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Abstract. In this paper we investigate the growth of finitely generated groups. We recall the defi-
nition of the algebraic entropy of a group and show that if the group is acting as a discrete subgroup
of the isometry group of a Cartan—Hadamard manifold with pinched negative curvature then a Tits
alternative is true. More precisely the group is either virtually nilpotent or has a uniform growth
bounded below by an explicit constant.

1. Introduction

In this paper we investigate the growth of finitely generated groups. Given a group I'
generated by a finite set S, the word length ls(y) of an element y € T' is the smallest
integer m such that there exist elements oy, ..., 0, in S U S—! with y =01...0n. The
entropy of " with respect to the generating set S is defined by

Ents(I") = lim n%log #Hy €' [Is(y) =m}. ey

If Entg(I") > O for some generating set S, it is true for all (finite) generating sets and the
group is said to have exponential growth. We now define the algebraic entropy of I,

Entl' = ir;f {Entg(I") | S a finite generating set of I'}. 2

We say that I" has uniform exponential growth if EntT" > 0. In [Gro81, remarque 5.12]
M. Gromov raised the question whether exponential growth always implies uniform ex-
ponential growth. The answer is negative; indeed, in [Wil0O4] J. S. Wilson gave examples
of finitely generated groups of exponential growth but non-uniform exponential growth.
Nevertheless, exponential growth implies uniform exponential growth for hyperbolic
groups [Kou98], geometrically finite groups of isometries of Cartan—-Hadamard mani-
folds with pinched negative curvature [ANOS5], solvable groups [Osi03] and linear groups
[EMOO05], [BrGe08], [Bre08]. For further references see the expository paper [Har02].
We suppose that (X, g) is an n-dimensional Cartan—-Hadamard manifold of pinched
sectional curvature —a? < K ¢ < —1. Our main result is the following theorem.

G. Besson, S. Gallot: UJF-Grenoble 1, CNRS UMR 5582, Institut Fourier, F-38401 Grenoble,
France; e-mail: G.Besson@ujf-grenoble.fr, Sylvestre.Gallot@ujf-grenoble.fr

G. Courtois: UPMC-Paris 6, CNRS UMR 7586, Institut de Mathématiques de Jussieu,
F-75005 Paris, France; e-mail: Courtois @math.jussieu.fr



1344 G. Besson et al.

Theorem 1.1. There exists a positive constant C (n, a) such that for any finitely gener-
ated discrete group I of isometries of (X, g), either I' is virtually nilpotent or Ent(I") >
C(n,a).

Remark 1.2. The difficulty is here to show that one can choose the constant C(n, a)
not depending on the group I'. In the linear setting, E. Breuillard obtained the same
kind of uniformity proving the existence of a positive constant C(n) such that for any
finitely generated subgroup I' of GL(n, K), K any field, either I" is virtually solvable or
Ent(I') > C(n).

The classical technique is to prove that “not too far” from any finite generating system
one can exhibit a free group (on two generators). In this paper we prove this in one of the
cases under consideration, using the famous ping-pong lemma; however, in the second
case we use a different approach constructing natural Lipschitz maps from the Cayley
graph into X. This is the new idea which is described in the following.

In a private communication M. Kapovich mentioned to us a different proof in the case
when I' acts without any elliptic element. One important issue in our proof is that we do
not have this restriction: elliptic elements are permitted.

In the forthcoming paper [BCG] we shall use this result to prove a Margulis lemma
without curvature; indeed, we shall replace the curvature assumptions by a hypothesis on
the growth of the fundamental group.

2. Preliminaries

Let (X, g) be an n-dimensional Cartan-Hadamard manifold with sectional curvature
—a? < K; < —1. Let us recall a few well-known facts about isometries. If y is an
isometry of (X, g), the displacement of y is defined by /(y) = inf,cx p(x, yx), where p
is the distance associated to the metric g on X. We then have (see [Ebe96, p. 31]):

1. The isometry y is called hyperbolic (or axial) if I(y) > 0, in which case there exists a
geodesic ay, called the axis of y, such that p(x, yx) = I(y) for any x € a,,.

2. The isometry y is called parabolic if [(y) = 0 and I(y) is not achieved on X, in
which case there exists a unique point 8 on the geometric boundary 0 X of X such that
y0 =6.

3. The isometry y is called elliptic if [(y) = 0 and I(y) is achieved on X, in which case
there exists a non-empty convex subset F, of X such that yx = x forany x € F),.

The following result, due to G. Margulis, describes the structure of discrete subgroups
of isometries generated by elements with small displacement.

Theorem 2.1 (G. Margulis, [Bur-Zal]). There exists a constant yu(n, a) > 0 such that if
I' is a discrete subgroup of the isometry group of (X, g) and x € X, then the subgroup
[y (x) of T generated by

Sux)={y eT'| plx,yx) < un,a)}

is virtually nilpotent.
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Givenaset S = {01, ..., 0,} of isometries of (X, g), we define the minimal displacement
of S by

Definition 2.2. L(S) = infyex max;—1,.. p p(x, 0iX).

When I is a finitely generated discrete subgroup of the isometry group of (X, g), the
above Theorem 2.1 has the following

Corollary 2.3. There exists a constant p(n,a) > 0 such that if I is a finitely gen-
erated not virtually nilpotent discrete subgroup of the isometry group of (X, g) and
S ={o1,...,0p} afinite generating set of I, then

L(S) = u(n,a).

In the following lemma we describe the structure of virtually nilpotent discrete groups of
isometries of (X, g). Here by discrete we mean that the orbits are discrete sets in (X, g).

Lemma 2.4. Let I be a discrete virtually nilpotent group of isometries of (X, g).

(a) If T contains a hyperbolic element y, then I preserves the axis of y.
(b) If T contains a parabolic element y with fixed point 0 € 30X, then T fixes 0.
(c) Ifall elements of T are elliptic, then T is finite.

Proof. (a)Lety € I be a hyperbolic element and 6, ¢ € dX the endpoints of the axis a,,
of y. We claim that y'({0, ¢}) = {0, ¢} for any ¥’ € G. Indeed, assume for example that
6’ = y'(0) is different from 6 and ¢. The isometry y’yy'~! is hyperbolic and 6’ is one
of its fixed points at infinity. By a standard ping-pong argument (see [Gro87, 8.1, p. 211])
we can show that I contains a free semigroup and hence has exponential growth. On the
other hand a virtually nilpotent group has polynomial growth (see [Wol68]), which gives
a contradiction.

(b) Let y € I' be a parabolic element, and 6 € 90X its fixed point. If there existed
y’ € T such that y’8 # 6, then y and y'yy’~! would be two parabolic elements in I'
with distinct fixed points 6 and y’0 respectively. By a ping-pong argument, I" would then
contain a free subgroup, which contradicts the fact that I" is virtually nilpotent. Thus T’
fixes 6 € 0X.

(c) Let us now assume that all elements in I are elliptic. Let N C T" be a nilpotent
subgroup of I with finite index. If N = {e}, then I' is finite. So assume that N # {e}; the
center Z(N) of N is then not trivial. For g1 € Z(N) \ {e} denote by Fy, C X the set of
fixed points of g;. Let x| € Fy,; as g1 and exp,, commute, we have Fg, = exp, (E1),
where E is the eigenspace of dy, g1 corresponding to the eigenvalue +1. This shows that
Fg, is a totally geodesic submanifold of X, furthermore satisfying dim(Fg,) < dim(X),
since g1 # e. As every y € N commutes with g1, it satisfies y (Fg,) = Fj,.

Let Ny be the subgroup of Isom(Fy,) obtained by restricting to Fj, the elements
of Nj; it is clearly nilpotent as the image of a nilpotent group under a morphism. For
¥ € N, the geodesic projection on Fy, of any fixed point of y is again a fixed point of y;
consequently, the elements of N are elliptic elements of Isom(Fy, ).

If Ny = {e}, then Fj, is pointwise fixed by N, therefore N is finite (the group is
discrete and all elements have a common fixed point).
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If N1 # {e}, we may iterate the process. Indeed, suppose that we have constructed
the totally geodesic submanifold Fg,; we then construct N; as the set of restrictions of
elements of N to Fy,, and either N; = {e} in which case N is finite, or /V; is not trivial, and
choosing gi 11 € Z(N;) \ {e} we construct the totally geodesic submanifold Fg, , C Fy,
such that dim(Fy,_,) < dim(Fyg,). This process stops for some iy < n and then N;, = {e}
and ngo is pointwise fixed by N and not empty. Consequently, N is finite. O

Lemma 2.5. Let I be a finitely generated discrete group of isometries of (X, g).

(1) If there exists a point 6 € 0X fixed by I, then U is virtually nilpotent.
(i) If T preserves a geodesic in X, then I is virtually cyclic.

Proof. (i) There are two cases:

1) there is a hyperbolic element in ",
2) there is no hyperbolic element, but there is a parabolic element in I" or all elements
in I" are elliptic.

1) Let y be a hyperbolic element in I', and a,, its axis. One of the endpoints of a,, is
0. We claim that for any y" € T, either y'({0,¢}) = {0, ¢} or Y/ ({0, cH N{B, ¢} = 0,
where ¢ is the other endpoint of a,,. Now we finish the proof assuming the claim. Since
y'(0) = 0 by assumption we have y'({0,¢}) = {0,¢} and y'(¢) = ¢. The group '
preserves a, . Note that I" does not contain any parabolic element, since such an element
would fix 6 and therefore also ¢, which is impossible. The elements in I" are thus either
hyperbolic or elliptic.

Now, the projection on a,, being distance decreasing, any element y’ € I" achieves
its displacement /(y’) on the axis a,, and y’ is elliptic (resp. hyperbolic) if and only
if I(y’) = 0 (resp. I[(y') # 0). Moreover, since y'(0) = 0, any elliptic element fixes
pointwise the axis a, . The restriction to the axis a,, is thus a morphism from I" into the
group of translations of the axis, whose kernel is the set of elliptic elements, which fix all
points of a, . This kernel is then finite and the group I" is virtually cyclic.

Let us now prove the claim. Aiming at a contradiction assume that there exist y’ € T
such that y'({6, ¢}) = {0, ¢’} with ¢’ # ¢. Then o := y’y(y’)~! is a hyperbolic el-
ement of I" with axis a, being the geodesic joining & and ¢’. Assume for example that
ay(—00) = 0 and fix some point x € aq so that limg_, a~%(x) = 6. The axes a, and
a, are asymptotic at 6, thus limy_, oo ,o(oz_k (x),a,) = 0 and therefore there exists ny
such that y™ a ¥ x is a sequence of points which has a subsequence converging to a point
y € a,. This contradicts the fact that I' acts properly discontinuously on X and concludes
the proof of the claim.

2) In this case the elements of I are either elliptic or parabolic with fixed point 6. In
particular, every element of I" preserves globally each horosphere centred at 6. Indeed,
this is clear for parabolic elements (see [Ball95, Prop. 3.4, p. 32]). Now, any elliptic
element y’ fixes some point x € X, and hence the whole geodesic ¢ joining x to 6; let H
be any horosphere centred at 6 and y be its intersection with ¢; then ' maps H onto the
horosphere centred at y’(9) = 6 containing ¥'(y) = y. This shows that y'(H) = H.

Let § = {o1,...,0p} be a generating set of I'. By the above discussion we
have infycy max;eq1,...py p(x, yx) = 0. More precisely, for any geodesic ¢ such that
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c(+00) = 0, let H; be the horosphere centred at 6 and containing c(¢). The orthogonal
projection from H; to H,,,, for ¢’ > 0, is distance contracting; thus p(c(¢), y'(c(t)) de-
creases to zero as t — 0o, for any ¥’ € . The group I is then virtually nilpotent by
Corollary 2.3.

Notice that when I contains only elliptic elements it is finite by Lemma 2.4(c).

(i) A subgroup of index two of I' fixes each endpoint of the globally preserved
geodesic and hence, as before, does not contain any parabolic elements. If it contains
a hyperbolic element it is virtually cyclic. If all elements are elliptic they pointwise pre-
serve the geodesic and the group is finite. O

For any two isometries y, ' acting on (X, g) we define
L(y,y") = inf max{p(x, yx), p(x,y'x)}.

We now prove the following proposition.

Proposition 2.6. Let I" be a finitely generated discrete subgroup of Isom(X, g), where

(X, g) is a Cartan—Hadamard manifold of sectional curvature —-a> < K ¢ < —1L Let

S = {o1,...,0p} be a finite generating set of I'. If ' is not virtually nilpotent, then

either

(i) there existo;, 0j € S such that the subgroup {(o;, o) generated by these two elements

is not virtually nilpotent and hence L(o0;, 0j) > u(n, a); or

(ii) all o; in S are elliptic and for all o; # oj € S, either (0;, 0}) fixes some point in X
and is finite, or it fixes a point 0 € dX and is virtually nilpotent; or

(iii) there exist o;, 0}, ox € S such that L(o;0}, 0y) > (n, a) and the group (o;0j, o) is
not virtually nilpotent.

Proof. There are again three cases: (a) there is a hyperbolic element in S, say o7; (b) there

is no hyperbolic element and there is a parabolic element in S, say o7; (c) all o;’s in S are

elliptic.
(a) Assume that o7 is hyperbolic. Consider all pairs (o1, 0;) withi = 2, ..., p, and
assume that L(o1, 07) < u(n,a) fori =2, ..., p. The groups (o1, ;) are then virtually

nilpotent. By Lemma 2.4(a), every o; preserves the axis a,, of o1, hence I' preserves a,,
and is virtually nilpotent by Lemma 2.5, contradicting the assumption. Thus there exists
o; € S such that L(o1, 0;) > u(n, a) and (o1, 0;) is not virtually nilpotent.

(b) Assume that o7 is parabolic with fixed point 8 € dX. Consider all pairs (o1, o),
i =2,...,p,and assume that (o1, 0;) is virtually nilpotent (or L(o, 0;) < u(n, a) for
alli =2,..., p). By Lemma 2.4(b), 0; fixes the point 6 € dX, therefore I" fixes 6 and is
virtually nilpotent, by Lemma 2.5, a contradiction. Consequently, if o is parabolic, there
exist o; # o1 such that L(oq, 0;) > u(n, a).

(c) Assume that all o;’s are elliptic, fori = 2,..., p, and for all pairs (o}, 5;) the
groups (o0;, 0j) are virtually nilpotent (or L(o;, 0;) < w(n,a)); if one of them is not
virtually nilpotent we are in the first case of the alternative. Set G = (03, 0;).

There are again three cases:

1) there is a hyperbolic element in G,
2) there is no hyperbolic element and there is a parabolic element in G,
3) all elements in G are elliptic.
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In case 1), let y be a hyperbolic element in G with axis a,,. By Lemma 2.4(a), G pre-
serves a,, . Since o;, o; are elliptic, they fix points x; and x; (respectively) on a, (recall
that the displacements of o; and o; are achieved on a, by the distance decreasing prop-
erty of the projection onto a,). If x; = x;, then G fixes x; and it is thus finite. Now
suppose that o; and o; do not fix the same point on a,,, that is, x; # x; and neither of
the restrictions 6; and 6; of o; and o; to a, is the identity. In that case, 6; and ; are
both symmetries around points x; and x; of a,,, and o;0; is a hyperbolic element with
axis a, . Then consider (0;0;,07) forl = 1,..., p. Assume that forall/ = 1, ..., p,
L(oj0j,01) < u(n,a). The groups (o;0;, o7) are then virtually nilpotent, and by Lemma
2.4(a), all 0;’s preserve a,, and hence I" preserves a,, and is thus virtually nilpotent, which
is a contradiction. Therefore, there exist oy € S such that L(o;0j,0r) > w(n,a) and
(0i0}, ok) is not virtually nilpotent.

In case 2), let y € G be a parabolic element with fixed point 8 € dX. By Lemma
2.4(b), G fixes 6.

In case 3), all elements in G are elliptic and by Lemma 2.4(c), G is finite. This ends
the proof of the proposition. O

3. Algebraic length and 7-straight isometries

Let I' be a finitely generated discrete group of isometries of (X, g),and S = {01, ..., 0p}
be a finite generating set of I

Let ds denote the distance on the Cayley graph associated to S and recall that /g is the
word length on I'. Let xo be a point in X and define L = max;¢(1,..., p} 0 (X0, 0i X0).

For any y € I it follows from the triangle inequality that

p(xo, yx0) <Is(y)L. 3)
Let n be a positive number such that 0 < n < L.

Definition 3.1. An isometry y of I' is said to be (L, n)-straight if p(xo, yxo) >
(L = mls(y).

Remark 3.2. Notice that the above definition depends on the choice of x¢ and of a gen-
erating set S.

When I' is a finitely generated discrete group, for any finite generating set S =
{o1,...,0p} we recall that the minimal displacement of S is defined (Definition 2.2)
by

L(S) = inf max p(x,oix).
xeXie{l,..., p}
When I' is not virtually nilpotent, by Theorem 2.1, for any finite generating set S, L =
L(S) = u(n,a) > 0, where u(n, a) is the Margulis constant. We have
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Lemma 3.3. Let I be a finitely generated non-virtually nilpotent discrete group of isome-
tries of (X, g). For any finite generating set S = {01, ...,0,} of I, there exists xo € X
such that

L(S)=inf max p(x,0;x) = max p(xg,0ixp).
xeXiell,...,p} ie{l,....p}

Proof. Assume that the infimum in the definition of L(S) is not achieved in X. Then there

exists a sequence of points x; € X which satisfies

Iim max p(xg, oixr) = L(S)
k—oo0iefl,...,p}

and x; converges to a point, say 6, in d X. For k large enough and i € {1, ..., p}, we then
have p(xg, 0ixx) < L + 1 and hence 0;0 = 6 for all i. This shows that I" fixes 6 and is
thus virtually nilpotent by Lemma 2.5, which contradicts the hypothesis. O

In the rest of this section, we shall show that if G is a finitely generated discrete group of
isometries of (X, g), for any finite generating set S = {01, ..., 0} of G such that each o;
has a displacement /(o;) small compared to L(S), there exist many non-(L(S), n)-straight
elements in G for a constant 1 to be defined.

We need the following geometric lemmas.

Lemma 3.4. Let (x1, x2, x3) be a geodesic triangle in (X, g), where (X, g) is a Cartan—
Hadamard manifold with K, < —1. Let x}, be the point in the segment [x1, x3] dividing it
into two segments of lengths proportional to L1 := p(x1, x2) and Lo := p(x2, x3). Then

p(xy, x2) < Argeosh[exp(a(p(x1, x2) + p(x2, x3) — p(x1, x3)))].

where « = max(L1, Ly)/(L1 + L»).

Proof. We consider a comparison geodesic triangle (yi, y2, ¥3) in the Poincaré disk
(H2, d) of constant curvature —1 such that d(y;, yj) = p(xi, x;) forall i, j € {1,2,3}.
Let y) be the point of the segment [yy, y3] dividing it into two segments of lengths pro-
portional to L1 and L. Since (X, g) is a CAT(—1) space we have

p(x2, x5) < d(y2, ). )

One of the two triangles (y1, y5, ¥2), (¥3, y5, y2) has angle at y/, greater than or equal
to /2, therefore from the hyperbolic trigonometry formulae we get the existence of
i € {1, 2} such that

L,
hL; > cosh[d(y2, y, h| ———d(y, 5
cosh L; > cosh[d(yz, y;)] cos |:L1 L (631 y3)} (5)

Set A = p(x1, x2) + p(x2, x3) — p(x1,x3) = L1 + Lo — p(x1, x3). We have

i
< d(y1, > L, —aA, 6
Li+ L, 01, y3) = L; (6)
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where @« = max (L1, L2)/(L1 + L2). Therefore from (4) and (5) we get

cosh L;
h !, < —l, 7
cosh[p(xy, x2)] < cosh(L; — ah) )
hence
cosh[p(x}, x2)] < €*. ®)
|

Lemma 3.5. Let (X, g) be a Cartan—-Hadamard manifold with sectional curvature
K, < —1. Let 8, L be any positive numbers such that L > Argcosh e®. Then, for any
isometry y of (X, g) whose displacement satisfies [(y) < 8, and for any xo € X such that
o (x0, yx0) > L, we have

s N2
e
p(x0, y2x0) < 2p(x0, yxo) — (1 — .
cosh L

Proof. Set A = 2p(xg, yxo)— p(x0, 2x0). We want to prove that A > (1 —eb/cosh L)2.
By assumption there is a point y € X such that p(y, yy) < 8. Write L1 := p(xo, ¥),
Ly := p(y*x0, yy) and L' := p(xo, y). By the triangle inequality we have, fori = 1, 2,

L' —8§<L; <L +5. 9)

Let us associate to the triangle (xg, ¥y, yzxo) the comparison triangle (z1, 22, z3) in the
hyperbolic plane (H?, d) such that d(z1,z2) = L1, d(z2,23) = L and d(z1,z23) =
0(x0, ¥2x0). Let x (resp. z) be the middle point of the segment (xo, y2xq) (resp. (z1, 23)).
One of the two triangles (z2, z, z1) or (22, z, z3), say the former, has angle at 7 greater than
or equal to 7r/2. Then the hyperbolic trigonometric formulas give

1
cosh L; > cosh[d(z2, Z)]cosh[id(zl,zs)],
therefore from (9) we get
1
cosh(L’' + &) > cosh[d(z2, z)] cosh[zd(zl, z3):|,

and since (X, g) is a CAT(—1) space we also have p(x, yy) < d(z, z2). We thus obtain

1
cosh(L' + &) > cosh[p(x, yy)] cosh|:§,o(x0, yzxo)]. (10)
Write Lo = p(xg, yxp). By the triangle inequality

p(x,yy) = |p(yy, yxo) — p(yxo, X)I,

therefore, since p(yy, yxo) = p(y, xg) = L’ and %p(yz)q), x0) = Lo — A /2, from (10)
we get
cosh(L' + 8) > cosh(L' — p(yxg, x)) cosh(Lg — A /2). (11)
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From (11),
(cosh & + sinh 8) cosh L'
> (cosh[p(yxo, x)] — sinh[p(yxo, x)])(cosh L") cosh(Lo — A /2),

hence
e® > (cosh[p(yxo, x)] — sinh[p(yxo, x)]) cosh(Lo — A /2). (12)

Now applying the inequality (7) from the proof of Lemma 3.4 we have

coshlp(yx0, )] = ——o L0
cosh(Lg — A/2)
and since coshr — sinhr = e¢™" is a decreasing function of r, from (12) we get

¢® > cosh Lo — (cosh® Ly — cosh?(Lo — A /2))'/2. (13)
But we can check that cosh? Ly — cosh?(Lg — A/2) < A cosh? Lo, so (13) yields

¢® > cosh(L)(1 — A/?)

s 2
e
A>[1-
cosh L

when € < cosh Ly, which follows from e’ < cosh L and Lo> L. O

and therefore

Lemma 3.6. Let (X, g) be a Cartan—Hadamard manifold with sectional curvature
K, < —1. Consider four points yg, y1, y2, ¥3 such that

p (Yo, y1) + p(y1, y2) — p(Yo, y2) = n1,
P, y2) + p(y2, y3) — p(¥1, ¥3) < n2.
Then
p(y2, ¥3)

o(y1, y2)

Proof. Fori =1,2,3 write L; = p(y;—1, yi). Let y} be the point on the segment (y1, y3)
dividing it into two segments of lengths proportional to L, and L3. By Lemma 3.4,

oo, Y1) + o1, y2) + p(y2, y3) — p(Yo, ¥3) < (1 + >(771 + Argcosh e™).

p(y2, y3) < Argcoshe™. (14)

Since p(yo, y1) + o (1, y2) — p(Yo, y2) < 11 by assumption, from (14) and the triangle
inequality we get

(30, ¥3) = p(Yo, y2) — p(y2, ¥3) = p(yo, y1) + p(y1, y2) — (n1 + Argcoshe™).  (15)

On the other hand by convexity of the distance function on (X, g) we get

, Lj Lo
p(yo, ¥3) < ———p (o, y1) + L2—30(yo, ¥3). (16)

T Ly+ L3 +L
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The inequalities (15) and (16) give

Lr+ L3 n
oo, y3) = p(yo, y1) + Lo+ L3 — L—2m + Argcoshe™,

and the lemma follows. O

Lemma 3.7. Let L and n be positive numbers such that

1 I
n < min<L/4, log[§ (COSh(L/Z) * mﬂ)

Let (X, g) be a Cartan—-Hadamard manifold with sectional curvature K, < —1. Consider
two elliptic isometries y1, y2 of (X, g) with a common fixed pointy € X UdX. IfL —n <
0 (x0, Y1x0) < L and L — n < p(xg, y2x0) < L, then

o (xo, Y1y2x0) < 2(L — 7).

Proof. We first claim that in both cases, y € X and y € 9X, there exists some sequence
(ux)ren of points in X converging to y such that p(ux, y1y2x0) = p(uk, x0) = Ik, and
that the quantity € = |p(uk, y1x0) — lx| goes to zero as k — oo; in fact, when y; and y»
fix some point y € X we may choose uy = y for every k. If y; and y» fix y € 9X, they
also preserve each horosphere centred at y (see the proof of Lemma 2.5(ii)), and thus xg,
y1x0 and y;y2x¢ lie on the same horosphere centred at y. Approximating this horosphere
by a sequence (Si)ren of spheres passing through xo and y;y»xo and denoting by uy the
centre of S, we see that p (ug, y1x0) — (O, ug) and p (ug, xo) —p (O, uy) simultaneously
go to B(y1x9,y) = B(xg, y) (where O is some fixed origin in X, and B the Busemann
function normalised at O). This proves the claim.

Consider the triangle (ux, v, w) = (uk, X0, ¥1Y2X0) and the point z of the geodesic
segment [v, w] which divides it into two segments of lengths proportional to L :=
o (v, y1x0) and Ly := p(w, y1x0). Recall that by assumption L —n < L; < L.

We consider the comparison triangle (i, v, w) on the two-dimensional hyperbolic
space H? such that d(iix, V) = p(ug,v) = Iy = p(ug, w) = d(iig, ) and d(v, W) =
o (v, w), where d is the hyperbolic distance on H?. Let  be the point of the segment [, w]
dividing it into two segments of lengths proportional to L; and L,. Write L' = p(v, 2)
and L’2 = p(w, z). We now consider the triangle (i, v, Z) or (g, w, z) which has angle
at z larger than or equal to 7 /2. The hyperbolic trigonometry formulas then show that

coshly > cosh L) cosh[d (g, Z)].
Since (X, g) is a CAT(—1) space we get

and thus
cosh /i

cosh L}’

a7

cosh[p(ux, 2)] <
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On the other hand, the triangle inequality implies that p(ux, z) > lx — €x — p(yY1x0, 2)
and thus
cosh[p (ug, z)] > e~ P30+ cogh [y .

Plugging this into (17) and letting €, — 0, we get
eP170:3) > cosh L. (18)

On the other hand, by Lemma 3.4, we have

cosh[p(y1x0, 2)] < eXp<max{,0(v, Y1%0), p(w, y1xo)}<1— pQ, w) ))
(v, y1x0) + p(w, y1x0)

and hence
cosh[p(y1x0, 2)] < eL=PW1)/2, (19)

Now assume, for contradiction, that
p(v, w) = p(xo, y1y2x0) > 2(L — n).

Plugging this in (18) and (19) we obtain, using the fact that x — x 4 1/x is an increasing
function for x > 1,

1
cosh L} + ——— < 2cosh[p(y1x0, 2)] < 2¢". (20)
cosh L
Now since L /L, = L1/L2, we also obtain

L _2L—n@—n

L/1=(L’1+L/2)L]+L2_ L > L —2n,
which gives, by (20),
cosh(L —2n) + m < 2cosh[p(y1x0, 2)] < 2e". 21
We then get a contradiction when
. 1 1
n < m1n(L/4, log|:§ <cosh(L/2) + m)]) O
Let I" be a finitely generated discrete group of isometries of (X, g) and § = {01, ..., 0p}

be a finite generating set. Assume that I" is not virtually nilpotent and recall that L(S) =
infyex max;e(1,....py p(x, 0;x). By Lemma 3.3 we have L(S) = max;e(1,..., p} 0 (X0, 0 X0)
for some xp € X, and by Corollary 2.3, L(S) > u(n,a) > 0. Recall that for0 <n < L,
an element y € I is said to be (L, n)-straight if

p(xo, yx0) > (L — ls(y).

In the following two propositions we give conditions under which there are many non-
(L, n)-straight elements in I".
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Proposition 3.8. Let (X, g) be a Cartan—Hadamard manifold whose sectional curvature
satisfies —a®> < K, < —1, and I a discrete non-virtually nilpotent group of isometries
of (X, g) generated by S = {01, ...,0,}. Assume that all o;’s are elliptic and that for
all o; # oj € S, the group (0;, 0}) fixes a point y € X or 6 € dX. Let n be a positive
number such that

' 1 1 2 1 1
n < mln(L/4, E(l — m) s 10g|:§ <COSh(L/2) + m>]>a

where L = L(S) = max;e(
y = gl.ﬁ ory = oiilojil, is not (L, n/2)-straight, that is, p(xg, yxo) < 2(L — n/2).

p) P(x0,0ix0). Then any y € T with Is(y) = 2, ie

,,,,,

Proof. Consider the case where y = aiz. If 0; is not (L, n)-straight, we have, by the
triangle inequality, p(xo, aizxo) < 2(L — n). If o; is (L, n)-straight, by Lemma 3.5 we
have, with § = 0,

2
p(x0, 07x0) < 2L — (1 - ) <2(L —n).

cosh L

Now consider the case where y = o0 fori # j.If o; or o; is not (L, n)-straight, we
have, by the triangle inequality,

p(x0, 00jx0) < p(x0, 0ix0) + p(x0, 0jx0) < L + (L —n),

therefore, p(xo, 0;0jx0) < 2(L —1n/2).
If o; and o; are (L, n)-straight, Lemma 3.7 implies p(xo, 0;0jx9) < 2(L — n). m]

In the next proposition we will assume that all elements y € I' whose algebraic length is
less than or equal to 4 have a displacement smaller than § where

6 = logcosh(L/4), (22)
and we set .
1031 _ cosh(L/4)
n=10 (1 cosh(L/2)) ' 23)

We will find in that case many non-(L, n)-straight elements.

Proposition 3.9. Let (X, g) be a Cartan-Hadamard manifold whose sectional curva-
ture satisfies —a®> < Ky < —1, and G a discrete non-virtually nilpotent group of
isometries of (X, g) generated by a set ¥ = {01, 02} of two isometries. Let L =
infycx max{p(x, 01x), p(x, 02x)}. Let n and § be the numbers defined in (23) and (22).
Assume that [(y") < 8 for all y' € G such that Is(y’) < 4. Then no y € G such that
Ix(y) = 6is (L, n)-straight.

Recall that x¢ satisfies L = max{p(xo, o1x0), o (x0, 02x0)}. We will need the following
lemmas.
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Lemma 3.10. Let y = ay'b € G be such that Is (y) = Is(a) + s (y) +IsD). If y is
(L, n)-straight, then v’ is (L, Cn)-straight where C = Ix(y)/Ils(¥").

Proof. Note that by the definition of L = L(X), for any y € G we have
p(xo, yxo0) < Llz(y).
By the triangle inequality
p(x0, ¥X0) < p(x0, axo) + p(xo, ¥'x0) + p(x0, bxo),

hence by the assumption on y we get

(L —mls(ay'b) < Ls(a) + 15 (b)) + p(xo, ¥'x0),

and therefore
p(x0,y'x0) = LIz (y") — nls(y) = (L — Cn)ls(y"). u]

Lemma 3.11. Let «, B be elements of G different from the identity and such that
Is (@) < 2 and ls(B) < 2. Under the assumptions of Proposition 3.9, if y is (L, n)-
straight with I (y) = 6, then no reduced word representing y contains (i) o2 or (ii) afa
(here aBa is supposed to be reduced).

Assuming Lemma 3.11, the proof of Proposition 3.9 can be finished as follows:

Proof of Proposition 3.9. Let y € G have length Ix(y) = 6. Write y as a reduced
word in the generators of X, y = (717171 ...Ul!;k, where Oj; = 01 0r 0j; = 02, pj €
Z*,ij # ijy1 and i;j = ij4. For a contradiction assume that y is n-straight. Then,
by Lemma 3.11(i), all p; are equal to +1 or —1 and in particular k = 6. Therefore
y =000/ a0 By Lemma 3.11(ii) we also have ;12 # p;, hence pj42 =
—pjsoy = Ui[;laf;zoil_plai;mai[:'agz, which is impossible by Lemma 3.11(ii) with
a=o0"0c”and B =0, "o " |
1 2 1] i

Let us now prove Lemma 3.11:

Proof of Lemma 3.11. We first claim that if L, n and § are as in Proposition 3.9 then

< L (24)
7= 4000
and
125 + Argcosh e < l 1— L (25)
4 cosh(L/2) )

Indeed, by the definition of 1 (cf. (23)), we have

B cosh(L/4) )4

10007 = ( 1
7 ( cosh(L/2)
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therefore WL/ (L /4
10005 < cosh(L/2) — cosh(L/4)
cosh(L/2)
and inh(L/2)-L/4 L
1000y < M <=,
cosh(L/2) 4

which proves (24). On the other hand, if x € 0, 1[, then e < 1 + 2x < cosh(2/x).
Choosing x = 125 we deduce, using (23) and n < 1/1000, that

1
12n + Argcoshen” <12n+2/12n < Z\/IOOO ,

therefore we get

1 h(L/4)\> 1 s
125 + Argcoshe'?? < —( 1 — cosh(Z/4) < (1-—& ).
4 cosh(L/2) 4 cosh(L/2)

proving (25).
We now prove (i) of Lemma 3.11. Assume that y = aa?b is (L, n)-straight and
Ix (y) = 6. Then, by Lemma 3.10, « is (L, 617)-straight and a?is (L, 3n)-straight. Hence,
by (24),
p(xo, axo) = (L —6n)is(er) > L/2.

On the other hand since /(o) < 8 and Argcoshe® = L/4 < L/2, we can apply Lemma
3.5 to « replacing L by L/2 and get

(L =3z (a?) < plxo, @’x0) < 2p(xp, axo) — (1 - @)2
Hence
1 e 2
p(x0, e*x0) < 2LIx (@) — p(x0, a’x0) < Iz (@?) (L - Z(l — m) )

where we used that o2 is reduced and /5, (¢?) < 4. Then by the choice of 7 (cf. (23)),
p(x0, &’x0) < (L —3n) Is(e?),

which contradicts the fact that o2 is (L, 3n)-straight and concludes the proof of Lemma
3.11G3).

To prove (ii), assume that y = aaBab is (L, n)-straight, Ix(y) = 6 and B« is
reduced. Lemma 3.10 says that a8« is (L, 2n)-straight and af is (L, C’ n)-straight where
C' = 2s(aBa)/ls (@pf). Since aBa is (L, 2n)-straight, by the triangle inequality we have

(L =2z (afa) < 2p(xo, axo) + Lix(B)

and therefore

2p(x0, axo) = (L — 2n)lx(afa) — Llx(B) = 2Lz (a) — 2nls(afa),
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hence
p(x0, axp) > Lix (o) — nlz(aBa),
and since /[y (@) < 2 and [x(B) < 2, we deduce that
p(xo, axo) > (L —4n)ls(a),
that is, « is (L, 4n)-straight. We set x; = afxg, xo = afaxg and x3 = (a,B)2x0 =
aBaBxg. We get, since aBa is (L, 2n)-straight,
p(x0, x1) + p(x1, x2) — p(x0, X2) = p(x0, @fx0) + p(x0, axo) — p(x0, @Borxp)
< Llis(aB) +1z()] — (L —2n)lx(afa) < 127.
In the same way, since a8 is (L, C'n)-straight with C’ = 2Iy (aBa)/ls (@fB), we have
p(x1,x2) + p(x2, x3) — p(x1, x3) = p(x0, ax0) + p(x0, Bxo) — p(x0, ¥Bx0)

< Llls (@) +I5(B)] = (L — C'pls(ap)
< 2nlz(afa) < 129

We can therefore apply Lemma 3.6 to get, using also the triangle inequality,
2 (x0, @Bx0) — p(x0, (@B)*x0) < p(x0. @Bx0) + p(x0, x0) + p(x0. Bx0) — p(x0. (@B)*x0)
= p(xo, x1) + p(x1, x2) + p(x2, x3) — p(x0, X3)

< ( + M)(Dn + Argcosh ')
p (X0, 0tx0)

k) 2
() )
(L —4n)ls(a) 4 cosh(L/2)

the last inequality coming from (25) and the fact that « is (L, 4n)-straight. From (24), the
fact that I5 () < 2 and Iy (o) > 1 we get

8 2
p(x0, (@B)*x0) > 2p(x0, aBx0) — (1 - m> : (26)

On the other hand we have seen that af is (L, C'n)-straight with C’ = 2lx (aBa)/ s (af),
so that
p(xo, aBxo) = (L — C'p)ls(af) > 2L — 2nlx (afa),
and since /'y (¢Ba) < 6 the above inequality gives, with (24),
p(xo, Bxo) = L. (27)

By assumption, since Is(aB) < 4, the displacement of af satisfies [(af) < 8, and by
(27) we can apply Lemma 3.5 to get

5 2
p(x0. (@B)’x0) = 2p (0, xBxo) (1 - c_oshe(L/2)> ’

which contradicts (26). This concludes the proof of Lemma 3.11 and Proposition 3.9. O
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4. Mapping the Cayley graph of G into X

Let G be a finitely generated discrete group of isometries of a Cartan—-Hadamard manifold
(X, g) of sectional curvature —-a> < K ¢ < —1. We consider a finite generating set §
of G and the Cayley graph Ggs of G associated to S. We define a distance dg on Gg in
the following way: each edge is isometric to the segment [0, 1] C R and the distance
ds(y,y’) between two vertices y, ' of Gs is the word distance ds(y, ') = Is(y ~'y").
The group G acts by isometries on (Gs, ds) and on (X, g). The goal of this section is to
construct for each number c¢ large enough an equivariant map f. : Gs — X such that f,
is Lipschitzian with Lipschitz constant at most c.

4.1. Poincaré series, measures and convexity

We first consider the Poincaré series

Pe(s, x,y) = Y e %0V coshlp(x, y)] (28)
yeG

where c e R4, s € Gsand x, y € X.
Lemma 4.1. Foralls € Gg, x, v, x0, Y0 € X, ¢ > 0and yy € G we have

) Pe(yos, yox, y) = Pe(s, x, ),
(i) P.(s,x,y) < Pe(s, xo, yo)eP F0-) TG0y,

In particular the convergence of the series is independent of the choice of the points
x,y € X.

Proof. The equivariance property of the Poincaré series is straightforward. On the other
hand by the triangle inequality we have

Pe(s.x,y) = Y e S6Y) coshlp(x, yy)]
yeG

< D e 56 cosh[p(xo, yy0) + p(x0, X) + £ (0, Y],
yeG

hence
P.(s, x,y) < P.(s, xo, yo)eP(XO,X)-i-p(yo,y). 0

The critical exponent of this series is defined as
co:=inf{c > 0| P.(s,x,y) < o0}.

Let xo be the point of X such that L(S) = max; p(xg, o;x0). By the triangle inequality,
for all y € T we have p(xg, yxo) < L(S)Is(y), therefore

P.(e, x0, X0) < Z o~ (€= LNIs(y)
yel
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On the other hand, by the definition of Ents(I"), we have ), 1 e s < o0 for all
t > Entg(I"), hence we have proved that

co < Entg(I") 4+ L(S). (29)

From now on we only consider ¢ € R, such that P.(s, x, y) < oo.
Let us choose a probability measure p© with smooth density and compact support
on X. For each s € Gg define a measure on X by

= ety (30)
yeG

and a function B¢ : Gg x X — R by

B = [ coshlptr. )1 di o). G1)
X

In the following Lemmas 4.2, 4.3 and Corollary 4.4 we show that x — B¢(s, x) is a
strictly convex C? function such that

lim B(s, x) = 4o00.
X—>00

Lemma 4.2. Let ¢ be such that P.(s,x,y) < oo. For all s € Gg and x € X, we
have B¢(s,x) < o00. Moreover, the function x + B(s,x) is strictly convex and
limy_ o0 B€(s, x) = +00.

Proof. By the definition of u¢,

BE(s, x) :/
X

so B(s, x) < oo by Lemma 4.1(ii) since the support of u is compact. For any geodesic
c(t)and zin X, t — d(c(t), z) is a convex function since (X, g) has negative sectional
curvature, therefore t — cosh[p(c(t), z)] is strictly convex and so is x +— B(s,x) =
[y cosh[p(x, 2)]du§(z). On the other hand we have

> e coship(e, y2)ld@) = [ PeGoux D) duca),
yeG X

1
B(s.x) = f coshlp (e, )] dpl (@) = 5" / P 4 (z),
X X

so B¢(s, x) = 400 whenever x tends to infinity in X. O

In the above lemma we proved that x — B¢(s, x) is a strictly convex function which
tends to 400 when x tends to infinity. We shall now prove that x — B¢(s, x) is C>. We
will also give estimates of its second derivative.
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Lemma 4.3. Let ¢ be such that P.(s, x, y) < oo. The function x — BC(s, x) is C* and
forany s € Gs, x € X and any tangent vectors v, w € T, X we have

dB (5. ) (v) = / dp(x, 2)(v) sinhlp(x, )] dus (2)
X
and
DdB (s, x)(v, w)
= / (sinh[p(x, 2)]Ddp(x, z)(v, w) + cosh[p(x, 2)]dp(x, 2) ® dp(x, 2) (v, w)) du$ ().
X

Proof. Let v € T X be a unit tangent vector at a point x € X. For each z # x in X, we
have

d(cosh[p(x, 2)])(v) = dp(x, z)(v) sinh[p(x, 2)],

hence
|d(cosh[p(x, 2)])(v)| = |dp(x, z)(v) sinh[p(x, 2)]| < cosh[p(x, 2)], (32)

therefore cosh[p(x, z)] < 2 cosh[p(x1, z)] for x in a sufficiently small neighbourhood of
an arbitrary point xj. Since z = 2cosh[p(x1, z)] is ui-integrable, we can differentiate
x — B€(s, x) applying the Lebesgue differentiation theorem and get the first part of the
statement.

Let us now compute the second derivative. We shall prove the equality for the
quadratic form and get the general case by polarisation. Let v € T, X be a unit tangent
vector at x € X. Let a(¢) be the geodesic such that «(0) = x and o’/(0) = v. We write
P(z,a(r) instead of p(z, a(t)). Set

1 . .
h(t, z) = ;(dp(z,a(t))(a/(t)) sinh[p(.a(1))] — dpz,a ) (@' (0)) sinh[pz,a(0)])-
When z # x we have

ho(z) == tlg% h(t, z) = sinh[p(x 7)1Ddp(xz) (v, V) + cosh[p, ) 1dpx,z) @ dp(x,z) (v, V).

(33)
The formula which gives DdB¢ (s, x)(v, w) in Lemma 4.3 is equivalent to

DdB (s, x)(v, v) = / ho(z) dpi(z) (34)
X

and will be a consequence of Lebesgue’s theorem. We need to show the existence of a
ws-integrable function H such that for any z # x and ¢ small enough so that z ¢ « ([0, ¢])
we have h(t, z) < H(z). To do this, first notice that h(z, z) is non-negative since Ddp is,
due to the negativity of the curvature. For each z ¢ «([0, t]) we have

0 <h(t,z) < sup [sinh[pq a(s) ] Ddp(zats) + - -
s€[0,7]

<+« + cosh[p(z.a(s0) 1P a(s) ® dP(z.ais) (@ (), &' ().
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Since the curvature of (X, g) satisfies —a* <K ¢ < —1, Rauch’s comparison theorem
shows that for each x, y € X,

coshlap(x,y)]

Ddp(x.y) < a—
x.y) sinh[apx, y)]

(& —dpx,y) ® dpx,y),
hence from the previous inequality we get

coshlap(z,q(s))]

; —d ! d o)+ -
sinh[ap(z.a(s))] (g Pz.a(s)) ® AP als)))

h(t,z) < sup [a sinh[0(z,a(s))]
s€[0,7]

<+ +cosh[p a(s)]doiai) ® dp(z,a(t’))i| (' (s), & (5)).

But since a > 1 the concavity of tanh on R gives

a 1
Z 9
tanhap ~ tanhp

therefore we get

. cosh[a :
0 <h(t,z) <a sup smh[p(z,a(s))]M

. . (35)
s€[0,1] sinh[ap(z,q(s))]

Finally, since sinh p < (1/a) sinhap, by convexity of sinh, we find that 0 < h(z,z) <
H (z) from (35) for all |¢| < 1/a and all z ¢ «([0, t]) where

coshl .
———sinh[pca0) + 1. PEa0) = 2/a,

Hz)= | “sinh1
cosh[apa () + 11, Pz (0) < 2/a,
is p$-integrable by Lemma 4.2. This concludes the proof of Lemma 4.3. O
Lemma 4.3 has the following corollary.

Corollary 4.4. Under the assumptions of Lemma 4.3 we have
DdB°¢ > Bg,
in particular, B¢ is strictly convex.

Proof. Since the sectional curvature of (X, g) satisfies K, < —1 Rauch’s theorem shows
that

Ddp >

—d dp).
tanhp(g p ®dp)

From this inequality and Lemma 4.3 we therefore get, for all x € X and any unit tangent
vectorv € T, X,

DdB (v, v) > (/ cosh[p(z,x>]dM§(z)>g(v, v) = B°(x)g(v, v). o
X
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4.2. Construction of Lipschitzian maps f. : Gs — X.

So far we have shown that for any s € Gg the function x — B¢(s, x) is strictly convex and
tends to +00 as x tends to infinity. We can then define a map f, : Gs — X as follows. For
s € Gs we define f.(s) as the unique point x € X which achieves the unique minimum
of the function x — B°(s, x). The rest of this section is devoted to proving

Proposition 4.5. Let ¢ be such that P.(s,x,y) < oo. Let f. : (Gs,ds) — (X, g) as-
sociate to s € Gg the unique point x € X which achieves the minimum of the function
X > B(s, x). Then f, is Lipschitzian with Lipschitz constant c.

The proof of Proposition 4.5 relies on the following two technical lemmas.

Lemma 4.6. Let ¢ be such that P.(s,x,y) < oo. For all x € X and all tangent vectors
v € Ty X the function a : s — dB(s, x)(v) is differentiable at each point s € Gg distinct
from a vertex or the middle point of an edge. Moreover, for such an s we have

d
o(s) = —c fx dp(e () sinhlp(x, 2)] Y —=(ds(s, y)e™ S d(yu) @),
yeG

Proof of Lemma 4.6. Let [g, g'] be the edge containing s and parametrize it by [0, 1]. We
first observe that for all y € G,

ds(s, y) = min[ds(g, y) +1,ds(g’, y) + 1 —1],

where ¢ € [0, 1] is the parameter corresponding to s. Therefore s — ds(s, y) is differen-
tiable at each s € ]g, g’[ distinct from the middle point of ]g, g’[. On the other hand, by
Lemma 4.3,

dBE (s, x)(v) = / dp(x. 2)(v) sinh[p (x. 2)] il ().
X

so that we can write
1
}—l(a(s +h) —al(s))

. 1 _
= f dpe,yo) () Sinhlp(x, y2)] eSO — el dp ),
yeG X

where we have identified points in the edge [g, g’] with their parameters. Observe that for
|| small enough,

)l[ecds(sw,y) _ oelse]| < 2eemcdss)
. < ,
and

26 Y [ Moty ) sinhlp (. y2le 50 dp) < oo,
yeG X
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thanks to Lemma 4.2. Hence if s € Gy is distinct from a vertex or the middle point of an
edge we get

lim l(oz(s + h) — a(s))
h—0h

d
=—c fx dpes 5 @) sinhlp(x, )] Y —=(ds(s, ¥)e™ S () 2)
yeG

by Lebesgue’s theorem. O

Lemma 4.7. Let ¢ be such that P.(s, x,y) < oo. Let so € Gs be a point distinct from
a vertex or the middle point of an edge, and u a unit vector tangent at sy to the edge
containing so. Then ||df.(u)|| < c.

Proof. Fix a smooth moving frame {Ey, ..., E,} of TX and define ® : X x Gg — R”
by
O (x, s) = (dB (s, X)(E1), ..., dB (s, x)(Ep)).

By definition, the point f.(s) is characterized by the implicit equation

D (fe(s),5) =0,
or equivalently,
dB(s, fe(s)) = 0.

For all x € X and s € g in a neighbourhood of sy the function @ is differentiable
by Lemmas 4.3 and 4.6. Moreover since x = f.(s) is a critical point of the function
x = Bf(s,x),wehave,for j =1,...,n,

00
—(fe(8), )(E)) = (DdB(s, fe($))(Ej, E1), ..., DAB(s, fe())(Ej, En)),
0x

thus %( fe(s), s) is invertible by Corollary 4.4. By the implicit function theorem, f, is
differentiable in a neighbourhood of s, and if « is a unit vector tangent at s to the edge

containing so, and v a tangent vector in T, (5 X, from the implicit equation we get

: d
Dd B (so, fe(so))(dfe(u),v) = _£

dB(s, fe(s0)) (). (36)
0

S=S5

From Corollary 4.4 and Lemma 4.6 we obtain, setting v = df.(u)/||df.@)],
lg(dfe(u), v)B (s0, fe(50))
<e /X APy, @) siblp (fo(50), D1 3

yeG

(ds(s, ¥)) e d(y, 1) (2),

S=50

d
ds

therefore

lg(dfe(u), v)B (0, fe(so))] < C/Xsinh[p(fc(SO),z)]duio(z), (37
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hence
Jx sinhlp (fe(s0), DIdug, @) _

df. = -
|| f (u)” = CfX COSh[,O(fC(sO)’ Z)] dMgO(Z) ‘

Proposition 4.5 then follows from

Corollary 4.8. Let c be such that P.(s, x, y) < 0o. Then f; is Lipschitzian with Lipschitz
constant c.

Proof. Let [s1, s2] C Gs be a segment which contains no vertices or middle points. It
directly follows from Lemma 4.7 that

p(fe(s1), fe(s2)) < cds(s1, 52). (38)

We now want to extend the inequality (38) to all points s1, s € Gg. For that purpose we
first consider a segment [s1, so] C Gg where s; is the midpoint of an edge, and s, a vertex
of the same edge; the inequality (38) for these points s7, s follows from the continuity
of f. at s; and sy proved below. Corollary 4.8 will then follow from the fact that any
segment [s1, s2] C Gs can be decomposed into a finite sequence of adjacent intervals
[y{‘ , y’z‘] where y{‘ is the midpoint and y§ a vertex of the same edge or the other way
around, except for the first and last intervals.

Let us now prove the continuity of f, at a vertex or the midpoint s of an edge. Given
such a point s, let {si }ren be a sequence converging to s and staying in a single mid-edge
containing s. The sequence x; := f.(sx) is a Cauchy sequence in X by (38) whose limit
is a point x = limy x;. We want to prove that f.(s) = x. Forall z € X and k € N we
have

B (sk, 2) = B (s, xx) (39)

by the definition of xx = f.(sx). We claim that limg B (sg, xx) = B(s,x) and
limg B€(sx, z) = B°(s, 7). Assuming the claim and taking the limit in (39) as k — oo
gives, forall z € X,

B(s, z) = B (s, x), (40)

therefore x = f.(s).
We now prove the claim. By (30) and (31), we have

B (sk, xx) =f cosh[p (xx, 2)1dus, (z) =f Ze_CdS(Sk’V)cosh[p(xk, y2)1du(z).
X X3

Since e¢4s66Y) cosh[p (xx, yz)] < ‘e <4Y) cosh[p(x, yz) + 1] for k large enough,
we get limg B(sg, xx) = BC(s, x) by Lebesgue’s theorem. Similarly limy B(sg, z) =
B¢(s, z), which concludes the proof of the claim, Corollary 4.8 and Proposition 4.5. O
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5. Algebraic entropy and n-straight isometries

Let G be a finitely generated discrete group of isometries of (X, g) whose sectional cur-
vature satisfies —a? < K, < —1,and S = {01, ..., 0p} be a finite generating set.

We assume that the minimal displacement L(S) = infycy max;—y,.. , p(x,0;x) of S
(cf. Definition 2.2) satisfies L(S) > 0. By Lemma 3.3 there exists a point xog € X such
that

L(S) = inf max p(x,0;x) = max p(xg,0;Xp).
xeXie{l,...,p} ie{l,....p}

The goal of this section is to prove that if all elements of G are “almost non-»-straight” for
some 1 such that L(S) > n > 0, then the entropy of G with respect to S is bounded below
by n. By an “almost non-n-straight” isometry ¥ we mean that p(xo, yxo) < (L(S) —
nls(y) + D for some positive D.
Theorem 5.1. Let G be a finitely generated discrete group of isometries of (X, g) whose
sectional curvature satisfies —a? < Ky < —1,and § = {0y, ..., 0p} be a finite generat-
ing set of G with L(S) > 0. Assume that there exist D > 0 and n, 0 < n < L(S), such
that forall y € G,
p(xo, yx0) = (L(S) —mls(y) + D. (41)

Then Entg(G) > n.
Proof. The proof relies on the construction made in Section 4 of an equivariant Lip-
schitzian map with Lipschitz constant ¢ > Entg(G) + L(S) — .

Let us prove that under the assumption (41) for any ¢ > Entg(G) + L(S) —n we have
P.(s, x,y) < co. By the triangle inequality,

eeds(s.y) < peds(s.) yeds(y.e).

and for any xp € X,
cosh[p(x, yy)] < eP YY) < pP(x.X0)+p(x0, Y X0)+p (X0, )

Therefore, for xo, D and 7 such that (41) holds, we get
Pe(s, x, y) < ePtedses)+p(x.x0)+p(x0,5) Z elLS)=n—clds(e.y)
yeG

and so P.(s, x,y) < oo for each ¢ > Entg(G) + L(S) — 1.

Hence by Proposition 4.5 there exists an equivariant Lipschitzian map f; : (Gs, ds)
— (X, g) with Lipschitz constant c, for any ¢ > Entg(G) + L(S) — . We consider the
point f.(e), where e is the neutral element of G. By the definition of L(S), there is a
o; € S such that p(f.(e), oi(fc(e))) = L(S). Therefore, by equivariance,

p(fe(e), oi(fc(€)) = p(fele), fe(oi(e))) = L(S).
On the other hand, since f, is c-Lipschitzian we have
p(fe(e), fe(oi(e))) < cds(e,0i(e)) =c.

The above two inequalities give
c>L(S)
and since c is any number such that ¢ > Entg(G) + L(S) — n, we get Entg(G) > n. O
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6. Proof of the main theorem

In this section we shall first prove that the entropy of a group with respect to a set of two
generators with displacement L > 0 is bounded below. Then we shall prove the main
theorem.

Proposition 6.1. Let (X, g) be a Cartan—Hadamard manifold whose sectional curvature
satisfies —a*> < K ¢ < —1, and G a non-virtually nilpotent discrete group of isometries
of (X, g) generated by two isometries {01, 02}. Assume that

L = inf max{p(x, o1x), p(x, 02x)} > 0.
xeX

Then the entropy of G relative to the set of generators ¥ = {01, 02} satisfies

logcosh(L/4) log2 1 ! cosh(L/4) 4
5+ logcosh(L/4) 6 1000 ( cosh(L/Z)) i|

Proof. Let § = logcosh(L/4). The proof is divided into two cases. In the first case we
can find two elements in G of bounded length /5, which are hyperbolic with distinct axes
and displacement larger than §. In that case, a classical ping-pong argument shows that the
semigroup generated by these two elements (or their inverses) is free with corresponding
entropy bounded below by a constant depending on §. In the second case, when we cannot
find such a free semigroup, we can show that all elements of G are almost non-n-straight
for some n = n(§, L) and we conclude using Theorem 5.1. More precisely the two cases
are:

Enty (G) > min|:

Case 1. There exists an element y € G of algebraic length /s (y) < 4 whose displace-
ment /(y) in X satisfies [(y) > 8.

Case 2. The displacement of all elements y € G of algebraic length [y (y) < 4 satisfies
I(y) =

In Case 1, let y € G be of algebraic length /5 (y) < 4 and with /(y) > §. We note
that y is then a hyperbolic isometry of X. Since G is not virtually nilpotent, one of the
generators o] or o7, say o1, does not preserve the axis of y. Indeed if both o1 and o3
preserved the axis of y, then so would G, and hence it would be virtually abelian by
Lemma 2.5(ii), a contradiction. Thus, if (6, n) are the endpoints of the axis of y, then
o1({6, n}) N {6, n} = @ by the proof of Lemma 2.5(i). We can now apply the effective
ping-pong lemma proved in the appendix to the two hyperbolic elements y and o170, !
which have disjoint fixed-point sets. This shows that the algebraic entropy of the subgroup
generated by y and o1y 0 !'is bounded below by 5% log 2. We then deduce that

Entg (T') > 6 log2
n [
=505 6

In Case 2, Proposition 3.9 tells us that all elements y € G of length Is(y) = 6

are non-(L, n)-straight where 7 is given by (23), n = 1073(1 — 22:22278)4 Thus, every

element g € I' of algebraic length 6 satisfies

0(x0, gx0) < (L —nlxs(g).
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Hence, every element y € I' satisfies

p(x0, yx0) = (L —mUs(y) —5) +5L.

Therefore Theorem 5.1 yields Enty(G) > n = 1073(1 — &2hL/)*,

We can now prove the main theorem which we recall below.

Theorem 6.2 (Main theorem). Let (X, g) be a Cartan—Hadamard manifold whose sec-
tional curvature satisfies —a> < K ¢ < —L. Let ' be a discrete and finitely generated
subgroup of the isometry group of (X, g). Then either T is virtually nilpotent or its alge-
braic entropy is bounded below by an explicit constant C(n, a).

Remark 6.3. The constant is

logcosh(uu(n,a)/4) log2 1 <_cosh(u(n,a)/4))4
5 4 logcosh(u(n, a)/4) 12 2000 cosh(u(n,a)/2)) ’

1 1 2 1 1 1
s 3 (1= ) g5+ et )|

Proof. It § = {01, ...,0p} is a finite generating set of I', Proposition 2.6 allows us to
reduce the proof to the following three cases:

C(n,a) = min[

(1) There exist 07, 0; € § such that L({0;, 0;)) > w(n,a) and {(o;, 0}) is not virtually
nilpotent.
(ii) There exist o;, 0j, 0x € S such that L({0;0}, 0%)) > u(n,a) and {(o;0}, ox) is not
virtually nilpotent.
(iii) All 0;’s are elliptic and, for all i # j, the subgroup (o;, 0;) fixes a point y € X or a
point 6 € 9X.

In the first (resp. second) case Proposition 6.1 gives a lower bound for the algebraic
entropy of (o;, 0;) (resp. (0;0j, 0x)) with respect to the generating set {o;, 0;} (resp.
{oi0j, or}) by the number

. logcosh(u(n, a)/4) log2 1 ) cosh(u(n, a)/4) 4
min , — ,
5 4+ logcosh(u(n,a)/4) 6 1000 cosh(u(n, a)/2)
using the fact that L(o;,0;) > w(n,a) (resp. L(oj0j,01) > u(n,a)). We conclude
in cases (i) and (ii) by noticing that the entropy of I" with respect to S is bounded be-
low by Ent(s, o} ({07, 0j)) (resp. by %Ent{gigj,gk}((oiaj, 0%))), since d(q; 0,y > ds (resp.

d{o,-oj,ak} > %dS)
In the third case, Proposition 3.8 implies that
p(xo, yx0) = (L(S) —n/2)(Us(y) = 1) + L(S),

where 7 is given in Proposition 3.8. We conclude by applying Theorem 5.1, which gives
Entg(I") > n, and then bounding below 7 using L(S) > u(n, a). O
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7. Appendix

In this section (X, g) is a Cartan-Hadamard manifold of sectional curvature K, < —1.
It is well known that if «, B are two hyperbolic isometries of (X, g) with disjoint axes,
then for N sufficiently large, o’V and B generate a non-abelian free subgroup of Isom X.
In [Gro81], [Del96], it was shown that if T" is a hyperbolic group then N can be chosen
independent of & and $ in I" and under the same assumptions the number N was shown to
depend only on the number of generators and the constant of hyperbolicity of I" [Ch-GO00].
In what follows we show that N = N (8) can be chosen depending only on § > 0 which
bounds from below the displacement of two hyperbolic isometries of (X, g), o and 8,
with disjoint fixed-point sets.

Proposition 7.1. Let (X, g) be a Cartan—Hadamard manifold of sectional curvature
Ky < —1, and T' a discrete subgroup of Isom(X, g). Assume that a and B have dis-
Jjoint fixed-point sets and their displacements satisfy l(«) > § and [(B) > 6, where § is a
positive number. Then (a , BN) or (@, B~) generates a non-abelian free semigroup,
where N = E(5/8) + 1 and E (x) stands for the integer part of x.

Before proceeding to the proof of Proposition 7.1 let us set some notation. Denote by x =
x(t)and y = y(t),t € R, the axes of o and S8. The points 0% = lim;_ o0 x(¢) and ;‘i =
lim,_, 1 y(¢) are the fixed points of & and $ on the ideal boundary 9 X of X. Denote by
x" and x~ the projections of ¢+ and ¢~ on the axis of &. We can assume that x is closer
to 6T than x~ (if not, we replace 8 by f~1). Also denote by yq the projection of x* on
the axis of 8. We now parametrize x and y in such a way that x(0) = x™ and y(0) = yy.
We set 1; = Nl(a) = (@) and 1 = NI(B) = [(BY), where N = E(5/8) + 1. We
define U™ as the set of points p € X such that p(p, x(%t1)) < p(p, x(0)). In the same
way we define V* as the set of points p € X such that p(p, y(£t)) < p(p, y(0)). For
a unit tangent vector u € T, X at a point x € X and @ € [0, w[ we define C(u, @) =
{exp,v:v e T X, Z(u,v) € [0, x[}, the cone of angle « around u at x, where exp, is
the exponential map at x.

We further need the following geometric lemmas. For a triangle ABC in (X, g), we
will write A for the angle at A, and a, b, c for the lengths of the sides opposite to A, B, C.

Lemma 7.2. Let ABC be a triangle in (X, g).

@ If /6 < A < 7, then p(B,C) > p(A,B)+p(A,C) —4.
@) IfA>mn/2 <m, then p(B,C) > p(A, B) + p(A,C) — 1.

Proof. Since K, < —1, we have
cosha > coshb cosh ¢ — cos A sinh b sinh c. 42)

The first inequality of Lemma 7.2 will therefore be a consequence of the fact that if
b+ ¢ > 4 then

cosh(b + ¢ —4) — coshb coshc + cos Asinhbsinhc < 0. 43)
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Setting X = ¢~ we have
cosh(b + ¢ — 4) — cosh b cosh ¢ + cos A sinh b sinh ¢
1 N N N
= Ze(b+c)[(2e4 —14cos A)X? — (e +e72)(1 +cos A) — (1 —cos A —2¢™H)].

Since e 72?4 7% > 2¢~ b+ we then get
cosh(b + ¢ — 4) — cosh b coshc + cos A sinh b sinh ¢ < e(b+C)P(X)
where
P(X)=(2e* —1+cosA)X> —2(1 +cos A)X — (1 —cos A — 2¢™%)

and P(X) is negative whs:n P(0) < 0and P(e %) < 0, which is the case if cosA <
1 — 2¢~* and so when A > 7/6. This proves the first inequality of the lemma. The
second inequality is proved similarly when cos A < 1 — 2¢~1, O

Lemma 7.3. The sets U™ and U~ are contained in C(x(0), w/6) and C(—x(0), 7 /6)
respectively.

Proof. We recall that x(0) = x™. Let c(¢) be a geodesic ray starting at xT such that
Z(x(0), ¢(0)) > /6. Since ; > 5, Lemma 7.2 implies

pc(®), x(1)) > p(x™, c(®)) + p(T, x(01) =4 = ple(r), x7),
therefore c(¢) ¢ U™. The same argument holds for U . O

Let z; be the geodesic joining x and y(¢), and 7+ the geodesic joining x* and y(£00)
=+
Lemma 7.4. The set V* is contained in C(Z400(0), 71/3).

Proof. Recall that the angle at y(0) = yp between zp and y is equal to /2, so that
Lemma 7.2 says that
length(z;) > length(zg) + ¢ — 1, (44)

and in particular,
length(z;,) > length(zg) + 12 — 1. 45)

Let us now show that £(Z;(0), 24+0(0)) < m/6. Assume for contradiction that
2(21,(0), Z400(0)) > /6. Then by Lemma 7.2 we have, as t — oo,

t —tp > length(z;,) + length(z;) — 4; (46)

but summing up (44) and (45) leads to a contradiction with (46) since t, > 5. There-
fore Z(24,(0), Z4+00(0)) < 7/6. Now consider a geodesic ray c starting at x™ such that
Z2(¢(0), 2400(0)) = 7 /3. Thus, Z(¢(0), 21,(0)) > /6 and by Lemma 7.2 we get

pe@), y(2)) > p(c(r), xT) + length(z,) — 4,
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and applying again (45),
p(c(t), y(12)) > p(c(t), x7) + length(zo) + 12 — 5.

The last inequality becomes, by the triangle inequality,

pc), y(t2)) > p(c(t), yo) + 12 — 5,

therefore p(c(t), y(t2)) > p(c(t), yo) since fp > 5.

We have proved that a geodesic ray c starting at x such that Z(¢(0), Z10(0)) > /3
does not intersect V*. This proves that V' C C(Z100(0), 7/3). By the same argument
we also have V™ C C(z—00(0), w/3), which ends the proof of the lemma. O

Lemma 7.5. Wehave UTNU- =UTNVt=UtNnV- =U0"Nnvt=vtnv- =90

Proof. Since Z(x(0), Z+00(0)) = 7 /2, Z(x(0), 2—0(0)) > /2, Z(x(0), —x(0)) = 7,
and from the relative position of xT, x~ and 87, it follows that C(x(0), 7 /6) does not
intersect C(Z4+00(0), 7/3), C(—x(0), 7 /6) or C(Z—c0(0), 7 /3). Therefore by Lemmas 7.3,
7.4 we conclude that U™ does not intersect U ~, VT or V. Now since Z(—x(0), Z1.00(0))
= 7/2, we have C(Z400(0), m/3) N C(—x(0), 7/6) = B, hence VT NU~ =P.If p €
VTN V=, we have p(p, y(0)) = p(p,y(—12)) and p(p, y(0)) = p(p, y(12)), which
contradicts the convexity of the function t — p(y(t), p). Therefore VT NV~ =@¥. O

IV

Lemma 7.6. We have «™¥ (VY)Y c Ut and BN (U*) c V.

Proof. Since x and y are the axes of o and BV respectively we have oV (x(—11)) =
x(0), BN (y(=11)) = y(0), & (x(0)) = x(¢1) and BV (¥(0)) = y(t2). Therefore for any
p € X — U~ we have «”(p) € U™, and similarly for any p € X — V~ we have
,BN(p) € V™, by the definition of N. On the other hand, by Lemma 7.5, VY Cc X — U~
and UT C X — V~, which concludes the proof. O

The proof of Proposition 7.1 is a direct application of Lemma 7.6 by a standard ping-pong
argument.

Acknowledgments. The authors wish to thank Luc Guyot for valuable comments on an earlier ver-
sion of this text. This work has been partially supported by the ANR-FOG, grant ANR-07-BLAN-
0251.

References

[ANOS]  Alperin, R. C., Noskov, G. A.: Nonvanishing of algebraic entropy for geometrically
finite groups of isometries of Hadamard manifolds. Int. J. Algebra Comput. 15, 799—
813 (2005) Zbl 1107.20026 MR 2197807

[Ball95] Ballmann, W.: Lectures on Spaces of Nonpositive Curvature. DMV Seminar 25,
Birkhduser (1995) Zbl 0834.53003 MR 1377265

[BCG] Besson, G., Courtois, G., Gallot, S.: A Margulis lemma without curvature. In prepara-
tion.

[Bre08] Breuillard, E.: A strong Tits alternative. arXiv:0804.1395 (2008)


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1107.20026&format=complete
http://www.ams.org/mathscinet-getitem?mr=2197807
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0834.53003&format=complete
http://www.ams.org/mathscinet-getitem?mr=1377265

Uniform growth of groups acting on Cartan—-Hadamard spaces 1371

[BrGe08]
[Bur-Zal]

[Ch-G00]

[Har02]
[Del96]
[Ebe96]
[EMOO5]
[Gro87]
[Gro81]
[Kou98]
[0si03]
[Wil04]

[Wol68]

Breuillard, E., Gelander, T.: Uniform dependence in linear groups. Invent. Math. 173,
225-263 (2008) Zbl 1148.20029 MR 2415307

Burago, Y., Zalgaller, V. A.: Geometric Inequalities. Grundlehren Math. Wiss. 285,
Springer, Berlin (1988) Zbl 0633.53002 MR 0936419

Champetier, C., Guirardel, V.: Monoides libres dans les groupes hyperboliques. In:
Séminaires de théorie spectrale et géométrie 18, Univ. de Grenoble I, 157-170 (2000)
Zbl10973.20036 MR 1812218

de la Harpe, P.: Uniform growth in groups of exponential growth. Geom. Dedicata 95,
1-17 (2002) Zbl 1025.20027 MR 1950882

Delzant, Th.: Sous-groupes distingués et quotients des groupes hyperboliques. Duke
Math. J. 83, 661-682 (1996) Zbl 0852.20032 MR 1390660

Eberlein, P. B.: Geometry of Non-Positively Curved Manifolds. Chicago Lectures in
Math., Univ of Chicago Press, Chicago, IL (1996) Zbl 0883.53003 MR 1441541
Eskin, A., Mozes, S., Oh, H.: On uniform exponential growth for linear groups. Invent.
Math. 160, 1-30 (2005) Zbl 1137.20024 MR 2129706

Gromov, M.: Hyperbolic groups. In: Essays in Group Theory, Math. Sci. Res. Inst. Publ.
8, Springer, New York, 75-263 (1987) Zbl 0634.20015 MR 0919829

Gromov, M., Lafontaine, J., Pansu, P.: Structures métriques pour les variétés rieman-
niennes. Cedic/Nathan (1981) Zbl 0509.53034 MR 0682063

Koubi, M.: Croissance uniforme dans les groupes hyperboliques. Ann. Inst. Fourier
(Grenoble) 48, 1441-1453 (1998) Zbl 0914.20033 MR 1662255

Osin, D. V.: The entropy of solvable groups. Ergodic Theory Dynam. Systems 23, 907—
918 (2003) Zbl 1062.20039 MR 1992670

Wilson, J. S.: On exponential growth and uniformly exponential growth for groups. In-
vent. Math. 155, 287-303 (2004) Zbl 1065.20054 MR 2031429

Wolf, J. A.: Growth of finitely generated solvable groups and curvature of Riemannian
manifolds. J. Differential Geom. 2, 421-446 (1968) Zbl 0207.51803 MR 0248688


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1148.20029&format=complete
http://www.ams.org/mathscinet-getitem?mr=2415307
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0633.53002&format=complete
http://www.ams.org/mathscinet-getitem?mr=0936419
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0973.20036&format=complete
http://www.ams.org/mathscinet-getitem?mr=1812218
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1025.20027&format=complete
http://www.ams.org/mathscinet-getitem?mr=1950882
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0852.20032&format=complete
http://www.ams.org/mathscinet-getitem?mr=1390660
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0883.53003&format=complete
http://www.ams.org/mathscinet-getitem?mr=1441541
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1137.20024&format=complete
http://www.ams.org/mathscinet-getitem?mr=2129706
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0634.20015&format=complete
http://www.ams.org/mathscinet-getitem?mr=0919829
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0509.53034&format=complete
http://www.ams.org/mathscinet-getitem?mr=0682063
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0914.20033&format=complete
http://www.ams.org/mathscinet-getitem?mr=1662255
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1062.20039&format=complete
http://www.ams.org/mathscinet-getitem?mr=1992670
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1065.20054&format=complete
http://www.ams.org/mathscinet-getitem?mr=2031429
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0207.51803&format=complete
http://www.ams.org/mathscinet-getitem?mr=0248688

	Introduction
	Preliminaries
	Algebraic length and -straight isometries
	Mapping the Cayley graph of G into X
	Algebraic entropy and -straight isometries
	Proof of the main theorem
	Appendix

