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Abstract. We consider the homogenization of elliptic systems with e-periodic coefficients. Classi-
cal two-scale approximation yields an O (¢) error inside the domain. We discuss here the existence
of higher order corrections, in the case of general polygonal domains. The corrector depends in a
non-trivial way on the boundary. Our analysis substantially extends previous results obtained for
polygonal domains with sides of rational slopes.

1. Introduction

This paper is devoted to elliptic systems in divergence form, with Dirichlet boundary
condition:
{—VoA(x/s)Vu"?:f, x € Q, (1.1

u® =0, xeoQ,

set in a bounded domain Q C R¢. For simplicity, we assume d = 2 or 3. Following
standard notation, ¢ > 0 is a small parameter, and A = A% (y) € M,(R) is a family of
functions of y € RY with values in the set of n x n matrices, indexed byl <a,p <d.
The unknown and source term are u® = uf(x) € R” and f = f(x) € R". We recall,
using Einstein’s summation convention, that foreach 1 <i <n,

(V- A(x/e)Vu); = 0y, [Aj‘/ﬁ(x/e)axﬂuj].

We assume that A and f are smooth. Finally, we make the following hypothesis:

(i) Ellipticity: For some A > 0, for all families of vectors & = &% € R” indexed by
l1<a<d,
AEY L EY < AE & < TlEY g
where
. BB
AgE:= ) ATTETE

a,B.i,j
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(i1) Periodicity:
A(y+h) = A®y), VyeRI vhez

We are interested in the limit ¢ — 0, i.e. the homogenization of system (1.1).

System (1.1) is a classical model from linear elasticity theory. It describes the de-
formation of a solid object, made of a composite material. The microstructure of the
composite material is modeled by the matrix A, with characteristic length . The field u®
describes the displacement of the solid when subjected to a body force f. The homoge-
nization of equation (1.1) aims at simplifying the microscopic description, by extracting
some macroscopic averaged properties. It has given birth to a rich mathematical theory
(see the articles [14, 19] and textbooks [11, 8], among many).

As a special case, periodic homogenization has a very long history, and we refer to
the classical book [6]. The starting point of most studies is a formal two-scale expansion
of the solution u¢,

u® = ul(x) + eu'(x, x /) + 2u(x, x/e) + - . (1.2)
The leading term u© satisfies the homogenized system

V. A0v,0 —
{ V.-A"Vu f, x e, (1.3)

=0, xeiQ.

The homogenized matrix A comes from the averaging of the microstructure. It involves
the periodic solution x = x¥(y) € M,,(R), 1 < y < d, of the famous cell problem:

— 3y, [A% (1)By, 7 ()] = By, A7 (9), /[0 1y =0. (1.4)

More precisely A° is given by

AV-B =/ A“ﬁ+/ A% 9y x7.
(0,134 [0,11¢

The second term in the expansion (1.2) reads
w e, y) s=a' (e, y) + it () == —x (), u’ () + it (x), (1.5)

where x is again the solution of (1.4).

All profiles uk = uk(x, y) in (1.2) are periodic in y, and therefore do not satisfy the
homogeneous Dirichlet boundary condition. However, the first terms of the expansion are
relevant, and the following bound holds (see [6]):

lu® — u®(x) — eu' (x, x /&)l 1 () = O (V). (1.6)

It is known that this estimate is optimal: as the approximation is not zero at the boundary,
there is a boundary layer phenomenon, responsible for an O (/¢) loss in (1.6). However,
if a relatively compact subset w € 2 is considered, one may avoid this loss, as strong



Homogenization in polygonal domains 1479

gradients near the boundary are filtered out. Precisely, Avellaneda and Lin prove in [5],
under some regularity assumptions on A and €2, that

luf — u®(x) — eu' (x, x /&)l 1oy = O(e). (1.7)

Following these results, a natural attempt is to derive the next order approximation,
and an estimate like

lu® —u®(x) — eu' (x, x/8) — e2u?(x, x/8) | g1 ) = O(). (1.8)

However, to obtain this refined approximation turns out to be difficult, and very much
dependent on the geometry of 2. Before stating our results on this problem, let us describe
its main difficulties and former studies.

To establish the estimate (1.8), one must first identify the average part il (x) and the
oscillating term i (x, v). Note that the choice of ! (x) did not affect previous estimates
(1.6), (1.7). Following Allaire and Amar [1], one needs to introduce another family of
1-periodic matrices

Y =1%(y)e M,(R), a,B=1,...,d,

satisfying
~V, - AV, Y% = B*f _ / BB, /T“ﬂ =0, (1.9)
y y
where 5
BB .— AP _ Aayai _ i(AVO‘Xﬂ),
dyy dyy
Formal considerations yield
82 0
W2, y) = 1ep L0 el (1.10)
0xq0xg

1

The average term iz! = 1! (x) formally satisfies the equation

3.0 off
—v.A'Val = caﬂya—”, Py ::/A’”’BT — Ay, (1.11)
0xq0xg0x), y dyy

We refer to [1] for all details. Note that > depends on i!, and has zero average with
respect to y. In other words, we take i#> = 0. This is enough for an O (¢%) approximation,
in the same way as taking ' = 0 was enough to obtain an O (g) approximation.

Note also that these relations are not enough: to close system (1.11), boundary condi-
tions on &' are required. To derive the correct boundary conditions and obtain the interior
estimate (1.8), one needs to understand the behavior of u® near the boundary. This is
emphasized in [1, Theorem 3.7], where it is shown that

It — u0(x) — eu' (x, x/8) — ey}’ (x) — e2uP(x, x/8) || g1 ) = O(¥?),
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with ul],f (x) the solution of the Dirichlet problem

Le (1.12)

—V - A(x/e)Vu,f =0, xe€QCRY,
u, =—u'(x,x/e), xe€oQ.

In other words, the construction of high order approximation relies on the homogenization
of system (1.12). The main problem is that the homogenization of this auxiliary system is
much harder than the original one. Indeed, the boundary data in (1.12) forces oscillations
within a boundary layer. To understand the structure of these (not anymore periodic)
oscillations and their averaged effect is essentially an open question.

Most works on that topic have been limited to convex polygons

N
Q= ﬂ{x:nk~x >ck},
k=1

bounded by N hyperplanes of R? with inward unit normal vector n*:
Kk ::{x:nk~x:ck}, nfes?il FeR, 1<k=<N,

More precisely, all results have been obtained under the stringent assumption that the
normal vector n* can be taken in RQ, that is, proportional to a vector with rational
coordinates. When d = 2, this corresponds to polygons with sides of rational slopes,
and we will keep this terminology for general d. For instance, in [1], Allaire and Amar
consider the special case

Q=101 & =1/n.

They manage to build correctors such that a bound of type (1.8) holds when ¢ = ¢,,. They
show that the appropriate boundary conditions on i! read

a' =T%,u°, xek*naQ, 1<k <N, (1.13)

with the matrix coefficients I'* € M, (R) linked to some auxiliary boundary layer sys-
tems. Numerical schemes based on these correctors are studied in [20, 18]. Let us also
mention [15], where the case of layered media is considered.

We point out that this construction of accurate approximations originates in a series
of papers by Vogelius and co-authors [17, 16, 13], within the slightly different context of
eigenvalue problems

—V - A(x/e)Vué = 2uf, xeQ cCRY,
u® =0, xeodQ.

The behavior of A? is investigated, notably the accumulation points of the ratio

2E— 20

ase —> 0
£

when A is a simple eigenvalue of the homogenized system (1.3). The analysis is per-
formed in the case of convex polygons with sides of rational slopes, and relies on the
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boundary layer systems later used in [1]. It is shown that the ratio does not in general
have one limit but rather a continuum of accumulation points. Recast in the framework
of the article [1], with € = [0, 1]¢, this result indicates that the constant matrices ' in
(1.13) depend on the subsequence &,, so that the corrector i! in the approximation (1.8)
also depends on the subsequence &, (which is ¢, = 1/n in [1]). Crudely, one can then
say that for convex polygons with sides of rational slopes, estimate (1.8) does not hold
uniformly in ¢.

The aim of this paper is to consider general convex polygonal domains €2, that is,
without the assumption of rational slopes. We will show that “generically”, there exists
an O (&%) two-scale approximation of u® inside Q.

Our main assumption will be a diophantine condition on the normals n := n*, k =
1,...,N:

(A) There are ¢, [ > 0 such that for all &£ € Z%\ {0}, |n x &| > c|&|!,

where n X & := no&; — n1& whend = 2, and n x & is the usual cross product when
d = 3.1f d = 2, one can replace the cross product in assumption (A) by a scalar product,
namely |n - &| > c|& |~ If d = 3, then assumption (A) is equivalent to the fact that any
two components of n, say (11, ny), satisfy: forall £ Z2\{0}, |n1&1+n2&ax| > c|E| L. We
emphasize that this condition is generic, in the sense that it is satisfied for almost every
nl, ..., n". This is a direct consequence of the following classical result (see [7]): For

almost every vector v € R9, and all § > 0, there exists ¢ > 0 such that

lv-&|>clel™°,  ve ez \ {0}

Besides this small divisor assumption, we will need technical assumptions on u°, u!, due
to possible loss of regularity near the edges and vertices of 2. Namely, we will assume

that

(A0) The solution u° of (1.3) belongs to H3(2) N C%(RQ). B
(A1) The solution iz! of (1.11)—(1.13) with I'* defined in (3.2) belongs to H>()NC' ().

The relevance of hypothesis (A0), the well-posedness of (1.11)—(1.13), and the relevance
of hypothesis (A1) will be discussed extensively in Section 3.
We can state our main result:

Theorem 1. Let Q = ﬂ,l(vzl{x :nk . x > %} be a convex polygonal domain. Suppose
that for all k, the normal vector n = n* satisfies the diophantine condition (A), and that
the regularity conditions (AQ) and (A1) hold. Then, for any open subset w € 2,

luf — u®(x) — eu' (x, x /) — U (x, x/&) | 1 (@) = O (&),
with u®, @l as in (AO) and (A1), and u', u? as in (1.5) and (1.10).

The technical constraints (AO)—(A1) being set aside, this shows that for generic polygonal
domains, there exists an ¢ two-scale approximation of u®. Note that the higher order
correction in (1.8) is independent of the subsequence in ¢. In that respect, the case of
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rational slopes is peculiar. In this case, as can be deduced from [1, 13] in the periodic
case, the higher order correction may depend on the sequence.

The main part of the proof of Theorem 1 is the treatment of the boundary layer. In
previous studies, the rational slopes allowed to get periodicity in the tangential variable.
In the case of general irrational slopes, only a quasiperiodicity property is available, mak-
ing the construction of boundary layer correctors more intricate. The construction is per-
formed in Section 2. The derivation of u!, u2, and the proof of estimate (1.8) follows in
Section 3. As we will see from the proof, we have a more precise version of Theorem 1
(see Corollary 8).

2. Homogenization of the boundary layer

2.1. Formal expansion

As emphasized in the introduction, the search for high order approximations reduces to

the understanding of the Dirichlet problem (1.12). Formally, one expects u }1}23 to be local-
ized in the vicinity of the hyperplanes of :

N

l,e 1,6,k
Up (x) = Zubl (x),

k=1

where ul],f’k(x) describes a boundary layer near K¥. Note that by convexity,  lies on
one side of K*, forall 1 < k < N. Hence,

Qcix:nf-x—c&>o}.
We look for an approximation of the type
u;f’k ~ vlgl(x, x/e),
where v]l;l = v’ljl (x,y) € R" is defined for x € €2, and y is in the half-space
Qk ={y:n*.y—ck/e > 0).
Plugging this approximation in (1.12) yields

{—Vy AWVl =0,y € Q°F, o

v[]jl =—-ui(x,y), ye aQek,

Note that the variable x is only a parameter in this system. Let M* be an orthogonal
matrix that maps the canonical vector e; = (0, ..., 0, 1) to the normal vector nk. By the
change of variable y = M*z, system (2.1) becomes

2.2)

—V, - BE(M*2)V ok =0, z4 > cFe,
b = —uy(x, M¥z), 74 =cF/e,
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af

with unknown vk(x, 7)) = v’,;l (x, Mkz). Denoting by Aij , Tesp. Bl.kj’aﬁ, 1 <i,j<n,the

coefficients of A%, resp. Bk@B e recall the relation
Vi, j, Bl =M‘A; (MY,

which is a product of matrices in M;(R). We also denote by z = (Z/, z4) the tangential
and normal component of z. We stress that v][;l and v* still depend on ¢, through the c* /&
term. As will be clear from the developments below, this dependence is harmless, so that
we omit it in notation.

The proof of Theorem 1 relies mostly on the analysis of system (2.2). In the case of
polygons with sides of rational slopes, for which n; belongs to RQ9, one can choose a
matrix M¥ with columns that are also in RQ¥, so that system (2.2) has coefficients that
are still periodic in z’. Working in spaces of functions periodic in z’, one easily obtains
existence and uniqueness of a variational solution. Moreover, using a lemma of Tartar,
one can show the convergence of this solution towards a constant, as z4 goes to infinity,
exponentially fast. We refer to [1] for all details. The basic ingredient used in the study of
this rational case is the Poincaré inequality

/ |¢I2dz’5C/ VP dz
’I[‘d—l ']I*d—l

for L-periodic functions ¢ with zero average.

These properties fail to be true for general polygons: the coefficients are not anymore
periodic, but quasiperiodic. We refer to [11] for a description of quasiperiodic and almost
periodic functions. Quasiperiodicity does not allow one to restrict the tangential variable
to a bounded domain, and Poincaré’s inequality is not anymore valid. As detailed in the
next subsection, we will still be able to deal with system (2.2), under the generic diophan-
tine assumption (A).

2.2. Boundary layer system
Directly inspired by (2.2), we introduce the following system:

{ -V, -B(Mz)V,v=0, z4>a, (2.3)

v(z) =v(Mz), zq=a,

where B shares the same properties as the original matrix A, v is a smooth 1-periodic
function and M is a d x d orthogonal matrix. We wish to show the well-posedness of this
system. Moreover, as in the case of rational slopes, we expect the solution to converge
towards a constant vector as z4 goes to infinity. Let N € My 4—1(R) be defined by

NZ =M, 0).
The structure of (2.3) suggests looking for a solution of the type

v(z) = V(NZ',z4), V(8,1) 1-periodic in 6 € RY. (2.4)
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Accordingly, we define
B(0,1) = BO+ M©,1), Vo(0,1) =vo(0 + M(0,1)).

This leads to the following system, for & € T¢ and t > a:

N'Vy N'Vy
—< 5, )~B(9,t)< 5, )V_O, t>a, 2.5)

V@O,t=a)=W0O,t=a), t=a.

As this new formulation reveals, the solvability of (2.5) is unclear. The problem is the
lack of coerciveness of the new operator with respect to 8. For instance, we do not have
in general

/ IN'Vgo|>do > c/ [Voo|* db. (2.6)
Td Td

This can be understood easily in the two-dimensional case: if M is a rotation matrix
M= (cgsa —sma)  then N = (cpsa) ’
sine  cosa sin o
and inequality (2.6) would give (using the Plancherel identity): for all &, & € 72,

(&1 cosa + & sina)? > c(|&1> + &1,

which is never satisfied uniformly for large &, & . The well-posedness issue is considered
in the next subsection.

Another issue to be considered after well-posedness is the asymptotic behavior of V
as t — 4-o00. Arguments in [1] for the periodic setting do not adapt to our quasiperi-
odic setting. To overcome this difficulty, we will make a crucial use of the small divisor
assumption (A). Note that a straightforward reformulation is

(A) There exist ¢, [ > 0 such that for all & € Z% \ {0}, |N'&| > c|&|~".

It will be used in this form to show convergence to a constant field at infinity.

2.3. Well-posedness
We have the following well-posedness result for system (2.5):

Proposition 2. There exists a unique smooth solution V of (2.5) such that
400
/ / (IN'"Ved) VI* + 188y VI dt db < 400
Td Ja

forl > 1landy € N and where we denote Bg = 85? o 89}/5. As a consequence, v(z) =
V(NZ', zq) is a smooth solution of (2.3).

The proof of the proposition relies on the following simple estimate.
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Lemma 3. If Y (0, t) is a smooth function solving

N'Vy N'Vy N'Vy
— -B@,t Y=H -G, t>0,
< d ) ( )( 2 ) +< d > g @)
Y=0, =0,

wheretH, G € Lz(Td x Ry), then
“+00 +00
/ / (IN'VoY > + 18, Y1?) dt do < c/ / (tH> + |G[>) dtds.  (2.8)
T Jo Td Jo

Proof of the lemma. Multiplying by Y and integrating over T¢ x R*, we obtain

+00 +00 Y
/ / (|va9Y|2+|atY|2)dzd9§f / (tH) - = dtdo
T Jo T Jo t

400 Nt
—l—f / G-( >Ydtd9.
T Jo g

N'Vy
< ClloYllp2raxr+y = C 5 Y
;

By Hardy’s inequality,
Y

t

L2(Td xR+) L2(T4 xR+)

Using this bound and the Cauchy—Schwarz inequality in the previous inequality yields

the result.

Proof of the proposition. Without loss of generality, one can assume a = 0. Let §(¢)
be a smooth truncation function satisfying 6 = 1 on [0, 1/2] and § = 0 outside [0, 1].
Introducing

Y=V -4§1)W,
the problem reduces to the well-posedness of
N'Vy N'Vy
— - B, t Y=F, t>0,
< B ) ( )< B ) g 29)
Y=0 t=0,

where F is smooth, periodic in 8, and has supportin t < 1.

A priori estimates. Suppose Y is a smooth solution of system (2.9). Using (2.8) with
H = F and G = 0 yields the L? estimate

+00 +oo
f / (|va9Y|2+|atY|2)dzd9§C/ / |F|?dt db. (2.10)
Td Jo Td Jo

The same type of estimate extends easily to tangential derivatives. Namely, for |y | > 0,

/f(|vagagY|2+|a,agY|2)dtdegC(y) Z‘ //|3£F|2dzd9. (2.11)

1BI=lyl
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Indeed, for |y| = 1, we differentiate (2.9) with respect to dy, for some 1 < o < d and
then apply Lemma 3 with H = 9y, F and G = 95, 3(0, t)(N;V" )Y . The general case is
obtained by induction on the number of derivatives.

Then standard elliptic arguments provide additional regularity with respect to 1. We
first notice that equation (2.9) can be written

Byad?Y =G with G € L>(H*(T?)), Vs €N, (2.12)

where we used (2.11) to estimate G and where BZ q= MdaAgﬂ’Mgd satisfies the coer-
civity condition |By 4& - €| > A|&| for & € R".

Inverting By 4, we deduce the same regularity for B,ZY , which implies that 9,Y |,—¢
belongs to H*(T¢) for all s. Hence, we may differentiate the equation in 7, recover a
homogeneous Dirichlet condition by a change of unknown, and apply the previous argu-
ments. Reasoning recursively, we obtain easily: for all y € N4 and all k > 1,

/R+(||N’V985Y||2 ety F N3 Y 130 qay) < C(Fos,k) < o0, (213)

We point out here that we lack an estimate for Y itself, that is, without any derivative.

Well-posedness. The existence of solutions that satisfy the previous energy estimate can
be obtained from standard elliptic regularization of the system. One can for instance con-
sider the approximate problems

N'V N'V
—aAQV—< ) ">.B(9,t)< ) 9)V=O, t>a,
t

¢
V@O,t =a)=VyO,t =a), t=a,

for a small parameter § > 0. As the system is strongly elliptic for each §, one can easily
show existence and uniqueness of a smooth solution Vj that satisfies all previous estimates
uniformly with respect to §. As § — 0, one easily gets a smooth solution V of (2.5).
Uniqueness follows from the basic estimate (2.10).

2.4. Behavior at infinity

The next step in the study of the boundary layer is to understand the behavior of V as ¢
goes to infinity. In this subsection, we will use the assumption (A) to prove the existence
of a limit when ¢ goes to infinity for V. First, assumption (A) ensures the following
inequality:

/T N 2 el s, 2.14)

for smooth enough ¢ = ¢(0) with zero average. Combining (2.14) with (2.11), we deduce
that for any s € N,

+00
f NV s pay + 195V 30 pay) < C(F, s, k) < +00, (2.15)
a
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where we decompose
VO,H)=V®O, 1)+ V@), f Vdo = 0.
Td

This implies that for all y € N4 and k € N, we have, uniformly in 6
v —o0, v -0, 1— 4.

However, the behavior of the average V and the speed of convergence are not specified.
This is the purpose of the next proposition.

Proposition 4. There exists a constant vector v € R" such that
lim V =%

t—+00

More precisely,
lim |13} aF(V —vH)| =0
im0 3V — )

forallm e N, y € N, k € N, uniformly in 6.

Note that the solution V of (2.5) depends on a (and also on B, M, V), a fact that we have
omitted so far in our notation. Here, we only keep track of this dependence in the limit v,
as it will be of interest to us later on.

Proof. To prove Proposition 4, we establish an integro-differential inequality for

+00
£(T) ::/ / (IN'VgV > + |8,V |*) dt db.
T JT
Let T > a, and for ¢t > T, define

W=V —/ V@, T)do.
Td

t t
—(N V9> -B(G,t)(N V“))W =0.
3 3,

Multiplying by W and integrating over 6 € T, t > T, we get

+o00 t
/Td /T (N'VeWP + 3, W]?) = — /Td[(()dﬁ) . B(Navg)W}W(e, T)dé
t

172
gc(/ (|N’V9W|2+|8,W|2)(9,T)d9) (/ |W(9,T)|2d0>
Td Td

Fort > T, W satisfies

172



1488 David Gérard-Varet, Nader Masmoudi

As VoW =VyV, W =0, V,and WO, T) = \7(0, T), this last inequality reads

1/2
£(1) = C(—f’(T))‘/z(/d V@, T>|2d9) :
T

Now, by assumption (A), for all 1 < p < 400, and all smooth enough ¢ with zero
average, we have

l/p
f |¢|2d95C(/ |N’ve¢|2> U@l grro-v a7,
Td Td

where the index / is the same as in (A). This inequality is a straightforward consequence
of the Plancherel formula and the Holder inequality (together with the small divisor as-
sumption). Applying this to V (8, T), we obtain

/T VO. TP < (—f @)UV C Dl go-nera)* ™7 < C=f/(@)Y?
bounding the last term thanks to (2.15). This yields the integro-differential inequality

FT) < Cp)(—f/(T) 57 2.16)

forany 1 < p < 4o00. This leads in turn to

£y < (T

It shows that f(7T') decays faster than any power of 7" as T goes to infinity.
By differentiation of (2.5); and similar estimates, one shows by induction on |«| + k
that

+00
fy,k(T);sz (IN"Vpd) 3k V12 + 18,8 9k V) dr do
Td JT

decays faster than any power of 7', for any y, k. More precisely, assuming that such decay
holds for all fg; with |8| +1 < s, the energy estimate (2.16) is easily replaced by

p+l
Fra(T) < Cp,m)(— L (TH' P +T7"),  ¥n, p>1, Yy, kwith|y|+k=s.

Hence, one gets
2p  p+l

ptl ptl ptl 2p  ptl
Fra(M) +T=0 < CU—f) (TN +T50) < Cl(=f) ((T)+TTr7) 2,

that is,

ptl
gy i(T) = C"(=g, (TN, gyu(T) = fu(T)+TT7,
and one can conclude as above.
Using again (2.14) and Sobolev imbedding, we deduce that

ptl
T—

lim "3y 9fVi=0, lim |3} 9ftV| =0,
t——+00 t—+00

forallm e N, y € N, k € N, uniformly in 6.
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It remains to show the convergence of the average V = V (r). We write

d -
—V

t+h
< 1 —Pd
7 _C(p)/t (I+s)"Fds

B _ t+h
T +h) - V)| < f
t

for all p. This shows that V(¢) is a Cauchy function, hence convergent to a constant
vector v as ¢ goes to infinity. Moreover, the rate of convergence is faster than any power
function of 7.

Back to the original system (2.3), previous results provide a unique smooth solution
v = v(z) that converges to a constant v* as z; — +00. Looking closer at Proposition 4
and its proof, we have: forallm e N, y € N1 k e N,

lim  |(zg —a)"8%8% (v —v9)| =0, 2.17)
o0

g—a—+ ¥

locally uniformly in z’, and uniformly in a. We end this section with a crucial property of
the constant vector v°.

Proposition 5. Let M be the matrix givenin (2.3), andeg = (0, ..., 0, 1) the d-th canon-
ical vector. If Meg & RQ?, then v* is independent of a.

Note that in the case M = M¥ (cf. (2.2)), Meg = n¥ is a normal vector at 9Q N K¥.
Proof. We start from the following lemma:
Lemma 6. v depends continuously on a.

Proof of the lemma. Let a and a’ be two real values, and V, V' the corresponding solu-
tions of (2.5). We denote § = a’ — a. We introduce

Vi@, =V'@6,t+8), 0eT 1>a.

We have
[V5(0,0) = V(0,0 < 18] 10, V'l < Cl8]. (2.18)

Now, V and Va/ are defined on the same domain, and W =V — Va’ satisfies

t t
—(N VQ) -B(O,t)(N Vé’)w —F, t>a,
) 3, (2.19)

W =Wy, t=a,

t t
— (N W) (B®, 1) —B(e,z+5))<N8V9)Vg, Wo := V(8. a) — Vo(8. a+9).

t

Note that these source terms satisfy

|05 0f F| + 10§ 9f Wol < Cakl8l, Vo, k.
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Moreover, by Proposition 4, F and its derivatives converge to zero uniformly in 6, faster
than any power of ¢. With this decay property, it is straightforward to adapt the energy
estimates performed in the proof of Propositions 2 and 4. As a consequence, using again
assumption (A), we deduce that W satisfies | W|| o < C|§|, which reads

[V(O,1) — Vi@, 1)] <Cl|3| (2.20)
uniformly in 6, . Combining (2.18), (2.20) we deduce that as ¢ goes to infinity,
v —v"| < Cla —d|,
which proves the lemma.

We can now end the proof of Proposition 5. Let & € ZZ. If v satisfies system (2.3),
then vz (z) = v(z + (M)'§) satisfies

—V, - B(M2)Vve =0, zqg >a—&-Mey,
ve(z) = vo(Mz), za=a—§& Meg.

This is deduced easily from the periodicity of B and vg and the property (M)" = M~
Hence, the constant at infinity satisfies

vt = Ua—§~Med )

If Megq ¢ aQ for any o € R, then the set {€ - Mey : k € Z%} is dense in R, and by
continuity of v* with respect to a, the result follows.

3. High order approximation

Thanks to the boundary layer analysis of the previous section, we shall prove Theorem 1.
From now on, we consider a convex polygonal domain 2 = ﬂ,ivzl {x : n* - x > &} with
inward normal vector n = n* satisfying (A) for all k.

3.1. Choice Ofl/tl and u?. Discussion of the assumptions (A0) and (Al)

The first step of the proof is to derive the fields u! and u? for which (1.8) should hold.
As described in the introduction, the starting point of this derivation is a formal two-scale
expansion of the solution

u® =~ ul(x) + eu' (x, x/e) + 2u’(x, x /&) + - - -

whose formal computation is detailed in [1]. The leading term u° satisfies the homog-
enized problem (1.3). The next order term ul satisfies (1.5)—(1.11). Finally, the second
order term u? is given by (1.10).
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Of course, system (1.11) is not enough to determine i!, as boundary conditions must
be prescribed at 0€2. These conditions should account for boundary layer phenomena.
More precisely, we expect an asymptotics of the type

u® ~ul(x) + eu'(x, x/e) + eu,lyf(x) + .

where u }f satisfies the Dirichlet problem (1.12). Following the formal considerations of
Section 2, we want to approximate this last term by

N

l,e ~ k

uy (x) ~ E vy (x, x/€)
k=1

where the boundary layer correctors v’,jl satisfy systems (2.1).

Broadly, the results of the previous section show that there exists some v%°°(x) such
that

vlg,(x, y) = v0®(x) asy-n* —ck/e > o0,
uniformly with respect to x and ¢. Moreover, the rate of convergence is faster than any
negative power of |y - nk — c*/e|. See (2.17). The idea is to choose it! at 32 so that
v5% = 0 for all k. In this way, the boundary layer term should be negligible in each
compact subset of €2, allowing for an estimate like (1.8). To be more specific, let v be the

solution of (2.3) provided by Proposition 2, under assumption (A). From Propositions 4
and 5,

v(z) »> v™° =v™®[B, M, 9] aszg— +oo, uniformlyinz’.

Back to systems (2.1)—(2.2), we introduce forall 1 < o <d,andall 1 < k < N, the
matrix G% € M"(R) whose j-th column is defined by

(G Nzizn 1= —v¥[B M*, (xf)1<i<a]. V1<) <n.

Finally, we set

0

9
il = Gk’“ai(x), xecdQNKk 1<k<N. G.1)
Xa

As u? is zero at the boundary <2, this boundary condition is the same as the Robin type
condition (1.13), setting

d
k ..
rf =Y "Gk, 0 =)<z, Vi j=1,....n. (3.2)
a=1

System (1.11)—(1.13) is well-posed if ul is regular enough:

Proposition 7. If u® € W>>°(Q), there exists a unique solution i' € H'(Q) of (1.11)—
(1.13).
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Proof. The main point is to show that the boundary data belongs to H'/?(3), i.e. there
existsa U! € H'(Q) such that

U'=T%3,u°, xedQnk* 1<k<N.

Afterwards, introducing v!' = u' — U, one obtains an elliptic problem with a homo-
geneous boundary condition and an H~!(Q) source term. It has a unique variational
solution, which yields well-posedness for (1.11)—(1.13).

The difficulty is the lack of regularity near the edges and vertices of 2. When d = 2,
the situation is easier. Let O be a vertex. We can assume, up to reindexing the hyperplanes,
that O belongs to H I and HZ. Then one can even find a constant matrix G = (G!, G?) e
M, (R) x M, (R) such that in the vicinity of 0,

U' = G%u’ =T%3,u’, xecaQnk* k=1,2. (3.3)

Indeed, condition (3.3) reads

Thus, to prove the existence of G, it is enough to show that the linear mapping
M, (R) x M,(R) = M,(R) x M,(R), G > (Gn], G"‘ni),

is surjective. This follows from its straightforward injectivity. Note that in this case, only
H? regularity of u° is needed.

Note also that the previous reasoning extends directly to the case of an edge (that is,
the intersection of two hyperplanes) in dimension d = 3. Let finally O be a vertex of
Q C R?, belonging to M sides supported by H!, ..., H™. Let us consider a plane H
near 0, transverse to the M sides. It intersects € along a two-dimensional polygon .
Locally near 0, we can describe €2 by spherical type coordinates, that is,

Q=1{rs:0<r <8, seQ
Applying the results of the case d = 2, we can find a smooth function
G =(G',G%:Q— My(R) x My(R)
satisfying
XZ:G“(x).n{; =Ty, xeKkFnaQ, 1<k<d.
a=1

Note that G is constant near each vertex of €2. Back to the domain 2, we define the lift of
the boundary data as

2
U'(x) = U'(ts) ==Y G*(5)dy, u’(15).

a=l1

Using the fact that u% € w2 and Vu0|,=0 = 0, one can easily see that Ul e HY(Q).
This ends the proof of Proposition 7.
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With the corrections «! and u? at hand, we will be able to prove the energy estimate
(1.8), under the assumptions (A0O) and (A1). Let us discuss a little these regularity require-
ments. Again, the main point is the irregularity of €2, which limits the smoothing effect
of the elliptic operator V - AV Elliptic theory for such polygonal domains has been the
subject of many papers. We refer to the textbooks [10, 9].

Broadly, for an arbitrary smooth f in (1.3), one cannot expect H* regularity for u°
when s > 2. For the assumption (A0) to hold, f must satisfy some compatibility condi-
tions. These compatibility conditions do not take a simple form, even for a scalar equation
(n = 1) in dimension 2. For instance, except in the case where the angles of the polygon
are of the type w = m/n, n € N, these conditions are not local near the vertices. We refer
to [10] for details. From this point of view, assumption (A0) is restrictive.

We stress, however, that if u® is regular enough, assumption (A1) is quite natural. For
instance, if n = 1,d = 2, and u® € H*(Q), then U' € H3(Q) N C'(Q) where U! is
the lift of the boundary data built in the previous proposition. As a result, v! = u! — U'!
satisfies an elliptic equation with constant coefficients, homogeneous boundary condition
and source term in H'!. The H? N C! regularity of v! then follows from standard theory
for the Laplace equation in polygonal domains.

Let us stress again that by the same theory, we do not expect u! to be in H*(2) with
s > 2. In other words, we do not know if the compatibility conditions imposed on f
should be satisfied by the source term in the equation for v!. We pay attention to this in
the next section, where we try to use as little regularity of #° and u! as possible. From
now on, we assume (AOQ) and (A1).

3.2. Outline of the proof

Fori = 1,2, let u = ui(x, y) be as in the previous subsection, and let u;)ls be the
solutions of

—V-A(x/e)Vuyf =0, xeQ,

. 34
uy, = —u'(x,x/e), x €IQ. (34)

In the next subsections we shall prove the following error estimates:

1. “Global error estimate”:

lefll 1y = O(e?),

¢ =u® —ul(x) —eu'(x, x/e) — e2u*(x, xJ&) — 81/!}17}8()6) - ezui}g(x).

2. “Boundary error estimate’:
1 = 2
. ,E€ k €
legli 2y = OC).  efy = uy" — > vj(x. x/e) + euyy
k=1

where v]};l (x, y) is the solution of (2.1) built in the previous section.
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Before we establish these bounds, let us show how they imply Theorem 1. Let € 2. By
the “global error estimate”, we get

uf — ul(x) — eu' (x, x /&) — eu’(x, X/ 1 ()
N
< ce+ | Y ohoex/n| el
k=1 H (@)

By our choice of i, the boundary layer terms vlgl (x, y) are fast decreasing to zero as the
normal coordinate y - n* — ¢k /e goes to +o0, uniformly in x and e. The same holds for
their derivatives (cf. Proposition 5). Precisely,

N
Y| =0Em, ¥s=2,vm v € Q. (3.5)
P HS (@)
Then e;, satisfies
N
V- A/e)Vey =1, rfpi=—V-Ax/e)V Y vy (x,x/e), x€Q.
k=1

Let 0 < ¢(x) < 1 be compactly supported in €2, with ¢ = 1 in w. A standard energy
estimate yields

szA(x/e)Veil Ve, dx = —2/9(pef;l -(A(x/e)Vey; - Vo)dx + /gz e o(pzelil.
Using the decay properties (3.5), the remainder term satisfies |7}l 2(,, = O(e™) for all
s, m, and for any o’ € € containing the support of ¢. Thus, the above inequality implies
lepll 1wy < Cllep 2y + Cme™,  Vm.
Thus, we get
lu® —u®(x) — eu' (x, x/8) — e2uP(x, x/8) | g1 ) < C(e” + ellefy 12 ())-

Combining this bound with the “boundary error estimate”, we obtain (1.8), which ends the
proof of Theorem 1. Actually, we have the following improved estimate which accounts
for the homogenized boundary layer:

Corollary 8. Under the assumptions of Theorem 1, we also have the following global
estimate:

We point out that the difference between Theorem 1 and Corollary 8 is that Theorem 1
justifies the term u>(x, y) in the expansion since it gives an H' estimate whereas Corol-
lary 8 justifies the boundary layer behavior since it holds up to the boundary. Of course,
it only holds in L2.

< C&2. 3.6
B € (3.6)

N
u® —ul(x) —eu'(x,x/e) — ¢ Z v'g,(x, x/s)‘
k=1
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3.3. Global energy estimate
This subsection is devoted to the proof of an 0 (&%) estimate for ¢ in H!($2). We have
—V-A(-/e)Ve* =rf, xeQ, €ya=0, (3.7)

where the remainder term r¢ is given by

ré(x) := eV, - (AquT:—/AVylﬂ)(x, x/e) +¢&Vy - (Aquz)(x, x/¢€)
+ &2V, - (AVeu?)(x, x/€), (3.8)

with the tilde denoting the oscillating part (with zero average with respect to y). As the
source term is a priori of order &, one cannot obtain an O (s?) bound straightforwardly.
To gain extra powers of ¢, a standard trick is then to introduce a field W = W (x, y) such
that

Vy W =V, (AVu! + AV u?). (3.9)
Note that if W satisfies this relation, setting
V(x,y) = W(x,y) + Ay Vel (x, y),
we can write

ré(x) = eVy - W(x, x/e) ++eVy - (AVyu?)(x, x/€) + £V, - (AV,u?) (x, x/¢)
=&V, - V(x,x/e) +&*Vy - (AV,u?)(x, x/¢)
=&V - [V(, /e)l(x) — 2V, - W(x, x/¢). (3.10)

This last expression is formally enough to derive an O (¢2) bound. But there is a regularity
issue. The r.h.s. in (3.9) involves a priori three derivatives of u° and two derivatives of it'.
By (A0)—(A1), if we do not choose the solution W of (3.9) carefully, it will only be L?
with respect to x. That will not be enough to control the last term in the above expression
for F¢.

Inspired by ideas of Bensoussan, Lions and Papanicolaou [6], we notice that, as

Vy - (AV,u® + AVyul) =0,

we can write o
AV, + AVyul = curl, ¢,

for some ¥ = ¥ (x, y) with zero average with respect to y. By the assumptions on u?, u!,
the field ¢ is smooth with respect to y and has H? regularity with respect to x. Then, by
construction of 12,

Vy - (Aqu1 + AVyu2) = -V, - (AV,ul + AVyul) ==V, -curly ¥ =V, -curl, .
Again, this implies that there exists ¢ = ¢ (x, y) with zero average in y such that

—_—

AV.u! + AVyu? — curl, ¥ = curly ¢.
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The field ¢ is smooth with respect to y and has H' regularity with respect to x. Finally,
we get

Vi - (AVyu! + AVyu?) = Vy - (curly ¥ + curly ¢) = Vi - curly, ¢ = —V,, - curl, ¢.

Thus, we can set
W(-xa y) = _Curlx ¢(-x5 y)

which is smooth with respect to y and has L? regularity with respect to x. The key point
is that V,, - W = 0, so that there is no lack of regularity.
From these considerations, it follows easily that

I g1 < ae?

with a constant o depending only on the H? norm of «!, and the H> norm of u°. Back to
(3.7), a simple energy estimate gives the O (¢2) bound.

3.4. Boundary layer estimate

This subsection is devoted to the homogenization of the system

{ —V - A(/e)Vu;,; =0, x €3,

uf, = —u'(x,x/e) —eu?(x,x/e), x € Q.

which is satisfied by uy, 1= u ,if + euif. We expect uj, to have an expansion of the type
N
~ k k
ufy ~ Y (v (x, x/e) + ew (x, x/e))
k=1

where vl}jl = 1)11;1 (x,y), w]ljl = w]l;l (x, y) are defined on the half-space Q&K (cf. Section 2).
Plugging the expansion in the system satisfied by uj;, one finds that v’ljl satisfies the
system (2.1). The well-posedness and qualitative properties of this system have already
been discussed. By our choice of i, the solution v,’jl converges to 0 as y - ny — ck/e —
+00, with a decay rate better than any power of |y - nx — c¥/e|.
The next order term wl,jl satisfies formally:

{ U S 3.11)

wlg[ = —us(x,y), yeaIek,
=V, AVl 4 v, AV,

Remark that, by decay properties of v'gl, £* goes rapidly to zero as y - ng — ¢k /e — +o0.
System (3.11) is of course very similar to (2.1), and can be solved in a similar manner,
taking advantage of a quasiperiodic setting. Proceeding exactly as in Section 2, it amounts
to solving a problem of the form (2.7), with an H which is not anymore of compact
support, but satisfies 1™ 95 Btk H e L? for all m, a, k. The arguments for well-posedness
and convergence far from the boundary extend easily to this setting. In particular, the
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conclusions of Propositions 4 and 5 are still valid. Hence, one can find w’gl = wlgl (x,y)
solving (3.11), that converges fast to some wk’oo(x) as y - nf¥ — ck/e — +o00. Note that
w’ljl involves linearly second order derivatives of u®, and first order derivatives of i1!, so

that it has H' N ¢ regularity with respect to x.
Our goal is to derive an O (g) bound in L2(Q) for ey i=ep—ey w]l;l (x,x/e). As

”w]b(l(xv X/S)HLZ(Q) = 0(1)

the “boundary error estimate” will follow, concluding the proof of Theorem 1. The field
ey, satisfies
where
ri =Y Ve (AVivp + AVywp)(x. x/e) +& Y V- (AVewj (/o) (x), (3.12)
(plfl = —ul(x, x/e) — 8u2(x, x/e) — Z(vlgl(x, x/€e) + 8w]1§l(x, x/eNlaq- (3.13)
Control of the source term. The source term ry; is made of two terms. The second term

on the r.h.s. of (3.12) is of the type eV - R® where || R®||;2q) < C.

The first term on the r.h.s. of (3.12) reads Y rk(x, x/¢e) for some k= rk(x, y) built
from V;, vl,jl and V,, w/;l. By properties of these boundary layer profiles, the field r* has L?
regularity in x, is smooth in y, and goes to zero as y - n¥ — ¢ /e — +o0, faster than any
power of y - n¥ — ¢k /& uniformly in x and . For any e € HOl (£2), we have
< / e (x, x/e)d (x, BQ)L dx
e d(x, 0%)

le]

——dx
d(x,0)

le]
———dx
d(x,09)

/ r*(x, x/e) - e(x) dx
Q

< / el (e, xe)d (x, K*)
Q

5/ el Ge. x /e -k — k|
Q

< s/sup|r’<<x,y>| yonk = kel - gy
=& d(x. %)

= Ce||Vel12(q)

where the last inequality stems from Cauchy—Schwarz’ and Hardy’s inequalities.
Gathering these bounds gives

lrpll 1) < Ce. (3.14)
Control of the boundary term. We will prove that
||§01§1||W|—I/p‘p(ag) <C(p)e, Vp<2. (3.15)

Before that, let us show how this implies the bound we want on ézl. First, it allows us to
introduce a field ¢¢ satisfying, for all p < 2,

p* e WH(Q),  ¢ha=e) 16w = 0.
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The remaining term e® = ¢, — ¢° satisfies
V-(A(x/e)Ve®) = FEinQ, e‘lyja =0, F°=rf—V-(Ax/e)V¢®) € WP (Q).

We can now apply general results of Meyers [12] on elliptic equations in divergence form
with bounded coefficients. These results extend straightforwardly to elliptic systems (i.e.
when n > 1). As aresult, there exists p,, < 2 such that for all p,, < p < 2, €° satisfies

||€8||Wl»p(gz) = C(P)”FSHW*LP(Q) < C(p)s,

combining (3.14) and the estimate on ¢¢. The L? estimate on ¢, and then on e;;» follows
from Sobolev imbedding.
Hence, the last step is to obtain (3.15). We first focus on one part of ¢;,, namely

Yy i X > —ul(x, x/e) — Zvlgl(x,x/e).
k

We shall prove that
”Qov”Wl*l/PvP(aQ) =0(), Vp<2

By construction of the v]l;l’s, one can decompose
Pu) = V(x x/e) Vi () = (—x(x/e) + Y VEw/e)) V),
k

where
V=V,), x=x%0W), Vi=vko)em,®R), «=1,....,d,k=1,...,N,

denote as usual families of matrix fields. Note that y is the solution of the cell problem
(1.4). By construction of the boundary layer profiles, v’ljl and its derivatives go to zero
uniformly as y - n¥ — ¢¥/e — 400, faster than any negative power of y - nf — ck/e.
Moreover, for any k,
Oulyonkk = — Z Vix/e)Vul (x).
Jj#k

Let iy be a smooth function on 9<2, compactly supported outside a neighborhood of the
edges and vertices of 2. The above remarks lead to: for all p < 2,

0 /
||1/f¢v||wlfl/p,n(ag) = ||¢(Pv||1-11/2(39) = Cs,mgm”VM ||H1/2(BQ) =< Cs‘mgm, Vm, s.

Hence, the main problem in establishing the O(e) bound comes from the edges and ver-
tices of the polygon. In particular, we will need to use cancellation properties of Vu
there.

Let us first consider the case n = 2. Let O be a vertex of 2. We introduce polar
coordinates r = r(x), 8 = 6(x), centered at O. Let { be a smooth function supported this
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time in the vicinity of O in 2. We recall the standard estimate: for all f, g € L*°(3Q) N
wi=l/rraQ),

||fg||Wlfl/nvp(aQ) =< C(”f”LO"(BSZ)”g”Wl*l/P-P(aQ) + ||8||L°°(8S2)||f||W171/1xn(3Q))«
(3.16)

Hence, we deduce

IVrV(/e)lliL=oe
Wl—l/p.p(agz)

Vu®
I 1/’2‘% [ Wi-1/p.p Q) = H WT

”wrv('/g)”Wl*l/p»p(agz)-

Vud
+ | —
T lLe@e)

We emphasize that

Vuo 0 1-1/
Y— e L0 NW P-P(3Q), Vp<?2.
r

Indeed, as u? satisfies a Dirichlet condition at 92, Vu® cancels at the vertex O, and
Taylor’s formula gives

\v/ 0 1
ux _ i-/ vVul(tx) dt.
r lx| Jo

By assumption (AO), it clearly belongs to L%°(3d2) and to WLP(), hence to
wl=1/P-P(3). Note however that it does not belong a priori to H'2(32). That is why
we consider L? spaces for p < 2 and use the Meyers theorem.

It remains to control the function V (-/¢) in the vicinity of O in 2. This vertex
belongs to two sides, say K! N 9Q and K2 N 9. We can always assume that § = 0
corresponds to K' and § = w corresponds to K. Note that by convexity, 0 < w < 7.
For j # 1, by properties of the boundary layer profiles,

1Wr VI C/e)lpsaanks = OE™),  Ym,s.
We can therefore neglect such terms. Then

IYrV(/e)llL~pank?) = Csupr|V1(r cosw/e, rsinw/e)]
r>0

<c

——sup |y2| IV (1, y2)| < Ce.
Sinw y

Similarly,

gl+1/p +00 . I/p Y
rV(-/e <C————su \% , Pd <C'se P,
IYrV(/ellLroonk?) < (sinw)1/7 ylp</(; [V (31, y2)I yz) <

Applying the same reasoning to the tangential derivatives, we get

||W”V('/8)|IH1(390K2) < C/é‘l/p.
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We can of course proceed in a similar way with the other hyperplane K ', and we end up
with

lyrV(/e)llLepa = O(e),

1WrVE/elippe = 0E™P), vrVE/e)lwipe = 0E"P).

By interpolation of the last two inequalities, we get

||1//”V('/5)||W1*1/p»p(39) = 0(52/[7)7

which gives the bound we want for the case d = 2.
When d = 3, the computations are almost the same. We have to distinguish between
the case of an edge and the case of a vertex.

e In the neighborhood of an edge, but far from a vertex, one can use locally cylindrical
coordinates (r, 9, z), where r = 0 corresponds to the edge, z is the variable along the
edge, and 6 is the angular variable. Again, the edge is the intersection of two hyper-
planes K' and K2, with # = 0 corresponding to K', whereas § = w corresponds
to K2. The computation is exactly the same as for d = 2, and we leave the details to
the reader.

e In the neighborhood of a vertex O, one can use spherical type coordinates. Precisely,
we consider a plane H near O, transverse to the sides that contain O. Its intersection
with Q is a two-dimensional polygon Q. We describe 92 near O by the coordinates
x=rs,r>0s5¢€ 9<2. We use this time the decomposition

Vuo(x)
)

for ¢ = v (x) a function compactly supported near O. Thanks to (3.16), we must again
evaluate (Y |rs|V)(x/¢e). For instance,

Vo, = (1/r|rs|V(x/s)>(x/f

I¥lrs|V(x/e)llL=pe) <& sup |o|V(0)<Ce.
oe(r/e)d

The treatments of the L? norm and W!-? norm are similar. We end up with
I IrsIV /&) lwi-1.pa) < Ce*/P,

which concludes the study of ¢,,.

To establish inequality (3.15), it remains to handle the other part of ¢;,. Namely,
u 1= —u’(x, x/e) = Y wh(x, x/e)
k

should satisfy
”ww”Wl*l/P.P(aQ) =0(), Vp<2
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Again, by the properties of the w'gl ’s, we can write

Pw = W(x/e)V2u(x) + W(x/e)Vii' (x)
- (—T(x/e) +y Wk(x/a))vzuo(x) i (—X(x/s) +y Wk(x/8)>V121(x),
k k

where

W=Ww"e@y), T=1%y), W=whkey) e M, R),
a,p=1,....d, k=1,...,N,

and

W=W0), x=x%0, W=wkey)eMm,®),
a=1,...,.d, k=1,...,N.

Note that Y and y are the same families as in (1.9) and (1.4).

Unlike the previous fields V¥, the fields W, resp. W* converge to non-zero constant
fields W5, resp. W5 To overcome this difficulty, we introduce the field @y, defined
by

o = > WIOVEO(x) + Y WV (x),  xedQn Kk
J#k J#k
Note that ¢° can be decomposed into products of the type fg, where:

e f involves either second de_rivatives of u or first derivatives of u!. By (A0) and (A1),
it belongs to H'(22) N C%(Q).
e g = g¥is constant on each hyperplane K¥. Direct verifications show that

ge WiTrrQ),  vp<2.

For instance, when d = 2, the only regularity problem lies at the vertices of 2. Let O be
such a vertex, belonging for instance to K ' N K 2. It is then enough to find G € W7 (Q)
such that G|yq = g in the vicinity of O. As before, we consider polar coordinates r, 6
centered at 0. The angle # = 0 corresponds to K ', and # = w corresponds to H!. We

take
0 0
G = (1 - sin(”—>>g1 . sin<”—> e WhP(Q), Vp<2.
2w 2w

We stress that such a field G is not in H'(R), so that considering p < 2 is again
needed. When d = 3, the treatment is similar and left to the reader.

We deduce that [|op° | y1-1/p.p50) < +00. Now, for any k = 1,..., N, and all x €
9Q N KX, one has

Puw(x) = @i (¥) + YW (x/e) = W)Vl (x) + (W (x /&) — W) Vid' (x).
J#k
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Hence, up to replacing ¢, by ¢, — @5, we can always assume that wkee = 0,
Wk = 0.

At this point, the estimate on ¢,, can be obtained along the same lines as the estimate
on ¢,. As we only need an O (1) bound, the situation is simpler: we do not need extra
terms like r (for d = 2) or rs (for d = 3) in front of the boundary layer terms W(x, x/¢)
and W (x /¢). In other words, we do not need any cancelation property for V2u® or Vii!.
This concludes the proof of Theorem 1.
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