
DOI 10.4171/JEMS/276

J. Eur. Math. Soc. 13, 1079–1112 c© European Mathematical Society 2011

Patrick Brosnan · Zinovy Reichstein · Angelo Vistoli

Essential dimension of moduli of curves and
other algebraic stacks
(with an appendix by Najmuddin Fakhruddin)

Received July 4, 2009 and in revised form October 4, 2009

Abstract. In this paper we consider questions of the following type. Let k be a base field and K/k
be a field extension. Given a geometric object X over a field K (e.g. a smooth curve of genus g),
what is the least transcendence degree of a field of definition of X over the base field k? In other
words, how many independent parameters are needed to define X? To study these questions we
introduce a notion of essential dimension for an algebraic stack. Using the resulting theory, we
give a complete answer to the question above when the geometric objects X are smooth, stable or
hyperelliptic curves. The appendix, written by Najmuddin Fakhruddin, answers this question in the
case of abelian varieties.
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1. Introduction

This paper was motivated by the following question.
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Question 1.1. Let k be a field and g ≥ 0 be an integer. What is the smallest integer d
such that for every field K/k, every smooth curve X of genus g defined over K descends
to a subfield k ⊂ K0 ⊂ K with tr degk K0 ≤ d?

Here by “X descends to K0” we mean that there exists a curve X0 over K0 such that
X is K-isomorphic to X0 ×SpecK0 SpecK .

In order to address this and related questions, we will introduce and study the notion
of essential dimension for algebraic stacks; see §2. The essential dimension edX of a
scheme X is simply the dimension of X ; on the other hand, the essential dimension of
the classifying stack BkG of an algebraic group G is the essential dimension of G in the
usual sense; see [Rei00] or [BF03]. The notion of essential dimension of a stack is meant
to bridge these two examples. The minimal integer d in Question 1.1 is the essential
dimension of the moduli stack of smooth curves Mg . We show that edX is finite for a
broad class of algebraic stacks of finite type over a field; see Corollary 3.4. This class
includes all Deligne–Mumford stacks and all quotient stacks of the form X = [X/G],
where G a linear algebraic group.

Our main result is the following theorem.

Theorem 1.2. LetMg,n (respectively,Mg,n) be the stacks of n-pointed smooth (respec-
tively, stable) algebraic curves of genus g over a field k of characteristic 0. Then

edMg,n =



2 if (g, n) = (0, 0) or (1, 1),
0 if (g, n) = (0, 1) or (0, 2),
+∞ if (g, n) = (1, 0),
5 if (g, n) = (2, 0),
3g − 3+ n otherwise.

Moreover for 2g − 2+ n > 0 we have edMg,n = edMg,n.

In particular, the values of edMg,0 = edMg give a complete answer to Question 1.1.
Note that 3g − 3 + n is the dimension of the moduli space Mg,n in the stable range

2g − 2 + n > 0 (and the dimension of the stack in all cases); the dimension of the
moduli space represents an obvious lower bound for the essential dimension of a stack.
The first four cases are precisely the ones where a generic object in Mg,n has non-trivial
automorphisms, and (g, n) = (1, 0) is the only case where the automorphism group
scheme of an object of Mg,n is not affine.

Our proof of Theorem 1.2 for (g, n) 6= (1, 0) relies on two results of independent in-
terest. One is the “Genericity Theorem” 6.1 which says that the essential dimension of a
smooth integral Deligne–Mumford stack satisfying an appropriate separation hypothesis
is the sum of its dimension and the essential dimension of its generic gerbe. This some-
what surprising result implies that the essential dimension of a non-empty open substack
equals the essential dimension of the stack. In particular, it proves Theorem 1.2 in the
cases where a general curve in Mg,n has no non-trivial automorphisms. It also brings
into relief the important role played by gerbes in this theory.
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The second main ingredient in our proof of Theorem 1.2 is the following formula,
which we use to compute the essential dimension of the generic gerbe.

Theorem 1.3. LetX be a gerbe over a fieldK banded by a groupG. Let [X ]∈H2(K,G)

be the Brauer class of X .

(a) If G = Gm and ind [X ] is a prime power then edX = ind [X ]− 1.
(b) If G = µpr , where p is a prime and r ≥ 1, then edX = ind [X ].

Our proof of this theorem can be found in the preprint [BRV07, Section 7]. A similar
argument was used by N. Karpenko and A. Merkurjev in the proof of [KM08, Theo-
rem 3.1], which generalizes Theorem 1.3(b). For the sake of completeness, we include an
alternative proof of Theorem 1.3 in §4.

Theorem 1.3 has a number of applications beyond Theorem 1.2. Some of these have
already appeared in print. In particular, we used Theorem 1.3 to study the essential di-
mension of spinor groups in [BRV10], N. Karpenko and A. Merkurjev [KM08] used it
to study the essential dimension of finite p-groups, and A. Dhillon and N. Lemire [DL]
used it, in combination with the Genericity Theorem 6.1, to give an upper bound for the
essential dimension of the moduli stack of SLn-bundles over a projective curve. In this
paper Theorem 1.3 (in combination with Theorem 6.1) is also used to study the essential
dimension of the stacks of hyperelliptic curves (Theorem 7.2) and, in the appendix written
by Najmuddin Fakhruddin, of principally polarized abelian varieties.

In the case where (g, n) = (1, 0) Theorem 1.2 requires a separate argument, which
is carried out in §8. In this case Theorem 1.2 is a consequence of the fact that the group
scheme of ln-torsion points on a Tate curve has essential dimension ln, where l is a prime.

2. The essential dimension of a stack

Let k be a field. We will write Fieldsk for the category of field extensions K/k. Let
F : Fieldsk → Sets be a covariant functor.

Definition 2.1. Let a ∈ F(L), where L is an object of Fieldsk . We say that a descends
to an intermediate field k ⊂ K ⊂ L or equivalently that K is a field of definition for a if
a is in the image of the induced map F(K)→ F(L).

The essential dimension ed a of a ∈ F(L) is the minimum of the transcendence
degrees tr degk K taken over all intermediate fields k ⊆ K ⊆ L such that a descends
to K .

The essential dimension edF of the functor F is the supremum of ed a taken over all
a ∈ F(L) with L in Fieldsk . We will write edF = −∞ if F is the empty functor.

These notions are relative to the base field k. To emphasize this, we will sometimes
write edk a or edk F instead of ed a or edF , respectively.

The following definition singles out a class of functors that is sufficiently broad to
include most interesting examples, yet “geometric” enough to allow one to get a handle
on their essential dimension.
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Definition 2.2. Suppose X is an algebraic stack over k. The essential dimension edX
of X is defined to be the essential dimension of the functor FX : Fieldsk → Sets which
sends a field L/k to the set of isomorphism classes of objects in the groupoid X (L).1

As in Definition 2.1, we will write edk X when we need to be specific about the
dependence on the base field k. Similarly for edk ξ , where ξ is an object of FX .

Example 2.3. Let G be an algebraic group defined over k and X = BkG be the classify-
ing stack ofG. Then FX is the Galois cohomology functor sendingK to the set H1(K,G)

of isomorphism classes ofG-torsors over Spec(K), in the fppf topology. The essential di-
mension of this functor is a numerical invariant of G, which, roughly speaking, measures
the complexity of G-torsors over fields. This number is usually denoted by edk G or (if k
is fixed throughout) simply by edG; following this convention, we will often write edG
in place of edBkG. Essential dimension was originally introduced and has since been
extensively studied in this context; see e.g., [BR97, Rei00, RY00, Kor00, Led02, JLY02,
BF03, Lem04, CS06, Gar09]. The more general Definition 2.1 is due to A. Merkurjev;
see [BF03, Proposition 1.17].

Example 2.4. Let X = X be a scheme of finite type over a field k, and let FX:
Fieldsk → Sets denote the functor given by K 7→ X(K). Then an easy argument due to
Merkurjev shows that edFX = dimX; see [BF03, Proposition 1.17].

In fact, this equality remains true for any algebraic space X. Indeed, an algebraic
space X has a stratification by schemes Xi . Any K-point η : SpecK → X must land in
one of the Xi . Thus edX = max edXi = dimX.

Example 2.5. Let X =Mg,n be the stack of smooth algebraic curves of genus g. Then
the functor FX sends K to the set of isomorphism classes of n-pointed smooth algebraic
curves of genus g overK . Question 1.1 asks about the essential dimension of this functor
in the case where n = 0.

Example 2.6. Suppose a linear algebraic groupG is acting on an algebraic space X over
a field k. We shall write [X/G] for the quotient stack [X/G]. Recall that K-points of
[X/G] are by definition diagrams of the form

T
ψ

//

π

��

X

SpecK

(2.1)

where π is a G-torsor and ψ is a G-equivariant map. The functor F[X/G] associates with
a field K/k the set of isomorphism classes of such diagrams.

In the case where G is a special group (recall that this means that every G-torsor
over SpecK is split, for every field K/k) the essential dimension of F[X/G] has been

1 In the literature the functor FX is sometimes denoted by X̂ or X .



Essential dimension of moduli of curves and other algebraic stacks 1083

previously studied in connection with the so-called “functor of orbits” OrbX,G given by
the formula

OrbX,G(K)
def
= set of G(K)-orbits in X(K).

Indeed, if G is special, the functors F[X/G] and OrbX,G are isomorphic; an isomorphism
between them is given by sending an object (2.1) of F[X/G] to theG(K)-orbit of the point
ψs : SpecK → X, where s : SpecK → T is a section of π : T → SpecK .

Of particular interest are the natural GLn-actions on AN = affine space of homoge-
neous polynomials of degree d in n variables and on PN−1 = projective space of de-
gree d hypersurfaces in Pn−1, where N =

(
n+d−1
d

)
is the number of degree d monomials

in n variables. For general n and d the essential dimension of the functor of orbits in
these cases is not known. The study of this problem was initiated in [BF04] and [BR05,
Sections 14–15]; stronger results can be found in the recent preprint [RV11].

Remark 2.7. If the functor F in Definition 2.1 is limit-preserving, a condition satisfied in
all cases of interest to us, then every element a ∈ F(L) descends to a field K ⊂ L that is
finitely generated over k. Thus in this case ed a is finite. In particular, if X is an algebraic
stack over k, ed ξ is finite for every object ξ ∈ X (K) and every field extension K/k; the
limit-preserving property in this case is proved in [LMB00, Proposition 4.18],

In §3 we will show that, in fact, edX < ∞ for a broad class of algebraic stacks X ;
cf. Corollary 3.4. On the other hand, there are interesting examples where edX = ∞;
see Theorem 1.2 or [BS08].

The following observation is a variant of [BF03, Proposition 1.5].

Proposition 2.8. Let X be an algebraic stack over k, and let K be a field extension of k.
Then edK XK ≤ edk X .

Here, as in what follows, we denote by XK the stack SpecK ×Spec k X .

Proof. If L/K is a field extension, then the natural morphism XK(L) → X (L) is an
equivalence. Suppose thatM/k is a field of definition for an object ξ in X (L). Let N be a
composite ofM andK over k. ThenN is a field of definition for ξ , tr degK N ≤ tr degkM ,
and the proposition follows. ut

3. A fiber dimension theorem

We now recall Definitions (3.9) and (3.10) from [LMB00]. A morphism f : X → Y of
algebraic stacks (over k) is said to be representable if, for every k-morphism T → Y ,
where T is an affine k-scheme, the fiber product X ×Y T is representable by an algebraic
space over T . A representable morphism f : X → Y is said to be locally of finite type
and of fiber dimension ≤ d if for every T → Y as above, the projection X ×Y T → T is
locally of finite type over T and every fiber has dimension ≤ d.

Example 3.1. Let G be an algebraic group defined over k, and let X → Y be a G-
equivariant morphism of k-algebraic spaces, locally of finite type and of relative dimen-
sion ≤ d. Then the induced map of quotient stacks [X/G] → [Y/G] is representable,
locally of finite type and of relative dimension ≤ d .
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The following result may be viewed as a partial generalization of the fiber dimension
theorem (see [Har77, Exercise II.3.22 or Proposition III.9.5]) to the setting where schemes
are replaced by stacks and dimension by essential dimension.

Theorem 3.2. Let d be an integer, and f : X → Y be a representable k-morphism of
algebraic stacks which is locally of finite type and of fiber dimension at most d . Let L/k
be a field, and ξ ∈ X (L). Then

(a) edk ξ ≤ edk f (ξ)+ d ,
(b) edk X ≤ edk Y + d .

In particular, if edk Y is finite, then so is edk X .

Proof. (a) By the definition of edk f (ξ)we can find an intermediate field k ⊂ K ⊂ L and
a morphism η : SpecK → Y such that tr degk K ≤ ed f (ξ) and the following diagram
commutes:

SpecL
ξ

//

��

X

f

��

SpecK
η

// Y

Let XK
def
= X ×Y SpecK . By the hypothesis, XK is an algebraic space, locally of finite

type over K and of relative dimension at most d . By the commutativity of the diagram
above, the morphism ξ : SpecL→ X factors through XK :

SpecL
ξ

))TTTTTTTTTTTTTTTTTT

ξ0 %%JJJJJJJJJ

��
77

77
77

77
77

77
77

77

XK //

��

X

f

��

SpecK
η

// Y

Moreover, ξ factors throughK(p), where p denotes the image of ξ0 in XK . Since XK has
dimension at most d over K , we have tr degK K(p) ≤ d. Therefore,

tr degk K(p) = tr degk K + tr degK K(p) ≤ ed f (ξ)+ d

and part (a) follows.
Part (b) follows from (a) by taking the maximum on both sides over all L/k and all

ξ ∈ X (L). ut

Corollary 3.3. Consider an action of an algebraic group G on an algebraic space X,
defined over a field k. Assume X is locally of finite type over k. Then

edk G ≥ edk [X/G]− dimX.
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Proof. The naturalG-equivariant mapX→ Spec k gives rise to a map [X/G]→ BkG of
quotient stacks. This latter map is locally of finite type and of relative dimension≤ dimX;
see Example 3.1. Theorem 3.2(b) applied to this map yields the desired inequality. ut

Corollary 3.4 (Finiteness of essential dimension). Let X be an algebraic stack of finite
type over k. Suppose that for any algebraically closed extension � of k and any object ξ
of X (�) the group scheme Aut�(ξ)→ Spec� is affine. Then edk X <∞.

Note that Corollary 3.4 fails without the assumption that all the Aut�(ξ) are affine. For
example, by Theorem 1.2, edM1,0 = +∞.

Proof. We may assume without loss of generality that X = [X/G] is a quotient stack for
some affine algebraic group G acting on an algebraic space X. Indeed, by a theorem of
Kresch [Kre99, Proposition 3.5.9], X is covered by quotient stacks [Xi/Gi] of this form,
and hence edX = maxi ed [Xi/Gi].

If X = [X/G] then by Corollary 3.3,

ed [X/G] ≤ edk G+ dimX.

The desired conclusion now follows from the well-known fact that edk G < ∞ for any
affine algebraic group G; see [Rei00, Theorem 3.4] or [BF03, Proposition 4.11]. ut

4. The essential dimension of a gerbe over a field

The goal of this section is to prove Theorem 1.3 stated in the Introduction. We proceed by
briefly recalling some background material on gerbes from [Mil80, p. 144] and [Gir71,
IV.3.1.1], and on canonical dimension from [KM06] and [BR05].

Gerbes. Let X be a gerbe defined over a field K banded by an abelian K-group
schemeG. In particular,X is a stack overK which becomes isomorphic to BKG over the
algebraic closure of K .

There is a notion of equivalence of gerbes banded byG; the set of equivalence classes
is in a natural bijective correspondence with the group H2(K,G). The identity element
of H2(K,G) corresponds to the class of the neutral gerbe BKG. Recall that the group
H2(K,Gm) is canonically isomorphic to the Brauer group BrK of Brauer equivalence
classes of central simple algebras over K . Here, as usual, Gm denotes the multiplicative
group scheme over K .

Canonical dimension. Let X be a smooth projective variety defined over a field K . We
say that L/K is a splitting field forX ifX(L) 6= ∅. A splitting field L/K is called generic
if for every splitting field L0/K there exists aK-place L→ L0. The canonical dimension
cdX ofX is defined as the minimal value of tr degK L, whereL/K ranges over all generic
splitting fields. Note that the function field L = K(X) is a generic splitting field of X;
see [KM06, Lemma 4.1]. In particular, generic splitting fields exist and cdX is finite.
If X is a smooth complete projective variety over K then cdX has the following simple
geometric interpretation: cdX is the minimal value of dim(Y ) as Y ranges over the closed
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K-subvarieties of X which admit a rational map X 99K Y defined over K; see [KM06,
Corollary 4.6].

The determination functor DX : FieldsK → Sets is defined as follows. For any field
extension L/K ,DX(L) is the empty set if X(L) = ∅, and a set consisting of one element
if X(L) 6= ∅. The natural map D(L1) → D(L2) is then uniquely determined for any
K ⊂ L1 ⊂ L2. It is shown in [KM06] that if X is a complete regular K-variety then

cdX = edDX. (4.1)

Of particular interest to us will be the case whereX is a Brauer–Severi variety overK .
Let m be the index of X. If m = pa is a prime power then

cdX = pa − 1; (4.2)

see [KM06, Example 3.10] or [BR05, Theorem 11.4].
If m = p

a1
1 . . . p

ar
r is the prime decomposition of m then the class of X in BrL is

the sum of classes α1, . . . , αr whose indices are pa1
1 , . . . , parr . Denote by X1, . . . , Xr the

Brauer–Severi varieties associated with α1, . . . , αr . It is easy to see thatK(X1×· · ·×Xr)

is a generic splitting field for X. Hence,

cdX ≤ dim(X1 × · · · ×Xr) = p
a1
1 + · · · + p

ar
r − r.

J.-L. Colliot-Thélène, N. Karpenko and A. Merkurjev [CTKM07] conjectured that equal-
ity holds, i.e.,

cdX = pa1
1 + · · · + p

ar
r − r. (4.3)

As we mentioned above, this is known to be true if m is a prime power (i.e., r = 1).
Colliot-Thélène, Karpenko and Merkurjev also proved (4.3) for m = 6; see [CTKM07,
Theorem 1.3]. Their conjecture remains open for all other m.

Theorem 4.1. Let d be an integer with d > 1. Let K be a field and x ∈ H2(K,µd).
Denote the image of x in H2(K,Gm) by y, the µd -gerbe associated with x by X →
SpecK , the Gm-gerbe associated with y by Y → SpecK , and the Brauer–Severi variety
associated with y by P . Then

(a) edY = cdP ,
(b) edX = cdP + 1.

In particular, if the index of x is a prime power pr then edY = pr − 1 and edX = pr .

Proof. The last assertion follows from (a) and (b) by (4.2).
(a) The functor FY : FieldsK → Sets sends a field L/K to the empty set if P(L) = ∅,

and to a set consisting of one point if P(L) 6= ∅. In other words, FY is the determination
functor DP introduced above. The essential dimension of this functor is cdP ; see (4.1).

(b) First note that the natural map X → Y is of finite type and representable of
relative dimension ≤ 1. By Theorem 3.2(b) we conclude that edX ≤ edY + 1. By
part (a) it remains to prove the opposite inequality, edX ≥ edY + 1. We will do this by
constructing an object α of X whose essential dimension is ≥ edY + 1.
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We will view X as a torsor for BKµd in the following sense. There exist maps

X × BKµd → X , X × X → BKµd

satisfying various compatibilities, where the first map is the “action” of BKµd on X and
the second map is the “difference” of two objects ofX . For the definition and a discussion
of the properties of these maps, see [Gir71, Chapter IV, Sections 2.3, 2.4 and 3.3]. (Note
that, in the notation of Giraud’s book, X ∧ BKµd ∼= X and the action operation above
arises from the map X × BKµd → X ∧ BKµd given in Chapter IV, Proposition 2.4.1.
The difference operation, which we will not use here, arises similarly from the fact that,
in Giraud’s notation, HOM(X ,X ) ∼= BKµd .)

Let L = K(P ) be the function field of P . Since L splits P , we have a natural map
a : SpecL→ Y . Moreover since L is a generic splitting field for P ,

ed a = cdP = edY, (4.4)

where we view a as an object in Y . Non-canonically lift a : SpecL → Y to a map
SpecL→ X (this can be done, becauseX → Y is a Gm-torsor). Let SpecL(t)→ BLµd
denote the map classified by (t) ∈ H1(L(t),µd) = L(t)

×/L(t)×d . Composing these two
maps, we obtain an object

α : SpecL(t)→ X × BLµd → X .

in X (L(t)). Our goal is to prove that edα ≥ edY + 1. In other words, given a diagram of
the form

SpecL(t) α //

��

X

SpecM

β

;;vvvvvvvvv
(4.5)

where K ⊂ M ⊂ L is an intermediate field, we want to prove the inequality tr degK M
≥ edY+1. Assume the contrary: there is a diagram as above with tr degK M ≤ edY . Let
ν : L(t)∗→ Z be the usual discrete valuation corresponding to t and consider two cases.

Case 1. Suppose the restriction ν|M of ν to M is non-trivial. Let M0 denote the residue
field of ν and M≥0 denote the valuation ring. Since SpecM → X → Y , there exists
an M-point of P . Then by the valuative criterion of properness for P , there exists an
M≥0-point and thus an M0-point of P . Passing to residue fields, we obtain the diagram

SpecL a //

��

Y

SpecM0

;;wwwwwwwww

which shows that ed a ≤ tr degK M0 = tr degK M − 1 ≤ edY − 1, contradicting (4.4).
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Case 2. Now suppose the restriction of ν to M is trivial. The map SpecL → X sets
up an isomorphism XL ∼= BLµd . The map SpecL(t) → X factors through XL and
thus induces a class in BLµd(L(t)) = H1(L(t),µd). This class is (t). Tensoring the
diagram (4.5) with L over K , we obtain

SpecL(t)⊗ L α //

��

XL ∼= BLµd

SpecM ⊗ L

β
66nnnnnnnnnnnn

Recall that L = K(P ) is the function field of P . Since P is absolutely irreducible, the
tensor productsL(t)⊗L andM⊗L are fields. The map SpecM⊗L→ BLµd is classified
by some m ∈ (M ⊗ L)×/(M ⊗ L)×d = H1(M ⊗ L,µd). The image of m in L(t) ⊗ L
is equal to t modulo d-th powers. We will now derive a contradiction by comparing the
valuations of m and t .

To apply the valuation to m, we lift ν from L(t) to L(t)⊗ L. That is, we define νL as
the valuation on L(t)⊗ L = (L⊗ L)(t) corresponding to t . Since νL(t) = ν(t) = 1, we
conclude that νL(m) ≡ 1 (mod d). This shows that νL is not trivial on M ⊗ L and thus ν
is not trivial on M , contradicting our assumption. This contradiction completes the proof
of part (b). ut

Corollary 4.2. Let 1 → Z → G → Q → 1 denote an extension of group schemes
over a field k with Z central and isomorphic to (a) Gm or (b) µpr for some prime p and
some r ≥ 1. Let ind(G,Z) be the maximal value of ind(∂K(t)) as K ranges over all field
extensions of k and t ranges over all torsors in H1(K,Q). If ind(G,Z) is a prime power
(which is automatic in case (b)) then

edk G ≥ ind(G,Z)− dimG.

Proof. Choose t ∈ H1(K,Z) so that ind(∂K(t)) attains its maximal value, ind(G,Z).
Let X → SpecK be the Q-torsor representing t . Then G acts on X via the projection
G → Q, and [X/G] is the Z-gerbe over SpecK corresponding to the class ∂K(t) ∈
H2(K,Z). By Theorem 1.3,

ed [X/G] =

{
ind(∂K(t))− 1 in case (a),
ind(∂K(t)) in case (b).

Since dimX = dimQ, applying Corollary 3.3 to the G-action on X, we obtain

edK GK ≥

{
(ind(G,Z)− 1)− dimQ = ind(G,Z)− dimG in case (a),
ind(G,Z)− dimQ = ind(G,Z)− dimG in case (b).

Since edk G ≥ edK GK (see [BF03, Proposition 1.5] or our Proposition 2.8), the corollary
follows. ut
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5. Gerbes over complete discrete valuation rings

In this section we prove two results on the structure of étale gerbes over complete discrete
valuation rings that will be used in the proof of Theorem 6.1.

5.1. Big and small étale sites

Let S be a scheme. We let Sch/S denote the category of all schemes T equipped with a
morphism to S. As in [SGA72], we equip Sch/S with the étale topology. Let ét/S denote
the full subcategory of Sch/S consisting of all schemes étale over S (also with the étale
topology). The site Sch/S is the big étale site and the category ét/S is the small étale site.
We let SÉt denote the category of sheaves on Sch/S, and Sét the category of sheaves on
ét/S. Since the obvious inclusion functor from the small to the big étale site is continu-
ous, it induces a continuous morphism of sites u : ét/S → Sch/S and thus a morphism
u : SÉt → Sét. Moreover, the adjunction morphism F → u∗u

∗F is an isomorphism for F
a sheaf in Sét [SGA72, VII.4.1]. We can therefore regard Sét as a full subcategory of SÉt.

Definition 5.1. Let S be a scheme. An étale gerbe over S is a separated locally finitely
presented Deligne–Mumford stack over S that is a gerbe in the étale topology.

Let X → S be an étale gerbe over a scheme S. Then, by definition, there is an étale
atlas, i.e., a morphism U0 → X , where U0 → S is surjective, étale and finitely presented
over S. This atlas gives rise to a groupoid G def

= [U1
def
= U0 ×X U0 ⇒ U0] in which each

term is étale over S. Since X is the stackification of G which is a groupoid on the small
étale site Sét, it follows that X = u∗X ′ for a gerbe X ′ on Sét. In other words, we have the
following proposition.

Proposition 5.2. LetX → S be an étale gerbe over a scheme S. Then there is a gerbeX ′
on Sét such that X = u∗X ′.

If S is a henselian trait (i.e., the spectrum of a henselian discrete valuation ring) we can
do better:

Proposition 5.3. Let S be a henselian trait and f : T → S be a surjective étale mor-
phism. Then there is an open component T ′ of T such that f|T ′ : T ′ → S is a finite étale
morphism.

Proof. Let s denote the closed point of S. Since f is surjective, there exists a t ∈ T such
that f (t) = s. Since f is étale, f is quasi-finite at t by [Gro67, 17.6.1]. Now, it follows
from [Gro67, 18.5.11] that T ′ def

= SpecOT ,t is an open component of T which is finite and
étale. ut

Now for a scheme S, let fét/S denote the category of finite étale covers T → S. We
can consider fét/S as a site in the obvious way. Then the inclusion morphism induces
a continuous morphism of sites v : ét/S → fét/S. If S is a henselian trait with closed
point s, then the inclusion morphism i : s → S induces an equivalence of categories
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i∗ : fét/S → fét/s. Since the site fét/s is equivalent to sét, this induces the specializa-
tion morphism sp : Sét → sét, which is inverse to the inclusion morphism i : sét → S;
cf. [SGA73, p. 89]. Let τ = sp ◦ u : SÉt → sét.

Corollary 5.4. Let X → S be an étale gerbe over a henselian trait S with closed point s.
Then there is a gerbe X ′′ over sét such that X = τ ∗X ′′.
Proof. Since X → S is an étale gerbe, there is an étale atlas X0 → S of X . By Proposi-
tion 5.3 we may assume that X0 is finite over S. Then X1

def
= X0 ×X X0 is also finite, be-

causeX is separated, by hypothesis. Now the equivalence of categories i∗ : fét/S → fét/s
produces a gerbe X ′′ over sét such that X = τ ∗X ′′. ut

5.2. Group extensions and gerbes

Let k be a field with separable closure k and absolute Galois group G = Gal(k/k). Let

1→ F
i
→ E

p
→ G→ 1 (5.1)

be an extension of profinite groups with F finite and all maps continuous. From this
data, we can construct a gerbe XE over (Spec k)ét. To determine the gerbe it is enough
to give its category of sections over SpecL where L/k is a finite separable extension.
Let K = {g ∈ G | g(α) = α, α ∈ L}. Then the objects of the category XE(L) are
the solutions of the embedding problem given by (5.1). That is, an object of XE(L) is a
continuous homomorphism σ : K → E such that p ◦σ(k) = k for k ∈ K . If si : K → E,
i = 1, 2, are two objects in XE(L) then a morphism from s1 to s2 is an element f ∈ F
such that f s1f−1

= s2; cf. [DD99, p. 581].
By the results of Giraud [Gir71, Chapter VIII], it is easy to see that any gerbe X →

Spec k with finite inertia arises from a sequence (5.1) as above. We explain how to get
the extension: Given X , we can find a separable Galois extension L/k and an object ξ ∈
X (L). This gives an extension of groups AutX (ξ) → AutSpec k(SpecL) = Gal(L/k).
Pulling back this extension via the map G = Gal(k) → Gal(L/k) gives the desired
sequence (5.1).

Now, suppose that E is as in (5.1). Let L/k be a field extension, which is separable
but not necessarily finite. Let L denote a fixed separable closure of L and let k denote the
separable closure of k in L. Then there is an obvious map r : Gal(L/L) → Gal(k/k).
Let u : (Spec k)Ét → (Spec k)ét denote the functor of §5.1. Then u∗X (L) has the same
description as in the case where L is a finite extension of k. In other words, we have the
following proposition.

Proposition 5.5. Let L/k be a separable extension and let XE be the gerbe defined
above. Then the objects of the category u∗XE(L) are the morphisms s : Gal(L) → E

making the following diagram commute:

Gal(L)
s

||yy
yy

yy
yy

y
r

��

1 // F // E // Gal(k) // 1
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Moreover, if si , i = 1, 2, are two objects in u∗XE(L), then the morphisms from s1 to s2
are the elements f ∈ F such that f s1f−1

= s2. ut

5.3. Splitting the inertia sequence

We begin by recalling some results and notation from Serre’s chapter in [GMS03].
Let A be a discrete valuation ring. Write S = SA for SpecA, s = sA for the closed

point in S and η = ηA for the generic point. When A is the only discrete valuation ring
under consideration, we suppress the subscripts. If A is henselian, then the choice of a
separable closure k(η) of k(η) induces a separable closure of k(s) and a map Gal(k(η))→
Gal(k(s)) between the absolute Galois groups. The kernel of this map is called the inertia,
written as I = IA. If char k(s) = p > 0, then we set Iw

= Iw
A equal to the unique p-

Sylow subgroup of I ; otherwise we set Iw
= {1}. The group Iw is called the wild inertia.

The group It = IA,t
def
= I/Iw is called the tame inertia and the group Gal(k(η))t

def
=

Gal(k(η))/Iw is called the tame Galois group. We therefore have the following exact
sequences:

1→ I → Gal(k(η))→ Gal(k(s))→ 1, (5.2)
1→ It → Gal(k(η))t → Gal(k(s))→ 1. (5.3)

The sequence (5.2) is called the inertia exact sequence and (5.3) the tame inertia exact
sequence.

For each prime l, set Zl(1) = lim
←−

µln so that∏
l 6=p

Zl(1) = lim
←−
p - n

µn.

Then there is a canonical isomorphism c : It →
∏
l 6=p Zl(1) [GMS03, p. 17]. To explain

this isomorphism, let g ∈ It and let π1/n be an n-th root of a uniformizing parameter
π ∈ A with n not divisible by p. Then the image of c(g) in µn is g(π1/n)/π1/n.

Proposition 5.6. Let A be a henselian discrete valuation ring. Then the sequence (5.2)
is split.

The proposition extends Lemma 7.6 of [GMS03], where A is assumed to be complete.

Proof. Because we need the ideas from the proof, we will repeat Serre’s argument. Set
K = k(η) andK = k(η). SetKt = K

It : the maximal tamely ramified extension ofK . Let
π be a uniformizing parameter in A. Then, for each non-negative integer n not divisible
by p, choose an n-th root πn of π inK such that πmnm = πn. SetKram

def
= K[πn](p - n). Then

Kram is totally and tamely ramified overK . Moreover anyKt = KramKunr. It follows that
Gal(k(s)) may be identified with the subgroup of elements g ∈ Gal(K)t fixing each of
the πn; cf. [Del80]. This splits the sequence (5.3).

Now, in [GMS03], Serre extends this splitting non-canonically to a splitting of (5.2)
as follows. Since k(s) has characteristic p, the p-cohomological dimension of Gal(k(s))



1092 Patrick Brosnan et al.

is ≤ 1; see [Ser02]. Consequently, any homomorphism Gal(k(s)) → Gal(K)t can be
lifted to Gal(K). ut

While the splitting of (5.3) is not canonical, we need to know that it is possible to split two
such sequences, associated with henselian discrete valuation ringsA ⊆ B, in a compatible
way.

Proposition 5.7. Let A ⊆ B be an extension of henselian discrete valuation rings, such
that a uniformizing parameter for A is also a uniformizing parameter for B. Then there
exist maps σB : Gal(k(sB)) → Gal(k(ηB))t (resp. σA : Gal(k(sA)) → Gal(k(ηA))t)
splitting the tame inertia exact sequence (5.3) for B (resp. A) and such that the diagram

Gal(k(sB))
σB //

��

Gal(k(ηB))t

��

Gal(k(sA))
σA // Gal(k(ηA))t

with vertical morphisms given by restriction commutes.

Proof. Let π ∈ A be a uniformizing parameter for A, and hence for B. For each n
not divisible by p = char(k(sA)), choose an n-th root πn of π in k(ηB). Now, set
σB(k(sB)) = {g ∈ Gal(k(ηB))t | g(πn) = πn for all n} and similarly for A. By the
proof of Proposition 5.6, this defines splitting of the tame inertia sequences. Moreover,
these splittings lift to splittings of the inertia exact sequence. ut

Remark 5.8. By the proof of Proposition 5.6, the splittings σB and σA in Proposi-
tion 5.7 can be lifted to maps σ̃B : Gal(k(sB))→ Gal(k(ηB)) (resp. σ̃A : Gal(k(sA))→
Gal(k(ηa))). However, since these liftings are non-canonical it is not clear that σ̃B and σ̃A
can be chosen compatibly.

5.4. Tame gerbes and splittings

The following result is certainly well known; for the sake of completeness we supply a
short proof.

Proposition 5.9. LetX → S be an étale gerbe over a henselian trait, with closed point s.
Denote by i : s → S the inclusion of the closed point and by sp : S → s the specialization
map. Then the restriction map

i∗ : X (S)→ X (s)

induces an equivalence of categories with quasi-inverse given by

sp∗ : X (s)→ X (S).
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Proof. Since the composite s → S
sp
→ s is an auto-equivalence and X is obtained by

pullback from Xs , it suffices to show that the functor i∗ : X (S) → X (s) is faithful. For
this, suppose ξi : S → X , i = 1, 2, are two objects of X (S). Then the sheaf Hom(ξ1, ξ2)

is étale over S. Since S is henselian, it follows that the sections of Hom(ξ1, ξ2) over S
are isomorphic (via restriction) to the sections over s. Thus i∗ : X (S) → X (s) is fully
faithful. ut

A Deligne–Mumford stackX → S is tame if, for every geometric point ξ : Spec�→ X ,
the order of the automorphism group AutSpec�(ξ) is prime to the characteristic of �. For
tame gerbes over a henselian discrete valuation ring, we have the following analogue of
the splitting in Proposition 5.7.

Theorem 5.10. Let h : SpecB → SpecA be the morphism of henselian traits induced
by an inclusion A ↪→ B of henselian discrete valuation rings (here we assume that a
uniformizing parameter for A is sent to a uniformizing parameter for B). Let X be a
tame étale gerbe over SpecA. Write jB : {ηB} → SpecB (resp. jA : {ηA} → SpecA) for
the inclusion of the generic points. Then there exist functors

τA : X (k(ηA))→ X (A) and τB : X (k(ηB))→ X (B)
such that the diagram

X (A)
j∗A //

h∗

��

X (k(ηA))
τA //

h∗

��

X (A)

h∗

��

X (B)
j∗B // X (k(ηB))

τB // X (B)

commutes (up to natural isomorphism) and the horizontal composites are isomorphic to
the identity.
Proof. Since X is an étale gerbe, there is an extension E as in (5.1) withG = Gal(k(sA))
such that X is the pullback of XE to the big étale site over SA. Since X is tame, the band,
i.e., the group F in (5.1), has order prime to char k(sA).

Now, pick splittings σB and σA compatibly, as in Proposition 5.7.
We define a functor τB : X (k(ηB)) → X (B) as follows. Using Proposition 5.5 we

can identify X (k(ηB)) with the category of sections s : Gal(k(ηB)) → E. Given such
a section s, the tameness of E implies that s(Iw) = 1. Therefore, s induces a map
Gal(k(ηB))t → Gal(k(sB)), which we will also denote by the symbol s. Let τB(s) denote
the section s ◦ σB : Gal(k(sB))→ E. This defines τB on the objects in X (k(ηB)). If we
define τA in the same way, it is clear that the diagram above commutes on objects. We
define τB (resp. σA) on morphisms by setting τB(f ) = f (and similarly for A). We leave
the rest of the verification to the reader. ut

5.5. Genericity

Theorem 5.11. Let R be a discrete valuation ring, S = SpecR and X → S a tame étale
gerbe. Then edk(s) Xs ≤ edk(η) Xη, where s is the closed point of S and η is the generic
point.
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Proof. We may assume without loss of generality that R is complete. Indeed, otherwise
replace R with its completion at s. The field k(s) does not change, but k(η) is replaced by
a field extension. By Proposition 2.8, the essential dimension of Xk(η) does not increase.

If R is equicharacteristic, then by Cohen’s structure theorem, R = k[[t]] with k =
k(s). If not, denote by W(k(s)) the unique complete discrete valuation ring with residue
field k(s) and uniformizing parameter p. This is called a Cohen ring of k(s) in [Gro64,
19.8]. If k(s) is perfect then W(k(s)) is the ring of Witt vectors of k(s), but this is not
true in general, and W(k(s)) is only determined up to a non-canonical isomorphism. By
[Gro64, Théorème 19.8.6], there is a homomorphismW(k(s))→ R inducing the identity
on k(s). Since X is pulled back from k(s) via the specialization map, we can replace R
by W(k(s)).

Now suppose b : SpecL → Xs is a morphism from the spectrum of a field with
edk(s) b = tr degk(s) L = edXs . (Such a morphism exists because edXs is finite.) Set
B := L[[t]] if R is equicharacteristic and B := W(L) otherwise. In either case, B
is a complete discrete valuation ring with residue field L. In the first case we have a
canonical embedding R = k[[t]] ⊆ L[[t]] = B; in the second case, again by [Gro64,
Théorème 19.8.6] (due to Cohen), we have a lifting R = W(k(s))→ W(L) = B of the
embedding k(s) ⊆ L, which is easily seen to be injective. Therefore there is a unique
morphism β = b ◦ sp : SB → X whose specialization to the closed point of B coincides
with ξ .

Suppose there is a subfield M of k(ηB) containing k(ηR) such that the following
conditions hold:

(1) the restriction j∗Bβ of β to k(ηB) factors through M ,
(2) tr degk(ηR)M < edk(s) b.

Complete M with respect to the discrete valuation induced from k(ηB) and call the re-
sulting complete discrete valuation ring A. It follows that there is a class α in X (k(ηA))
whose restriction to k(ηB) coincides with j∗Bβ. But then, by Theorem 5.10, we have
β = h∗σA(α). This implies that b : SpecL→ Xs factors through the special fiber of A.
Since the transcendence degree of k(sA) over k(s) is less than edk(s) b, this is a contradic-
tion. ut

Corollary 5.12. Let R be an equicharacteristic complete discrete valuation ring and
X → SpecR be a tame étale gerbe. Then

edk(s) Xs = edk(η) Xη,

where s denotes the closed point of SpecR and η denotes the generic point.

Proof. Set k = k(s). Since R is equicharacteristic, we have R = k[[t]] and Xk(η) is
the pullback to k(η) of Xk(s) via the inclusion of k in k((t)). Therefore edk(s) Xk(s) ≥
edk(η) Xk(η). The opposite inequality is given by Theorem 5.11. ut

Theorem 5.13. Suppose thatX is an étale gerbe over a smooth scheme X locally of finite
type over a perfect field k. Let K be an extension of k, and ξ ∈ X (SpecK). Then

ed ξ ≤ edk(X) Xk(X) + dim X− codimX ξ.
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Proof. We proceed by induction on codim ξ . If codimX ξ = 0, then the morphism
ξ : SpecK → X is dominant. Hence ξ factors through Xk(X), and the result is obvious.

Assume codimX ξ > 0. Let Y be the closure of the image of SpecK in X. Since
we are assuming that k is perfect, Y is generically smooth over Spec k. By restricting
to a neighborhood of the generic point of Y, we may assume that Y is contained in a
smooth hypersurface X′ of X. Denote by Y and X ′ the inverse images in X of Y and X ′
respectively. Set R = OX,Y and denote the pullback of X to R also by X . Then we can
apply Theorem 5.11 to the gerbe XR → SpecR and conclude that

edk(X′) X ′k(X′) ≤ edk(X) Xk(X).

Using the inductive hypothesis we have

ed ξ ≤ edk(X′) Xk(X′) + dim X′ − codimX ′ ξ ≤ edk(X) Xk(X) + dim X− 1− codimX ′ ξ
≤ edk(X) Xk(X) + dim X− codimX ξ. ut

6. A genericity theorem for a smooth Deligne–Mumford stack

It is easy to see that Theorem 5.13 fails ifX is not assumed to be a gerbe. In this section we
will use Theorem 5.13 to prove the following weaker result for a wider class of Deligne–
Mumford stacks.

Recall that a Deligne–Mumford stack X over a field k is tame if the order of the
automorphism group of any object of X over an algebraically closed field is prime to the
characteristic of k.

Theorem 6.1. Let X be a smooth integral tame Deligne–Mumford stack locally of finite
type over a perfect field k. Then

edX = edk(X) Xk(X) + dimX .

Here the dimension of X is the dimension of the moduli space of any non-empty open
substack of X with finite inertia.

Before proceeding with the proof, we record two immediate corollaries.

Corollary 6.2. For X as above, if U is an open dense substack, then edkM=edk U . ut

Corollary 6.3. If the conditions of Theorem 6.1 are satisfied, and the generic object of X
has no non-trivial automorphisms (i.e., X is an orbifold, in the topologists’ terminology),
then edk X = dimX .

Proof. Here the generic gerbe XK is a scheme, so XK is the 0-dimensional scheme
Spec(K), and edK XK = dimK Spec(K) = 0. ut

Proof of Theorem 6.1. The inequality edX ≥ edk(X) Xk(X) + dimX is obvious: so we
only need to show that

ed ξ ≤ edk(X) Xk(X) + dimX (6.1)
for any field extension L of k and any object ξ of X (L).

First of all, let us reduce the general result to the case that X has finite inertia. The
reduction is immediate from the following lemma, essentially due to Keel and Mori.
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Lemma 6.4 (Keel–Mori). There exists an integral Deligne–Mumford stack with finite
inertia X ′, together with an étale representable morphism of finite type X ′ → X , and a
factorization SpecL→ X ′→ X of the morphism SpecL→ X corresponding to ξ .

Proof. We follow an argument due to B. Conrad. By [Con, Lemma 2.2] there exist

(i) an étale representable morphism W → X such that every morphism SpecL → X ,
where L is a field, lifts to SpecL→W , and

(ii) a finite flat representable map Z→W , where Z is a scheme.

Condition (ii) implies that W is a quotient of Z by a finite flat equivalence relation
Z×W Z⇒Z, which in particular tells us thatW has finite inertia. We can now take X ′ to
be a connected component of W containing a lifting SpecL→W of SpecL→ X . ut

Suppose that we have proved the inequality (6.1) whenever X has finite inertia. If we
denote by ξ ′ the object of X ′ corresponding to a lifting SpecL→ X ′, we have

ed ξ ≤ ed ξ ′ ≤ edk(X′) X ′k(X′).

On the other hand, the morphism X ′
k(X′) → Xk(X) induced by the étale representable

morphism X ′→ X is representable with fibers of dimension 0, hence

edk(X′) X ′k(X′) = edk(X) X ′k(X′) ≤ edk(X) Xk(X)

by Theorem 3.2 (the first equality follows immediately from the fact that the extension
k(X) ⊆ k(X′) is finite).

So, in order to prove the inequality (6.1) we may assume that X has finite inertia.
Denote by Y ⊆ X the closure of the image of the composite SpecL → X → X, where
SpecL → X corresponds to ξ , and denote by Y the reduced inverse image of Y in X .
Since k is perfect, Y is generically smooth; by restricting to a neighborhood of the generic
point of Y we may assume that Y is smooth.

Denote by N → Y the normal bundle of Y in X . Consider the deformation to the
normal bundle φ : M→ P1

k for the embedding Y ⊆ X . This is a smooth morphism such
that φ−1A1

k = X ×Spec kA1
k and φ−1(∞) = N , obtained as an open substack of the blow-

up of X ×Spec k P1
k along Y × {∞} (the well-known construction, explained for example

in [Ful98, Chapter 5], generalizes immediately to algebraic stacks). Denote by M0 the
open substack whose geometric points are the geometric points of M with stabilizer of
minimal order (this is well defined because M has finite inertia).

We claim that M0
∩ N 6= ∅. This would be evident if X were a quotient stack

[V/G], where G is a finite group of order not divisible by the characteristic of k, acting
linearly on a vector space V , and Y were of the form [X/G], where W is a G-invariant
linear subspace of V . However, étale-locally on X every tame Deligne–Mumford stack is
a quotient [X/G], where G is a finite group of order not divisible by the characteristic
of k (see, e.g., [AV02, Lemma 2.2.3]). Since G is tame and X is smooth, it is well known
that étale-locally on X, the stack X has the desired form, and this is enough to prove the
claim.
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SetN 0 def
=M0

∩N . The object ξ corresponds to a dominant morphism SpecL→ Y .
The pullback N ×Y SpecK is a vector bundle V over SpecL, and the inverse image
N 0
×Y SpecL ofN 0 is not empty. We may assume that L is infinite; otherwise ed ξ = 0

and there is nothing to prove. Assuming that L is infinite,N 0
×Y SpecL has an L-rational

point, so there is a lifting SpecL → N 0 of SpecL → Y , corresponding to an object η
of N 0(SpecL). Clearly the essential dimension of ξ as an object of X is the same as
its essential dimension as an object of Y , and ed ξ ≤ ed η. Let us apply Theorem 5.13
to the gerbe M0. The function field of the moduli space M of M is k(X)(t), and its
generic gerbe is Xk(X)(t); by Proposition 2.8, we have edk(X)(t) Xk(X)(t) ≤ edk(X) Xk(X).
The composite SpecL→ N 0

⊆M0 has codimension at least 1, hence we obtain

ed ξ < edk(X)(t) Xk(X)(t) + dim M ≤ edk(X) Xk(X) + dim X+ 1.

This concludes the proof. ut

Example 6.5. The following examples show that Corollary 6.3 (and thus Corollary 6.2
and Theorem 6.1) fail for more general algebraic stacks, such as (a) singular Deligne–
Mumford stacks, (b) non-Deligne–Mumford stacks, including quotient stacks of the form
[W/G], where W is a smooth complex affine variety with an action of a connected com-
plex reductive linear algebraic group G acting on W .

(a) Let r, n ≥ 2 be integers. Assume that the characteristic of k is prime to r . Let
W ⊆ An be the Fermat hypersurface defined by the equation xr1 + · · · + x

r
n = 0 and

1 ⊂ An be the union of the coordinate hyperplanes defined by xi = 0 for i = 1, . . . , n.
The group G := µnr acts on An via the formula

(s1, . . . , sn)(x1, . . . , xn) = (s1x1, . . . , snxn),

leaving W and 1 invariant. Let X := [W/G]. Since the G-action on W r1 is free, X is
generically an affine scheme of dimension n− 1. On the other hand, [{0}/G] ' Bkµnr is
a closed substack of X of essential dimension n; hence, ed(X ) ≥ n.

(b) Consider the action of G = GLn on the affine space M of all n × n-matrices by
multiplication on the left. Since G has a dense orbit, and the stabilizer of a non-singular
matrix in M is trivial, we see that [M/G] is generically a scheme of dimension 0. On
the other hand, let Y be the locus of matrices of rank n − 1, which is a locally closed
subscheme of M . There is a surjective GLn-equivariant morphism Y → Pn−1, sending
each matrix of rank n− 1 to its kernel, which induces a morphism [Y/G]→ Pn−1. If L
is an extension of C, every L-valued point of Pn−1 lifts to an L-valued point of Y . Hence,

ed [M/G] ≥ ed [Y/G] ≥ n− 1.

As an aside, we remark that a similar argument with Y replaced by the locus of matrices
of rank r , shows that the essential dimension of [M/G] is in fact the maximum of the
dimensions of the Grassmannians of r-planes in Cn, as r ranges between 1 and n − 1,
which is n2/4 if n is even, and (n2

− 1)/4 if n is odd.
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Question 6.6. Under what hypotheses does the genericity theorem hold? LetX→Spec k
be an integral algebraic stack. Using the results of [LMB00, Chapter 11], one can define
the generic gerbe XK → SpecK of X , which is an fppf gerbe over a field of finite
transcendence degree over k. What conditions on X ensure the equality

edk X = edK XK + tr degk K ?

Smoothness seems necessary, as there are counterexamples even for Deligne–Mumford
stacks with very mild singularities; see Example 6.5(a). We think that the best result that
one can hope for is the following. Suppose that X is smooth with quasi-affine diagonal,
and let ξ ∈ X (SpecL) be a point. Assume that the automorphism group scheme of ξ
over L is linearly reductive. Then ed ξ ≤ edK XK + tr degk K . In particular, if all the
automorphism groups are linearly reductive, then edX = edK XK + tr degk K . (Added
in proof: This has recently been established; see [RV11, Theorem 1.2].)

7. The essential dimension of Mg,n for (g, n) 6= (1, 0)

Recall that the base field k is assumed to be of characteristic 0.
The assertion that edMg,n = edMg,n whenever 2g − 2 + n > 0 is an immediate

consequence of Corollary 6.2. Moreover, if g ≥ 3, or g = 2 and n ≥ 1, or g = 1 and
n ≥ 2, then

edkMg,n = edkMg,n = 3g − 3+ n.
Indeed, in all these cases the automorphism group of a generic object of Mg,n is trivial,
so the generic gerbe is trivial, and edMg,n = dimMg,n by Corollary 6.3.

The remaining cases of Theorem 1.2, with the exception of (g, n) = (1, 0), are cov-
ered by the following proposition. The case where (g, n) = (1, 0) requires a separate
argument which will be carried out in the next section.

Proposition 7.1.
(a) edM0,1 = 2,
(b) edM0,1 = ed M0,2 = 0,
(c) edM1,1 = 2,
(d) edM2,0 = 5.
Proof. (a) Since M0,0 ' BkPGL2, we have edM0,0 = ed PGL2 = 2, where the last
inequality is proved in [Rei00, Lemma 9.4(c)] (the argument there is valid for any field k
of characteristic 6= 2).

Alternative proof of (a): The inequality edM0,0 ≤ 2 holds because every smooth
curve of genus 0 over a field K is a conic C in P2

K . After a change of coordinates in P2
K

we may assume that C is given by an equation of the form ax2
+ by2

+ z2
= 0 for some

a, b ∈ K , and hence descends to the field k(a, b) of transcendence degree ≤ 2 over k.
The opposite inequality follows from Tsen’s theorem.

(b) A smooth curve C of genus 0 with one or two rational points over an extension K
of k is isomorphic to (P1

k, 0) or (P1
k, 0,∞). Hence, it is defined over k.

Alternative proof of (b): M0,2 = BkGm and M0,1 = Bk(Gm n Ga), and the
groups Gm and Gm n Ga are special (and hence have essential dimension 0).
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(c) Let M1,1 → A1
k denote the map given by the j -invariant and let X denote the

pullback of M1,1 to the generic point Spec k(j) of A1. Then X is banded by µ2 and is
neutral by [Sil86, Proposition 1.4 (c)], and so edk X = edk(j) X+1 = edBk(j)µ2+1 = 2.

(d) is a special case of Theorem 7.2 below, since H2 =M2,0. ut

LetHg denote the stack of hyperelliptic curves of genus g > 1 over a field k of character-
istic 0. This must be defined with some care; defining a family of hyperelliptic curves as
a family C → S in Mg,0 whose fiber are hyperelliptic curves will not yield an algebraic
stack. There are two possibilities.

(a) One can define Hg as the closed reduced substack of Mg whose geometric points
corresponds to hyperelliptic curves.

(b) As in [AV04], an object of Hg can be defined as two morphisms of schemes C →
P → S, where P → S is a Brauer–Severi, C → P is a flat finite finitely presented
morphism of constant degree 2, and the composite C → S is a smooth morphism
whose fibers are connected curves of constant genus g.

We adopt the second definition; Hg is then a smooth algebraic stack of finite type over k
(this is shown in [AV04]). Furthermore, there is a natural morphism Hg →Mg,0, which
sends C → P → S to the composite C → S. This morphism is easily seen to be a closed
embedding. Hence the two stacks defined above are in fact isomorphic.

Theorem 7.2. edHg =
{

2g if g ≥ 3 is odd,
2g + 1 if g ≥ 2 is even.

Proof. Denote by Hg the moduli space of Hg; the dimension of Hg is 2g − 1. Let K be
the field of rational functions on Hg , and denote by (Hg)K

def
= SpecK×HgHg the generic

gerbe of Hg . From Theorem 6.1 we have

edHg = 2g − 1+ edK(Hg)K ,

so we need to show that edK(Hg)K is 1 if g is odd, and 2 if g is even. For this we need
some standard facts about stacks of hyperelliptic curves, which we will now recall.

Let Dg be the stack over k whose objects over a k-scheme S are pairs (P → S,1),
where P → S is a conic bundle (that is, a Brauer–Severi scheme of relative dimension 1),
and 1 ⊆ P is a Cartier divisor that is étale of degree 2g + 2 over S. Let C

π
−→ P → S be

an object of Hg; denote by 1 ⊆ P the ramification locus of π . Sending C
π
−→ P → S to

(P → S,1) gives a morphismHg → Dg . Recall the usual description of ramified double
covers: if we split π∗OC as OP ⊕ L, where L is the part of trace 0, then multiplication
yields an isomorphism L⊗2

' OP (−1). Conversely, given an object (P → S,1) of
Dg(S) and a line bundle L on P , with an isomorphism L⊗2

' OP (−1), the direct sum
OP ⊕L has an algebra structure, whose relative spectrum is a smooth curve C → S with
a flat map C → P of degree 2.

The morphism Hg → Hg factors through Dg , and the morphism Dg → Hg is
an isomorphism over the non-empty locus of divisors on a curve of genus 0 with no
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non-trivial automorphisms (this is non-empty because g ≥ 2, hence 2g + 2 ≥ 5). De-
note by (P → SpecK,1) the object of Dg(SpecK) corresponding to the generic point
SpecK → Hg . It is well known that P(K) = ∅; we give a proof for lack of a suitable
reference.

Let C be a conic without rational points defined over some extension L of k. Let V be
the L-vector space H0(C, ω

−(g+1)
C/L ); denote the function field of V by F = L(V ). Then

there is a tautological section σ of H0(CF , ω
−(g+1)
CF /F

) = H0(C, ω
−(g+1)
C/L )⊗L F . Note that

CF (F ) = ∅, because the extension L ⊆ F is purely transcendental. The zero scheme of
σ is a divisor on CF that is étale over SpecF , and defines a morphism CF → Dg . This
morphism is clearly dominant: soK ⊆ F , andCF = P×SpecLSpecF . SinceCF (F ) = ∅
we have P(K) = ∅, as claimed.

By the description above, the gerbe (Hg)K is the stack of square roots of OP (−1),
which is banded by µ2. When g is odd then there exists a line bundle of degree g + 1
on P , whose square is isomorphic to OP (−1); this gives a section of (Hg)K , which is
therefore isomorphic to BKµ2, whose essential dimension over K is 1. If g is even then
such a section does not exist, and the stack is isomorphic to the stack of square roots of the
relative dualizing sheaf ωP/K (sinceOP/K(−1) ' ωg+1

P/K , and g+1 is odd), whose class
in H2(K,µ2) represents the image in H2(K,µ2) of the class [P ] in H1(K,PGL2) under
the non-abelian boundary map H1(K,PGL2) → H2(K,µ2). According to Theorem 1.3
its essential dimension is the index of [P ], which equals 2. ut

The results above apply to more than stable curves. Assume that we are in the stable
range 2g − 2+ n > 0. Denote by Mg,n the stack of all reduced n-pointed local complete
intersection curves of genus g. This is the algebraic stack over Spec k whose objects over a
k-scheme T are finitely presented proper flat morphisms C → T , where C is an algebraic
space, whose geometric fibers are connected reduced local complete intersection curves
of genus g, together with n sections T → C whose images are contained in the smooth
locus of C → T . We do not require the sections to be disjoint.

The stack Mg,n contains Mg,n as an open substack. By standard results in deforma-
tion theory, every reduced local complete intersection curve is unobstructed, and is a limit
of smooth curves. Furthermore there is no obstruction to extending the sections, since
these map into the smooth locus. Therefore Mg,n is smooth and connected, and Mg,n is
dense in Mg,n. However, the stack Mg,n is very large (it is certainly not of finite type),
and in fact it is very easy to see that its essential dimension is infinite. However, con-
sider the open substack Mfin

g,n consisting of objects whose automorphism group is finite.
Then Mfin

g,n is a Deligne–Mumford stack, and Theorem 6.1 applies to it. Thus we get the
following strengthened form of Theorem 1.2 (under the assumption that 2g− 2+n > 0).

Theorem 7.3. If 2g − 2+ n > 0 and the characteristic of k is 0, then

ed Mfin
g,n =


2 if (g, n) = (1, 1),
5 if (g, n) = (2, 0),
3g − 3+ n otherwise.

It is not hard to show that Mfin
g,n does not have finite inertia.
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8. Tate curves and the essential dimension of M1,0

In this section we will finish the proof of Theorem 1.2 by showing that edM1,0 = +∞.
We remark that the moduli stack M1,0 of genus 1 curves should not be confused

with the moduli stackM1,1 of elliptic curves. The objects ofM1,0 are torsors for elliptic
curves, whereas the objects of M1,1 are elliptic curves themselves. The stack M1,1 is
Deligne–Mumford and, as we saw in the last section, its essential dimension is 2. The
stack M1,0 is not Deligne–Mumford, and we will now show that its essential dimension
is∞.

Let R be a complete discrete valuation ring with function field K and uniformizing
parameter q. For simplicity, we will assume that charK = 0. Let E = Eq/K denote
the Tate curve over K [Sil86, §4]. This is an elliptic curve over K with the property that,
for every finite field extension L/K , E(L) ∼= L∗/qZ. It follows that the kernel E[n] of
multiplication by an integer n > 0 fits canonically into a short exact sequence

0→ µn→ E[n]→ Z/n→ 0. (8.1)

Let ∂ : H0(K,Z/n)→ H1(K,µn) denote the connecting homomorphism. Then it is well
known (and easy to see) that ∂(1) = q ∈ H1(K,µn) ∼= K

∗/(K∗)n.

Lemma 8.1. Let E = Eq be a Tate curve as above and let l be a prime integer not equal
to charR/q. Then, for any integer n > 0,

edE[ln] = ln.

Proof. First observe that E[ln] admits an ln-dimensional generically free representation
V = IndE[ln]

µln
χ , over K , where χ : µln → Gm is the tautological character. Thus,

edBE[ln] ≤ dimV = ln;

see [BR97, Theorem 3.1] or [BF03, Proposition 4.11].
It remains to show that

edE[ln] ≥ ln. (8.2)

Let R′ def
= R[11/ln ] with fraction field K ′ = K[11/ln ]. Since l is prime to the residue

characteristic, R′ is a complete discrete valuation ring, and the Tate curve Eq/K ′ is the
pullback to K ′ of Eq/K . Since ed(Eq/K ′) ≤ ed(Eq/K), it suffices to prove the lemma
with K ′ replacing K . In other words, it suffices to prove the inequality (8.2) under the
assumption that K contains the ln-th roots of unity.

In that case, we can pick a primitive ln-th root of unity ζ and write µln = Z/ln. Let
L = K(t) and consider the class (t) ∈ H1(L,µln) = L

∗/(L∗)n. It is not difficult to see
that

∂(t) = q ∪ (t).

Since the map α 7→ α ∪ (t) is injective by cohomological purity, the exponent of q ∪ (t)
is ln. Therefore ind(q ∪ (t)) = ln. Then, since dim Z/ln = 0, Corollary 4.2 applied to the
sequence (8.1) implies that edBE[ln] ≥ ln, as claimed. ut
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Theorem 8.2. Let E = Eq denote the Tate curve over a fieldK as above. Then edK E =
+∞.

Proof. For each prime power ln, the morphism BE[ln] → BE is representable of fiber
dimension 1. By Theorem 3.2,

edE ≥ edBE[ln] = ln − 1

for every n ≥ 1. ut

Remark 8.3. It is shown in [BS08] that ifA is an abelian variety over k and k is a number
field then edk A = +∞. On the other hand, if k = C is the field of complex numbers then
edC(A) = 2 dim(A); see [Bro07].

Now we can complete the proof of Theorem 1.2.

Theorem 8.4. Let k be a field. Then edkM1,0 = +∞.

Proof. Set F = k((t)). By Proposition 2.8, edF (M1,0 ⊗k F) ≤ edkM1,0, so it suffices
to show that edF (M1,0 ⊗k F) is infinite. Consider the morphism M1,0 →M1,1 which
sends a genus 1 curve to its Jacobian. Let E denote the Tate elliptic curve over F , which
is classified by a morphism SpecF →M1,1. We have a Cartesian diagram:

BkE //

��

M1,0 ⊗k F

��

SpecF // M1,1 ⊗k F

It follows that the morphism BkE → M1,0 is representable, with fibers of dimension
≤ 0. Applying Theorem 3.2 once again, we see that

+∞ = edBFE ≤ edF (M1,0 ⊗k F) ≤ edkM1,0,

as desired. ut
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9. Appendix: Essential dimension of moduli of abelian varieties
(by Najmuddin Fakhruddin)

In Theorem 1.2, Brosnan, Reichstein and Vistoli compute the essential dimension of var-
ious moduli stacks of curves as an application of their “genericity theorem” for the essen-
tial dimension of smooth and tame Deligne–Mumford stacks. Here we use this theorem
to compute the essential dimension of some stacks of abelian varieties. Our main result
is:

Theorem 9.1. Let g ≥ 1 be an integer, Ag the stack of g-dimensional principally po-
larised abelian varieties over a field K , and Bg the stack of all g-dimensional abelian
varieties over K .

(1) If char(K) = 0 then edAg = g(g + 1)/2 + 2a = edBg , where 2a is the largest
power of 2 dividing g.

(2) If char(K) = p > 0 and p - |Sp2g(Z/`Z)| for some prime ` > 2 then edAg =
g(g + 1)/2+ 2a with a as above.

For g odd this result is due to Miles Reid.
We do not know if the restriction on char(K) is really necessary; in Theorem 9.7 we

show by elementary methods that for g = 1 it is not.
The main ingredient in the proof, aside from Theorem 6.1, is:

Theorem 9.2. LetK be a field with char(K) 6= 2 and letRg be the moduli stack of (con-
nected) étale double covers of smooth projective curves of genus g with g > 2 over K .
Then the index of the generic gerbe of Rg is 2b, where 2b is the largest power of 2
dividing g − 1. Furthermore, if Rg is tame then edRg = 3g − 3+ 2b.

The two theorems stated above are connected via the Prym map Rg+1 → Ag .

9.1.

It is easy to get an upper bound on the index of the generic gerbe of Ag,d over any field.
This gives an upper bound on the essential dimension wheneverAg,d is smooth and tame.

Proposition 9.3. Let d > 0 be an integer and Ag,d the moduli stack of abelian varieties
with a polarisation of degree d over K .

(1) The index of the generic gerbe of each irreducible component of Ag,d is ≤ 2a if
char(K) 6= 2. If char(K) = 2 then the generic gerbes are all trivial.

(2) If p=char(K) > 0 assume that p - d · |GL2g(Z/`Z)| (or if d=1, p - |Sp2g(Z/`Z)|)
for some prime ` > 2. Then edAg,d ≤ g(g + 1)/2+ 2a .

Proof. For any g, d, Ag,d is a Deligne–Mumford stack over K with each irreducible
component of dimension g(g + 1)/2 (see [NO80] for the case char(K) | d). It is a conse-
quence of a theorem of Grothendieck [Oor71, Theorem 2.4.1], that if p - d then Ag,d is
smooth. Furthermore, if p - |GL2g(Z/`Z)| (or if d = 1, p - |Sp2g(Z/`Z)|) for ` as above
then Ag,d is also tame. By Theorem 6.1 we see that (2) follows from (1).



1104 Patrick Brosnan et al.

Assume char(K) 6= 2. The generic gerbe is a gerbe banded by Z/2Z = µ2 so the
index is a power of 2. The Lie algebra Lieg,d of the universal family of abelian varieties
over Ag,d is a vector bundle of rank g on which the automorphism x 7→ −x of the
universal family induces multiplication by −1. So Lieg,d gives rise to a twisted sheaf
(see e.g. [Lie08, Section 3]) on the generic gerbe of each component, hence the index
divides g. We conclude that the index divides the largest power of 2 dividing g, i.e. 2a .

For any field L of characteristic 2, H2(L,Z/2Z) = 0 so the generic gerbes above are
all trivial if char(K) = 2. ut

If g is odd then it follows that edAg,d = g(g+ 1)/2 whenever Ag,d is tame and smooth;
this was first proved by Miles Reid using Kummer varieties. For even g we now use
Theorem 9.2, which we will prove later, to complete the proof of Theorem 9.1.

Proof that Theorem 9.2 implies Theorem 9.1. We may assume that g > 1 since it is
known that if g = 1 then edAg(= Bg) = 2 (by Theorem 1.2 or Section 9.5).

We first recall the construction of the Prym map P : Rg+1 → Ag .
Let f : X → S be a family of smooth projective curves of genus g + 1 and let

π : Y → X be a finite étale double cover (so that the fibres of the composite morphism
f ′ : Y → S are smooth projective curves of genus 2g + 1). Let Pic0

X/S,Pic0
Y/S be the

corresponding relative Jacobians and let N : Pic0
Y/S → Pic0

X/S be the norm map. The
identity component of the kernel ofN is an abelian scheme Prym(Y/X) over S of relative
dimension g and the involution of Y over X induces an automorphism of Pic0

Y/S which
restricts to multiplication by −1 on Prym(Y/X). Furthermore, the canonical principal
polarisation on Pic0

Y/S restricts to 2λ, where λ is a principal polarisation on Prym(Y/X).
Then P is given by sending (f : X → S, π : Y → X) to (Prym(Y/X) → S, λ). The
coarse moduli space Rg+1 of Rg+1 is an irreducible variety and P induces a morphism,
which we also denote by P , Rg+1 → Ag .

Let A′g be the open subvariety of Ag corresponding to principally polarised abelian
varieties A with Aut(A) = {±Id}. ThenAg|A′g → A′g is a µ2 gerbe. Since P(Rg+1)∩A′g
6= ∅ it follows that the generic gerbe of Rg+1 is isomorphic to Ag ×Ag SpecK(Rg+1).
Since the index at the generic point of an element of the Brauer groups of a smooth
variety is greater than or equal to the index at any other point, it follows that the index of
the generic gerbe ofAg is greater than or equal to the index of the generic gerbe ofRg+1.
By Theorem 9.2 the latter index is 2a and then using Proposition 9.3 we deduce the first
equality of Theorem 9.1(1) and also (2), sinceAg is tame whenever p - |Sp2g(Z/`Z)| for
some prime ` 6= 2.

Now suppose char(K) = 0 and let A be any abelian variety of dimension g over
an extension field L of K . Since A is projective, it follows that A has a polarisation of
degree d for some d > 0 and hence corresponds to an object of Ag,d(L). By Propo-
sition 9.3, it follows that A together with its polarisation can be defined over a field of
transcendence degree ≤ g(g + 1)/2 + 2a over K , hence edBg ≤ g(g + 1)/2 = 2a .
A principally polarised abelian variety A over L such that the image of SpecL in Ag is
the generic point has a unique polarisation which is defined whenever the abelian variety
is defined. It then follows from the previous paragraph that there exists an abelian variety
defined over an extension of transcendence degree g(g + 1) + 2a over K which cannot
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be defined over a subextension of smaller transcendence degree. This proves the second
equality of Theorem 9.1(1). ut

9.2.

For any morphism f : X→ S, we denote by PicX/S the relative Picard functor [BLR90,
Chapter 8]. If PicX/S is representable we use the same notation to denote the representing
scheme and if S = SpecK is a field we drop it from the notation.

We recall from [BLR90, Chapter 8, Proposition 4] that if f is proper and cohomolog-
ically flat in dimension 0, then for any S-scheme T we have a canonical exact sequence

0→ Pic(T )→ Pic(X ×S T )→ PicX/S(T )
δ
→ Br(T )→ Br(X × T ) (9.1)

so δ(τ ) ∈ Br(T ), for τ ∈ PicX/S(T ), is the obstruction to the existence of a line bundle L
on X ×S T representing τ .

If X is a smooth projective curve over a field, then using the morphisms Symd(X)→

PicdX for d > 0, the Riemann–Roch theorem and Serre duality one sees that the index of
δ(τ ) divides χ(τ) = deg(τ ) + 1 − g. Since δ is a homomorphism it follows that if τ is
of order m then the order of δ(τ ) divides m. We deduce that in this case the index of δ(τ )
divides the largest integer dividing g − 1 all of whose prime divisors also divide m. Note
that if g = 1 then we do not get any bound on the index.

9.3.

Let A be an abelian variety over a field K , let τ ∈ Pic0
A(K), let θ ∈ H1(K,A) and let

P be the A-torsor corresponding to θ . Since Pic0
P is canonically isomorphic to Pic0

A, we
may view τ as an element τP of Pic0

P (K).

Lemma 9.4. With the notation as above, the subgroups of Br(K) generated by δ(τP )
and ∂(θ) are equal, where ∂ is the boundary map in the long exact sequence of Galois
cohomology corresponding to the extension of commutative group schemes

1→ Gm → S → A→ 0

associated to τ via the isomorphism Pic0
A(K) = Ext1(A,Gm).

Proof. We first remark that as a Gm-bundle on A, S is just the complement of the zero
section of L, where L is the line bundle on A corresponding to τ (see e.g. [Mum70,
Theorem 1, p. 225]).

Now let L be any field extension of K . If δ(τp) = 0 in Br(L) then τP is represented
by a line bundleL on PL. Using the remark above, one sees thatQ, the complement of the
zero section in L, is an SL-torsor such that Q×SL AL = PL. This implies that ∂(θ) = 0
in Br(L). Conversely, if ∂(θ) = 0 in Br(L) then there is a (unique) SL-torsor Q such that
Q×SL AL = PL. This gives a Gm-bundle over PL and hence a line bundle on PL which
represents τP , so we must have δ(τp) = 0 in Br(L).
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It follows that the splitting fields of ∂(θ) and δ(τP ) are the same, hence the two ele-
ments must generate the same subgroup in Br(K). ut

It is very likely that δ(τP ) and ∂(θ) are equal, at least up to sign, but we shall not need
this.

9.4.

Given a smooth projective curve X over a field K and an element τ of PicX(K), one may
ask how large the index of δ(τ ) can be. In the case that τ is torsion, the theorem below
shows that the best upper bound on the index which is valid over all fields is the one given
in Section 9.2.

Theorem 9.5. Let g > 0 be an integer, n > 0 an integer such that n divides g − 1 and
char(K) - n, and m > 0 such that m | n and m, n have the same prime factors. Then
there exists an extension L of K , a smooth projective curve X of genus g over L with
Aut(XL) = {Id} if g > 2, and an element τ of order m in PicX(L) such that the index of
δ(τ ) is n.

The theorem for all g will be deduced from the slightly stronger result below for g = 1.

Proposition 9.6. Let n > 0 be an integer such that char(K) - n andm > 0 such thatm | n
and m, n have the same prime factors. Then there exists an extension M of K , a smooth
projective geometrically irreducible curve P of genus 1 overM and an element σ of order
m in PicP (M) such that the index of δ(σ ) is n. Furthermore, there exists an extension M ′

of M of degree n such that P(M ′) is infinite.

Proof. We first replace K by K(s, t) where s, t are indeterminates. We fix an isomor-
phism µn ∼= Z/nZ which we use to identify all µ⊗in , i ∈ Z. For the elements (s), (t) ∈
H1(K,µn) consider α = (s) ∪ (t) ∈ H2(K,µ⊗2

n ) ∼= H2(K,µn) = nBr(K). It is well
known and easy to see that this element of Br(K) has both order and index equal to n. Let
K ′ be the function field of the Brauer–Severi variety corresponding to the division algebra
over K representing mα. By a theorem of Amitsur [Ami55, Theorem 9.3] the image of
α in Br(K ′) has order m and by a theorem of Schofield and Van den Bergh [SVdB92,
Theorem 2.1] its index is still n.

LetM be the field of Laurent seriesK ′((q)) and letE be the Tate elliptic curve overM
associated to the element sqn ∈ M×. For any finite extensionM ′ ofM there is a canonical
Galois equivariant isomorphism

E(M ′) ∼= M
′×/〈sqn〉.

From this we get a canonical exact sequence

1→ µn→ E[n]→ Z/nZ→ 0

where 1 ∈ Z/nZ is the image of any n-th root of sqn in M ′. For any φ ∈ H1(M,Z/nZ),
one easily checks using the definitions that ∂(φ) ∈ H2(M,µn) = H2(M,µn ⊗ Z/nZ)



Essential dimension of moduli of curves and other algebraic stacks 1107

is equal to (s) ∪ φ, where ∂ denotes the boundary map in the long exact sequence of
Galois cohomology associated to the above short exact sequence of Galois modules. It
follows that if we identify (t) ∈ H1(M,µn) with an element of H1(M,Z/nZ) using our
chosen isomorphism Z/nZ ∼= µn, then β := ∂((t)) = (s) ∪ (t) ∈ H2(K,µn) ⊂ Br(M).
Thus β also has orderm and index n (since the index is the smallest dimension of a linear
subvariety of the Brauer–Severi variety and such varieties are preserved by specialisation).
In particular, it is in the image of the inclusion map H1(M,µm)→ H1(M,µn).

Let E′ be the quotient of E by µm, so E′ is also an elliptic curve over M . Let In ⊂
E′[n] be the image of E[n], so we have exact sequences

1→ µm→ E[n]→ In→ 0 and 1→ µn/m→ In→ Z/nZ→ 0.

By construction, the boundary map of the second sequence maps the element (t) ∈
H1(M,Z/nZ) to 0 in H1(M,µn/m), hence (t) lifts to an element γ ∈ H1(M, In). Clearly
γ is mapped to β ∈ H2(M,µm) by the boundary map of the first exact sequence.

Now let M ′ = M(t1/n) = K ′(t1/n)((q)). The restriction of γ in H1(M ′, In) goes to 0
in H1(M ′,Z/nZ) by construction, hence it comes from an element of H1(M ′,µn/m). We
have a commutative diagram

H1(M ′,µn)
//

��

H1(M ′, E)

��

H1(M ′,µn/m) // H1(M ′, E′)

where the vertical maps are induced by quotienting by µm. The first vertical map is sur-
jective and the inclusion µn → E(M ′) factors as µn → M ′

×
→ E(M ′), so it follows

from Hilbert’s Theorem 90 that the bottom horizontal map is zero. Therefore θ , the image
of γ in H1(M,E′), restricts to 0 in H1(M ′, E′).

Let P be the E′-torsor corresponding to θ , so Pic0
P is canonically isomorphic to E′.

The image of E[m] in E′ is naturally isomorphic to Z/mZ; let σ denote 1 ∈ Z/mZ ⊂
E′(M) = PicP (M). Pushing out the exact sequence

1→ µm→ E→ E′→ 0

via the inclusion µm→ Gm we get an exact sequence

1→ Gm → S → E′→ 0

whose class in Ext1(E′,Gm) generates the kernel of the map Ext1(E′,Gm) →

Ext1(E,Gm). Under the canonical isomorphisms Ext1(E′,Gm) ∼= Pic0
E′
(M) ∼= E′(M),

1 ∈ Z/mZ ⊂ E′(M) is a generator of the above kernel, so it follows that the two elements
generate the same subgroup of Ext1(E′,Gm).

It now follows from Lemma 9.4 that δ(σ ) and β generate the same subgroup of
Br(M); in particular, δ(σ ) has index n. Since θ becomes 0 in H1(M ′, E′), it follows
that PM ′ ∼= E′M ′ . Since E′(M) is infinite, so is E(M ′) and therefore also P(M ′).

We conclude that M , P , σ and M ′ satisfy all the conditions of the proposition. ut



1108 Patrick Brosnan et al.

Proof of Theorem 9.5. If g = 1 the result follows from Proposition 9.6 so we may assume
that g > 1.

Let r = (g−1)/n and letM , P , σ andM ′ be as in Proposition 9.6. Note that since the
index of δ(σ ) is n, any closed point of P must have degree divisible by n. Let p1, . . . , pr
be distinct closed points of P of degree n and let Y be the stable curve over M obtained
by gluing two copies of P along all the pi’s, i.e. the pi in one copy is identified with
the pi in the other copy using the identity map on residue fields. The arithmetic genus
of Y is 1 + 1 + rn − 1 = 1 + rn = g. Using the natural map π : Y → P which
is the identity on both components, we get a morphism π∗ : PicP → PicY and we let
σ ′ = π∗(σ ) ∈ PicY (M). Note that δ(σ ) = δ(σ ′) ∈ Br(M).

Let R = M[[x]] and let f : Y → SpecR be a generic smoothing of Y . So Y is
a regular scheme and f is a flat proper morphism with closed fibre equal to Y (see for
example [DM69, Section 1]). By a theorem of Raynaud [Ray70, Théorème 8.2.1], Pic0

Y/R
is representable by a separated and smooth group scheme of finite type over R. Since
char(M) - m, the endomorphism of Pic0

Y/R given by multiplication by m is étale. Since
R is complete, it follows that σ ′ can be lifted to an element σ in Pic0

Y/R(R) of order m.
Consider δ(σ) ∈ Br(R). Since Br(R) = Br(M), we see by the functoriality of the

exact sequences in (9.1) that δ(σ) = δ(σ ′) = δ(σ ).
Now let L = M((x)), let X be the generic fibre of f and let τ be the restriction of σ

in Pic0
X(L); by the genericity of the deformation it follows that Aut(XL) = {Id} if g > 2.

Again by the functoriality of the exact sequences in (9.1) we see that δ(τ ) is the image of
δ(σ) = δ(σ ) in Br(L). Thus δ(τ ) has index n as required. ut

Theorem 9.2 is a simple consequence of Theorem 9.5.

Proof of Theorem 9.2. Since Rg is a smooth irreducible Deligne–Mumford stack of di-
mension 3g − 3, it follows from Theorem 6.1 that to compute edRg when Rg is tame it
suffices to compute the index of the generic gerbe.

The coarse moduli space Rg of Rg is generically a fine moduli space parametrizing
smooth projective curves X of genus g over S with a non-trivial element of order 2 of
PicX/S(S). Thus over the generic point SpecK(Rg) ∈ Rg we have a smooth projective
curve C of genus g and an element σ ∈ PicC(K(Rg)) of order 2. It follows that the
element of Br(K(Rg)) represented by the generic gerbe of Rg is the obstruction to the
existence of a line bundle L over C whose class in PicC(K(Rg)) is equal to σ .

If b = 0, then g − 1 is odd hence the generic gerbe is trivial. So assume b > 0 and
let X, L and σ be obtained by applying Theorem 9.5 with m = 2 and n = 2b. Since
Aut(XL) = {Id} it follows that the image of the map SpecL → Rg lies in the smooth
locus R′g of Rg . Since the restriction of the map Rg → Rg is a µ2 gerbe, it follows that
the index of the generic gerbe is ≥ 2b. Since the index must also divide g − 1 it follows
that we must have equality as claimed. ut

9.5. The essential dimension of A1 over arbitrary fields

We do not know the essential dimension of Ag over fields of small characteristic. How-
ever, it follows from classical formulae [Sil86, Appendix A, Proposition 1.1] that edA1
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= 2 over any field of characteristic 6= 2 and edA1 ≤ 3 over any field of characteristic 2.
We prove here the following

Theorem 9.7. edA1 = 2 over any field of characteristic 2.

Proof. It suffices to prove the theorem over F2 since it is easy to see that edA1 ≥ 2 over
any field.

Any elliptic curve E over a field K of characteristic 2 with j (E) 6= 0 has an affine
equation [Sil86, Appendix A]

y2
+ xy = x3

+ a2x
2
+ a6, a2, 0 6= a6 ∈ K,

hence it suffices to compute the essential dimension of the residual gerbe corresponding
to elliptic curves E with j (E) = 0. Any such curve has an affine equation

y2
+ a3y = x

3
+ a4x + a6, a3 6= 0, a4, a6 ∈ K.

We let E be the curve corresponding to the equation y2
+ y = x3 over F2 and denote by

Aut(E) its automorphism group scheme.
By [Sil86, Appendix A, Proposition 1.2] and its proof, Aut(E) is an étale group

scheme over F2 of order 24. As a scheme it is given by the equations U3
= 1, S4

+S = 0
and T 2

+ T = 0, where U, S, T are coordinates on A3. Given a solution (u, s, t) of these
equations, the corresponding automorphism E→ E is given in the above coordinates by
(x, y) 7→ (x′, y′) with x = u2x′ + s2 and y = y′ + u2sx′ + t . Thus, if fi : E → E,
i = 1, 2, over a field K is given by a tuple (ui, si, ti) then f2 ◦ f1 : E → E is given by
the coordinate change

x = u2
1x1 + s

2
1 = u

2
1(u

2
2x2 + s

2
2)+ s

2
1 = (u1u2)

2x2 + (u1s2 + s1)
2

and

y = y1 + u
2
1s1x1 + t1 = (y2 + u

2
2s2x2 + t2)+ u

2
1s1(u

2
2x2 + s

2
2)+ t1

= y2 + (u1u2)
2(u1s2 + s1)x2 + (t1 + u

2
1s1s

2
2 + t2).

Thus f2 ◦ f1 corresponds to the triple (u1u2, u1s2 + s1, t1 + t2 + u
2
1s1s

2
2).

Clearly Aut(E) becomes a constant group scheme over any field containing F4; one
may see that this constant group scheme is isomorphic to SL2(F3) by considering its
action on E[3]. The centre of Aut(E) is the constant group scheme Z/2Z, the non-trivial
element corresponds to the tuple (1, 0, 1) and acts by multiplication by −1 on E. Let G
be the quotient of Aut(E) by its centre. It is given by the equations U3

= 1, S4
+ S = 0

and the quotient map corresponds to forgetting the last coordinate.
Let B ⊂ SL2(F4) be the subgroup of upper triangular matrices, viewed as a closed

subgroup scheme of SL2,F2 in the natural way. The formula for composition in Aut(E)
given above shows that the map on points G→ B given by (u, s) 7→

( u us
0 u2

)
induces an

isomorphism of group schemes over F2. Thus G is a closed subgroup scheme of GL2,F2
which maps injectively into PGL2,F2 , so edG = 1.
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Now we have a central extension of group schemes over F2,

0→ Z/2Z→ Aut(E)→ G→ 1,

which for any extension field K of F2 gives rise to an exact sequence of pointed sets

H1(K,Z/2Z) α
→ H1(K,Aut(E))

β
→ H1(K,G)

∂
→ H2(K,Z/2Z).

Since H2(K,Z/2Z) = 0 it follows that β is surjective. Thus H1(K,Z/2Z) operates on
H1(K,Aut(E)) and the quotient is H1(K,G) by [Gir71, III, Proposition 3.4.5(iv)]. Since
both Z/2Z and G have essential dimension 1, it follows that ed Aut(E) ≤ 2.

The residual gerbe at the point E of A1 is neutral, so it is isomorphic to BAut(E),
hence has ed ≤ 2. Since the generic gerbe is isomorphic to B Z/2Z, we conclude that
edA1 = 2. ut

Acknowledgments. I thank Arvind Nair and Madhav Nori for useful conversations.
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Algébrique du Bois-Marie 1967–1969 (SGA 7 II). Lecture Notes in Math. 340,
Springer, Berlin (1973) Zbl 0258.00005 MR 0354657

[Sil86] Silverman, J. H.: The Arithmetic of Elliptic Curves. Grad. Texts in Math. 106,
Springer, New York (1986) Zbl 0585.14026 MR 0817210

http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0433.14012&format=complete
http://www.ams.org/mathscinet-getitem?mr=0559531
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0223.14022&format=complete
http://www.ams.org/mathscinet-getitem?mr=0282985
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0483.14010&format=complete
http://www.ams.org/mathscinet-getitem?mr=0595202
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0223.14024&format=complete
http://www.ams.org/mathscinet-getitem?mr=0301026
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0207.51602&format=complete
http://www.ams.org/mathscinet-getitem?mr=0282993
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0981.20033&format=complete
http://www.ams.org/mathscinet-getitem?mr=1780933
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1044.14023&format=complete
http://www.ams.org/mathscinet-getitem?mr=1782331
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0778.12004&format=complete
http://www.ams.org/mathscinet-getitem?mr=1061778
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1004.12003&format=complete
http://www.ams.org/mathscinet-getitem?mr=1867431
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0237.00012&format=complete
http://www.ams.org/mathscinet-getitem?mr=0354653
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0258.00005&format=complete
http://www.ams.org/mathscinet-getitem?mr=0354657
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0585.14026&format=complete
http://www.ams.org/mathscinet-getitem?mr=0817210

	Introduction
	The essential dimension of a stack
	A fiber dimension theorem
	The essential dimension of a gerbe over a field
	Gerbes over complete discrete valuation rings
	A genericity theorem for a smooth Deligne–Mumford stack
	The essential dimension of M_g,n for (g,n) =(1,0)
	Tate curves and the essential dimension of M_1,0
	Appendix: Essential dimension of moduli of abelian varieties (by Najmuddin Fakhruddin)

