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Abstract. We give a complete classification of right coideal subalgebras that contain all grouplike
elements for the quantum group U; (502,,+1), provided that ¢ is not a root of 1. If g has a finite
multiplicative order ¢ > 4, this classification remains valid for homogeneous right coideal subalge-
bras of the Frobenius—Lusztig kernel u;}'(sogn_i_l). In particular, the total number of right coideal
subalgebras that contain the coradical equals (2r)!!, the order of the Weyl group defined by the root
system of type Bj,.
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1. Introduction

In the present paper, we continue the classification of right coideal subalgebras in quan-
tised enveloping algebras begun in [13]. We offer a complete classification of right coideal
subalgebras that contain all grouplike elements for the multiparameter version of the
quantum group UqJr (s024+1), provided that the main parameter g is not a root of 1. If
g has a finite multiplicative order ¢+ > 4, this classification remains valid for homoge-
neous right coideal subalgebras of the multiparameter version of the Frobenius—Lusztig
kernel M:I_(HOQ;,H,]). The main result of the paper is the establishment of a bijection be-
tween all sequences (f1,...,6,) suchthat 0 < 6, < 2n —2k+ 1,1 < k < n, and
the set of all (homogeneous if g' = 1, t > 4) right coideal subalgebras of U; (5021+1),
q" # 1 (respectively of u;l“(soznﬂ)) that contain the coradical. (Recall that in a pointed
Hopf algebra, the grouplike elements span the coradical.) In particular, there are (2n)!!
different right coideal subalgebras that contain the coradical. Interestingly, this number
coincides with the order of the Weyl group for the root system of type B,. In [13], we
proved that the number of different right coideal subalgebras that contain the coradical of
U;‘ (sl,41) equals (n + 1)!, the order of the Weyl group for the root system of type A,,.
Recently, B. Pogorelsky [16] proved that the quantum Borel algebra U, ; (g) for the simple
Lie algebra of type G, has 12 different right coideal subalgebras over the coradical. This
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number also coincides with the order of the Weyl group of type G,. Although there is
no theoretical explanation for why the Weyl group appears in these results, we state the
following general hypothesis.

Conjecture. Let g be a simple Lie algebra defined by a finite root system R. The number
of different right coideal subalgebras that contain the coradical in a quantum Borel alge-
bra U, ; (9) equals the order of the Weyl group defined by the root system R, provided that
q is not a root of 1.!

In Section 2, following [13], we introduce the main concepts of the paper and we formu-
late known results that are useful for classification. In the third section, we prove auxiliary
relations in a multiparameter version of U ; (502,+1). In the fourth section, we note that
the Weyl basis

fulk, m1 L. e Xt ] o X [ 1<k <m <2n—k, Xuer Z X011}

of the Borel subalgebra 50;! 41 With skew bracket [u, v] = uv — x"(gy)vu in place of the
Lie operation is a set of PBW-generators for U, q"’ (5024+1) and u;}’(soz,wr 1). By means of
the shuffle representation, in Theorem 4.3, we prove an explicit formula for the coproduct
of these PBW-generators, which is the key result for further considerations:
m—1
Aulk,m]) = ulk, m1® 1 + gim @ ulk.ml+ Y 7(1 — g~ geuli + 1, m] @ ulk. i,
i=k
where 7; = 1 with only one exception, 7, = g, while g; are suitable grouplike elements.
Interestingly, this coproduct formula differs from that in U;; (sl2,+1) in just one term (see
formula (3.3) in [11]).
In Section 5, we show that each homogeneous right coideal subalgebra in U ;‘ (5027+1)
or in u;]“ (502,+1) has PBW-generators of a special form, & (k, m), where S is a set of

integers from the interval [1, 2n]. The polynomial ®*(k, m) is defined by induction on
the number r of elements in SN[k, m — 1] = {s1,...,5}, k <s1 <--- <8 < m,as
follows:

,
5 (k,m) = ulk,m] — (1 —q~2) Y opl, @5(1 + s, myulk, 5i],
i=1
where or,im are scalars, oc,im =1, p(u(l +s,m), u(k, $))~L. The existence of those gener-
ators implies that the set of all (homogeneous) right coideal subalgebras that contain the
coradical is finite (Corollary 5.7).

In Sections 6 and 7, we single out special sets S, called (k, m)-regular sets. In Propo-
sition 7.10, we establish a kind of duality for elements ®5(k, m) with regular S, which
provides a powerful tool for investigating PBW-generators for right coideal subalgebras.

In Section 8, we define a root sequence r(U) = (61, ..., 6,) in the following way.
The number 6; is the maximal m such that for some S the value of &5 (i, m) belongs to U,

' Note added in proof: Recently this conjecture was proved by 1. Heckenberger and H.-J. Schnei-
der in “Right coideal subalgebras of Nichols algebras and the Duflo order on the Weyl groupoid”,
arXiv:0909.0293, 43 pp.



Right coideal subalgebras of U;' (502,41) 1679

while the degree x; + x;4+1 + -+ + xp, of ®3(i, m) is not a sum of other nonzero degrees
of elements from U. In Theorem 8.2, we show that the root sequence uniquely defines the
right coideal subalgebra U that contains the coradical.

In Section 9, we consider some important examples, including the right coideal sub-
algebra generated by ®° (k, m) with regular S. We also analyze in detail the simplest (but
not trivial [2]) case, n = 2.

In Section 10, we associate a right coideal subalgebra Uy to each sequence of integers
0=(@,...,6,),0<6; <2n—2i+1,sothatr(Ug) = 0. First, by downward induction
on k, we define sets

Ry C[k,2n—k], TiC[k,2n—k+1], 1=<k<2n,

as follows. For k > n, we put Ry = Ty = (. Suppose that R;, T;, k < i < 2n, are already
defined. Denote by P the following binary predicate on the set of all ordered pairs i < j:

PGi,j)=jeTiv2n—i+1¢€Ty .

If 6, = 0, then we set Ry = Ty = @. If 6y # 0, then by definition, Ry contains ék =
k + 6 — 1 and all m satisfying the following three properties:

@ k <m <0
() =P (m + 1, 6); y
©Vrkk<sr<mPr+1,m) < Pr+1,6).

Further, we define an auxiliary set

T, =R U U{a|s<a§2n—k, P(s +1,a)},

SERk

and we put
T_{q if 2n — R N T = 0;
k= T/U{2n —k+1} otherwise.
Next, the subalgebra Uy is, by definition, generated over k[G] by values in U; (502441)
or in u(‘;(sognﬁ) of the polynomials ok (k,m), 1 <k <m,withm € Ry.

Theorems 8.2 and 10.3 together show that all right coideal subalgebras over the corad-
ical have the form Up.

In Section 11, we restate the main result in a slightly more general form. We consider
homogeneous right coideal subalgebras U such that the intersection 2 = U N G with the
group G of all grouplike elements is a subgroup. In this case U = k[Q]Ué, where Ué is
the subalgebra generated by g, 'a when a = ®%k(k, m) runs through the above described
generators of Uy.

The present paper extends [13] by using similar methods in a parallel way. However,
it is much more complicated technically. The proof of the explicit formula for comultipli-
cation (Theorem 4.3) essentially depends on the shuffle representation given in Proposi-
tion 4.2, while the same formula for the case A, was proved by a simple induction [11].
The elements ®° (k, m) that naturally appear as PBW-generators for right coideal subal-
gebras do not satisfy all necessary properties for further development. Therefore, in Sec-
tion 7, we introduce and investigate the elements @3 (k, m) with so called (k, m)-regular
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sets S. In Proposition 7.10, we establish a powerful duality for such elements. Interest-
ingly, as a consequence of the classification, we prove that every right coideal subalgebra
over the coradical is generated as an algebra by elements ®5(k, m) with (k, m)-regular
sets S (Corollary 10.4). The construction of Uy is more complicated and it has an impor-
tant new element, a binary predicate defined on the ordered pairs of indices. In [13], we
find, relatively easily, a differential subspace generated by WS (k, m), since this element
is linear in each variable that it depends on. However, the elements @5 (k, m) that appear
in the present work are not linear in some variables. Therefore, we fail to find their partial
derivatives in an appropriate form. Instead, in Theorem 9.8, using the root technique de-
veloped in Section 8, we find algebra generators of the right coideal subalgebra generated
by ®5(k, m) with a (k, m)-regular set S.

2. Preliminaries

PBW-generators

Let A be an algebra over a field k and B its subalgebra with a fixed basis {g; | j € J}.
A linearly ordered subset V C A is said to be a set of PBW-generators of A over B if
there exists a function h : V — Z* U oo, called the height function, such that the set of
all products

givy' vk, 2.1)

where j € J,v; <--- <vr € V,n; <h(v;), 1 <i <k,isabasis of A. The value h(v)
is called the height of vin V.

Skew brackets

Recall that a Hopf algebra H is referred to as a character Hopf algebra if the group G of
all grouplike elements is commutative and H is generated over K[G] by skew primitive
semi-invariants a;, [ € I:

Aa)=a;®1+g Qa;, g 'ag=x'(9ai, g g €G, (2.2)

where Xi, i € I, are characters of the group G. By means of the Dedekind Lemma, it is
easy to see that every character Hopf algebra is graded by the monoid G* of characters
generated by x':

H= Y ®H* H*=lacH|g 'ag=x(ga.geG) (2.3)
x€G*

Let us associate a “quantum” variable x; to @;. For each word u in X = {x; | i € I}, we
denote by g, or gr(u) the element of G that arises from u by replacing each x; with g;. In
the same way, x“ denotes the character that arises from u by replacing each x; with x‘.
We define a bilinear skew commutator on homogeneous linear combinations of words in
a; orin x;, i € I, by the formula

[u, v] = uv — x“(gv)vu, 2.4)
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where we use the notation x"(gy) = puv = p(u, v). Of course, p(u, v) is a bimultiplica-
tive map:

pu,vt) = p(u,v)p(u,t), put,v) = p,v)p(t,v). (2.5)
The brackets satisfy the following Jacobi identity:

[T, v], w] = [u, [v, wIl + pyyllu, wl, V] + (Pow — ppy)lu, wl-v,  (2.6)

or equivalently, in a less symmetric form,

([u, v], w] = [u, [v, w]] + pywlu, w]-v = puyv - [u, w]. 2.7
The Jacobi identity (2.6) implies the following conditional identity:

[[u, v], w] = [u, [v, w]] provided that [u, w] = 0. (2.8)

By the evident induction on length, this conditional identity admits the following gener-
alisation (see [13, Lemma 2.2]).

Lemma 2.1. If y1, ..., ym are homogeneous linear combinations of words such that
[yi,¥]1 =0,1 <1i < j—1 < m, then the bracketed polynomial [y ... yn] is inde-
pendent of the arrangement of brackets:

i-cyml =1y sl ssr-ymll, 1 <5 <m. 2.9
The brackets are related to the product by the following ad-identities:

[u-v, w] = pywlu, w]-v+u-[v,w], (2.10)
[u,v-w]=I[u,v] w+ pypv-lu, wl. 2.11)

In particular, if [u, w] = 0, we have
[u-v,w]l=u-[v, w]. (2.12)

The antisymmetry identity transforms into the following two equalities:

[u, v] = —puvlv, ul + (1 = pyuypo)u - v, (2.13)
[, v] = —py v, ul + (py,) = puv)v - u. (2.14)
In particular, if p,, py, = 1, the “colour” antisymmetry, [u, v] = —p,y[v, u], holds.

The group G acts on the free algebra k(X) by g~ 'ug = x“(g)u, where u is an
arbitrary monomial in X. The skew group algebra G(X) has the natural Hopf algebra
structure:

A)=xi®1+g®x;, iel, Alg=g®g geGC.
We fix a Hopf algebra homomorphism

E:GX)—> H, &xp)=a, &g =g, 1i€l,ged. (2.15)
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PBW-basis of a character Hopf algebra

The constitution of a word u in G U X is a family {m, | x € X} of nonnegative integers
such that u has m, occurrences of x. Certainly, almost all m, in the constitution are zero.
We fix an arbitrary complete order, <, on the set X. Normally, if X = {xq, ..., x,}, we
setx; > -+ > Xxp.

Let I't be the free additive (commutative) monoid generated by X. The monoid I'™
is completely ordered by declaring

mixi, + -+ mgxi, > mixi -+ mpxi, (2.16)

if the leftmost nonzero number in (m; — m’1 e, My — m}() is positive, where x;, >
- > x;, in X. We associate a formal degree D(u) = ) .y myx € I't to a word u in
G U X, where {m, | x € X} is the constitution of u. Moreover, if f = > o;ju; € G{X),
0 # «; €k, then
D(f) = max D(u;). 2.17)
1

On the set of all words in X, we fix the lexicographical order with priority from left to
right, where a proper initial segment of a word is considered to be greater than the word
itself.

A nonempty word u is called standard (or a Lyndon or Lyndon—Shirshov word) if
vw > wv for each decomposition # = vw with nonempty v, w. A nonassociative word
is a word in which brackets [, ] are arranged to show how the multiplication applies. If
[#] denotes a nonassociative word, then u denotes the associative word obtained from [u]
by removing the brackets. The set of standard nonassociative words is the largest set SL
that contains all variables x; and has the following properties:

1) If [u] = [[v][w]] € SL, then [v], [w] € SL, and v > w are standard.
2) If [u] = [[[vi][v2]] [w]] € SL, then vy, < w.

Every standard word has only one arrangement of brackets such that the resulting nonas-
sociative word is standard (Shirshov theorem [19]). To find this arrangement, one may
use the following inductive procedure:

Algorithm

The factors v, w of the nonassociative decomposition [#] = [[v][w]] are the standard
words such that # = vw and v has minimal length ([20], see also [14]).

Definition 2.2. A super-letter is a polynomial that equals a nonassociative standard word,
where the brackets are as in (2.4). A super-word is a word in super-letters.

By Shirshov’s theorem, every standard word u defines only one super-letter: in what
follows, we shall denote it by [u]. The order on the super-letters is defined in the natural
way: [u] > [v] & u > v.

In what follows, we reserve the notation H for a character Hopf algebra that is homo-
geneous in each a; (see (2.2) and (2.15)).
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Definition 2.3. A super-letter [u] is called hard in H provided its value in H is not a
linear combination of values of super-words of the same degree (2.17) in super-letters
smaller than [u].

Definition 2.4. We say that the height of a hard super-letter [u] in H equals 2 = h([u])
if & is the smallest number such that the following hold: first, p,, is a primitive ¢-th root
of 1 and either h =t or h = t1”, where I = char(K); and the value of [u]h in H is a linear
combination of super-words of the same degree (2.17) in super-letters smaller than [u]. If
no such number exists, then the height equals infinity.

Theorem 2.5 ([7, Theorem 2]). The values of all hard super-letters in H with the above-
defined height function form a set of PBW-generators for H over kK[G].

PBW-basis of a homogeneous right coideal subalgebra

A set T of PBW-generators for a homogeneous right coideal subalgebra U, k[G] C
U C H, can be obtained from the PBW-basis given in Theorem 2.5 in the following
way (see [12, Theorem 1.1]).

Suppose that for a hard super-letter [u] there exists a homogeneous element ¢ € U
with leading term [«]* in the PBW-decomposition given in Theorem 2.5:

c= [u]S+Za,-Wi e, (2.18)

where W; are the basis super-words starting with super-letters smaller than [u]. We fix
one of the elements with the minimal s, and we denote it by c,. Thus, for every hard
super-letter [u] in H, we have at most one element c,,. We define the height function by
means of the following lemma.

Lemma 2.6 ([12, Lemma 4.3]). In the representation (2.18) of c, either s = 1, or

p(u, u) is a primitive t-th root of 1 and s = t, or (in the case of positive characteristic)
s = t(chark)".

If the height of [#] in H is infinite, then the height of ¢, in U is also defined to be infinite.
If the height of [u#] in H equals ¢, then, according to the above lemma, s = 1 (recall that
in the PBW-decomposition (2.18) the exponent s must be less than the height of [«]). In
this case, the height of ¢, in U is defined to be ¢ as well. If the characteristic / is positive
and the height of [u] in H equals /", then we define the height of ¢, in U to be equal
totl"/s.

Proposition 2.7 ([12, Proposition 4.4]). The set of all ¢, with the above-defined height
function is a set of PBW-generators for U over K[G].

The reader is cautioned that the PBW-basis is not uniquely defined in the above process.
Nevertheless, the set of leading terms of the PBW-generators is indeed uniquely defined.

Definition 2.8. The degree sD(c,) € I'" of a PBW-generator ¢, is said to be a U-root.
A U-root y € I't is called simple if it is not the sum of two or more other U-roots.

The set of U-roots and the set of simple U-roots are invariants for any right coideal
subalgebra U.
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Shuffle representation

If the kernel of & defined in (2.15) is contained in the ideal G (X )(2) generated by x;x;,
i, j € I, then there exists a Hopf algebra projection 7 : H — Kk[G], a; — 0, g — g;.
Hence, by the Radford theorem [18], we have a decomposition into a biproduct, H =
A #K[G], where A is a subalgebra generated by a;, i € I (see [1, §1.5, §1.7]).

Definition 2.9. In what follows, A denotes the largest Hopf ideal in G (X)®. The ideal
A is homogeneous in each x; € X (see [11, Lemma 2.2]).

If Ker& = A or equivalently if A is a quantum symmetric algebra (a Nichols algebra
[1, §1.3, Section 2]), then A has a shuffle representation as follows.

The algebra A has the structure of a braided Hopf algebra [21] with a braiding
T(u ®v) = p, u)"'v ® u. The braided coproduct AP on A is connected with the
coproduct on H in the following way:

APy = uVer@®) ' @ u®. (2.19)
(u)

The tensor space T(V), V = > x;Kk, also has the structure of a braided Hopf algebra,
which is the quantum shuffle algebra Sh, (V') with the coproduct

Ay = (21020 ® Gig1 - 2m), (2.20)
i=0

where z; € X, and u = (z1...2zy) is the tensor z; ® - - - ® z,, considered as an element
of Sh; (V). The shuffle product satisfies

W)= Y plri, )" wxv),  Gdw) = Y plu,x) " wxv).  (2.21)

uv=w uv=w

The map a; — (x;) defines an embedding of the braided Hopf algebra A into the braided
Hopf algebra Sk, (V). This embedding is extremely useful for calculating the coproduct
due to formulae (2.19) and (2.20).

Differential calculus

The free algebra k(X) has a coordinate differential calculus
9j(xi) = Sf, 3 (uv) = 9;(u) - v+ x“(gi)u - 9; (v). (2.22)
The partial derivatives connect the calculus with the coproduct on k(X) via

AW =u®l+ Z 2idi () ® x; (mod G(X) ® k(X)?), (2.23)

where k(X)(z) is the ideal generated by x;x;, 1 <i, j < n.
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Lemma 2.10. Let u € k(X) be an element homogeneous in each x;. If py, is a t-th
primitive root of 1, then

Oy = pQu,x) " [, [, . [u, 3] 1 (2.24)
| —
-1
Proof. First, we note that the sequence p,,,, p,%u, e, pL;l contains all ¢-th roots of 1

except 1 itself. All members in this sequence are different. Hence, we may write the
polynomial equality

=1
1—x'=1 -0 ]]a-px. (2.25)
s=1
Let us calculate the right-hand side of (2.24). We denote by L, and R, the operators
of left and right multiplication by u, respectively. The right-hand side of (2.24) has the
following operator representation:

t—1
plu )™ (460 - [Tk = Ol R).
s=1
where Q = p(u, 3; (u)) = puup(u, x;)~'. Consider the polynomial
t—1 P t—1
foy=[Ta—-opi'n =) ank.
s=1 k=0

Because the operators R, and L, commute, we may develop the multiplication in the
operator product considering R, and L, as formal commutative variables:

t—1 t—1
o _ R _1—
[T —oni R =L, 1f(L—“) =Y el R
s=1 u k=0
Thus the right-hand side of (2.24) equals
1—1
PG, x)' ™Y o R0
k=0
Further, because Q = p,, p(u, xi)_l, the polynomial f has a representation
t—1
fo=T1a-rp.8.
s=1

where & = Ap(u, x;)~\. Taking into account (2.25), we obtain
1—&" 1—Apu,x)™!
fo) = = —
1-&  1—Ap(u,xi)
=14+2p@,x)™" +22pu, x) 2 -+ A plu, x)'
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that is, o = p(u, x;)~%, while the right-hand side of (2.24) takes the form

t—1

D pGu, ) Rt T R g (wyut (2.26)
k=0
At the same time the Leibniz formula (2.22) shows that 9; (u”) also equals (2.26). |

MS-criterion

The quantum symmetric algebra has several convenient characterisations. One of these
characterisations says that the quantum symmetric algebra is the optimal algebra for the
calculus defined by (2.22). In other words, the above-defined algebra A is a quantum
symmetric algebra (or equivalently Keré = A) if and only if all constants in A are
scalars.

For braidings of the Cartan type, this characterisation was proved by A. Milinski and
H.-J. Schneider in [15] and then generalised to arbitrary (even not necessarily invertible)
braidings by the author in [10, Theorem 4.11]. Moreover, if X is finite, then A N k(X)
(as well as any differential ideal in k(X)) is generated as a left ideal by constants from
k(X )(2) (see [10, Corollary 7.8]). Thus, we may formulate the following criterion, which
is useful for checking relations.

Lemma 2.11 (Milinski—Schneider criterion). Suppose that Ker& = A. If a polynomial
f € kK(X) is aconstant in A (that is, 0;(f) € A, i € I), then there exists a €K such that
f—a=0inA.

Of course, one can easily prove this criterion by means of (2.19), (2.20) and (2.23) using
the above shuffle representation because (2.20) implies that all constants in the shuffle
coalgebra are scalars.

Quantum Borel algebra

Let C = ||a;j|| be a generalised Cartan matrix, symmetrisable by D = diag(dy, ..., dy):
dja;j = djaj;. We denote by g the Kac-Moody algebra defined by C (see [5]). Suppose
that parameters p;; are related by

pii =q%,  pijpi=q"%, 1<i,j<n. (2.27)

Denote by g; the linear transformation g; : x; — p;;x; of the linear space spanned by
a set of variables X = {x1,..., x,}. Let x' denote the character x' : g; — p;; of the
group G generated by g;, 1 <i < n. We consider each x; as a “quantum variable” with
parameters g;, x'. As above, G(X) denotes the skew group algebra with commutation
rules x;g; = pijgjxi, 1 <1, j < n. This algebra has the structure of a character Hopf
algebra

AXx)=x,Q1+g Qx;, A(g) =g Qg (2.28)
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In this case the multiparameter quantisation U, q+ (g) of the Borel subalgebra g* is a ho-
momorphic image of G(X) defined by Serre relations with the skew bracket in place of
the Lie operation:

Lol ol ] =0, 1<i#j<n. (2.29)
_\/_/
1—aj; times
By [6, Theorem 6.1], the left-hand sides of these relations are skew-primitive elements in

G (X). Therefore the ideal generated by these elements is a Hopf ideal, while U, q+ (g) has
the natural structure of a character Hopf algebra.

Lemma 2.12 ([13, Corollary 3.2]). If q is not a root of 1, and C is of finite type, then
every subalgebra U of U, q"‘ (g) containing G is homogeneous with respect to each of the
variables x;.

Definition 2.13. If the multiplicative order ¢ of ¢ is finite, then we define u;’ (g) as
G(X)/A, where A is the largest Hopf ideal in G (X)® (see Definition 2.9).

Because a skew-primitive element generates a Hopf ideal, A contains all skew-primi-
tive elements of G (X )(2). Hence relations (2.29) are still valid in u;‘(g).

3. Relations in the quantum Borel algebra U ; (5021+1)

In what follows, we fix a parameter g such that g* # 1, ¢ # 1. If C is a Cartan matrix
of type By, relations (2.27) take the form

Pmn=q, Ppi=q> piitipit1i=q >, 1<i<n; 3.1

pijpjii =1, j>i+1. (3.2)
Starting with parameters p;; satisfying these relations, we define the group G and the

character Hopf algebra G (X) as in the above subsection. In this case the quantum Borel
algebra U, q+ (502,,+1) is a homomorphic image of G (X) subject to the following relations:

i, [xi, xi41]1=0, 1=<i<n; [x,x]=0, j>i+]1; (3.3)
[xi, xig1)s xie1] = Ulxn—1, xn], x41, x,1 =0, 1=<i <n-—1. 3.4

Here, we slightly modify the Serre relations (2.29) so that the left-hand side of each
relation is a super-letter. This modification is possible due to the following general relation
in k(X) (see [9, Corollary 4.10]):

L. x, 21 x50, oxj ]l =y, [x, .. [xj, %1001, 0# ek, (3.5)

n n

provided that p;;p;; = p}j_n'
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Definition 3.1. The elements u, v are said to be separated if there exists an index j,
1 < j < n, such that either u € k(x; | i < j), v € k{x; | i > J) or vice versa:
ueckixi|i>j),vekx|i<j)

Lemma 3.2. Inthe algebra U q+ (502,41), any two separated elements u, v, homogeneous
in each x; € X, (skew) commute: [u, v] = [v, u] = 0.

Proof. Relations (3.2) and conditional antisymmetry (2.13) show that [x;, x;] = [xj, x;]
= 0 provided that |i — j| > 1. Now relations (2.10) and (2.11) allow one to perform an
evident induction. o
Certainly, the subalgebra of Uj(502n+1) generated over K[g1,...,gn—1]1 by x;, 1 < i
< n, is the Hopf algebra U;z (sl,) defined by the Cartan matrix of type A,_1. Let us

replace just one parameter, p,, < g>. Then the quantum Borel algebra U;; (sly+1) s a

homomorphic image of G’(X) subject to the relations
[[xi, xig1 ] xip1] =[x, (%, xi01]l =[x, x;1 =0,  j>i+1 (3.6)

Here, G’ is the group generated by the transformations g1, ..., g,—1, g, where g, (x;) =
gn(x;) fori # n and g;(xn) = qzxn'

Lemma 3.3. A relation f = 0, f € K(X), linear in x, is valid in U;'(saz,,_H) if and
only if it is valid in the above algebra U;'z (slh+1)-

Proof. The element f, an element of a free algebra, belongs to the ideal generated by the
defining relations that are independent of x,, or linear in x,. All these relations are the
same for U;r (502,41) and for Uquz (slpa1). O

Lemma 3.4. If u is a standard word, then either u = XgXky1...Xm, kK < m < n, or
[ul=0inU t (sly41). Here [u] is a nonassociative word with the standard arrangement

of brackets: see the Algorithm on page 1682.
Proof. See the third statement of [9, Theorem A, ]. ]

As a corollary of the above two lemmas, we can prove some relations in U q+ (s02741) :
([xer1xexe—1], xk] =0, [D—1xkxer1], el =0, k <n. 3.7

Indeed, xx_1xrxr+1xk is a standard word, and the standard arrangement of brackets is
precisely [[xx—1, [xk, xk+11], xx]. Hence, (2.8) together with Lemmas 3.3 and 3.4 implies
the latter relation.

The former relation reduces to the latter by means of the replacement x; < x,_;+1,
1 <i <n,k < n—k+ 1. Note that the defining relations (3.6) are invariant under this
replacement (see (3.5)), and we again use Lemmas 3.3 and 3.4.

Definition 3.5. In what follows, x;, n < i < 2n, denotes the generator x,_;4+1. More-
over, u(k,m), 1 < k < m < 2n, is the word xgXxgy1 ...Xn, while u(m, k) is the word
XmXm—1...Xx;. If 1 <i < 2n, then ¥ (i) denotes the number 2n—i+1, so that x; = xy ;).
We shall frequently use the following properties of ¢: if i < j, then ¥ (i) > ¥ (j);
YW@ =y +D)=v0 -1
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Definition 3.6. If Kk <i < m < 2n, then we set

o A puk, m), u(k, m)), (3.8)
wpt L pulk, i), ul 4+ 1,m)) - puli + 1, m), u(k, i)). (3.9

Of course, one can find ©’s and o’s by means of (3.1), (3.2). It turns out that these
coefficients depend only on g. More precisely,

q ifm=nork=n+1;
ot =14¢* ifm=y®; (3.10)
g*> otherwise.

Indeed, the bimultiplicativity of p(—, —) implies that 0" =[], <s.1<m Pst 18 the product
of all entries of the (m —k+ 1) x (m —k+ 1)-matrix || ps;||. By (3.1) all coefficients on the
main diagonal equal ¢> with only two possible exceptions, pp, = ¢, Pptinsl = ¢.In
particular, if m < n or k > n + 1, then for nondiagonal coefficients, we have ps: prs = 1
unless |s — ¢| = 1, while py 11 psi15 = g2 Hence, 0" = g?m=*+D . g=2k=m) = 42,
If m = n ork = n+ 1, then, by the same reasoning, we have 0" = g2m=+L . g=20k=m)
= ¢. In the remaining case, k < n < m, we split the matrix into four submatrices as
follows:

o =op-opy - [ per JI P (3.11)

k<s<n,n+1<t<m n+1<s<m, k<t<n

According to Definition 3.5, we have py; = py(s)r = Psy() = Py (s) v (r)- Therefore, the
third and fourth factors in (3.11) equal, respectively,

1_[ DPst» 1_[ Dst-

k<s<n,y¥(m)<t<n Y(m)<s<n,k<t<n

=3=N, K==L

In particular, if ¥ (m) = k, then all four factors in (3.11) coincide with o}’ = q. Hence,
o' = g*. If Y(m) # k, say Y (m) > k, then we split the rectangle A = [k, n] x
[ (m), n] into the union of the square B = [y (m), n] x [¥(m), n] and the rectangle
C = [k, ¥ (m) — 1] x [ (m), n]. Similarly, the rectangle A* = [ (m), n] x [k, n] is the
union of the same square and the rectangle C* = [ (m), n] x [k, ¥ (m) — 1]. Certainly, if
(s,t) e C,thent —s > lunless t = {(m) — 1, s = {(m). Hence, relations (3.2) imply

-2
l_[ Pst Prs = Py (m)=1y(m)Pym)ym)—1 =4 -
(s,1)eC

At the same time ]_[(S,,)EB Dst = 01’;(’") = g. Finally, (3.11) takes the form
m 2 2
Ok =CI"1’( 1_[ Pst) : 1_[ PstPts =4~
(s.1)€B (s,neC

which proves (3.10).
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To find u’s we consider decomposition (3.11) with n <« i. Because p(—,—)isa
bimultiplicative map, the product of the last two factors is precisely ,LLZ”. In particular,

m,i

ul = o (ol (3.12)

This formula, with (3.10), allows one to find the w’s easily. More precisely, if m < v (k),
then

. g% ifm>n,i=vym)—1;
wet =141 ifi =n,; (3.13)
g% otherwise.

If m = ¢ (k), thatis, x,;, = xg, then

2 e .
mi _ g~ ifi=mn;
Mo = {1 otherwise. (3.14)
If m > ¥ (k), then the u’s satisfy pLZ” = Mgg‘n)) ‘”(i)_l, hence one may use (3.13):
a7t itk <n =y
:“Z“ =11 ifi =n; (3.15)
g% otherwise.

We define the bracketing of u(k, m), k < m, as follows:

[[['-'[xk»-xk-'rl]v"']7xm—l]axm] lfm < 1/f(k)a

ulk,m] =[xk, k1, [ Dom—1, X111 i m > (k)3 (3.16)
Bluln + 1, m], ulk, n]] ifm = y(k),
where B = —p(u(n+1, m), u(k, n))~! normalizes the coefficient of u(k, m). The condi-

tional identity (2.9) shows that the value of u[k, m] in U ; (502,,41) is independent of the
arrangement of brackets provided thatm < nork > n.

In what follows, ~ denotes projective equality: a ~ b if and only if a = ab, where
0#acek

Lemma 3.7. Ift ¢ {k — 1,k}, t <n, then [ulk, n], x;] = [x;, ulk,n]] = 0.
Proof. 1ft < k — 2, then the equality follows from the second group of defining relations
(3.3). Letk <t < n. By (2.8), we may write

[ulk, n], x;] = [[ulk, t — 2], ult — 1, n]), x;| = [ulk,t — 2], [ult — 1, n], x;1].

By Lemma 3.4, the element [u[¢ — 1, n], x;] equals zero in U;; (sly+1) because the word
u(t—1, n)x; is standard, and the standard bracketing is precisely [u[t —1, n], x;]. This ele-
ment is linear in x,,. Hence, [u[k, n], x;] = 0 in Uq*(soan) due to Lemma 3.3. Because

putk, n), x;) p(x;,u(k,n)) = prey1puPri—1 - Pr41:PuPr—1¢ = 1, the antisymmetry
identity (2.13) applies. O
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Lemma 3.8. Ift ¢ {y(m) — 1, ¥ (m)}, t <n < m, then

[xt,uln+1,m]] = [uln +1,m], x,] =0.

Proof. If t < (m) — 2, then the required relation follows from the second group
of relations (3.3). Let Y(m) < t < n. By Lemma 2.1, the value of u[n + 1, m] in
U (j (s02,,41) is independent of the arrangement of brackets. In particular, u[n + 1, m] =
[[w, [xr+1x:x:—11], v], where w = u[n + 1, ¥ (t) — 2], v = u[y(t) + 2, m]. Because
Dti+1DP1Pri—1 - Pi+1:PrtPi—1¢ = 1, the antisymmetry identity (2.13) and the first equal-
ity of (3.7) imply [x;, [x;4-1x:2, 111 ~ [[x;41%:x:-1], x,] = 0. Note that [x;, w] = [w, x;]
=0, [x;, v] = [v, x;] = 0 according to the second group of defining relations (3.3). O

Lemma 3.9. Ifk <n <m < ¥ (k), then the value in Uq'" (502,+1) of the bracketed word
[ViXnr1Xn+2 - .. Xm 1, where yr = ulk, nl, is independent of the arrangement of brackets.

Proof. To apply (2.9), it suffices to check [u[k, n], x;] =0, n + 1 < t < m. Because the
application of Y changes the order, we have k < vy (m) < ¥ (¢#) < n. Hence, taking into
account x; = Xy (), one may use Lemma 3.7. O

Lemma 3.10. Ifk < n < (k) < m, then the value in U;’(502n+1) of the bracketed
word [XgXi+41 - - - XnYm], where y,, = uln + 1, m], is independent of the arrangement of
brackets.

Proof. To apply (2.9), we need [x;,u[n + 1,m]] = 0, k < t < n. To obtain these
equalities, one may use Lemma 3.8. O

Lemma 3.11. Ifm # ¥ (k), k <i <n < m, then
[ulk,i]l,uln +1,m]] = [u[ln + 1, m], ulk,i]] =0

unlessi = (m) — 1.

Proof. We denote u=ulk,i], w=u[n + 1, m]. Relations (3.1), (3.2) imply p,ypwu=1.
Hence, by (2.13), we have [u, w] = — pyw[w, v].

If ¥ (m) < k, then by Lemma 3.8, we have [x;, u[n + 1,m]] =0, k <t < i. Hence,
[ulk,i], u[n +1,m]] = 0.

Suppose that ¢ (m) > k. If i < y(m) — 1, then by the second group of defining rela-
tions (3.3), we have [x;, u[n + 1,m]] =0, k <t <i.Hence, [ulk,i],uln +1,m]] = 0.

Let Yy (m) < i < n.If we define uy = ulk, ¥(m) — 2], ua = ul[y(m) — 1,1i],
then certainly u = [uj, uo] unless k = (m) — 1, u = uy. Because [u;, w] = 0,
the conditional Jacobi identity (2.8) implies that, in both cases, we only need to check
[, w] = 0.

Let us put u3 = [Xy(u)—1, Xy (m)l, us = uly(m) + 1,7]. Then up = [u3, us] unless
i = Y (m), up = u3z. By Lemma 3.8, we have [x;, u[n 4+ 1, m]] = 0 for all ¢, ¥ (m) <
t < n. Hence, [u4, w] = 0. Now the Jacobi identity (2.6) with u <— u3, v < u4q shows
that it suffices to prove the equality [u3, w] = 0.
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Let us put wy = u[n + 1,m — 2], wy = [xp—1, Xm]. Then w = [wy, wy] unless
m — 2 = n, w = wy (recall that we are considering the case ¥ (m) <i < n, in particular
Y(m) < n—1, and hence m > ¥y(n — 1) = n + 2). We now have [u3, w;] = 0.
Therefore the Jacobi identity (2.6) with u < u3, v < w;, w <« w; shows that it is
sufficient to obtain the equality [u3, wz] = 0, that is, [[x;—1, x¢], [xt+1, x¢]] = O with
t = Y (m) < n. Since [[x;—1, x¢], x;] = 0 is one of the defining relations, the conditional
identity (2.8) implies [[x;—1, x;], [x;41, x:]] = [[%;—1%:%;41], x]. It remains to apply the
second equality of (3.7). O

Lemma3.12. If m # ¢ (k), k <n <i < m, then
[ulk,n],uli +1,m]] = [uli + 1, m], ulk,n]] =0

unless i = (k).

Proof. The proof is quite similar to the preceding one. It is based on Lemma 3.7 and
the first equality of (3.7) in the same way as the proof of the above lemma is based on

Lemma 3.8 and the second equality of (3.7). O
Corollary 3.13. Ifm # ¥ (k), k <n < m, then in U;’(ﬁog”l) we have
ulk,m] = [ulk,nl, uln + 1, m]] = Bluln + 1, m], ulk, nll, (3.17)

where B = —p(u(n + 1, m), u(k, n))~ L.

Proof. Let us denote u = ulk, n], v = u[n + 1, m]. Equalities (3.13) and (3.15) with
i = n show that p,, pyy = p;"" = 1 provided that m # v (k). Hence, [u, v] = uv —
PuyVU = —pyuylv, u], which proves the second equality. To prove the first, we apply
Lemma 3.9 if m < ¥ (k), and otherwise we apply Lemma 3.10. O

Proposition 3.14. If m # Y (k), then in Uq+ (s02,+1) foreach i, k <i < m, we have
[ulk, i], uli + 1, m]] = ulk, m]

with only two possible exceptions, i = Yy (m) — 1 andi = (k).
Proof. If m < nork > n + 1, then the statement follows from (2.9). Thus, we may
suppose that m > n.

If i = n, then Corollary 3.13 implies the required formula.

If i > n, then Corollary 3.13 yields u[k, i] = [ulk, n], u[n + 1, i]], while by Lem-
ma 3.12 we have [u[k, n], u[i + 1, m]] = 0. Hence, (2.8) implies

[lulk, n), uln + 1,011, uli + 1, m]] = [ulk, n], [uln + 1, i1, uli + 1, m]]].

Now, (2.9) shows that [u[n + 1,i], u[i + 1, m]] = [u[n, m]], and again Corollary 3.13
implies the required formula.

Ifi < n, then Corollary 3.13 yields u[i + 1, m] = [u[i + 1, n], u[n + 1, m]], while
by Lemma 3.11 we have [u[k, i], u[n + 1, m]] = 0. Hence, (2.8) implies

[lulk, i, [uli + 1, n), uln 4+ 1, m]] = [[ulk, i], [uli + 1, n]], uln + 1, m]].

Now, (2.9) shows that [u[k, i], u[i + 1,n] = ulk, n], and again Corollary 3.13 implies
the required formula. O



Right coideal subalgebras of U;' (502,41) 1693

Proposition 3.15. Ifm # k), k <i < j <m,m # ¥@{)—1, j # ¥(k), then
[ulk,il, ulj + 1, m]] = 0. If, additionally, i # ¥ (j) — 1, then [u[j + 1, m], ulk,i]] = 0.

Proof. If m < nork > n, then ulk,i] and u[j + 1, m] are separated by x;; hence, the
statement follows from Lemma 3.2.

If Kk < n < i, then by Corollary 3.13, we have ulk,i] = [a, b] with a = ulk, n],
b = u[n + 1, i]. The second group of relations (3.3) implies [b, u[j + 1, m]] = 0, while
Lemma 3.12 implies [a, u[j 41, m]] = 0. Hence by (2.6) we obtain the required relation.

If j < n < m, then, again by Corollary 3.13, we have u[j 4+ 1, m] = [a, b] witha =
ulj+1,n], b = u[n+1, m]. The second group of relations (3.3) implies [u[k, i], a] = 0,
while Lemma 3.11 implies [u[k,i], b)] = 0. Hence, by (2.6), we obtain the required
relation.

Assume i < n < j. Ifi > ¥ (j) — 1, then, by taking into account Lemma 3.3,
one may apply Lemma 3.12 with n < i, i < j. Similarly, if i < ¥ (j) — 1, one may
apply Lemma 3.11 with n < ¥ (j) — 1. Let i = ¥(j) — 1. We may apply the case
“i > ¥(j) — 17, which was already considered, to the sequence k < i < j' < m with
j = j+1,unless j/ = mor j' = (k). Thus, [ulk, i], u[j + 2, m]] = 0 provided that
j+1#m, j+1# (k). Lemma 2.1 implies

[M[k, l]a xi] = [u[kvl - 2]’ [[Xifl, xi]’ xi]] = 07 (318)

because the inequality i < j — 1 and the equality i = ¥ (j) — 1 imply i < n. Now, if
j+1#m, j+ 17 (k), then using Lemma 2.1, we have

[ulk, i1, ulj + 1, ml] = [ulk, i1, Ui, ulj +2,m1] S [utk, i, xi1, ulj +2, m1] “=>0,

for xj 1 = x;. The exceptional equality j + 1 = v (k) implies k = ¥ (j) — 1 = i. In this
case, taking into account Lemma 2.1, we have

xi, ulj + 1, m]] = [[x;, [x;, xi—111, ulj + 3, m]] = 0.

The exceptional equality j + 1 = m implies u[l + j, m] = x,, = x;, for Y (j + 1) = i.
Hence, relation (3.18) applies. The equality [u[k, i], u[j + 1, m]] = 0 is proven.
Assume i # ¥ (j) — 1. Definition (3.9) shows that

plulk, i), u(j +1,m) - p(j + 1, m), u(k, i) = w™ (uly~".

Using (3.13) and (3.15), we shall prove that ;"' = plt i = n, then ' = ' = 1.
Leti # n. If m < v (k), then ,uf" = g2 because i = ¥ (m) — 1 is equivalent to
m = (i) — 1. Similarly, u" = g2 since j # ¥ (i) — Land j <m < ¥ (k).

Ifm > (k) and i # ¥ (k), then by (3.15), we have p"' = ¢=2, while pu)"" = g2
in both cases: if j < ¥ (k) by (3.13), and if j > (k) by (3.15). Finally, if i = ¢ (k),
then j > i = Y (k); hence, (3.15) implies pj"" = ' = ¢~*.

To obtain [u[j + 1, m], ulk, i]] = 0, apply (2.13). ]
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4. PBW-generators of the quantum Borel algebra

Proposition 4.1. If g3 # 1, g* # 1, then the values of the elements ulk,m], k < m
< Y (k), form a set of PBW-generators for the algebra U;r (502541) over K[G]. All heights
are infinite.

Proof. By [9, Theorem Bj,, p. 211] the set of PBW-generators (the values of hard super-
letters; see Theorem 2.5) consists of [ug,], kK < m < n, and [wis], 1 < k < s < n,
where [ukn,], [wks] are precisely the words u(k, m), u(k, ¥ (s)) with the standard ar-
rangement of brackets (see Algorithm p. 1682). By conditional identity (2.9) we have
[trm] = ulk, m] in U[;L (502541). According to [9, Lemma 7.8], the brackets in [wys] are
set by the following recurrence formulae:

[wis] = [xe[wit15]] ifl<k<s—1;

. 4.1
[Wik+1] = [[wkkg2]xk41] if 1 <k <n, “.1)

where, by definition, wi,+1 = u(k, n). We shall check the equality [wis] = ulk, ¥ (s)]
in U, (s02141).

Ifk=n—1ands = n, then wiy = [[x—1, Xn], Xl = uln — 1, n + 2].

If k < s — 1, then, by (2.8), we have

[xk. [wlk + 1, n), uln + 1, Y ()] = [ulk, n], uln + 1, ()],

for [xx, x;] =0, n+1 <t < ¥ (s). Thus, the evident induction applies because of (3.17).
If s = k + 1 < n, then the second option of (4.1) is fulfilled. This allows us to apply
the already proven equality for [wg x+2]. O

If g is not a root of 1, then the fourth statement of [9, Theorem B,,, p. 211] shows that
each skew-primitive element in U, ;‘ (02,41) is proportional to either x;, 1 < i < n, or
1 — g, g € G. In particular, £(G(X @) has no nonzero skew-primitive elements. At the
same time, due to the Heyneman—Radford theorem [4], [8, Corollary 5.3] every bi-ideal
of a character Hopf algebra has a nonzero skew-primitive element. Therefore, Ker§ = A,
while the subalgebra A generated by the values of x;, 1 <i <n,in U ;‘ (502,,41) has the
shuffle representation given in Section 2.

If the multiplicative order of g is finite, then by the definition of H = u;(soz,ﬂr 1,
we have Ker£ = A. Hence, the subalgebra A generated by the values of x;, 1 <i <n,
in u;}_(502n+]) also has the shuffle representation.

Recall that (u(m, k)) denotes the tensor x,, ®x,,,—1 ®- - -Qx; considered as an element
of Sh; (V).

Proposition 4.2. Let k < m < 2n. In the shuffle representation, we have
df _
ulk,ml =o' - w(m, b)), of &g =" [] py» @42
k<i<j<m
where
1 ifm <nork > n;
gl = g ifk<n<m, m#yk):; 4.3)
a7 ifm=yK).
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Proof. We use induction on m — k. If m = k, the equality reduces to x; = (xx).
(a) Consider first the case m < ¥ (k). By the inductive supposition, we have u[k, m—1]
= oz,’c"fl - (w), w =u(m — 1, k). Using (2.21), we may write

ulk, m] = o~ (W) () = p(w, xm) - (Xn) (W)}
=o' Y {pCom, ) = p(w, x) p, ) Nuxpv).  (44)

uv=w

Because w = uv, we have p(w, x,,,)p(u,xm)_l = p(v, xpm).

If m < n, then relations (3.2) imply p(v, X)) p(Xm, v) = 1 except when v = w.
Hence, the sum (4.4) has just one term. The coefficient of (x,,w) = (u(m, k)) equals

= pw, X)) (p(w, xm) ™ PG, W)™ = 1) = p(w, x) (g = 1),

as required.

If m =n+1, then p(v, x,,) p(xp, v) = 1 still holds, with two exceptions: for v = w
and v = u(n — 1, k). In both cases, (ux,,v) equals (u(m, k)). Hence, the coefficient of
(u(m, k)) in the sum (4.4) equals

PG, utk,n — 1) = puk,n — 1), xu) + pQen, ke, n) ™" — p(u(k, n), x,)
-1 -1 -1 -1 -1 -1 -1 -1
= p(w7xn+1){pnn7]pn7]npnn — Pun + pnnflpnn Pnn pnfln - 1}
Due to (3.1), (3.2) we obtain o}’ = a,T_lp(w, Xnt1) (@ — g1, as required.
Suppose that m > n + 1. In this case, by definition, x,, = x;, where r = ¥ (m) <
Y(n+1) =n.Letv =u(s, k). If s <t — 1, then v depends only on x;, i < ¢ — 1,
and relations (3.1), (3.2) imply p(v, x,)p(xpm,v) = 1. If s > ¢, s 7% m — 1, then

P, Xp) p(Xm, V) = Pr—1tPttPi+1t - Pre—1PuPi+1r = 1. Hence, in (4.4), three terms
remain: withs =t — 1, s =t,ands =m — 1. If v = u(t — 1, k) or v = u(t, k), then
(ux,v) equals (u(k, t)xtzu(t + 1, m — 1)), while the coefficient of this tensor in (4.4) is

putk,t — D)1= pQutk, t — 1), x0) + pr, ulk, )" — puk, 1), x;)
= pulk, 0, x)ip; o it = it + e e e - 1) =0,

Thus, in (4.4) only one term remains, with v = u(m — 1, k). This term has the required
coefficient:

m m—1

of = o (p(am, w) ™! = p(w, 1) = o' p(w, 1) (g” — D).
(b) In perfect analogy, we consider the case m > (k). By the inductive supposition,
we have ulk + 1, m] = 0‘1214-1 - (w), w =u(m, k + 1). Using (2.21), we may write
ulk, m] = o’y 1 {(x) (w) — pQxx, w) - (w) (xx)}
=o'y D Ap,x0) ™" = plak, W)} uxrv). (4.5)

uv=w
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If k > n, then p(u, xx) p(xx, u) = 1 unless u = w. Hence, (4.5) has only one term,
and the coefficient equals

o1 p e, w) (p(w, x0) ™ pla, w) ™' = D) = oy plak, w)(g* — 1),

as required.
Ifk = n, then p(u, x;) p(xx, u) = 1 with two exceptions, u = w and u = u(m, n+2).
In both cases, (ux;v) equals (u(m, k)), while the coefficient takes the form

p(w, x,) ™" = p(xn, w) + p(m, n+2), x,)"" = p(xp, u(m, n +2))
—1 —1 -2 —1 —1 —1 —1
= pns WP, 1 Pr—inPrn — 1+ Py i1 PaeinPan = Pnn }-

1

Due to relations (3.1), (3.2) we obtain o) = ar’l"Hp(xn, w)(q2 — 1)g~ ", as required.

Suppose that k < n. In this case, x; = x; withm > ¢ 4 Yk) > Y(n) =n+ 1.
Letu = u(m,s). If s > t, then u depends only on x;, i < k — 1, and relations (3.1),
(3.2) imply p(xg, u)p(u,xx) = 1. If s <t —1,s # k+ 1, then p(xg, w)p(u, xp) =
DPk—1kPkk Pk+1k * Pkk—1DPkkPk+1k = 1. Hence, three terms remain in (4.5), with s =
t,s =t+1,ands = k+ 1. If u = u@m,t) oru = u(@m,t + 1), then uxpv =
u(m,t + 1)x,%u(t — 1, k), while the coefficient of the corresponding tensor is

pu(m, t + 1), x)7" = plo, u(m, t + 1)) + pu(m, 1), xi)~" = p(xx, u(m, 1))
= poeu(m, t + Wpt it = 1+ i ity Py — prk) = 0.

Thus, only one term remains in (4.4), and

ot = o (p(w, xp) " — pla, w) = 'y plxk, w)(g* — D).

(c) Let us consider the remaining case, m = ¥ (k). In this case, x,, = x;. If k = n,
m=n-+1,thenuln,n+1] = —pn_nl[x,,, xpl=0-— q‘l)x,%, while in the shuffle repre-
sentation we have (x,)(x,) = (14+¢~") (xux,). Hence, u[n, n+11 = (1 —q¢~2) (Xnr1X2),
which is as required: (1 — q’z) = q’3 . (q2 -1 pun.

Ifk <n,weputu = u[n+1,m], v=x, w = ulk + 1, n]. By definition (3.16),
we have u[k, m] = Blu, [v, w]], where 8 = —p(u(n + 1,m), u(k, n))’lg that is, 8 =
—p,;})w. Because u[n + 1, m] = [u[n + 1, m — 2], [xx+1, xk]], the conditional identity
(2.8) implies [u, v] = [u[n + 1, m — 2], [[xk+1, Xk ], xk]] = 0. Thus, [[u, v], w] = 0, and
formula (2.7) yields

B ulk, ml = pupxe - [u, wl — poulu, wl - xg. (4.6)

Formula (3.17) implies f1[u, w] = u[k + 1, m] with g1 = —p;ul). Hence case (b) allows
us to find the shuffle representation [y, w] = « - (z) with z = u(m,k + 1) and ¢ =
— puwa,’z:_ |- By (2.21), the shuffle representation of the right-hand side of (4.6) is

a D (puwps ) = powp G, )7 - (1)
sy=u(m,k+1)
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_ m _ . —1,.m
We have fa = —Bpuwoy’, | = Py o)y, and

PuvPvu = Pk+1kPkk Pk k+1Pkk = q2

because k < n. Therefore, we obtain

ulk,ml =o'y, Y (pls, x0T =g plak, 9)) - (sxky). (4.7)
sy=u(m,k+1)

Ifs ¢ {0, xpm, 2= u(m, k + 1)}, then p(s, xx) p(xk, ) = Pk+1kPkk Pik+1 Pik = ¢ that
is, only three terms remain in (4.7). If s = @ or s = x,,, then (sxzy) = (xxz) because
Xxm = xi. Hence, the coefficient of (xzz) in (4.7) equals 1 — q_2 + pk_kl - q_zpkk =0.
Thus, in (4.7) only one term remains, with the coefficient

o (P x) ™ = g2 p(w. 2) = oy plak, D2  — 1) = o
because p(z, xr) + p(Xk, 2) = Pkk Pk+1kPk+1k * Pik Pkk+1Pkk+1 = L. O

Theorem 4.3. In U;(soan) the coproduct on the elements ulk, m], k < m < 2n, has
the following explicit form:

A(ulk, m]) = ulk, m] @ 1 + grgk+1--- &m ® ulk, m]

m—1

+ ) u(—g gt guli+ Lml@ulk,il,  (4.8)
i=k

where t; = 1 fori #nandrt, =q.
Proof. Formulae (4.2), (2.20), and (2.19) show that the coproduct has the form (4.8),
where 7; (1 — ¢~ 2%) = af(a,’(a;’f‘_l)_l)(”(”l'm)(gkgk_H ... &i). We now have
-1
[T r TT pw) TI pes=pki.ui+1.m.
k<a<b<i i+1<a<b<m k<a<b<m

Therefore the definition of u' given in (3.9) and the definition of &} given in (4.2) imply

)TN = D' thatis, T = e (epel’, )T g uy . By (3.12),

we have ukm’i =o0/" (00" )"". Using (3.10) and (4.3), we see that

G(1—q7%) = &' (gpe

2 .
m_m _ Jg- ifm<nork>n+1;
%% = {q otherwise. “.9)
Now, it is easy to check that the 7’s have the following elegant form:
i _ ifi =n;
= eop' ol ettt = {1 B @10)

Interestingly, the coproduct formula differs from that in U;z (sl2,+1) in just one term: see
formula (3.3) in [11]. m]

Now we are going to find PBW-generators for u;z" (s02441). To do this, we need more
relations in U ;‘ (50241)-
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Lemmad.4. If k <m < ¥ (k), then in the algebra U; (502,41) we have

[ulk, m], [ulk, m], ulk + 1, m]]] = 0. (4.11)

Proof. Suppose first m < (k) — 1. In this case, both words u(k, m) and u(k + 1, m) are
standard. The standard arrangement of brackets for these words is defined by (4.1). How-
ever, in Proposition 4.1, we have seen that [u(k, m)] = ulk, m], and hence [u(k+1, m)] =
ulk + 1, m] in the algebra U, (502,+1)-

The word w = u(k, m)u(k, m)u(k + 1, m) is standard. The Algorithm on p. 1682
shows that the standard arrangement of brackets is precisely

[k, m)], [k, m)], [k + 1, m)]T].

Hence, the value of the super-word [w] in U, ; (502,+1) equals the left-hand side of (4.11).

By Proposition 4.1, all hard super-letters in U;‘ (502541) are [u(k, m)], k<m <y (k).
Hence, [w] is not hard. The multiple use of Definition 2.3 shows that the value of [w] is
a linear combination of the values of super-words in hard super-letters smaller than [w].
Because Uqu (s02,41) is homogeneous, each of the super-words in that decomposition
has two hard super-letters smaller than [w] and of degree 1 in x; (if a hard super-letter
[u(r, s)] is of degree 2 in xi, then r < k and u(r, s) > w). At the same time, all such
hard super-letters are [u(k, m + 1)], [u(k,m+2)], ..., [u(k, 2n — k)]. Each has degree 2
in x,,41 if m > n, and each has degree at least 1 if m < n. Hence, the super-word has
degree at least 4 in x,,+1 if m > n, and at least 1 if m < n. However, w is of degree 3 in
Xm+1 if m > n, and it is independent of x,,+1 if m < n. Therefore, the decomposition is
empty, and [w] = 0.

Let, then, m = ¥ (k) — 1. In this case, u(k+ 1, m) is not standard, and we cannot apply
the above arguments. Nevertheless, we shall prove similarly that [u[k, 2n — k], x;] = 0,
k <t < n, which will imply both [u[k, 2n — k], u[k + 1,2n — k]] = 0 and (4.11).

Ifk+ 1 <t < n, then Lemmas 3.7 and 3.8 imply

[ulk,n], x;] = [uln + 1, 2n — k], x,] = 0.

Due to Corollary 3.13 we have [u[k, 2n — k], x;] = O.

If t = k+ 1, we consider the word v = u(k, 2n — k)xj41. It is standard, and the
standard arrangement of brackets is [v] = [[u(k, 2n — k)]xi+1]. Therefore, the value of
the super-letter [v] equals [u[k, 2n — k], xx41]. At the same time, [v] does not belong
to the set of PBW-generators; that is, it is not hard. The multiple use of Definition 2.3
shows that the value of [v] is a linear combination of the values of super-words in hard
super-letters smaller than [v]. Each of the super-words in that decomposition has a hard
super-letter smaller than [v] and of degree 1 in x;. However, there are no such super-
letters. Thus, the decomposition is empty, and [v] = 0.

Lett =n.If k =n — 1, then [ulk, 2n — k], x,,] = [[[xn=1, Xn], Xn], Xn] = O because
of (3.4).If k = n—2, we consider the word u = u(k, 2n —k)x, = X,_2Xp_1XnXnXn—1Xn.-
It is standard, while the super-letter [u] is not hard. Again, there is no hard super-letter
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smaller than [«] and of degree 1 in x,_;. Hence, [#] = 0 in UqJr (5025+1). The standard
arrangement of brackets is [[x,—2X,—1Xn X, ][xn—1X,]]. Hence, we obtain

[xn—2, [[Xn—1, Xn], Xa1], [Xa—1, x41] = 0.
At the same time, [x,—2, x,] = 0 and [[[x,—1, X,], x,], Xx,] = O imply
[[xn—2, [[xn—1. Xal, X411, x5 ] = 0.
The conditional identity (2.8) yields
[[xn—2, [[xa—1. Xn ], X211, [xn—1, xa1] = [[xn—2, [Xn—1. Xa ], X211, Xn—11, x4 ],

which is as required because [u[n —2, n+2], x,] = [[[xn—2, [[xn—1, Xn ], X ]11, Xn—11, xn].

Finally, suppose that k < n—2. Denote u| = ulk,n—3], vi = u[n+3,2n—k], w; =
u[n —2, n+2]. We have already proved that [w1, x,] = 0. The second group of relations
(3.3) implies [u1, x;] = 0, [v1, x,] = 0. At the same time, due to Proposition 3.14, we
have ulk,2n — k] = [ulk, n + 2], vi] and ulk, n + 2] = [u1, wi]; thatis, u[k, 2n — k] =
[[u1, wi], v1], which certainly implies the required relation [u[k, 2n — k], x,,] = O. O

Proposition 4.5. If the multiplicative order t of q is finite, t > 4, then the values of
ulk,ml, k < m < k), form a set of PBW-generators for u;r (502541) over K[G]. The
height h of ulk, m] equals t if m = n ort isodd. If m # n and t is even, then h =t/2. In
all cases, ulk, m]" =0 in M;(502n+]).

Proof. First, we note that Definition 2.3 implies that a nonhard super-letter in
U;‘ (502,4+1) is still nonhard in u;‘(soznﬂ). Hence, all hard super-letters in u;‘(sozn_H)
are in the list ulk,m], k < m < (k). Next, if u[k, m] is not hard in u;(soan),
then by the multiple use of Definition 2.3, the value of u[k, m] is a linear combination
of super-words in hard super-letters smaller than the given u[k, m]. Because u;(502n+1)
is homogeneous, each of the super-words in that decomposition has a hard super-letter
smaller than u[k, m] and of degree 1 in x;. At the same time, all such hard super-letters
are in the list [u(k, m + 1)], [u(k,m+2)], ..., [u(k, 2n — k)]. Each of these super-letters
has degree 2 in x,,4+1 if m > n, and at least 1 if m < n. Hence, the super-word has a
degree of at least 2 if m > n, and at least 1 if m < n. However ulk, m] is of degree
1 in x4 if m > n, and is independent of x,,y| if m < n. Therefore the decomposi-
tion is empty, and u[k, m] = 0. We obtain a contradiction with Proposition 4.2 because
(u(m, k)) # 0 in the shuffle algebra.

For short we denote u = u[k, m]. Equation (3.10) implies p,, = q if m = n and
Pun = q° otherwise (recall that now m < v (k)). By Definition 2.4 the minimal possible
value for the height is precisely the & given in the proposition. It remains to show that
u" =0in M;(502n+1). By Lemma 2.11, it suffices to prove that 9; (") =0, 1 <i < n.
Lemma 2.10 yields

3™ = pGu, x)" " u, [u, .. Tu, 3 w)].. 1.
h—1
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The coproduct formula (4.8) with (2.23) implies
(=g Dnulk+1,m] ifi e {k, yk)}, k <m;

di(u) =10 ifi ¢ {k, y(k)}; (4.12)
1 ifi € {k, vk}, k =m.
At the same time, Lemma 4.4 provides the relation [u, [u,ulk+ 1,m]]] = 0 in

U;‘(ﬁoan), and hence in u;l" (s02,+1) as well. Because always 4 > 2, we obtain the
required equalities 9; (uh) =0,1<i<n. O
Remark. To prove (4.8), we have used the shuffle representation. Therefore, if g has a
finite multiplicative order, then (4.8) is proved only for I/t;}_(502n+1). However, we have
seen that the kernel of the natural homomorphism U j (50241) — u;(soan) is gener-
ated by the elements u[k, mi", k <m < Y (k). The degree of ulk, m]" in a given x; is
either zero or greater than 2. At the same time, all tensors in (4.8) have degree at most 2 in
each variable. Therefore, (4.8), and hence (4.12), are also valid in U ; (502,+1) provided
that ¢ has a finite multiplicative order ¢ > 4.

5. PBW-generators for right coideal subalgebras

In what follows Ax+1, k < n, denotes the subalgebra of U(;r(soz,H_l) or u;r(soznﬂ)
generated by x;, k < i < n, and correspondingly A is the subalgebra generated by all x;,
1 <i < n.Of course, K[gk+1, - -, & lAk+1 may be identified with U;(zaz(n,k)ﬂ) or
U (502(1—k)+1)-

Suppose that a homogeneous element f € k(X) is linear in the maximal letter xy,
1 < k < n, that it depends on: degy(f) = 1, deg;(f) = 0, i < k. Then, in the de-
composition of a = £( f) in the PBW-basis defined in Proposition 4.1 or Proposition 4.5,
each summand has only one PBW-generator that depends on x; because U (;r (502741)
and u;“ (s02,+1) are homogeneous in each x;. Moreover, this PBW-generator, considered
as a super-letter, starts with x;. Hence, it is the maximal super-letter of the summand.
In particular, this super-letter is located at the end of the basis super-word; that is, the
PBW-decomposition takes the form

2n—k
a= Z Fulk,il, F; € Agy1. (5.1
i=k

Definition 5.1. The set Sp(a) of all i such that F; # 0 in (5.1) is called the spectrum
of a.

Let S be a set of integers from the interval [1, 2n]. We define a polynomial @S (k,m),
1 < k < m < 2n, by induction on the number r of elements in S N [k,m — 1] =
{s1,...,8}, k <s1 <--- <5 <m,as follows:

S (k,m) = ulk,m] — (1 —q~%) Y e, @5 + 5i, myulk, 5i] (5.2)
i=1

where a,ﬁm =t,pu(l +s,m), ulk, $))~!, while the 7’s were defined in (4.10).
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We represent the element @5 (k, m) schematically as a sequence of black and white
points labelled by the numbers k — 1, k, k + 1, ..., m — 1, m, where the first point is
always white, and the last one is always black. An intermediate point labelled by i is black
ifand only if i € S:
kgl (lg kgl ktZ kJ(;S m;2 mgl I’"L (5.3)
Sometimes, if k < n < m, it is more convenient to represent the element CIJS(k, m)
in two lines, putting the points labelled by indices i, ¥ (i) that define the same variable
X; = Xy () in one column:

m 40] n+1
® --- Y o PN Y
k—1 Y (m) i n 54
o O ++- le) PP o ® - (o]

To illustrate the notion of a regular set, we need a shifted representation that arises from
(5.4) by shifting the upper line to the left one step and copying the coloured point labelled
by n, if any, to the vacant position (so that this point appears twice in the shifted scheme):

m n—+i n+l n
® - - o le) ce 'Y o &
k-1 Yim)-1 n—i n—1 n (-5
O o PR . PR . . ... O O

If K <m < ¥ (k), then definition (5.2) shows that the spectrum of @3 (k, m) is con-
tained in SU{m}, while its leading term is u[k, m]. However, if m > 4 (k), then (5.2) does
not provide sufficient information even for the immediate conclusion that ol (k,m) #£0.
In particular some of the factors ®S(1+s;, m)in (5.2) may be zero evenifk <m < (k).
Hence, a priori the spectrum of @S (k,m), k < m < y(k), may be a proper subset of
S U {m}.

Let myy, 1 <k <[ < i (k), denote a natural projection of Uq"‘ (s02,41) Or u;(ﬁozn_i_l)
onto ku[k, /] with respect to the PBW-basis defined in Proposition 4.1 or 4.5 respectively.

Lemma 5.2. Ifa € Ay, then my(aulk,i]) =0, k <i < ¥ (k), unlessa €k, i =1.

Proof. The PBW-decomposition a of a in the basis defined in Proposition 4.1 or 4.5
involves only PBW-generators that belong to Aj41. They are all smaller than ul[k, i].
Hence, the PBW-decomposition of aulk, i] is aulk, i]. We have my;(aulk,i]) # 0 only

ifaek,i=I. O
Lemma 5.3. Ifa € Axy1, k <1 < ¥ (k), then
0 ifi<l
Aaulk,i]) - (id ® my) = | agu @ ulk, 1] ifi=1; (5.6)

u(1— g Daguull + 1 i1@ulk, 1] ifi >1,
where, by definition, g1 = g(ulk,l]) = gkgk+1--- &i-
Proof. By (4.8), we have A(aulk,il) = Y, jaVojgjulj + 1,1 ® a®ulk, j] for

suitable o; € k. By the above lemma, we obtain x; (@@ ulk, j]) = 0 unless a® € k,
i = [. It remains to apply the explicit formula (4.8). O
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Lemmas54. Ifk <l <m < {¥(k), then

S . o ifles;
A(D° (k, m)) - (d @ myy) = {rz(l — g Dgu®SU +1,m)Qulk, 11 ifl¢s.

Proof. Let us apply A(id ® my;) to (5.2). Because a; A O5(1 455, m) € Ak+1, we may
use Lemma 5.3. We now have a; gy = x“ (gr1) griai, x“ (gr1)) =pu(l + si,m), u(k,1)).
Thus, if s5; > [, then a,iinxai (gri) = afﬁrlm, while if s; = [, then oe,[(mx‘” (gk1) = 1. Now,
(5.6) implies the required relation. O

Lemmas.s. Letk <1 < m < (k) and a € Ayxy1 be a nonzero homogeneous el-
ement with D(a) = D(u(l + 1, m)). Denote by v, any homogeneous projection v, :
Uq+(502n+1) — ak. If D(b) = D(u(1 + i, m)), then

0 ifl <i<m;
A(bulk,i]) - (d @ vy) = { gaulk.l1®a  ifi=1,b=a;
gablulk,il®a ifi<lI.

Proof. All right-hand components of the tensors in (4.8) depend on x; except the first
summand. Because v, kills all elements with a positive degree in xj, we have

Abulk.i]) - (id @ ve) = Y bV ulk,i] @ v, (b?). (5.7)
®)

Ifl <i <m, then D(b?) < D(b) < D(a). Hence, v,(b®) = 0.
Ifb=a,i=s, then D(b®) = D(a) only if bV = g,, b® =a.
If i <, then (5.7) provides the third option given in the lemma. O

Proposition 5.6. If a right coideal subalgebra U D k[G] of U ; (502441) or u;—(502n+ D
contains a homogeneous element ¢ € A with the leading term ulk, m], k < m < y(k),
then ®5(k, m) € U for a suitable subset S of the spectrum of c.

Proof. Every summand of the decomposition of ¢ in the PBW-basis defined in Proposi-
tion 4.1 or 4.5 has only one PBW-generator that depends on x; because U, ; (s027,+1) and
M;(502n+]) are homogeneous in each x;. Moreover, this PBW-generator, considered as
a super-letter, starts with x;, and hence it is the maximal super-letter of the summand.
The maximal super-letter is located at the end of the basis super-word; that is, the PBW-
decomposition takes the form

m—1

c=ulk,m]+ Y Fulk,il, F €A1 k<i<m. (5.8)
i=k
By definition, i belongs to the spectrum Sp(a) of a if and only if F; # 0. We may rewrite
this representation in the following way:

% (k,m)+ Y Fulk.i]eU, (5.9)

ieSp(a),i<t
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where t = m, and, by definition, S,, = (. We shall prove that relation (5.9) with a given
t,k <t <m,S; C Sp(a), andt < inf S; implies a relation of the same type with ¢ < [,
S; = S; U {l}, where [, as above, is the maximal i in (5.9) such that F; # 0. Because
certainly / < ¢, by downward induction this will imply (5.9) withr = k, S = S € Sp(a):

@5 (k, m) e U. (5.10)

Let us apply A - (id ® mg;) to (5.9), where my; is the projection onto kul[k, [], and [
is the maximal i in (5.9) with F; # 0. By Lemma 5.3, we have A(Fjulk,i]) - (id ® my;)
= 0ifi < [, while A(Fjulk,!]) - (id ® 7x;) = Figu ® [k,1]. Lemma 5.4 implies
A(D5 (k,m)) - (d @ ) = (1 — ¢~ 2)gu® (1 +1, m) @ ulk, []. Because U is a right
coideal subalgebra that contains all grouplike elements, we get

Fi+ " a) a1 — g5 (1 +1,m) =v e U. (5.11)

We further consider any homogeneous projection v, with a = Fj. Let us apply
A-(1d®v,) to (5.9). Asl < inf Sy, Lemma 5.5 and definition (5.2) imply A(D5 (k, m)) -
(id®v,) = 0. Lemma 5.5 also shows that A (Fjulk,1]) - (d® v,) = gaulk, ] ® a, while
A(Fulk,i]) - (d ® v,) = gaAgu[k, i]®a, i < l. Hence, we arrive at the relation

ulk. 1+ Y Flulk,il=weU. (5.12)
ieSp(a),i<l

Relations (5.11), (5.12) imply

Fulk,1=vw— Y vFulkil— x"(gu) "' a(l —¢ )% (1 +1,m) - ulk, 1].
ieSp(a),i<l

This equality allows one to replace Fjulk, ] in (5.9). According to definition (5.2) we
have @5 (k, m) — x Tl (gr) ‘(1 — g~ @5 (1 +1, m) - ulk, ] = S} (k, m); therefore
we obtain the required relation

S (k,m)+ Y (F—vF)ulk,i] € U. O
ieSp(a), i<l

Corollary 5.7. If the main parameter q is not a root of 1, then every right coideal sub-
algebra of U (;r (502,41) that contains the coradical has a set of PBW-generators of the
form @5 (k, m). In particular, there exist only a finite number of right coideal subalgebras
of Uq+(502n+]) that contain the coradical. If q has a finite multiplicative order t > 4,
then this is the case for the right coideal subalgebras of u; (502541) homogeneous in each
x; € X.

Proof. 1If U is a right coideal subalgebra of U; (s02,+1) that contains k [G], then, by
Lemma 2.12, it is homogeneous in each x;. By Propositions 4.1 and 2.7, U has PBW-
generators of the form (2.18):

cy =u’ + ZaiW,- eU, u=ulk,m], k<m <y(k). (5.13)
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By (3.10), we have p,, = o' = g% if m # n, and p,, = g otherwise. Thus, if ¢ is not
aroot of 1, Lemma 2.6 shows that in (5.13) the exponent s equals 1, while all heights of
the ¢,’s in U are infinite.

If g has a finite multiplicative order ¢t > 4, then ul[k, m]h =0in u;‘(soznﬂ), where h
is the multiplicative order of p,, (see Proposition 4.5). By Lemma 2.6, in (5.13), we have
s € {1, h, hl"}. Because ulk, m]h = ulk, m]h’r = 0, the exponent s in (5.13) equals 1,
while the height of ¢, in U equals 4.

Because U is homogeneous with respect to each x; € X, the PBW-generators of U in
both cases have the form

cu =ulk.ml+> Wi,  k<m=<yk), (5.14)

where W; are the basis super-words starting with super-letters smaller than u[k, m],
D(W;) = D(ulk, m]) = xg+xXg+1+- - -+x,,. By Proposition 5.6, we have @S(k, m) € U.
The leading term of @S (k, m) equals u[k, m]; see definition (5.2). Hence, we may re-
place ¢, with ®5(k, m) in the set of PBW-generators. The number of possible elements
CDS(k, m) is finite. Hence, the total number of possible sets of PBW-generators of the
form @5 (k, m) is also finite. ]

6. Elements &%~k m)

In this section, we are going to prove the following relation in U ; (502141) :

ot my = 0" (T py!) - ulwm), (e, (6.1)

m>i>j>k

where, as above, ¥ (i) = 2n — i + 1. The main idea of the proof is to use the Milinski—
Schneider criterion (Lemma 2.11). To do this, we need to find the partial derivatives of
both sides. In what follows, 9;, 1 < i < 2n, denotes the partial derivation with respect
to x;; see (2.22). In particular 9; = 9y ;). The coproduct formula (4.8) with (2.23) implies

(=g Dnulk+1,m]  ifx; =xp, k <m;
0i(ulk, m]) = {0 if x; # xi; (6.2)
1 if x; = x, k = m.

This equality allows us to easily find the derivatives of the right-hand side. By induction
on m — k we shall prove a similar formula

Brokm=2(e m — 1) ifx; = xp, k <m;
3 (@Fm =k my) =0 if X; # Xm; (6.3)
1 ifx; = x,, k =m,

where " = —(1 —¢ 2o = —(1 = ¢~ ) tu—1 p(¥m, u(k, m — 1))~ To simplify the
notation, we remark that ®%"—1(k m) = ®5(k, m) for each S that contains the interval
[k, m — 1]. In particular, in the above formula, ®&"=2(k, m — 1) = &=k, m — 1).
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If x;i # xm, xi # xi, then (6.2) and the inductive supposition applied to definition
(5.2) imply 8; (®%"=1(k, m)) = 0.
If x; = xx # X, then 9; = 0. Taking into account definition (5.2) we have

m—1
0 (@1, m)) = o (ulk, m) = (1 = g7 Y e, @F =+ i myulk, 1),
i=k

where o) = 7 p(u(l + i,m), u(k,i))~", while the t’s have been defined in (4.10).
By the inductive supposition, the skew differential Leibniz formula (2.22), and (6.2), the
above displayed expression equals

(1 — ¢ D reulk +1,m] — o7 o, p 4k, m), x) %11+ k, m)
m—1

—(1=g7? Z af pu(l +i,m), xp)®F A i myulk 4+ 1,i).  (6.4)
i=k+1

Because obviously, a,’(‘mp(u(l + k,m), xx) = 1, a,im pw(l +i,m), xp) = a,i+]m,
definition (5.2) shows that the above expression is zero.

If x; = x # xi, then 9; = J,,. Again, by definition (5.2), the inductive supposition,
the skew differential Leibniz formula (2.22), and (6.2), we have

m—2
O (DN (e, m)) = —(1 = ¢7) Y g, BT O (A i, m — Dulk, i]
i=k
— (1 — g ey ulk, m — 1]. 6.5)

By definition, —(1 — q_z)a,':’m_l = B;'. At the same time

Bl = Tip( 4+ i,m), utk, )™ {1 — g D Tu_1 ptm, u(l +i,m — 1) 7"}
= —(1—q o1 pGm, ule,m — 1) g pu(l4+i,m— 1), ulk, i)™ = g -al, .

Thus, according to (5.2), the right-hand side of (6.5) equals ﬁl’c”dﬂk’m’z] (k,m — 1), as
required.

Finally, if x; = x,,, = xx, k # m, thatis, m = ¥ (k), then due to the skew differential
Leibniz formula (2.22), the derivative d; (®%-"— Uk, m)) equals the sum of the expression
(6.4) with the right-hand side of (6.5). Note that (6.4) is still zero, while the right-hand
side of (6.5) still equals ﬂ;{nqﬂk,m%] (k, m — 1). Formula (6.3) is completely proved.

We are now ready to prove (6.1) by induction on m — k. If m = k, both sides equal x.
If k < m, then the derivatives d; of both sides are zero for all i except i = m and
i = Y (m). Due to (6.2), the derivative d,, applied to the right-hand side of (6.1) equals

0 TT eyt )= Dmon - ulyom + Ly 0L (66)

m>i>j>k
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Because ¥ (m) = n if and only if m — 1 = n, formula (4.10) yields Ty n) = T—1. At the
same time, (6.3) and the inductive supposition imply

O (@E ik, m)) = BP0 Ty Julwm + Ly oL 67)

m>i>j>k
By definition, we have

Bl === ¢ D Tu1plom, utk,m = 1) == =g a1 [] ppj-

m>j>k
Thus, (6.6) coincides with (6.7), and, due to the MS-criterion, (6.1) is proved.

Remark. To prove (6.1), we used the MS-criterion. Therefore, if ¢ has a finite multi-
plicative order ¢, relation (6.1) is proved only for u(j(soznﬂ). However, we have seen in
Proposition 4.5 that if r > 4, then the kernel of the natural homomorphism U ;r (s02141)
— ujlr(soan) is generated by the elements ul[k, ml", h > 3. At the same time, all
polynomials in (6.1) have degree at most 2 in each variable. Therefore, (6.1) is valid in
U (502,+1) provided that 7 > 4.

7. (k, m)-regular sets

Definition 7.1. Let 1 <k <n < m < 2n. A set S is said to be white (k, m)-regular if
foreveryi, k — 1 <i < m, suchthatk < (i) <m + 1, either i or (i) — 1 does not
belong to S U {k — 1, m}.

A set S is said to be black (k, m)-regular if for every i, k < i < m, such that
k <¥@{@) <m+1,eitheri or Y (i) — 1 belongs to S\ {k — 1, m}.

If m < nork > n (or equivalently if u[k, m] is of degree < 1 in x,), then, by
definition, each set S is both white and black (k, m)-regular.

A set S is said to be (k, m)-regular if it is either black or white (k, m)-regular.

If k < n < mand S is white (k, m)-regular, then n ¢ S, for v(n) — 1 = n. If
additionally m < yr(k), then taking i = v (m) — 1, we obtain (i) — 1 = m. Hence, the
definition implies ¥ (m) — 1 ¢ S. We see thatif m < (k), kK < n < m, then S is white
(k, m)-regular if and only if the shifted scheme of ®*(k, m) given in (5.5) has no black
columns:

m n—+i
. SO o

k—1 Y (m)—1 n—i
o e o e o) ° o

o

< 7.1)

oS 0=

In the same way, if m > i (k), then for i = y(k), we obtain ¥ (1) — 1 = k — 1, and
hence (k) ¢ S. Thatis, if m > ¥ (k), k <n < m, then S is white (k, m)-regular if and
only if the shifted scheme (5.5) has no black columns and the leftmost complete column

is white:
m ¥ (k) n+i -
® - - le) “e. ) [e) le)
k-1 n—i (7.2)
o e o [ ) o

0o 0=
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Similarly, if k < n < m and S is black (k, m)-regular, then n € §. If additionally
m < ¥ (k), then taking i = ¥ (m) — 1 we obtain ¥/ (i) — 1 = m, and hence Y (m) —1 € §.
We see that if m < ¥ (k) and k < n < m, then S is black (k, m)-regular if and only if the
shifted scheme (5.5) has no white columns and the leftmost complete column is black:

m n—+i n -

° SR ) o ° °
k-1 (m)—1 n—i n (7.3)
o e ° . e o o o [ ]

If m > ¢¥(k), then fori = (k) we get (i) — 1 = k — 1, hence ¥ (k) € S. That is, if
m > ¥ (k), k < n < m, then § is black (k, m)-regular if and only if the shifted scheme
(5.5) has no white columns:

m ¥ (k)
® --- °

n
[
k—1 n—i n
o v 0 e e - e

(7.4)

At the same time, we should stress that if m = 1 (k), then no set is (k, m)-regular.
Indeed, for i = k — 1, we have y(i) — 1 = m. Hence, both i, /(i) — 1 belong to
S U {k — 1, m}, and therefore S is not white (k, ¥ (k))-regular. If we take i = m, then
Y(i) — 1 = k — 1, and neither i nor ¥ (i) — 1 belongs to S \ {k — 1, m}. Thus, S is not
black (k, ¥ (k))-regular either.

LetSN[k,m — 1] = {s1,...,8:}, 51 < --- < 5. Wedenote u; = u[l + s, si+1],
0 <i <r, where we formally put so = k — 1, s,4+1 = m, while u[k, m] has been defined
in (3.16).

Lemma 7.2. If S is white (k, m)-regular, then the values in U ;‘ (502,+1) of the bracketed
words [uyur—q ...urugl and [uoui ...u,—1u,) are independent of the arrangement of
brackets.

Proof. Let0 <i < j—1,j <r. Assume k < n < m. The points s; and ¥ (1 + s;)
form a column in the shifted scheme (7.1) or (7.2) since s; + ¥ (1 + s;) = 2n. Hence,
Y (1+s;) = ¥(s;) —1is not a black point. In particular s; 1 # ¥ (1+s;), s; # ¥ (1+s;).
Similarly, the points s;41 and ¥ (s;+1) — 1 form a column in the shifted scheme, and hence
Si+1 Z Y (siv1) — 1,55 # ¥ (siv1) — 1.

We now have 1 +s; < si41 <8 < 8j41, Sj+1 # YA +57), sj01 # ¥(sip1) — 1,
si # ¥ (1 +s;), and s; # ¥(s;i+1) — 1. Therefore, Proposition 3.15 with k < 1 +s;,
I < Siy1, ] < Sj, m < sjy implies [u;, u;] = [uj,u;] =0.If m < nork > n, then
u; and u; are separated. Hence, we still have [u;, u;] = [u;, u;] = 0 due to Lemma 3.2.
It remains to apply Lemma 2.1. O

Lemma 7.3. If S is white (k, m)-regular, then [uou; ...u,] = ulk, m].

Proof. We use induction on r. If r = 0, the equality is clear. In the general case, the
inductive supposition yields [ugu ...u,—1] = ulk, s,] because S is white (k, s, )-regular.
By Proposition 3.14, [ulk, s;], uy] = ulk, m] unless s, = ¥ (m) — 1 or s, = Y (k).
However, the white (k, m)-regularity implies that v (m)—1, ¥ (k) are not black points. O
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Lemma 7.4. If S is white (k, m)-regular, then in the above notation we have

Skom)= (=" [T pGiup™ -l uol. (7.5)

r>i>j>0

Proof. To prove the equality, it suffices to check the recurrence relations (5.2) for the
right-hand side. We shall use induction on r. If » = 0, there is nothing to prove. By
Lemma 7.3, we have u[k, m] = [uouj...u,—1u,]. The inductive supposition for the
white (k, m)-regular set S \ {s1} takes the form

(=D plur, ug) l_[ pQui, up)™ " lupur—y . uouour 11 = [uourua . . . uy)

r>i>j>0

— (=g D) o = T pliup)™ lwpur i owg] - (o luz . .up].
=2

r>i>j>l

(7.6)

By definition, p(uo, u1)pui,uo) = uf{z’sl (see Definition 3.6), while by (3.13) and
(3.15), we have /[,iz’s' = ¢~ 2 because the regularity condition implies s; # n, 5| #
Y(s2) — 1, s1 # ¥ (k). Hence, by (2.13), we may write

p(ut, uo)luo, url = —[ur, uol + (1 — ¢ ~>)uy - ug.
The above implies
pur, uo)luyur—y ... uzluouill
= —[upttr—1 ... upuruol + (1 — g D [urttr—y ... ual, uy - uol.
Because [u;, up] =0, i > 2, the ad-identity (2.11) yields
[lupup—1...u2], ur - ugl = [upuyr—1...uou1] - ugp.
Thus, the left-hand side of (7.6) reduces to

=" ]_[ P, )™ [upp_y .. uauiug] + 2,

r>i>j>0
where
A=1—g HD" ] pwiu™ [T plwiup™  lupur—1.. il uo.
r>i>0 r>i>j>1

At the same time, 2l coincides up to a sign with the missing summand of the right-hand
side of (7.6) corresponding to / = 1 because

s —1 ~1
ot,&m:ts,p(urur_l...ul,uo) = l_[ pui,up)~ . O

r>i>0
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Corollary 7.5. If S is white (k, m)-regular, s € SU {n}, k < s < m, then
@5k, m) = —p, [D5(1 +5,m), DS (K, 9)],

wherea = u(l +s,m), b = u(k, s).

Proof. Let s = s;,, 1| <t < r. By Lemma 7.2, the value of the bracketed word
[urur—1...up] is independent of the arrangement of brackets. Therefore, we have
[upur—1...uol = [lurur—1...usl, [Us—1 ... upl]. It remains to apply Lemma 7.4.

Let k < s = n < m. Because n is always white in a white regular set, we can find j
such thats; < n < sj11. We denote u;. = u[l+sj, n] and u}’ = u[n+1, 5j4+1]. The points
sj and ¥ (1 + ;) form a column in the shifted scheme (7.1) or (7.2). Hence, ¥ (1 + s;) is
a white point. In particular, s; 11 # ¥ (1 + ;). Thus, by Corollary 3.13 with k < 1 +sj,
m < sj41, we have u; = [u', u'l] = —p(u}’, u.;.)’l[u}’, u;]

Note that the value of the bracketed word

[uyur—_g .. .uj+1u}’u}uj_1 ... uo] (7.7)
is independent of the arrangement of brackets. Indeed, Lemma 3.12 with k < 1 + s;,
i < s;, m < s;4] states [u;, u}] =0,7 > j,unlesssj11 = ¥ (1+s;)ors; =y (1 +s;).
However, the points s; and v (1 + s;) form a column in the shifted scheme (7.1) or (7.2).
Hence, ¥ (1 + s;) is not a black point. In particular s; 1 # ¥ (1 +s;) and s; # ¥ (1 + ;).

At the same time, if i < j — 1, then u; and u; are separated by u;_1 (Definition 3.1);
hence, Lemma 3.2 implies [uj’., u;]=0.

In perfect analogy, we obtain [u}’, uil=0,i < j, and [u;, u}’] =0,i > j+ 1. Thus,
Lemma 2.1 implies that (7.7) is independent of the arrangement of brackets. In particular,

[wpur_1 ... uj+1u}’u}uj_1 coouol = [urur—y ... uj+1u}’], [u}uj_l ..uoll-
It remains to apply Lemma 7.4. O
Lemma7.6. If k <t <m,t ¢S, then
Sk, m) — @Sk, m) = (g7 = Dpy w®5 (1 +1t,m)®5(k, 1), (7.8)
wherea =u(l +t,m), b =u(k,t).

Proof. We use induction on m — k. If m = k, there is nothing to prove. By definition
(5.2), we have

SNk, m) — D3k, m) = —(1 = g~ wpy, @5 (1 + 1, myulk, 1]
+ 3 T Py (@51 4 51, m) — DS (1 + 55, m)ulk, 51},

§; <t
where u; = u(l + s;, m), v; = u(k, s;). By the inductive supposition the above equals
@ =Dplud51+1,m)
k11 = (= g7 3 b, Py @ (51, Ok i1,

s <t
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where b; = u(1 + s;, t). It remains to note that

Prarsi Papy Pab = pu(1 +si. 1), u(k, 5;)) "
and to use definition (5.2). m]
Corollary 7.7. If S U {t} is white (k, m)-regular, t ¢ S, k <t < m, then

&5k, m) ~ [®5(k, 1), D5(1 + 1, m)]. (7.9)
Proof. We denote A = CDS(k,t), B = CDS(l + t,m). By Corollary 7.5 we have
SV (k, m) = —p;b] [B, A]. Atthe same time, t 7~ n (for SU{¢} is white (k, m)-regular),
and hence, by Lemma 7.6, we get &SV} (k, m) — ®5(k, m) = (¢~2 — 1)P;blBA. These
two equalities imply

@S (k,m) = —p,, [B, Al = (q~> = )p,, BA
= p (~BA+ pgaAB — (g — )BA)
= p PBA(AB — g7 p5l BA). (7.10)

By definition (3.6), we know that papppa = ,u?”. In this case schemes (7.1) and (7.2)
related to the white regular set S U {¢t} show that 7 #= v(m) — 1, #n, t # Y(k), m #
¥ (k) because t, m are black points. Hence, formulae (3.13), (3.15) imply ,uzl’t = q_z.

Thus, we get papppa = g~ 2; that is, q_ngi‘ = pag- Now, (7.10) reduces to (7.9). O

Lemma 7.8. A set S is white (k, m)-regular if and only if ¥ (S) — 1 is black regular with
respect to (W (m), ¥ (k)). Here, ¥(S) — 1 denotes {(s) — 1 | s € S}, while the bar
denotes the complement with respect to the interval [ (m), ¥ (k) — 1].

Proof. Let us replace the parameter i with j = ¥ (i) — 1 in the definition of regularity.
Because ¢ changes the order, we see that k — 1 < i < m is equivalent to ¥ (k) + 1 >
Y (i) > ¥(m), thatis, ¥ (k) > j > ¥ (m). Similarly, the condition k < ¥ (i) < m + 1
is equivalent to ¥ (k) > i > (m) — 1. Because ¥(j) =i + 1, we obtain ¥ (k) + 1 >
v (j) = ¥ (m).

The conditioni ¢ SU{k — 1, m} is equivalentto j ¢ (¥ (S) — DU {y(m)—1, ¥ (k)},
which, in turn, is equivalent to j € (¥ (S) — 1) \ {¢(m) — 1, ¥ (k)}. In the same way,
Y(@)—1¢ SU{k—1,m}isequivalentto ¥ (j) — 1 € (¥ (S) — D\ {¢(m) — 1, ¥(k)}.

O

Lemma7.9. A set S is black (k,m)-regular if and only if ¥ (S)—1 is white
(W (m), ¥ (k))-regular.

Proof. This follows from the above lemma under the substitutions k <— - (m), m < (k),
S <—y(S -1 O

Alternatively, one may easily check Lemmas 7.8 and 7.9 by means of the scheme interpre-
tation (7.1-7.4). Indeed, the shifted representation for <I>T(1/f(m), vk)), T =y(S)—1
arises from one for &5 (k, m) by changing the colour of all points and switching the rows.
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Proposition 7.10. If S is black (k, m)-regular, then

OStem) = ("¢ ( T pj')- @ @Wom. v,

m>i>j>k

where T = ¥ (S) — 1 is awhite (yr(m), W (k))-regular set with r elements, and, as above,
Y (S) — 1 denotes {Yr(s) — 1 | s € S}, while the bar denotes the complement with respect
to the interval [ (m), ¥ (k) — 1].

Proof. We use double induction on r and on m — k. If m = k, then the equality reduces
to xx = Xy ). If for given k, m we have r = 0, then S contains the interval [k, m — 1]
and the equality reduces to (6.1).

Suppose that » > 0. We fix ¢ € T. By the inductive supposition on r, we obtain

OSSOk, m) = (-1 g2 ([T ') @M, v 311
m>i>j>k
We have t ¢ ¥(S) — 1, and hence ¥ (¢) — 1 ¢ S. In particular ¥ (t) — 1 # n, and
Ty(—1 = 1; see (4.10). Thus, relation (7.8) with t < /(¢) — 1 implies
@5k, m) = @SN Ok, m) + (1 — g H)p,la - b, (7.12)

where a = OS5y (t),m), b = ®5(k, ¥(t) — 1). The inductive supposition on m — k
yields

a= 0" 0gn (T gty e wom o,
mzi>j=y(r)

b= (-7 (T )T vk,
Y(t)>i>jzk

where r; is the number of elements in 7 N[y (m), t — 1], and r, is the number of elements
in T N[1+¢, (k) — 1]. Obviously, r; 4+ rp = r — 1. Therefore,

p;,}abz(—1)’"—"—1q—2<’—1>< I1 pl.;l).cd, (7.13)

m>i>j>k

where ¢ = ®T (Y (m), 1), d = T (1 +t, Y (k)). Now, (7.12) and (7.11) imply

@8 = 1" 4q (T ) 107, 96 = (=g ed),
mi1>j>

(7.14)

We now have ¢t # n because T is white regular. Hence, relation (7.8) with § <« T \ {¢},
t < t, k < Yy(m), m < (k) implies

"Ny (m), y (k) = @7 (Y (m), y(0) + (1 — g2 py, de,
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and the expression in braces in (7.14) reduces to
T (Y (m), Y (k) + (1 —q )pyld. cl. (7.15)

At the same time, Corollary 7.5 with S «<— T, s <1, k <— Yy (m), m < (k) shows that
pd_c1 [d, c] = —®T (Y (m), ¥ (k)). This equality shows that (7.15) is equal to

T (Y (m), ¥ (k) — (1 — g~ H DT (Y (m), ¥ (k) = ¢ 2T (Y (m), ¥ (k).

To obtain the required relation, it remains to replace the expression in braces in (7.14)
with ¢ 2 @T (y (m), ¥ (K)). o

Corollary 7.11. If S is (k, m)-regular, then ®5(k, m) ~ ®T (Y (m), ¥ (k)) for a suitable
(¥ (m), Y (k))-regular set T.

Proof. If S is black (k, m)-regular, we apply Proposition 7.10. If S is white (k, m)-
regular, we may still apply Proposition 7.10 with S «<— 7', T <— S by Lemma 7.9. O

Corollary 7.12. Let S be (k, m)-regular. If m > v (k), then the leading term of ®5 (k, m)
is proportional to u[y (m), ¥ (k)]. In particular always ®° (k, m) # 0.

Proof. If m < v (k), then definition (5.2) shows that the leading term of &5 (k, m) in the
PBW-decomposition is u[k, m]; hence, <I>S(k, m) # 0.

If m > v (k), then Proposition 7.10 (with T <« S, § <« T provided that S is
white regular) shows that 5 (k, m) is proportional to @T(w(m), ¥(k)) # 0 because

V() < ¢ (Y(m)) =m. O
Corollary 7.13. If S is black (k, m)-regular andt ¢ S\ {n}, k <t < m, then
O3 (k, m) ~ [®5(k, 1), @3 (1 +1,m)].

Proof. Ift ¢ S\{n}, then () —1 € TU{n}, where T = (S) — 1. By Proposition 7.10
we have ®5(k, m) ~ ®T (y(m), ¥ (k)). Corollary 7.5 yields

T (Y (m), ¥ (k) ~ [T (@), k), DT (Y (m), ¥ (1) — D]

Because ¢ is a white point or + = n, the set S is black (k, #)-regular and black (1 + ¢, m)-
regular; see the shifted schemes (7.3), (7.4). Hence, Proposition 7.10 implies &Sk, 1) ~
ST (Y (), Yy (k)), @51 +1,m) ~ ®T (Y (m), ¥ (1) — 1). O

Corollary 7.14. If S\ {s} is black (k, m)-regular, s € S, k < s < m, then

OS5k, m) ~ [®5(1 + 5, m), D5 (k, 5)]. (7.16)

Proof. This follows from Lemma 7.7 and Proposition 7.10 in a similar way. O
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8. Root sequence

Our next goal is to show that the total number of right coideal subalgebras containing
k[G] is less than or equal to (2n)!! = 2" - n!.

In what follows we shall denote by [k : m], k < m < 2n, the element x; + xp4+1 +
-4 x,,, considered as an element of the group I't. Of course, [k : m] = [y (m) : ¥ (k)].
Ifk <m < y(k), then [k : m]isa U;(502n+])-root because ulk, m] is a PBW-generator
for U ; (502541). The simple U, ; (s02,,41)-100ts are precisely the generators x; = [k : k],
1 < k < n. To put it another way, the U ; (§02,,41)-roots form the positive part R* of the
classical root system of type B,, provided that we formally replace symbols x; with ¢;
(the Weyl basis for R, see [3, Chapter IV, §6, Theorem 7]).

We fix the notation U for a (homogeneous if ¢' = 1, ¢t > 4) right coideal subalge-
bra of UqJr (502041), ¢" # 1 (respectively, of u;(soz,,H)) that contains G. The U-roots
form a subset D(U) of R™. In this section we will see, in particular, that D (U) uniquely
defines U.

Definition 8.1. Let y; be a simple U-root of the form [k : m], k < m < ¥ (k), with m
maximal. We denote by 6 the number m — k + 1, which equals the length of yx. If there
are no simple U-roots of the form [k : m], k < m < ¥ (k), we put 6 = 0. The sequence
r(U) = (01, ...,0y)satisfies 0 < 6 < 2n—2k+1 and is uniquely defined by U. We shall
call r(U) a root sequence of U, or just an r-sequence of U. We define 6 to be k + 6 — 1,
the maximal value of m for the simple U-roots of the form [k : m] with fixed k.

Theorem 8.2. For each sequence 0 = (01, ...,6,) such that 0 < 6y < 2n — 2k + 1,
1 < k < n, there exists at most one (homogeneous if ¢ = 1, t > 4) right coideal
subalgebraUD G of U; (5020+1), q" # 1 (respectively, ofu;'(ﬁoz,H_])) with r(U) = 6.

This will result from the following lemmas.

Lemma 8.3. If [k : m] is a simple U-root, then there exists only one element a € U of
the form a = CIJS(k, m).

Proof. Suppose that a = &Sk, m) and b = o (k, m) are two different elements in U.
Then a — b is not a PBW-generator for U because its leading term, with respect to the
PBW-decomposition given in Proposition 4.1, is not equal to u[k, m]. Hence, the nonzero
homogeneous element a — b is a polynomial in the PBW-generators of U. Thus, [k : m],
being the degree of a — b, is a sum of U-roots, which is a contradiction. O

Lemma 8.4. Let ®5(k,m) € U, k < m < y (k). Suppose that ®5 (k, m) ¢ U for all
subsets S' C S.Ifj ¢ S,k < j <m, then ®5(1+j,m)eU.Ifj €S,k <j<m, then
o5 (k, j) € Uwith some S” € SN[k, jl. In particular [k : j) is a U-root.

Proof. If in (5.2) we have ®5(1 4 s;, m) = 0, then the spectrum Sp(a) of a = ®5(k, m)
is a proper subset of S U {m}. By Proposition 5.6, there exists a subset S C Sp(a) C S
such that ®%' (k, m) € U. This contradiction implies that ®5(1 4 j,m) # 0 for all
jesSnlk,m—1].

If j ¢ S, then Lemma 5.4 implies ®3(1 + j, m) € U.
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If j € S, then we apply A - (id ® v,) with a = &S + j,m) # 0 as defined
in Lemma 5.5 to both sides of (5.2). Lemma 5.5 shows that the value of A(®S(1 +
i,m)ulk,i]) - id ® v,) has the following three options: if j < i < m, itis zero;ifi = J,
itis gqulk, jl®a; ifi < r,itis goblulk, i1, b, € Ary1.Because A(ulk, m])-(id®v,) =0
due to (4.8), we obtain

b=ulk. jl+ Y  Dbulk.ileU, bje A

i<j,ieS

By definition this relation means that [k : j] is a U-root, while Proposition 5.6 implies
@5 (k, j) € Uwith §” C Sp(b) C SN[k, j]. o

Lemma 8.5. If [k : m] is a simple U-root, k < m < (k), then the minimal S such that
CDS(k, m) € Uequals {j | k < j <m, [k: jlisaU-root}, and it is a (k, m)-regular set
(see Definition 7.1).

Proof. Suppose that S is not (k, m)-regular; we then have k <n < m.

If n is a white point, n ¢ S, then by Lemma 8.4, we have CDS(l +n,m) € U. Hence
[n+1:m] = [ (m) : n]is a U-root due to Corollary 7.12. Because S is not white (k, m)-
regular, in the shifted scheme (7.2) we can find a black column, say n +i € S U {m]},
n —i € S. By Lemma 8.4 applied to ®S(n+1,m), [n+1:n+i]isaU-root, while the
same lemma applied to @5 (k, m) shows that [k : n — i] is also a U-root. Now,

k:-ml=[k:nl+n+1:ml=k:n—il+n+1:n+il+n+1:m]

is a sum of U-roots, which is a contradiction.

If n is a black point, n € S, then by Lemma 8.4, we have o5 (k,n) e U, and [k : n]
is a U-root. Because S is not black (k, m)-regular, we can find i, | <i < m — n, such
thatn +i ¢ S\ {m},n —i ¢ S (see (7.3)). Wehave n — i ¢ S” because S” C S. Hence
Lemma 8.4 applied to o5 (k,n) implies that [14+n —i : n] = [n+ 1 : n+i] is a U-root.
The same lemma applied to ®5 (k, m) shows that ®5(1 + n + i, m) € U. Hence, due to
Corollary 7.12, the element [1 +n + i : m] = [ (m) : n — i] is also a U-root. We now
have a similar contradiction:

k:ml=[k:n]l+n+1:ml=[k:n]l+n+1:n+i]l+[1+n+i:m].

Due to Lemma 8.4 it remains to show that if [k : j] is a U-root, then j € S. Suppose
that j ¢ S. Then Lemma 8.4 implies a = ®5(1 + j, m) € U.

If Sis (1 4 j, m)-regular, or 1 + j < ¢(m), thena # 0 and [1 + j : m] is a U-root
(see Corollary 7.12). This is a contradiction, for [k : m] = [k : j]+ [1 + j : m].

Suppose, finally, that S is not (1 + j, m)-regular and 1 + j > 1 (m). Because S is
indeed (k, m)-regular, these conditions hold only in two cases: j = ¢(m) — 1, orn ¢ S,
¥ (j) — 1 € S; see the shifted scheme representations (7.2), (7.4).

In the former case, by Lemma 8.4, either CIDS(l +n,m) eU((fn ¢S), or o5 (k, m)
€ Uand ®5(1 4 j,m) € Ubecause j ¢ S” C S (if n € S). Therefore, [n + 1 : m] =
[V(m),n] = [j + 1 : n]is a U-root due to Corollary 7.12. We have a contradiction
k:-ml=1k:v¥@m)—1]+[Yy(m),n]+[n+1:m].
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In the latter case, similarly, CDS(I +n,m) € U and @S”(l + j,n) € U. Hence,
Corollary 7.12 implies that [n + 1 : m], [1 4+ j : n] are U-roots. Again we have a
contradiction: [k : m] =[k: jl+[1+ j,n]l+[n+1:m]. O

Lemma8.6. If [k : m] = Y2\ [l : mil, k <m < 2n, I; < m; < (i), then it
is possible to replace some of the pairs (I;, m;) with (¥ (m;), ¥ (l;)) so that the given
decomposition takes the form

[k:ml=[1+ko:ki]+[1+k :hkal+---+[1+k :m] 8.1
withk — 1 =ko <ki <ky<--- <k <m=kr41.

Proof. We use induction on m — k. Either x; or x,, is the maximal letter among {x; | k <
Jj < m}. Hence, there exists at least one i such that, respectively, /; = k or [; = ¥ (m). In
the former case, we may put k| = m; and apply the inductive supposition to [m; + 1 : m].
In the latter case, we put k, = ¥ (m;) — 1. Then [k, + 1 : m] = [ (m;) : ¥ (l;)] and one
may apply the inductive supposition to [k : k;]. O

Lemma 8.7. If [k : m], k < m # Y (k), is a sum of U-roots, then [k : m] itself is a
U-root.

Proof. Without loss of generality, we may suppose that m < (k) because [k : m] =
[V (m) : ¥(k)]. By Lemma 8.6, we have a decomposition (8.1), where [1 + k; : kij4+1],
0 < i < r, are U-roots. By increasing r if necessary, we may suppose that all roots
[l +k;:kity1], 0 <i < r, are simple.

If ki+1 < ¥ (1 + k;), then by Proposition 5.6 we find a set S; C [1 + k;, ki1 — 1]
such that ®5i (1 + k;, ki+1) € U. Moreover, by Lemma 8.5, the set S; may be taken to be
(1 + ki, kj41)-regular.

If ki1 > Y (1+4k;), then of course ¥ (1+k;) < ¥ (¥ (ki+1)), and again by Proposition
5.6 and Lemma 8.5, we find a (¥ (kj+1), ¥ (1 +k;))-regular set T; < [V (kix1), ¥ (1 +k;)
— 1] such that ®7 (¥ (k; 1), ¥ (1 + k;)) € U. By Corollary 7.11 with S < T;, we have
OTi (Y (kip1), w(1 + ki) ~ ®5i(1 + ki, kiy1), where S; is (1 + k;, ki+1)-regular. Thus,
in all cases

HLaS(U+ki ki) eU, S Cll+ki kg — 11, (8.2)

with regular S; (we stress that this is a restriction on S; only if 1 + k; <n < kj41).

By Definition 2.8, we must construct an element ¢ € U with the leading super-word
ulk, m]. First we shall prove that for r = 1, the element ¢ = [ fy, f1] is such an element
even if [1 + k; : k;j41] are not necessarily simple roots, but S;, i = 0, 1, are still regular
sets.

There is the following natural reduction process for the decomposition of a linear
combination of super-words in the PBW-basis given in Theorem 2.5 and Propositions
4.1, 4.5. Let W be a super-word. First, according to [7, Lemma 7], we decompose the
super-word W into a linear combination of smaller monotonous super-words. Then, we
replace each nonhard super-letter with the decomposition of its value that exists by Def-
inition 2.3, and again we decompose the arising super-words into linear combinations



1716 V. K. Kharchenko

of smaller monotonous super-words, and so on, until we obtain a linear combination of
monotonous super-words in hard super-letters. If these super-words are not restricted,
we may apply Definition 2.4 and repeat the process until we obtain only monotonous
restricted words in hard super-letters.

This process shows that if a super-word W starts with a super-letter smaller than
ulk, m], then so do all the super-words in the PBW-decomposition of W. Using this re-
mark we shall prove the following auxiliary statement.

Ifk <i < j<m< yYk),m # ¥(i)— 1, then all super-words in the PBW-
decomposition of [ulk, i], ®S(1 + j, m)] start with super-letters smaller than ulk, m].

Indeed, by definition (5.2) we have

QSA+j.m)y=ull+j.ml+ DY @ A+s.m)-ull+jsl, yek

m>s>1+j

‘We now use induction on m — j. By Proposition 3.15 we have [u[k, i], u[1 + j, m]] = 0,
for the inequalities Y (k) > m > j imply j # (k). We denote u = ulk,i], v =
CIDS(1+S, m), w = u[1+j, s]. Relation (2.11) reads [u, v-w] = [u, v]- w4+ pyyv-[u, wl.
By the inductive supposition, all super-words in the PBW-decomposition of [u, v] start
with super-letters smaller than u[k, m], and consequently so do those for [u, v] - w. The
element v depends only on x;, i > k, and therefore so do all super-letters in the PBW-
decomposition of v, while the starting super-letters of v - [u, w] are still less than u[k, m].
Thus, all super-words in the PBW-decomposition of [u[k, i], <I>S(1 + j, m)] start with
super-letters smaller than u[k, m]. The auxiliary statement is proved.
‘We now have

Lf1, fo] = [®%0(k, ky), D51 (1 + ki, m)]
= [ulkkil+ Y p @0 45 k) - ulk,s),

ki>s>k

ull +kml+ Y BOS A+ Lm) - ull + j.01]
m>I1>1+ky

=ulk,ml+ Y Bilulk, kil, @5 (1 +1,m) - ull + ki, 1]]
m>1>1+k
+ 3 O 45, k) - ulk, s, ol

k1>s>k

We see that each element in the latter sum has a nontrivial left factor that depends only
on x;, i > k, which is is either dDSO(l + s, k1) or f>. Hence, all super-words in the PBW-
decomposition of that element start with super-letters smaller than u[k, m]. To check the
former sum, we denote u = ulk, k1], v = CDS'(I +1,m), w = u[l + k1,1]. By (2.11)
the general element in the sum is proportional to [u, v - w] = [u, v] - w + pyyv - [u, w].
By the above auxiliary statement with i < ky, j <« [, all super-words in the PBW-
decomposition of [u, v] start with super-letters smaller than u[k, m], and hence so do
those for [u, v] - w. The element v depends only on x;, i > k. Therefore, the starting
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super-letters in the PBW-decomposition of v - [u, w] are also smaller than u[k, m]. Thus,
the leading term of [ fp, f1]is indeed u[k, m]. The case r = 1 is completed.

Consider the general case. Denote by ¢ the index such that 1 + k; < n < k;41, if any.
Recall that S; is either white or black (1 + k;, k;+1)-regular, while each S;, i # ¢, is both
white and black (1 + k;, k;41)-regular because its degree in x,, is less than or equal to 1.
We shall consider four options for the regular set S; given in (7.1-7.4) separately.

1. kyy1 < (1 + k), and Sy is white regular. Let S = U§=0 SiUfk; |0 <i <t}
The set S is white (k, k;1)-regular because all complete columns in the shifted scheme
(7.1) for @5 (k, k:+1) coincide with ones for &5 (k,, k:+1). By Lemma 7.4, we have

5 (k, ke1) ~ [fi fizt - - - fol

with an arbitrary arrangement of brackets on the right-hand side. In the same way consider
the set &' = U;:z+1 S;Ufki | t+1 < i < r}. This set is white (1 + k;, m)-regular
because the shifted scheme (7.1) for dDS/(l + k41, m) has no complete columns at all.
Lemma 7.4 yields

S5 (1 + ket m) ~ [frfrot .. fiml.

Now we may apply the case r = 1 with Sy < S, S§; < §’, 1; < k4. Thus, the leading
super-word of the element

c=[lfifi—r--- fol, Ufs fr—1 ... fis1]l (8.3)

equals u[k, m], and obviously ¢ € Usince f; e U,0 <i <r.

2. kiy1 > Y (1 4+ k), and S; is white regular. In perfect analogy we consider the sets
S=UZSiUlk |0<i<t—1)andS = Ji_, S Ufki | t <i < r}). By the
case r = 1 under the substitutions Sy <— S, S; < &', t; < k;, we see that the required
element is

c=I[lfi-1fiez..  frfol. Ufr fr—1- - fr1 fill. (8.4)

3. kiv1 < Yv(1 + ky), and S; is black regular. Let § = U;:O S;. The set S is
black (k, k;y1)-regular because all complete columns in the shifted scheme (7.3) for
CDS(k, ks+1) coincide with ones for oS (k¢ , k;+1). None of the points ki, ..., k, belongs
to S (see (8.2)). Therefore, by multiple use of Corollary 7.13, we have

OS5k, ke1) ~ [fofi .- fi

with an arbitrary arrangement of brackets on the right-hand side. In the same way, con-
sider the set S’ = U;:t 41 Si- Itis black (1 + k;41, m)-regular because the shifted scheme
(7.3) for <I>S/(1 + ki+1, m) has no complete columns at all. The multiple use of Corol-
lary 7.13 yields

&5 (1 + ki1, m) ~ [fis1 fraa - fr].

Now, we may find ¢ using the case r = 1 with Sg < S, S| < &', r1 < ky+1:

c=Ilfofi-.. fil. lfit1 fraa .- P (8.5
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4. kiy1 > v (1 + k), and S; is black regular. In perfect analogy we consider the sets
S = Uf;(l) S; and §" = |Ji_, Si. By the case r = 1 under the substitutions Sy <« S,
Sy < 8, 11 < k;, we see that the required element is

c=I[lfofi--- fimil. Ufi fran - 1D (8.6)
The proof is complete. O

Lemma 8.8. If [k : m], k <m < ¥ (k), is a simple U-root, k < j <m, then [k : jlisa
U-root if and only if [1 + j : m] is not a sum of U-roots.

Proof. If [k, j] is a U-root, then [1 + j : m] is not a sum of U-roots because [k : m] =
[k :jl1+[1+ j:m]is asimple U-root.

We note, first, that the converse statement is valid if the minimal S with ®5(k, m) € U
is (1 + j, m)-regular. Indeed, in this case, CIDS(l + j,m) # 0 due to Corollary 7.12. By
Lemma 8.5, the element [k : j] is a U-root if and only if j € S. If j ¢ S, then by
Lemma 8.4, we have a = <I>S(1 + j, m) € U. Hence, the nonzero homogeneous element
a is a polynomial in PBW-generators of U. Thus, [1 4 j : m], being the degree of a, is
a sum of U-roots (by Lemma 8.7, it is even a U-root because the regularity hypothesis
implies ¥ (1 + j) # m).

Suppose, next, that S is not (14 j, m)-regularand j ¢ S.Inthiscase, 1 +j <n < m.
Moreover, m > ¥ (1 + j), because otherwise all complete columns in the shifted scheme
(7.1)—(7.4) of ®5(1 + j, m) coincide with those of ®5(k, m). Obviously, in general, only
the leftmost complete column for ®5(1 + j, m) may be different from a complete col-
umn for ®5(k, m). Hence, we have only the following three options: 1) ¥ (1 + j) = m;
)y +j)e S, whilen ¢ S;3)v(1+j) ¢S, whilen € S.

1) In the shifted scheme of ®5(k, m), the point j = ¥ (m) — 1 has the same colour
as n (see (7.1), (7.3)); that is, n is a white point. At the same time, because S is always
(n + 1, m)-regular, we already know that n is white if and only if [z + 1 : m] is a U-root.
Thus, [n+1 : m]isaU-root, while [14+j : m] =[1+j :n]4+[n+1:m] =2[n+1:m]
is a sum of two U-roots.

2) In the second case, S is certainly (n + 1, m)-regular. Hence, n ¢ S implies that
[n +1:m]is aU-root. By Lemma 8.4, we have o5 (k, ¥ (14 j)) e Uwith S” C S, for
(1 + j) € S. In particular, we still have n ¢ S. Hence the same lemma again implies
a=®5(n+ 1,y (1 + j)) € U. By Corollary 7.12, the leading super-word of a equals
u[l + j,n]; thatis, [1 4+ j : n]isa U-root. Now, [1 4+ j :m]=[1+j :n]4+[n+1:m]
is a sum of two roots, as required.

3) By Lemma 8.4, we have 5" (k,n) € Uwith §” C S since n € S. In particular,
we still have j ¢ S”. Hence the same lemma implies that [1 + j : n] is a U-root. Be-
cause ¥ (1 4+ j) ¢ S, and obviously S is (¥ (1 + j), m)-regular, we already know that
[I+v(A+j):ml=[¥(): :mlisaU-root. Now [1 + j :m]=[1+j:n]l+[n+1:
Y1+ )+ [¥(j) : m]isasum of U-roots because [n+1: Y (1+ )] =[1+j:n]. O

Lemma 8.9. A (homogeneous) right coideal subalgebra U that contains K[G] is uniquely
defined by the set of all its simple roots.
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Proof. Two subalgebras with the same PBW-basis obviously coincide; hence, it suffices
to find a PBW-basis of U that depends only on the set of simple U-roots. We note first that
the set of all U-roots is uniquely defined by the set of simple U-roots. Indeed, if [k : m]
is a U-root, then it is a sum of simple U-roots. By Lemma 8.6 there exists a sequence
k—1=ko<ky <---<kr <m=ky41suchthat[1+k; : ki+1], 0 <i <r,are simple
U-roots. Conversely, if there exists a sequence k — 1 = kg < k1 < -+ <k, =m+ 1
such that [1 + k; : kj+1], 0 < i < r, are simple U-roots, then by Lemma 8.7, the element
[k : m] is a U-root. Of course, the decomposition of [k : m] into a sum of simple U-roots
is not unique in general. However, for the construction of the PBW-basis, we may fix a
decomposition for each nonsimple U-root from the very beginning.

Now, if [k : m] is a simple U-root, Lemmas 8.3 and 8.5 show that the element
®5(k,m) € U is uniquely defined by the set of simple U-roots. We include this ele-
ment in the PBW-basis of U. If [k : m] is a nonsimple U-root with a fixed decomposition
into a sum of simple U-roots, then we include in the PBW-basis the element ¢ defined in
one of the formulae (8.3)—(8.6) depending on the type of decomposition. O

Lemma 8.10. If for (homogeneous) right coideal subalgebras U, U’ containing K[G] we
have r(U) = r(U"), then U=U".

Proof. By Lemma 8.9, it suffices to show that the r-sequence uniquely defines the set of
all simple roots. We use downward induction on k defined by a simple U-root [k : m]. If
k = n, then the only possible y = [n : n] is a simple U-root if and only if 6, = 1. Let
k < n. By definition, simple U-roots of the form [k : m], m > 5k, do not exist, while
[k : 5k] is a simple U-root. If m < ék, then by Lemma 8.8, the element [k : m] is a U-root
if and only if [m+1 : ;] is not a sum of U-roots starting with a number greater than k. By
the inductive supposition, the r-sequence defines all roots starting with a number greater
than k. Hence, by Lemma 8.8, the r-sequence also defines the set of all U-roots of the
form [k : m], m < ék. Thus, the r-sequence defines the set of all U-roots and the set of
all simple U-roots. O

9. Examples

In this section, we find the simple roots for fundamental examples of right coideal subal-
gebras. We keep all the notation of the above section.

Example 9.1. Let U(k, m) be the right coideal subalgebra generated over k[G] by a sin-
gle element ulk, m], k < m < (k). By (4.8), the right coideal generated by u[k, m]
is spanned by the elements g;u[i + 1, m]. Hence, U(k, m), as an algebra, is generated
over k[G] by the elements u[i, m], k < i < m. Accordingly, the additive monoid of
degrees of homogeneous elements from U(k, m) is generated by [i : m], k <i < m.In
this monoid, the indecomposable elements (by definition, they are simple U(k, m)-roots)
are precisely [i : m], k <i < m, i # ¥ (m). The length of [i : m] equals m — i + 1.
However, if i > ¥ (m), then the maximal letter among x;, i < j < m, is xy(,) because
[( : m] = [y¥(@m) : v@)], with v (m) < ¥ (@) < ¥ (¥ (m)). Hence, the maximal length
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of a simple root starting with ¥ (m) equals m — (Y (m) + 1) + 1 = 2(m — n) — 1, while
there are no simple roots of the form [k’ : m'], k' < m’ < ¥ (k'), with k' > ¥ (m). Thus
because of Definition 8.1, we have

m—1i+1 ifk <i <y¥@m);
0 =12m—n)—1 ifk <i=vy(m)<n; 9.1
0 otherwise.

The set {u[i,m] | k <i <m, i # ¥(m)} is a set of PBW-generators for U(k, m) over
k[G].

Example 9.2. Let us analyse in detail the simplest (but not trivial [2]) case n = 2. Con-
sider the six elements wi = u[l, 3] = [[x1, x2], x2], w2 = ul2,4] = [x2, [x2, x1]],
w3z = ull, 2] = [x1, x2], ws = u[3, 4] = [x2, x1], ws = x1, we = x2. We denote by U;,
1 < j < 6, the right coideal subalgebra generated by w; and k[G].

By (9.1), we have r(U;) = (3, 1). Indeed, in this case, k = 1, m = 3, ¥ (m) = 2;
hence, 61 = m — 1+ 1 = 3 according to the first option of (9.1), while 6, = 2(m —n) — 1
= 1 by the second option of (9.1).

In the same way, r(Uz) = (3, 0) because in this case k = 2, m = 4, Yy (m) = 1;
hence 61 = 2(m — 2) — 1 = 3 according to the second option, while 9, = 0 due to the
third option.

In perfect analogy, we have r (U3) = (2, 1), r(Us) = (2,0), r(Us) = (1,0), r(Us) =
(0, 1). We see that all six right coideal subalgebras are different. There are two more
(improper) right coideal subalgebras U; = U (;r (s0s5), Ug = K[G] with the r-sequences
(1, 1) and (0, 0) respectively. Thus, we have found all (2n)!! = 8 possible right coideal
subalgebras in U ;‘ (sos) containing G, and they form the following lattice:

Uy (s05)
[x2, [x2, x1]] [x1, x2]
[x2, x1] [[x1, x2], x2]
X X2
k[G]

We note that in [17], B. Pogorelsky found a similar lattice for the quantum groups
Uy (9), ug(g), where g is the simple Lie algebra of type Go.

Our next goal is to generalise formula (9.1) to an arbitrary right coideal subalge-
bra US(k, m) generated over K[G] (as a right coideal subalgebra) by a single element
@5 (k, m) with a (k, m)-regular set S.
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Proposition 9.3. If S is (k, m)-regular, then the coproduct of ®3(k, m) has a decompo-
sition

A(DS(k, m)) = Za(l) ®a?, 9.2)
where the degrees of the left components of tensors belong to the additive monoid %
generated by all [1 +t : s] with t being a white point (t =k — 1, 0ort ¢ S,k <t <m)
and s being a black point (s € S N[k, m — 1], or s = m).

Proof. Let S be white (k, m)-regular. Lemma 7.4 shows that &5 (k, m) is a linear com-
bination of products (in different orders) of u; = u[l + s;, si+1], 0 < i < r. Hence, by
(4.8), the coproduct is a linear combination of products of the tensors

w1, fi®u, hull+t,s01]1Qu[l+s;, 1], 9.3)

where s; < t; < si4+1, fi = gr(u;), hy = gru[l + s;, t;]). The degrees of the left
components of these tensors, except u; ® 1, i > 0, belong to X. We stress that in each
product there is exactly one tensor of (9.3) related to a given i.

We denote by X’ the additive monoid generated by all [1 + ¢ : s], where t ¢ S,
k <t < m, while s is a black point. By induction on the number r of elements in
S N [k, m — 1], we shall prove that there exists a decomposition (9.2) such that for each i
either D(a") € ¥’ or D(a'"V) = [k : s] + &, where s is a black point and « € .

If r =0, then <I>S(k, m) = ulk, m], and the statement follows from (4.8).

If » > 0, then Corollary 7.5 implies that ®5(k, m) ~ [®5(1 + s1, m), ulk, s1]]. By
the inductive supposition, we have A(DPS(1 + s1,m)) = Zb(l) ® b@, where either
DOW) =a € x| or DOBWDYy =145 :sl4+a a € %|, with s being a black point
in the scheme of ®5(1 + s1, m); see (5.3). Here, Zi is the =/ related to ®5(1 + s1, m):
the additive monoid generated by all [1 + ¢ : 5], where t ¢ S, s; <t < m, and s is a
black point. Certainly, Ei C Y/ because in the scheme of ®5 (1 + s1, m), there is only
one point, 51, that has a colour different from the one it has in the scheme of @S (k, m).

By (4.8), the coproduct of ug = ulk, s1] is a linear combination of the tensors (9.3)
with i = 0. The degree of the left components of the tensors of

b @ b, houll + 19, 511 ® ulk, to]]

equals either [1 + 17y : si]+aor [l +# : s1]+[1+s1:s]+a=[1+1:s]+a.
In both cases, the degree belongs to ¥’ because #j is a white point in both schemes, and
to =k — 1.

In the same way, the degree of the left components of the tensors of PORbD uy®1]
equals either [k : s1] + o or [k :s1]+[1 4+ 51 : 5]+« = [k : s] 4+ «. In both cases, the
degree has the required form.

It remains to consider the skew commutator

[b(l) ® b<2), fo ® ugl = b(l)fo ® b(z)uo _ p(b(l)b(z), M())fob(l) ® uob(z).

The degree of the left components of these tensors equals D(b(1)). We shall prove that
one of the following three options is valid: Y @ b3, fo®uol =0, or DBWV) e ¥,
or D(bV) = [k : 5]+ &, « € =/ with s black.



1722 V. K. Kharchenko

The comments on (9.3) show that there exists a sequence of elements (#; | 0 <i <r)
such that s; < t; < s;41, and

DGOy =Y 45 sl DOD) =Y [+ 4], O
i=1 i=l

where, formally, [1 + s; : s;] = [1 + si+1 : si+1] = 0. We consider the following two
cases separately.

Case 1. 11 > s1. Due to the first equality of (9.4), the degree of b in X14s, 18 less than
or equal to 1. At the same time the equality D(bV) = [1 + 51 : 5] + « shows that this
degree equals 1, and the x4, -th component of « is zero. Hence, there exists i > 2 such
that t; < ¥ (1 + s1) < s;+1. However, ¥ (1 4+ s1) = ¥ (s1) — 1 is a white point because
S is white (k, m)-regular. In particular, ¥ (1 4 s1) # s;i4+1; thatis, ¥ (1 + s1) < Si41.
Now, the nonempty interval [1 + ¥ (1 + s1) : si+1] = [¥(s1) : s;+1] must be covered by
o€ Eg. This is possible only if o has a summand oy = [ (s1) : 5;], j =i + 1, because
the degree of CIDS(l + s1, m) in each x;, ¥ (s1) <[ < m, equals 1, while the xy,)—1-th
component of « is zero (recall that xy (5;)—1 = X144,). Thus, we have o — a1 € EQ.

If ¥ (sj) > k, or equivalently s; < v (k), then ¥ (s;) — 1 is a white point because
Y (1 +s1) < siy1 <s;implies 51 > ¥ (s;) — 1. We have

o+ [14+s1:s]1=[Y(s1) i sj]+[L+s1:s1=[Y(s;) sl e T

Hence, D(bV) = (a; +[1 + 51 :5]) + (@ — 1) € &/, as required.
If ¥(s;) < k, or equivalently s; > v (k), then ¥ (k) is a white point (see (7.2)).
Hence, [(sj) : k — 11 =[1 + ¥ (k) : 5] € X', while

a1+[l+s1:s]:[lﬁ(sj):k—l]—}—[k:s]:[lp(sj):s]e[k:s]—i—E/,

and DOW) = (a1 +[1+s1:s)+ (@ —ay) €[k:s]+ 2.
Of course, s; # V¥ (k) because S is white (k, m)-regular (see (7.2)).

Case 2. t; = s;. Assume first that the sequence (f; | 1 < i < r) does not contain
the point ¥ (s1) — 1 = ¥ (1 + s1). We have seen (see comments regarding (9.3)) that
b? is the product of the elements u[l + s;,#;], i > 0, in some order. For i = 1 the
tensor #; ® 1 does enter the construction of bV @ b@ (recall that now #; = s1). By
Proposition 3.15 with i < s1, j < s;, m < t; we have [u[l + s;,#],u0] = 0,71 > 1,
because now t; # ¥(s1) — 1 and s; # ¥ (k) (see (7.2)). Hence, the ad-identity (2.10)
implies 5@, uo] = 0; that is, bPuy = p(b(z), uo)uob(z). Because fo = gr(up), we
have

O @b (fo @ uo) = b fo ® b®ug
= p®0. up) fob'V ® p6® . uyuob® = p> V6> uo)(fo ® uo) " ® b).

In more compact form, this equality is [b(") ® b®, fy ® ug] = 0, which is one of the
desired options.
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Suppose next that 1 (s1) — 1 = t; for a suitable i, 1 < i < r. By the first equality of
(9.4) the degree of b1 in X14s; = Xz equals 1, while the equality DBWV) =1+ :
s] + o implies that the x4y, -th component of « is zero. At the same time, #; # $;41
because #; and s are in the same column of the shifted scheme (7.1), (7.2). Hence, again
by the first equality of (9.4), the nonempty interval [1 4 ¢ : s;+1] = [¥(s1) : si41] must
be covered by o € X’. This is possible only if & has a summand a; = [¥(s1) : sil,
Jj =i+ 1, because the degree of <I>S(l + s1,m) in each x;, ¥ (s1) <[ < m, equals 1,
while the xy (s,)—1-th component of « is zero (recall that xy (s;)—1 = X145,). Thus, we
have @ — a1 € X1.

If ¥ (sj) > k, or equivalently s; < v (k), then ¥(s;) — 1 is a white point because
Y (1 +51) < siy1 <s; implies 51 > ¥ (s;) — 1. We now have

ap +[1+sp sl =[Wis) sjl+[1+s1 5] =[Y(s)) :s] € B

Hence, D(bV) = (o + [1 +s1:s) + (@ —ay) € T/, as required.
If ¥ (s;) < k, or equivalently s; > ¥ (k), then v (k) is a white point (see (7.2)). Hence
[W(s):k—11=[14+y(k):s;] € X', while

ar +[1+s1:s]=[Yes;) ck—11+[k:sl=[Y(s;) sl €lk:s]+ %,

and D) = (a1 +[1+51 : s+ (@ —ay) € [k : s]+ 2. Of course sj # ¥ (k) because
S is white (k, m)-regular (see (7.2)). The proof for a white regular set S is completed.

If § is black (k,m)-regular, then by Proposition 7.10 we have &Sk, m) ~
&7 (Y (m), ¥ (k)), where T = (S) — 1 is a white (¥ (m), ¥ (k))-regular set. If ¢, s are,
respectively, white and black points for ®S(k, m), then so are Y(s)—1and ¥ () — 1 with
respect to ch(1p (m), ¥ (k)). We have

(T+r:sl=[E6):vA+D]=[1+WE) -1 :y@) 1]

Hence, ®° (k, m) and ®7 (y (m), ¥ (k)) define the same additive monoid . It remains to
apply the already proven statement to ®7 (y (m), ¥ (k)). O

Corollary 9.4. If S is (k, m)-regular, then all US(k, m)-roots belong to the monoid %
defined in the above proposition.

Proof. We recall that the coassociativity of the coproduct implies that the left components
of the tensor (9.2) span a right coideal. Hence, U (k, m) as an algebra is generated by the
aD’s and by k[G]. Hence, the degrees of all homogeneous elements from US (k, m) be-
long to ¥. In particular, all US (k, m)-roots, being the degrees of PBW-generators, belong
to X as well. O

Lemma 9.5. Let S be a white (k, m)-regular set. An element [1 + 1t : s], t < s, with t
white and s black is indecomposable in % if and only if one of the following conditions is
fulfilled:

(@) ¥ (1 + 1) is not black (it is white or does not appear in the scheme at all ).
(b) In the shifted scheme, all columns between t and s are white-black or black-white (in
particular, all are complete and n ¢ [t, s]).
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Proof. If none of the conditions is fulfilled, then ¥ (1+¢) is a black point, and there exists
Jj» t < j <s, such that both j and ¥/ (1 4 j) are white points in the scheme (the white
regular shifted scheme has no black-black columns). Certainly, j # ¢, j 7 s. We have

(L+r:jl=:vA+D]=[1+yA+)):¥yA+0)]€X.

Thus, [1 +¢:s]=[14+1¢:j]+[1+ j:s]isanontrivial decomposition in X.
Conversely, assume that [1 + 7 : s] is decomposable in X:

[1+1:5]= Z[l +1; ). 9.5)
i=1

Without loss of generality we may suppose thats; < ¥ (141;) since [1+/; : 5;] = [V (s;) :
¥ (1 +1;)]. Moreover, if s; = (1 +;), then[1 +; : n] =[1 +n : 5;] € X because n
is a white point (S is white regular). This equality allows one to replace [1 + [; : s;] with
2[1 4+ n : 53] in (9.5). Thus, we may suppose that s; < ¥ (1 4 [;) for all i in (9.5).

By Lemma 8.6, we find a sequence t = f) < t] < --- < t, < § = t,41 such that for
each i, either #; is white and #; | black, or (1 4 #;4+1) is white and ¥ (1 + 1;) black. In
the former case, we associate the sign “+” to the index 7, while in the latter case we mark
it “—". It is clear that in the sequence of indices 0, 1, 2, ..., r, no pair of neighbours have
the same sign.

Now, if ¥ (1 + t) is not a black point, then O is marked “+”. Hence, 1 is marked “—".
In particular, (1 + #1) is black point. However, #; is also black. This combination is
impossible because S is white regular.

Assume that in the shifted scheme, all columns between ¢ and s are white-black or
black-white. If # is a white point, then both 7y = ¢ and #; are white, while both (1 4 #1)
and ¥ (1 + o) are black; that is, no sign can be associated to index 0. Hence, #; is a black
point, while 1 (1 +¢;) must be white. In this case, 1 cannot be marked “—”, so it is marked
“+4”. However ¢ is then a white point, which is a contradiction. O

Lemma 9.6. Let S be a black (k, m)-regular set. An element [1 4+t : s], t < s, with t
white and s black is indecomposable in X if and only if one of the following conditions is
fulfilled:

(@) ¥ (1 + s) is not white (it is black or does not appear in the scheme at all ).
(b) In the shifted scheme, all columns between t and s are white-black or black-white (in
particular, all are complete and n ¢ [t, s]).

Proof. This follows from Lemma 9.5 by means of Lemma 7.9 and Proposition 7.10. O

Lemma 9.7. Let S be a (k, m)-regular set. An element @ = [a : D] is a simple US(k, m)-
root if and only if « € X and it is indecomposable in ¥ (in particular o« = [1 + 1 : s],
t < s, with t white and s black determined in Lemmas 9.5, 9.6).

Proof. Without loss of generality, we may suppose that k < m < (k) due to Propo-
sition 7.10. We have already mentioned that all US (k, m)-roots belong to X (see Corol-
lary 9.4).
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Certainly, [k : m] is a US (k, m)-root, for ®°(k, m) € US (k, m). Because y(k — 1) —
1 = (k) > m, the point ¥ (k — 1) — 1 does not appear in the scheme of &Sk, m). If
S is black (k, m)-regular, then ¥ (m) — 1 is a black point (see (7.3)). Hence, Lemmas 9.5
and 9.6 show that, in both cases, [k : m] is indecomposable in X. Thus, [k : m] is a simple
Us (k, m)-root.

If s is a black point, then [1 + s : m] ¢ X (otherwise [k : m] would be decomposable
in X¥). In particular, [1 4+ s : m] is not a sum of US (k, m)-roots. By Lemma 8.8, the
element [k : s] is an US (k, m)-root (in particular, Lemma 8.5 implies that S equals the
minimal set S’ such that &5 (k, m) € US(k, m)). If additionally [k : s] is indecomposable
in X, then it is a simple Us (k, m)-root.

If ¢, s are, respectively, white and black points, k < ¢ < s, then by Lemma 8.4, we
have ®3"(k,s) € US(k, m) for a suitable (minimal) set S” < S. Because ¢ is still a
white point for o5 (k, s), the same lemma applied to o5 (k, s) implies <I>S”(1 +1,5) €
US(k, m).

Let o be indecomposable in ¥. Because by definition, X is an additive monoid gen-
erated by elements of the form [1 + ¢ : s] with # white and s black, all indecomposable
elements have a similar form: « = [1 + ¢ : s]. First, if [1 4+ ¢ : s] has property (b) of
Lemma 9.5 or Lemma 9.6, then n ¢ [z, s]. Hence S” (as well as any other set) is white and
black (1 + ¢, s)-regular. By Corollary 7.12 we have CDS”(l +1t,5) #0, hence [1 41 : 5]
is a US (k, m)-root. This root is simple because it is indecomposable in X.

Next, if [1 4 ¢ : s] has property (a) of Lemma 9.5 or Lemma 9.6, then so does [k : s];
that is, [k : s] is indecomposable in X. In particular [k : ¢] ¢ X, and hence [k : ¢] is not a
US (k, m)-root. By the application of Lemma 8.8 to the simple U’ (k, m)-root [k : s], we
see that [1 + j : s]is a sum of US(k, m)-roots. Because [1 4 j : s] is indecomposable in
¥ and all roots belong to X, the sum has just one summand; that is, [1+ j : 5] is a simple
Us (k, m)-root.

Conversely, if « is a simple U5 (k, m)-root, then by Corollary 9.4, we have o € .
In particular, « is a sum of elements indecomposable in . However, we have already
proved that each element indecomposable in ¥ is a US (k, m)-root. Thus, the sum has
only one summand; that is, « is indecomposable in X. O

Theorem 9.8. Let S be a white [black] (k, m)-regular set. The right coideal subalge-
bra U (k, m) coincides with the subalgebra 2 generated over K[G] by all elements
®S5(1 +1,5), where t < s are, respectively, white and black points that satisfy one of
the conditions of Lemma 9.5 [Lemma 9.6].

Proof. Of course, we should show that @S (1+1,5) € US(k, m). First, let us suppose
that s < ¥ (1 +¢). We denote by S" a minimal set such that @S,(l +1,5) € US(k, m) (see
Lemmas 8.5, 9.7).

Ifae SN[1+1¢,s — 1], then, by definition, [1 + ¢ : a] € X. Hence, [l 4+ ¢ : a]isa
sum of US (k, m)-roots. Lemma 8.7 applied to [1 + 7 : 5] shows that [1 + 7 : a] itself is
a US(k, m)-root (note that a # ¥ (1 + ) because a < s < ¥ (1 + 1)). Thus, Lemma 8.5
applied to [1 + ¢ : s] shows thata € §’; thatis, SN[l +¢,5s — 1] C §'.

If b € S, then by Lemma 8.5 applied to [1 + ¢ : s], the element [1 + ¢ : b] is a
US(k, m)-root. In particular, [1+1¢ : b] € . If b ¢ S, then by definition, [1 +b : 5] € X,
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and we get a contradiction [1 +¢ : s] = [1+¢ : b] 4+ [1 + b : s]. Thus, b € §; that is,
S'=8SN[l+t5s—1],and D5(1 +1,5) = D5 (1 +1,5) € US(k, m).

If s > ¥ (1+¢), then by Proposition 7.10, we have OS5 (141, 5) ~ CDT(I/I(S), Y (1+1)).
Certainly ¥ (1 + t) < ¥ (¥ (s)). Therefore, we may apply the case already considered:
T (Y(s), v(1 +1) € UT (Y (m), (k) = US(k, m).

If [a : b] is a nonsimple US (k, m)-root, then it has a decomposition into a sum of
simple roots of the form [1 + ¢ : s]. The element ¢ defined in each of the formulae (8.3)—
(8.6) belongs to the subalgebra 2 generated by all ®5(1 + 1, 5). Hence, US (k, m) has
PBW-generators from %; that is, U’ (k,m) = 2. ]

The theorem just proved allows one to easily find the root sequence for US (k, m) with
regular S. By Corollary 7.11, it suffices to consider the case k < m < (k).

Proposition 9.9. Let S be a white (k, m)-regular set, k < m < (k). The root sequence
6;,1 < i < n) for US(k, m) has the following form in terms of the shifted scheme of
@S (k, m):

0 if i — 1 is not white;
0; = {v@) —a; ifi—1iswhiteand (i) is black; 9.6)
bi —i+ 1 ifi—1iswhiteand ¥ (i) is not black,

where a; is the minimal number such that (a;, ¥ (a;) — 1) is a white-white column, while
bi, i < b; < (i), is the maximal black point, if any, otherwise, b; = i — 1 (hence
0; =b; —i+1=0).

Proof Anelement o = [1 +¢ : s] given in Lemma 9.7 defines a simple U® (k, m)-root
starting with i ifeitheri = 1+t & s <y (1 +t)ors =y @) &s > ¥ (1 +1).

If i — 1 is not a white point, then of course i # 1 + ¢; hence s = ¥ (i). The column
(s,i — 1) = (¥ (@i),i — 1) is not black-black because S is white-regular, and therefore it
is incomplete; that is, # = i — 1 does not appear in the scheme, which is a contradiction.
Thus, there are no simple US (k, m)-roots starting with 7, and 6; = 0.

Assume i — 1 is white and (i) is black. In this case, [1 +n : ¥ (i)] satisfies condition
(a) of Lemma 9.5. Hence, [i : n] = [y (n) : ¥ ()] =[1+n : ¥ ()] is a simple US(k, m)-
root starting with i. In particular, §; > n — i.

Ifi =141, <¥(1+41), then[1+1 : s] does not satisfy condition (a) of Lemma 9.5
because ¥ (1 +t) = ¥ (i) is black. If [1 4 ¢ : 5] satisfies condition (b), then its length is
less than n — i.

Ifs =v(@),s > ¥ (1+1), then [1 41 : s] satisfies condition (a) of Lemma 9.5 if and
only if (¢, ¥ (t+1)) is a white-white column. In this case, its length equals s —(1+#)+1 =
¥ (i) — t. This length has the maximal value if 7 is minimal: # = q;.

Assume i — 1 is white and /(i) is not black. In this case, s # ¥ (i). Hence,i = 1+,
and s is a black point such that s < (1 4+ ¢) = ¥ (i). The length of [1 + ¢ : 5] equals
s —t = s —1i+ 1. This is maximal if s is the maximal black point such thati < s < ¥ (i);
that is, s = b;. If all points in the interval [, /(i) — 1] are white, then there are no simple
US (k, m)-roots starting with i. Hence, we still have 6; = b; —i +1 = 0. |
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Proposition 9.10. Let S be a black (k, m)-regular set, k < m < (k). The root sequence
6;,1 < i < n) for US(k,m) has the following form in terms of the shifted scheme of
3 (k, m):

0 if i — 1 is not white and (i) is not black;
0; = {v@) —d; ifi—1isnotwhite and ¥ (i) is black; ©.7
w(i)—c ifi —1iswhite,

where c; is the minimal number such that (c;, ¥ (c;) — 1) is a black-black column, while
di, i < di < (i), is the minimal white point, if any, otherwise d;i = Y (i) (hence
0 =v (@) —di =0).

Proof. This follows from Lemma 9.6 just as the above proposition follows from Lem-
ma 9.5. O

Example 9.11. Consider the right coideal subalgebra U (w) generated over k[G] by the
element w = [[x3, [x3x2x1]], x2] with n = 3 (recall that the value of [x3x2x1] in UqJr (s07)
is independent of the arrangement of brackets; see (2.8)). By definition (3.16), we have
[x3, [x3, [x2, x11]] = u[3, 6], while Lemma 7.4 implies [u[3, 6], x2] ~ ®{?}(2, 6). Here,
{2} is a white (2, 6)-regular set; however, 6 > {(2) = 5. By Proposition 7.10, we have
o212, 6) ~ ®!1:231(1, 5). Because 5 < (1) = 6 and {1, 2, 3} is a black (1, 5)-regular
set, to find the root sequence for U (w) = U!>3}(1, 5), we may apply Proposition 9.10.
The shifted scheme

< 9.8)

o— O
o O~

o 0w

0
o

shows thatcy = 1, cp =3, ¢c3 =3, whiled) =4,d, =4,ds =y (3) =4.1fi =1, then
i — 1 = 0 is a white point, and by the third option of (9.7) we have 6; = ¥ (1) —c; = 5.
Ifi =2,theni — 1 =1 and ¢ (i) = 5 are black points. Hence, the second option of (9.7)
applies: b = ¥ (2) —dr =5—4 =1.1fi =3, theni — 1 = 2 is a black point, while
¥ (i) = 4 is white; that is, according to the first option of (9.7) we have 83 = 0. Thus,
oUw)) =(5,1,0).

10. Construction

Our next goal is to construct a right coideal subalgebra with a given root sequence
0 =(,...,6,) suchthat 0<6, <2n—2k+1, 1 <k <n. (10.1)
We shall require the following auxiliary objects.

Definition 10.1. By downward induction on k, we define sets Ry C [k, ¥ (k) — 1], Ty C
[k, ¥ (k)], 1 <k < 2n, associated to a given sequence (10.1) as follows.
Fork > n weput R, = T, = @.
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Suppose that R;, T;, k < i < 2n, are already defined. Let P be the following binary
predicate on the set of all ordered pairs i < j:

PG, j)=jeTivi@) € Tyg- (10.2)

Of course, for the time being the predicate is defined only on pairs (i, j) such that k <
i < j < ¥(k). We note that P(i, j) = P(¥(j), ¥(i)). Also, it is useful to note that for
giveni and j one of the conditions j € T; or ¥ (i) € Ty ;) is false because Ty C [s, ¥ (s)]
for all s, and Ty = ¢ for s > n, except for j = ¥ (i) when these conditions coincide. In
particular, we see that if j < (i), then P(i, j) is equivalent to j € T;.

If 6 = 0, then we set Ry = T = (. If 6; # 0, then by definition, R contains
O = k + 6 — 1 and all m satisfying the following three conditions:

() k <m < 6
(b) =P (m + 1, 6); (10.3)
@Vrk<r<m) Pr+1,m) <Pr+1,6).

Further, we define an auxiliary set

=RV Jlals <a <y, P+ 1La), (10.4)
SERy
and finally,
T if (R + 1) N T = &;
— 1k ! ’
fe= {Tk/ U{y(k)} otherwise. (10.5)

For example, the first step of the construction is as follows. If 6, = 0, we certainly
have R, = T, = (. Because by definition 6, < 2n — 2n 4+ 1 = 1, there exists only one
additional option 6,, = 1. In this case 5,1 = n and R, = {n}, while 7, = R,. We have
Y(R, + 1)NT, ={n} #@. Hence, T, = {n, y(n)} = {n,n + 1}.

Example 10.2. Assume n = 3, 6 = (5, 1, 0). Because 63 = 0, by definition we have
R, =T, =0,k >3.

Let k = 2. We have 6, = 1 # 0; hence, 52 =2+ 6, — 1 =2 € R,. Certainly, there
are no points m that satisfy k =2 <m < 52 = 2; that is, R, = {2}. Now (10.4) yields

T;={2U | Jlal2=5s<a<y@2) =5 PG a)}={2).
se{2}

We have (R, + 1) N T, = {4} N {2} = @, hence T, = {2}.
To find Ry, it is convenient to tabulate the already known values of the predicate P.

Values of P
i\j |2 3 4 5
2 T F F F
3 F F F
4 F F
5 T
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We have 6; # 0; thatis,f; = 14+5—1=5¢€ Ry.

There exist four points m that satisfy k = 1 < m < él = 5; they are 1, 2, 3,
and 4. Point m = 4 does not satisfy (b) because P(5, 5) is true. Hence, 4 ¢ R;. Points
m =1, 2, and 3 satisfy (b) because in the last column of the table, there is only one “7T"”;
this corresponds tom + 1 = 5.

Let us check condition (c) for m = 1. The interval 1 = k < r < m = 1 is empty.
Therefore, the equivalence (c) is true (elements of the empty set satisfy all conditions,
evenr # r). Thus, 1 € R;.

In terms of the table of the values of P, condition (¢) means that the column corre-
sponding to j = m equals a subcolumn corresponding to j = 6; = 5. This is indeed the
case for m = 3, but not for m = 2. Thus Ry = {1, 3, 5}.

To find 7| we only need to check the two remaining points: a = 2, 4. From the table,
we see that P(x, 4) is always false; hence, 4 ¢ Tl/ . At the same time, P(s + 1, 2) is true
fors =1 € Ry. Hence, 2 € T.

Finally, ¥ (R + 1) N T{ = {5, 3,1} N {1, 2, 3,5} # @; hence, 1 = {1,2,3,5,6)}.

Thus, for &6 = (5,1,0) we have R3 = T3 =¥, R, = T, = {2}, Ry = {1, 3,5}, and
T ={1,2,3,5, 6}.

Theorem 10.3. For each sequence 6 = (04, ..., 6,) such that
0<6r<2n—-2k+1, 1<k<n,

there exists a homogeneous right coideal subalgebra U D K[G] with r(U) = 0. In what
follows, we shall denote this subalgebra by Uy.

Proof. We denote by U the subalgebra generated over kK[G] by the values in U q+ (502141)
or in u;“(soz,hL 1) of the elements

®S(k,m), 1<k<m, withme Ry, S=T;. (10.6)

(Forexample, if 0 = (5, 1, 0), then the generators are x1, x2, [x3x2x1], [[x3[x3x2x1]], x2].)
We shall prove that U is a right coideal subalgebra with r(U) = 6. To this end, we need
to check some properties of Ry, T, and P.

Claim 1. P(k, m) is true if and only if there exists a sequence
k—1=kyo<ki <<k <m=krq1 (10.7)

such that for each i, 0 < i <, either ki11 € Ry, or (1 +k;) € Ry(r;,y)-

We use induction on m — k. If m = k, then the condition k € T} is equivalent to k € Tk/
because k # (k). Formula (10.4) implies, in turn, that k € T} is equivalent to k € Ry.
Thus, P(k, k) is equivalent to k € Ry V ¥ (k) € Ry ); thatis, we have a sequence (10.7)
with r = 0.

Assume firstm € Ty. If m € Ry, weputky =m+ 1, r = 1.

If m ¢ Ry, m # vy (k), then by definition m € T}/; that is, by (10.4) there exists
s € Ry, s < m, such that P(s 4 1, m) is true. By the inductive supposition applied to
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(s + 1, m), there exists a sequence (10.7) with kg = s. One may extend it on the left with
k—1<k<sass € Ry.

If m = y(k), then by definition, ¥ (s; + 1) € Tk’ for a suitable s; € Rg. Of course,
P(k, ¥ (s; + 1)) is true. Hence, the above case with m <« (s; + 1) yields a sequence
(10.7) with k1 = ¥ (s1 4+ 1). We may extend it on the right with ¢ (s1 +1) < Y (k) = m
because s; = ¥ (1 + ¥ (s1 + 1)) € Ryyk)) = Re.

Next, we assume (k) € Tyn). Because ¥ (k) — ¥ (m) = m — k, we may apply
the above case with k <— ¥ (m), m < (k). Hence, there exists a sequence (10.7) with
ko =¥ (m) — 1, k,+1 = ¥ (k). Let us denote kl{ =yYki)—1,0<i<r+ 1. Wehave

k—1=k. <k <--<kj <ky=m. (10.8)

In this case, k; € R1+’<E+1 is equivalent to ¥ (1 + k;) € Ry ,.,), while ¥ (1 + klfH) €
Rw(k[{) is equivalent to k; 1 € Ryyy;-

Conversely, suppose that we have a sequence (10.7). Without loss of generality, we
may suppose that m < ¥ (k); otherwise, we turn to (10.8). The inductive supposition
implies that P(1 + k1, m) is true. Moreover, k1 € Ry. Indeed, otherwise ¥ (k) € Ry ;) C
[V (k1), k1 —1]. In particular ¥ (k) < k1, and hence k > ¥ (k1). However, k1 <m < ¥ (k)
implies ¥ (k1) > k. Now, if m # ¥ (k), then definition (10.4) with s <« kj, a < m
implies m € T},.

Let m = (k). In this case, considering the sequence (10.8) as above, we have
k. € Ry. By definition, k. = v (k) — 1. Hence, k, € ¥ (Rx +1). At the same time, defini-
tion (10.4) shows that k, € T} because the inductive supposition implies that P(1+k1, k)
is true provided that » > 1, while if r = 1, then k, = k1 € Ry. Thus, definition (10.5)
implies m = ¥ (k) € Ty.

Claim 2. If P(k,s) and P(s 4+ 1, m), then P(k, m).

Indeed, one may extend the sequence (10.7) corresponding to the pair (k, s) by the se-
quence corresponding to (s + 1, m).

Claim 3. If P(k, m), then for each s, k < s < m, either P(k, s) or P(s + 1, m).

We use induction on m — k. Without loss of generality, we may suppose that m < ¥ (k)
because P(k, m) is equivalent to P(yr(m), ¥ (k)). By Claim 1, there exists a sequence
(10.7) with ko = k — 1, k41 = m. The same claim implies P(1 + k1, m) provided that
r>1.

Because k < s < m, there exists i, 1 <i < r,suchthatk; < s < kjy1.If i > 1,
then the inductive supposition applied to (1 + ki, m) implies that either P(1 + ki, s)
or P(s 4+ 1,m) holds. In the latter case, we have obtained the required condition. If
P(1 + k1, 5) is true, then Claim 2 implies P(k, s) because P(k, k1) is true according to
Claim 1.

Thus, it remains to check the case i = 0; thatis, k < s < kj. In this case, k; € Rk.
Indeed, otherwise ¥ (k) € Ry ,) € [¥ (k1), k1 — 1]. In particular, ¥ (k) < ki, and hence
k > ¥ (k1). However, ki < m < ¥ (k) implies ¥ (k1) > k.

Claim 2 with s <— 1 4 k1, k < s 4 1 states that P(s + 1, k1) and P(1 + k1, m) imply
P(s + 1, m). Hence, it is sufficient to show that either P(k, s) or P(s + 1, k1) is true. If



Right coideal subalgebras of U;' (502,41) 1731

s = ki1, then of course s = k1 € Ry yields P(k, s). Therefore, we may replace m with ki
and suppose further that m € Ry, i = 0. In this case, condition (10.3)(c) with r < s is
“‘Ps+1,m) << P(s+1, Gk) ” Therefore we only need to consider one case, m = Gk

Let us suppose that for some s, k < s < Qk, we have —P(k, s) and —P(s + 1, Gk). By
induction on s, in addition to the induction on m — k, we shall show that these conditions
are inconsistent (more precisely, they imply s € Ry, which contradicts —P(k, s); see
definition (10.4)).

Definition (10.3) with m = k shows that k € Ry if and only if —=P(k + 1, Gr). Since
in our case, = P(s + 1, ék), we have s € Ry provided that s = k.

Let s > k. Conditions (10.3)(a) and (10.3)(b) with m <« s are valid. Suppose that
(10.3)(c) fails. In this case, we may find anumber ¢, k <t < s, suchthat —(P(t+1, 5) <
P(r + 1,60)). 3

IfP(t + 1,s), but =P(z + 1, 6¢), then by the inductive supposition (induction on s),
either P(k, 1) or P(¢ + 1, 6); that is, P(k, ¢) is true. Claim 2 implies P(k, s), which is a
contradiction.

If P(r + 1, 6;), but =P(s + 1, s), then the inductive supposition (of the induction on
m—k)withk < t+ 1, m <« Gk shows that either P(r + 1,s) or P(s + 1 Gk) that is,
P(s + 1, 9k), which is again a contradiction.

Thus, s satisfies all conditions (10.3)(a)-10.3(c); hence, s € Rg.

Claim 4. If k <m < 6y, then m € T, if and only if =P(m + 1, ;).

First, recall that condition m € Ty is equivalent to P(k, m) because by definition, 5k
< (k). _

According to Claim 3, one of the conditions P(k, m) or P(m + 1, 6;) always holds.
If both conditions are valid, then, because of Claim 1, we find a sequence (10.7) with
ko =4k—1, k.11 =m,suchthatkj;1 € Riyy; VY (1 +k;) € Ry (ki 11)s 0<i<rBy
(10.3)(b), we have m ¢ Ry, and of course ¥ (k) ¢ Ry (), form < ék < ¥ (k). Hence,
r>1.

Again by the first claim, we obtain P(1 + k1, m). Because k1 < m < v (k), we
have v (k) ¢ Ry ,). Hence, ki € Ry. Therefore, ki satisfies condition (10.3)(b), which is
=P(1+kq, ék). However, Claim 2 shows that the conditions P(1+k1, m) and P(m+1, ék)
imply P(1 + ki, ék); this is a contradiction, which proves the claim.

Claim 5. The set Ty, is (k, m)-regular for allm € Ry.

We may suppose that k < n < m because otherwise we have nothing to prove.

First, assume that n is a white point, that is, n ¢ Ty, while scheme (7.1) has a black
column, sayn —i € Ty, n +1i € Ty, i > 0. Condition n 4+ i € T} implies P(k,n + i).
Hence, by Claim 3 withm < n+1i, s < n, we have P(k, n) VP(n+ 1, n +1i). However,
n ¢ Ty implies =P(k, n) as ¥ (k) ¢ Tyn) = Thny1 = 9. Hence P(n 41, n 4 i) is true. We
seethat Pn+1,n+i) =P (m+i), y(n+1)) = P(n —i+ 1, n) is also true. Because
n —i € Ty implies P(k,n — i), Claim 2 with s <— n — i, m < n shows that P(k, n) is
true. However, n ¢ Ty implies —P(k, n), which is a contradiction.

Then, let n be a black point, that is, n € Ty, while scheme (7.3) has a white column,
sayn—i ¢ Ty, n+i ¢ Ty, i > 0. Condition n —i ¢ T} implies =P(k,n — i), since
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Tyn-iy = Tyviv1 = 9. By Claim 3 withm < n, s <~ n —i, we have P(n —i + 1, n),
because n € T implies P(k, n). Hence, P(n —i + 1,n) = P(y(n), ¥y (n —i + 1)) =
P(n + 1,n + i) is also true. At the same time, Claim 4 with m <« n + i implies
P(n + i + 1,6), while Claim 2 with k < n + 1, s < n + i implies P(n + 1, 6;).
Again, Claim 4 with m <— n shows that n ¢ T}, which is a contradiction.

Next, it remains to show that if n € T, then the leftmost complete column of (7.3) is
black; that is, Y (m) — 1 € Ty. Assume ¥ (m) — 1 ¢ T;. We then have —P(k, ¥ (m) — 1)
since Ty (y(m)—1) = Tmy1 = ¥. Claim 3 with s <— (m)—1, m < nimplies P(y (m), n),
while Claim 4 with m < n implies =P(n + 1, ék). We see that point r = n < m does
not satisfy condition (10.3)(c), because P(n + 1, m) = P(yr(n), m) = P(y¥ (m), n) is true,
while P(n + 1, ék) is false. Thus m ¢ Ry, which is a contradiction.

Claim 6. Let U be the subalgebra generated by all right coideals U Tk (k, m), m € Rg.
Ifl<a<b<2nb 7£~ Y (a), then P(a, b) is true if and only if [a : b] is a U-root. In
particular, the set of all U-roots is {[k : m] | m € T/}.

Certainly, U is a right coideal subalgebra that contains k[G]. By Theorem 9.8, it is gener-
ated over k[G] by elements oy (1+1¢,s), where t < s are, respectively, white and black
points for Tk (k, m); thatis,t = k — 1 or¢t ¢ Tr, and s = m or s € Ty. In particular,
P(k, s) is true, while P(k, t) is false (Y (k) & [t, ¥ (t)] 2 Ty since k <t < s < Y (k)).
Hence, by Claim 3 with s < ¢, we have P(1 + ¢, s).

Ify =[a:bl,a <b< ¥),isa fJ—root, then, by definition, in U there exists a
homogeneous element ¢, € U of the form (5.14) of degree y. Because U is generated by
®Tk(1 +1¢, 5), the degree y is a sum of degrees [1 +¢ : 5] of the generators. In particular,
y = Zi [a; : b;], where P(a;, b;) are true and b; # v (a;). By Lemma 8.6, we may
modify the decomposition of y so that

y =lko—1:kil+[1+ki kol +---[1+kr:kpyal,

wherea — 1 = kg <k; <--- <k, <b =kry1, and foreachi, 0 <i <r, we still have
P(1 + ki, ki+1) true. Now, Claim 2 implies P(a, b). Hence, b € T, fora < b < Yy (a).
Conversely, if m € T, then by Claim 1, we have a sequence k — 1 = ko < k1 <
- < k, < m = k41 such that foreachi, 0 <i <r, eitherk; | € Ry, or (1 +k;) €
Ry (k;,1)- By definition, U contains elements @7« (a;j, b;), where a; = 1 + ki, b; = ki1
provided that k41 < ¥ (1 + k;), and a; = ¥ (kit1), bi = Y (1 + k;) provided that
ki1 > ¥ (1 +k;). Hence, [a; : bj] = [1 + k; : ki4+1] are U-roots. In particular, [k : m] is
a sum of U-roots. By Lemma 8.7, the element [k : m] itself is a U-root.

Claim 7. The set of all simple U-roots is {[k : m] | m € Ri}. In particular r(U) = 6.

Ify =1[k:m], k <m < y¥k),is a simple fJ-root, then, due to the above claim,
P(k, m) is true. Hence, according to Claim 1, we may find a sequence (10.7). In this
case,y = [k : k1] +[1 + k1 : ko] + --- + [1 + k- : m] is a sum of U-roots, because
P(1 + k;, ki+1) is true by definition (10.2); this is a contradiction for the simple root y,
unless » = 0. Thus, m = ki € Ry because ¥ (k) ¢ [m, ¥y (m)] 2 Ry m)-

Conversely, let m € Ri. Then, by definition (10.5), we have m € Ty. Claim 6 implies
that [k : m] is a U-root. If it is not simple, then it is a sum of two or more f,T-roots,
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[k :m] = [k : ki]+[14+k1 : ka]4- - -+[1+k, : m], where, due to Claim 6, P(1+k;, ki 1),
0 < i < r,are true. Claim 2 implies that P(1 + k1, m) is also true. Definition (10.3)(c)
with r < kj implies P(1+ky, ék). Now, Claim 4 provides a contradiction, k| ¢ Ty (recall
that P(k, k1) implies k; € Ty because k < k1 < m < ¥ (k)).

Claim 8. Uis generated as an algebra by K[G] and Tk (k, m), m € Ry; that is, U=U.

It suffices to note that U contains a set of PBW-generators for U over k[G]. If [k : m]isa
fJ-root, then it is a sum of simple fJ—roots, [k : m] =) [ki : m;], m; € Ry,. The elements
fi = % (ki, my), by definition, belong to U. The PBW-generator corresponding to the
root [k : m] can be taken to be a polynomial in f; determined in one of the formulae
(8.3)—(8.6) depending on the type of decomposition of [k : m] into a sum of simple roots.

Theorem 10.3 is completely proved. O

Corollary 10.4. Every (homogeneous if ¢' = 1, t > 4) right coideal subalgebra U of
U;(ﬁoan), q" # 1 (respectively, of M;(§02n+])) that contains G is generated as an

algebra by G and a set of elements &5 (k, m) with (k, m)-regular sets S.

Proof. Theorems 8.2 and 10.3 imply that U has the form Uy, where 6 is the root sequence.
At the same time, definition (10.6) shows that Uy, as an algebra, is generated by G and
elements ®7k (k, m), m € Ry. It remains to apply Claim 5. O

11. Right coideal subalgebras that do not contain the coradical

In this brief section, we restate the main result in a slightly more general form. We con-
sider homogeneous right coideal subalgebras in U, q+ (502,41) (respectively, in u; (502441))
that do not contain G, but whose intersection with G is a subgroup. We recall that for
every submonoid 2 € G, the set of all linear combinations k [€2] is a right coideal sub-
algebra. Conversely, if Uy Ck[G] is a right coideal subalgebra, then Uy =k[2] for
Q=UpNG because a = ) ; ajgi € Up implies A(a) = D ; ;g ® gi € Uy®KI[G];
that is, o; g; € Up.

Definition 11.1. For a sequence & = (01, ...,6,) such that 0 < 6; < 2n — 2k + 1,
1 < k < n, we define Ué to be the subalgebra with 1 generated by gk_”tcbs(k, m), where
8ikm = 8w (k,m)) and m € Ry, S = Ty; see Theorem 10.3.

Lemma 11.2. The subalgebra Ué is a homogeneous right coideal, and U(]; NG = {1}.

Proof. The subalgebra Ué is homogeneous because it is generated by homogeneous el-
ements. Its zero homogeneous component equals k because among the generators only
one, the unity, has degree zero.

We denote by By the k-subalgebra generated by @S (k,m) withm € Ry, S = Ty.
The algebra Ué is spanned by all elements of the form ga_la, a € By. Because Uy is a
right coideal, for any homogeneous a € By, we have A(a) = > g(a @yaM @ a@ where
al e By, g = gaM)g(a®). Therefore, A(g;'a) = g(a")™1aV @ g 1a® with
g@M~1a® e Ué. O
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Lemma 11.3. If Q is a submonoid of G, then k[Q]U}) is a homogeneous right coideal
subalgebra, and k[Q]Ué NG = Q. Moreover k[Q]Ué = k[Q/]U(;, ifand only if Q = Q'
and 0 = 6'.

Proof. The subalgebra k[Q]Ué is homogeneous because it is generated by homogeneous
elements. Its zero homogeneous component equals K[€2]. Hence k[Q]Ué NG = Q. By
the above lemma, we have

AKIQIUY) € [R] @ KIQD - (U} ® U, (502011)).

Hence, k[Q]Ué is a right coideal subalgebra. Finally, the equality k[Q]Ué = Kk[Q']U},
implies both the equality of zero homogeneous components, k[2] = K[Q2'], and Uy =
k[G]U} = K[G]U}, = Uy Hence 6 = 6’ by Theorem 10.3. o

Theorem 11.4. [fU is a homogeneous right coideal subalgebra of U ;‘ (s02741) (resp. of
M;}_(502n+1)) suchthat QL UNGisa group, then U = k[Q]Ué for some 6.

Proof. Letu =Y h;a; € U be ahomogeneous element of degree y € I't with different
h; € G, and g; € A, where A is the k-subalgebra generated by x;, 1 <i < n. We denote
by m, the natural projection on the homogeneous component of degree y. Moreover, g,
g € G, is aprojection on the subspace kg. We have A(u) - (), ® mp;) = h;a; @ h;. Thus,
hiai eU.

By Theorems 10.3 and 8.2, we have K[G]U = Uy for some 6. If u = ha € U, h € G,
a € A, then A(u) - (mpg, ® my) = hgq @ ha. Therefore, hg, € U N G = Q; that is,
u= a)ga_la, w € 2. Because 2 is a subgroup, we obtain ga_la € U. It remains to note
that all elements ga_la such that ~a € U span the algebra Ué. O

If U N G is not a group, then U may have a more complicated structure; see [13, Ex-
ample 6.4].
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