, the set S of singular points is finite.

Proof. The finiteness of S follows immediately from and the fact that the blow-up
is of type IL.

Let us show (3.8)). Towards a contradiction, consider a singular point m, and assume
that for some ty € Ihax and € > 0,

1 2
——Ju(to)? | < 81.

/ [IVM(to)Iz + 19,u(t0)|* +
[x—m|<|tg—1|+& |x —m)|
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Letp € C(C)’O(RN) be such that p(x) = 0if [x —m| > ¢ and p(x) = 1 if |x —m| < g/2.
By Lemma (ou, pd;u) converges in H' x L? as 1 tends to 1, contradicting, in view
of the continuous embedding of H' into L%(|x — m|~2dx), the assumption that m is a
singular blow-up point.

We have proven that for all # € I, and all ¢ > 0,

1
81 < / [|w(t)|2 + 19u(0)* + —Iu(t)lz},
|x—m|<|t—1|+¢

lx —m|?
concluding the proof of (3.8). O

We are now ready to prove (3.2) and (3.3) of Theorem [3.2] Let us first show that
(u(t), d;u(t)) has a weak limit in H' x L? as ¢ S 1 Itis equivalent to show that all
weak limits of sequences {(u(t,), 0;u(t,))}n, where t, = 1, coincide. For this, notice
that the definition of a regular point and Lemma show that if (vg, v1) and (v, v1)
are such limits, then they must coincide around any regular point. As the set of singular
points is finite, this shows as desired that (vg, v{) = (vg, v1). Denote

(vo, v1) = w-lilm(u(t), Opu(r)).
t—

By Lemma , (u, 0;u) has a limit in HILC(RN \ §) x L%OC(RN \ §) as r goes to 1.
The uniqueness of limits shows that this limit must be (vg, v1). Using Lemma 3.4{[b), we
conclude that the convergence to v is also global, hence (3.3).

We finish this part by noting that there is at least one singular point. If not, shows
that (u(¢), 0;u(¢)) has a limit as ¢+ — 1, which shows that 1 is not the maximal positive
time of existence, a contradiction.

3.2. Bounds from below on the norm of the main profile

In this subsection we will complete the proof of Theorem by studying the behavior
of u in the neighborhood of singular points by using a profile decomposition. We assume
that

0es.

Choose an increasing sequence {t,} € (fo, 1)N that tends to 1 and a function ¢ €
Ccse (RV) such that ¥/ = 1 close to 0 and suppy N S = {0}. After extracting a sub-
sequence, we can assume that there exists a profile decomposition

J
1 i —tin X —Xj
Yu(t) = Yo(w) = Y 7 Uﬁ( — ”") + wo,n (%),
s Ajn Ajn
I (3.9)

J
UL <_tj,n X = Xjn

2y Py =30 + w1 )
— (1)) — v —(1,) = s w X),
o " or " j=1 )\-]]'\,1152 I\ Ajn Ajn b

where U/ is a solution of the linear wave equation (Z.I) with initial conditions (U({ ,U lj ).
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As ¥ (u — v) is supported in {|x| < 1 —} when 7 is close to 1, Lemma 2.5]implies
Vj>1,3C;, Vu, |Ajal+1tal + |xj0l < Ci(1 — 15). (3.10)
Let us first show:

Lemma 3.6. Reorder the decomposition (3.9) so that

IVUGIIZ> + I1UL 113, = sup[IIVUG I3, + U] 1321 (.11
j=1

Then

Lemma [3.6] together with the Pythagorean expansions (2.14) and (2.13), implies (3.3)
immediately.

2
IVUG 113, + 1UL 117, = ﬁuvwniz. (3.12)

Remark 3.7. In space dimension N = 3, we have the following immediate corollary of
Lemma If

. 4
I;m;gf[nwmniz + 3l < gnvwniz,
then there is only one singular point. See Remark below for an improvement.

Proof of Lemma[3.6] Assume that

VW2

12 12
||VU0||L2+||U1 ||L2 < 12

2
N
and thus forall j > 1,
. . 2
IVUG 72 + 10T 172 < IV

Using that 2E(f, &) < IV£I7, + lgll7, and that E(W,0) = %uvwniz, we find that
there exists an &g > 0 such that for all j, n,

EU{ (~tjn/Ajn). % U (—tjin/Ajn)) < E(W,0) —0, VU3, < [VWII3, — eo.

Then according to [KMOS], for all j, U/ is globally defined and scatters. By Proposi-
tion the solution with initial condition (Yu(t,), ¥ o;u(t,)) is globally defined and
scatters for large n. Using the finite speed of propagation, we get a contradiction with the
fact that 0 is singular. Hence follows. O

It remains to show (3.4)). We first recall the following scattering result (see [KMO8| Corol-
lary 7.4]) and [DKM]]:

Proposition 3.8. Assume N = 3, 4. Let u be a solution of (L.1)) such that
limsup[||Vu ()7, + [18,u®)[7,] < IVWI3,.

t— Ty (u)

Then u is globally defined and scatters.
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The following proposition implies (3.4) by the Pythagorean expansions (2.14), (2.13):
Proposition 3.9. Assume N = 3,4. Let ¢g > 0. There exists a sequence {T,} € (to, 1_)N
that tends to 1 such that (Ya(t,), Yo:a(t,)) admits a profile decomposition {UL] 3
{Ajns %jns Gjn}jn such that fy , = 0 and

IVUG 112, + 101 17, = IVWIIZ, — &o. (3.13)

Proof. We follow the proof of [KMOS, Corollary 7.5]. In all the proof, we will always
work up to extraction of a subsequence for sequences indexed by #n. In particular, any real
sequence indexed by n will be assumed to have a limit in R U {£o00}.

Select an increasing sequence {t,} € (1, 1)N that tends to 1. Let u, and v, be the
solutions of (T.I) such that

(ﬁnr alﬁn){t:r,, = (WM(TH)’ Watu(fn)), (i}n» alﬁl‘l)rt:‘[n = (WU(Tn), l/fafv(fn))'

By finite speed of propagation and the fact that x = 0 is a singular point for u, T4 (u,) <1.
Furthermore, (Y v(t,), ¥0;v(t,)) has a limit in H' x L? asn — oo, which implies that
there exists a small ty > 0 such that v, (z,, + t) is well-defined for large n and |7| < 1.
After extracting a subsequence, there exists a profile decomposition with profiles
{U/} and parameters {Ajns Xjn,tjn} associated to the sequence {(it,(7,) — Un(Tn),
341in (Tp) — ;U (Tn)) 1. The fact that ¥ (1 —v) is supported in {|x| < 1—¢} and Lemma
imply
¥j=1,3C, Yn, Dl 1l + el < C(1— ). (3.14)

Let us consider the associated nonlinear profiles U/ (see Notation . Reordering
the profiles, we get a Jy such that

Vi <Jo. U/ Nsor,wipy=00 Vi=Jdo+1, WU lsor wiy <oe

By the finite blow-up criterion, T, (U/) = oo if j > Jo + 1. By Propositionthere
is at least one solution U/ that does not scatter forward in time (otherwise we would have
Ty (u) > 1), and thus Jp > 1.

For1 < j < Jo, limy, —t o /Ajn = £; € {—00} UR (the case £; = oo is excluded
as the nonlinear profile does not scatter forward in time). If ¢; is finite, the corresponding
profile is compact up to scaling and translation, and we may assume #; , = 0. Thus

Vie{l,...,Jo}, tjn=0o0r lim —" = —c0. (3.15)

n—oo )\jn

By Proposition@ forall j € {1, ..., Jo}, there exists a time 7; such that
T_(U') < T; < T+ (UY) and ||Vu(T)I7, + 18u(T)l7. = IVWIZ, — o, (3.16)

furthermore, using that 7y (U J ) > 0if #; , = 0, we may choose 7; such that

vn, i, =0) = T; > 0.
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Extracting subsequences and reordering the profiles, we may assume

Vo, tfa+AiiaTt= min (t, +AjT;). (3.17)
1<j<Jo
Denote 6, =t , + A1, T1. Note that 6, > 0 for large n and, by (3.14),
lim 6, = 0. (3.18)
n—oo

For all j, we have, by definition of 6,,, (6, — tjx)/Ajn < T < T+(Uf). According
to Remark [2.9) we can use Proposition 2.8 which shows that 7, + 6, < T4 (i) < 1, that
{1125 1| (z,, 7, +6,) }n 1s bounded and

J
- - 1 St —ti, X —Xj
”"(T”+t):U"(t"+t)+ZA(N_2)/2U]< )an’ — ]n)
; N s

j=1%jn
+w! (6, x) +r)(t,x), 1€(0,6,), (3.19)

where r;/ satisfies (2.23). If j > 1, there exists (extracting a subsequence if necessary) a
linear wave U, such that

lim [ Uj<—9n — tf’") -0/ <—9” - tf’”)
n=>o0 Ajon i )

(0, —t; ~: (0, —t;
o,U/ (—” -”") — U/ (—" f’") ] =0.
)\j,n )\j,n 12

Indeed, if {(6, — tj,n)/Aj n}n converges this is obvious, and if it goes to —oo, then also

+

{(Bn — tj,n)/Ajnln goes to —oo, and we can take 17{ = ULj. Writing 7, = t, + 6, and
Tjn = tj,n — 6,y we get by (3:19),

J ~

U 1 ~if—tin x—2xj

(i — D) (En) = ) N/z_lui( L2 ’">+w,{<9n)+r,;’<9n>+on<1),
— )“j,n Ajn Ajn

] ~
U 1 ~if—tin X—Xj
0y ity — Tn)(F) = ) Waﬂf{( —, —’) + 0wy (6,) + 01 (6a) + 0a (1),
i—1 . j,n ], n
= (3.20)

This is a profile decomposition for the sequence { (i, (T,,) — U5 (Ty), 0ty (Ty) — 0: U (Tn))},
with profiles {17{} and parameters {1; », Xj . 7 »}. Note that the orthogonality of the pa-
rameters follows directly from the equality 7j , — fx.n = tj.n — fi,n-

Next notice that by finite speed of propagation and the definitions of i, and v,, there
exists an rg > 0 such that if n is large and |x| < rg then i1, (7,) = u(3,), 0;u,(T,) =
3 u(Ty), v, (%,) = v(7,) and 9,0, (T,) = 9;v(T,). Using that u(7,) — v(7,) and o;u(7,) —
d;v(T,) are supported in the set {|x| < 1 — 7,}, one can replace, in the decomposition
(3:20), i1, and 0, by Yu and Yrv. _

Finally, (8, — t1.)/*1.. = T1. Thus the first profile U' in the decomposition (3.20)
is compact up to modulation, and we may assume 71 , = 0 as announced. The inequality
(3:13) follows from the choice of 7. o
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Remark 3.10. In space dimension N = 3, 4, we can improve Remark as follows. If
for some 79 € (0, 1),

2
sup [IVu@17, + 18,u@)]3.] < (1 + —)uvwniz,
te(to,1) N

then there is only one singular point. This is a direct consequence of (3.4) and (3.5).

4. Finite speed of propagation and exclusion of small exterior profiles

In the next two sections, we assume that N = 3 and that u is spherically symmetric, blows
up at time 7 = 1 and satisfies

sup JIVu) 12, + 130112, < Co. @.1)

n<t<l

In these two sections we will not make any further assumption on Cp > 0. By spherical
symmetry, O is the only singular point. We denote by

a(t,x) =u(t,x) —v(t, x)

the singular part of u at the blow-up time = 1 (see Definition [3.3).

The main result of this section (Proposition 4.4), shown in §4.2] is that the norm of
the most exterior profile of any profile decomposition of a sequence {(a(t,), d;a(,))} is
bounded from below by a universal constant independent of the solution.

4.1. Linear behavior

We start by two preliminary results on the linear problem, valid in odd dimension only,
that will be needed later. The first one follows from the Huyghens principle:

Lemma 4.1. Assume that N is odd. Let v be a solution of the linear wave equation (2.1))
with initial conditions (vo, v1), let {An}n, {tn}n be two real sequences with ,, positive, set

; _ 1 t x
Un(,x)—wv E,E s
and assume limy,_, o0 ty /Ay = £ € [—00, 00]. Then, if £ = £o0,

1
lim lim sup / [an(tnnz + — [vn(t)* + (afvnan))z} dx =0,
[1x|=|tn||=RAn

R—00 pn—soco |x|2

and if L € R,

N 1
lim 11msup/{‘xlzmn} |:|Vv,,(tn)|2 + W|vn(t,,)|2 + (a,vn(t,,))21| dx =0.

R—>o0 p—soo
U{lx|<An/R}
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Proof. This is a classical property. In the case £ € R, just notice that
1 x .
Un(tnv.X): W‘U E,E +0n(1) in H .

1 X
Qv (tn, x) = ——=0v( €, — ) +0,(1) in L2,
tn(n x) )\,’l\’/z t < )»n> On()

which implies the announced estimate (in this case we do not need any assumption on the
parity of N).

Let us treat the case £ = £00. Lete > 0,and let x € CSO(RN) be such that x (x) = 1
for |x| < 1/2 and x(x) = O for |x| > 1. Then

lim [V —vo)ll 2+ vE — vl 21 =0,
R—o0

where
vl (x) = x(x/Rvo(x),  vi(x) = x(x/R)vi(x).

Choose R such that for R > R,, \/||V(v§ — vo)||%2 + ||v1R - vl||i2 <e LetR > R,
and denote by v,’f the solution with initial condition v(Ifn = A,ll_N/ zvg (x/An), vfn =
An N/ 2le (x/An). By conservation of energy and the scaling of the equation,

Vi, JIVOR() = Va2 + 1008 1) = da ()12, < e

By the strong Huyghens principle, (vR(z,), 3,vR(t,)) is supported in the ring {|£,| —
RA, < |x| < |t,] + RA,}. Hence for large n (using Hardy’s inequality),

172
( / [|an(rn>|2 + izwn(tnnz + (atvnan))z} dx)
|1t —1x]1= Ry x|

1 1/2
< ( / [Wv,’f(rmz + — R ) * + (atv,fan))z] dx) + Ce =Ce,
||tn|7|xHZR)¥n

Ix?
which concludes the proof of the lemma. O

We next give, in Lemma a property of the energy of radial solutions to the linear
equation in space dimension N = 3. In Corollary 4.3] we deduce a similar property for
solutions of the nonlinear equation which are sums of small profiles.

Lemma 4.2. Assume that N = 3. Let v be a radial solution of 2.1),tp € R,0 < ry < ry.
Then the following property holds for all t > to or for all t < ty:

/ (@, (ru(t, x)))* + r2 @ v(t, ) 1dr
ro+|t—to|<r<ri+|t—t|

. [0, (r(to, X)) + r2(dv(tg, x)*1dr.  (4.2)
- 2 ro<r<ri " 0’ ! 0’ . .
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Proof. We can assume that o = 0. Let f = rv, fo = fl;=0, f1 = 0 fj1=0. Then
32f=0f, teR, r>0. (4.3)

Furthermore, as v(r) is in H' for all ¢, by Hardy’s inequality in dimension 3,

/lz(f(f,r))zdr+/(3rf(t,r))2dr < 00.
.

By Sobolev embeddings in dimension 1, for all ¢, f(¢, -) is continuous and satisfies the
condition f (¢, 0) = 0. By explicit computation we get

f,r)y=F@t+r)—F¢t—r), teR, r=>0,

where F is defined by

1 1 [
_fO(S)“F—/ f](G)dO, S>O’
2 2 Jo
Fo =1 1
_EfO(_S)+§ A fi(o)do, s <0.
Thus, if t € R,
ri+¢| ri+t|
f (@, f(t, 1)+ @ f(t, 7)1 dr =2 / [(F'(t+7)2+(F (t—r))?1dr. (4.4)
ro+|t| ro+lt|

Consequently, if r > 0,
ri+lt| r
/ [ ) + 0, )1dr =2 f (F'(=r)dr,
ro+t| )

andifr < 0,

ri+lt| r
/ (@ 1) + (3 ) ]dr =2 / (F'()2dr.

o+l ro

By #.4) atr = 0 we see that
i 2 2 Lm 2 2
/ | (@ f(t,r)”+ @ f(t, 1) ldr = E/ [(f1(r)™ + @ fo(r))“1dr
ro+l|t ro

forall # > 0 or for all # < 0, hence ([@.2) follows. |

Corollary 4.3. Assume that N = 3. Let Co > 0. Then there exists a constant §1 =
81(Co) > O with the following property. Let J > 0, and let {A{ p}n, ..., {Ajn}n be
sequences of positive numbers such that

AMp K- KAjy asn— oo.
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Pick J radial solutions U',..., U’ of (LI) with initial conditions i, Ulj), j =
1,...,J, such that

Vie(l o dh JIVUIR + 10712, =) < 81,
Select a sequence {wy} of solutions of the linear wave equation (2.1) such that

Vie{l....Jp o

Letn =,/ Zf:l 77]2 and assume that n < Cq. Let

ot x
U,(t, x) = Z N/21 ’(7,)\/”)+wn(t,x).

]1]n

w0 (Ajx), ,\jN/zwl,n(xjx)) —— O weakly in H' x L2,

Then there exists r1 > 0 such that for large n, the inequality

/ (VU )P + @ U (e, )] dx = 1 45)
rik el <lx] — 4
holds for allt > 0 or forall t < 0.
Proof. Denote
Uon(x) = Upn(0,x), Urnx)=0Un(0,x).
Let U; be the solution of (Z.I) with initial conditions (U, Ulj), j=1,...,J,and
i l‘ X
] ] j,}’L Js1
Step 1. We first show that if §; = §1(Cp) is chosen small enough, then
P n
Sup\/IIUn(t) - UL, n(t)II 1 F10:UR (1) — 8 ULnDI7, = vk (4.6)

teR

Indeed by 2:8), if 813 < 1/(CCy) for some large constant C, then \/||VU({ ||i2 + ||U1j ||i2
=n; < d; implies

2
; : n;
Uiy —Ul« »UJ(t) — 0, U )%, <Cnd < —L.
ﬁ/n<> Ol + 1807 () UL OIF < Cn] < 22
By the triangle inequality and the fact that n < Cy,
sup /U (1) = U a1, + 18,Un(0) = 3, U012 S
ze]ll:ls n L1 tUn tUL,n L2_4C 4

Hence (.6) follows.
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Step 2. We next show that there exists 7; > 0 such that

[e's] 2
liminff (@ (rUon()* + (rUyp(r)1dr > % 4.7)

n—>oo
1210

Indeed, if f € H' is a radial function and 0 < Ry < R;,

R R
/ O f () dr = / L2+ 200 ) + 20 f 0, fldr
Ry Ro

R

- / 2420, ) + P ()] dr
Ro
R

= f 2@ f)*dr + Ri f2(R1) — Rof*(Ro).
R

0

By Hardy’s inequality, [ f(z, r)>dr < oo, which implies that there exist sequences

R, — oo and R, — 0 such that R, f(R,)> — 0 and R, f(R,)?> — 0. Letting R; = R,
and n — oo, we get

o0
f @ (rf () dr = f IV /P dx — Rof(Ro)> < / ViPdx.  (48)
Ro [x|=Ro [x|=Ro
Letting Rg = R, and n — 0o we get

/ O f ) dr = / V£ dx. 4.9)
0 R3

By @.9), there exists r; > 0 such that

[e9) 2
f [0, rUL ) + UL )M dr > 1L, (4.10)

| 2
Let ¢/ = 3,(rUJ (r)) € L?(dr). Then
o0
ik r i r r k r
| G )+
riiin )»;’/nz Ajn )‘11,/3 Ak.n
oo )i (55
= 128\ ) 728\ ) ar
F1Mn )»;’/nz ! Ajon )»11/3 Ak,n

1/2

= / gi(p) 1/28 (—p>dp‘ 4.11)

1A/ Xjn

Letting j = k in @.11)) we deduce that if j > 1, then AL Jo° gi(p)*dp as n — oo.
Furthermore if 1 < j < k, using that A ,/A; , — oo, we find that for all € > 0,

Re )\]n ]n 2 o )
HPi=af 20)) do e [ gordn o, e
)\kn Ak,n Re
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and hence A{;’k — 0 asn — oo. Similarly, noting that ,, = 0, (rwo ) = wo,, + 719, Wo.,

is such that )»}’/nzhn (Aj,n-) converges weakly to 0 in L2(dr) we get
[ee] . o0
f o <—f U <L))ar (rwo.) dr = / 8 (P)1 121 (hjnp) dp
Fikin A )”j,n riALn/Ajn '

j.n

o
1/2 .
f g1 (i np) dp + 0, (1) if j =1,

— 1

- o]
1/2 e
'/(; gj(;o))tj’/n hn()tj,np) dp +o,(1) if j > 1,

which tends to 0 as n — oo. Using similar estimates on Uj , and w; , and combining

with (E10) we get @.7).

Step 3: End of the proof. In view of Step 2 and Lemma[d.2} if n is large, then the following
holds for all # > O or for all < O:

e’} 2
/ (O (-Un ) + 3y U )]dr = -
A+t 4

By @23), forall # > 0 or forall 7 < 0,

2
/ (VUi ? + 18, Up Pldx >
x|>riAs o+l 4

By Step 1 and the triangle inequality,

/ [|VUn|2+|atUn|2]dx >
[x|=r1A1n+lt

which concludes the proof. O

Y
|
I
FNRE

NI

4.2. No small exterior profile

Before stating the main result of this section, we introduce some notation. Throughout
the following, we assume N = 3. Let t, — 1~ and consider a profile decomposition
of {(a(t,), d:a(zy,))} with profiles {ULj} and parameters {A; ,, ¢; ,}. We will consider as
usual the nonlinear profiles {U/} associated to { ULj }, —tj.n/Ajn, and will write, for the
sake of simplicity,

; 1 i(t—ti, X ; 1 Mt—ti, X
Ul (t, x)= —Uf< LI ) Ul(t, x) = —Uf< IR >
L,n )‘}/,,2 L Ain  Ajn " )\';/n2 Ain  Ajn

The second expression is defined as long as (f — t; ,)/A;j , is in (T_(UY), T+(Uj)). We
will also write ) ) ) .
U(in == UL]’,,(O,X), Ulj’n = (atULj,n)(Oa -x)'
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Let j € N*. Extracting subsequences and time-translating the profiles if necessary we can
assume that

t.
Vn, ti, =0 or lim 2% € {—oo, 0o} (4.12)
’ n—o0 )\j,n
We define
|tj,n| if |tj,n|/)¥j,n — o0,
Pjn = .
Ajn  iftj, =0,
According to Lemma the sequence { (Uoj U lj 2)1n 1s localized, for large n, around
|x| ~ Pj.n-
Reordering the profiles and extracting subsequences, we can find a Jyp € N such that
(here 81(Co) is given by Corollary .3] and Cj is the constant in assumption ([@.1))

j>Jo & (EWUL,U)) < (81(Co))*/N, and VU] ll12 < IVW][12)

or (lim —tj,/Aj, € {£oo}and E(U], U]y < EW,0)),  (4.13)
n—oo
Ply.n 5 Ply—1,n ,S te 5 Pl,n- (4.14)

In particular if j > Jo and #;, = 0 for all n, by Claimwe have [[VU{ 12, + U7 112, <

(81(Co))*.
In this section we show:

Proposition 4.4. Under the above assumptions,

lim lim sup / [|[Va(ty)|> + (8:a(ty))*1dx = 0. (4.15)
70 n—o0 [x|>Rp1,n
Proof. If does not hold, there exists &9 > 0 and a sequence {p}, such that
2 2 . ﬁn
f [Va(m)|” + (3a(zy)) 1dx > g9,  lim = 0. (4.16)
x|=7, n—00 O] p

Since suppa(t,) C {|x| < 1 — 1,}, we have p,, < 1 — t,,. Moreover, by Claim we

get, extracting subsequences in 7, a sequence {0, }, such that
Prn K )5n <L 0y 4.17)

and
vj, on K Pjn O Pjp K On- (4.18)

Let x € C*®°(RY) be such that x (x) = 1 if |x| > 2 and x(x) = 0if |x| < 1. Then

J .
X (x/ p)u(Ty, x) = x(x/Pn)v(Tn, X) + Z X/ p)UG , + xG/pwyd,, (419
j=1

J .
X (x/pn)0u(ty, x) = X (x/pn)0v(Tn, X) + Z x(x/pn)UY , + x&/pwy . (4.20)
j=1
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Claim 4.5. If p; » < py then
nlirgo[llx(x/ﬁn)Ué,nllgl + llx e/ pn)UY 1l 21 = 0.
If pn <K pj.n then

Tim [/ 5)Uy, = Ug g + 10 /an U], = U] 21 = 0.

Proof. Indeed by Lemma.1]

fim_ timin [ V08, P+ 10L,P1 = [ 1908, P 4101, P
Pjn/REIXI<Rpj | ' RN ’ '

R—o00 n—o0

In the case pj , < pn, choose ¢ > 0 and R = R(g) such that

n—o0

lim sup/ (vul 12+ 10 121 <e.
Rpj,nf‘xl ’ ’
As Rpj , < pn, we see that for large n,
I e/ UG 150 + X e/ ) UY 1172 < / [IVUg, P +1U{ 11 <,
Rpjn=|x|
which shows the first estimate of the claim. The proof of the second one is similar and we
skip it. O
Let us denote by Jex; the set of indices j such that o, < p; .. Note that for j € Jex we
have j > Jo and thus
J € Jext = (E(U, Uy < (81(C0))*/N and | VUl 12 < VW] 2)
or (im —1j.u/Aj,n = o0 and E(UJ, U]) < E(W.0)),

so the corresponding nonlinear profile U/ is globally defined and scatters in both time
directions. In view of Claim[4.3] we rewrite (.19), @.20) as

X O (T, %) = v(T0, )+ Y U, (0 + i, @), @21

jejext
Jj<J

X/ )u(T. x) = dv(zw. )+ Y UL () + 8], (x), (4.22)
jeJext

j=<J
where

By, = x(x/pwg, +on(Din HY, @, = x(x/pn)w], +0a(1) in L.

By Claim
y 211} o o
lim limsup [|w;, ||s®r) = 0. (4.23)
n—od

J—o00
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Indeed, if (#.23) does not hold, one can find, in view of (2:12), sequences {n }x, {Jx }x and
& > 0 such that

VE, It lls@ = e and - lim [t lls@) =0,

a contradiction with Claim 217
By (@.23), the decomposition (.21), (4.22) is a profile decomposition of the sequence

X (/o) (u(Tn, X), Ou(Ty, X))
Denote by i, the solution of (T.1)) such that
7 t=1, = X (x/pn)u(zy, x), AT lt=1, = X (x/Pn)0ru(Ty, X).

Using that all the nonlinear solutions U I, J € Jext, are globally defined and scatter, we
deduce by Proposition |[2.8|that i, is globally defined for large n and

i (a +1,3) = (T +1.0) + Y UL (6x) + i (x) +r) (1x), (424)
jejexl
i=J
where 7,/ satisfies (2.23). By the definition of i,
Un(Tn, ) = u(tn, x),  On(Tn, x) = du(ty, x) if [x| > 2p,. (4.25)

By finite speed of propagation, as long as 0 < 7, +¢ < 1, we have

Uy(ty +1t,x) = u(ty +1,x), Ot (Tn +1,x) = u(ty +1t,x) if |x] =20, + [t].
(4.26)
The key point of the proof is the following claim:

Claim 4.6. The set Jext Is empty.

Proof. The proof takes several steps.

Step 1: No profile dispersing backward in time. Letk € Jex. We first show that we cannot
have —fx ,/Ax,n — —oo. Let us assume that —f , /Ay, — —oo. Then pr,, = |tk nl-
Furthermore U* scatters backward in time. As a consequence, by Lemma if M is
large enough, there exists ¢ > 0 such that for all large #,

/ IVUE (=0, 0 + 10,05 (=1, 0P dx > 4.
|X|Ztk,n+'fn*M)\k.n

As k € Jext» we know that t, , = px.n > pn. Furthermore Ay , = o(|tk ). Thus for
large n, tx n + T — M Ak n > 20, + T, and the preceding inequality implies

/ VU OF 4 U 0P dr = e @.27)
|x|> /5n+fn
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Using again that U k scatters backward in time and that Pn K tk.n, by Lemmawe get
/ (VU (=T, 0)* + [0, Uy (=T, X)[*1dx = 0, (1). (4.28)
[*1=20n+7n

Let j € Jext \ {k}. Then U/ scatters in both time directions, and there exists a solution
V,! of the linear wave equation such that

t_l)ir_noo[llVLj(t) = U Ol + 18,V (1) = U7 021 =0

Noting VL a2 x) =

wave equation and @

/ ViUl (=) Vi UK (1) dx = / ViUl (= 10) Vi UK (—1,) dx+0,(1)
|x|> T +20n R3

(’ ;J.’Jn" r) we get, by conservation of energy for the linear

- /R VeV (O iU 0 dx + 00(1) = 04(1), (429)

where we have used the orthogonality of the parameters (A; ., #j») and (Ag pn, t n). Simi-
larly, if J > k,

/ Via UM (=t %) - Viai! (=2, x) dx
‘X|>fn+2§n
_ f Via UM (=10, ) - Virid! (=, x) dx + 0 (1)
= /VZ,XV]_Iin(_Tnv x) - V[,XII);{(_‘EHV x)dx + 0,(1)
- f Vi VEn (tms X) - Vo (0, 1) dx 4 04(1) = 0p(1).  (430)

At the last line, we used the conservation of energy, and the fact that by {#@.23), the o;/
are the remainders of the profile decomposition @.21)), @.22)) and thus by 2:13)),

hp 2V B (o knx) —— 0 in (LHNFL
n—oo

Combining @24) with t = —z,, @23), @27), @29) and @30) we get, if n is large

enough,

Ek
/ (V02 (0, )7 = [Vx0(0, )P = 2.
[x|>th 420,

As the function x +— |V; ,u(0, x)|? — |V xv(0, x)|? is supported in {|x| < 1}, we get
&k
/ [1V1,2(0, 0)1* = V1,500, 0P| = -
2n+HTal<Ix] <1 2

Letting n — oo we have 2p,, + |7,| — 1, which yields a contradiction.
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Step 2: No profile dispersing forward in time. We next show by contradiction that if
k € Jext we cannot have limy,—, oo —fx,n/Ak,n = 00. Let 0, = (1 — 1,,)/2. Using that Uk
scatters forward in time, Lemma4.T|implies that if M is large enough, there exists g > 0
such that for all large n,

/ Vi U0, )17 dx > & 4.31)
‘xlzltk,n"‘l‘o-n_M)hk,n

By Lemma[4.1] we also have (using that At , < |tx.x])

lim |V UKo, x)? dx = 0,

n—o0 [x[<oyn

from which we can deduce the analogues of the ortogonality conditions (#.29) and {#.30)
with 7, + 20, replaced by o,,. As in the preceding case, using @.24) with 1 = o, we

deduce from (@.37) that for large n,
2 2
1
- vl xV * n » X = 8_k'
' 2 2

1
/ [ V(ix>
NE 2

As1—(1+1,)/2 = o,, this contradicts the fact that x| < 1 — ¢ on the support of u — v.

Step 3: No compact profile. In this step we conclude the proof, showing that Jex is
empty. According to Steps 1 and 2, for all j € Jex; and all n, t; ,, = 0, and we can rewrite

@24 as

~ 1 . t

X -
) + !t x) 1) 1, %), (4.32)
)\j,n

Furthermore, we know that j > Jy for j € Jex(, and thus by the definition of Jy we have

JIVUI I+ 10] 1 < 81(Co). (433)
Assume that Jex; is not empty. Then by assumption (4.1)) for large J,

0<n’= 3 (VU I + U] 171 < .

je\7exl
jsJ

Choose J such that

n
sup IV rd (O3, + 37 0l 2 < 2. (434)
teR 8

Let k € Joxt be such that k < J and

.....
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By @-33), we can use Corollary £.3] which implies that there exists ro > 0 such that the
following occurs for all € [—1,,0) or forall t € (0, 1 — 7,):

/ VUL O + 18 Un(t, )P dx =
|| >k nro+lr] 16

where

1 (ot X
_ il = 7J
U, = E 1/2U <)\fj,n, Kj,n) +w;, (¢, x).

J€Text )‘j,n
And thus by @34), forall 7 € [—7,,0) or forall z € (0, 1 — 7,),

2
/ [V (fin (Tn +1) — 0(Ty +0)) > +18sin (Tn +1) — B0 (Ta +1)[*] > U (4.35)
[x[=Aknro+]t] 64

First assume that this holds for all + € (0,1 — 7,). Letting t, = (1 — ©, — roAk.n)/2
in (4.35), we obtain, for large n,

2
- ~ n
/ IV G (T + ) = 0T + ) + [8elin (T + 1) = B0 (T + 1)) = .
[x]>1 =1 —1y 64

Furthermore, as k € Jext, we have 20, + 1, < 1 — 7, — 1y, and thus by @26), |x| <
1 — 1, — t, on the support of u(t, + t,, -) — v(t, + t,, -), a contradiction.

It remains to treat the case when (4.33)) holds for all # € [—1,, 0). Then (&33) with
t = —1, yields

2
~ ~ n
/ [V (iin (0) — v ()| + 13,1, (0) — v (O)[*] = —,
|x|>Aknro+Tn 64
which is again a contradiction, recalling that (iz,, (0, x), 9,1, (0, x)) and (x(0, x), 3,u(0, x))
coincide for |x| > 7, 4+ 20,, and thus for |x| > 7, 4+ A ,ro for large n. The proof of
Claim[4.6)is complete. |

To finish the proof of Proposition f.4] we must show that if p,, is as in #@.16), and J is
large, then
lim [IVwy ,I* + w{ ,)*1dx = 0. (4.36)

=00 J1x1>p,

We will use that w; is a radial solution of the linear wave equation (2Z.1). By (#3),

o
@ (rwg ) dr = / \Vw; > dx — p,wy, (0,)*. (4.37)
En IX‘Zpll

By the construction of the profile decomposition (see (2.13)), we can choose J so large

that

—1/2 — . .
B 2w, (B ) ——0 in o' (4.38)
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The map u +— u(1) is a continuous linear form on the vector space of radial functions
in H'. Thus (@#.38) implies

.12 _
lim 7, *wd  (B,) = 0. (4.39)
n—o0 ’
To show (4.36)), assume for contradiction that after extraction (in n), for large n,

/ [Vwy 1> + (w{ )*1dx > &.
lx1=p,

Then by @.37) and (@39), for large n,

ﬁ Oo[(arvw({,n)f + (rwy )1dr > %0 (4.40)

n

By Lemma[4.2] and still extracting subsequences, the following holds for all # > 0 or all
t < 0, and for all large n:

f ” (@ rw! ()% + royw] (1) 1dr > 2.
Putt] 4

By (@.8), this implies that for all 7 > 0 or for all # < 0,
&
[ wwslor+Guiofia= 5.
x127,+rl 4

By finite speed of propagation, we have
~ ] . J ~
wn(tsx)_wn(ta-x)a |x|22pn+|t|

As p, < p,, we obtain for large n,
/ V! )2 + @b ()2 dx > 2, (4.41)
x|, +lr] 4

for all # > 0 or for all # < 0. In view of Claim 4.6 the equality (4.32)) can be rewritten
n(ty +0) =v(ty +1,) + W) €, x) +r)(t,x), 0<t1,+1<]1. (4.42)
Taking 1 = —1, if @.41) holds for all 7 < 0, and t = (1 — 1,,)/2 if (@.41) holds for

all > 0, we get a contradiction as in the proof of Claim 4.6 concluding the proof of
Proposition[4.4] |
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5. Rigidity argument for non-self-similar blow-up

In the section we consider, as in the preceding one, a radial solution in space dimension
N = 3 that blows up at time 7 = 1 and satisfies (@.1)). We assume in addition that there
exist sequences {1, }, {A,} such that 7, € (0, 1), 7, — 1 and

M L1 —1, 5.1

n—o0

lim [Wa(rm2 + a(t)’ + —5 . |2 (a(t)) } (5.2)
[x]=An

where a = u — v is as usual the singular part of u. The main result of this section is the
following

Proposition 5.1. Assume that u is radial and that @.1), (5.1) and (5.2)) hold. Then there
exist a sequence {t,}, Jo > 0, {i; }on:l € (1}, and, for j =1, ..., Jo, sequences {7j n}n
of positive numbers, such that

X .
u(ty, x) = v(ty, x) + Z 1/2 (A_) +wo, inH', (5.3)
],n
j n
du(ty, x) = 0;v(ty, x) + 0, (1) in L2, (5.4)

where, denoting by wy, the solution of @2.1) with initial data (wg ,, 0),

lim [Jwylls®) = 0.
n—oo

Let us mention that the assumption N = 3 is not essential for the arguments of this
section. In We show that assumptions (5.1), (5.2) imply that 9, is small in L for a
sequence of times. Proposition[5.1]is proven in §5.2]

5.1. Smallness of the time derivative of the solution

Lemma 5.2. Assume (5.2). Then

lim

/ f (,a)2 dx dt = 0.
n—oo 1l —1, R3

Corollary 5.3. Under the assumption of Lemma there exists an increasing sequence
t, = L witht, € (0, 1) such that

l
Vn, / |da(ty, X)|*dx < - (5.5)

(5.6)

1
n

tht+o
Vn, Yo € (0,1 — / / |0:a(t, x)| dxdt <
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Let us first assume Lemma|[5.2]and prove Corollary [5.3]

Proof of Corollary Using that the map ¢t — 9;a(t, -) is continuous from (0, 1) to
L%(R?) we get (5.5) from (5.6) by letting o — 0.
The existence of a sequence {t,} satisfying (5.6) is equivalent to

th+o

1
Ve >0, Vi, € (0, 1), Jtg € (1, 1), Yo € (0,1 — 1p), —/
o

fo

/ (8;,a)*dx dt < e.
R3
Assume for contradiction that

1 thy+o
Je >0, 3, € (0, 1), Vig € (1, 1), o € (0, 1 — 1), —/ / (8,a)* dx dt > e.
0 R3

o
6.7
By Lemma[5.2 we can fix a large n such that 7, > 1, and

1 ! ) €
(0ra)“dxdt < —.
1-— Tn Jr, JR3 2

1 n+o
Az{ae(O,l—rn):—/ / (a,a)zdxdtzg}.
o T, R3

By (5.7), A is not empty. Furthermore, it is closed in (0, 1 — t,,). Let 6p = sup A. By the
choice of n, 6y # 1 — 1,,. Furthermore,

Tn+00
/ / (0,a)* dx dt > €6y.
i R3

By (3.7), using that 7, < 7, + 6y < 1, there exists o € (0, 1 — 7, — 6p) such that

Let

T +00+o
/ (8a)> dx dt > ¢o.
T +6p R3

Summing up the preceding two inequalities, we get

T +6p+o
/ / (8,a)> dx dt > €(6y + o)
T R3

n

with 6y + o0 € (6p, 1 — t,). Thus 6y + o € A and 6y + o > 6y, contradicting the fact that
6p = sup A. O

It remains to prove Lemma[5.2]

Proof of Lemma[5.2] Let

z1(t) = / [(uou) — (vo,v)]dx, z2(t) = / [x - Vuou —x-Vovov]dx.
R3 R3
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As u — v and 9;(u — v) are compactly supported in the space variable, both integrals are
well-defined. We first show

. |z1(z)| + |z2(T0) |
lim =

n—oo 1 — T,

0. (5-8)

Indeed, write

Zl(tn)Z/ a(fn)at”(fn)+/ v(T)0ra(Ty).
R3 R3

Then, using the fact that |x| < 1 — t,, on the supports of a(z,) and d;a(zy,),

‘/ a(t,)0:u(t,)

s/l A |a(rn)atu(rn)|+/ () ()|

[x[=An

1 1
S/\nfl . —la()ou(t,)| + (1 — 1) —|Ia(fn)3tu(fn)|-

|x x>

By (5.1) and (5.2,

’/a(fn)atu(fn)

=o(l—1,) asn— oo.

Estimating the other terms in the same way we get (5.8).
Differentiating the definitions of z; and z» and using that both u# and v are solutions

of (I.I), we get

240 :/(3tu)2—/|Vu|2+fM6_ |:/(8;v)2dx—/|Vv|2dx+/v6},
Z/z(t) = —%/(Btu)2+%</|vu|2_/u6>
- [—%/(&v)%%</|vv|2_/v6>}

Noting that |x| < 1 — ¢ on the support of a, that v converges in H'x L?ast — 1, and
that u is bounded in H! x L2, we get,ast — 17,

7)) = /(8ta)2dx —/|Va|2dx+/a6dx+o(1),
() = —%/(8;61)2-‘1- %(/ |Val? — /a6> +o(1).

1
Z(t) = Ezl(l‘) + 22(1).

Let

Then
Z'(1) = —/(a,a)2 +o(1) ast— 1.
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Lete > 0, and m, n be two large integers with n < m. Integrating the preceding inequality
we get

Tm
f f(aza)zs|Z<rm)—Z<rn>|+e|rn—rm|.
7, JR3

Letting m tend to infinity we obtain

1
/f(@ta)2§|Z(tn)|+0(l—rn) asn — 0o.
7, JR3

From we deduce

1
/ /Rg(ata)2 =o(l—1,) asn— oo. O
T &

5.2. Decomposition into a sum of rescaled stationary solutions

The proof of Proposition [5.1]is divided into four steps.

Step 1: Extraction of a sequence and profile decomposition. Extracting a subsequence
from {t,}, we assume that {(a(t,), 0;a(t,))}, admits a profile decomposition with profiles
{U’} and parameters {A; , t; »}. By the Pythagorean expansion

J
19ra(t) 1z =D 10U (—tjn/Aj)l72 + ) 172+ 0(1)  asn — oo
j=1

and using @, we find that for all j (here U,{ is the rescaled profiled, defined in Nota-
tion[2.7), '
lim ||3,U; O)l2 = lim [0, U (=tjn/Aju)ll 2 = 0. 5.9)
n—oo n—oo

We deduce that for all j such that U/ # 0, {=1j,n/Xj.n}n is bounded. Indeed, assume that
there exists a subsequence in n such that —#; ,/A;, — =£oo. Then by definition of U’
and the equipartition of energy for solutions of the linear equation (2.1)) as t — 400,

Loioe 1 J 2 - j 2
§||UL Ol + §||3tUL Ol = nlgrolo 10: UL (=tjn/Ajn)lly2 =0,

showing that U J =0, a contradiction.
Translating in time the profiles, we may assume

Vj, ¥n, . =0. (5.10)

As a consequence of (3.9), U 1] = 9,U7(0) = 0 for all j.Let §o > 0 be a small parameter
(given by the small data theory for @D). There exists a finite number Jy of profiles U/
such that [|Ug || g1 + 1U{ I 2 = U3 | 1 = 8o. Reordering the profiles, we may assume

WUl =80 & 1<j<Jo
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In view of (3.10) and the orthogonality of the profiles, we obtain, after a new extraction
inn,
vVj,k, j*k = Ajn K A OF Ay K Ajgp.

Thus we may reorder the first profiles so that
Ao L Agg—1n K+ or L ALy

We show that U/ € {W, —W}if 1 < j < Joand U/ = 0if j > Jo. This is equivalent to
the fact that the set of indices j such that U/ ¢ {0, W, —W} is empty. Assume that this
set is not empty and let

ko=min{j > 1: U/ ¢ {0, W, —W}}.

Let ki = min{l < j < Jo : Ajn < Ago,n). If this set is empty, k; is not defined, and we
will make the convention Ay, , = 0. By Claim there exists a sequence An — 0 such
that
Mo L <K Mg (.11

Vi,  dn K Ajn O hjy &K A (5.12)

Let ~
n.7ext = {] > 1: )\n < )Lj,n}~

Note that by the first inequality in (5.1T)),

Vi, (€ Jexand Ajn L Aign) = j > Jo. (5.13)

Step 2. Let T > 0 be in the domain of existence of Uko, Using that Ag, , S 1 — 1, we

can choose T small enough so that A, , T < 1 — 1, for large n. In this step we show

1
Akgn T

)‘kO»”T
/ [ 18, U (1, x) + 8,w (1, x)|> dx dt = o, (5.14)
0 x| = kg ne -+

where by definition lim_, o lim sup,,_, . 0; = 0. More precisely, we will show the fol-
lowing two estimates which directly imply (5.14):

1
Aegn T

Mg T ; 2
/ / ‘ 3 BZU,{(t,X)-i-atw,{(t,x)‘ dxdt =o,, (5.15)
0 |X‘Z)~k0,ne+|l| JE€Text
j=<J
1 )-ko.nT . 5
J € Jexcand j # ko = lim / f 18, U,) (t, x)|* dx dt = 0.
n—00 )"ko,nT 0 |X|ZS)Lk0.n+|t‘

(5.16)

Proof of (5.13). Choose a radial function x € C*(R?) such that x(x) = 1 for [x| > 2
and x (x) = 0 for |x| < 1. Let it,, be the solution of (I.T) with initial data

Up lt=t, = X(x/j\n)u(tna x), Oty lt=t, = X(x/j\n)atu(tna x).
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Then, by finite speed of propagation, as long as #, + s is in the domain of existence of u
and i,
Uy (ty +5,x) = uty +s,x), |x| > |s| + 2An.

Furthermore, letting
~J _ Y J ~J _ by J
Wy, (xX) = x (x/Ap)wp , (x),  wy,(x) = x(x/A)wy ,(x),

we obtain (recall that Ulj, , = O forall j)

fin(tn, x) = V(. x) = Y Ug (@) +B],(0) +o,(1) inH', (517
J€Text
isJ

Byl (tn, X) — DV (ty, X) = B, (x) + 0, (1) in L2, (5.18)

By Claim[2.11]together with the argument that we used to show #23)),

lim limsup |®; || s®) = O. (5.19)
n—oo

J—o00

By (3.19), the two equations (5.17), (5.18) yield a profile decomposition of the sequence
{(tn, x) — v(tn, x), 9t (tn, x) — 0V (tn, X)) }n-

The development (3.17), (5.18) satisfies the assumptions of Proposition[2.8| with 6, =
Ako,n T . Indeed, for j > Jy the solution U/ scatters both forward and backward in time.

Furthermore by (3.13),
Gefl,....,Jo}NTexcand j # ko) = AignT K Ajp.

Thus by Proposition 2.8} for s € [0, A, T1,

ity +5.3) = v(ta + 5.0+ Y Ul(s.0) + ) (5.0 +7)(5.0),  (5.20)
jejext
Jj=J

where r;/ satisfies (Z.23) with 6, = Ag,.nT. Let ¢ > 0. We have, for large n (so that
8)\k0,n = ZXn)»

1 tn+)»k0,nT 5
1) = ora(t, dx dt
on(1) ronT ft /Rzl ra(t, x)|”dx

1 tn-l—),ko_nT
> / f 18,a(t, x)|? dx dt
Mo Ji, |12k ne+Hr]
1 tn+Akgn T
= f / |Qun — 30)(t, x)|* dx dt,
Meo.nT Ji, x>y me+1t]

which yields (3.13) in view of (3.20).
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Proof of (5.16). Let R; ,, = Aky,n/Ajn. We have

1 )\.kO,nT .
/ / 0,U3 (¢, x) 2 dx dt
Aeo.nT Jo x| =ehggn -+l

1 TRjn .
/ / 10, U7 (s, y)|?dyds. (5.21)
TRjn Jo [y=& R} p+s|

If Xj n < Mgy, (and thus j > Jp), we have R; , — 0o. By finite speed of propagation,
for all n > 0, there exists M > 0 such that

Vs € R, / 19 U7 (s, y)I*dy < n,
Iy|=M+is]

which implies that the right-hand member of (3.21)) tends to 0 as n — oco.
If Aky,n < Ajn, then R; , — 0, and thus

1 /TRj,n/* i ) 1 TRjn i )
807 (s, y)P dy ds < / /|aU (s, )P dyds
TRjn Jo I¥|=Rjne+s| t TRjn Jo l

—>[|atuf<o, I*dy =0,
n—oo

concluding the proof of (3.16).

Step 3: Uniqueness argument and conclusion of the proof. By (5.14),
1 3/2
— / / 18, U% (1, x) + 1'% 9w] (kg nt, Mg n ) > dx dit = 0.
T Jo Jixze+ir o

Consider the mapping H'x L? > R,

T
(fo,fl)H1/ [ 8,U% (1. x), £ (¢ x) dux di.
T Jo Jixizeti

where f(f, x) is the solution of the linear wave equation with initial conditions ( fo, f1).
This is a continuous linear form on H' x L2. By 2.13),

1/2

()Lko,n

3/2 P
W), Ok )s My hign) —— 0 weakly in ' x L.

Hence

1 T
lim — / / U (1, x)1"% 8yw]] (kg nt, Mg nX) dx dt = 0,
0 Jixize+i| "

n—oo T

and we conclude that for all € > 0,

LT k 2
— 19,U% (¢, x)|> dx dt = 0.
T Jo Jixizetn
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Letting ¢ — 0 we get

1 T k 2
— [0, U™0(¢, x)|“dx dt = 0.
T Jo Jixi=p

This shows that 3, U%(z, x) = 0if s < |x|and 0 <7 < T. Let
Q={(t,x)e[0,T] x R3: |x| >t}

Then
(1,x) € Q = U@, x) = UL ).

In €, the nonlinear wave equation BtzUkU — AU* — (U%)5 = 0 becomes AU =
—(U*0)3. Thus U*o satisfies in the sense of distributions the elliptic equation

AUR = —(Uy")°  inR3\ {0).

This shows that U% is smooth in R? \ {0} and satisfies the preceding equation in the
classical sense in R3\ {0}. As a consequence AUgO + (U(])q))5 is a distribution in H~1(R?3),
supported at the origin. The only distribution with these properties in dimension 3 is 0 and
we deduce

AU + (U =0
in the sense of distributions on R? and thus by Claim as U is radial,

1 X 1 X
Uh) = —w(— Uk (x) = ——W|( — Uk =0,
(x) )L(l)/z ()»0) or (x) )L(1)/2 <)»0) or

for some A9 > 0, which yields the desired contradiction. The proof is complete. O

6. All radial compact solutions are stationary

In this section we show Theorem 21
We will assume without loss of generality that A is continuous on (7—(u), T4 (u)) (see
[KMO6, Remark 5.4]).

Step 1. We show in this step that the solution is globally defined. Assume that 7' (1) < co.
For the sake of simplicity, we will assume that 7 (u) = 1. By a standard argument (see
Section E]), A(t) < C( —1). By [KMOS| Section 6], self-similar, compact blow-up is
excluded, which implies that there exists a sequence {t,}, such that

. . AlTy)
7, € (0, 1), nlggorn =1, nlggo -
— tn

=0.

Using that the regular part of v at the blow-up point t = 1 is 0, we find, arguing as in
Corollary [5.3] that there exists a sequence {f,, },, such that

th+o
vn, Vo € (0,1 — / / |0,u(t, x)|> dx dt < e 6.1
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Consider (Uy, U;) € H' x L? such that for a subsequence,

tim (1) ™2 20ty 200)x), 10N P, A(n)3)) = (U, V).

Let U be the solution of (I.1)) with initial condition (Up, U;) and 19 € (0, T4+ (U)). Then
by Theorem [2.1]

lim /m/ AN Bty + Mtn)s, M(ta)x))? dx ds :[m/ 0, U(0))*dt.
0 RN 0 RN

n— oo

By (6.1), we obtain

/ K / MY @ttty + A(0)s, 2(0)2))% dx dis
0 RN

)
= / / (@u(ty +1,x))>dx dt — 0.
A(tn) Jo R¥ n—00
As a consequence, o;:U = 0 for t € [0, 79]. By Claim U=0o0orU = W up to the
invariances of the equation. If U = 0, then E(ug, u1) = 0, and as ||u(,) | 1 tends to O,
this implies by Claim 2.3 that u = 0, contradicting our assumption. Thus U = W up to
the invariances, and by conservation of energy we deduce that E (ug, u1) = E(W, 0).
The solution u of (I.I) has threshold energy E(W,0), is not globally defined and
satisfies ug € L2. By Theorem 2 of [DMO8]], N = 5 and u has to be the special solu-
tion W constructed in this paper, which satisfies ||u () — W || g1 < e ast — —oo. This
contradicts the fact that # has compact support in space, concluding Step 1.

Step 2. We assume in this step that A is bounded on [0, 00) or on (—o0, 0], and show that
E(ug,u1) = E(W,0). By time symmetry we can assume that X is bounded on [0, c0).
By the preceding step,

T+(M) = Q.

Let us fix ¢ € C(‘)’O(R3) such that ¢ = 1 for |x| < 1, and ¢ = O for |x| > 2. For
R > 1, write ¢pp = ¢p(x/R), Yr = x¢(x/R) and

2

u

p(R)=  sup / [%+|vu|2+|a,u|2+|u|6}dx. (6.2)
1e(T- ). T ) J x|z R L]

The compactness of K and the boundedness of A imply that p(R) is finite, and tends to 0
as R goes to infinity. Let

1
yr(t) = / YR - Vuoiudx + —/ QRruUdu dx.
R3 2 JRr3
Then (see [KMOS, Lemma 5.3])

Vet = — /ﬂ; @ dx + O (R)). 63)
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Integrating with respect to time, we find that there exists a constant C > 0, independent
of R, such thatforall T > 0,

T
/0 1) I12, dt < |yg(T) — yr(O)| + CTp(R).

Using that, for any fixed R > 0, yg(#) is bounded independently of ¢, we get

1 T
lim — / I8;u()|3, dt = 0. 6.4)
T—oo T Jo

We next show that there exists a sequence #, — oo such that
tn A (tn)

. 2 _
Jim i ), 19u(®)ll7> dt = 0. (6.5)

Indeed, define
=0, T+ =71 +A(T0)-

We first show that t,, — oo. If not, 7,, has a finite limit 7o = Zn>0 A(t;), which shows
by continuity of A that A(Ts,) = 0, a contradiction with the assumption that A takes strictly
positive values.

Assuming, towards a contradiction, that no subsequence {,} of {z,} satisfies (6.3), we
see that there exists ¢ > 0 such that

Tn+1
Vi, / V()12 dt > e (o).
Tn

Summing up, and using that 7,11 = > ;_; A(tk), we get

1

Tn+1

contradicting (6.4). Hence (6.5).

Extracting subsequences, we get (Up, Uj) € H' x L? such that

Vn,

Tn+1 2
/ ()2, de > e,
0

(a2 s A1), 2 2Byt M(12))) —— (Uo, ).

Let U be the solution of (I.I)) with initial conditions (Up, Uj). Let 6y € (0, T (U)) with
0o < 1. Then by Theorem [2.1]

1 Iy +)L(tn) 2 1 ty +90)L(tn) 5
i f oo dt = 5o ()12, dr
n th n th

1 OoA(tn) ) I )
a:U(t/A(t, dt 1) = o,U d n.
90)\(1}1)/(.) 19U (2/A(t))|I7 2 dt + 0n(1) ‘/(; 18:U ()12, ds + 0n (1)

By (6.5), we see that ,U = 0 on [0, 6y]. By Claim U = W, which shows that
E(Uyp, Uy) = E(uo, u1) = E(W, 0). This concludes Step 2.
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Step 3. We next show that E (ug, u1) = E(W, 0) also if A is unbounded on both intervals
[0, 00) and (—oo0, 0]. We will use an argument of [KMO6]| to reduce to the previous case.
We sketch the argument for the sake of completeness. Consider the sequence {f, },,

t, = inf{t € [0, 00) : A(t,) = n}.
By continuity of A and the fact that A(¢) tends to co as ¢ tends to oo, we see that #, is
well-defined for large n and
lim ¢, =00, Vtel0,t,], A(t) < A(t,). (6.6)

n—o0

Extracting subsequences, consider (Up, U1) such that
m (M) (g M) %), M)V 201t A(1n)x)) = (Uo, Uy).
n—oo

Note that we cannot have (Uy, U;) = (0, 0) (this would imply, by Claim that u =
0). Let U be the solution of with initial conditions (Up, U7). By the arguments
of [KMO6, proof of Theorem 7.1], we can show, as a consequence of the compactness
of K and (6.6), that there exists a continuous function A on (T_(U), T+ (U)), bounded on
(T_(U), 0] and such that

K ={G@oN U, ix), AN 2o,U @, ix) : t € (T_(U), TLU)))

has compact closure in H' x L2. By Step 1, U is globally defined. By Step 2, as A is
bounded on (—o0, 0], we find that E(Uy, U;) = E(W, 0). Thus by conservation of the
energy of u, E(ug, u;) = E(W, 0), which concludes this step.

Step 4: Convergence in mean to W. By [DMOS} Theorem 2], ||Vu(t)||i2 > ||VW||i2 for
all 7: if not, u would scatter at least in one time direction, contradicting the compactness
of K.

To show that u = W, we will use the arguments of [DMOS|, Section 3]In that section,
it is shown in particular that a globally defined solution u of of energy E(W,0),
satisfying ||Vu()||i2 < ||VW||%2 and such that there exists A(¢) with K compact, must be
equal to W up to the symmetries of (I.T). We will quickly check here that the same proof
works with a slight modification in the case ||Vu(t)||i2 > ||VW||22. As usual, we may
assume that A(¢) is a continuous function of ¢. Let

d(r) = 8/(81M)2 +4</ |Vul? — / |VW|2> > 0.

By the characterization of W ([|[Aub76], [Tal76]), for any fo, d(fp) = O if and only if
u(tg) = W up to the symmetries of the equation. In this case, by uniqueness of the Cauchy
problem, u(t) is a stationary solution identically equal to W up to the symmetries.

In this step we show that

1 T
lim —/ d(r)dt = 0. 6.7
T—oo T T

2 1In the cited paper, the notation A(¢) stands for the function 1/X1(¢) of the present paper.
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Choose a function ¢ € C3° such that ¢ = 1if |x| < 1, and write pr(x) = @(x/R). Let
gr(t) = 2fu3tu<pR and note that |gr(#)| < CoR for a constant Co > 0 depending only
on sup, [||3;u(#) || 2 + |Vu(t)|l;2]. Using that « is solution of (L.I), we get

gr() =d(1) + Ar(0), (6.8)
where

|AR()] < / [Lbﬂ +ub 4+ |Vu|? + (a,u)z}. (6.9)
wi=r L1x[?

As in the case || Vu(t)|l;2 < [VW]| 2 we will use that gg and g, vanish for u = W, and
that | g/ | is larger than d(7) up to the remainder term A . In our case, the definition of g
is slightly different but it will not affect the proof.

Fix a small ¢ > 0. As in the proof of Lemma 3.3 of [DMO08]], using that A(t)/t — 0
as t — =oo, we deduce that there exists a constant Cy, independent of &, and a time
t1 = t1 (&) such that

VT > 2t1(e), Vt € [t1(¢), T], g;T(t) >d() — Cs;

integrating between #; and T we find that 7! fOT d(t) dt tends to 0. The same proof
works for negative time, yielding (6.7).

Step 5. In view of (6.8)), and refining the bound on g (¢) and the estimate (6.9) on A (r)
by modulating the solution around W for small d(¢), we conclude that there is a constant
C > 0 (depending only on the set K) such that

Vo,teR, o<1 = /f d(t)dt < C( sup A(t))(d(a) + d(7)) (6.10)

o<t<rt
(see the proof of Lemma 3.8 in [DMOS]]). Using compactness and modulation arguments,
we get the following control on A(#) (see Lemma 3.10 in [DMOS]] and its proof):

T

o4+ A0)<T = |A0) — AD)] 5/ d(t) dt. 6.11)

o

Pick two sequences 0, — —oo and 7, — oo such that d(o;,) — 0 and d(z,;) — O as
n — oo. The existence of {0,}, and {7,}, is given by in Step 4. Let ng be such that
d(y,) < 1/2. Let us prove that A is bounded. For large n, let #;, € [7y,, T,] be such that

Tn

AMt,) = max  A(2).
Tng <t<

If A(t,) — oo, then by continuity of A, #, — oo. In particular for large n, 7, + A(7,,)

< t,, and we can deduce from (6.10) and (6.11)) that
A(tn) < A(Tng) + A1) (1/2 + d(z0)),

a contradiction if A(#,) — oo. Thus A is bounded on [0, c0) and a similar proof yields the
boundedness of A on (—o0, 0]. As a consequence of (6.10), we get

/ " 46y dt = C(d(on) + d(z)),

which implies that d(z) = 0 for all ¢, concluding the sketch of the proof. O
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7. Bounded globally defined solutions are not self-similar

This section is dedicated to the proof of the following proposition, which will be needed
in Section[§land uses some of the material of Section 3

Proposition 7.1. Assume that N = 3. There exists a constant 1 > 0 with the following
property. Let u be a spherically symmetric solution of (I.1)) such that Ty (u) = oo, which
does not scatter for positive time and such that

suloa[nwmuiz 1312, < VW2, + 1. (7.1)
[
Define
v(t):inf{u:/ U0 (t)|> + |Vu(n)|?] < %/|VW|2}. (7.2)
[x|=p

Then there exists a sequence t, — 0O such that
lim v(t,)/t, = 0. (7.3)
n—o0

Proof. Assume that (7.3)) does not hold. Taking into account the finite speed of propaga-
tion, we deduce that there exist ¢y, Co such that

Ve >1, cot <v() < Cot. 7.4
Step 1. Let A be the set of ( Z?) such that there exists #, — oo with
(é’;:;f(’;;l';:;)) — <g(1)) weakly in H' x L2,
In this step we show that there is an (Ag, A1) € A with minimal energy, that is, such that
YUy, Uy) € A, E(Ag, A1) < E(Up, Uy). (7.5)

We first show that A is sequentially closed in H'! x L? for the weak topology. Indeed,
let (Uo.n, Ur,n) — (Uo, Uy) with (Up n, Uy,,) € A. Select a countable family of smooth
compactly supported functions {(¢;, ¥;)};en which is dense in H~' x L2. Then for all
k, there exists nj such that

=

! i =0 k
a j=0,...,k.

V(Uo,nk —Uo)yj| + ‘/(Ul,nk — Uy,

Thus there exists #; > k such that

2 .
< = j=0,... k.

’/(l‘]:/zu(fk, 1ex) — Uo)gj Tk

+ ‘ / @23yt 1) — U

This shows that (tkl/zu(tk, tx), t:/zi)tu(tk, trx)) converges weakly to (Up, U7) and thus
(U, Uy) € A.
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We next construct the minimizing element (Ag, A1) of A. Let {(UQ,,,, Uin)ln bea
sequence in A minimizing the energy. As {(Up,,, U1 )}, is bounded in H' x L%, we can
extract from it a subsequence such that

(UO,n’ Ul,n) —_— (AO» Al) e A
n—00

Define wo , = Uon — Ao, W1,n = U1, — A1. Writing after extraction of a subsequence
the profile decomposition of the sequence {(Up ., U1,,)} and using the Pythagorean ex-

pansions (2.14)—(2.16), we get
IV U072 + 1ULal 72 = IV Aol72 + AL + [ Vidoull72 + 101172 + 0n (D),
(7.6)
E(Uo.n, Urn) = E(Ag, A1) + E(Wo.n, W1,0) + 0p(1). (7.7)
By and assumption (7.1)), we obtain, for large n,
IV AolZ> + IALIZ, + IVWonll3s + IVB1LAlF2 < IVWI3, + 201,
which shows by Claim [2.3]that in (7.7), all the energies are positive. Thus

inf  E(Vy, V1) = lim E(Up,, Urn) > E(Ao, A1),
Vo,V)eA n—00

implying that (Ag, A1) satisfies (7.3).

Step 2: Profile decomposition. Choose an arbitrary positive sequence {t,}, that tends to
oo and such that

(5”2t ), T, T0x) —— (Ao, A1) wealyin H' x L7, (7.8)

where (Ag, A1) is the minimal element of 4 defined in Step 1.

Extracting a subsequence from {7, },, we can assume that their exists a profile decom-
position {U/}, {Ajn,tjn} associated to the sequence {(u(z,), 0;u(Ty))}n.

Reordering the profiles, we may assume

IVUGIIZ> + I1UL 11, = sup[IIVUG I3, + U] 1351 (7.9)
j=1
‘We remark that 5
IVU N2, + 101112, = §||VW||iz. (7.10)

If not, the result of [KMOS|] would imply that all nonlinear profiles U/ scatter, showing
by Proposition [2.8] that u scatters for both positive and negative times, which contradicts
our assumption.
As a consequence, we deduce from and again the result of [KMOS]| that for all
j = 2, the nonlinear profile U/ scatters both for positive and for negative time.
Extracting subsequences and time-translating U! if necessary, we may distinguish
three cases:
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_tl,n

(a) lim =
n— o0 l,n
. _tl,n
(b) lim = —0.
n—0o0 ],l’l
(c) Vn, t1,, =0.

Case (a) is clearly excluded, as it would imply by Proposition 28] that u scatters for
positive time, contradicting our assumptions.

Assume that (B) holds. Then the nonlinear solution U scatters for negative time.
Precisely, by definition of U 1

Jim (UL = U Ol + 18, UL = 8,0 )]l 2] = 0.

Furthermore, by Proposition denoting as usual by U,{ the rescaled profiles (see Nota-

tion [2:6),

1 —Hon—T X J ;
u(0) = WUL1<# ) + ) Ul (=T, x) + wyl (=) + 13 (=),

1 )‘-],n ’ )‘-l‘n =2
(7.11)
1 —Npn—Thn X
du0) = —=9 U1<—’ , )
' )»?/j L AMon A.n
‘I .
+ ) Ui (T, x) + dw;) (—Ta) + 0y1] (—T). (7.12)

=

Let v, (t) = SL(t)(A}/zu(O, AlnX), A?/ju(o, A1,nx)). By orthogonality of the parameters

n

{Aj.ns tj.n), the developments (7-TT), (7.12) imply

t T, 1 T, .
v, [ 2 + a2 + (U, U inH' x L%
)\l,n )"l,n n—00

since (t1,n + T4)/A1,n — oo this would imply U}, Ull) = (0, 0), a contradiction.

Step 3: Compact main profile. It remains to consider case (c). By (7.4),
[ Ve + a0 Pldx
Cotn<Ix|
1
<= / IVW]* < / [Vit(tn, ) + (81 (ta, 0) P dx. (7.13)
2 cotn<lx|
This shows by assumption (7.1)),

1
f 1V (w1 + [3p10(5, ) 2] dx < —/IVW|2+771,
x| <coTn 2
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and thus by (7.10) (using that #; , = 0), A1, ~ 7,. Extracting subsequences and rescaling
U! we may assume that A , = ,. Then by (7.8),

Ul =Ao, Ul=A. (7.14)
We will show that 7_(U') = —1 and that

[ A+02UNe, (4 0x)
= {<(1 + 020,01 +t)x)> he (—1’0]} (7.15)

has compact closure in H' x L2, This type of self-similar solution is excluded by [KMOS|
Section 6]. Let o € (T—(Uy), 0). Then by Proposition[2.8]

1 J
u(t, +ot,) = 1—/2U1 <a r_> + Z U; (O"L'n) +w, T (o1,) + ry T (1), (7.16)

J

1 X j J J
ou(t, +0t,) = B,U o, — | + Z 0:Uj (014) + 0rw;, (0Ty) + 0s7,, (0Ty).
3/2 z, £
j:
7.17)
Let
J .
Z) (1) =Y Ul +w) 0.
j=2
By Remark [2.10] for large J and n we have
IVexUN @75 + IVex Zi (0T |135 < I Vexu(tn + 0Ta) 132 + 01
By assumption (7.1) and using (7.10), we get
IV:+Z ( 2 1 2 42 1
t1xZy @T)}2 < 3||VW||Lz +2n1. (7.18)

By (74) and the triangle inequality, we deduce that for large J and n,

/IVWI2 < / IVixu((1 +0)T,, x)|>dx
CO(I+U)T)1<|X|
< \// — |V, U <o i) dx+ / Vi x Z (000, )2 dx+1.
co(1+0) T, <|x| f Tn co(1+0) T, <|x|

Thus by (7-18), and if n; is chosen small enough so that the left hand side inequality
holds,

1 1
(2n1)”2§\/—/IVWIZ—\/—/IVW|2+2771 < / VU (@)
2 3 co(1+0)<|x|

(7.19)
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Using again assumption ((7.1]), we obtain

Vo € (—1,0), /

|vf,xul(a)|25/ VWP .
|x|<co(140) R3

In view of (3:4) in Theorem we must have 7_(U!) < —1. We cannot have T_(U")
< —1 because (7.16), (7.17) with o = —1 would give a nontrivial profile decomposition
for (#(0), 3,;u(0)), a contradiction. Thus 7_(U1) = —1.

Next, note that by the developments (7.16), (7.17), we have

(" ?u((1 4+ 0) T, T ), & u((1 4 0) T, T ) —— (U'(0), U (o))
This shows that

Vo € (=1, T+(U"Y), ((1+0)"?U' 0, (1+0)"), 14+0)*8,U' (0, 140)) € A.
(7.20)

We next show that K defined by (7.15) has compact closure in H' x L2.‘Indeed, let ¢, be
a sequence that goes to —1 and assume after extraction that (weakly in H' x L?)

(A + 1)U @, (14 10) ), (1 4+ 120,01, (1 +1,) ) = (To, T)). (7.21)

Then by (7.20) and the fact that A is closed for the weak topology, (Up, U;) € A . In
particular, using that (U}, U]) = (Ag, A) has minimal energy in A,

0 < EUS, U < E(U, Uy). (7.22)

We must show that (7.21)) is (at least for a subsequence) a strong convergence. For this,
consider, after extraction, a profile decomposition for the sequence

1 ~ X 1 ~ X
U, x) — U, Lo, U (1, x) — U )
< (tn: ) (1 +1,)1/2 0<1+tn> ) (1 +1,)3/2 1<1+tn>>

Denote the profiles by VLj , the parameters by s; ,, and v; , and the remainders by W/ . By
the Pythagorean expansion of the energy

J
- s, . o
EWUL, U = E(Uy, U1)+ZE<VL"< ””), a,vg( J’"))—}—E(w({’n, Wi )+on(1).

j=1 Vj.n Jj-n

By Claim all the energies are positive in this expansion. By (7.22), E(Uo, U;) =
EWUJ, Ull), and thus using Claimagain, V) = 0 for all j > 1and ||VU~)({,,1||L2 +
I 11)1]) .|l L2 tends to 0 as n tends to infinity, concluding the proof of the compactness of K
in H' x L? and yielding the desired contradiction. Note that in this last argument, we only
needed the profile decomposition, for a fixed J, to show that the weak convergence
and the inequality imply the strong convergence. The proof of Proposition is
complete. O
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8. Proof of the main result

In this section we prove Theorem I}

Assume that N = 3 and that u is a spherically symmetric type II blow-up solution
such that

sup [[|Vu(@)17 + 1du(0)]72] < VW5 + 0. 8.1)
To<t<l

The proof of Theorem [I] takes several steps. Consider the singular part a of u given
by Definition 3.3] In §8.I] we show that a profile decomposition of a sequence
{(a(zy), 0;a(ty,))} with T, — 1~ admits a large profile which is compact up to scaling.
In we show that, at least for a time sequence, the concentration is not self-similar,
i.e. u satisfies the assumptions of Section 3] In we show that a(r) is compact in the
energy space up to a scaling parameter. In §8.4]it is proven that the only limit, as 7 tends
to 1, of a(¢) up to scaling is W. We then conclude the proof of the theorem.

8.1. Compactness of the main profile

Lemma 8.1. Assume that N = 3 and that (8.1)) holds. Choose a sequence t, — 17, a
profile decomposition (U7}, {Ajn, tjn} associated to {(a(ty), 0;a(t,))} and reorder the
profiles (after extraction) so that holds. Then all the profiles U/, j > 2, scatter.
Furthermore U does not scatter for positive or negative time,

2
1T 5 + 10 I = SIV W, (8.2)

and the sequence {—t1 /X1 n}n is bounded.

In other words, the largest profile is compact up to modulation and we may assume that
t1,, = 0 for all n.

Proof. The inequality (8:2)) follows from Lemma [3.6] The assumption (8.I)) implies that
forall j > 2, |U{ 17, + IVU{IZ, < %||VW||%2 + 19. Thus all nonlinear profiles U/,
Jj > 2, scatter both forward and backward in time. To conclude the proof, it is suffi-
cient to show that U does not scatter forward or backward in time, which would imply
that {—#1,,/A1,n}n 1s bounded. Assume that U Lis globally defined and scatters forward
in time. Then, by Proposition 2.8] u is globally defined and scatters forward in time, a
contradiction. It remains to exclude the case when U! is globally defined and scatters
backward in time. By Proposition 2.8]again, we find that for r < 0,

J
Wty +1.5) = v(ty +1.3) + Y Ui (t.x) +wy) (6,3) + 1] (¢, %),
j=1

where

Jim Tim sup (173 lls—o0.0) + sup (IVry Oll2 + 1975 (O .2)] = 0.

n— 00 te(—00,0)
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The solution U'! scatters backward, but not forward in time. By [KMOS], this implies that
E(Ul, Ull) > E(W,0). As a consequence, for all ¢ in the domain of existence of U,

2
IVU' 13, + 19U )13, = 2E(Uy, Ul) = 2E(W,0) = gnkuiz. (8.3)

Let 7o € (19, 1), where g is defined in (8:I). Taking = #) — 7, < 0 in the preceding
decomposition, we obtain, for large n,

1 to—Th —tn X—X1
u(ty, x) = 1—/2U‘< T )+ Roa(),
)”l,n 1,n 1,n
1 fo—Tn—Hn X—X1n
Ou(ty, x) = —=90, U1< —, — | + Ry (x),
! 332 Aon AMon !

1,n

where by Pythagorean expansion, ||V Ro.q |12, + [ Rial2, < $IVWI?, + no. By @23).
we conclude that {(u(tg), 0;u(ty))}», considered as a sequence in n, admits a nontrivial
profile decomposition (recall that A1 , — 0), a contradiction. The proof is complete. O

8.2. Existence of a sequence avoiding self-similar blow-up

Proposition 8.2. Assume N = 3 and let u be a radial solution satisfying (8:1). Then
there exist {t,}n, {tn}n With

o, —>17, O<u,<Kl—1 asn—
such that
: 2 2 1 2
lim (0ra(tp, x))* + [Va(ty, x)I” + —5 (a(tp, x))* | dx = 0.
=00 x|y |x|
Corollary 8.3.

lil? E(a(t), 0;a(t)) = E(W,0).
t—1—

Proof of Corollary [8.3] By Propositions [8.2] and [5.1] (replacing u by —u if necessary),
there exists a sequence 7, — 1~ a sequence A,, — 0 such that

1 X
a(ty, x) = 1_/2W<_> + wo,n, (8.4)
An An
0ra(t,, x) =o0(l) in L?asn — 00, (8.5)
where, denoting by w,, the solution of (2.1)) with initial condition (wq_y, 0),
lim ”wn”S(—oo,oo) =0.
n—>o

Step 1. We first show
lim [lwoll g1 =0. (8.6)
n—0o0
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Let us mention that this step still works, with a small refinement, after replacing the

assumption (8.1)) by the more general [@T).
Assume that (8:6) does not hold. Extracting a subsequence in n, we can assume that

there exists &g > 0 and, for all n, r,, > 0 such that
f |Vwon (0)|* dx = eo.
[x|=ry
Then, arguing as in the proof of Proposition 4] (see #-40)), we find that for large n,
0]

o0
/ 18, (rwo_,) (1> dr > 5
n

Next, the fact that w, (t) = w,(—t) and Lemma@imply that for large n, forall T > 0,

/ IVetn (=T, )P dx = 2. 8.7)
[x|=r+T Ay 4
By Proposition [2.8] we have
1 by .
a(ty —Thy) = 1_/2W — )|+ wu(=TAp) +0,(1) inH",
An An (8.8)

8,a(ty — Thyp) = dywy(—Thy) + 0, (1) in L.

Combining this with we see that there exists an increasing sequence {nx} such that
Ty, — kAy, > 0 and

2 €0
|Vt,xa(fnk - k)\nka x)|“dx > —.
‘xlzrnk +k)wzk 8

In view of (8:8), this contradicts Proposition[#.4] (here p1,, = A,). Step 1 is complete.

Step 2. By Step 1,
lim E(a(ta), 9;a(ty)) = E(W,0).
n— o0

Note that
E(u(t), 0;u(t)) = E(v(t), 0;v(®)) + E(a(t), 9;a(t)) +0o(1) ast — 17,

which shows by conservation of energy for # and v that E(a(t), d;a(t)) has a limit as
t — 17, concluding the proof of Corollary O

Proof of Proposition[8.2] By Hardy’s inequality
1 2 2
—z(a(t,x)) dx <C |Va(t, x)|” dx,
=R [X] x|=R

so that we only need to show that there exist sequences {1, } and {t,} as in the proposition
such that

lim [(0:a(Ty, X))* + |Va(ty, x)|*1dx = 0.

00 J1x|=pn
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If this does not hold, there exist « > 0 and gy > 0 such that

vt € (0, 1), f [13:a(t, x)* + |Va(t, x)[*1dx = eo. (8.9)
[x[za(1-1)
Step 1. We first show that there exists § > 0 such thaﬂ
2
liminff [da(t, x)1> + [Va(t, x)|*1dx > Z[[VW]?,. (8.10)
=17 Jix=p1-1) 3

Indeed, assume that (8:10) does not hold, i.e. that there exist sequences 7, — 1~ and
Bn — 07 such that

2
/ [18:a(ta, X)I* + [Va(ty, )[*1dx < S| VW7, — 1. (8.11)
2B (1-7) 3

After extraction, pick a profile decomposition (U7}, {tjn, Aja} for {(a(ty), 0,a(Ty))}n.
Reordering the profiles, we assume (3.11)), i.e. that U! is the largest profile in the energy
space. By Lemma we may assume that 71 , = 0, and the norm of (Uol, Ull) in the
energy space is bounded from below (see (8.2)).
Let &5 > 0 to be specified later. By Proposition there exists T € (0, T, (U"))
such that
IVUND)IT: + 13U D7 = VW — e2.

Then by Proposition [2.]
J .
a(ty +raT) =Y Ui aanT) + wy) i) + 15 (1aT), (8.12)
Jj=1
J .
— J J J
ora(t, + )Ll,n T)= Z 0:Uj ()\l,nT) + atwn ()Ll,n T)+ atrn ()\l,nT)- (8.13)
j=1

The rescaled profiles U] are defined as usual (see Notation . Note that
IVU' G DT 10U O DT, = VU (DI + 18Uy (D17, > VW3, — &
Combining this with (8:1), (8:12), (8:13) and the orthogonality of the parameters, we get

J

A AaT —t
> | ViU (—1’” ””)
= ki

J,
And thus using the conservation of energy,

2

HIVew ] G < o+ &2,
L

J

; 1
D EWG,U)) = S0+ £2).
j=2

3 We could replace %HVW ||i2 by [VW ||i2 — Cnjg for some large positive constant C, where 7

is given by (81).
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Take 19 and &, so small that 5 (o + £2) < §87, where 81 = 82| VW||2,) is given by

Coro]lary Then U is the unique large profile, i.e., with the notations of Jo=1.
Assume that A1 , = 0, (1 — 7,). Then by Proposition 4.4 we would obtain

lim limsup / [IVa(t) > + (8:a(zn))*1dx = 0,
[x|>RAy

—>0 np—o00

a contradiction with @) Thus 1 — t, = A1,. Choose a sequence {Bn} such that 8, <«
B, < 1.Let x € C®(R?) be such that x (x) = 1if |x| > 2and x(x) =0is |x| < 1. By

Remark 2.10}

/ (Va0 + |da(o. 0P
‘xlzﬁn(lffn)

> /x(#)uvm,xﬂ%|ata(rn,x>|2]
lgn(l —Ty)

Any ) 1032
—— |[IVU, U d
z/x(ﬂn(l_m)u SR+ UL 0PI dy

[N 12 2 2
— [ VUM + U 1dy = ZIVWI..
n—00 3
This contradicts (8.11)) and concludes Step 1.

Step 2: End of the argument. Let, for t € [0, 1),
: 2 2, . 2 2
p(t) = infyp [ora(D)]” + Va1 = - [ [VW["¢. (8.14)
[x|<p 5
By Step 1 and assumption (8.1,

Bl —1t) < (@) <1-—1t. (8.15)

Take any sequence t, — 1~ such that (a(z,), d;a(t,)) admits a profile decomposition.
By Lemma([8:1]and Step 1, we may assume, after extraction,

vuli? U12>zVW2 =0, A= ~l—
VU ll72 + 1Ug Il 3I| 172, t1a=0, Ap=p) =1 -1

Furthermore, the solution U! does not scatter forward or backward in time. Let &3 =
B2/2, where B is given by (8.13). By Proposition(if T_(U') = —oc0) or Section(if
T_(UY) € (—o0, 0)), there exists —0 € (T_(U"), 0) such that

/ 13U (=0)1* + VU (—=0)*] > %/IVWIZ. (8.16)
|x|<e30

Let us show that for large n,

p(tn = O0p(tn)) < 30 1(Ty). (8.17)
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If this holds, by (8.13) we would get

/320(1 — 1) < BOu(ty) < Bl — 1 +0u(ty)) < pu(ty — Ou(ty)) < e30u(ty,)
2
= %9(1 - Tn)»

a contradiction. The inequality (8:17) is equivalent to
2 2 2
IVixa(ty —0u(z))|” = - | VW] (8.18)
w|<es0m(z) 5

We have, writing 6 , = —0u(t,) — ) n,

1 1 X
u(ty, — Ou(ty)) = vty — Ou(ty)) + WU <—9, m)

7
1 [ 0; X
+Z 1/2UJ( L, )+w,f(—GM(rn))+r,{(—6M(t,,)),
j=2 )Ljn )Lj’" )‘jy"

1
Oru(ty — Opu(ty)) = 0v(Ty — Ou(ty)) + M(Tn)3/2 atUl(_G’ Hén))

J
1 (O x
#3 i ({2 ) + i oo + o ouc.
j=2%jn j.n o Mjn

where 7,/ satisfies

lim Timsup [ Vr,) (0 (za))ll 22 + 193] Ope(za)) Il 2] = 0.

J—>00 p—soo

Let Jo be such that for all J > Jo, and for large n, ||, ;] |> < 75 [ IVW|?. Let ¢ €
CS°(R?) with ¥ (x) = 1 for |x| < 1 and ¥ (x) = O for |x| > 2. Then by Remark 2.10|

fw(—x )W a(t, —Ou(z ))|2>/w(—x )|v Ul(-6))* > %/IVWV
830M(Tn) t,x n n jutl 839 t,x =5 ’
O

hence (8:17) holds. The proof is complete.

8.3. Compactness of the singular part

Proposition 8.4. Under the assumptions of Theorem [1| (in particular N = 3 and u is
spherically symmetric), a is compact in the energy space up to a scaling parameter: there
exists a continuous function A(t), t € (0, 1), such that the closure of

K = {(x®"2at, x(t)x), 2(1)**da(t, A(1)x)) 1 1 € (0, D)}

is compactin H' x L?.
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Proof. Tt is sufficient to show that for any time sequence t, S 1, there exists a sub-
sequence qf {r,} and a sequence {A,} such that (k,l,/za(tn, AnX), )»,31/28,a(rn, AnX)) con-
vergesin H' x L2,

Let 7, S 1. After extraction of a subsequence (in n), assume that {(a(7,), 9:a(ta))}
has a profile decomposition with profiles {U;'} and parameters {) jn>tin}. LetU ! be the
largest profile. By Lemma , ||VU01||L2 + ||U11||L2 > %||VW||%2. By (8.1) and the
Pythagorean expansions (2.14) and (2.13)), we get

1
IV (@)lize < SIVWIZ2 + o
and
V=2 VUL 41U s < VW2
Jz 2 VUG + 1071, < ZIVWI: + .
This implies that the energies of U/, j > 2, and of w,{ are all positive (see Claim .
We distinguish three cases:

o If E(U', 3,U") > E(W,0), then by Corollary and the Pythagorean expansion of
the energy (using that all energies are positive), we see immediately that E(U', 9,U")
= E(W, 0), that there are no other nonzero profiles and that (w({ w wlj’ ,) tends to 0 as
n — oo, giving the compactness property.

o If E(U',3,U") < E(W,0), and VU312, + |U{Il3, < [VW]?,, the profile U'

scatters, yielding immediately a contradiction.

o If EQU', 0,U") < E(W,0), and [|VU{II3, + |U} 7, > VW]7,, then the nonlin-
ear solution U' blows up in both time directions. By Proposition U' is a type II
blow-up solution of (T.T) such that E(U', 8,U") < E(W, 0). Furthermore, as (a, d,a)
converges weakly to 0 and (v, 8;v) converges strongly in H' x L? ast — 1, we have

/|Vt,xu(r,x)|2=f|vz,xa(z,x)|2+/|v,,xv(r,x>|2+o<1> ast — 1,

Thus U also satisfies (8-I), which shows that U! contradicts Corollary

The proof is complete. O

8.4. Convergence to the stationary solution up to scaling

In this section we conclude the proof of Theorem [T} Consider a solution u of (I.T) satis-
fying the assumptions of Theorem|[I] By Corollary 8.3

lim E(a(t), da(t)) = E(W,0). (8.19)
t—1"

By Proposition [8.4] there exists A(r) such that the closure of
K = {(x®)"2at, x(t)x), \)**da(t, M(t)x)) 1 1 € (0, 1)}

is compact in H' x L%. The following result is classical in this setting.
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Lemma 8.5. Let 1, be a sequence that tends to 1, and such that

((t) 2 a(n, (@), A@)*2da (T, A(T)x)) —— o, U1)

in H' x L. Consider the solution U of (I1) such that
U[t:O = U(), 8tU{t:O = Ul'
Then there exists a continuous function x defined on (T_(U), T+ (U)) such that

7 MOV2U (1, M(1)x)
A0)320,U (1, h(1)x)

) it e (T_(U), T+(U))}

has compact closure in H' x L.

Sketch of proof. We have

u(ty, x) = v(ty, x) + )+0n(1) in H',

1 U X
A1)/ °<A<rn)

1 X N
o u(ty, x) = dv(Ty, X) + YEREE Ul(k(tn)> +o0,(1) inL".

Let T € (T-(U), T4+(U)). By Proposition 2.8]

_ 1 X .
u(ty + AT, x) = v(ty + A(t)T, x) + —)\(‘L'n)l/zU<T’ _)»(‘L'n)> + 0,(1) in H,

1 x N
8[14(1'” + )\.('L’n)T, x) = an('L'n + )\.(Tn)T, X) + W@U(T, m) + On(l) in L~-.

Letting 0, = 1, + A(1,) T, we get

A(an>>”2U (T A(on)

(o) *a(oy, A(op)x) = ( x) +o,(1) inH,

A(Tn) " M(Tn)
M)\ Aoy )
A (02)*0,a(0,, x) = (;(;;) 8,U<T, /\(((;))x> +0,(1) inL>.

Extracting subsequences, we deduce from the compactness of K that there exists Vo, V1)
€ K such that

. Ao\ 2 A(on) Ao 2 Aon) \\
nlL‘F.‘o«A(fn)) U<T’ m)’“)’(x(rn)) 3’U<T’ me))_(vo’vl)

in H' x L.

This shozs that A(o,,)/A(t,) has a limit ):(T ) € (0,00) (by conservation of energy
(0,0) ¢ K) and that

(:(D)V2U (T, M(T)x), AT, U (T, M(T)x)) € K.
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The proof is complete, up to the proof of the known fact that the function 7'+ A(T) may
be taken continuous, for which we refer to [KMO06, Remark 5.4]. O

We next prove Theorem I}

Step 1: Convergence to W for sequences. Let {t,}, be a sequence in (0, 1) such that
t, — 1 and

lim (A(tn)"2alty, 2(t2)x), A(tz)*/*8a(ty, M(t)x)) = (Up, Uy)  in H' x L2
n—oo

In this step we show that for some A9 > 0 and some sign 4+ or —, (Up, U;) =
172
(12 W (h), 0).

Let U be the solution of (I'I) with initial condition (Up, U;). By Lemma U is
compact up to scaling. By Theorem[2] U = W up to the symmetries, concluding Step 1.

Step 2: Estimate on the scaling parameter. Let

At = inf{,u >0: / |Vu(t, x) — Vo(t, x)|> dx > f
[x|<p

lx|>1

|VW|2dx}.
ByStep 1, [ |Va(t, x)|?dx — / [VW|? ast — 1, which shows that A (¢) is well-defined

fort < 1, close to 1. Consider a sequence 51 By Step 1, for (p = —1 or +1 and
some sequence {X,}, of positive numbers,

1 x .
a(ty, x) = Lo—W(—) +o0,(1) inH.
n )\"11/2 )\'n n

5 1 X
|Va(t,, x)|"dx = = VW(| —
RE Ixl<u An An

=f VW (»)[*dy + 0a(1),
[VISi/An

Thus if u > 0,

2
+ on (1)

which shows that
An

lim =
n—00 A1 (ty)

Thus
1

2
O h1 ()72

alty, x) = W(AI)(CI )) +o,(1) inH". (8.20)

Step 3: Choice of the sign. Let

1 X
f(t):/Va(t,x)')\1(,)1/2VW<M(t))dx'

Then by Step 2, for each sequence t, S 1, there exists a subsequence such that f(#,) —
+ f [VW|?. As f is a continuous function, the intermediate value theorem implies that
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the value must be the same for all the sequences {#,}. Changing u into —u if necessary,
we can assume

lir{1 f(t):/IVW|2.
t—1-

By Step 2, for all sequences {#,},

1 X
u(tnax) = U(tnax) + )\nl(tn)l/zw<)"l(tn)> + 011(1)7

which concludes the proof of the development (I.8).

2

Step 4: Estimate on L1. Recalling that u — v is supported in the cone {|x| < 1 — ¢}, we
1
dx + o(1)

get, for ¢ close to 1,
0= / Vu(t) — Vo@)? dx = / . vw( a )
[x|=1—1 lx|=1-1 Ay (1) (1)

= IVW ()2 dy + o(1),

1—t
D’|ZW

as t — 17, which shows that (1 — #)/A1(t) — oo, concluding the proof of Theorem
O

Appendix A. Properties of profiles

In this appendix we prove a pseudo-orthogonality property (Claim[A.T) and Claim [2.11}

Claim A.1. Assume that N > 3 is odd. Let {w,} be a sequence of finite energy solutions
of the linear wave equation 2.1), bounded in the energy space, and U be a finite energy
solution of 2.1). Consider real sequences {\n}, {itn}, {tn}, {60} with Ay, pn > 0. Assume
that

N/2 .
ANV, cwn (t M) —— 0 in 2@, (A.1)

Then, if ¢ = 1, or if ¢ is a radial, continuous, compactly supported function on RN such
that ¢(r) = 1 if r is small, there exist subsequences such that

x|

| O — 1
lim <p<—>vt,xw,,(e,,, X) - T/2v,,xU<u, i) dx =0 (A2)
n—oo Mn )"n )\'n )"n

and

nll>n<;o (1 — (p(,u— V,,an(G,,, X) . th’xU )\'n s E dx =0. (A3)

n n
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Proof. We start by showing (A.2) when ¢ = 1. By conservation of energy for solutions

of 2.

1 Op — 1t
/vfan(en,x) el U( o ”,%)dx
n n

1 by
/V;an(tn,x) N/zvt’xU<0, )L—)dx

n

By the change of variable A,y = x, we see that (A.T)) implies (A.2) for ¢ = 1.

We next consider the case when ¢ € CO(RY) is compactly supported and satisfies
@ = 1 around 0. Because of the case ¢ = 1, one of the estimates (A.2) or (A-3)) implies
the other. By the change of variable u,y = x,

x| 1 60, —t, x
Jo( Jrecmtonn (2

N/2 = 1 Oy — 1y y
= | @UyDin Vi cwn (nbhs sny) - =5 Vir U | 22, = ) dy,
)\N/Z )\n

where 9,, = 0, /un, n = Aun/Mn, tn = ty/1n. Replacing w, by the solution (¢, y) —
,u,}lv/zw,, (tnt, ny) of @), 6, by 0, t, by f, and A, by A,, we will assume, in addition
to (A1), that wu, = 1 for all n.

Extracting subsequences, we distinguish two cases.

Case 1. Assume

6, —t
lim ="

n—oo  An

= Fo0. (A.4)
Then, by Lemma the energy of AN% U (enk;n’", Ain) concentrates in sets of the form

{|0n - tn| - C)\n =< |x| = |9n - tn| + C)\n}-
Recalling that u, = 1, we deduce that if |6, — 7,|] — oo, then (A2) holds, and if
|6, — tn| = 0, then (AZ3)) holds. In both cases, the proof is complete.
We next assume, after extraction, that

lim 0, —t,) =T € R*. (AS)
n— 00

Let ¢ > 0, and let R (given by Lemma[4.T) be such that

U Gn—tn’i
An An

2
dx < 82,

1
limsup/ — |V
n—soo Joc,cmy MY |
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where C,(R) = {x € RN : 16, — t,| — Rhy < |x| < |0, — tu] + RA,} and CC,, (R) is its
complement in RY . Using the boundedness of Vi xwy in (LN, we get, for large n,

A A
<C max |p(x)— @6, — ]| + Ce,
Cn(R)

xeCp

1 0, —t, x
(p(x) — (|6, — tnl))vt,an(env X)WVI,xU , — )dx
n

where the constant C depends only on the energy of U and the bound of V; yw, in
(LHN*1. As ¢ is uniformly continuous, and A, — 0, by (A.4) and (A.3) we get

. 1 6, —t, x
lim sup /((p(x) —@(10n — 1))V x Wy (O, x)Tﬂvt,xU< - u s —) dx| < Ce,
n—»00 An An An
and hence (using the case n = 1),
. 1 60, —t, x
lim sup @(x) Vi x Wy Oy, x) N zvl,xU , — ) dx| < Ce.
n—o0o )‘n / )\.n )\n
The proof is complete if (A-4) holds.
Case 2. Assume
— 1
lim “=1nekR. (A.6)
n—o0

n

Then by Lemmathe L? norm of ﬁv,, U (%;’”, f—n) is localized in sets of the form

(C7hn < x| = Cha).
If 1, — o0 or A, — 0, the argument of Case 1 yields (A22)) and (A23). Let us assume
lim A, = oo € (0, 00).
n—oo

Then

ViU y— | = —75VixUlto, — )| +0,(1) in(L°(R™)) .
)‘4}11\]/2 t,x ( )\,n )\n AéVO/Z 1,x )\OO n

Thus we must show

e¢]

1
lim / 0 ()Y, (O, x)T/Zv,,xU(ro, i) dx = 0. (A7)
n— 00 )\oo A
First notice that if & € (L%)N+1,
2 2
/ Vit (. x) - S (x) dx = / 3, (b hny) - 22D Ouy) dy

2 2
=/A,7/ VoW s 2oy - 2220 (hsoy) dy + 0n (1)
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At the last line we used that A,];//ZCD (Any) converges strongly to Aévo/zdb(kooy) in (L2)N+1 .

Thus by (A),

Vit (fn, x) ——= 0 in (LHNHT, (A.8)

Next, consider the solution v of (Z.1) with initial data (vo, v) € H' x L? such that

oo oo

1 . X 1 X
Avo(x) = W le(‘P(X)VxU(l‘O, A_))’ vi(x) = Wfﬂ(x)atU(to, r)
o o0

Write 8, = Aooto + t; + &, With &, — 0. Then by conservation of energy,

1 X
/‘P(x)vt,an(en, X)WVI‘XU<tO’ )»_) dx Z/Vt,an(gny x)vt,xv(()’ x)dx
00

o0

:/Vt,an(tnax)vt,xv(_)‘ooto_Enax)dx
=/Vz,an(tn,X)Vz,xv(—kooto,X)dx+0n(1),

which shows (A7) in view of (A-8). o

We next prove Claim 2.1}

Proof of Claim [2.T1] We prove the result when N is odd, although it should also hold
when N is even. Rescaling if necessary, we will assume

Vo, in,=1. (A.9)
Note that the assumption (2.26) implies that for any sequences {A,}, {f},
L (F ) L ) —— 0.0) klyin H' x L?
wy | —%, — ), wp [ —, — , weakly in H' x L~
AV T h ) N2 T\ )] e y
(A.10)
Indeed, if (A-10) does not hold, the sequence {w,} would have a nontrivial profile decom-

position, contradicting (2.26).
Conversely, we claim that (2.27)) holds as soon as for all sequences {X,,}, {t,,},

Lo (2 U (2 - (0,0 Kly in B! x L2
)\’§sz2)/2 Wy )\’n ) )\‘n ) )\'}Iflv/z tWn )\'n 5 A,n oo 5 wea yln X .
(A.11)

Again, if (2.27) does not hold, then the sequence (w, (0), d;w,(0)) has a profile decom-
position with at least one nonzero profile, which contradicts (A-TT).
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Let us show (A.TT). Let (Zo, V1) € H™! x L? and let Vy € H' be such that AVy
= Z,. Let V be the solution of (2.1)) with initial conditions (Vp, V). We have

/—1 ; —_I”XZ()djL/—la~ UL DAY
w , — XxX)dx w, y T Xx)ax
)\"(IN_Z)/z n )\'n )\'n 0 )\'r[’v/2 tWn )\'n )\'n 1

= / Vet (0, x) - 2 PV V (1, hpx) dx + / 90 (0, X)n 20, V (b, Anx)

Z/ Ve (@(xD)won (X)) - Ay Ve V (b, Anx) dix + / (XD w1n (AN 20,V (1, dnx).

(A.12)

Thus it suffices to show
. N/2
lim f¢(|x|)vxw0,n(x) cAn TV V(ty, Apx) dx
n—oo

+ / UXDW1 ()2 20,V (1, hax) =0, (A.13)

A / (V2@ (X)W, (x) - >V V (1, Anx) dx = 0. (A.14)

The first limit, (A:13), follows immediately from Claim [A7T] To show (A), we use that
there exists C > 0 such that V¢ is supported in {1/C < |x| < C}, and distinguish several
cases.

If ¢, is bounded, then one can assume after extraction that ¢, has a limit 7 € [0, c0).
If A, — 0 or A, — oo then by Lemma[4.1]

lim ANIVV (1, hp)|* dx = 0, (A.15)
=0 J1/c<lx|=C
and @ follows. If A,, has a limit Lo, € (0, 00), then )\,llv/ZVV(tn, AnX) converges strongly

to A&/ 2VV(T, AcoX), and we are reduced to showing

lim (Ve (X)) won(x) - ANPVV(T, hoox) dx =0,

oo Ji/cslx|=C

which follows from the fact that by (A.10), wo , tends to 0 weakly in H' (and thus, by
Hardy’s inequality, |x| ™! wo,, tends to 0 weakly in L?).

We next treat the case when ¢, is not bounded. Extracting, we assume that ¢, — 00
(the case t, — —oo is analogous). If #,/A, — 0 or #,/A,;, — o0, Lemma@ implies
again (A:T3), and (A) follows. It remains to consider the case when (after extraction)
th/ Ay — € € (0,00). By Lemma E for all ¢ > O there exists R, such that for all
R > R.,

limsup/ ANIVV (1, 1) P dx < &
x| —€1=R /A

n—oo
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Asa consequence,

lim sup AQ’WV(I,,, Anx)lzdx =0.

n—00 /Illxlflzl/«/)nn

It remains to show that

n—oQ

lim ‘ / 39 (xDwon ()An 28,V (1, Anx) dx| = 0.
[lx|—€1<1//Ay

We have

3, 01X w0 ()An Z 0,V (1, hnx) dix

/XI—€|<1/\/?;

1
= / 1213, @ (1) — w0, ()R 28, V (8, Anx) dx
[1x]—€<1/v/ A x|
1 N2
Ear@(z)_wo,n(x))\n 8rv(tn, )Lnx) dx + On(l)
l1x]—€1<1/v/ R x|

1
= £3,(0) fR . mwo,n(x)xﬁ/zarvan, Jn) dx + 0, (1).

At the third line, we have used that rd, ¢ is continuous and thus

lim sup  [rdy@(r) — Lo, @(f)] =0.
T r—0<1 /v

(A.16)

(A.17)

(A.18)

At the last line we have used (A16). By Hardy’s inequality and assumption (A:10),
|x|~"wo,, converges weakly to 0 in L, and thus (A.18) implies (A.17), which concludes

the proof of Claim .11}

Appendix B. Family of sequences of positive numbers

]

Claim B.1. Let {A,}n, {vn)n and for j € N, {pj n}n, be sequences of positive numbers

and assume
A L vy

Then, after extraction of subsequences, there exists a sequence {{i,}, such that
A K Wy K Yy,
Yk,  pn <K Prn OF Pin <K .

Proof. Let, fors € (0, 1),
tn(s) = A1=5vs,

(B.1)

(B.2)
(B.3)
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Note that forany s € (0, 1), A, < un(s) < v,.Let j € N. Then, extracting subsequences
in n if necessary, we are in one of the following three cases:

Vs € (0,1), un(s) < pjpnor
Vs € (0.1, pja < pals) or (B.4)
Js; € (0,1), Vs € (0,5)), uu(s) K pjpand Vs € (sj, 1), pjn < pwn(s).

Indeed, let
sj =inf{s € [0, 1] : {0j,n/mn(s)}, is bounded.}.

Note that 1, (s) < wn(s') is s < s’. As a consequence, if s; = 0, then pj /i, (s) — 0
for all s € (0, 1). Similarly if s; = 1, then {p; /14, (s)}, is never bounded for s € (0, 1)
and by diagonal extraction we can find a subsequence such that p; ,/u,(s) — oo for
any s € (0,1). Finally if s; € (0, 1), then p;,/un(s) — O for all s € (s;, 1), and
{0j.n/1n(s)}y is not bounded for s € (0, s;). Using diagonal extraction again we can
assume that p; ,/, (s) — oo forall s € (0, 5;). Hence follows.

After another diagonal extraction, we can assume that holds for all j € N.
Choosing s € (0, 1) distinct from all s;, and letting u, = w,(s), we get the desired

properties (B.2) and (B.3). O
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