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Abstract. We compare some natural triangulations of the Teichmiiller space of hyperbolic surfaces
with geodesic boundary and of some bordifications. We adapt Scannell-Wolf’s proof to show that
grafting semi-infinite cylinders at the ends of hyperbolic surfaces with fixed boundary lengths is
a homeomorphism. This way, we construct a family of equivariant triangulations of the Teich-
miiller space of punctured surfaces that interpolates between Bowditch—Epstein—Penner’s (using
the spine construction) and Harer—-Mumford-Thurston’s (using Strebel differentials). Finally, we
show (adapting arguments of Dumas) that on a fixed punctured surface, when the triangulation
approaches HMT’s, the associated Strebel differential is well-approximated by the Schwarzian of
the associated projective structure and by the Hopf differential of the collapsing map.

1. Introduction

1.1. Overview

The aim of this paper is to compare two different ways of triangulating the Teichmiiller
space 7 (R, x) of conformal structures on a compact oriented surface R with distinct or-
dered marked points x = (x1,..., x,). Starting with [f : R — R’] € T(R, x) and a
collection of weights p = (py, ..., pn) € A"1 both constructions produce a ribbon
graph G embedded in the punctured surface R=R \ x as a deformation retract, together
with a positive weight for each edge. A suitable completion of the space of such weighted
graphs can be identified with the topological realization of the arc complex (R, x) via
Poincaré—Lefschetz duality on (R, x) (see for instance [MonQ9b]]), which is the simplicial
complex of (isotopy classes of) systems of (homotopically nontrivial, pairwise nonhomo-
topic) arcs that join couples of marked points and that admit representatives with disjoint
interior ([Har86|, [BESS]], [Loo95]).

Thus, both constructions provide a I'(R, x)-equivariant homeomorphism 7 (R, x) X
A"l — |2°(R, x)|, where T'(R, x) = moDiff, (R, x) is the mapping class group of
(R, x) and 2A°(R, x) C A(R, x) consists of proper systems of arcs A = {«g, ..., 2},
namely such that R \ (g U---Uayg) is a disjoint union of discs and pointed discs. In fact,
properness of A is exactly equivalent to its dual ribbon graph being a deformation retract
of R.
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The HMT construction (due to Harer, Mumford and Thurston) appears in [Har86].
It uses Strebel’s result [Str67]] on existence and uniqueness of a meromorphic quadratic
differential ¢ on a Riemann surface R with prescribed residues p at x to decompose

R into a disjoint union of semi-infinite |¢|-flat cylinders (one for each puncture x; with
pi > 0), that are identified along a critical graph G which inherits this way a metric. The
length of each edge of G will be its weight.

The BEP construction (due to Bowditch—Epstein [BESS] angl Penner [Pen87]]) uses
the unique hyperbolic metric on the punctured Riemann surface R. Given a (projectively)
decorated surface, that is, a hyperbolic surface R with cusps plus a weight p € AL

there are disjoint embedded horoballs of circumference py, ..., p, at the n cusps of R.
Removing the horoballs, we obtain a truncated surface RY with boundary, on which the
function “distance from the boundary” is well-defined. The critical locus of this function
is a spine G embedded in R™ C R as a deformation retract and with geodesic edges,
whose horocyclic lengths provide the associated weights.

Both constructions share similar properties of homogeneity and real-analyticity (see
[HM79] and [Pen87|]) and they also enjoy some good compatibility with the Weil—
Petersson symplectic structure on 7 (R, x), as explained later.

In this paper, we will interpolate these two constructions using the Teichmiiller space
T (S) of hyperbolic surfaces with geodesic boundary (see also [Luo07]), where S is a
surface with boundary endowed with a homotopy equivalence S < R. The spine con-
struction works perfectly on such surfaces, even when they are nodal (which is the content
of Theorem [3.16)), and it can be easily seen to reduce to the BEP case as the boundary
lengths p = (p1,..., pn) = rp become infinitesimal (see also [MonQ9cl]). Also, the
Weil-Petersson Poisson structure can be explicitly determined, thus providing a general-
ization of Penner’s formula [Pen92]].

Thus, the limit r := p; + - -+ + p, — 01is completely understood in terms of hyper-
bolic surfaces with cusps and Bers’s augmented Teichmiiller space [Ber74].

On the other hand, our comprehension of the limit » — oo involves flat surfaces and
it shares some similarities with Thurston’s compactification [FLP79] of the Teichmiiller
space. In fact, the space of proper arc systems |2°(S)| naturally embeds in the space of
projective measured laminations. From a symplectic point of view, the Weil-Petersson
structure admits a precise limit as r — oo, after a suitable normalization, which agrees
with Kontsevich’s piecewise linear symplectic form on |(S)| defined in [Kon92] (see
[MonQ9cl).

To give a more geometric framework to these limiting considerations, we produce a
few different bordifications of the Teichmiiller space 7 (S) of a surface S with boundary,
whose quotients by the mapping class group I'(S) give different compactifications of the
moduli space. A convenient bordification from the point of view of the Weil-Petersson
Poisson structure is the extended Teichmiiller space T (S); whereas the most suitable one
for triangulations and spine constructions is the bordification of arcs T’ (S) (described in
Theorem [3.16), whose definition looks a bit like Thurston’s but with some relevant dif-
ferences (for instance, we use 7-lengths related to hyperbolic collars instead of hyperbolic
lengths). It is reasonable to believe that careful iterated blow-ups of T (S) along its sin-
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gular locus would produce finer bordifications of 7 (S) in the spirit of [Loo95] (see also
[IMPO7])).

In order to explicitly link the HMT and BEP constructions, we construct a family
of isotopic triangulations of 7 (R, x) x AL parametrized by r € [0, oo], that co-
incides with BEP for » = 0 and with HMT for r = oo (and this is the content of
Corollary . In particular, we prove that, for every complex structure on R and every
(p,r) € A1 % [0, o], there exists a unique projective structure P(R, rp) on R, whose
associated Thurston metric has flat cylindrical ends (with circumferences 7 p) and a hy-
perbolic core. Rescaling the lengths by a factor 1/r, we recognize that at » = oo the hy-
perbolic core shrinks to a graph G and the metric on the grafted surface is of the type |¢]|,
where ¢ is a Strebel differential. This result (Theorem [5.4) can be restated in terms of
infinite grafting at the ends of a hyperbolic surface with geodesic boundary and the proof
adapts arguments of Scannell-Wolf [SWO02].

Finally, we show that, for large r, two results of Dumas [Dum06], [DumO07b] for
compact surfaces still hold (Theorem . The first one says that, for r large, the Strebel
differential ¢ is well-approximated in LIIOC(R) by the Hopf differential of the collapsing
map associated to P(R, rp), that is the quadratic differential which is dz> on the flat

cylinders S x [0, o) and is zero on the hyperbolic part. The second result says that ¢ is
also well-approximated by the Schwarzian derivative of the projective structure P(R, r p).

1.2. Organization of the paper

In Section@], we recall the definitions of the Teichmiiller space 7 (S) of a surface S with
boundary and its augmentation, hyperbolic boundary lengths p = (py, ..., pn), mapping
class group, Weil-Petersson form and arc complex. N

Incidentally, we discuss three topologies on the arc complex of S: the standard coher-
ent one, the metric one (which we will regularly use) and the one coming from the natural
embedding in the space of measured laminations on the doubled surface dS; and we show
that they agree on the locus of proper arc systems but they may differ in general.

Section[3]begins by introducing some coordinate systems on the Teichmiiller space as-
sociated to a system of arcs, for instance the a-lengths (hyperbolic lengths of the arcs), the
t-lengths (hyperbolic widths of the estimated collars of the arcs) and the actual widths w.

Coordinates associated to arc systems do not allow us to rebuild the whole hyperbolic
surface in general, but only certain “visible” components. Hence, the triangulation maps
will always identify nodal surfaces whose visible components are isomorphic.

Our first main result is Theorem [3.16} the spine construction continuously extends
to the locus of nodal surfaces with finite boundary length and to the locus of projectively
decorated surfaces, there reproducing BEP’s triangulation (namely, the normalized widths
reduce to the A-lengths as p — 0). The proof of the continuity, which is crucial, is
postponed to Appendix N

Then we define the bordification of arcs 7 (S), which is the space that we are really
able to triangulate: it is the closure of 7 (S) in the (projective) space of ¢-length functions.
This construction bears some similarity to Thurston’s, even though we use a stronger
topology on the z-length functions.
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Our second main result (Theorem is an explicit description of T": we construct
a homeomorphism @ : |A(S)| x [0, c0], — ?(S) that interpolates between the natural
inclusion |2A(S)| — 70(5) atr := p1 +---+ p, = oo and the inverse of the A-lengths
at r = 0. This means that the 7-lengths behave like w for r large and like A~! for r small.

We finally extend the augmented Teichmiiller space by adding a copy of the arc com-
plex at r = oo.

In Section E] we recall an explicit formula [MonQ9c| for the Weil-Petersson Poisson
structure in terms of lengths of arcs (Theorem[.3) and we describe how it reduces to the
formulae of Penner [Pen92[] at r = 0 and Kontsevich [Kon92] at » = oo.

Moreover, we describe how to extend the previous triangulations to the case of a
surface with boundary S and a marked point on each boundary component, which is
somewhat analogous to having a closed pointed surface together with a nonzero tangent
vector at every marked point.

In Section [5] we relate hyperbolic surfaces with boundary to punctured surfaces. Here
the infinite grafting map plays a key role.

First we define the ribbon graph dual to an arc system and we describe the HMT
triangulation and its extension to nodal surfaces using the flat metrics associated to Strebel
differentials.

Then we introduce the infinite grafting, that takes a hyperbolic surface with geodesic
boundary X and returns a punctured surface gr,,(X) obtained by gluing a semi-infinite
flat cylinder at each boundary component of X.

Our main result is Theorem for every nonnegative p, the map gr., gives a hom-
eomorphism between the space of hyperbolic surfaces with boundary lengths p and the
Teichmiiller space of closed surfaces with n marked points. N

Composing the inverse of gr,, with the spine construction, we obtain a (continuous)
family of triangulations of the Teichmiiller space of closed surfaces with n marked points,
which reduce to BEP’s for infinitesimal p and to HMT’s for infinite p (Corollary @

The continuity at infinity of gr, requires some explicit computations and it is proven
in Appendix [D} for the injectivity of gr,,, we simply adapt arguments of Scannell-Wolf
[SWO02] to our situation.

It would be interesting to investigate whether the techniques of Appendix [D]could be
employed to attack the following problem (which I believe was raised by Dennis Sulli-
van).

Problem. Fix the parameter p. Composing BEP’s with the inverse of HMT'’s triangula-
tion maps, we obtain a self-homeomorphism & of the Teichmiiller space. Given a point
q € T(S), consider the Teichmiiller distance between q and &(q). Is this distance uni-
formly bounded?

At the end of Section[5] we investigate the degeneration as r — oo of the projective struc-
ture induced by the infinite grafting procedure, adapting arguments of Dumas [DumO6|],
[DumO7b].

We stress that the proofs of these last results and of the local injectivity of the grafting
map assume the knowledge of the papers [SWO02], [Dum06] and [DumO7b].
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In Appendix [A] we recall the Collar Lemma and a useful convergence criterion in the
augmented Teichmiiller space. In Appendix [C|we prove two simple topological lemmata
that are needed in the main proofs.

After the Appendix, there is a table of the most used symbols.

2. Preliminaries

2.1. Double of a surface with boundary

A nodal surface with boundary is a compact, Hausdorff topological space S with count-
able basis in which every ¢ € S has an open neighbourhood Uy, such that (U, ¢) is hom-
eomorphic to either: (C, 0), and then g is called a smooth internal point; ({z € C |Im(z)
> 0}, 0), and then q is called a boundary point; or ({(z, w) € C? | zw = 0}, 0), and then
q is called a node. The smooth locus of a nodal surface is the complement of its nodes,
and the boundary locus 95 is the union of its boundary points.

A nodal surface with marked points is a nodal surface S together with an ordered
subset x = (x1,...,x,) of distinct smooth interior points of S. We will write S° :=
S\ (@S Ux).

We will say that a (nodal) surface S is closed if it has no boundary and no marked
points.

By slight abuse of language, we define a hyperbolic metric on (S, x) to be a complete
metric g of finite volume on the smooth locus of the punctured surface S == S\ x of
constant curvature — 1, such that 35 is geodesic. Notice that § contains the possible nodes
of S, and g acquires cusps at the marked points and at the nodes (which are points of S).

Given a (possibly nodal) surface S with boundary and/or marked points, we can con-
struct its double dS in the following way. Let S’ be another copy of S, with opposite
orientation, and let ¢’ € S’ the point corresponding to g € S. Define dS to be S L1 §’'/~,
where ~ is the equivalence relation generated by ¢ ~ ¢’ for every ¢ € 39S and x; ~ x] for
every i. Clearly, dS is closed and it is smooth whenever S has no nodes and no marked
points.

dS§ can be oriented so that the natural embedding ¢ : S < dS is orientation-preserv-
ing. Moreover, dS comes naturally equipped with an orientation-reversing involution o
that fixes ¢(9.S) and the nodes ¢(x) and such that dS/o = S. If S is hyperbolic, then d S
can be given a hyperbolic metric such that ¢ and o are isometries.

Clearly, on d S there is a correspondence between complex structures and hyperbolic
metrics and, in fact, o -invariant hyperbolic metrics correspond to complex structures such
that o is anti-holomorphic. Thus, the datum of a hyperbolic metric with geodesic bound-
ary on § is equivalent to that of a complex structure on S such that 0§ is totally real.

2.2. Teichmiiller space

Let S be a smooth surface with n > 0 boundary components Cy, ..., C, such that
x(S) < 0.
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Definition 2.1. An S-marked hyperbolic surface is an orientation-preserving map f :
S — X of (smooth) surfaces that may shrink boundary components of § to cuspidal
points of ¥ and that is a diffeomorphism everywhere else.

Two S-marked surfaces f : S — X and f> : S — X are equivalent if there exists
an isometry s : X1 — Xj such that 4 o f] is homotopic to f>.

Definition 2.2. Denote by T (S) the set of equivalence classes of S-marked hyperbolic
surfaces and let 7 (S) C 7 (S) be the locus of surfaces ¥ with no cusps.

For every point [f : § — X] of 7(S), we consider a universal covering space
u: ¥° — E°and we endow X° with the pull-back metric. Thus, a locally isometric de-
veloping map dev : £° — H is unique up to the action of PSL>(R) = Aut(H). Using the
isomorphism f : 71(S) — m1(X°), the fundamental group 1 (S) acts on X° via isome-
tries and so we obtain a representation p : 771 (S) — PSLy(R). It can be easily shown that
p is discrete and faithful and that ¥ can be recovered as Bers—Nielsen kernel (see [Ber76[)
of the complete surface H/p (1 (S)). Hence, the map ’f'(S) — Rep(m1(S), PSLo(R)) is
injective, where Rep(sr1 (S), PSL2(R)) = Hom(sr (S), PSL,(R))/PSL, (R) and PSL, (R)
acts on the space of homomorphisms by conjugation. Thus Rep(rr1(S), PSL2(R)) has a
natural topology and we put on T (S) the subspace topology.

Definition 2.3. The locus 7(S) C T (S) of surfaces ¥ with no cusps is called the
Teichmiiller space.

Let y = {C1,...,Cpu, V1, ..., V3g—3+n} be a maximal system of disjoint simple
closed curves of S such that no y; is contractible and no couple {y;, y;} or {y;, C;}
bounds a cylinder. The system y induces a pair of pants decomposition of S, that is,
SO\ Ui i = PtU---U Py 54,, and each Py is a pair of pants (i.e. a surface homeo-
morphic to C \ {0, 1}).

Given [f : § — X] € 7(S), we can define £;(f) to be the length of the unique
geodesic curve isotopic to f(y;). Fenchel-Nielsen twist deformations along y1, ...,
¥3g—3+n act freely and transitively on the fibres of £, : T (S) — Rig 3y R’;O, which
thus becomes an affine R38~3+"_fibration. In fact, as the base is contractible, this fibration
is trivializable. This means that one can define global twist parameters t; ( f) on T (S) that
coordinatize the fibres of £, (see [Abi80], [BP92]| or [Rat0O6], for instance). The resulting
global functions (p;, £;, 7;) are called Fenchel-Nielsen coordinates.

The boundary length map L : i(S) — R is defined as L([f]) = (p1, ..., ps) and

we write 7(S)(p) := L™ (p) for p € R Thus, T(S) = T (S)(R").

2.3. The arc complex

Assume that the smooth surface S has at least a boundary component or a marked point.
Let A(S) be the set of all nontrivial isotopy classes of simple arcs « C S with a® C S°
and endpoints at .S or at the marked points of S. A k-system of arcs A = {ay, ..., o}
C A(S) is a subset of arcs of S that admit representatives which can intersect only at the



Riemann surfaces with boundary and natural triangulations of the Teichmiiller space 641

marked points. The system A fills (resp. quasi-fills) S if S\ A := S\ Ua,- cA @i is a disjoint
union of discs (resp. discs, pointed discs and annuli homotopic to boundary components);
A is also called proper if it quasi-fills S ([Loo95]).

Definition 2.4 ([Har86l). The complex of arcs 2A(S) of a surface S with boundary and/or
marked points is the simplicial complex whose k-simplices are (k + 1)-systems of arcs
on S.

Denote by |2(S)| the geometric realization of 2((S), which comes endowed with two
natural topologies. The coherent topology is the finest topology that makes the realization
of all simplicial maps continuous. The metric topology is induced by the path metric, for
which every k-simplex is isometric to the standard A ¢ R¥*! and every attachment map
is a local isometry.

We will denote by 2A°(S) C 2A(S) the subset of proper systems of arcs, which is the
complement of a lower-dimensional simplicial subcomplex, and by |A°(S)| C [U(S)]
the locus of weighted proper systems, which is open and dense. The metric topology
on [A(S)]| is coarser than the coherent one, but they agree where the complex is locally
finite, namely on |[°(S)|. Endowing all realizations with the metric topology will be our
standard choice, unless differently specified.

Notation. If A = {1, ..., ax} € U(S), then a point w € |A| C |A(S)]| is a formal sum
w = Y ; wie; such that w; > 0 and ) ; w; = 1, which can also be seen as a function
w : A(S) — R supported on A.

Let ML(dS) be the space of measured laminations on dS and let PML(dS) be
its projectivization (see [FLP79]). Denote by ML(dS)° and PML(dS)? the fixed loci
under the involution . As an arc «; C S doubles to a simple closed curve in d .S, there is
a set-theoretic inclusion D : [(S)| < PML(dS)°.

Lemma 2.5. (a) The subspace topology induced by D is strictly coarser than the coher-
ent topology and strictly finer than the metric topology.

(b) The image of D is neither open nor closed.

(c) The restriction of D to |U°(S)| (where both topologies coincide) is a homeomorphism
onto an open subset of PML(dS)°.

Proof. To prove (a), fix a maximal system of arcs A = {«&;} and let Da; C dS be the
double of ;. If w™ = > wi(m)a,- — w =) ; wiw;, then wl.(m) — w; for every i and
so D(w™) = > wl.(m)[Da,-] — > wi[Da;] = D(w). This shows that the coherent
topology is finer than the subspace topology.

To compare the subspace and metric topologies, pick w = Y w;a; € |2(S)| and
w™ =y v;m),Bj(m) € |2A(S)| such that D(w™) — D(w) in PML(S). Complete
A = {o;} to a maximal system of arcs A" = {o;} U {«},} and define w’ = w +8 ), o),
where § = min; w;.

For every m, write w™ as a sum @™ + %" of two nonnegative multi-arcs in such
a way that all arcs in the support of ™ cross A’ and that i (0™, w’) = 0.
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Let 1,, be the sum of the weights in W™, so that d(w, w™) < d(w, W™) + t,,,
where d is the path metric on |2((S)|. Because

twd < i@, w) =i(w"™,w) > i(w,w)=0

it follows that 7,, — 0. Moreover, ™ has support contained in A" and so w™ — w
in |24(S)| for the metric topology. This proves that the subspace topology is finer than the
metric topology.

Now, pick two disjoint arcs {a, §} € 2(S) and a simple closed curve y (possibly, a
boundary component of S) such thate Ny = @ and i(B, y) = 1. Consider the weighted
arc systems w"™ = (1 — &) + £, T} (B) in |A(S)|, where T is the k-uple Dehn twist
along y. If ¢, > 0 and &,, — 0, then w™ — « for the metric topology but w is
divergent for the coherent topology.

One can check that D(w'™) — [«] for &, = l/m2 and that D(w™) — [y] for
em = 1/4/m. As a consequence, the metric topology is strictly coarser than the subspace
topology, which is strictly coarser than the coherent topology; moreover, the image of D
is not closed.

Clearly, the image of D is not open: if « is an arc and y C § is simple closed curve
disjoint from «, then [Da] = D(«) and [Da + m_lDy] — [Da], but [Da + m_lDy]
does not belong to the image of D. This proves (b).

Finally, notice that D (]2(°(S)]) is open by invariance of domain, because [2°(S)| and
PML(dS)? are topological manifolds of the same dimension (the former result seems
due to Whitney [HM79] and the latter to Thurston [ELP79]). Hence, (c) follows from (a).

O

2.4. Weil-Petersson metric

Let S be a smooth surface with (possibly empty) boundary S = C; U --- U C, and
x(S) <0.Let[f : S — X]be apoint of 7(S).

Define Qs to be the real vector space of holomorphic quadratic differentials ¢ (z)dz>
whose restriction to dX is real. Similarly, define the real vector space of harmonic Bel-
trami differentials as By = {u = w(z)dz/dz = ¢ds~>|¢ € Qx}, where ds? is the
hyperbolic metric on X.

It is well-known that the tangent space 7} ;17 (S) to 7 (S) at [ f] can be identified with
By and, similarly, the cotangent space T[*}]’T(S ) = Qy. The natural coupling is given by

By x Qs - C,
(1, @) r—>/u<p-
)]

Definition 2.6. The Weil-Petersson pairing on Tj r)7 (S) is defined as

h(w, v) :=/ uvds®  with u, v € By.
p))

Writing h = g + iw, we call g the Weil-Petersson Riemannian metric and o the Weil—
Petersson form. For TF}IT(S), we similarly have 1Y (¢, ¥) = [ oy ds™? with ¢,
€ Qsy. The Weil-Petersson Poisson structure is n := Im(h").
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It follows from the definition that the doubling map D : 7(S) — 7 (dS) is a homo-
thety of factor 2 onto a real Lagrangian submanifold of 7 (d5).

From Wolpert’s work [Wol83||, we learn that w = Zf\;l de¢; Adt;, where (p1, ..., pn,
£1,711,...,€N, Tn) are Fenchel-Nielsen coordinates, and so w is degenerate whenever
S has boundary. In this case, the symplectic leaves are the 7 (S)(p), which are not totally
geodesic subspaces for g (unless p; = --- = p, = 0 and the boundary components
degenerate to cusps).

Remark 2.7. 7(S) is naturally a complex manifold if S is closed. In this case, w and n
are nondegenerate and the Weil-Petersson metric is Kdhler (see [Ahl61]).

2.5. Augmented Teichmiiller space
Let S be a smooth surface with boundary 05 = Cy U - - - U C,, such that x (S) < 0.

Definition 2.8. An S-marked stable surface X is a hyperbolic surface possibly with
geodesic boundary components, cusps and nodes plus an isotopy class of maps f :
S — X that shrinks some boundary components of S to the cusps of X, some loops
of S to the nodes of ¥ and is an orientation-preserving diffeomorphism elsewhere.

We say that f1 : S — ¥ and f> : § — X, are equivalent if there exists an isometry
h : X1 — X; such that & o f] is homotopic to f>. We vdenote by T(S) the set of stable
S-marked surfaces up to equivalence. Clearly, 7 (S) C 7(S) C T(S).

To describe the topology of 7 (S) around a stable surface [f : § — X] with k
cusps and d nodes, choose a system of curves {Cy, ..., Cy, ¥1,...,yn}on S (with N =
3g — 3 + n) adapted to f, i.e. such that f’l(vj) = y; for each of the nodes vy, ..., vy
of X. Clearly, the Fenchel-Nielsen coordinates (py, ..., pn, €1, T1, ..., LN, Tn) extend
over [ f], with the exception of 71(f), ..., t4(f), which are not defined.

We declare that the sequence {[f;;, : S = Xn]} C 7(5) converges to [ f]1if p; (fm)
— pi(f)forl <i <n, Li(f) — £j(f)forl < j < N and 7;(fn) — 7;(f) for
d+1<j<N.

Definition 2.9. With the above topology, 7 (S) is called the augmented Teichmiiller
space (see [Ber74]).

By definition, the boundary length map extends by continuity to £ : T (S) — RZ,
and we denote by 7(5)(2) the fibre E_l(ﬁ). We will write ||£|| for py +---+ p, and

IL(f)| for the L' norm of L(f).

Notice that the Weil-Petersson pairing diverges in directions transverse to 97 (S).
However, the divergence is so mild that points of 37 (S) are at finite distance from points
in the interior (see [Mas76]). In fact, for every p € R’ the augmented T(S)( p) is the

completion of 7 (S)( B) with respect to the Weil—Petersson metric.

Remark 2.10. According to our definition, if § has nonempty boundary, then T(S) is
not WP-complete and in fact the image of 7 (S) inside 7 (dS) under the doubling map is
not closed because it misses all surfaces with boundaries of infinite length.
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2.6. The moduli space

Let S be a smooth surface of genus g with boundary components Cq, ..., C, such that
2 —2g —n = x(S) < 0. The augmented Teichmiiller space 7 (S) carries a natural right
action of the group Diff (S) of orientation-preserving diffeomorphisms of S that send C;
to C; foreveryi =1,...,n:

T(S) x Diff,.(S) — T(S)
(f:S—=>X2,h)— [foh:S— X].

Clearly, the connected component Diffy(S) of the identity acts trivially on 7 (S).
Definition 2.11. The mapping class group of S is the quotient
I'(S) := Diff (S)/Diffy(S) = moDiff; (S).

The quotient M(S) := T (S)/T'(S) is the moduli space of stable hyperbolic surfaces of
genus g with n (ordered) boundary components.

The quotient map 7 : 7(S) — M(S) can be identified with the forgetful map
[f : § — XZ] — [Z]. Moreover, we can identify the stabilizer Stab[s(I'(S)) with
the group Iso (X) of orientation-preserving isometries of X, which is finite.

M(S) can be given a natural structure of orbifold (with corners), called the Fenchel—
Nielsen smooth structure. Let [f : § — X] be a point of 7(5) and let (p1, ..., pn, 41,
71, ..., LN, Ty) be Fenchel-Nielsen coordinates adapted to f. A local chart for (the
Fenchel-Nielsen smooth structure of) M(S) around [X] is given by

RZy x C¥73 — M(S)
(p.2) = X(p, 2),

where [f/: S — 2(2, z)] is the point of?(S) with coordinates (p1, ..., Pn, €1, Tly -«
Ly, tn) with £; = |zj| and 1; = |z;] arg(z;)/2m.

Emark 2.12. As shown by Wolpert [Wol85]], the smooth structure on dIM(S) =
M(S) \ M(S) coming from Fenchel-Nielsen coordinates and the one coming from alge-
braic geometry (for instance, see [DM69|| or [ACO9]]) are not the same.

We can identify the (co)tangent space to 7 (S) at [f : § — X] with the (co)tangent
space to M(S) at [X]. It follows by its very definition that the Weil-Petersson metric and
the boundary length map descends to M (S) and that M(S)(p) is the metric completion
of M(S)(p) for every p € R N

The group Diff ; (S) also acts on A(S) as A-h := h~!(A), and so on [2(S)| preserving
the subspace |2°(S)|. Moreover, this action factors through I"(S). We recall the following
simple fact.

Lemma 2.13. [A(S)|/ T (S) is compact.
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Proof. 1t is sufficient to notice the following facts:

e the above action may not be strictly simplicial, but it is on the second barycentric
subdivision A(S)",

e consequently, the action is continuous,

o 2A(S)/T(S) is a finite set and so is A(S)”/ T'(S). O

3. Triangulations

3.1. Systems of arcs and widths

Let S be a smooth surface of genus g with boundary components Cq, ..., C, such that
x(S) < 0.Let A = {ay,...,ay} € A°(S) be a maximal system of arcs on S (so that
N =6g — 64 3n).

Fix apoint [f : § — X]in 7(S). For every i = 1,..., N there exists a unique

geodesic arc on X in the isotopy class of f(«;) that meets 0% perpendicularly and which
we will still denote by f(«;); denote by a; = €4, (f) its length and let s; = cosh(a;/2).
Notice that X \ f(A) is a disjoint union of right-angled hexagons {H, ..., Hyg_4424},
so that the following is immediate (see also [Ush99], [Mon09c]).

Lemma 3.1. The maps as : T(S) — ]Rﬁ and sq4 : T(S) — Rﬁ given by ay =
(ay,...,an) and sg4 = (51, ..., SN) are real-analytic diffeomorphisms.

Let H be such a right-angled hexagon and let (&;, @;, ax) be the cyclic set of oriented
arcs that bound H, so that 8 H = a; * aj % ay. If @y, &, are oriented arcs with endpoint
on the same boundary component C, denote by d(cy, ay) the length of the portion of C
running from the endpoint of @, to the endpoint of @, along the positive direction of C.

Define wy (o) = %[d(&i, @j) + d(ok, &) — d(@;, ax)], where &, is the oriented arc
obtained from a, by switching its orientation.

Definition 3.2. For every «; € A, the width of «; associated to [f] is wa(e;) =
wa (@) + wa (@;).

3.2. The t-coordinates

Let S be a surface as in the previous section.

Definition 3.3. The #(ransverse)-length of an arc « at [ f]1is 1, (f) := T (£y(f)), where
T (x) := 2 arcsinh(1/sinh(x/2)).

Notice that T'(x) : [0, 00] — [0, oc] is a decreasing function of x (similar to the
width of the collar of a closed curve of length x provided by Lemma[A.T). Moreover, T
is involutive, T (x) ~ 4e~*/2 as x — oo and T'(x) ~ 2log(4/x) asx — 0.

Back to the z-length, the following lemma reduces to a statement about hyperbolic
hexagons with right angles.
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Lemma 3.4. For every maximal system A of arcs,
ta: T(S) — R4,
[f] H(ta|(f)1""tol/v(f))

is a continuous map that restricts to a real-analytic diffeomorphism T (S) — R?. More-

over, for every [f] € ’ZV'(S) with L(f) # O, there exists an A such that t4 is a system of
coordinates around [ f1.

Consequently, the ¢-length map T(S) x A(S) — Ry defined as (f, @) — 1, (f) gives
an injection
J i T(S) — PAS)) x [0, oo]

Lf1 = ([L(H] NIte(f)llco)

where L*°(A(S)) is the Ry -cone of bounded maps ¢ : A(S) — R and P(A(S)) is its
projectivization.

Notice that P(A(S)) has a metric induced from the unit sphere of L°°(A(S)) and that
I'(S) acts on P(A(S)) by permuting some coordinates. Thus, P(A(S)) x [0, co] has a
I'(S)-invariant metric.

Fact 3.5. j is continuous.
This will follow from Proposition

Definition 3.6. Call the closure 7" (S) of 7(S) in P(A(S)) x [0, o] the bordification of
arcs. By the “finite part” of Ta(S) we will mean Ta(S) NP(A(S)) x [0, 00). Define the
compactification of arcs to be the quotient M S) = T’ S/ T(S).

We will give an explicit description of the boundary points in T°(S) and we will show
that M* (S) is Hausdorff and compact.

3.3. The spine construction

Let S be a smooth surface with boundary 05 = C; U --- U C,, such that x(S) < 0 and let
[f:S — X]be apointin 7(S).

The valence val(p) of a point p € X is the number of paths from p to % of minimal
length.

Definition 3.7. The spine of X is the locus Sp(X) of points of ¥ of valence at least 2.

One can easily show that Sp(X) = V U E is a one-dimensional CW-complex em-
bedded in X, where V = Val_l([3, 00)) is a finite set of points, called vertices, and
E = val~!(2) is a disjoint union of finitely many (open) geodesic arcs, called edges.

For every edge E; C E of Sp(X), we can define a dual arc «; in the following way.
Pick p € E; and denote by y; and y» the two shortest paths that join p to dX. Then «; is
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the shortest arc in the homotopy class (with endpoints on 9 %) of yfl * y». Let the spinal
arc system Agp(Z) be the system of arcs dual to the edges of Sp(X), which is proper
because X retracts by deformation onto Sp(¥) just flowing away from the boundary.

Even if the spinal arc system is not maximal, widths wgp, can be associated to Ap(X)
in the following way. For every oriented arc @; € A (%) ending at y; € C, orient
the dual edge E; in such a way that (Ei, a@;) is positively oriented and call v the starting
point of E;. Every point of E; has exactly two projections, that is, two closest points
in 0X; the endpoint of &; selects only one of these, which belongs to C,,. Denote by
v € C,, the projection of v determined by &;. Define Wsp (a;) to be the distance with
sign dc,, (i, v') along C,,, which is certainly positive if o; and E; intersect, but might be
negative otherwise. However, the sum wgp(a;) = wsp(&i) + wsp(&i) is always positive,
being the length of either of the two projections of E;.

Example 3.8. In Figure we have @; = Z;y;, v/ = fi and wep(@;) > 0.

Fig. 1. Geometry of the spine close to a trivalent vertex.

Theorem 3.9 (Ushijima [Ush99]). Given a hyperbolic surface with nonempty bound-
ary X, let A(X) 4 be the set of all maximal systems of arcs A such that wa(a;) > 0
for all a; € A. Then A(X) 4 is nonempty and the intersection of all systems in A(X) is
exactly Agp(X). Moreover, wsp(a) = wa(a) > Oforalla € Agp(X) andall A € A(X) 4.

Remark 3.10. Let H C X be a right-angled hexagon, bounded by (&;, &;, dx), and set
yi = y(a;) asin Figure An easy computation [Mon(09c|] shows that

] 2457 = s}
sinh(wsp (@) sinh(a; /2) = cos(y;) = L——— ()

PATRIS
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and so

2 2 2
sj +sk—si

2sjsk‘/sl.2 —1

Theorem 3.11 (Luo [LuoO7]). Given a smooth surface S with nonempty boundary and
x(S) < 0, the map

sinh(wgp () = and  wgp(a;) <

Flei-

W T(S) — [A°(S)| x Ry
[f:8S—> 2]+ fFwsp

is a T'(S)-equivariant homeomorphism.

Notice that the construction extends to 7 S\ T (8)(0) but the locus i(S)(O) of sur-
faces with n cusps is problematic, because the function “distance from the boundary
aX” diverges everywhere on X. This can be easily fixed by considering the real blow-up
Blg T (S) of ’j'(S) along T (0). The exceptional locus can be identified with the space of
projectively decorated surfaces (|[BE8S], [Pen87l)), that is, of couples ([f : S — X1, p),
where [ f]is an S-marked hyperbolic surface with 7 cusps and p € A"~ = P@RZ,) isa
ray of weights (the decoration).

We recall the following two simple facts. The precise definitions of A-lengths and
simplicial coordinates can be found in Appendix

Lemma 3.12 ([MonQ9c])). For every maximal system of arcs A (of cardinality N = 6g—
6 + 3n), the associated t-lengths extend to a real-analytic map

ta :BloT(S) — AN~! x [0, 00).

On the exceptional locus, the projectivized t-lengths are inverses to the projectivized
A-lengths (see [Pen87| and Definition [B1). Thus, t4 gives a system of coordinates on
[7(S)(0) x (A""1°1UT(S). Moreover, for every (f, p) € T(S)(0) x dA" ! there exists
an A such that t4 gives a chart around (f, p). N

Theorem 3.13 ([Mon0Q9c]). The map W extends to a I' (S)-equivariant homeomorphism
W : Bly 7(S) — [2°(S)| x [0, 00).

On the exceptional locus, the projectivized widths coincide with the projectived simplicial
coordinatves (as they are called in [Pen87|; in [BESS] they are called ¥ -coordinates) and
so there W coincides with BEP’s homeomorphism.

3.4. Spines of stable surfaces

Notice that the spine construction extends to stable hyperbolic surfaces ¥ (blowing up
the locus of surfaces with n cusps), discarding the components of ¥ where the distance
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from 0 X is infinite. As a consequence, the weighted arc system we can produce does not
allow us to reconstruct the full surface, but just a visible portion of it.

Definition 3.14. Let X be a stable hyperbolic surface with boundary (and possibly cusps)
or let (X, p) be a stable (projectively) decorated surface. A component of ¥ is called visi-
ble if it contains a boundary circle or a positively weighted cusp. Denote by . the visible
subsurface of X, that is, the union of the smoqgh points of all visible components. Two
points [f1 : S — Xjland [f2 : § — Xp] of 7(S) := Bly T(S) are visibly equivalent,
[f1] ~vis [f2], if there exists a third point [f : § — X] and maps h#; : ¥ — X; for
i =1, 2 such that h; restricts to an isometry ¥y — X; y and h; o f =~ f; fori =1, 2.

The spine Sp(X) of a stable hyperbolic surface ¥ with geodesic boundary (or with
weighted cusps) can only be defined inside X, so that its dual system of arcs Agp(X) will
be contained in X, too. Given a marking [f : § — ], we will write S, = f~1(X,),
so that S, will be the maximal subsurface of S (unique up to isotopy), quasi-filled by
f! (Agp(X)), which carries positive weights f*wgp.

Fig. 2. An example of topological type associated to an arc system.

Conversely, given a system of arcs A € 2(S), the visible subsurface Sy associated to
A is the isotopy class of maximal open subsurfaces embedded in S° such that S, ~ S
and A is contained in S, as a proper system of arcs. More concretely, S, is the union
of a closed tubular neighbourhood of A and all components of S \ A which are discs or
annuli isotopic to some end of S \ A. If X is obtained from S by collapsing the boundary
components of S, and the possible resulting two-noded spheres to nodes of X, then we
obtain an isotopy class of maps f : S — X, which depends only on A. We will refer to
this map, or just to X if we work in the moduli space, as the fopological type of A (see

Figure2).
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Given weights w € |A[|° x [0, c0), the components of T, = f(S,) are quasi-
filled by the arc system f(A); because of Theorem [3.13] they can be given a hyperbolic
metric such that f(A) is its spinal arc system with weights f«(w). When no confusion is
possible, we will still denote by [f : § — X] the class of visibly equivalent S-marked
stable surfaces determined by f.

This construction defines a I'(S)-equivariant extension of the previous W1,

W (S| x [0, 00) — TV5(S),

where ?ViS(S) ’?(S) /~vis. Observe that 7 (S) is a metric space with the Weil-Peters-
son metric, T(S) inherits a I"(S)-equivariant metric from its natural embedding inside
T(S) x A" x [0, 00) and ’TV“(S) can be endowed with a I'(S)-equivariant quotient
metric defined as

dzu(f1.1 )—1nf{ZdT([ﬁ (D) | fo ~vis £ 8 ~vis fi1s 8 ~is 8.

The argument above shows that V"\’fl is bijective. As already noticed in [BE&S§|] and
[Loo95], the map W is not continuous if |2((S)| is endowed with the coherent topology.

Remark 3.15. |2((S)] is locally finite at w < A = supp(w) is a proper system of arcs <
w has a countable fundamental system of coherent neighbourhoods. Moreover, a sequence
converges for the coherent topology if and only if it is eventually in a fixed closed simplex
and there it converges in the Euclidean topology.

The discontinuity of W at 97 (S) with respect to the coherent topology can be seen as
follows. Consider a marked surface [f : S — X] with anode f(y) = ¢ € ¥ such that
not all the boundary components of ¥ are cusps and denote by A a maximal system of
arcs of S such that W(f) € |A| x R;. Choose a sequence [ f;,;, : S — X,,] with W( fy,)
contained in |A[® x Ry and such that [ f;,] — [f]. If T}, is the right Dehn twist along y
and f,, = fm o T’" then [ f;,] still converges to [f]. On the other hand, the W( fm) s all

belong to the 1nter10r of distinct maximal simplices of |2((S)| and so the sequence W( i)
is divergent for the coherent topology.

The correct solution (see [BESS|), which we will adopt without further notice, is to
equip [RA(S)| with the metric topology, whose importance will also be clear in the proof
of Lemma

Theorem 3.16. The I'(S)-equivariant natural extension
W TY8(S) — |A(S)| x [0, 00)
is a homeomorphism.

Proof. We know that W is bijective. The continuity of W is dealt with in Lemma In
order to prove that W is a homeomorphism, it is sufficient to show that so is the induced
map

W' MYS(8) = (1U(S)I/ T($)) x [0, %0)
where MYiS(S) = TVis(S)/T(S).
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In fact, T Vis(§) and |2(S)| are metric spaces and I'(S) acts on both by isometries.
Moreover, the action on |2((S)] is simplicial on the second baricentric subdivision, and so
its orbits are discrete. R R

On the other hand, the map Wis clearly proper, because 7 V(S)(p)/ I'(S) is compact

for every pE AL % [0, 00). Hence, Wisa homeomorphism. By Lemma b), W is
a homeomorphism too. o

3.5. The bordification of arcs

Define a map .
@ |AWS)| x [0, 00] = T(S)

in the following way:
a1 .
(AW (w,0)1,0) if [pl| =0,

o, lplh = 1 j (W . lpl) it0 < [Ipll < oo,
(Twl, 00) if | pll = oo.

The situation is thus as in the following diagram:

=)

IA(S)] x [0, c0) TVis(5)

J

I

[A(S)| x [0, o0]

()
Theorem 3.17. & is a I'(S)-equivariant homeomorphism. Thus, M S = 7! S/ TS
is compact.

For homogeneity of notation, we set w'=0"1.7" (S) — |/A(S)| x [0, oo].
In order to prove Theorem[3.17, we need a few preliminary results.

Proposition 3.18. The map 7(S) — 70(S) extends to a continuous f T Vis(§) <

T(S).
Proof. The continuity of j follows from Lemrﬂa_ Moreover, Lemmas and
ensure that the ¢-lengths separate the points of 7Y%(S) and so j is injective. O

Lemma 3.19. Let {[f : S — X1} be a sequence in T (S).

@) llte(fm)lloc = O if and only if [|IL(fm)ll — O.
(®) llte(fi)lloo = 00 if and only if ||IL(fm)| — oo.
©) te(fin)lloo is bounded away from zero < | L(fn) is bounded away from zero.

Proof. Because wyp (@, fin) < toa(fim) for a € Agp(fin), we conclude

(68 — 6+ 3n)lIta(fm)lloo = 20L(fi)l-

By the Collar Lemmal[AT] €4 (fin) = TIL(fim)I)/2 for all o« € A(S) and s0 [|te(fin)|l <
T(TUILfm)ID/2). O
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Lemma 3.20. The map ® is continuous and injective.

Proof. The injectivity of @ is immediate.

As we already know that f is continuous, consider a sequence {[f,, : S = X,]} C
T (S) such that W(f;,) = w € |A(S)| x {00}, where A, := supp(W(f;;,)) and A :=
supp(w) = {«o, ..., 0k }.

We can assume that A, is maximal, that A C A,, and that w(xg) > w(w;) for every
1 <i<k.

Convergence for the arcs in A. For every «; € A, equation of Remark 3.10
applied to A, gives £y, (fm) — 0 and so

cos(y (@i, fm) > 1 =53 /2> 1/2 — e
for large m. This implies that

Wep(ati, fin) A 21og(4 cos(y (@i, fin))) + 2log(4cos(y (@i, fm))) — 410g(le; (fin))

and so
to; (fm) o log(£e; (fin)) N wsp(ai’fm) = w(o;)

tag(f)  108(lag(f)  wsp(@0, fru)  wlao)

Uniform convergence for the arcs not in A. To conclude that proof, we need to show
that for all B ¢ A, t5(fin)/tay(fm) — O uniformly.

For contradiction, up to subsequences, we can suppose that there are n > 0 and
{Bm} C A(S)\A suchthattg, (fn)/tay(fm) = nandsolg, (f) — 0. Asaconsequence,
as m becomes large, B, cannot intersect A,, and so B, € A,. In fact, if B, N’ # @
with &’ € A, then &’ would be much longer than S, by the Collar Lemma Hence,
the shortest path from a point in 8, Na’ to the boundary would follow B, rather than o,
and so a’ would not belong to A,,. Then, by equation (),

2,2 (2 2, 2
sy +8y =585, %sx—i—s -1 1

258y, /sém -1 SxSylp,, L8,

Thus, asymptotically wsp(Bm, fm) > 41log(2/Lg, (fm)) = 2tp, (fm)- As wsp(ao, fin) ~
2tay (fin), we conclude that wep (B, fim)/wsp(@o, fin) = 1n/2 for m large. But

sup wsp(,B’ Sm) S0

BeAn\A Wsp(@0, fm)

sinh(wep (B, fn)) =

This contradiction proves the claim. O

Proposition 3.21. T'(S) acts on ?H(S) by isometries and with discrete orbits. Hence,
Ma(S) = Ta(S)/l"(S) is Hausdorff.

Proof. Suppose t - g, — t witht € ’Z_’_a(S) and g, € I'(S). Consider a sequence
{{fmn : S — X1} such that j(f,) — tin ’Ta(S).
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__ Case [ltllo > O finite. Passing to a subsequence, [fi,] - hm — [f : § — X] €
TVis(8) for suitable /,, € I'(S). Thus, f(f) . h;l — t.

Let A = f_l(Asp(E)), so that it is supported on f~1(Z,) and £, (f) < oo for all
a € A. Because the length spectrum of finite arcs in X is discrete (with finite multi-
plicities) and f(f) . h,;l is a Cauchy sequence, h,;l fixes A for m large (up to subse-
quences). Thus, we can assume that /,, is a diffeomorphism that restricts to an isometry
on f~ l(E+) (with the pull-back metric). Hence, t = J( f ) h,, ! for m large and so
t = ](f) for some f S — X. Similarly, ](f) gm — ](f) and so g, is a diffeo-
morphism that restricts to an isometry on f '(=,) for large m. Hence, 1 - g, cannot
accumulate at 7.

Case ||t||co = 0. The surface has n cusps. It follows from the classical case that the
spectrum of the finite reduced lengths (and so of the finite A-lengths) of (X, p) is discrete

and with finite multiplicities. Because [t,(f)] = [Ae(f)], we can conclude as in the
previous case.
Case ||t]|loo = 00. Let w™ = W(f,). Up to subsequences, w™ - h,, — w in

|R((S)| x [0, oo] for suitable 4, € T'(S) and w € |A(S)|x {o0}. As before, CID(w)-h;l1 — t
in7T" (S). Because w has finite support, t = ®(w) - h;l for m large, and so t = ®(w)
for some w € |A(S)| x {oo}. Thus, ® (W) - gn — P (W) and g, is a diffeomorphism that
restricts to an isometry on Sy, where S is the w-visible subsurface of S. Hence, ¢ - g
cannot accumulate at 7. O
Proof of Theorem [3.17] In order to apply Lemma [C.I[b), we only need to prove that
S RAS)|/ T(S) x [0, oo] — M (S) is a homeomorphism.

We already know that @' is continuous, injective. Moreover, its image contains M (S),
which is dense in M* (S). As |A(S)|/ T'(S) is compact and /VQ(S) is Hausdorff, the map
@’ is closed and so it is also surjective. Hence, @’ is a homeomorphism. O

Corollary 3.22. f is a homeomorphism onto the finite part of T (9S).

3.6. The extended Teichmiiller space
We define the extended Teichmiiller space T (S) tobe
T(S) :=T(S) UIA(S)loo

where |A(S)|oo is just a copy of [2A(S)].

Clearly, there is a | map Blp T(S) — Ta(S) which identifies visibly equivalent sur-
faces of T(S) C Bly ’T(S)

We define a topology on T(S) by requiring that 7 (S) e ’T(S) and [A(S)|e0 —

T (S) are homeomorphisms onto their images, that T(S) C T(S ) is open and we declare
that a sequence { f;,} C T(S) is converging to w € |A(S)| if and only if W(f,) —
(w, 00) in |52l(S)| x (0, oo]

Notice that M(S) =7 ®)) / I'(S) is an orbifold with corners, which acquires some
singularities at infinity. In fact, M(S) is homeomorphic to M (R, x) x A"~! x [0, co]/~,
where (R, x) is a closed x-marked surface such that § >~ R \ x and (R’, p.t) ~
(R” "ty et =t =oo0and (R, ) ') is visibly equivalent to (R”, ”) N
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4. Weil-Petersson form and circle actions

4.1. Circle actions on moduli spaces

Now we extend some of the previous constructions to the case of surfaces with marked
points on the boundary.

Let S be a compact surface of genus g with boundary components Cy, ..., C, (as-
sume as usual that 2g — 2 + n > 0). Moreover, let v; be a point of C; and set v =
(i, ..., vy).

We stress that the role of v is different than that of the usual marked points x, as the
metrics we consider are smooth at v. In fact, v; must be understood as a sort of twist
parameter at C;.

In this new situation, Diff (S, v) will be the group of orientation-preserving dif-
feomorphisms of S that fix v pointwise, 7 (S, v) will be the space of hyperbolic met-
rics on S up to the action of Diffy(S, v), and I'(S, v) = Diff, (S, v)/Diffy(S, v). Thus,
M(S,v) =T (S, v)/T(S, v) is the resulting moduli space.

Clearly, R" acts on 7 (S, v) by Fenchel-Nielsen twist (with unit angular speed)
around the boundary components and 7 (S, v)/R" = 7(S). Similarly, the torus T" =
(R/27xZ)" acts on M(S, v) and the quotient is M(S, v)/T" = M(S).

Again we can define an augmented Teichmiiller space 7 (S, v) and an action of R”
on it. However, we want to be a little more careful and require that a marking [f : S —
] € 7 (S, v) that shrinks C; to a cusp y; € X is smooth with rk(df) = 1 at C;, so that
f identifies C; with the sphere tangent bundle STy, y,, and v; with a pointin ST y,.

Thus, 7(S,v) — 7(S) is an R"-bundle and M(S,v) — M(S) is a T"-bundle,
which is a product Ly x - - - x L, of circle bundles Lj\ associated to v; € C;.

If one wishes, one can certainly lift the action to T(S,v) =BlygT(S,v). R

We also write 7¥15(S, x) := 7 (S, x)/~yis, Where the visible equivalence on 7 (S, x)
is defined as in Section 3.4l R

This means that if [f : § — X] € 7Y(S, v) has f(C;) ¢ Y, then [ f] does not
record the exact position of the point v; € C;. In other words, the i-th component of R"
acts trivially on [ f].

4.2. The arc complex of (S, v)

Denote by A(S, v) the set of nontrivial isotopy classes of simple arcs in S that start and
end at a5 \ v and let ; be a (fixed) arc from C; to C; that separates v; from the rest of the
surface.

A subset A = {B1,..., Bn, a1, ...,ar} C A(S,v) is a k-system of arcs on (S, v)
if B1, ..., Bu, @1, ..., o are homotopically nontrivial, pairwise nonhomotopic and they
admit disjoint representatives. A point in the arc complex 2((S, v) can be represented as
asum )_; wja;, provided we remember the f;’s (that is, as Y, wjaj + 37, 0B:).

As before, A°(S, v) C (S, v) is made of systems of arcs that cut § into a disjoint
union of discs and annuli homotopic to some boundary component.

Remark that there is a natural map 2((S, v) — 2(S), induced by the inclusion S\v— §
and that forgets the §;’s, and so a simplicial map [A(S, v)| — |A(S)].
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We can also define a suitable map WU for the pointed surface (S, v) in such a way
that the following diagram commutes:

TViS (S, 1) —— o |9A(S, v)| x [0, 00)
Fvis (§) ——— ~ JA(S)| x [0, 00)

Let[f:S§S — X] € ?ViS(S, v). If we consider it as a point of ’?ViS(S), then W(f) isa
system of arcs in S.

Foreveryi = 1,...,n such that f(C;) € X, consider the geodesic p; C X coming
out from f(v;) and perpendicular to f(C;) (if f(C;) is a cusp, let p; be the geodesic
originating at f(C;) in direction f(v;)). Let z; be the point where p; first meets the spine
of X, and ¢; an infinitesimal portion of p; starting at z; and going towards f(C;).

Define Sp(%, f(v)) to be the one-dimensional CW-complex obtained from Sp(X) by
adding the vertices z; (in case z; was not already a vertex) and the infinitesimal edges e;.
Consequently, we have a well-defined system of arcs A, (X, f(v)) dual to Sp(Z, f(v))
and widths wgp f(v), in which the arc dual to e; plays the role of f(8;) (which thus has
zero weight).

We set W, (f) = f*wsp,f(v)'

The following is an immediate consequence of Theorem [3.16]

Proposition 4.1. The map VT’U is a I'(S, v)-equivariant homeomorphism.

We can make R" act on [R((S, v)| via Wv and so on [2((S, v)| x [0, oo]. Thus, the action
also prolongs to the extended Teichmiiller space 7 (S, v) := 7 (S, v) U |2(S, v)|co-

4.3. Weil-Petersson form

If we choose a maximal set of simple closed curves y = {y1, ..., Yeg—6+21: C1, ..., Cy}
on S, we can define a symplectic form w, on 7 (S, v) by setting

6g—6+2n n n
wy= Y diadt+ Y dpjndt =Y d(pi/2) Ad(D;/2m)
i=1 j=1 j=1

where t; = p;¥;/2m is the twist parameter at C;. As usual, w, does not depend on the
choice of y and it descends to M(S, v). Its independence from the particular Fenchel—
Nielsen coordinates permits us to extend w, to a symplectic form on M(S, v).
Moreover, the twist flow on /\_/I(S , v) is Hamiltonian and the associated moment map
is exactly u = (p12/2, R p,zl/Z). Thus, the leaves (M(S)(p), wp) are exactly the sym-

plectic reductions of (M(S, v), w,) with respect to the T"-action.
As remarked by Mirzakhani [Mir07], it follows by standards results of symplectic
geometry that there is a symplectomorphism M (S)( p) — M(S)(0) which pulls [wo] +

Y i1 (pE/2)e1(Li) back to [w,].
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Penner has provided a beautiful formula for wg in terms of the a-coordinates (see
Appendix [B| for the precise definitions).

Theorem 4.2 ([Pen92]). Let A be a maximal system of arcs on S. If w : T (S)(0) x R}
— T (8)(0) is the projection onto the first factor, then

1
Ty = > > @daf' Aday' +dafl Adaf +daf Adaf)
H

where H ranges over all the ideal triangles in S \ A and it is bounded by the (cyclically

ordered) arcs (otf’, af, a3H), and éﬁ is the reduced length ofoziH.

The whole 7 (S) is naturally a Poisson manifold with the Weil-Petersson pairing 1 on the
cotangent bundle, whose symplectic leaves are the 7 (S)( P). A general formula express-
ing 7 in terms of lengths of arcs and widths is given by the following.

Theorem 4.3 ([Mon09cl]). Let A be a maximal system of arcs on S. Then

1 & sinh(pr/2 — dc, (yi, yj)) 0 0
=32 X D e
4 sinh(px/2) da;  daj

k=1 y;j€a;NCx
yj€a;NCy

where dc, (yi, yj) is the length of the geodesic running from y; to y; along Cy in the
positive direction.

In order to understand the limit for large p, it makes sense to rescale the main quantities
as w; = (I1£1/2) " wi, @ = (14 |1£]1/2) 2w and i = (1 + [1£]1/2)* n.

Lemma 4.4 ([Kon92|)). The class [woo] € HI%(S)(|Ql(S)|) is represented by a piecewise
linear 2-form on |A(S)| whose dual can be written (on the maximal simplices) as

ﬁ_12<aAa+aAa+aAa>
245 \ew)  awy o awy  awy  awy  dw)

where V ranges over all the trivalent vertices of the ribbon graph represented by a point
in |2°(S)|, (EY, E2V E;/) is the cyclically ordered triple of edges incident at V, and ﬁ)lv
is the normalized width of E; (see Appendix|B).

The above result admits a pointwise sharpening as follows.

Theorem 4.5 ([Mon09cl]). The bivector field 1) extends over ’f(S) and, on the maximal
simplices of |2A(S)|c0, we have

o = H  pointwise.

Thus, we have a description of the degeneration of n when the boundary lengths of the
hyperbolic surface become very large.
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5. From surfaces with boundary to pointed surfaces

5.1. Ribbon graphs

Let S be a compact oriented surface of genus g with boundary components C1y, ..., C,
and assume that x(S) =2 —2g —n < 0. Let A = {ag, ..., o} € ™A(S) be a system of
arcs in S with associated visible subsurface S..

If & is an oriented arc supported on o, then we will refer to a* as the oriented edge
dual to Q.

Remark 5.1. If S carries a hyperbolic metric and A is its spinal system of arcs, then a*
must be considered the edge of the spine dual to « and oriented in such a way that, at the
point @* N & (unique, up to prolonging &*), the tangent vectors (vg+, vz) form a positive
basis of 7), S.

Let E(A) := {a*, @* |a € A} and define the following operators oy, o1, 0o On E(A):

(1) o reverses the orientation of each arc (i.e. o1 (a*) = a*),
(00) if @ ends at x, € Cj, then 0o (@*) is dual to the oriented arc j that ends at xg € C;,
where xg comes just before x, according to the orientation induced on C; by S,

(0) oy is defined by og = alao_ol.

If we let E; (A) denote the orbits of E(A) under the action of o;, then

(1) E{(A) can be identified with A,
(00) Ex(A) can be identified with the subset of the boundary components of S that
belong to S,
(0) Eo(A) can be identified with the set of connected components of Sy \ A.

5.2. Flat tiles and Jenkins—Strebel differentials
Keeping the notation as before, let f : S — S be the topological type of A (see Sec-

tion [3.4).

For every system of weights w supported on A, the surface $‘+ can be endowed with
a flat metric (with conical singularities) in the following way.

Every component .§‘,-,+ of §+ is quasi-filled by the arc system f(A) N .§',-,+. As we can
carry on the construction componentwise, we can assume that A quasi-fills S.

In this case, we consider the flat tile FT = [0, 1] x [0, 00]/[0, 1] x {oo} and we call
the class [0, 1] x {oo} the point at infinity. Moreover, we define X 1= Uzcp(a) FTe/~s
where FT; := FT x {é} and

o (u,0,6) ~ (1 —u,0,¢)foralle € E(A) and u € [0, 1],
o (I,v,e) ~ (0,v,04(€)) foralle € E(A) and v € [0, <.

We can also define an embedded graph G C X by gluing the segments [0, 1] x {0} C FT
contained in each tile. Thus, we can identify o* with an unoriented edge of G for every
a € A.

It is easy to check that there is a homeomorphism S — %, well-defined up to isotopy,
that takes boundary components to points at infinity or to vertices.
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Fig. 3. Local structure of a flat surface quasi-filled by A.

Moreover, for every a* € E(A), we can endow F T+ with the quadratic differential
dz?, where z = w(a)u + iv. These quadratic differentials glue to give a global ¢ (and so
a conformal structure on the whole X), which has double poles with negative quadratic
residues at the points at infinity and is holomorphic elsewhere, with zeroes of order k — 2
at the k-valent vertices of G. Furthermore, o* has length w(«) with respect to the induced
flat metric |¢@|.

Finally, the horizontal trajectories of ¢ (that is, the curves along which ¢ is positive-
definite) are either closed circles that wind around some point at infinity, or edges of G.

Thus, ¢ is a Jenkins—Strebel quadratic differential and G is its critical graph, i.e. the
union of all horizontal trajectories that hit some zero or some pole of ¢.

If A does not quasi-fill S, then we will define the Jenkins—Strebel differential compo-
nentwise, by setting it to zero on the invisible components.

See [Har86]], [Kon92], [Loo95]] and [Mon09b] for more details.

5.3. HMT construction

We begin by recalling the following result of Strebel.

Theorem 5.2 ([Str67])). Let R’ be a compact Riemann surface of genus g with x' =
(xi, ..., X)) distinct points such thatn > 1 and2g—2+n > 0. Forevery (p1, ..., pn) €
R’éo (but not all zero), there exists a unique (nonzero) quadratic differential ¢ on R’ such
that

o ¢ is holomorphic on R’ \ x',

e horizontal trajectories of ¢ are either circles that wind around some x| or closed arcs
between critical points,

o the critical graph G of ¢ cuts R’ into semi-infinite flat cylinders (according to the
metric |@|), whose circumferences are closed trajectories,
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e if pi =0, then x; belongs to the critical graph,
e if p; > 0, then the cylinder around x; has circumference length p;.

Xj,  flattile

Fig. 4. An example of Jenkins—Strebel differential and its horizontal foliation with p1, pp > 0 and
p3 =0.

Notice that the graph G plays a role analogous to the spine of a hyperbolic surface. In
fact, given a point [f : R — R'] € T(R, x) and (py, ..., p,) € A""!, we can consider
the unique ¢ given by the theorem above and the system of arcs A € 2°(R, x) such that
f(A) is dual to the critical graph G of ¢, and we can define the width w(«) to be the
|¢|-length of the edge o* of G dual to @ € A.

Theorem 5.3 (Harer—-Mumford-Thurston [Har86]). The map 7T (R, x) X AL
|A°(R, x)| just constructed is a ' (R, x)-equivariant homeomorphism.

Clearly, if R’ is a stable Riemann surface, then the theorem can be applied on every visible
component of R’ (i.e. on every component that contains some x; with p; > 0) and ¢ can
be extended by zero on the remaining part of R’. Hence, we can extend the previous map
to ,

Wamr : 7 (R, x) x A"' > AR, x)|

which is also a I'(R, x)-equivariant homeomorphism (see, for instance, [Loo95] and
[Mon(9b]).
The purpose of the following sections is to relate this Wyt to the spine construction.

5.4. The grafting map

Given a hyperbolic surface ¥ with boundary components Cy, ..., C,, we can graft a
semi-infinite flat cylinder at each C; of circumference p; = £(C;). The result is a surface
gro (¥) witha C L1 metric (see Figure , called the Thurston metric (see [Tan97|] and
[SWO2] for the case of a general lamination, or [KP94] for higher dimensional analogues).
If ¥ has cusps, we do not glue any cylinder at the cusps of X. Notice that gr,,(X) has
the conformal type of a punctured Riemann surface and it will sometimes be regarded as
a closed Riemann surface with marked points.
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Fig. 5. An example of a surface obtained by infinite grafting.

Notation. Choose a closed surface R with distinct marked points x = (x1,...,x,) C R
and an identification R \ x = gr,(S) such that x; corresponds to C;. Clearly, we can
identify 2A(S) = 2A(R, x) and I'(S) = I'(R, x).

We use the grafting construction to define a map
(8roor £) : T(S) > T(R,x) x A""! x [0, 00]/~

where ~ identifies ([ f1], p, 00) and ([ f2], p, 00) if ([f1], p) and ([ f2], p) are visibly
equivalent. N N N N

We set gro(f 1 § = X) 1= [groo(f) 1 R = gryo(2)], on the bounded part T(S) C
T (S). On the other hand, if w w € |24(S) | represents a point at infinity of T (S), then we
define (gr,,, £)(W) := (WHMT(w), 00).

The following is our key result.

Theorem 5.4. The map (gr,, L) is a I'(S)-equivariant homeomorphism that preserves
the topological types and whose restriction to each topological stratum of the finite part
and to each simplex of |2A(S)|co is a real-analytic diffeomorphism.

Corollary 5.5. (a) The induced map M(S) —>AM(R,x) x A" x [0, 00]/~ is a
homeomorphism, which is real-analytic on M(S) and piecewise real-analytic on
124(S) oo/ T(S). R

(b) Let TVS(R,x) (resp. MYS(R,x)) be obtained from T(R,x) x A"~ (resp.
M(R, x) X A" Y by identifying vzszbly equivalent surfaces. Then the induced
TYS) — TYS(R, x) x [0, 0o] and M"(S) — M"S(R, x) x [0, oo] are homeo-
morphisms.

We can summarize our results in the following commutative diagram:

~ . oo L _
FYis (R, x) x [0, 00] (81 2) 7(S)

e

AR, x)| x [0, 00]
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in which W = W* o (8rsos £)~ ! and all maps are I'(R, x)-equivariant homeomorphisms.
For every ¢ € [0, oc], denote by W, : 7Y*(R, x) — [A(R, x)| the restriction of ¥ to
TVS(R, x) x {t} followed by the projection onto [A(R, x)|.

Corollary 5.6. \V; is a continuous family of T'(R, x)-equivariant triangulations of
TVS(R, x), whose extremal cases are Bowditch—Epstein/Penner’s for t = 0 and Harer—
Mumford-Thurston’s for t = oo.

The continuity of (gr,,, £) is proven in Appendix D} Lemma|C.1|a) ensures that this map
is proper. In order to prove Theorem 5.4} we need to show that the restriction of (gr,,, £)
to each stratum is bijective onto its image, and so that (gr,, £) is bijective.

5.5. Bijectivity of (g, £)

The bijectivity at infinity (namely, for ||£| = oo) follows from Theorem [5.2] Thus, let
us select a (possibly empty) system of curves y = {yi,..., yx} on S and consider the
stratum S(y) C 7(S) in which ||£|| < oo and ¢,, = O for every i.

To show that (gr.,, £) gives a bijection of S(p) onto its image, it is sufficient to
work separately on each component of S \ y. Thus, we can reduce to the case in which
yi = C; C 9§ and gr., glues a cylinder at the boundary components Cx1, ..., Cy.
Hence, we are reduced to showing that the grafting map

g, 2 T(S)(p) = T(5)(0)

is bijective for every pr+1, ..., pn € R4, where p; = --- = pr = 0. We already know
that gr/ is continuous and proper; we will show that it is a local homeomorphism by
adapting the argument of [SWO02]. Here we describe what considerations are needed to
make their proof work in our case.

Remark 5.7. Here we are using the notation 7 (S)(0) instead of 7 (R, x) because we
want to stress that we are regarding gr,,(X) as a hyperbolic surface, with the metric
coming from the uniformization.

The grafted metrics are C!! but the map gr. is real-analytic. In fact, given a real-
analytic arc [ f; : S — X;]in 7 (S)(p) and choosing representatives f; so that fp o ffl :
¥; — X is an isometry on the bouﬁdary components Cxy1, ..., Cy, and harmonic in
the interior with respect to the hyperbolic metrics (so that the hyperbolic metrics pull back
to a real-analytic family o; on S), we can choose the grafted maps gr, (f;) : S — %,
so that g’ (fo) o gr'(f) ™" extend fy o f,' as isometries on the cylinders C;, :=
Ci+ %[0, 00). Hence, the family of metrics gr/,_ (o;) on S, obtained by pulling the Thurston
metric back via grl( f), is real-analytic in ¢ and so the arc [gr, (f;)] in 7 (S)(0) is real-
analytic.

Thus, it is sufficient to show that the differential dgr’ is injective at every point of
T(S)(p).

Given a real-analytic one-parameter family f; : § — X; corresponding to a tangent
vector v € Tif17 (S)(p), assume that the grafted family [gri (f;) : S — gr (X))]
defined above determines the zero tangent vector in Trer fo)]T(S )(0).
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Let grl(o;) be the pull-back via f; of the hyperbolic metric of X, and construct the
harmonic representative F; : (S, gri,(o1)) — (S, gri,(0p)) in the class of the identity as
follows.

Give orthonormal coordinates (x, y) to the cylinder C‘,-), = (i x [0, 00) that is glued
at the boundary component C; ; C %, fori = k+ 1, ..., n, in such a way that x is the
arc-length parameter of the circumferences and y € [0, 00).

Remark 5.8. The (x, y) coordinates can be extended to an orthogonal system in a small
hyperbolic collar of C;; in such a way that y is the arc-length parameter along the
geodesics {x = const}. Thus, for y € (—¢, 0), the metric looks like (:osh(y)2dx2 —|—dy2 =
dx? + dy* + O(g?).

Define the M-ends of gr. (%;) to be the subcylinders C;; x [M, o0) fori = k + 1,
..., n and use the same terminology for their images in S via gr.(f;)~!.

For every t, let §; := UM>0 5, (M) where §,(M) is the set of C!-1 diffeomorphisms
8t 1 (S, groo(or)) — (S, gre.(00)) homotopic to the identity, such that g; isometrically
preserves the M-ends. Clearly, §;(M) C (M) if M < M.

Lete(g;) = %llVgt |?> be the energy density of g;,

dzdz

H(g) = Idg ()P ———.
groo(at)

where z is a local conformal coordinate on (S, griy (0y)), and J(g;) the Jacobian deter-
minant of g;, so that e(g;) = 2H(g;) — J (g:). Notice that, if g; is an oriented diffeomor-
phism, then 0 < 7 (g;) < H(g:) < e(g;) at each point.

Define also the reduced quantities e(g;) = e(gy) — 1, 7:((g,) = H(g;)—1and j(g,) =
J(g:) — 1, so that the reduced energy

Eg) = /S &g ety (1)

is well-defined for every g; € ;. For instance, the identity map on S belongs to §;(0)
and its reduced energy is E(fp o f,_l) — 2w x(S).

As grgQ (09) is nonpositively curved, the map F; ps of least energy in §;(M) is har-
monic away from the M-ends and so is an oriented diffeomorphism. Thus,

0= /S F(Fan)era,(©1) < /S F(Faners (0) < E(Fop)

Hence, {F; p}p converges uniformly on compact subsets to the map F; of least (reduced)
energy in §;, which is unique. Set 'I:(t = 7:{(F,) and similarly e, = e(F;).

Following Scannell-Wolf (but noticing that the roles of x and y here are exchanged
compared to their paper), one can show that

o the family {F;} is real-analytic in 7, ) )
e for every small ¢, the map F; is (locally)~ C%® on §; so is the vector field F := Fy
(hence, the analyticity of F; implies that H; and e, are real-analytic in ¢ too),
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e the function H := H is locally Lipschitz away from the cusps and it is harmonic on
the flat cylinders,
e along every Ci41, ..., Cy, we have

1 L L
V = =30+ — (0,50

where V (x, y) is a harmonic function defined on the cylinders (:’,-,0 (and on first-order
thickenings of Cj; o) that can be identified with the y-component of F, and w(x, 0)+
simply means lim,_, o+ w(x, y).

o V), = 1H + ¢; on each C;, where ¢; is a constant that may depend on the cylinder.

From now on, let all line integrals be with respect to the arc-length parameter dx and
all surface integrals with respect to grl (0p). Notice that

. 5 1 ~
/'H=/H=lim—/7‘lt
S S t=01 Jg

because Hy = 0. As the integral on the right is a real-analytic function of  which vanishes

at 1 = 0, we conclude that H is integrable and so is é.
On the other hand, & = 32| VF,|2,=0 = 8x(F - 8,) + Vy. As 3, (F - ;) has zero

average, Vy is integrable too and all constants ¢; are 0. Thus, V and H decay at least as
exp(—2my/p;) on éi,O and we can write

0=/~ Vsz—f~ ||VV||2+/ Va,V.
Cio Cio Cio

Moreover,

1 *
0< / IVV]? = / VyV =~ HV. 1)
Cio Cio 2 Cio

On the other hand, multiplying by H =Hand integrating by parts the linearized equation
(Agr_(00) + 2K0)H =0

where Ky is the curvature of gr,_(op), we obtain
o= [ iR = [ Far..
Cio Cio

n
o< [ aviiR+2m == > [ Fes-
Shyp i=k+17Ci0

where Spyp is the grl (o9)-hyperbolic part of S.
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me0§ZLHLQWH«%Hp—%%HLLWMMﬂyyt

052/(||VH||2—2K||H||2>=— > / HV )
S Cio

i=k+1

Combining (T)) and (@), we obtain

HV =0 Vi=k+1,...,n,
Cio

andso’H = O on S.
Hence, away from the cusps, F; is a (1+o0(¢))-isometry between grl,(o;) and grl,,(op)
and one can easily conclude that o; and o are (1 + o(t))-isometric too.

5.6. More on infinitely grafted structures

5.6.1. Projective structures. Consider a Riemann surface R without boundary and of
genus at least 2. A projective structure on a marked surface [f : R — R’] is an equiva-
lence class of holomorphic atlases $ = {f; : U; — CP! | R” > U; open)} for R’ such that
the transition functions belong to Aut(CP') = PSL(2, C), that is, f; lu;nu; and fjlu;nu;
are projectively equivalent.

Given two projective structures, represented by maximal atlases Ll and U, on the same
[f:R— R']1€ T(R)andapoint p € R, we want to measure how charts of { are not
projectively equivalent to charts in 2 around p. So, let f : U — CP! be a chart in {{ and
g : U — CP! achartin U, with U C R’. There exists a unique o € PSL(2, C) such that
f and o o g agree up to second order at p. Then (f — o 0 g)"” : T,U — Ty(,»)CPisa
homogeneous cubic map and f'(p)~! o (f — o o g)"” is a homogeneous cubic endomor-
phism of 7T,U, and so an element S(f, g)(p) of (T[;"U )®2. The holomorphic quadratic
differential S(, 0) on R’ is called the Schwarzian derivative. It is known that, given
a 4 and a holomorphic quadratic differential ¢ € Qpg, there exists a unique projective
structure 20 on R’ such that S(U, V) = ¢.

Thus, the natural projection 7 : P(R) — 7 (R) from the set P(R) of projective
structures on R (up to isotopy) to the Teichmiiller space of R is a principal Q-bundle,
where Q — 7 (R) is the bundle of holomorphic quadratic differentials.

Assume now that R is compact. The grafting map gr : 7 (R) x ML(R) — T (R)
admits a lifting

Gr: T(R) x ML(R) = P(R)

which is a homeomorphism (Thurston [KT192]) and such that Gry corresponds to the
Poincaré structure. We recall that a surface with projective structure comes endowed with
a Thurston C'! metric: in particular, if A = c1y) + - -+ + ¢, ¥, 1s a multi-curve on R,
and R’ is an R-marked hyperbolic surface, then Gr; (R’) is made of a hyperbolic piece,
isometric to R’ \ supp(1), and n flat cylinders homotopic to y; and of height c;.

It is a general fact that Gr, determines a real-analytic section of & for all . € ML.
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5.6.2. A compactification of P(R). The homeomorphism 7 (R) x ML(R) = P(R)
shows that sequences {([ i : R = R),], Am)} in P(R) can diverge in two “directions”.

Dumas [DumO6] provides a grafting compactification of P(R) by separately com-
pactifying 7 (R) and ML(R). In particular, he defines P(R) := 7Th(R) x ML(R),
where TTh(R) = T(R) UPML(R) is Thurston’s compactification (see [FLP79]) and
ML(R) = ML(R) UPML(R) is the natural projective compactification of ML(R).

In order to describe the asymptotic properties of P(R), we recall the following well-
known result.

Theorem 5.9 ([HM79]). The map
A:Q— T(R) x ML(R)

defined as ([f : R — R'],¢) = ([f : R — R'1, f*Ar(¢)) is a homeomorphism,
where A g/ (@) is the measured lamination on R’ obtained by straightening the (measured)
horizontal foliation of ¢.

The antipodal map is the homeomorphism
t:T(R) x ML(R) - T(R) x ML(R)

given by «([f : R — R'],A) = A(=A~([f], 1)). The following result shows that the
restriction (f : ML(R) — MAL(R) of i to a certain point [ f] € T (R) controls the
asymptotic behaviour of 7 ~1(f).

Theorem 5.10 ([DumO6], [DumOQ7bl]). Let {([fin : R = Rul, Am)} C T (R) x ML(R)
be a diverging sequence such that w o Gr,,,(fm) = [f : R — R']. The following are
equivalent:

(1) Am — [A]lin ML(R), where [\] € PML(R),
. =Th
@) Ul = ly@NinT R,
(3) Ap(=S(Gry, (fu)) — [A]in ML(R),
4) Ar(S(Gry, (fm) — lir(M)] in ML(R), where the Schwarzian derivative is con-
sidered with respect to the Poincaré structure.

When this happens, we also have [H (k)] — [A~Y(R', M)] in PLY(R’, K®?), where
H (k) is the Hopf differential of the collapsing map i, : R" — R,,.

We recall that, if A, is a multi-curve c1y;1 + - - - + ¢, ¥, then k;;, collapses the n grafted
cylinders onto the respective geodesics and is the identity elsewhere. Thus, if the j-th flat
cylinder is isometric to [0, £;] x [0, ¢;1/(0, ¥) ~ (£}, y), then H (k;,) restricts to dz* on
the grafted cylinders and vanishes on the remaining hyperbolic portion of R’.

Remark 5.11. The theorem implies that the boundary of 7! (f) C P(R) is exactly the
graph of the projectivization of i.
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5.6.3. Surfaces with infinitely grafted ends. We can adapt Theorem [5.10]to our situation,
when we restrict our attention to smooth hyperbolic surfaces with large boundary.

Let S be a compact oriented surface of genus g with boundary components C1, .. .,
C, (and x(S) =2 —2g —n < 0) and let dS be its double.

Theorem 5.12. Let {[fiy : S — X1} C T(S) be a sequence such that (g, L)(fm) =
([f: (R, x) = (R, x)], Em) € T(R, x) x R".. The following are equivalent:

(1) p, = (p,00)in A""! x (0, 00],
Q) [fm] = win T (S), where w is the projective multi-arc associated to the verti-

cal foliation of the Jenkins—Strebel differential ¢35 on (R, x") with weights p (see

Theorem[5.2)).

When this happens, we also have

@) 4l pmll~2H (k) — @5 in LIIOC(R’), where H (k) is the Hopf differential of the
collapsing map k,, : R’ — %,
(b) with respect to the Poincaré projective structure on %, 2||pm||’zS(Groo(fm)) —

—gys in HY(R', K (x)®2).

Remark 5.13. We have denoted by Groo(f;, : S — X)) the (S-marked) surface with
projective structure obtained from X, by grafting cylinders of infinite length at its ends.
This is a somewhat “very exotic” projective structure, whose developing map wraps in-
finitely many times around CPP'. Its Schwarzian with respect to the Poincaré structure has
double poles at the cusps.

We have already shown that (1) and (2) are equivalent to each other.

Lemma 5.14. For every compact K C R/, there exists to > 0 such that K C Kfn =
81 p 195, (Em) C R’ for every t > io.

Proof. Let z € K. There exists ¢; > 0 such that the extremal length of a curve inside
R’ isotopic to C; that separates a disk containing {z, x;} from the remaining surface is at
least ¢, for every j. On the other hand, the extremal length of C; inside K/, is at most
1/t. Hence, there is a neighbourhood U, of z such that U, C K/, for every t > 1/c;.
As K is compact, there exist zy, ..., z; such that U, , ..., U, cover K and so 1y >
max{l/c;,, ..., 1/c;} works. o

The proof of (a) of Theorem 5.12 follows [DumQ6] (see also [DumO7a]) with minor
modifications:

e Leth,, : R — % m be the harmonic map homotopic to «,, that is the limit as s — oo of
the harmonic maps h;, : gryyy, (X)) — Zp, that restrict to isometries at the boundary;
we clearly have

[ H () — H(cm) | 11y < I1H () — H (k) |l 1 (k1)

and Ex: (hw) < Ext (kn) = 271X ()| + 1 pm?/2 < Exs (h) + 27| x(S)], where
Ek: is the integral of the energy density on K I
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e The statement that [ H (h,,)] — [¢] as m — oo is basically proven by Wolf in [Wol89];
in fact, the considerations involved in his argument do not require the integrability of
H (h,,) or ¢ over the whole R’: rescaling the Hopf differential in order to have the right
boundary lengths, one obtains

Hpml > H(hp) > ¢ in Ligo(R).
e The local estimate
I H (hw) — H (k)| 1) < V2(Ex (hm) — Ex (kim)) (JEK(hm) - \/EK(M)
is obtained in the proof of Proposition 2.6.3 of [KS93].
e One easily concludes, because|H (hn) — H(km)llpik:) = O(| pm|v/1) and

IH B) 1 (k1) = OUlpm D).
Assertion (b) is also basically proven in [Dum07b] up to minor considerations:

e Let p be the hyperbolic metric on R’ and Pm the Thurston metric on Groo (X)) = R’ ;
moreover, let B, be the Schwarzian tensor B(p, pm) = [Hess, (o) — doy ® d(fm]z’o,

where o, = 0 (0, pm) = log(pm/p)-
e The decomposition ([DumO7b, Theorem 7.1])
S(Groo(Zm)) = 2Bm — 2H (k)

(where S is computed with respect to the Poincaré structure on R) still holds, because
it relies on local considerations. )

e Let K be the compact subsurface of R’ obtained by removing all n horoballs of cir-
cumference 1/4 at x’. Moreover, let p, be the Thurston metric on X obtained by
grafting infinite flat cylinders at the boundary of (gr,, L)~ £, p) and write pp =
1+ ||£||2)pp for the normalized metrics. The set N = {6p |£ e A" x 0, ool}is
compact in L*°(K). Thus, ||p,/pllL=k) < ¢ and all restrictions to K of metrics in N/
are pairwise Holder equivalent with factor and exponent dependent on R’ only (same
proof as in Theorem 9.2 of [DumQ7bl).

e The same estimates of [Dum07bl| give (Theorem 11.4)

”'BmHL](Dam,p) <c

where ¢ depends on R’ and §.

e All norms are equivalent on H(R’, K (x")®2), so we consider the L' norm on K C R’
and we observe that ||¢||L1(D5/4,p) <d|v 1 (k) for any p-ball of radius /4 embed-
dedin K.

e By Lemma there exists o (depending only on R’ and K) such that K C K,J for
all m. Thus,

128 (Gros (Em) + @15l )
< C128(Groo (Zm) + 4H ) | 11Dy, ) + 14H Gen) = o251l g0,
< 4c1lBnll LDy + 21+ [PnlVT0) < e3(1+ [l pmlIV70)

where c3 depends on R only. We conclude as in (a).
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Appendix A. The collar lemma and a convergence criterion

Lemma A.1 (Collar lemma, [Kee74]], [Mat76]). For every simple closed geodesic y C
Y in a hyperbolic surface and for every “side” of y, there exists an embedded hypercycle
y' parallel to y (on the prescribed side) such that the area of the annulus enclosed by
y and y’ is £/(2sinh(£/2)). For £ = 0, the geodesic y must be understood to be a cusp
and y’ a horocycle of length 1. Furthermore, all such annuli (corresponding to distinct
geodesics and sides) are disjoint.

We recall here a useful criterion of convergence in T(S ).

Proposition A.2 ([Mon09al). Let_{[ fm + S = (Zm, gm)]} be a sequence of points in
T(S)andlet[f : S — (X, g)] € T(S). The following are equivalent:

@ [ful = [f1inT(S), )

(b) there exists fp € [fu] such that the metrics (fin o f~1)*(gm) — g uniformly on
compact subsets of the smooth locus of %,

(c) there exists fm € [ fin] such that the conformal distorsion K ( fm of 1 5 1 uni-
formly on compact subsets of the smooth locus of X.

Appendix B. The continuity of W

The following proof shares some ideas with [ACGH] (to WhiC/f\l we refer for a more de-
tailed discussion of the case with n cusps). The bijectivity of W is a direct consequence
of the work of Bowditch—Epstein, Penner and Luo. We begin with some preparatory ob-
servations.

Definition B.1. Let ([f : S — X],p) € T (8)(0) be a projectively decorated surface
and let B; C ¥ be the embedded horoball at x; = f(C;) with radius p;. The associated
truncated surface is TV := X \ (B; U --- U By,), the reduced length of an arc a € A(S)
at f is L4 (f) := £(Z" N f(«)), and the A-length of @ is Aq(f) := exp(fe(f)/2).

We remark that our definition of A-length differs from Penner’s original one ([Pen87]])
by a factor of v/2.

Lemn}g B2 Let {[fm : S = 1} C T(S) be a sequence that converges to [f : S —
] e TVS(S).

(a) Assume |L(f)|| > 0 and let A(S) = Afn U Axo, where A is the subset of arcs
B such that £g(f) = oo. Then Lo (fm)/La(f) — 1 uniformly for all « € Agn.
Moreover, if Ao # 0, then there exists a diverging sequence {L,,} C Ry such that
Lg(fn) = Ly for all B € Axo. Hence, to( fin) — to(f) uniformly.

(b) Assume L(f) = (p,0) € A" x {0} and let A(S) = Agin U Ao, where A is the
subset of arcs B such that 57,3 (f) = o0o. Then Lo (fin)/lo(f) — 1 uniformly for all
a € Agin. Moreover, if Asxo # 0, then there exists a diverging sequence (L} C Ry
such that Lg(fn) > Ly for all B € Aco. Hence, [to(fin)] — [te(f)].
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Remark B.3. Here we collect a few facts about how a geodesic boundary component
degenerates to a cusp and we set some notation, which will be useful in the proofs of

Lemma|[B.2|b) and in Lemma

(i) A simple computation shows that a loop at distance d from a closed geodesic of
length ¢ (also called a “hypercycle”) has length ¢ cosh(d).

(i) For the purposes of this remark, we will assume that £(f,) — O and also that
IL(fm)|l < 1.So we can define ¥, € [0, /2] by sin(d,,) := [|L(fi)]l-

(iii) For each boundary circle C; ,, of %,,, let HC; ,, C X, be the hypercycle parallel
to C; ,, at distance d,, = — logtan(?},,/2) (i.e. cosh(d,,) = 1/sin(,,)), which has
length p; (fim) := pi(fm)/sin(d,,) < 1 and so is embedded in %,,.

(iv) Notice that the spine of ¥, coincides with the spine of its subsurface X!\ obtained
by removing the hyperballs bounded by the HC; ,,’s; in fact, every geodesic that
meets C; ,, orthogonally also intersects HC; ,, orthogonally.

(v) For every arc «, define the reduced length of « at f;,, to be fa( fm) = Lo (fim) —2d,
that is, the length of f, (@) N E},ﬁ. We can define the A-length of o as Ay (fin) =
exp(£y/2).

(vi) Because HC; ;, limits to a horocycle of length p; = p;(f) as m — oo, we obtain
half) = Ha(f, ).

In the following proof, we will denote by S, the open subsurface f~!(X,) and by
S the preimage under f of the truncated surface Y.

Proof of Lemma By Proposition we can assume that f*(gn) — f*(g) uni-
formly on compact subsets of S..

Case (a): arcs of infinite length. 1f Ax, # 0, then there exist disjoint loops y1, ..., ¥
€ C(S) corresponding to the nodes of X such that ¢,, = max,£,, (fin) — 0asm — oo.
Clearly, B € A < i(B,y1+ -+ y) > 0.

By the collar lemma, £4(f,) > Ly := T (ciy)/2 and so tg(f) < T(Ly) — O for all
B € Aoxo. On the other hand, |y, ( fin) — €o (f)|/€a(f) — 0 uniformly for all « € Agp,.

Case (a): arcs of finite length. Fix ¢ > 0. There are finitely many arcs o1, ..., o €
Afin such that £y, (f) < T(e)/(1 —¢) fori =1, ..., k. Clearly, |ty (fin) — ta; (f)| < &
for m large. If « € Agy and o ¢ {oy, ..., o} (that is, « is “long”), then £4(fn) >

Lo ()1 — &) > T(e) and so t,(fn) < € for m large. Hence, for @ € Agy \ {o1, ..., ax)
too, |ty (fm) — ta(f)| < € for m large.

Case (b): arcs of infinite reduced length. Let yy, ..., y; be the curves in the interior
of § that are shrunk to nodes of ¥ and let J = {j | p; = 0}. We can assume that p; (f;,) <
pi(f) < 1ifi ¢ J and that p;(f,) < 1if j € J.

Let ¢, = max{{,, (fn)} and ¢,, = max{p;|j € J}. Clearly, if B € Ay intersects
some ¥y, then E,g( fm) = T(cwm)/2 — oo. If B € Ay does not intersect any yy, then it
meets some C; with j € J. Because of the collar lemma, there is a hypercycle embedded
in X, at distance §; », from f,,,(C;), with p;(fi) cosh(8; ) = 1. As p;( fi) cosh(d;,)
pj(fm)/Sin(ﬁm)a we get COSh(aj,m)/COSh(dm) = Sin(l?m)/pj(fm) and so 8j,m —dy &
21og(sin(®,)/ pj (f)) > 2log(sin(¥y)/cl,) — oo for j € J. Hence, £g(fn) > Ly :=
min{T (¢p)/2, 2log(sin(¥y,)/c;,)} — o0.
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Case (b): arcs of finite reduced length. The uniform convergence of f,%(g,) on the
compact subsets of Stj ensures that |[£y(fin) — € (f)|/€a(f) — 0 uniformly for all « €
Afin-

Let g € Afin be the arc with smallest £4,(f). Fix ¢ > 0. There are finitely many arcs
ai, ..., ok € Afp such that £, (f) < Zao(f) —2log(e) fori =1, ..., k. Clearly,

o Un) 10 () _ Fagl)
too (fm) Ty () A ()

Ifa € Afp and @ ¢ {1, ..., a;} (and so « is “long”), then

alfm) o Jexpllug (fon) — Ta )] < 26
toto(fm)

for m large. Hence, |t (fin)/tay (f)| < 2¢ for m large and o € Agip \ {1, ..., o} m]

fori =1,... k.

Lemma B.4. W is continuous.

Notice that ’?Vis(S) and |A(S)| x [0, co) have countable systems of neighbourhoods at
each point. As 7 (S) is dense in ”T\ViS(S), in order to test the continuity of W, we can
ggnsider a sequence {[fi : S — X,]} € 7(S) converging to a point [f : § — X] €
TV(S). Moreover, because of Proposition we can assume that f(gn) — f*(g)
uniformly on the compact subsets of S

Assume first that [ ] ¢ 7 "iS(S )(0). We break the proof into four steps:

(1) “stabilization” of the spine, that is, f_l(Asp(E)) - f"jl(Asp(Em)) for m large,
(2) splitting the arc systems Agp(X;,) into subsystems of long arcs and finite arcs,
(3) convergence of the widths of long arcs,

(4) convergence of the width of finite arcs.

In step (4), wep (@, fn) is computed by applying () to a hexagon H,, of S\ f, ! (Asp(Zm))
that bounds a. There are three cases:

(4a) H,, is bordered by three arcs of bounded length,
(4b) H,, is bordered by two arcs of bounded length and one divergent arc,
(4c) H,, is bordered by one arc of bounded length and one divergent arc.

We show that (4b) does not occur and that one has the desired limit in (4a) and (4c).
The case of [ f] € 7V%(S)(0) is similar, using reduced lengths and normalized widths.

Proof. Suppose [ f] ¢ ?ViS(S) (0).

The distance function dy, (—, 3S4) : S — R, with respect to the metric f, gy
converges uniformly on compact subsets of S .

Step 1: stability of the spine. Let £ be the set of edges of Sp(X) and let m; be the
midpoint of the edge E; € £ in . Let ;1 and y; 2 be the shortest geodesics that join m;
todX and o; := f‘l()/i’_ll * ¥i,2) the associated arc. Let d(m;, 0X) = €(ye,1) = £(YE.2)
and write d’'(m;, d%) for the minimum length of a geodesic that joins m; to 3% and is not
homotopic to y;,1 or y; 2. Finally, set ¢ = min{d'(m;, %) — d(m;, d%) | E; € £} > 0.
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Because dy,, (f_1 (m;), 0S4) and d}m (f_1 (m;), 0S4) also converge as m — 00, their
difference is eventually positive and so the arc «; is still dual to some edge of the spines
I L(Sp(Zm)) of (S, S (gm)) for m large. Thus, up to discarding finitely many terms of
the sequence, we can assume that A := f‘l(Asp(Z)) CA, = fnjl(Asp(Zm)).

Step 2: long and finite arc subsystems. The set of long arcs A is the set of all the
arcs that are not supported in S... The set of A-compatible finite arcs A" consists of those
arcs o supported in Sy such that A U {«} is still a system of arcs. Notice that A < Afi"
and that A" is finite.

Because of Theorem [3.9] we can assume in our computation that A, :=
I ! (Asp(Xyn)) is maximal. Moreover, we split A, as the union of the subsystems
Afin.— A, N A" and 4, N Aw.

Step 3: widths of long arcs. By Lemma a), Lg(fm) = Ly equidiverge and so
wAm(E, Sm) <tg(fn)/2 < T(Ly)/2forall B € Ay N Ao, where T(L,,) — 0.

Step 4: widths of finite arcs. 1t is sufficient to show the following: for every a €
A and for every subsequence {fm;} such that « € Ay, we have W4, (@, fm;)) =
WA, @, f). As A,,; is maximal, it decomposes S into hexagons: let H; be a hexagon
bounded by a. Up to subsequences, we can assume that we are in either of the following
three cases for every i.

(4a) H; bounded by three finite arcs. Leta, a!, ;' be finite arcs of A,,, that bound H;.
Up to subsequences, we can assume that @ = &’ and &/ = &”. Then

S (Fng)? + S (Fng)* = Sa(fims)? _
zsa’(fmi)sa”(fm,-)\/ Soz(fm,-)2 -1

Because fm*,- (gm;) = f*(g) uniformly on compact subsets of S, the lengths of the arcs
supported in Sy converge and so wa,, (&, fm;) — WA, (a, f).
(4b) H; bounded by two finite arcs. Let &, @/, Bi be the arcs of A,,, that bound H;,

where  is finite and §; is long. Up to subsequences, we can assume that o, = &' is fixed.
The formula

sinh(wa,, (@, fm;)) =

cosh(a;) cosh(a;) + cosh(b;)
sinh(a;) sinh(a;)

cosh(d(a, &)) =

(where a;, alf, b; are the lengths of o, &/, B; at fi,,;) and the divergence of b; imply that
d(a,&’) diverges, which contradicts the fact that the boundary lengths are bounded.
Hence, this case does not occur.

(4¢c) H; bounded by one finite arc. Let @, B}, Bl’ be the arcs in A, that bound
H;, where f;, ,81.’ are long. Let xq i, Xg,i, Xg; be the lengths of the edges of H; op-
posite to «, B;, B; and let a;, b;, b, be the lengths of «, B;, B] at f,,;. Remember that
WA, Bi. Jmi), wa,, (ﬁ;, fmi) — 0, whereas wy,, (&, fm,;) is bounded. Notice that
XBi — WA, (@, fm;) = wa,, (Bi. fm;) — 0 and so cosh(xg ;) — cosh(wAmi (&, fm;))
— 0. The same holds for ﬂi’, thus cosh(xg ;) — cosh(xg ;) — 0. But

cosh(b}) cosh(a;) + cosh(b;) _ 1 cosh(b;)
sinh(b}) sinh(a;) "~ tanh(a;) tanh(b;)  sinh(a;) sinh(b;)

cosh(xg ;) =
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and similarly for x B> SO that we obtain

2sinh(b; — b)) Pihi — ebihi he b ) - 0
= o :) — ) =
sinh(a;) sinh(a;) oS ) = COSTAp ’

which implies that |b; — bl/.| — 0, because a; — a € (0, 00).
Consequently,

1 1 1
tanh(a) + sinh(a) ~ tanh(a/2)’

cosh(wa,, (@, fm;)) —
which gives wy,, (@, fm;) = ta(f)/2 = wa(@).

Suppose now [ f, p] € TV5(5)(0).
We use the notation in Remark [B-3]and we assume as before that A, is maximal.
Notice that

ro(fm) = ele/2n = ¢=dn <Sot(fm) + sot(fm)z - 1)
= tan(@/2) (50 (fon) + /5 fn)? = 1) % DS (fin) + O (fin)):

In step (4) below, the normalized widths W4, = 2wa,, /sin(d,) will be shown to limit to
the simplicial coordinates. Since the map W reduces to BEP’s map for cusped surfaces,
we will also use the term “normalized widths” (instead of “simplicial coordinates™) for
homogeneity.

As ||p|l = 1, we can assume that p; (f,,) < pi(fm). The proof follows the same path
as before, with some modifications.

Step 1: stability of the spine. By Proposition [A.2] (see [Mon09a]] for more details),
we can assume that f,,(S") = ! and that the metrics f,(gn) converge uniformly on
compact subsets of S{. Hence, the above argument works by replacing ¥ and S by their
truncations.

Step 2: long and finite arc subsystems. We define long and finite arcs as in the pre-
vious case. Because p — 0, the geometry of the cusp implies that w4, (&, fin) <
to(fin)/sin(Dy,) = 2exp(—Lq/2) forall a € A,,.

Step 3: reduced widths of long arcs. By Lemmab), E,g (fm) = Zm and .58 (fim)
~ Ag(fm) = exp(I:m/Z) equidiverge and so wa,, (B, fm) < Zexp(—f,m/Z) for all 8 €
A, N Ao, where exp(—im/Z) — 0.

Step 4: reduced widths of finite arcs. For all « € A™ we have A(f) < oo and
Ma(fm) - }La(f)| - 0’ and Ma(fm) - 19msot(fm)| — 0.

Let ( fm,) be a subsequence with « € A,,, and let H; be a hexagon bounded by a.

(4a) H; bounded by three finite arcs. Let @, ., a be the arcs bounded by H;. As
before, we can assume that &, = &’ and &/ = &@”. Because of the uniform convergence
of fo (gm;) = f*(g) on compact subsets of S, we have WA, (@, fm;) — Wa,, (@, f).
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The simplicial coordinate of & at f,,, is

- _ )La’(fmi)z + )"Dt//(fm,')z - )‘Ol(fmi)z
Kot @ Jmi) = Aot (fmdhar (fmi)ha (fim;)

It is easy to check that Wy, (@, fm,) = Xa,, (@, f).

(4b) H; bounded by two finite arcs. Leta, a;, B be the arcs bounded by Hj, with B;
long. There is a simple closed (nonboundary) curve y; C S that is contracted to a node
by f and that intersects f8;. Up to subsequences, we can assume that @, = o’ and y; = y.
Either « or o’ intersects v, which contradicts the fact that & and o’ are finite arcs.

(4¢) H; bounded by one finite arc. Let a, i, El’ be the arcs bounded by H;, where B;
and ﬂi’ are long. Because cosh(x, ;) ~ 1 + xii/Z and

cosh(b;) cosh(b}) 4 cosh(a;)
sinh(b;) sinh(b})

cosh(xg,;) = ~ 1+ 2exp(a; — bi — b})

+ 2exp(—2b;) + 2 exp(—2b})

we obtain xéyi/ﬁ%i ~ exp(a; — b — 5;) + 0(19,%“) — 0.

Remember that iy, Bi, Jmi)s Wa,, (E{ fm) — 0 and that Wy, (@, fm;) is
bounded. So xg ; /sin(y,;) and xg ; /sin(},,) are bounded too.

On the other hand, cosh(xg ;) ~ 1+2 exp(blf —b; —a;)+2exp(—2a;)+2exp(—2b;)
and s~o xé,il. ~ dexp(b; — b; — a;) + 4exp(—2b;) + 4 exp(—2a;) and xé,’i/sinz(z‘}mi) R
exp(b; — bi — a;) + 0(9;,).

Finally,

b, — b — a

~ 2exp(’T> +0;)

2xg,i

DA (@ fn) A — Bl
Am’.( fm,) sin(z?mi)

and an analogous estimate holds with the roles of b; and 5; switched. This implies that
b} — b;| — 0.

As a consequence, ’I)Am,- (@, fm;) =~ 2exp(—a;/2) — 2exp(—a/2) = 2/ (f) =
Xa,, @, f). O

Appendix C. Two topological remarks

The following topological lemma will be useful in the proofs of Theorems [3.16]
and[5.4]

Lemma C.1. Let f : X — Y be a G-equivariant continuous map between metric spaces
on which the discrete group G acts by isometries. Assume that the G-orbits on Y are
discrete.

(@) If X/ G is compact and stab(x) C stab(f(x)) has finite index for all x € X, then f is
proper.
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(b) If f is injective and the induced map f : X/G — Y /G is a homeomorphism, then f
is a homeomorphism.

Proof. For (a), let {x;,} C X be a divergent sequence. Up to extracting a subsequence, we
can assume that [x,,] — [x] € X/G. Thus there exists g,, € G such that x,, - g, — X,
that is, dx (x,,,, X - g,;l) — 0. As {x,,} is divergent, the sequence {[g;;]} C G/stab(x) is
divergent too, and so it is in G/stab( f (x)). Hence, every point of the orbit f(x)-G occurs
finitely many times in { f (x) ~g,;1}, because f(x) - G is discrete. As f(xy - gm) = f(x),
we have dy (f (xp,), f(x) - gnjl) — 0 and { f (x;,)} is divergent too.

For (b), let us show first that f is surjective. Because f is bijective, for every y € ¥
there exists a unique [x] € X/G such that f([x]) = [y]. Hence, f(x) = y - g for some
ge€Gandso f(x-g~ ") =y.

The injectivity of f also implies that stab(x) = stab(f(x)) for all x € X.

To prove that f~! is continuous, let {x,,} C X be a sequence such that f(x,,) — f(x)
for some x € X. Clearly, [ f(x;,)] = [f(x)]in Y/G and so [x,,] — [x]in X/G, because
f is a homeomorphism.

Hence, there exists g, € G such that z,, = x, - g,;l — x. By continuity
of f, we have f(z;,) — f(x) and by hypothesis f(z,) - gn — f(x). Moreover,
dy (f(x) - gm, f (X)) =dy(f(x) - gm, f(xm)) +dy (f (xm), f(x)) =dy(f(x), f(zm)) +
dy(f(xm), f(x)) > Oandso f(x)-gn — f(x).Hence, g, € stab(f(x)) = stab(x) for
large m, because G acts with discrete orbits on Y. As a consequence, for m large enough
dx (xm, x) = dx(zm,x) — 0and so x,, — x and f’1 is continuous at f(x). m]

Notice that, in order to check that the G-orbits on Y are discrete, it is sufficient to show
the following:

(o) whenevery-g,, — yforacertainy € Y and {g,,} C G, the sequence {g,,} eventually
lies in stabg (y).

In fact, because of (e), there is an ¢ > 0 such that B(y, e)Ny-G = {y}. Given a sequence
{gm} C Gwithz-g, — y €Y, wehaved(y - gj_lg,-, y) <d(y- gj_l, 7)+d(z,y- gl._l)
=d(y,z-g)+d(z-gi,y) <efori, j > N. Thus, gj_lgi € stabg(y) and d(z- g, y) =
d(z- gjgflgi, y)=d(z-gi,y) foralli, j > N.. Hence, z - g; = y for alli > N, and so
the orbit z - G is discrete.

Another simple topological statement will be occasionally useful.

Lemma C.2. Let f : X — Y be a map of metric spaces and let U C X be a dense
subspace. Assume that

(@) flu is continuous,
(b) for every {u,,} C U such that u,, — x € X, we have f(u,) — f(x).

Then f is continuous.

Proof. Let {x,;} C X be a sequence such that x,, — x. As U is dense in X, by (b) we
can choose {u,,} C U such that dx(u,,, x,,) < 1/m and dy (f (um), f(xm)) < 1/m.
Then dx (uy,, x) — 0 and so dy (f (u,), f(x)) — 0 by (a). Finally, dy (f (xn,), f(x)) <
dy (f (xm), f(um)) +dy (f wm), f(x)) — 0. ]



Riemann surfaces with boundary and natural triangulations of the Teichmiiller space 675

Appendix D. The continuity of the infinite grafting map

To prove the continuity of (gr,,, £) atq € ’]N‘(S ), we split the problem into two distinct
cases:

(1) L(g) bounded andsog =[f : § — X],
(2) L(g) not bounded and so g = w € |2A(S)|oo.

D.1. L(q) bounded

Let {[fn : S — Z,1} € 7(S) be a sequence that converges to [f], so that L( f;;)
— L(f).

Condition (b) of Proposition ensures that there are maps f,, : S — ,, which
have a standard behaviour on a neighbourhood of the thin part of ¥, and such that the
metric f,;l“ (gm) converges to f*(g) uniformly on the complement (see [Mon(09al] for more
details). For some fixed gro,(f) : R — gr,(X), define fm : R — gr(X,) in such a
way that F,, = gro.(f) o fnjl gl (Bm) = gryo(X) has the following properties.

For every i such that £¢,(f) > 0, we denote by q)fn 1 9'%,, — 9'T the restriction of
fo f,; !'to the i-th boundary component and we put orthonormal coordinates (x, y) (with
y > 0and x € [0, {c,;)) on the i-th cylinder éi in such a way that C; = {y = 0} and
S induces on C; the orientation along which x decreases. Then we define F,(x, y) :=
(¢L,(x), y) on the i-th cylinder.

For every j such that Ecj(f) = 0 and Ecj(fm) > 0, we can assume that ch (fm) <
1/2 and we can consider a hypercycle HC; C X, C gry,(X,,) parallel to the j-th
boundary component and of length 2¢¢; (f,n). We define F, to agree with f o f,; ! on the
portion of gr,,(X,,) which is hyperbolic and bounded by the possible hypercycles HC;.

Finally, we extend F}, outside the possible hypercycles HC; by a diffeomorphism.

Clearly, condition (c) of Propositionfor the sequence { fAm} and gr, (f) is satisfied

and 50 [ fu] = [fm] = [groo(f)]in T(R, x).

D.2. L(q) not bounded

Let S+ C S be the visible subsurface determined (up to isotopy) by A = supp(w).

As gr, is continuous on the 7 (S), by Lemma[C.2]it is enough to consider a sequence
{[fiw : S = X} C T(S) that convergesto g = w € |2A(S)|eo C 7 (S) and such that
W(fm) € |A,]° x R4, with A, maximal.

We must show that gro (fin) = glo(@) = [f : R — Z]in T(R,x) x A" 1 x
[0, 0o]/~, where f and X are constructed as in Section@

It will be convenient to denote by w(«, f) the weight w(«) for every ¢ € A.
Moreover, we will use the notation w(—, f;;) to denote the normalized quantity

2wp(—=, fn)/IL(fn) |l and iDy, @, f) to denote 2ELdin(q, f),
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Idea of the proof. We will define a sequence of homeomorphisms fm : R —
gro, (X)) by explicitly describing F,;, = f o fAnjl : 8o (X)) — X. Then we will show
that F,, is K,,-quasi-conformal on the compact subsets of the smooth locus of 3, with
K, — 1. Hence, Proposition [A.2c) will imply that gr . (f) = gl (q).

Let G, be the ribbon graph dual to A,, so that f,,(G,,) can be identified with Sp(XZ,,).
Similarly, let G be the ribbon graph dual to A, so that f(G) C X4 can be identified with
the critical graph of ¢.

We can assume that A C A, for every m. One can visualize this inclusion dually as
a surjective morphism of ribbon graphs G, — G (see [MonQ9bl, for instance), in which
the inverse image of an edge is an edge and the inverse image of a vertex v of G is a
subgraph of G, (made of the edges of G, that shrink to v).

Idea of the construction of F,,. For every m, we subdivide our surfaces gr,,(2,,) and
¥ into Ié-regions (rectangular) and V-regions (near a vertex), and we coordinatize them.
We stress that, even though X is fixed, some regions and some systems of coordinates
on ¥ may depend on m. Then we explicitly define F, on all these regions, except for
a small neighbourhood of the vertices of Sp(X,,) = fiu(G;) and of the edges in some
shrunk subgraph f;,, (G, (v)). Where F;, is defined, we check that its conformal distortion
uniformly converges to 1. Finally, we extend F;, over the remaining part of gr_ (X,,) and
we use Proposition[A.Z|c) to obtain the desired convergence.

For every m and every small ¢ > 0, define the following regions of gr, (X,,) and
of X.

Ié-region on groo(Xp) associated to « € Ay,. Let @ be an oriented arc on S with
support & € A,. Let P(a, ) be the projection of the geodesic edge fi, (a)* of Sp(Zy,)
to the boundary component of %,, pointed by f (@) and orient P (&, %,,) coherently with
a* (and so reversing the orientation induced by %,,).

Let R(@, X,,) be the geodesic quadrilateral swept out by the shortest geodesics that
join f,(@*) and P(&, %), and let R(@, =,,) be the union of R(&, X,,) and the flat
rectangle of gr.,(X,,) of infinite height with base P(c, Z,,) (see Figure @)

Iée-region on gro () associated to o € A. Assume now « € A and let (@, Bl» ,52)
bound a hexagon of S \ A,,. The formula

2 2 2
Sz +S85z — 8§
sinh(a/2) sinh(w(@)) = £—F2_ "¢
25,58,

shows that wyp (@, fm) > O for m large enough, because a( f,) = €y (fm) — 0. Thus, we
can assume that wsp(&, Sfm), wep(@, fin) > Oforalla € A and all m.

Let x be the arc-length coordinate on P (&, X,,) that is zero at the projection of s :=
a*Naandlet P~ = P N {x < 0}. Define

RE@, Tp) = Jre. where x € [—(1 = &)wgp(@, fn), (1 — &)wsp(@, fin)]
X
where ry is the hypercyclic arc parallel to f () that joins x € P(a, ¥,) and f(a)*, and
let R¢(at, ;) be the union of R®(a, ¥,,) and the flat rectangle of gr. () that leans
on it.
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Fig. 6. Regions of gro (=) associated to a.

We can put coordinates (x, y) on R¥(&, ;) U (R(@, i) \ ) such that

e x extends the arc-length coordinate of P and y is compatible with the arc-length coor-
dinate on «,

e (x,y) are orthonormal on the flat part Ié(&, ¥m) \ X, which corresponds to
[—w(e, fm)s w(@, fin)] x [0, 00),

e (x, y) are orthogonal on the hyperbolic part R® (@, %,,), which corresponds to [—(1 —
w(@, fn), (1 — &)w(@, fin)] x [—a(fm)/2,0] in such a way that {x = const} is a
hypercycle parallel to f(«) and {y = const} is a geodesic that crosses f (o) perpendic-
ularly.

Finally, we set R® := R®*N{x < 0} and R® := R*N{x <0}, and we let 0° := R_ \ RE.

R and R* -region on X associated to o € A. Some of these regions will depend on m.
First, we denote by Ii’(&, 3, m) the flat tile FT3+ C X (see Section , which comes
endowed with coordinates X = —,, (&, f) + w(a, f)u (which depends on m) and y =
(e, f)v, so that the Jenkins—Strebel differential ¢ on X restricts to (d% + id¥)? on
R(@, T, m).

Then, we define R_(@, ©,m) = R@,T,m) N {¥ < 0} and RE (@, T, m) =
R@, T, m)N{—(1 — &)@, f) <% < 0} in such a way that the widths of R_ and R®
relative to (X, m) are proportlonal to the widths of the analogous regions of %,,.

Flnally we set Qs = R_ \ R? and we define 51m1larly the regions with x > 0.

Ve -regions on ¥. Define VS(,Bh, X, m) = Qs_(ﬂh, X, m)uU Q+(ﬂh+1, 3, m) and
Ve, B, m) = Ui_; VE(By, T, m). See Figure(right).

The total (normalized) width of V*(fy, £) is wm(VE(Bn). f) = Wm(Bn. f) +
Win (ﬂh+1 - .

Ve-region on X,,. Let f (ﬂ])* , f(Bj))* be the (cyclically ordered) set of edges
of G outgoing from a vertex v, Where Brn € A (the indices of the fB’s are taken in
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N e )
S By MO B

VEBr)

) .
P rBH

T
\ '
I
v )
) h
v '
/
'
' '
,
' 4

Ve () oo (Zm)

\ Ve(v)

Fig. 7. The thick edges yj, 1 and yj, » are shrunk to the vertex v. These V-regions refer to X;; on
the left and to (X, m) on the right.

D)

-

Z/jZ). For every m and h there is an [, > 1 such that B}, ¥}, = og! (B;f), Vi, =

0022(5;), e )7;;’1}, — o " (B;L‘) = B_;:H are distinct oriented edges of G, and y;,; €
A \ A. Define

Ip—1
VEBh, Zm) 1= 0% (B, i) U Q% (But1, Tn) U U R(n.is Tm)
i=1

(see Figure[7] left) and let

Jn—1

BVEBR). fn) = €@ Bns fon) + 0 Burr. f)) + Y BWnis fn)
i=1

be the total (normalized) width of V¢(8),, Zp).

If v is a nonmarked (smooth or singular) vertex of G, then we simply set Ve (v, )
i=Up_ VEBrr Zw).

_If f(v) is a smooth vertex of ¥ marked by x;, then we set \A/”"(v, Ym) = {x;i}U (:’,- U
Ui:l Ve (ﬁh, X,.), where C‘i is the flat cylinder corresponding to x;.

Construction of Fy,. We choose &, = max{1/[[L(f)ll, 1 — Y pea W(et, fin)}/2, s0
that &,, — 0, enl|L(fu)ll = oo and (1 — )", 4 W(e, fin))/em — 0. Moreover, we set
8m = exp(—enw(ag, fn)/4) — 0, where ag € A and w(xg, f) = min{w(x, f) > 0]
o € A}, so that a; (f,) < 8, for m large.

Define F, : gro,(X,;) — X according to the following prescriptions.

On the Rém -regions. Forevery o € A and every orientation &, F}, continuously maps
Iéj_’” (@, 3,,) onto Iéiﬁ" (&, X, m) in such a way that

Fp(x,y) = 2 (ﬁfm(ouf)

D) fory = 6w
Lm0 f) y) ory=
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and the vertical arcs {x} x [—a/2, §,,] (Whose length is £,

= &, + acosh(x)/2) are

homothetically mapped to vertical trajectories {x'} x [0, 28, /1| L(fm)I|]. More explicitly,
using the (x, y) coordinates on gr.,(%,,) and the (x, y) coordinates on X,

5 Wy (e, f)
—= 9@ "
ILCm)l y
wm&f%
2 ﬁ)(&v fm)
wm&f%
2 w(et, fin)
ILCf)ll | Sm cosh(x) a
0 (y * 2)
Thus, the differential of F,, is
> (G o
IcGaon \
Wi (@, f) 0
2 w(at, fim)
dFy = { IL(fwll | _@8msinh(x) Om
22 (y —8m) z.
Wi (@, f) 0
2 w(et, fin)
IL(Fmll | 82 sinh(x) ay 8, cosh(x)
2 ( 5) 0

Because the metric g;,;, on Iéi’” (@, X,,) in the xy-coordinates is

1 0
ify >0,
(6 ) ve

8m = | 0
, ] ify=0,
0 cosh(x)

if0<y=<dn,
a
if —— <y <O.
1 z_y_
if0<y=<dn,
a
if —— <y <0.
1 Z_y—

we obtain (F),; 1)*(gm) = M' M (with respect to the (X, ¥) coordinates, which are or-

thonormal), where
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M = /gndF,'
W@, fin)
M G ) O ity > b,
0 1
1L (@, f) .
1 (asinh(x)) (y—8m><zb(&,fm)) z_x) 0=y =om,
2 t ) \wn@ )
(@, fn) 0
1L (@, f) o
N N . AV A DA 2=7="
(v +a/2) sinh(x) (7) <wm(&,f>) o

Look at the locus y < §,,. Up to switching the orientation, w(@, f,) > w(a, f,)/2 and
s0 (a/2) sinh(w(a, fin)) < 1. This implies

a . a . - -
5 sinh(x) = = sinh[(1 — &m)w(@. fm)] S exp(—emw (@, f)),

and similarly €, /8, — 1 § exp(—enw(ag, fin)/4). We conclude that, on the Rém -regions,
the distortion of F, is bounded by

maxy ——= s TS
w(a, fm)  Wn(a, f)

o€ A} - (1 + exp[—enw(ag, fm)/4D) — 1.

On the \75'"-regions away from the vertices. For every oriented edge B of G, we

require Fy, to map Vo (By, B) N {y = 8} onto Vor (By, B, m) N {F = 28, /1L S}
as a constant horizontal stretch. In coordinates,

2 (c o) _ O (Vo (Bp), f)
= ——— , Where ¢c= ———5F—
1A NO 1 w(VEen(Bp), fm)

Notice that the quantity ¢ — 1 can be rewritten as

(@ Bis ) = D Bhs ) + @ Brs1s 1) — D Bhsts fin)) — &5 3 B Whiis fin)
DBhs fn) + B Brtts fn) + i em D Wnis fin)

and so it converges to 0 because 8;1 Y i WWihs fm) < 8,;1(1 — Y wea Wa, fin)) = 0.
Hence, the distortion of F;, converges to 1.

Extending F,, around the vertices of G. Let v be a vertex of G and let {n}'} be the set
of edges of G, shrunk to v.

If f(v) € f(G) C X is smooth, then define F;, to be a diffeomorphism between
Vem (v, ) \{y > d,,} and Ven (v, X, m) \ {7 = 28m/IILfu)l}. If f(v) is also marked,
then we can require Fj, to preserve the marking.
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If f(v) is a pode between two visible components, then F,,, maps yem (v, Zp) \
{y = dm} onto Ve (v, £, m) \ {J = 28 /IIL(fw) ||} shrinking the edges { fin(n;)} to

f(v) and as a diffeomorphism elsewhere.

If ¥’ C ¥ is an invisible component and f (vy), ..., f(v;) are vertices of f(G) C T4

and nodes of ¥’, then we require F,,, to map

UV e S\ = 60} om0 =0 (V97 @ 2om) \ (5 2 280/ 1L )
k k

by shrinking each yem vk, Z) N{y = 8, /2} to f(vx) and as a diffeomorphism else-

where.

Table of symbols

§° open surface S \ (0S5 U {marked points})

S punctured surface S \ {marked points}

ds double of the surface S

o natural real involutions of d§

H upper half-plane

T(S) space of S-marked smooth hyperbolic surfaces

T(S) Teichmiiller space of S-marked hyperbolic surfaces with geodesic boundary
lT hyperbolic length function and twist parameter

L boundary length map

’j'(S) (p) locus £~ (p) C ’]v'(S) of surfaces with boundary lengths p
A(S) set of arcs on S

2A(S) complex of arcs on §

A°(S) subset of proper arc systems in 2(S)

|A] topological realization of the set A

[RL(S)| topological realization of ()

[A°(S)] subspace of |2(S)| corresponding to proper arc systems
MUL(R) space of measured laminations on R

PML(R) space of projective measured laminations on R

i) geometric intersection product

Ty Dehn twist along y

Oy space of holomorphic quadratic differentials on X

By, space of harmonic Beltrami differentials on X

w,n Weil-Petersson 2-form and Poisson structure

T(S) augmented Teichmiiller space

INGY) mapping class group Diff  (S)/Diff((S)

M(S) moduli space of stable hyperbolic surfaces diffeomorphic to §
a;, s; hyperbolic length a; of the arc «; and s; = cosh(a; /2)

wA(@;), wa (o)

ta;
L®(A(S))
P(A(S))
I7lloo

J
TY(S)
M)

width of the oriented arc &; or of the arc o; with respect to the arc system A
transverse length T (£y;) = 2arcsinh(1/sinh({g; /2)) of «;

space of bounded maps A(S) — R

projectivization of L (A(S)) B

sup-norm of the function ¢

embedding of 7 (S) in the space of 7-length functions

bordification of arcs of 7 (S)

compactification of arcs of M(S)
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H (x)
Etr
by, e
HC;
pi» W
XA

spine of the hyperbolic surface ¥ with boundary

arc system on X dual to the spine

width of @; with respect to the spinal arc system

triangulation map that associates to [ f] € 7 (S) its spinal weighted arc system
f* Wsp

visible subsurface of ¥

real—oriente(’i\ blow-up of 7 (S) along 7 (S)(0)

quotient of 7 (S) bl visible equivalence

extension of W to 7 V'5(S)

extension of W to /Ehe bordification of arcs 7 (S), with inverse ®
extension of j to 7V15(S)

extended Teichmiiller space 7 (S) U |2L(S)]oo

extended moduli space 7 (S)/T'(S)

oriented edge dual to the oriented arc &

set of oriented edges dual to arcs in A

flat tile associated to the oriented edge é

flat metrics associated to the quadratic differential ¢

map that grafts semi-infinite cylinders at 9 ¥ of a hyperbolic X
semi-infinite grafted cylinders C; x [0, oo) at the boundary component C;
Schwarzian derivative (usually with respect to the Poincaré structure)
space of projective structures on R

projective surface obtained from the hyperbolic R’ by grafting along the lamina-
tion A

Hopf differential of the map «

truncated surface

reduced length of the arc « and A-length of o

hypercycle parallel to the boundary component C;

normalized i-th boundary length and normalized width

simplicial coordinate with respect to the arc system A
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