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Abstract. This article investigates the long-time behaviour of parabolic scalar conservation laws
of the type d;u + divy A(y, u) — Ayu = 0, where y € RY and the flux A is periodic in y. More
specifically, we consider the case when the initial data is an L1 disturbance of a stationary periodic
solution. We show, under polynomial growth assumptions on the flux, that the difference between u
and the stationary solution behaves in L' norm like a self-similar profile for large times. The proof
uses a time and space change of variables which is well-suited for the analysis of the long time
behaviour of parabolic equations. Then, convergence in rescaled variables follows from arguments
from dynamical systems theory. One crucial point is to obtain compactness in LY on the family of
rescaled solutions; this is achieved by deriving uniform bounds in weighted L? spaces.

Keywords. Long time asymptotics, parabolic scalar conservation law, asymptotic expansion, mo-
ment estimates, homogenization

1. Introduction

The goal of this article is to study the long time limit of solutions of the equation
du +divy A(y,u) — Ayu=0, t>0,yeR", (1.1)

where the flux A : RY x R — RY is assumed to be TV -periodic with respect to its
first variable. Here and in the rest of the article, TV denotes the N-dimensional torus, i.e.
™ = (R/Z)VN.

Classical results on scalar conservation laws (see for instance [21, 15]) ensure that
the semigroup associated with equation (1.1) is well-defined in L' (RY) + L ([RY). The
case when the initial data belongs to U (y) + L'(R) (when N = 1), where U is a viscous
shock profile of equation (1.1) has already been dealt with in a previous article (see [8]).
In the present paper, we restrict our study to the case when the inital data belongs to
v(y)+L'(RY), where v is a given periodic stationary solution of (1.1). The choice of such
initial data stems from the fact that the semigroup associated with (1.1) is nonexpansive
in the L' norm; hence it is natural to investigate stability in L' (RV).
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When the flux A is linear, say

A(y,u) = a(yu,

this study coincides (at least for some particular functions «) with the one led by Adrien
Blanchet, Jean Dolbeault and Michat Kowalczyk in [5] on the large time behaviour of
Brownian ratchets, as we will explain in Remark 1.4. It is proved in [5] that if the flux A
is linear and if

lim sup

oo (1421)2 /@ lu(t, y) — vy — c)* dy < o0 (1.2)

for some velocity ¢ € RY which will be defined later on (see (1.7)), then there exists a
constant C and a number x € (0, 1/2) such that for all # > 0,

/ M fo(y) < y—ct
RN A+20N2° \JT+2r

where fy is the solution of an elliptic equation in TV (see (1.6)), F is a Gaussian profile,
and M is the mass of the initial disturbance, i.e.

M = f (u)r=0 — V).
RN

Inequality (1.3) is a technical assumption which is expected—but has yet to be proved—to
hold for a large class of initial data.

Unfortunately, as we explained in [8], the above result does not imply that the same
convergence holds in the nonlinear case. Moreover, the proof of [5], which is based on
entropy dissipation methods together with log-Sobolev Poincaré inequalities, can hardly
be transposed as such to a nonlinear setting, although attempts in this direction have been
made: for instance, in [10] M. Di Francesco and P. Markowich prove convergence to-
wards diffusive waves for the Burgers equation using entropy dissipation methods. How-
ever, their strategy relies crucially on the Hopf—Cole formula, and therefore could not be
transposed to the present general setting. Hence we have chosen here a slightly different
approach, which enables us to extend some of the results of [5] to a nonlinear context.
Additionally, we recover a weaker version of the convergence (1.3) (with no convergence
rate), but without the need for assumption (1.2). In fact, we prove that (1.2) holds for a
class of initial data which is dense in v + L' (RN).

The present work is also embedded in the broader study of the long time behaviour
of conservation laws. We refer the interested reader to the review paper by D. Serre [22]
(and the references therein) for a thorough description of the homogeneous case, in which
the author investigates the stability of stationary solutions of scalar conservation laws in
various models (parabolic and hyperbolic settings, relaxation models, ...)

Before stating the main results of this paper, let us now recall a few properties of
equation (1.1). First, according to a result of [7], periodic stationary solutions of (1.1)
exist, provided the flux A satisfies some growth assumptions. In fact, several different
growth regimes were studied in [7]; we only recall one of them here, which is the most

u(t,y) —v(y) —

)’dy < Ct7", (1.3)
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relevant with regards to our purposes. In the rest of the article, we assume that A belongs
to WL(TN x R)V, and that

loc
Ipo e R, ¥y e TV,  divy A(y, po) = 0. (1.4)

We also assume that there exists n € (0, (N + 2)/N) such that
VP >0,3Cp >0, ¥(p,q) € R?, |p| < P,

[0pA(y, p+q) — 3pA(y, p)I < Cp(lgl| + g1,

. . (1.5)
[divy A(y, p +¢q) — divy A(y, p)| < Cp(lg| + lgq|™).

These assumptions were introduced in [8, 7]. They ensure that for any » € R, there exists
a unique periodic stationary solution of (1.1) with mean value r; we refer to [7] for a
discussion of the optimality of conditions (1.4), (1.5). Moreover, if u is a solution of (1.1)
with initial data uj,—o € v + L' N L®RY), where v € WL (RV) is any stationary
solution of (1.1), then u € L ([0, 0o) x RN). This result will be used several times in
the article, and its proof is recalled in the Appendix.

We now introduce the profiles which characterize the asymptotic behaviour of the
function u:

e First, the function fy occurring in (1.3) is the unique solution in H'!(TV) of the equa-
tion
=Ay fo+divy(a1 fo) =0, (fo) =1, (1.6)
where
a1(y) == (3 A)(y, v(y)) € LTV,
Above and in the rest of the article, the notation (-) stands for the average on the

torus TV, that is,
(f) 12/ I
’]I‘N

e The drift velocity c is then defined by
¢ = (a1 fo). 1.7

e The last function which will appear in the asymptotic profile of u is the equivalent, in
the nonlinear case, of the Gaussian profile F occurring in (1.3); it is the unique solution,
in a suitable function space, of an elliptic equation of the form

— > miijFy — dive(xFy) +a - ViFy = 0inRY, with / Fy=MeR,
1<ij<N RN (1.8)

where the coefficients ; ; and a are constant, and the matrix (1; j)1<;, j<n is coercive.
Unfortunately, giving the precise definition of n; ; and a would take us too far at this
stage. Let us merely mention that a = 0 if N > 2. We also recall that thanks to a result
of J. Aguirre, M. Escobedo, and E. Zuazua (see [1]), the above equation has a unique
solution for all M € R, and we refer to the next section for more details. In particular,
1i,j» a are defined in (2.14), (2.16) respectively.
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The main result of this paper is the following:

Theorem 1.1. Let A € Wli’coo (TN x R)N, and assume that A satisfies (1.4), (1.5). Let v

be a periodic stationary solution of (1.1), and let uin; € v + LY@®RN). Let u be the unique
solution of (1.1) with initial condition uj;—y = Win;. Set

M = / (ini — v) dy.
R

Then ast — o0,
y —
fo(y)FM< — 0.

ct
—)|d
/RN V1+ Zt) ’
Remark 1.1. In fact, the regularity assumptions on the flux A are not as stringent as
stated in the theorem above. In particular, the conditions on the derivatives with respect

to the space variable y can be considerably reduced. When looking closely at the proof,
the correct regularity assumptions on A are

1
u(t,y) —v(y) — A1)V

WA e L (TV xRN Vke{0,1,....4}, divy A, divy 934 € LS. (TV x R).

Remark 1.2. Notice that even in the linear case, Theorem 1.1 does not yield any con-
vergence rate, in contrast with (1.3). This is due to the method of proof, which relies
on abstract arguments from dynamical systems theory. The convergence rate obtained by
Blanchet, Dolbeault and Kowalczyk in [5] is based on more “constructive” techniques,
namely entropy dissipation methods and log-Sobolev inequalities. The counterpart of
such techniques lies in the necessity for assumption (1.2). We emphasize that such an
assumption is not necessary here.

Remark 1.3. Theorem 1.1 was previously proved in [18] in the special case N = 1 and
M = 0 by Valérie Le Blanc. The proof in [18] is much shorter than the one presented
here, but is very specific to the one-dimensional case, since it relies on an estimate on the
number of sign changes of # — v. Unfortunately, the methods used in [18] do not seem to
be adaptable to the general case under consideration here.

Remark 1.4. Let us now make precise the link between brownian ratchets and equation
(1.1) in the linear case. In [5], A. Blanchet, J. Dolbeault and M. Kowalczyk study the long
time behaviour of the solution f = f(¢, y) of the equation

& f=Ayf+divy(Vy(y —wt) f), t>0,yeR", (1.9)
with ¢ € C3(TV), w € RV Setting
ut,y)= f(t,y+wt) Vt>0, VyeR",

we see that u satisfies
Oru + divy (@ (y)u) — Ayu =0,
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where the drift coefficient « is given by

a(y) = —w = Vy¥(y). (1.10)

Hence the study of (1.9) and that of (1.1) in the linear case are closely related; they are
strictly equivalent in dimension one, since any function & € C'(T) can be decomposed as

a:/a+(a—/a>=/a+3y¢, forsomeqSeCz(T).
T T T

The equivalence does not hold when N > 2, but in fact, all the results of [5] remain
true for an arbitrary drift « € C'(TV) (using exactly the same techniques as the ones
developed in [5]). This will be a consequence of the analysis we will perform in the
next sections. The choice for a function o with the structure (1.10) stems from physical
considerations (see [4]): equation (1.9) describes the evolution of the density of particles
in a travelling potential, moving with constant speed w.

In the course of the proof of Theorem 1.1, we will also prove that condition (1.2)
holds for a large class of initial data. The precise result is the following:

Proposition 1.1. Assume that the flux A is linear, and that uin; € v + L! (RN is such
that

I > N+ 8, /ﬂ; () = )P+ Iy Py dy < oo,

Let u be the unique solution of (1.1) with initial data uini. Then (1.2) is satisfied. As a
consequence (see [5)), (1.3) holds.

Hence for linear fluxes and for a large range of initial data, a rate of convergence can be
given. The derivation of convergence rates in the nonlinear case goes beyond the scope
of this article; in fact, the standard methods to derive convergence rates rely on the use
of entropy-entropy dissipation inequalities (see [10] in the case of the Burgers equation),
which we have chosen not to use here.

Another consequence of Theorem 1.1 is the stability of stationary shock profiles of
equation (1.1) (see [8]) in dimension one:

Definition 1.1. Assume that N = 1. A stationary shock profile is a stationary solution U
of (1.1) such that there exist periodic stationary solutions vy, v, of (1.1) such that

lim [U(y) —v,(»]=0,  lim [U(y)—v(y)]=0.
y—>—+00 y—>—00

It was proved in [8] that the stability of shock profiles is a consequence of the stability
of periodic stationary solutions. Thus we have the following

Corollary 1.1. Assume that N = 1, and that the hypotheses of Theorem 1.1 are satisfied.
Let U € L®(R) be a stationary shock profile of (1.1). Let uin; € U + L' (R) be such that

/(Mini -U)=0,
R
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and let u be the unique solution of (1.1) with initial data uin;. Then
Tim Jlu(t) = Ull 1y = 0.

The strategy of proof of Theorem 1.1 is close to the one developed in [12], in which
M. Escobedo and E. Zuazua study the long time behaviour of a homogeneous version of
(1.1). We also refer the interested reader to [11], in which M. Escobedo, J. L. Vazquez
and E. Zuazua extend the analysis performed in [12] to the case when the flux has sub-
critical growth, and to [24], in which E. Zuazua extends the results of [12] to more general
situations. The first step of the analysis consists in a self-similar change of variables,
which helps us to focus on the appropriate length scales; this will be done in the next
section, in which we also derive the equations on the limit profiles fy and Fjs. Then,
in Section 3, we obtain some compactness on the rescaled sequence by deriving some
uniform L? bounds in weighted spaces. Eventually, we conclude the proof in Section 4
by using semigroup arguments inherited from dynamical systems theory.

Throughout the article, we will use the following notation: if iy € L}y, (RN, we set,
for all p € [1, 00),

1/p
LP(Y) = {uGLﬁ,C(RN)I/ |M|p1/f<00}, lullLroyp) = </ |M|p1ﬂ> ,
RV RV

H'() = {u e LX), Vue LW}, Nullfyiy, = lulFag, + 1Vul

L2(y) (0N

Sobolev spaces of the type W*?(yr), H*({), with s € N arbitrary and p € [1, 00), are
defined in a similar fashion. When we write [|u||;»gny, without specifying a weight func-
tion, we always refer to the usual L” norm in RY with respect to the Lebesgue measure

(e v =1).

2. The homogenized system

The goal of this section is to analyze the expected asymptotic behaviour of the solution
u(t) of equation (1.1); to that end, we change the space and time variables and introduce
a parabolic scaling, which is appropriate for the study of the long time behaviour of dif-
fusion equations. Then, using a two-scale Ansatz in space and time which was introduced
in [5], we construct an approximate solution of the rescaled system. Eventually, we recall
and derive several properties of the limit system.

2.1. Parabolic scaling

Consider the solution u € L;’&([O, 00) x RM) of (1.1), with Ujy=0 = Upni € V + L'n

L% (RN). It is a classical feature of scalar conservation laws that the semigroup associated
with (1.1) is contractive in L' (R"). Hence, for all t > 0, u(r) € v + L' (R"), and

lu(t) — vl @yy < llini — il L1 @y)-
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Thus it is natural to compute the equation satisfied by f(f) = u(t) — v € LYRN): since
v is a stationary solution of (1.1), we have

o f +divy By, f) = Ay f =0, >0, yeR"Y,
where the flux B is defined by

B(y. f) = A(y.v(y) + ) — Ay, v(») Y. f) €TV xR.
The flux B(y, f) vanishes at f = 0, for all y. Moreover, if the flux A satisfies the as-
sumptions of Theorem 1.1, there exist o € C'(TV) and B; € C(TVN x R) such that

B(y, f)=a1(0) f + Bi(y, f), 2.1)
and the flux Bl is such that
VX >0 3Cx >0,Vfe[-X,X],VyeTV, |Bi(y, f) < CxlfI%

At some point in the proof, we will need a more refined approximation of B in a neigh-
bourhood of f = 0; we thus also introduce a, a3 € L>®(TV) and B3 € L>®(TV x R)
such that

By, f) =1 f + a2 f* +az(0) fP + B3Oy, £),

and the flux B3 is such that for all X > 0, there exists a constant Cx > 0 such that for all
fel[-X,X]andy € TV,

1Bs3(y, )l < CxIfI*,  Idivy B3(y, /)l < CxIfI*,  18¢B3(y, )l < CxIfP.

The existence of o; (i = 1, 2, 3) and the bounds on El , f?g are ensured by the assumption
that A € W>°(TV x R). Notice in particular that

a1(y) = 3¢ B(y, f)1f=0 = (3,)(y,v(y)) VyeTV.

As explained in [5], the interplay between the diffusion and the drift oy induces a
displacement of the centre of mass. In the linear case, that is, when B; = 0, the evolution
of the centre of mass can be computed as follows: since the function f satisfies

0 f +divy(a1 f) — Ay f =0,

we have

d
S vrevay= f 1 ()£t ) dy.
t JrRN RN

Now, fort > 0and y € TV, set

fan="Y fa,y+h.

keZN
Since the function «; is periodic, f satisfies

O f+divy(ar f)— Ay f =0, t>0,yeTV,
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and we have, for all r > 0,

/RNmﬂr) - /TNoelf(o.

Using Lemma 1.1 of [19] together with a Poincaré inequality on the torus TV, it
can be easily proved that as 1 — oo, f(¢) converges with exponential speed in L' (TV)

towards ( f) fo, where fj is the unique solution of (1.6). Additionally, notice that

(f) = Z(f('+k))=/RNf=M.

keZN

Consequently, setting

c := {ay fo)

we infer that in the linear case,

d
—/ (y—ct)f — 0 exponentially fast.
dt Jr

In fact, it turns out that the nonlinearity has no effect on this displacement, although
this is not quite clear if we try to include the quadratic term B in the above calculation.
We will justify this result by formal calculations in the next subsection. Nonetheless, it
can be proved in the case N = 1 (see for instance [8]) that when || fo||1 is not too large,

I foll1
IfOll2r =C 174 vVt > 0,

and more generally, the L” norm of f(¢) vanishes for long times for all p € (1, oc].
This somehow explains why the quadratic term does not modify the motion of the centre
of mass for large times: the term Bi (-, f(t,-)) vanishes in L'(R) as r — oo. Hence,
hereinafter, we choose to make in the general case the same change of variables as the

one dictated by the linear case. Precisely, let U € L5 ([0, 00) x RY) be such that

—ct
ft,y) = U(log«/l T, yl—c> t>0,yeRY. (22

V142t

This change of variables is classical in the study of long-time parabolic dynamics (see for
instance [12]). In the present case, our change of variables is exactly the same as in [5];
straightforward calculations lead to

1
(1+20)N/2

3:U — dive (xU) + R divy((a1(2) — )U) — A U = —RN*div, Bi(z, U/RY), (2.3)

with T > 0, x € R, and where

RZ -1

R=¢" and z=Rx+c

Studying the long time behaviour of f amounts to studying the long time behaviour of U.
Now, as T — 00, the quantity R becomes very large, and thus the variable z is highly
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oscillating. Hence, as emphasized in [5], the asymptotic study of equation (2.3) somehow
falls into the scope of homogenization theory; the small parameter measuring the period
of the oscillations is then ¢ = R™! = ¢~7. However, one substantial difference with
classical homogenization problems is that the small parameter depends on time, which
sometimes makes the proofs much more technical. We refer to [5] for more details.

Let us also mention that the homogenization of equation (2.3) with a “fixed”” small pa-
rameter, and when the quadratic flux B; vanishes, has been performed by Thierry Goudon
and Frédéric Poupaud in [14]. As a consequence, the formal asymptotic expansions which
will be performed in the next section are in fact very close to the ones of [14].

2.2. Formal derivation of the limit system

As usual in homogenization problems (see [3] for instance), the idea is now to assume
that the solution U of (2.3) admits an asymptotic development in powers of the small
parameter measuring the period of the oscillations; in the present case, the small param-
eter is e 7, so that we expect the approximation to be valid for large times only. Hence,
assume that when 7 > 1,

U(t,x) ~ Uy(t,x,2) + e TU (T, x,2) + ¢ 2 Usr(t,x,2) + - - - 2.4)

where z = e"x + c(e?" — 1)/2 stands for the fast variable and where for all (7, x) €
R, x RY, the function

2 Ui(t,x,2)

is TV -periodic. Plugging the Ansatz (2.4) into equation (2.3) and identifying the powers
of R = ¢" leads to a cascade of equations on the terms Uy, U}, etc. Notice that according
to Lemma A.1 in the Appendix, f € L*([0, o) x RN), and thus U/RN is bounded
in L™,

e Terms of order R”: Identifying the highest order terms in equation (2.3) when U is
given by (2.4) leads to

¢ V.Uy+div.((a] — e)Up) — A.Up = —A, Uy + div,(a1Up) =0, zeTV.

We recall the following result, which is a straightforward consequence of the Krein—
Rutman Theorem (see [9]):

Lemma 2.1. Let o € L®(TN)N. Consider the vector space
Ela]:={w e HY(TV) : =A,w + div, (@w) = 0}.

Then dim E[a] = 1, and there exists a unique function m € El[a] such that (m) = 1.
Moreover, m € Wl’p(']I‘N)for all p < oo, and

inf m > 0.
zeTN
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In the present case, E[a;] = Rfy, where fj is defined by (1.6). Hence there exists a
function F = F(t, x) such that

Uo(t, x,2) = fo(2)F(t,x) ¥(1,x,2) €[0,00) x RN x TV (2.5)

e Terms of order R': Concerning the terms of order R! = 7, the case when the space
dimension is equal to one has to be treated separately. Indeed,

Rt div, Bi(z, U/RY) = RN divy (aU?) + R'"2N div, (a3U?)
+ RNt div, (B3 (z, U/RM)),

and using the bounds on B3,

RNl div,(B3(z, U/RY)) = RN (div. B3)(z, U/RN) + RV, U - (3y B3)(z, U/R")
— O(R_3N) +O(R_3N+2) — O(R—l)

We infer that if U is given by (2.4), then

RV div, By (z, U/RY) = RV div, (@aU3)
+ RN [divy (a2 UF) + 2 div, (2 UpU)]
+ RV div (a3 U3) + O(R™). (2.6)

Consequently, when N > 2, the term Uj solves the equation

. . N 82U0
— AUy 4+ div,(a1Uy) = — divy (a1 — c)Up) + 2 Z
i=1

. 2.7
axiaZi ( )

Since Uy(t, x, 7) = fo(z) F(t, x), we have

((a1 = )Uo(t, x, ) = F(t, x)({ee1 fo) —¢) =0

by the definition of c. Hence the right-hand side of (2.7) has zero mean value, and the
compatibility condition is satisfied. Thus for all (¢, x) € [0, 0co) X RY,(2.7)hasa unique
solution in H!(TV). Moreover, using the linearity of (2.7) together with the expression
(2.5), we infer that U; can be written as

Ui(t,x,2) = fi(2) - Vi F (2, x), (2.8)
where f] € HYTM)N satisfies
—Ag f1,i +divy (o f1,) = —fola,i —¢i) +20; fo, Vie{l,...,N}L (2.9)

Notice that according to the regularity assumptions on the flux A, the function divy o
belongs to L>°(TV). Using boot-strap arguments for equation (1.6), we deduce that fy €
W2P(TV) for all p < oo, and therefore f; € W>P(TV) for all p < oo. In particular,
fi. fo € Whoo(TM).
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If N = 1, on the other hand, the corrector U; solves the equation
92U,
0x0z7

Notice that the compatibility condition is satisfied, for the same reason as before. Hence
in this case,

—0z:U1 + 0z (a1 Uy) = —0x((a1 — 0)Up) +2 — (2 U). (2.10)

Ui(t,x,2) = fi(2)3:F(t,x) + g1 Q) F(t, x)%, .11)
where g; € H!(T) solves
—Azg1 + 3 (@1g1) = —d (a2 (f0)?).

The fact that the compatibility condition is satisfied in all cases justifies a posteriori
the use of the change of variables (2.2) in the nonlinear case. This means that, at least on
a formal level, the displacement of the centre of mass of the function f is unaffected by
the presence of the quadratic term Bj.

e Terms of order R?: As we identify the terms of order one in equation (2.3), we obtain

— AUy 4+ div(a1U)

N 2
. . 92U
= —0:Up + divy (xUp) + A, Uo — div (@1 — 0)Up) +2 ) L Ay, (2.12)
i=1

— 3)6,'32[

where the term Ay stems from the expansion of the nonlinear term Bj. According to
(2.6), we have

AnL = 3x(@2U3) + 28, (aUpUy) + 8;(a3U3)  if N =1,
Ay = div,(U3) if N =2,
Ay =0 if N > 3.

The evolution equation for the function F follows from the compatibility condition; pre-
cisely, we obtain

0 F —divy,(xF) — A, F +div {(a; — c)Up) + (Ayxp) = 0.
We now distinguish between the cases N > 2 and N = 1.
>If N > 2, (Ayp) = 0; using (2.8), we infer that F satisfies
0 F —divy,(x F) — Z ni,jaz—F =0, 7>0 xeRYwithN >2, (2.13)

1<ien  0%i0x

where the coefficients (n; j)1<;, j<n are given by
ni,j = 8i,j — ((a1,i — i) f1,5)- (2.14)

The following lemma entails that equation (2.13) is well-posed:
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Lemma 2.2. The matrix n := (1; j)1<i, j<N Is coercive.

Lemma 2.2 is proved in [14] for any N > 1, and its proof is recalled in [S] when N = 1.
For the reader’s convenience, we sketch the main steps of the proof here, and we refer to
[14, Proposition 4.6] for details.

Proof. Let L be the differential operator L¢p = —A,¢ + div,(«x1¢). The idea is to intro-
duce, forall j € {1, ..., N}, the function x; which solves the adjoint problem

L*xj=—Axj—ar-Vexj=o1,—cj, (x)=0.

Since the right-hand side satisfies {(ct; ; — ¢j)¥) = Oforall ¢ € ker L = E[a1] = R fo,
the function y; is well-defined. For all § € RV, we have

D Wi — e )&k = (L*(x - &) f1- &) = (x - E(—foler — ©) - & + 2V fo - £))

v = —{fox -EL*(x - §)) + (2 - £V fo - &)
—(L(fox -&)x - &) —2(fo& - Vo(x - 6)).
Expanding L( fox - £) and using the identity Lf = 0 leads to

(L(fox -&)x - &) = (folVo(x - ©)%).

Hence

D omijEik = EP A+ (HIVo0 O +2(fof - Valx - ) = (fols + Velx - ).

1<i,j<N

‘We deduce that
D> mij&ig =0 VEeRV

1<i,j<N
Now, let & € RY be such that > ni,j&& = 0. Since fy(z) > 0 for all z, we infer that
E4+V.(x-&)=0 vzeTV.

Taking the average of the above inequality on TV leads to £ = 0. Hence the matrix (1, i)
is coercive. o

>If N = 1, we have
(AnL) = 0 (aUg) = (@2 fg)0x F?,
Moreover, in this case U is given by (2.11); hence
(divy (@1 — OUD) = (@1 — ©) fi)dux F + (a1 — ©)g1) 3, F>.

Consequently, the compatibility condition reads

0 F — 0, (xF)+ad F> —no F=0, 7>0, x€eR, (2.15)
where the coefficients a, n are given by

a:=(mf)+ @ —og), n:=1-(a—0)fi). (2.16)

Lemma 2.2 states that the diffusion coefficient 7 is positive.
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Remark 2.1. (i) The fact that the coefficient a appearing in (1.8) is zero for all N > 2 is
consistent with the results of M. Escobedo and E. Zuazua in [12]: indeed, the authors
of [12] consider the convection-diffusion equation

v —Av=a-V(v[?'v) in(0,c0) x RY

for some exponent ¢ > 14 1/N and for @ € RY. They prove thatif g > 141/N, the
asymptotic behaviour of v is given by the heat kernel, i.e. the convective term does
not play any role. On the contrary, if ¢ = 14 1/N, v behaves asymptotically like the
self-similar solution of a nonlinear equation.

In the present case, because of the Taylor expansion (2.1), the flux B consists of a
linear drift term and a quadratic term. Hence the study performed in this paper is
related to the case ¢ = 2 of [12]; we infer thatg = 1 4+ 1/N if and only if N = 1,
and we check that this is the only case when a nonlinear behaviour can be observed
at the limit.

(i1) In order to have a better understanding of the large time behaviour of equation (1.1),
it would be interesting to compute the next term of the development, in the spirit of
the paper by E. Zuazua [23]. In particular, the nonlinear behaviour of the equation is
expected to appear at the next order for all N € N. Notice that this implies that the
term U] is not, in fact, the next term in the development. However, such an analysis
is beyond the scope of the present article.

The formal derivation of an approximate solution is now complete. In the following
subsections, we recall or prove several results concerning the well-posedness and the long
time behaviour of equations (2.13) and (2.15). We will often refer to the equation on F' as
the “homogenized equation”; this term refers to equation (2.13) when N > 2, and (2.15)
when N = 1.

2.3. Existence and uniqueness of stationary solutions of the homogenized equation

This subsection is concerned with the existence and uniqueness (in suitable function
spaces) of stationary solutions of the homogenized equations (2.13) and (2.15). In the
case when N = 1, or when (9; j)1<i, j<ny = Al for some A > 0, such results are stated
in [1]. In the general case, we merely use a linear change of variables, and the problem is
then reduced to the case of an isotropic diffusion.

Lemma 2.3. Assume that N > 2. For y > 0, set ¢, : x € RN > exp(y|x|?). Then
there exists y > 0 such that for all M € R, there exists a unique function Fy € Hl(l//y)
satisfying

— D mijdidjFy — dive(xFyp) =0, f Fy =M. (2.17)
1<i,j<N RY

Furthermore, the following properties hold:

(1) forall M e R, Fyy = M Fy;

(i) F1 € WP NC®RN) forall p € [1,00), and Fi € H*(Y,);
(iii) Fi(x) > Oforall x € RV,
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Proof. The idea is to perform an affine change of variables in order to transform the
diffusion term into a laplacian. Precisely, set

Si,jZW, 1<i,j<N.

Then the matrix § = (s; ;) is symmetric and positive definite (see Lemma 2.2); hence
there exists an orthogonal matrix O € M,,(R) and positive numbers A; such that

S = 0T Diag(A1, ..., AN)O.
Let us change the variables by setting
x=Py with P:=0T Diagh;>,..., A0, (2.18)
and for any function F € L! (RN, define
F(y) = F(Py).
It can be readily checked that for all x € RV,

3°F 3°F )
P — 5 P~ ,
lzj: Mi,j oxi% (x) Z Tl 5o (P~ x)

k.l

where the coefficients 7 ; are given by

ks =Y (P i (P sij = (PTIS(PTH .
i,j
Using the definitions of the matrices P and S, we infer that
=P ls(P~HT = Iy.

Thus the diffusion term is transformed into a laplacian with this change of variables.
Let us now compute the drift term. We have

xi = (Py)i,
and, denoting by (e1, ..., ey) the canonical basis of RN,
oF 0 ~ -
@ _ 9 (P'x)= (P 'e)  V,F(P ).
ax,' 3)6,'

Thus, always setting x = Py,

N N
X Vi @) = Y (PP )V F) = [P (D (Pydier) |- Vi F )
i=1 i=1

= (P7'Py)-VyF(y) =y - VyF(y).
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Notice that this property is in fact independent of the definition of the matrix P. Conse-
quently, Fjy is a solution of (2.17) if and only if F, satisfies

—AyFy — divy(yFy) =0, / Fy = (detS)"'2M.
RN

The only solutions of the above equation in H'(RV) are Gaussian functions. Hence there
exists a unique solution of (2.17) in HY®RN) for all M, and this solution is given by

1
Fy(x) =CM exp<—§|P1x|2),
where the positive constant C is a normalization factor. Moreover,
1P~ x> = Diagr; %, .. Ay D) 0x P,

and thus, since |Ox|? = |x|?,

—1 —1
(max xi) 2 < |P~1x? < ( min Ai) Ix|2.
1<i<N 1<i<N

All the properties of the lemma follow, with

-1
y < (2 max Ai> . m]
1<i<N
In the case when N = 1, the existence of a stationary solution is treated in [1]. Hence we

merely recall the main results of [1] in that regard.

Lemma 2.4 (Aguirre, Escobedo, Zuazua). Let M € R be arbitrary, and let a € R and
n > 0. Let y := (2n)~". Then there exists a unique function Fy € Hl(lﬁy) which
satisfies

—ndyx Fyr — 9y (x Far) 4+ ad, Fyy = 0, / Fy =M.
R

Moreover, Fyy enjoys the following properties:

(i) Fy € W2P NC®R) forall p € [1, 00), and Fy € H*(r,);
(i) if M > 0, then Fy;(x) > 0 forall x € RV,

We deduce from the above lemma that if " < y, then there exists a constant C,+ such
that
|Fu (), |8 Fy (0] < Cyrexp(—y'x?)  Vx € R.

Indeed, since Fyy € H z(wy), it can be easily proved that Fy v, € H 2(R) forall y’ < y.
Sobolev embeddings then imply that Fy, € WL (R).

The existence of stationary solutions of (2.13) and (2.15) is thus ensured. We now
tackle the study of the properties of equations (2.13) and (2.15), focusing in particular on
the long time behaviour and on regularity issues.
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2.4. Long time behaviour of the homogenized equation

We begin with a definition of the weight function K € C®°(R"), which plays a central
role in the theory of existence. For N > 2, we use the change of variables (2.18), which
was introduced in the proof of Lemma 2.3. This allows us to transform the matrix (;, ;)
into the identity matrix. For > 0, y € RV, set F(t, y) = F (¢, Py).If F is a solution of
(2.13), then F solves

& F —divy(yF) — AyF = 0.

Consequently, the results of [12] can be directly applied to F, for which existence is
proved in the function space L%(Kg), where Ko(y) = exp(y2 /2). Performing the inverse
change of variables, it is clear that the relevant weight function is given by

K (x) := Ko(P~'x) = exp(|P"'x|?/2). (2.19)
Notice that by the definition of the matrix P, there exist positive constants y, y’ such that
exp(y'x?) < K(x) < exp(yx?) VxeRY.

When N = 1, the weight function K is given by

2
Kx) = exp(%). (2.20)

We immediately deduce from [12] the following proposition:

Proposition 2.1. Let Fipj € L®°(RN) N L2(K). Then the homogenized problem has a
unique solution

F € C([0, 00), L*(K)) N C((0, 00), H*(K)) N C'((0, 00), L*(K))
such that Fiy—o = Fini. Moreover,
tl_l)fgo I1F @) — Fullpywyy =0,

where Fyy is the unique stationary solution of the homogenized problem with mass M =
fRN Fini.

Consequently, the homogenized equations (2.15) and (2.13) are well-posed. We conclude
this section by stating a result on the construction of an approximate solution:

Definition 2.1. Let F € C([0, 00), L>(K)) N C((0, 00), H*>(K)). We define the approx-
imate solution of (2.3) associated with F by

U™P[F](t,x; R) = Up(t, x,2) + R™'U1 (7, x,2) + R*Va(1, x, 2),
with7 > 0,x € R¥, R > 0 and z := Rx + c(R? — 1)/2, and where

e U is defined by (2.5);
e U isdefined by (2.8) if N > 2 and by 2.11)if N = 1;
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e V; is defined by

—A; Vo +div(e Vo) = (fo(z) — D=0 F + divy (x F) + Ay F]
+ (divy ((@1 — )Uy)) — divy ((@1 — c)Uy)

N 2
0-U;
2 - A Anr).
+ ;21 092, NL + (AnL)

Notice that we do not require, in the above definition, that F is a solution of (2.13)
or (2.15); hence the right-hand side in the equation on the term of order R~? is slightly
modified, so that the compatibility condition is satisfied and V> is well-defined. Of course,
if F is a solution of (2.15) or (2.13), the equation on V; becomes (2.12) and V> = U».

We then have the following result:

Lemma 2.5. (i) Let M € R be arbitrary. Define the function U € L*°([0, oco0) x RMY)
by
U(z, x) :=UP[Fy](T, x; €Y).

Then U is a solution of
0:U — divy(xU) — AU + Rdiv,((x1(z) — c)U)
= —R"*'div, Bi(z, U/RY) + U™™,
where the remainder term U™™ is such that there exist C > 0, y > 0 such that
WU @1 iy + 10 @) ey < Ce™™ ¥z > 0.
(ii) Let Finj € L°(RN) N L3(K), and let F € C([0, 00), L*>(K)) be the unique solution
of the homogenized equation such that F;—o = Fini. Let p € Cgo RN be a mollifying
kernel (p > 0, f,o = 1), and let F5 := F %, ps, where ps = 8N p(-/8), for 8§ > 0.

Let (tn)n>0 be a sequence of positive numbers such that lim,_~ 1, = +00. For
n € Nand § > 0, define the function ufz by

ufl(t,x) = U™P[Fs](t,x;e™77), xeRN, t>0.
Then u,’z satisfies, with R,, = e" ™" and z, = R,x + c(R% —-1)/2,
Beud — divy (xud) 4+ R, divy (@1 (z2) — ud) — Ayud
= —R) " divy By(z.ul/RY) + 1,
where the remainder term rfl satisfies, for all T > 0,
I7pll Lo 0,772 RNy) < @7 (8) + Cs,7e™™,

where ot : Ry — Ry is a function depending only on T such that limg_, o+ w7 (8)
=0.

The proof of the above lemma follows the calculations of the first section; the proof is
lengthy but straightforward, and is therefore left to the reader. The fact that U™ has
exponential decay in x is a consequence of Lemmas 2.3 and 2.4.
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3. Weighted L bounds for the rescaled equation

As explained in the previous section, we choose to work with the rescaled equation (2.3)
rather than with the original one (1.1). In fact, it can be easily checked that Theorem 1.1
is equivalent to the following proposition:

Proposition 3.1. Let Uipi € L'(RY), and let M := [y Uini. Let U €C([0, 00), L' (RV))
be the unique solution of (2.3) with initial data Uj;—o = Uin;. Then

e — 1

lim ‘U(I,x) - f()(e’x +c
N

T—>0Q R

)FM(X)

dx =0,

where the velocity c is defined by (1.7), and Fyy € L'(RN) is the unique stationary
solution of the homogenized equation (2.13), (2.15) with total mass M.

In turn, since the function fj € L®(TV) is such that infpy fo > 0, the above statement
is equivalent to

lim ||V(t) — F, =0,

o (R4¢2) M||L1(RN)

where the function V = V (z, x) is defined by
Ul(r, x)
fo(efx + Clez_l) )

The proof of Proposition 3.1 consists of essentially two steps: first, we prove com-
pactness properties in L'(RN) for the family (V(7)).>0. To that end, we derive uniform
bounds with respect to 7 in weighted L? spaces; this step will be achieved in the current
section. Then, using techniques inherited from dynamical systems theory, we prove in the
next section that the limit of any converging sequence V (7,,) is equal to Fys. As empha-
sized in the introduction, the proof of convergence relies on rather abstract arguments,
and thus does not yield any rate of convergence in general. However, when the flux A
is linear, the weighted L? bounds allow us to prove that the family U (z) has uniformly
bounded moments of order four, and thus (1.2) holds. As proved in [5], the convergence
stated in Theorem 1.1 then takes place with algebraic rate.

The main result of this section is the following:

Proposition 3.2. Let Uiy € L' N L®@RYN), and let U € C([0, 00), L'(RN)) be the
unique solution of (2.3) with initial data U|;—y = Uini. Let m > 2(N + 1) be arbitrary,
and assume that

V(t,x) = >0, x e RV, (3.1

/RN [Uini () >(1 + [x])™? dx < oo.

Then there exists a constant C,, > 0 (depending only on m, N, and on the flux A) such
that if ||Uini||L1(]RN) < Cy,, then

supf [V (z, 0)A(1 + |x[H"? dx < oo,
RN

>0

T+1
sup/ / |V V(s, x)|?dx ds < oo.
T RN

>0

3.2)
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As a consequence, there exists a sequence (t,) of positive numbers such that t, €
[n, n + 1] for all n, and the sequence (V (1, X))n>0 is compact in LY(RN). Moreover, if
the flux A is linear, then C,, = 400 for allm > 2(N + 1).

Before proving the bounds (3.2), we explain how they entail the existence of a converging
sequence. Thus we assume that (3.2) holds for the time being. First, forany X > 1,7 > 0,
we have

/ |V(z,x)|dx
lx|>X

1/2 1/2
< (/ IV (7, )1 + |x|2)’"/2dx> (/ (1+ |x|2>'”/2dx)
|x|>X [x|>X

1/2
< cx<N—'">/2(sup/N [V (z, ) (1 4 |x[}H)™/? dx> .
R

>0

Since m > N, we infer that the family {V (7, x)};>0 is equi-integrable.
Moreover, let L € RY be an arbitrary compact set, and let 7 € RN be arbitrary, with
|h| < 1. Let
K:={xeRN :dx, K) <1}

The set K is clearly compact. Then
1
/ [V(t,x +h)—V(r,x)|dx < |h|/ / IVVI(r,x +Ah)d\dx
K KJo

< IhI/~ [VV(z,2)|dz
K

_ 1/2
slhlllCll/Z(/ |VXV(r,x)|2dx> :
RN

Now, for all n € N, there exists 7, € [n, n + 1] such that

n+l1
/RN IV, V (T, x)|? dx 5/ A;{N [V V (s, x)|* dx ds.
n

Consequently, there exists a constant C, depending only on K and on the bounds on V in
L3 ([0, 00), H"), such that

Vn e N, / |V (tn, X +h) — V(tn, x)| dx < C|h|.
K

Hence the sequence {V (7, x)},>0 is equicontinuous in LYRN),
Notice also that
1 1 Uinill L1 ¥y

sup [V (@)l iy = - sup U (Ta)ll p1myy < —
nZPO nILTRY) infpnv fo nZPO nLIRY) infpnv fo

Thus the sequence {V (1, x)},>0 is bounded in LYRM).
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According to classical results of functional analysis (see for instance [6]), we infer
that the sequence (V (t,)),>0 is compact in L.

The rest of the section is devoted to the proof of the bounds (3.2). We first prove
that V e L5 ([0, 00), L2((1 4 |x[*)™/2)). Then, using the construction of approximate
solutions of (2.3) performed in the previous section, we derive an energy inequality on the
function V. Carefully controlling the nonlinear terms appearing in this energy inequality,
we are led to (3.2).

Before addressing the proof, we recall a result which will play a key role in several
arguments: since Uy, € L% NL'(RY), there exists a positive constant C, depending only
on the flux A and on ||Uiill1, ||Uinillco» such that

IU ()l pooryy < CeMT. (3.3)

Indeed, performing backwards the parabolic scaling (2.2), it turns out that this inequality
is equivalent to the boundedness of u in L°°([0, c0) x RY), where u is the solution of
(1.1) with initial data v + Ujp;. And the L bound on u follows from Lemma A.1 in the
Appendix.

First step: The family V () is locally bounded in L2((1 + |x|?)"”/?). This amounts
in fact to proving that U € L3, ([0, 00), L2((1 + |x|*)™/?)). Hence, multiply (2.3) by
U(t, x)(14|x|*)™/? and integrate with respect to the variable x. Always with the notation
R = e,z = Rx + c¢(R* — 1)/2, this leads to

1d

o U , 21 2m/2d
e RNI (T, 0L+ [x[H)™ " dx

- —/ |VXU|2(1+|x|2)m/2dx—m/ (x - VoYU + |x[2) 142 dx
RN RN

1
—5/ <x-vx|U|2><1+|x|2)"’/2dx—mf |UPIx (1 + |x 5~/ ax
RN RN

U(t, x) U(t,x)
w0 [ (s S ) - B v

—mRN! fRN[B(a ng’vX)> - cUiqu’vX)] U+ P ax (34

Since U(7)/R" is bounded (see (3.3)), there exists a constant C such that

R2—1 U(t,x) Uz, x) |U(t, x)]|
2 ' RN RN |~ RN

5(Rr o

Moreover,

lx (1 + |x|?) =12,

21+ 272 < (14 02 vx e RV,

Hence, using the Cauchy—Schwarz inequality, we infer that the last two terms in (3.4) are
bounded by
1

-/ |VxU|2(1—|—|x|2)m/2dx+CR2/ U1 + |x>)™/? dx.
4 JrN RN



Stability of stationary solutions of scalar conservation laws 1265

On the other hand,

‘/N(x Ve UP)(A + 32" dx
R

- ‘/ UP(NA + x)™? + mx?(1 + x5 7 /2) dx
RN

< c/ U+ |x>)™/? dx.
RN

Gathering all the terms, we deduce that there exist ¢ € (0, 1) and C > 0 such that

d
— | U@ 0PA + x[H™?dx
dt RN

< —c/N Vo U (7, )P (1 + x5 dx + Ce* /N U (z, )1*(1 + [x|H)™/? dx.
R R

Using Gronwall’s Lemma, we infer that

U € L.([0, 00), L*((1 + |x|2)™?), V.U € L} ([0, 00), L*((1 + [x[})™/%)).

loc

Second step: The energy inequality. The idea here is the following: assume momentar-
ily that the flux B is linear, that is, Bl =0.Lety € L®(]0, 00) x RY) be a solution of
(2.3) such that ¥ (7, x) > O for all 7, x. Then, according to [19], for any convex function
H € C%(R), we have

i/ I/f(r,x)H<U(T’x)>dx:_/ H//<U(t,x)>’VX<U(t,x)>
dt Jrw ¥(t, x) RN W (z, %) )

2

2
X.

, we infer that

supf |U(t )|2 dx < 00
, X
>0 RN 1/[(1',)(7)

Hence, if ¥ (7, x) behaves like (14|x|?)~"/2 for |x| large, the L? bound in (3.2) is proved.

Thus the goal of this step is to build a positive function U which behaves like
(1 + |x|>)~™/2 for |x| large, and which is an approximate solution of the linear part of
(2.3), with remainder terms of order one. Using calculations similar to the ones in [19],
we then derive an inequality on the energy

Jo

From now on, we no longer assume that B =0.
The definition of U is inspired from the construction of an approximate solution in
the previous section. Precisely, we set

Taking H : x e Rt— x

2

U x U(t,x)dx.

U(t, x)

2T
- —1
U(t,x) = fo@hm(x) +e " fi(2) - Vil (x), 7>0,xeRY z=¢"x +ce 5
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where the function f] € WLoo(TNYN is defined by (2.9), and where
i (x) = (14 |x[)™"/2.
Notice that even when N = 1, the structure of the function U is inspired from the linear
case: there is no term of the form 42, in U. The nonlinear term in the flux B will be treated
independently.
Remember that infpny fo > 0; since
Vihm(x) = —m al h x eRY
xX'tm - 1 + |x|2 mo» )

we deduce that there exists g > 0 (depending on m) such that

0< %fo(z)hm(x) <U(1,x) <2fo(Dhm(x) VxeRN, 7> 1. (3.5)

We now compute, for T > 7o, the rate of growth (or decay) of the energy [ |U PO
Using equation (2.3) and performing several integrations by parts, we obtain

d U, x) | ~
— = U(t,x)d
dt Jrv|U(t, x) (v, x) dx
2
:—2/ Vx<[{(t’x)) Ul(z, x)dx
RN U(t,x)
Ue.xf . - - -
+/ = [—0:U + AU +divy(xU) — e" divy ((a1(z) — c)U)]dx
RN | U(t, x)

+oewinr [ g (o YR g (Ym0,
ey \G TN \O(z, x)

By definition of U , we have

— 03U 4+ AU +divy (xU) — e divy (1 (z) — ¢)0)

, 2y
01 | (x)

= dive (¥hn) fo@) + fo@ARn() +2 3 (D)
J Lt

1<i,j<N

02 h (x)
- Y e — e fi M@

l<i,j=N

9 9
> fl,i(z>[—(x,~axihm(x>)+a—(")],

. 942
1<ij<N 0xj Xi0%;

where
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Notice that m
divy (xhp (x)) = (N — m)hy (x) + W,

and there exists a constant C (depending on m and N) such that for all7, j € {1, ..., N},

32 (x)

ax,' 3)Cj

3% R (x)

axi ij

< ! s
T RpT

92 hum (x)
0x; ijz

< Chp(x).

[Vihp ()] +

|x|

Remember that N —m < 0 and that inequality (3.5) holds; hence we infer that for t > 19
with 7q large enough,

— 03U 4+ AU +divy (xU) — e divy (1 (2) — ¢)0)

IA

. 1
(N —m) fo(@hm(x) + Ce " hpy(x) + CW

1
L+ Py

N—m ~
U(t,x)+C

IA

On the other hand, since the flux B is quadratic near the origin and U /e is bounded,
we have

e(N+1)r/ [31(2, U(va,x)> 'Vx<1{(T’X))dx’
RN et U(z, x)

< Cell-Mr f U, )2
RN

2. U
U+2/ v(7>
'V \T
<c/ (U("x)>2 dx 3.7
T rv\UC x)) A+ [x|P)Hm/2 '

U
+Ce<1—N>f/ |U|? VX<T>‘. (3.8)
RV U

Third step: Control of the term (3.7). Set ¢ := U/ U; then according to the first step,

Gathering all the terms, we obtain
2

Vx<l~](r’x)>‘dx.
U(t, x)

d U (3.6)

dt RN

U
U

U

U

2. m-—N
U

4 RN

Notice that when the flux A is linear, the term (3.8) is zero.

¢ € L1, 00), L*(hw)) N LE ([70, 00), H' (hy)).

loc

Moreover,
V(@ hm) = 20hu Ve + ¢>Viy;
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since |Vh,,| < mh,,, we deduce that ¢2hm € Llloc([ro, 00), WLL(RN)Y), and thus, using

Sobolev embeddings, &*hy, € LI]OC([IO, 00), LP*(RY)), where p* = N/(N — 1) if
N > 2, and p* = +oo if N = 1. Additionally, the following inequality holds: according
to the Gagliardo—Nirenberg—Sobolev inequality, there exists a constant C, depending only

on N and m, such that for all T > 1o,

16> hm (D) Lo @y < CIV@ R (D)l 1wy
< Cle@ 2 IVl 24, + CS @172, -

We use the above inequality in order to control the term (3.7). First, let us write

/R p@ P )T dx = /R @ @hn) (1§D )",

where the exponents a, b satisfy

2a+b =2,
am/2+bm/2 =1+m/2,

which leadstoa = 1 — 2/m, b = 4/m. Notice that a, b € (0, 1), provided m is large
enough (m > 4, which is always satisfied if m > 2(N + 1)).
Then, using Holder’s inequality, we infer

/R @ 0P+ 1x )M dx < 107 @hn I g 1O i1 g,

where the parameter p is given by

1 1=2/m
p=a(l—b)y"" = —d/m’
Notice that p is always larger than one. In order to be able to interpolate L? between L!
and LP*, p must also be smaller than p*; if N = 1, p* = o0, and thus we always have
p < p*. If N > 2, this condition amounts to m > 2(N + 1); we assume that m always
satisfies this assumption in what follows.

Now, let 6 € (0, 1) such that

using once again Holder’s inequality, we obtain

2 2\—(14+m/2) 2 0 2 a(l1-0) b
/RN 16 GO+ ) ™D e < 12 195 g 192 150 o 18R 1% v,

0+a(1-0)/2 1-6
< Cle Ryt ns 21V 155 ISk v,

+Cl Rl s @y 1D 1 v
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Straightforward computations lead to

1—-6 N+2 2N
ab +a =1- + , a(l—60)=—.
2 m m

Hence, using Young’s inequality, we deduce that for all » > 0, there exists a constant C;,
such that

/ 16 (z, x)|>(1 + |x|>) "1/ gx
RN

< M&* @Ol i@y + MV @72, )+ Crllg@hnl7gry: (B9

2

Using inequality (3.5) and choosing the parameter A small enough leads eventually to
- N U -
m (r) o)

2. 1 U(t)
_ U — v( =
16 Jryv|U(7) @+ 2 /]RN (U(r))

2
+c</ |U(r,x)|dx> (3.10)
RN

Fourth step: Control of the term (3.8).

3.7 =

forall T > 1.

Remark 3.1. We recall that (3.8) = 0 if the flux A is linear. Hence this step is required
only in the nonlinear case.

Using inequality (3.3), we infer that there exists a constant C such that
Ul(r,
Vx< ~(t x))‘dx.
U(t,x)
From now on, we treat the cases N = 1, N = 2, and N > 3 separately, and we set
¢=U/U.

(3.8) < c/ U (e, )] HUN
RN

e If N =1, we have, for all T > 19,

V(M)\d
U(t,x)
1/2

<C / (3 (Dbt NP (DVhm) V(> > (D))
R

1/2
< ClAPO N 2 U@ 1672 @l )

1/2
= CUOG @2, 1U O it 195 @72 (D) 1z

/ U (7, x) |/
RN

Moreover,
3
a (9> *hy) = §¢1/2hmax¢ + 320,
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and thus

185 @2 hu) 11y < Clldhm |l \2 BBl 200, + 1D1 200,0))-
(

Eventually, we obtain, using once again (3.5),
2 ~
U (r)]

U
(B8) = CIU@) 1w [/ ’ (UEZ;)

U@L < 1Winillprry YT >0,
we infer that if || Uini |l 1 (w) is sufficiently small, then

2. 1 U(z)
U(r)+ =
2 RN U(t)
e If N = 2, using the Sobolev embedding wLL(R?) ¢ L2(R?), we obtain, for T > 10,

/RN|U(-,x)|1+”N (g( x))‘d <Cf (181 ) (Vs )

X

U(r)

(t)+/ =
R

U(t)

Since

m— N
16 RN

U(z)
U(t)

(3.8) < U(t). (3.11)

< 112 12 o) IVl 2h,)
< CIVUSIhm)ll 1 2 I VDl L2, -

As is the case N = 1, we have

1/2
IV APl 1@y < Cldhu e (1051 2qs,) + 1911 21,)-
Hence we are led to

2 2
(3.8) < C||U(r>||‘L/f(Rz)[f]Rz 0(r>+f]Rz P U(r)}-

Following exactly the same argument as in the case N = 1, we deduce that if
| Uinill .1 (r2y 1s sufficiently small, then (3.11) holds.
e If N > 3, we have, for T > 10,

f UG x|y <M>'dx§C/ N |V N
RN RN

U(,x)

vZ®
0()

1/2

< C/RN(|¢|hm)”N(|vx¢|h )(Iplhn*)

1/N 1/2
< Cllghml e, IV 221, | 0B o)

where the parameter p is such that
1

+1+1—1
N 2 p 7
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i.e. p=2N/(N —2). Using the Sobolev embedding H'(RY) c L?(R"), we have

1/2 1/2
N1 Loy < CIV Dl D 2y < CATSN 201, + 18] 1201,))-

Uo\[ -
(38) = C||U<r)||1L/1’(VRN)[/RN V(UEZ) o+ [

and thus (3.11) holds as long as || Uinill 1wy is not too large.

Thus, once again, we obtain

U(z)
U(t)

2...
U(T)],

Gathering inequalities (3.6), (3.10) and (3.11), we infer that if || Ujp;|| LIRN) is sufficiently
small, then for all T > g,

d U)l|? - m— N Ur)|? - U\~
L I LiSay /() U(r>+f v(f)) 0(v)
dt Jrv|U(1) 8 RV | U(7) RN U(1)
2
< C(/RN IU(r,x)Idx> < CIIUiniIIiI(RN). (3.12)
Fifth step: Conclusion. Let C; := (m — N)/8 and Cy := C||Upnill? Using a

LI(RNy
Gronwall type argument, we deduce that for all T > 7, we have

2 T
/ lj(f)-i-f e_Cl(t—S)</ V<({(S)>
RN o - 06)

U(to) |* - C C
< e*cﬂf*fo)/ O () + 22 < c/ U (0 ) (1 + [x 2y dx + 2.
RN C RN Ci

U (10)
Using (3.5), we infer

U(r)
U(t)

2 ~
U(s)) ds

C
sup/ U, )21+ |x|)™* dx SC/ U (0, )P + [x)"2 dx + CZ2,
RN RN C

=70
(L)
U(s)

2
C
hm ds < c/ U (0, x)[2(1 + |x|H)"? dx + C=2.
RN Ci

T+1
sup / /
>10J1 RN
Hence U € L*®([0, 00), L2((1 + |x|2)’”/2)). Since fy is bounded away from zero, the L?
bound on V follows.
Concerning the bound on V, V, notice that

(T, x)
Vit,x) = = )(hm(x)+e

U(t,x

_ 1@
fo(2)

- Vihp, (x)> ,

)

and thus

IVaVi(z, x)| < Chm(X)(

(L) o0
U(t,x) U(t,x)
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Consequently, for all 7 > 0,

2
/ VeV (T, )P + [x[H)™?dx < CH U
RN U(r)

which leads to the bound on V, V. Notice that in fact we recover

V.V e L} ([0, 00), L2((1 + |x|*)™/?)).

loc

H (h)

Hence Proposition 3.2 is proved.

Let us now conclude this section by explaining how the bound (1.2) on the moments of
order four follows from (3.2). Let Ujy; € Lz(h,;I), with m > 2(N + 2) sufficiently large.
Then we have proved that U € L*°([0, 00), L2(h,;1)), with no restriction on the size of
| Uinill 11 (RN) in the linear case. Now, for all T > 0, using a simple Holder inequality, we
infer that

12
/ |U(‘L’,x)||x|4dx < ”U(T)”Lz(h_])(f |x|8(l+|x|2)m/2dx) .
RN " RN

Hence, if m > N + 8, we deduce that U € L°°([0, 00), L1(|x|4)); going back to the
original variables, this entails that (1.2) is satisfied. Thus the convergence result (1.3)
holds if the flux A is linear, and Proposition 1.1 is proved.

4. Long time behaviour

This section is devoted to the rest of the proof of Theorem 1.1. The idea is to use the
L' compactness proved in the previous section (see Proposition 3.2) together with tech-
niques from dynamical systems theory. This type of proof was initiated by S. Osher and
J. Ralston in [20], in which the authors proved the L' stability of travelling waves for a
quasilinear parabolic equation. Their arguments were then adapted successfully to various
kinds of problems in the context of scalar conservation laws (see for instance the review
in [22]).

In the present study, our scheme of proof is in fact closely related to the one of M. Es-
cobedo and E. Zuazua in [12]; indeed, the idea is to apply the dynamical systems tools
to the rescaled parabolic system (2.3) rather than the original conservation law (1.1). The
main difference from [12] lies in the presence of highly oscillating coefficients in (2.3);
thus it is necessary to work simultaneously with the homogenized equation (2.13)—(2.15)
and with the oscillating one.

Let us now introduce some notation and definitions. First, we denote by S; (t > 0) the
semigroup associated with the homogenized equation, that is, equation (2.15) if N = 1,
and (2.13) if N > 2. According to Proposition 2.1, the semigroup S; is well-defined in
L®(RN)NL2(K), where K is the weight function defined by (2.19)—(2.20); additionally,
the L' contraction property holds, namely

IScFi = S Fall 1wy < IFy — Fall sy VT 2 0, VFy, Fa € L¥@®Y) N L2(K).

Hence S; can be extended on L' (RN).
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We also define the w-limit set associated with a given function Usyj € LY(RN): recall-
ing the definition of the function V (see (3.1)), we set

Q[Uini] :={V € L'®RY) : 31, = 00, V(1,) = Vin L'RY)}, 4.1)

where the function U in (3.1) is the unique solution of (2.3) with initial data Uj,;. When
there is no ambiguity, we will simply write 2 instead of Q[Ujyil.
Notice that V (z,,) converges to V in L' if and only if

dx =0.

n—o00

) ‘ 621,, —1\ -
lim / U(rn,x)—f0<er"x+c )V(x)
RN 2

This equivalence will be used repeatedly throughout the section.

The organisation of this section is the following: we first introduce a “quasi-Lyapunov
function” for the semigroup associated with equation (2.3). We then prove that Proposi-
tion 3.1 holds when the initial data Uj,; has a sufficiently small L! norm. Eventually, we
prove Proposition 3.1 in the general case.

4.1. A quasi-Lyapunov function
Let us first recall the definition of a Lyapunov function (see [17]):

Definition 4.1. Let X be a Banach space, and let 7 : [0, 00) x X — X be a dynamical
system on X, i.e. 7 satisfies the following:
(1) 7 (0,x) =xforallx € X
(i) Semigroup property: Forall s, > Oandx € X, n (¢t + 5, x) = 7 (¢, 7w (s, x));
(iii) 7 is continuous on [0, c0) x X.
A function V : X — R is said to be a Lyapunov function if

1) V is continuous;
(i) V(x) < Oforall x € X, where

. V(r(t, -V
D) = liminf LX) = V)
t—0F t
Lyapunov functions are crucial in the analysis of the stability of dynamical systems.
In the present context, because of the different scales involved, it seems difficult to find a
suitable Lyapunov function, and we thus extend the previous definition:

Definition 4.2. Let X be a Banach space, and let t € [0, c0) + x; € X be a continuous
curve in X. Let H : [0, o0) x X — R be continuous. We say that H is a quasi-Lyapunov
function for the trajectory (x;);>o if the following properties hold:

(i) The family H(z, x;) (¢ > 0) is bounded in R;
(i) There exists a function ¢ : [0, oc0) — [0, co) such that lim,_, o ¥ (¢) = 0 and

Vi >0, sup(H(s, x5) — H(E, x)) < ¥ (2). “4.2)

s>t
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In other words, we drop the semigroup property associated with the dynamical sys-
tem 7, and we focus on a particular trajectory; moreover, inequality (4.2) means that
H(s, x5) is “almost decreasing” with respect to s for large s. Notice that a Lyapunov func-
tion associated with a semigroup 7 is decreasing along any trajectory 7 (s, x) (s > 0).

We then have the following result:

Lemma 4.1. Let X be a Banach space, and let t € [0, 00) +— x; € X be a continuous
curve in X. Let H : [0, 00) x X — R be a quasi-Lyapunov function for (x;);>0. Then
‘H(t, x;) has a finite limit as t — o0.

Proof. First, since H(z, x;) is bounded for ¢ € [0, c0), the quantities

H :=liminf H(t, x;), H :=limsup H(t, x;)
11— 00

1—>0o0

are well-defined and belong to R, with H < H.
Let ¢ > 0 be arbitrary. There exists #, > 0 such that

Y(t) <e Vt>t,.

By the definition of H, there exists s, > f, such that

[H(sg, x5,) — H| < .
Since ‘H is a quasi-Lyapunov function, for all s > s, we have
H(s, x5) < H(sg, xsg) + ¥ (se) < H + 2e.

Hence
H<H+2 Ve>D0,

and H = H. Thus the quantity H(z, x,) has a finite limit as  — oo. O

We now apply this notion to the present context:

Lemma4.2. Let M € R be arbitrary, and let Uip; € L'®RMY. Fort > Oand u €
L' (RN), define the function H by

H(t,u) := / lu(x) — U*PP[Fy1(z, x; e)| dx,
RN

where the function U was introduced in Definition 2.1. Let U € C(]0, 00), LY (RN)) be
the solution of (2.3) with initial data U,—y = Uini. Then 'H is a quasi-Lyapunov function

for the trajectory {U (7))}r>0 in L'®RM). As a consequence, the function
le

2

T € [0, 0) — / |U(t,x) — fo@Fu(x)|dx with z=¢"x+c
RN

converges as T — OQ.



Stability of stationary solutions of scalar conservation laws 1275

Proof. This property is an easy consequence of Lemma 2.5(i); indeed, according to that
lemma, there exists a constant C, depending only on N and M, such that

%H(r, Ur) = %num — UP[Fy)(0)l 1 vy < Ce™
Consequently, for all T/ > 7 > 0, we have
H(T', U(T) —HT, U) <Cle " —e 7)< Ce".
Thus property (ii) of Definition 4.2 is satisfied. Additionally, notice that
0=<H( U@) = U@ 1wyy + I foll ooyl FmllLiwny
+Ce " (IVFullimyy + 1Pyl g2 gny)

+Ce X (I Fyllwar @y + 1 a3 vy + IV Eu 72y
< Uil 1 gy + C.

Hence H(z, U(t)) is bounded for T € [0, o). Additionally the continuity of H on
[0, o0) x L' is obvious. Consequently, 7 is a quasi-Lyapunov function for the trajectory
U (7). According to Lemma 4.1, H(t, U(7)) has a finite limit as T — oo. Furthermore,
we have

1UT) = fo@) Full ey = 1U (1) = UPP[Fy](T) + e Us + e > Uall 11wy
where U] and U, are defined by (2.8)—(2.11) and (2.12) respectively. Hence for all T > 0,
H(zr,U(r)) —Ce " < |U(x) — fo(@Fullpiwyy < H(z,U(r)) +Ce™ ",
where the constant C depends only on W*? bounds on Fj,. Thus the function
T U() = fo(@ Fmllpi gy

converges as T — 00, and
lim |U(7) — fo(@) Fmllpi@yy = lim H(z, U(7)). O
T—>00 T—>00

Definition 4.3. Let Ujy; € Ll(RN ) be arbitrary, and let M := fRN Uini. Let U be the
solution of (2.3) with initial data U;—o = Ujn;. We define the number £(Ujp;) by

le

L(Uini) = r1Lngo /RN |U(t,x) — fo@Fy(x)|dx with z=¢"x+c
Notice that Proposition 3.1 is equivalent to
{(Uin) =0 VUi € L'®RY).
Classically, we now derive a continuity property for the function £:

Lemma 4.3. The function U € L'(RY) — £(U) € R is Lipschitz continuous.
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Proof. Let UV, U® e LY(RV), and let MD = Jrwv U® fori = 1,2. We denote by

ini * ~ini ini
U® e ([0, 00), L' (RN)) the solution of (2.3) with initial data U,";. Then for all = > 0,
the L' contraction principle ensures that

1 2
10D @)~ U@l @y < U = U @y)-

ini ini

Hence, for all T > 0, we have

‘ /R U0~ o) Fyg ()| dx /R U )~ fole) Fyge () dx

< WU @) = UP @l i@y + I foll Loomy | Fysr — Fygo ll 1w

According to Lemma A.2 in the Appendix,

1 2
1Fy0 — Fyo gy, = MY = MP) < 0l — U811 @),

ini

Eventually, we obtain, for all T > 0,

’ /R U0~ o) Fyor (0] dx /R U0~ o) Fyge () dx

ini ini

1 2
< (L4 1 foll o)V = Ui s
and thus, passing to the limit,

1 2 1 2
16U = eSO < A+ 1 foll oo DIUSY — U1 1 vy -

mi mi mi

Hence ¢ is a Lipschitz continuous function. O

4.2. Analysis of the w-limit set

Proposition 4.1. Let Ui, € LI(RN), and set M = fRN Uini. Assume that the w-limit
set Q2 associated with Uy is nonempty (see (4.1)). Then the following properties hold:
() forall Ve, [gnV =M;

i) S;Q C_Q forall Tt > 0; .
(iii) forall V € Q, we have |V — FM”LI(RN) = L(Uini)-
Proof. Throughout the proof, we denote by U the unique solution of equation (2.3) with
initial data Ujyj.

Property (i) is quite straightforward: indeed, conservation of mass for the equation
(2.3) implies that

/ U(t)=M V¥t >0.
RN

If V € Q, then there exists a sequence (T,)n>0 such that

lim 7, = co and lim/ |U (T4, x) — folza)V(x)|dx =0,
n—oo RN

n—0oo
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where z, = e x + c(e*™ — 1)/2. According to a result of G. Allaire (see [2]),

lim fo(Zn)V(X)dX=(fo)f V:f 7.
n—oo JpN RN RN

gathering the three equalities, we obtain property (i). .
We now address the proof of property (ii), which relies on Lemma 2.5(ii); let V € €
be arbitrary, and for all ¢ > 0, let V, € L2(K) N L (RY) be such that

IVe = Vg1 gay <e.

Let (7,),>0 be a sequence of positive numbers such that 7, — oo and
/RN \U (T, x) — fozn)V (x)|dx — 0,

where z, = e™x + c(e*™ — 1)/2.
Letp € CgO(RN) be a mollifying kernel; for § > 0, set ps := 8~ p(-/8), and define
. 8,¢
the function U,;”" by

UDe (1, x) := UP[(S Vi) %y ps](T, x; €7F7).

Then Lemma 2.5 ensures that U,f’s satisfies equation (2.3) with an error term, bounded
forall 7 > 0in L>®([0, T], L' (RM)) by

607",5(5) + CT,E,ée_Tn

where wr ¢ : [0,00) — [0, 00) is such that limy+ w7, = 0, and the constant Cr ¢ s
depends only on ¢,8, N and T'.

Using the L' contraction principle for scalar conservation laws, we infer that for all
T >0,and all T € [0, T],

/ U (ty + 7, %) — U2 (7, x)| dx

RN
<wred) +Crese” ™ + /RN U (tn, x) — Ujfi:o(x” dx
<wre®) +Crese” ™+ /RN \U (T, X) — fo(za)V (x)| dx

+ /R U o) = fole) V(0 dx,
Now, according to Definition 2.1,

5 - 2+t _
Uy (T, x) = (8¢ Ve) *x ps(x) fo (ef”“x + c—)

2
2(ty+1) _ 1
e
—i—e_(’”“)U]‘S’s <r,x, ety +c—2 )
2(t+1) _ 1
e
+ e_z(’”‘”)V;‘g (t, x, e Ty 4+ c—2 )
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Hence for all T € [0, T], we have

B 2(tp+1) _ 1
/RN ‘U,f’s(t, x) =8V fo <et"+rx + c%) ‘ dx

< Il folloo sup ”Sr‘_/_(SrVe)*XIOSHLl(RN)

t€l0,T]
-1, U3,8 VS,s
+ e WU Lo qo. i<y L1y + 1V Lo, 71xT L1 ®Y))

=< Wfolloo[ 1V = Vellr + sup 11SeVe = (S Vo)t psllagen) |
7€[0,T]

IS 5,
+e " (||Uy 8||L°°([0,T]x11‘§V,L1(R§.V)) + IV, 6||L°°([O,Tle?’-,L1(RiV)))
<Ce+wrg(8) +Crese ™.

Gathering the two inequalities, we deduce that for all n, §, ¢,

_ 2(tp+1) _ 1
Tu+T ¢
sup f U(tn+f,x)—SfV(x)fo(e” x—i—c—)‘dx
r€[0,7] JRV 2

< Co+w7.0(8) + Crose™ + fR U0~ folen) V(] dx.

In the right-hand side of the above inequality, we first choose ¢ sufficiently small, then §
so that wr ¢ (8) is sufficiently small, and eventually n large enough so that the remaining
two terms are small as well; hence

lim infO<C8 +wr(8)+Crese” ™ + fN |U (T, x) — fo(z,,)\_/(x)|dx> =0.
R

n—>o0 g 6>

Thus we have proved that for all T > 0,

_ ez(fn‘H—') —1
lim sup / Uty +1,x) — (S V)f0<efn+rx + c—) ‘ dx = 0.
n—00 rc10,71 JRV 2

The above convergence entails immediately that S,V € Q forall t € [0, T]. Since T > 0
was arbitrary, property (ii) is proved.

It remains to prove property (iii), which is a variant of the LaSalle invariance prin-
ciple; let V €  be arbitrary, and let 7, be a sequence of positive numbers such that
lim,,_ 5o T, = +00 and

lim U (ta, x) = fo(za)V (x)|dx =0,
N

n—oo R

where z, = e™x + c(e?™ — 1)/2. According to a result of G. Allaire (see [2]), we have,
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since (fo) = 1 and fy € C(TN),

IV = Full vy = lim - Jozn)IV (x) = Fa(x)| dx

V()C) _ U(tn»x) + U(Tn»x) _ FM(.X') dx

lim Jo(zn)
RN

n—00 Jo(zn) Jo(zn)
. U(ty, x)
= lim | folzn)| =" = Fu(x)|dx = £(Uini).
=00 JRN Jo(zn)
Consequently, |V — Fy| 1 gyy = €(Uini) forall V € Q. O

Corollary 4.1. Let Uy, € LY@®RM), and set M = fRN Uini. Assume that the w-limit set
Q[Uini] is nonempty. Then £(Uip;) = O, and thus the conclusion of Proposition 3.1 holds.

Proof. Let V € Q be arbitrary. Then

tll)néo 1SV — FM”LI(RN) =0;

this property is stated in Proposition 2.1 in the case when V e L°(RN)NL?(K), but can
be in fact easily generalized to an arbitrary function V € L' by using the contractivity
of _the sem_igroup S.: indeed, let ¢ > 0, and let V, € L®(RN) N L%(K) be such that
fvng\/:M,and _ B
Ve = Viipiwny < e
Then forall T > 0,
I1S:V = Fullpiwyy < 1SeV = SeVellpiwwy + I1S: Ve — Farll 1wy
<|IV- ‘_/s”Ll(RN) + 1|8: Ve — FM”LI(RN)-

Hence, using Proposition 2.1, we infer that

lim sup 1S,V — Fullpyryy <€ Ve >0,
T—>00
and thus || S,V — Fumll 1 rwy vanishes as T — oco.
On the other hand, Proposition 4.1(i) ensures that S; V € Qforall T > 0, and thus,
using Proposition 4.1(iii),

182V = Fyllpi gy = €Uini) Ve = 0.

Consequently, £(Uipi) = 0. Going back to the definition of £(Usjy;), we deduce that
2t

lim dx =0. O
T—>00 RN

Uz, x) —fo<efx+ce )FM(x)

Thus the proof of Proposition 3.1 is complete provided we are able to show that the set
Q[Uipil is nonempty for a sufficiently large class of functions Ujy,; € L (RM). In the case
when ||Ujpi|l1 is small, this result follows from Proposition 3.2 and from a contraction
principle. The proof in the general case is more involved, and in fact, an analysis similar
to the one performed in Section 3 has to be conducted once more.
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4.3. Proof of Proposition 3.1 when ||Uini| 1 gny is small

We now complete the proof of Theorem 1.1 when ||Ujy;ll LI(RY) is small. Let Uiy €
LY(RY). Assume that Ujp; satisfies the following assumptions:

Im >2(N+1), Ui L*((1+ [x)™% N L¥@RY), 4.3)
1Uinill 1 ¥y < Con, (4.4)

where the constant C,,, was introduced in Proposition 3.2. Then according to Proposition
3.2, the w-limit set Q[Ujp;] is nonempty, and consequently Proposition 3.1 is true (see
Corollary 4.1).

Let us now prove that Proposition 3.1 holds when Uj,; merely satisfies (4.4): this fact
is a direct consequence of the density of L2((1+|xH)™HNL® RN ) in LY(RY), together
with the continuity of £. Indeed, for all e > 0, let Uy, € L2((1+ |x]2)™%) N L®@RN) be
such that

”Uini_UiSni”Ll(RN) e, ||Uiii||Ll(RN) < Cn.

Then £(U;;,) = 0. Since £ is Lipschitz continuous (see Lemma 4.3), there exists a con-

stant C such that
E(Uini) = [€(Uini) — LU)| < CllUini — Uil 1wy < Ce.

ini ini

Since the above inequality holds for all ¢ > 0, we deduce that £(Ujyi) = 0. Recalling
the definition of ¢, we infer that Proposition 3.1 holds for all initial data Uj,; € LY(RM)
satisfying (4.4).

4.4. Proof of Proposition 3.1 in the general case

The case when || Uipi||1 is large follows from the following lemma:

Lemma 4.4. There exists a constant Cy, depending only on N and on the flux A, such
that for all Uiy € L! RM),

L(Uini) < Co = £(Uini) = 0.

Before proving the above lemma, let us explain why the result of Proposition 3.1 follows.
Since £ is Lipschitz continuous, (LY (RM)) is a connected subset of [0, 00), i.e. an inter-
val. Moreover, 0 € ¢(L1(RY)) according to the previous section, and Lemma 4.4 entails
that

(L' ®RY)) N (0, Col = 0.

Consequently, £(L'(RY)) = {0}.

It remains to prove Lemma 4.4. According to Corollary 4.1 and using by now standard
arguments, we only have to prove that there exists a set A ¢ L'(R"), which is dense in
L'(RV), and such that

3C > 0, VUi € L'RMYN A, £(Uini) < C = Q[Uini] # 9. (4.5)
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In the following, we will take A = L®RY) N L*((1 + |x|>)™/?) for some m > 0
sufficiently large.

The scheme of proof of the implication (4.5) is very similar to the one of Propo-
sition 3.2; indeed, we have to prove that if £(Ujpi) is small enough, then there exists a
sequence (t,) of positive numbers, with lim,_,» 7, = +00, such that (V(z,, -))n—oo
is a compact sequence in L'(RY). Notice that this is obviously equivalent to the com-
pactness of the sequence V (t,, ) — Fu, whose L! norm is of the order of ¢(Uiy) as
n — oo. Thus our strategy is the following: rather than using directly the equation on U,
we consider the equation on the function U — U?PP[ Fs]. We prove that for an appropriate
function U, an inequality of the type (3.6) holds, with U replaced by U — U®P[F].
Then, all the occurrences of || U (t)|| 1 rwy in the proof of Proposition 3.2 are replaced by
(U —U*P[Fyu]) (7)1 wny» Which converges towards £(Uini) as T — o0o. Thus the same
arguments which led us to compactness in the case when ||Uini || 1(gw) is small show that
compactness holds, provided £(Ujpi) is small enough.

Let us now retrace the main lines of the proof: first, consider a function Ujy; € LYRYM)
such that Uiy € L2((1 4 |x]?)™/?) for some sufficiently large m (to be chosen later). Set
M = fRN Uini and

W(r,x) =U(zr,x) — UPP[Fy](z, x; ).

In the rest of the proof, for the sake of brevity, we will write U?P(z, x) as short-hand for
U?P[Fyr](z, x; e"). Then the following properties hold:

W e L2.([0, 00), L*((1 + [x[%)™?) N LE ([0, 00), H' (1 + [x|)™/?)),

3C >0, ¥ >0, W, )iy < Ce'T,
dim [W (@)1 @) = £(Uin)-

Moreover, using Lemma 2.5, we deduce that W satisfies
W =div, W) + AW — Rdiv, ((xx1(z) — )W)
— RN*1div,[Bi(z, U/RN) — Bi(z, U®P/RN)] + U™™,
with R = e,z = Rx + c(R2 — 1)/2, and we recall that the remainder U™™ satisfies

IU* @ ooy + IO 2 i) < Ce™™ (4.6)

for some y > 0. Then, using the bounds on U, U together with the regularity assump-
tions on B, it can be easily proved that

Fy(x)W(t, x)

Bi(z, U(x, x)/RY) = Bi(z, U™ (x, x)/R") = 200(2) fo)) =5 —— + b(z, %),

and the function b is such that there exists C > 0 such that

Wi(t, x)
RN

2 app 3
V(z.x) € Ry x RV, |b(t,x)|§C<’ \W(t,x)| |U (t,x)l)

R2N+1 R3N
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We define a function W by
W(r,x) = Wo(x,2) + e "Wi(x, 2),

with Wy(x, z) = fo(z)hm(x) and

8% Wy . .
—divy ((a1 — c)Wp) — 21y div (a2 fo Fiy Wo).
3)6,'32

1

N
—A Wy +div. (e W) = zZ
i=1

Notice that by the definition of fj and ¢, the compatibility condition is always satisfied,
and

Wi(x,2) = f1(2) - Vil (x) + In=1w1(2) Fpr () hm (x)
with
—A;wy +divy(cqwy) = —2divz(a2f02).

Let 19 > 0 be such that

~ 1
W(T,0) 2 > fo@hn(x) VT =10, Yy € R,

For further purposes, we also choose 7y such that

W, g wyy < 26Uni) VT = 10.

2

(Notice that if £(Ujpi) = O there is nothing to prove.)
w -
W(z)

Using calculations similar to the ones in the proof of Proposition 3.2 (cf. (3.6)—(3.8)),
2 ~
—| W()+2 /

we infer that for T > 1,
w2 - m— N w
W 4 RN | W RV w
/ <W(t,x)>2 dx
<C -
RVA\W(z, x)/) (14 |x|?)1+m/2
W ’
+Ce<‘*N)f/ W (z, )2 v( v x)>'dx
RN Wiz, x)
W ’
+Ce’NT/ |W(r,x)|'V< V(e x)>
RN

Wi(r, x)

V(M)‘dx
Wz, x)

d
dt RN

dx

+ Ce(72N+1)1’/‘ |Uapp(_c’ X)|3
RN

d/
RN

Wiz, x)
W(r, X)

|U™™ (7, x)| dx.
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Using the same arguments as in the third step of the proof of Proposition 3.2, we deduce
thatif m > 2(N + 1),
W) [*

Cf (W(r,x)>2 dx _m—N
RV A\ W(r,x)/ (1+[xHHm/2 = 20  Jpv|W(r)
1 W)\ |
o5 L)
3 Jry W (t)
Similarly, the calculations of the fourth step in the proof of Proposition 3.2 yield

e(l—N)t/ W )P VX<W(T x)>|
RV W(z, x)

W(7)

W (1) + CL(Uin)>.

2
W ”NN[[ /v(VY“)) ; }
= CIW@ I, g, W(f) o + LG e
2
scaUmi)”NU W() / v(‘f/(’)) W(r)].
W(r) RN Wi(r)

The additional terms coming from the estimation of b can be easily bounded thanks to the
Cauchy—-Schwarz inequality. For t > 19, and 19 large enough, we have

cee [ wollv,(F2)|+ cet2or [ wmenplv(E0)
RN W(z) RN W (1)

m— N W) |? - 1/ (W(r))
- W -
=720 o VO3 el Y\

Eventually, using the Cauchy—Schwarz inequality together with the bound (4.6), we infer

W(t) +C.

that
/ M |Urem(_[ x)Idx < ”Urem(l')” . (/ W(T) W( )>1/2
RN | W (z, x) ’ = OO Jen | W)
y 172
S C||Urem(t)”L2(ey|x|2)(/;RN W(‘L’) W("”))
2 1/2
ccer([ [0 o)
RN | W(T)
m—N W) % -
C — W(r).
<C+ 20 Jar W) (T)

Gathering all the terms, we deduce that there exists a constant C,,, depending only on
N and m, such that if £(Ujni) < Cy,, then for all T > 1o,
()]
W ()

a W m— N 2W(r)+f
dt Jry | W (1) 20 Jrv|W(T) RN

Compactness of a subsequence W (t,) follows. Hence the w-limit set is nonempty, and
thus £(Ujni) = 0.

W(z) + W(r) <C.
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Appendix

Lemma A.1. Assume that the flux A satisfies (1.4), (1.5). Let v € W-°(TN) be a perio-
dic stationary solution of (1.1), and let u € L}, ([0, 00), L®(RN))NC([0, o0), LllOC (RMY)

be the unique solution of (1.1) with initial data uin; € v(y) + L' 0 L®RN). Then
u € L([0, 00) x RV).

Proof. This result was proved in [8] in the case N = 1. When N > 2, the proof goes
along the same lines; the only difference lies in the use of the Sobolev embeddings, which
depend on the dimension. Hence we merely recall here the main steps of the proof, with
an emphasis on the case N > 2.

In the rest of the proof, we set f (¢, y) = u(t, y) — v(y). Then f solves the equation

o f +divy B(y, f) — Ay f =0, @.7
and according to (1.5) the flux B is such that for all f € R,

|divy B(y, NI = CASI+1f1). 10rBG, HI = CAST+ 1),

where the exponent #n is such that n < (N + 2)/N. Moreover,
If Ol wyy < lutini — vligiwyy V2 =0.

For ¢ > 1 arbitrary, multiply (4.7) by f|f]?~!, and integrate over RY. Using a few
integrations by parts (see [8]), we are led to

d 2
— |f|‘“‘+cq/ |Vyl Fl@+D2| scq</ |f|‘1+‘+/ Ifl’“”)- 4.8)
RN RN RN

dt Jrn

We then use Sobolev embeddings in order to control the L4+ and L4t norms on the
right-hand side. We distinguish between the cases N = 2 and N > 3, since the space H'!
is critical in dimension two.

o If N = 2, then H'(R?) ¢ LP(R?) forall p € [2, 00). Interpolating L4 between L!
and L? for some p sufficiently large, we have, using the Gagliardo—Nirenberg—Sobolev
inequality,

1
0 1-6 . _v
I f 1l Latn 2y < ||f||L1(Rz)||f||Lp(Rz) with Tt 1 + —

0 +1)/212(1-6)/(g+1)
= ”f”Ll(]R2) “|f|(q )/ ||L2p/(q+l)(]R2)

A-0)(731—3)

1-0)(g+1)/2
< Gl AN o LI s IV LAY e 7

L(‘1+1)/2(]R2)

Notice that

-1
6]+”(1_9): q+n
q+1

2 —_—
(g+ DA —-1/p)
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and
qg+n—1

q+1
since n < (N + 2)/N. Thus, we choose p > 1 such that

<1l Vg=>1

2 1

Young’s inequality then implies that for all A > 0, there exists a constant Cj, , and expo-
nents g1, g2 such that

fR A1 < MVIACD 21T o) + Crg UL gy + 11 o). 49

The other term on the right-hand side of (4.8) can be bounded in a similar fashion: we
have, for all A > O,

/R A1 < MIVIAITD 2T o) + Cog U I gy + 112 ge): (4:10)

for some exponents g3, g4 which can be explicitly computed. Choosing an appropriate
parameter A, we infer that there exist g1, g2, g3, ga > 0 such that

d 2
- q+1 v (g+1)/2
i +cq/ |V, 11D
= C (”f” L1(R?) + ”f”L(q-H)/Z(Rz) + ”f” L1(R?) + ”f”L(q-H)/Z(Rz))
Using (4.10) one more time leads to

d
- q+1 q+1
i +cq/R /1

=C (”f”Ll(RZ) + ||f||L(q+l)/2(R2 + ”f”Ll(]RZ + ||f||L(q+1>/2(Rz))
Using a Gronwall-type argument, we infer that for all ¢ > 1,
f e L¥(0,00), LYDR®RY) = f e L¥([0, 00), LI* (R?)).

Since f € L*®([0, o0), L' (R?)), we infer by induction on g that f € L>([0, co), L1 (R?))
for all g € [1, 00).

e When N > 3, we use the Sobolev embedding H LRNY ¢ LY (RM), where

. N
P=N=2
Interpolating L9 between L! and L?"@+1/2 we obtain

IRAe Il VA e

20/(g+1
< VLA I Gy

||f||Lq+"(RN) = ||f||Lp (‘7+1)/2(RN)”f”L1(RN)
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where the parameter 6 € (0, 1) is given by

1 260 1-6

= +
q+n p¥lg+1) 1

It can be checked that
N+2 0
n< + = (g +m) < 1.
N q+1

Hence (4.9) holds when N > 3. Inequality (4.10) is proved with similar arguments. As in
the two-dimensional case, we deduce that f € L>([0, 0o), L4(RN)) for all ¢ € [1, 00).

Using Theorem 8.1 in Chapter III of [16] (see [8] for details), we infer eventually that
f € L*®([0, o0) x RM). O

Lemma A.2. Let M > M’ be arbitrary. Then
Fu(y) > Fu(y) VyeRY.

Asa consequence,
||FM - FM/”LI(RN) =M — M/.

Proof. The arguments are exactly the ones which lead to the uniqueness of stationary
solutions of (2.13), (2.15), and they can be found in [1]. We recall the main steps below
for the reader’s convenience.

Let F := Fyy — Fpyr. Then F € L! ﬂCz(RN), and fRN F > 0. Hence the set

O:={xeRY:Fkx) >0}

is nonempty. The idea is to prove that F. = F1g satisfies a linear elliptic equation; since
F > 0, the strong maximum principle entails that F; cannot vanish anywhere, and thus
Fi(x) > Oforall x € RV,

Let us now derive an equation on F... Subtracting the equations on Fy; and Fj;, we

have
2

> OF | div (bF) =0
— Nij x =0,
I<ijen | 0Xidx;

where
b(x) = a(Fy(x) + Fpp(x)) —x, xeRY;

remember thata = 0 if N > 2. Since F € H*(RV), we have
div, (bF)1lg = divy(bFy)

almost everywhere. Thus, we obtain

32F ,
- Z Th',jl(aﬁ +divy (bF;) = 0.
1<i,j<N Xi0Xj
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Integrating the above equation on RY leads to
3*F
fo X ity =
O1<ijen 0NN

Let us now perform the change of variables (2.18), which changes the matrix 7 into iden-
tity: setting F(y) = F(Py), and ® := {F > 0}, we infer

. 3’F
~AyFZC/ Nij—F— =
/@) ® lfi,zij 3)6,'3)6/'
Moreover, F e H*N Wz’l(]RN ), and thus Lemma 7 in [1] applies. We deduce that
Ay(Flg) = 1A, F,

and thus

9%F _
- Z i j——— +divy(bFy) = 0,
x'axj

with b € L}, (RM). Using either a unique continuation principle or Harnack’s inequality

(see [13, Theorem 8.20]), we infer that if F; vanishes at some point x in R, then Fy
is identically zero on RY which is absurd. Hence Fi(x) > Oforall x RY | and thus
RN \ ® = @, which means that F(x) > 0 for all x € RV. m]

Acknowledgments. 1 wish to thank Adrien Blanchet, Jean Dolbeault, and Michat Kowalczyk, for
very fruitful and stimulating discussions.
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