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Abstract. The vertex algebra W | o . With central charge ¢ may be defined as a module over the
universal central extension of the Lie algebra of differential operators on the circle. For an integer
n > 1, it was conjectured in the physics literature that W)~ _, should have a minimal strong

generating set consisting of n? + 2n elements. Using a free field realization of W _, due to
Kac—Radul, together with a deformed version of Weyl’s first and second fundamental theorems of
invariant theory for the standard representation of GL;,, we prove this conjecture. A consequence
is that the irredugible, highest-weight representations of W) o, —, are parametrized by a closed
subvariety of C""+27,
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1. Introduction

The Lie algebra D of regular differential operators on the circle has a universal central ex-
tension D = D & Ck which was introduced by Kac—Peterson in [KP]. The representation
theory of D was first studied by Kac—Radul in [KRI], and in this paper the irreducible,
quasi-finite highest-weight representations were constructed and classified. In [FKRW],
the representation theory of D was developed by Frenkel-Kac-Radul-Wang from the
point of view of vertex algebras. For each ¢ € C, D admits a module M, called the
vacuum module, which is a vertex algebra freely generated by vertex operators J/(z),
[ > 0. The highest-weight representations of D are in one-to-one correspondence with
the highest-weight representations of M..

The unique irreducible quotient of M, is a simple vertex algebra, and is often denoted
by Wi+teo,c. These algebras have been studied extensively in the physics literature, and
they also play an important role in the theory of integrable systems. Let . denote the
projection M, — Wi, Whose kernel Z,. is the maximal proper graded D-submodule
of M., and let j! = m.(J'). For ¢ ¢ Z, M. is irreducible, so Witoo.c = M., but when
¢ is an integer n, M,, is reducible, and the structure and representation theory of W0 n
are nontrivial.
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For n > 1, Witeo,n has a free field realization as the invariant space £ (V)CLn

[FKRW]. Here V = C”", £(V) is the bc-system, or semi-infinite exterior algebra asso-
ciated to V, and £(V)O is the invariant subalgebra under the natural action of GL,
by vertex algebra automorphisms. Using this realization, the authors explicitly identified
Wi +o0.n With the vertex algebra W(gl,) of central charge n, and classified its irreducible
representations. In particular, M, has a unique nontrivial singular vector (up to scalar
multiples) of weight n 4 1, which generates 7, as a vertex algebra ideal. This singular
vector gives rise to a “decoupling relation” in Wj4oo » Of the form

jt=PGo ..., "h,

where P is a normally ordered polynomial in the vertex operators j, ..., j”~! and their
derivatives.

For n > 1, there is an analogous free field realization of W40 —n as the invariant
subalgebra S(V)CLn, where S(V) is the By -system, or semi-infinite symmetric algebra,
associated to V = C" [KRII]. In this paper, Kac—Radul used an infinite-dimensional
version of the theory of Howe pairs to decompose S(V) into a direct sum of modules of
the form L ® M, where L is an irreducible, finite-dimensional GL,,-module, and M is an
irreducible, highest-weight W) 4+, —,-module. In particular, this decomposition of S(V)
furnishes an interesting discrete set of irreducible, highest-weight W, —,-modules.
In [A], Adamovic used the realization Wijo0,—n = S (V)GLn together with the Friedan—
Martinec—Shenker bosonization to exhibit W) oo, as a subalgebra of the tensor product
of 2n copies of the Heisenberg vertex algebra, and constructed a 2n-parameter family of
irreducible, highest-weight modules over W40 —n. However, in order to classify such
modules, more information about the structure of W yo0, -, and Z_, is needed, and these
issues were not addressed in either of these papers.

The first step in this direction was taken by Wang in [WI], [WII]. In the case n = 1,
he showed that W0 —1 is isomorphic to WW(gl3) with central charge —2, and classified
its irreducible modules. He also conjectured in [WIII] that Z_; should be generated by
a unique singular vector. However, for n > 1, the structure of W4, —, is still an open
problem. There is a singular vector in M_,, of weight (n + 1)2, and it was conjectured
in the physics literature by Blumenhagen—Eholzer—Honecker—Hornfeck—Hubel in [B—H],
and also by Wang in [WIII], that this vector should give rise to a decoupling relation of
the form

it=prGo ..., 7Y, 1=n®+2n. (1.1)

The main result of this paper is a proof of this conjecture, and our starting point is the
realization Witoo,—n = S (V)CLn This point of view allows us to study Wi 4eo,—n US-
ing classical invariant theory, an approach which was first suggested by Eholzer—Feher—
Honecker in [EFH]. As a vector space, S(V)O! is isomorphic to the classical invariant

ring
GL,
R=(ssm@Pviovp) .
k>0

where Vi and V;* are copies of V and V*, respectively. We view S (V)SLr as a deforma-
tion of R, in the sense that S(V)Ol is linearly isomorphic to R, and admits a filtration
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for which the associated graded object gr(S(V)S") is isomorphic to R as a commutative
ring. The generators and relations of R are given by Weyl’s first and second fundamental
theorems of invariant theory for the standard representation of GL,, [W]. By a careful
analysis of the deformation of this ring structure, we prove two key facts:

e Forn > 1, M_, has a unique nontrivial singular vector (up to scalar multiples) of
weight (n+1)2, which generates the maximal proper submodule Z_,,. This is analogous
to the uniqueness of the singular vector in M,, of weight n + 1 which generates Z,,, for
n>1.

e This singular vector is of the form Jh— P(JO, e, Jl_l) for I = n% + 2n, and hence
gives rise to a decoupling relation in W) oo, —p of the form (1.1). Using this relation,
it is easy to construct higher decoupling relations j© = Q,(j°, ..., j'"1) forr > [. It

.. . ; n2
follows that W1 oo, _, has a minimal strong generating set {;°, ..., j* 211},

It is known [FKRW] that the Zhu algebra of M, is isomorphic to the polynomial alge-
bra C[a®, a', a2, ...]. It follows from our main result that the Zhu algebra of Wi yo0,—n
is a quotient of the polynomial ring C[a”, . . ., a"2+2"_1] by an ideal I_, corresponding
to Z_,. In particular, the Zhu algebra of W40 —n is commutative, so its irreducible rep-
resentations are one-dimensional, and are in one-to-one correspondence with the points
on the variety V(I_,) C TP+ Tt follows that the irreducible, admissible representa-
tions of W), —n are all highest-weight representations, and are parametrized by V (I_,)
as well. We show that V (I_,) is a proper, closed subvariety of C"*+21 In future work,
we hope to study the geometry of this variety in more detail.

2. Vertex algebras

In this section, we define vertex algebras, which have been discussed from various differ-
ent points of view in the literature [B], [FHL], [FLM], [K], [LI], [LZ]. We will follow the
formalism developed in [LZ] and partly in [LI]. Let V = V@ V| be a super vector space
over C, and let z, w be formal variables. By QO(V), we mean the space of all linear maps

V> V(@) = {3 v o € V., vin) = 0forn 0},
neZ

Each element a € QO(V) can be uniquely represented as a power series

a=a@) =) amz""" € EndV)[lz. 27"l
nez
We refer to a(n) as the nth Fourier mode of a(z). Each a € QO(V) is assumed to be of
the shape a = ag +a; where a; : V; — V() fori, j € Z/27Z, and we write |a;| = i.
On QO(V) there is a set of nonassociative bilinear operations o,,, indexed by n € Z,

which we call the nth circle products. For homogeneous a, b € QO(V), they are defined
by

a(w)o,b(w) = Res; a(2)b(w) Liz)=w| (z—w)" — (=11 Res, b(w)a(z) )=z (z—w)".
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Here (7> w| f (z, w) € C[][z, z~1, w, w™1]] denotes the power series expansion of a ratio-

nal function f in the region |z| > |w|. We usually omit the symbol ¢|;|- || and just write
(z — w)~! to mean the expansion in the region |z| > |w/|, and write —(w — z) ! to mean
the expansion in |w| > |z|. It is easy to check that a(w) o, b(w) above is a well-defined
element of QO(V).

The nonnegative circle products are connected through the operator product expan-
sion (OPE) formula. For a, b € QO(V), we have

a()b(w) = Za(w) on b(w) (z — w) ™" +:a(2)b(w):, 2.1

n>0

which is often written as a(z)b(w) ~ ano a(w) o, b(w) (z — w) "~ !, where ~ means
equal modulo the term

«a@bw): = a@)—_bw) + (—DPlpw)a(z) 4.

Here a(z)_ = ZKOa(n)z_"_1 and a(z)y = anoa(n)z_”_l. Note that :a(w)b(w): is
a well-defined element of QO (V). It is called the Wick product of a and b, and it coincides
with a o_1 b. The other negative circle products are related to this by

n!a(z) o—p—1 b(z) = :(8"a(2))b(2):,

where 0 denotes the formal differentiation operator d%. For a(2),...,ar(z) € QO(V),
the k-fold iterated Wick product is defined to be

:a1(z)ax(z) -+ - ax(2): = :a1(2)b(2):, 2.2)

where b(z) = :ap(z) - - - ar(z):. We often omit the formal variable z when no confusion
can arise.

The set QO(V) is a nonassociative algebra with the operations o, and a unit 1. We
have 1 0, a = 8§, —ja for all n, and a o, 1 = §,,_1a for n > —1. A linear subspace
A C QO(V) containing 1 which is closed under the circle products will be called a
quantum operator algebra (QOA). In particular A is closed under 9 since da = a o 1.
Many formal algebraic notions are immediately clear: a homomorphism is just a linear
map that sends 1 to 1 and preserves all circle products; a module over A is a vector
space M equipped with a homomorphism A — QO(M), etc. A subset S = {a; | i € I}
of A is said to generate .4 if any element a € A can be written as a linear combination
of nonassociative words in the letters a;, o,, fori € I and n € Z. We say that S strongly
generates A if any a € A can be written as a linear combination of words in the letters
a;j, oy for n < 0. Equivalently, A is spanned by the collection {:8"1ai1 (z)- - - km a;, (z2): |
ily.oosim €1, k1,...,ky =0}

We say that a, b € QO(V) quantum commute if (z — w)N [a(z), b(w)] = 0 for some
N > 0. Here [, ] denotes the super bracket. This condition implies that a o, b = 0 for
n > N, so (2.1) becomes a finite sum. If N can be chosen to be 0, we say that a, b
commute. A commutative quantum operator algebra (CQOA) is a QOA whose elements
pairwise quantum commute. Finally, the notion of a CQOA is equivalent to the notion
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of a vertex algebra. Every CQOA A is itself a faithful .A-module, called the left regular
module. Define

p: A= QOM), ara, alQ)b= Z(d o b)g "L
nez

Then p is an injective QOA homomorphism, and the quadruple of structures (A4, p, 1, 3)
is a vertex algebra in the sense of [FLM]. Conversely, if (V, Y, 1, D) is a vertex algebra,
the collection Y (V) C QO(V) is a CQOA. We will refer to a CQOA simply as a vertex
algebra throughout the rest of this paper.

The following are useful identities which measure the nonassociativity and noncom-
mutativity of the Wick product, and the failure of the positive circle products to be deriva-
tions of the Wick product. Let a, b, ¢ be vertex operators in some vertex algebra 4, and
let n > 0. Then

::ab:)c: — :abc: = Z (:@ @) (b ox ) + (=D)L (@3 by (a o ):),

=0 (k+ 1)!

(2.3)

(=¥
cab: — (= DVPLpg: = gk tl(q o b), (2.4)
; (k + 1)!

a op G:bey) — :(a oy b)e: — (—DPlpa oy ¢): = Z (Z)(a on_k b) op_1¢c. (2.5
k=1

3. Category R

In [LL] we considered a certain category R of vertex algebras, together with a functor
from R to the category of supercommutative rings. This functor provides a bridge be-
tween vertex algebras and commutative algebra, and it allows us to study vertex algebras
A € R by using the tools of commutative algebra.

Definition 3.1. Let R be the category of vertex algebras .4 equipped with a Zx-filtration
Aoy CAn C A C---, A= U A 3.1
k>0
such that Ay = C, and for all a € A, b € Ay, we have

aopbe Awtn forn <0, (3.2)
ao,be A(k+l—l) forn > 0. 3.3)

Elements a(z) € A \ A(g—1) are said to have degree d, and morphisms in R are vertex
algebra homomorphisms which preserve the filtration.
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Filtrations on vertex algebras satisfying (3.2)—(3.3) were introduced in [LII] and are
known as good increasing filtrations. Setting A1y = {0}, the associated graded object
gr(A) = B0 Aw/Aw—1) is a Z>o-graded associative, supercommutative algebra with
a unit 1 under a product induced by the Wick product on .A. In general, there is no natural
linear map A — gr(.A), but for each r > 1 we have the projection

¢r 2 Ary = Ay /A1) C gr(A). (3.4)

Moreover, gr(A) has a derivation 9 of degree zero (induced by the operator 3 = d/dz
on A), and for each a € A(y) and n > 0, the operator ao, on A induces a derivation of
degree d — k on gr(A), which we also denote by ao,,. Here

k=sup{j = 1| Agyon Ais) C A(r+s—j) Vr,s,n > 0},

as in [LL]. Finally, these derivations give gr(.4) the structure of a vertex Poisson algebra.

The assignment A +— gr(A) is a functor from R to the category of Zso-graded
supercommutative rings with a differential o of degree 0, which we will call 9-rings. A
d-ring is the same thing as an abelian vertex algebra, that is, a vertex algebra V in which
[a(z),b(w)] = O for all a,b € V [B]. A 0-ring A is said to be generated by a subset
{aj | i e I}if{3ka; |i eI,k > 0} generates A as a graded ring. The key feature of R is
the following reconstruction property [LL]:

Lemma 3.2. Let A be a vertex algebra in R and let {a; | i € I} be a set of generators
for gt(A) as a d-ring, where a; is homogeneous of degree d;. If a;(z) € Ag;) are vertex
operators such that ¢g,(a; (z)) = a;, then A is strongly generated as a vertex algebra by
{ai(x) | i € I}.

There is a similar reconstruction property for kernels of surjective morphisms in R. Let
f + A — Bbe amorphism in R with kernel 7, such that f maps A, onto B for
all k > 0. The kernel J of the induced map gr(f) : gr(A) — gr(B3) is a homogeneous
d-ideal (i.e., dJ C J). A set {a; | i € I} such that g; is homogeneous of degree d; is said
to generate J as a d-ideal if (0ka; |iel, k>0) generates J as an ideal.

Lemma 3.3. Let {a; | i € I} be a generating set for J as a d-ideal, where a; is homoge-
neous of degree d;. Then there exist vertex operators a;(z) € A,y with ¢q;(a;(2)) = a;,
such that {a;(z) | i € 1} generates J as a vertex algebra ideal.
Proof. First, let alf (z) € Ag; be an arbitrary vertex operator satisfying ¢g; (alf () = q;.
Clearly a;(z) need not lie in 7, but f(a;(z)) lies in B(g,—1). Since f maps A(g,—1) onto
B(g;—1), there exists ¢;(z) € A;—1) such that f(c;(z)) = —f(a;(2)). Letting a;(z) =
a}(z) + c;(2), it follows that a; (z) € J and ¢g, (a;(2)) = a;.

Now given w(z) € J of degree k, we can write ¢ (@) = Y ;7 D=0 fij9” ai, where
all but finitely many f;; are zero, and each f;; is homogeneous of degree k — d;. Choose
vertex operators f;;(z) such that ¢ g4, (fij(z)) = fij, and let

@)=Y i@ ai(2):.
iel j>0

Since each @;(z) is in 7, " (z) = w(z) — &'(z) also lies in 7. Clearly ¢ (o' (z) — 0 (z))
=0, s0w"(z) € J N Ag—1. The claim follows by induction on k. O
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4. The algebra Wi

Let D be the Lie algebra of regular differential operators on C \ {0}, with coordinate ¢.
A standard basis for D is

Jh= @), ke, ez,

where d; = d/dt. D has a 2-cocycle given by

m!n!

—( Y eSt:Of("H)(t)g(m)(t)dt, 4.1

Y(f@@)", gt)(@)") =

and a corresponding central extension D=D @ Ck, which was first studied by Kac—
Peterson in [KP]. D has a Z-grading D = @j <7 Dj by weight, given by

wt(J)) =k,  wt(k) =0,
and a triangular decomposition

'[DZZA)J,-GB'[)OEBZA)—,

where Dy = Djcin D; and Dy = Dy @ Ck. For a fixed ¢ € C and A € D, define the
Verma module with central charge ¢ over D by
Mc(ﬁ, )") = U(ﬁ) ®U(ﬁ(}@ﬁ+) C)u

where C, is the one-dimensional Dy ® 75+-module on which « acts by multiplication
bycand h € ﬁo acts by multiplication by A (%), and ﬁ+ acts by zero. There is a unique
irreducible quotient of Mc(ﬁ, A) denoted by V. (15, A).

Let P be the parabolic subalgebra of D consisting of differential operators which
extend to all of C, which has a basis {J; "'|1>0, I+k > 0}. The cocycle W vanishes on P,
so P may be regarded as a subalgebra of D. Clearly Do @ D+ C P, where P = P @ Ck.
The induced D-module

M, = M (D, P) =UD)®,,5 Co

UP)

is then a quotient of M. (15, 0), and is known as the vacuum D-module of central charge c.
M has the structure of a vertex algebra which is generated by fields

J@y=>Y gz 1=>0,

keZ

of weight / + 1. The modes J, ,ﬁ represent D on M., and in order to be consistent with our
earlier notation, we rewrite these fields in the form

J@ =) o,

keZ
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where J! (k) = J/é—z' In fact, M. is freely generated by {J!(z) | I > 0}; the set of iterated
Wick products _ .
1IN ()-8 T (2):, (4.2)
suchthat/; <--- <[, and i, <ipifl, = I, forms a basis for M,. Define a filtration
Mooy €M)y C -+

on M, as follows: for k > 0, (M) k) is the span of monomials of the form (4.2), for
r < k,and (M¢)k+1) = (M) k). In particular, each J !"and its derivatives has degree 2.
Equipped with this filtration, M, lies in the category R, and gr(M,) is the polynomial
algebra C[BkJ ! | k,I > 0]. Moreover, the vertex Poisson algebra structure on M, is the
same for all c. In particular, each operator J lok for k, I > 0 is a derivation of degree zero
on gr(M,), and this action of P on gr(M,) is independent of c.

Lemma 4.1. For each ¢ € C, M, is generated as a vertex algebra by J°, J', and J>.

Proof. Let J be the vertex subalgebra of M, generated by J°, J!, and J2. An OPE
calculation shows that for / > 1,

J2orJ T = —a+)J +2007, Jlog gt = —aJl.

It follows that & oy J/=1 = —(I + 1)J!, where « = J% — 29J!. Since « € 7, it follows
by induction that J l'e J foralll. O

In particular, M, is a finitely generated vertex algebra. However, M, is not strongly
generated by any finite set of vertex operators. This follows from the fact that gr(M,) =
C[8*J! | k, 1 = 0], which implies that there are no normally ordered polynomial relations
among the vertex operators J ! 1 > 0, and their derivatives.

A weight-homogeneous element w € M. is called a singular vector if J! o w = 0 for
all k > [ > 0. The maximal proper D-submodule Z. is the vertex algebra ideal generated
by all singular vectors w # 1, and the unique irreducible quotient M /Z, is often denoted
by Wi4w0,c in the literature. We denote the projection M, — W) 4o ¢ by 7, and we use
the notation

jl=m.h, 1>0, 4.3)

in order to distinguish between J/ € M, and its image in Witoo,c- Clearly Wiioo.c
is generated by j°, j!, j% as a vertex algebra, but there may now be normally ordered
polynomial relations among {d* j/ | k, [ > 0}.

For ¢ ¢ Z, M, is irreducible, so Wij00,c = M, but for n € Z, M, is reducible.
Forn > 1, W e0,n 1s known to be isomorphic to W(gl,,) with central charge n [FKRW].
An important ingredient in the proof is a realization of Wi, as a subalgebra of the
bc-system E(V), for V. = C". This vertex algebra was introduced in [FMS], and is the
unique vertex algebra with odd generators b (z), ¢'(z)forx € Vandx’ € V*, satisfying
the OPE relations

b ()t (w) ~ (&, )z —w) 7, e @bt (w) ~ (& x)(z —w) T,

b ()b (w) ~0, ¢ (2)c (w) ~ 0, (4.4)
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where (, ) denotes the natural pairing between V* and V. The map

n
Witeon = EV),  j1@) > Y :chi(2)d'b" (2):, (4.5)

i=1
identifies W1 40,, With the invariant subalgebra £ (V)GL: [FKRW]. Here {x1, ..., x5} 1s
a basis for V and {xi, ..., X, } is the dual basis for V*. There is a singular vector in M,

of weight n + 1, which generates 7, and gives rise to a decoupling relation of the form
S r=PG T,

where P is a normally ordered polynomial in the vertex operators j°, ..., j"~! and their
derivatives. From this relation, higher decoupling relations j” = Q,(j, ..., j"!) can
be constructed for all 7 > n, s0 W0, 18 strongly generated by RN L

For n = —1, Wi4eo,—1 is isomorphic to W(gl3) with central charge —2, which
was shown using the Friedan—Martinec—Shenker bosonization [WI], [WII]. In particular,
Wi+teo,—1 1 a tensor product of a Heisenberg algebra H and the simple Zamolodchikov
Wjs algebra with ¢ = —2. However, for n > 1, the structure of W), —, is not well
understood. There is a singular vector in M _,, of weight (n + 1)2, and it was conjectured
in [B-H] and [WIII] that this singular vector gives rise to a decoupling relation

it=prgo ..., Y (4.6)

for I = n® + 2n. From such a relation, one can construct higher decoupling relations
Jjr = Qr(jo, e, j”l) for all r > [, so this would imply that W) 4oo —p is strongly
generated by {j°, ..., jr+2—1),

For n > 1, Wi4e0,—n has an analogous realization as a subalgebra of the fy-system
S(V) for V.= C". The By-system, or algebra of chiral differential operators on V, was
introduced in [FMS]. It is the unique vertex algebra with even generators *(z), y"/(z)

for x € V, x’ € V*, which satisfy the OPE relations

B @y" (w) ~ &, x)z—w), pY @B W) ~ —(x X))z —w) T,
B (@B (w) ~0, ¥ @)y (w)~0. 4.7)

We give S(V) the conformal structure
n ’
L) =Y B ()dy" () (4.8)
i=1

under which 8% (z) and yxi/ (z) are primary of conformal weights 1 and 0, respectively.
Moreover, S(V) has a basis consisting of the normally ordered monomials

T AR LY AT LRVl I R IVE B (4.9)
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In this notation, I; = (i’l‘, e, ifk) and J; = (jf, A jskk) are lists of integers satisfying
N . .k .
0<if <. <ifand0<jf<- <k and

alkgr = ;aif,gw ...aifk,ng;, 3yt = ;af{‘yxli gl yi:,
S(V) then has a Zx¢-grading
SWV)y=sv)?, (4.10)

d>0

where S(V)@ is spanned by monomials of the form (4.9) of total degree d =
Y i—1(ri + sx). Finally, we define the filtration S(V)(g) = @?:0 S(V)®| This filtra-
tion satisfies (3.1)—(3.3), and we have

gr(S(V)) = Sym(@(vk P Vk*)), Vi={BflxeV), Vi=pf 1x eV
k>0

In this notation, 8 and y,f/ are the images of 3% (z) and 8")/"/ (z) in gr(S(V)) under
the projection ¢ : S(V)1)y = S(V)1)/S(V)(0). The embedding Wi 1o0,—n — S(V)
introduced in [KRII] is defined by

J'@ Y @) B (). (4.11)
i=l

This map preserves conformal weight, and is a morphism in the category R. For the rest
of this paper, we will identify W o0, —, With its image in S(V).

The standard representation of GL, on V = C”" induces an action of GL, on S(V)
by vertex algebra automorphisms. In fact, GL, is the full automorphism group of S(V)
preserving the conformal structure (4.8). As shown in [KRII], W14, —n is precisely the
invariant subalgebra S(V)C . The action of GL, on S(V) preserves the grading (4.10),
so that Wi 400, —p is a graded subalgebra of S(V'). We write

Witeo,-n = @D Witeo ), Witoo )P =Witeo a NSW@, (4.12)
d=0

and define the corresponding filtration by W 400,—n) @) = @?:O(V\h +oo,7,,)(’.).
The identification Wi4oo,—n = S (V)OLn suggests an alternative strong generating set
for Wi4o0,—n. Define

wap(@) =) 0By ab=z0. (4.13)
i=1

For each m > 0, let A,, denote the vector space of dimension m + 1 with basis {w, p |
a + b = m}. Note that 0w, p = Wa+1,b + ®a.b+1, 30 0(Ay) C Apt1. Moreover,
Ay /3(Am—1) is one-dimensional, and j™ = wpy o0 ¢ d(Am—1), SO we have a decom-
position

Ap =03An_1® (j™), 4.14)
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where (j™) is the linear span of j™. Finally, {3 j® | a + b = m} is another basis for A,,,
so each w, , € A, can be expressed uniquely in the form

m
wap =y o j" (4.15)
i
for constants cp, ..., cn. Hence {w,p | a,b > 0} is another strong generating set for

Wi4oo,—n as a vertex algebra. The formula (4.15) holds in Wi, —, for any n, and
allows us to define a new generating set {2, | a, b > 0} for M_,,, where

m
Qa,bZZCiai.’m_i, a+b=m.
=0

In fact, this new generating set makes sense in M, for any ¢ € C, and 7.(Q2,.5) = wa p.
Since gr(M,) = C[8*J' | k,1 > 0], we also have gr(M,) = C[Qq.5 | a,b > 0]. We
will use the same notation A,, to denote the linear span of {2, 5 | a + b = m}, when no
confusion can arise.

As shown in [KRII], the generating set (4.13) has a natural interpretation in terms
of Weyl’s description of the ring of polynomial invariants for the standard representation
of GL, [W].

Theorem 4.2 (Weyl). Fork > 0, let V}, be the copy of the standard GL,,-module C" with
basis x; fori = 1,...,n, and let Vk* be the copy of V* with basis xl.’,k, i=1,...,n.
The invariant ring (Sym @kzo(vk @ Vk*))GL" is generated by the quadratics

n
Qap = Y XiaX|p» (4.16)
i=1

which correspond to the GL,,-invariant pairings V, ® V;; — Cfora,b > 0. Let Q,  be
commuting indeterminates for a, b > 0. The kernel I, of the homomorphism

GL,
ClOus] = (SmP V@ VD) ™", Qus = dus “.17)
k>0

is generated by the (n + 1) x (n + 1) determinants

Qig.jo =+ Lio.n
dr,j = det : : (4.18)
Qin,jo T Qimjn
Here I = (ig, ...,iy) and J = (jo, ..., jn) are lists of integers satisfying

O<ip<---<iy, O0=Zjo<-<jn (4.19)
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Since the action of GL, on S(V) preserves the filtration, we have gr(S(V)GL") =
(gr(S(V))Sl» = (Sym @kzo(vk &) Vk*))GL", and under the projection

d2:SV)py = S(V)2)/S(V)ay C gr(S(V)),

g p corresponds to g, p.
Recall that the projection m_, : M_, — Wiie, —p sending Q,, — wqp is a
morphism in the category R. Under the identifications

N »\, * GL,
(M) Z ClQup | @b 2 01, eWisoe,-) = Sym(PVi @ V)
= (C[Qa,b]/]m

gr(m_y,) is just the quotient map (4.17). Clearly 7_,, maps each filtered piece (M_,)x,)
onto Witoo,—n) k), so the hypotheses of Lemma 3.3 are satisfied. Since I, =
Ker(gr(m—,)) is generated by the determinants dj ;, we can apply Lemma 3.3 to find
vertex operators Dy j € (M_,)an+2) satistying ¢o,42(Dy y) = dj,j, such that {Dj }
generates Z_,. Since 2, 5, has weight a + b 4+ 1, it follows that

n n
wiDr ) =+ +n+1, =Y e, =) jo (420
a=0 a=0

In general, the vertex operators a; (z) furnished by Lemma 3.3 satisfying ¢y, (a;(2)) = a;
which generate 7 are not unique. However, in our case, Dy, ; is uniquely determined by
the conditions

¢om+2(Dyy) =dpy, 7w_n(Dypy)=0. 4.21)

To see this, suppose that D/I, ; isanother vertex operator satisfying (4.21). Then Dy, j— D}, 7
lies in (M_,)2n) N Z_,, and since there are no relations in W, —, of degree less than
2n + 2, we have Dy j — D’I’J =0.

For each n > 1, define

Up = M_pw)antay NIy, (4.22)

which is just the vector space with basis {Dy s}, where I, J satisfy (4.19).

Lemmad4.3. For all n > 1, U, is a module over the parabolic Lie algebra P C D
generated by {J (k) = J' of | k,1 > 0}.

Proof. The action of P preserves the filtration degree, and in particular preserves
(M_,) 2n+2)- Also, P preserves Z_,, since Z_, is a vertex algebra ideal. O

It will be convenient to work in the basis {2, p 0g4p—w | a,b >0, a+b—w > 0} for P.
Note that €, j 04+b—1 1S homogeneous of weight w. The action of P by derivations of
degree zero on gr(M_,) coming from the vertex Poisson algebra structure is independent
of n, and is specified by the action of P on the generators €2; ,,. We compute

Qa,h Oa+b—w Ql,m = )La,b,w,l(QH—w,m) + Ma,h,w,m(gzl,m-'rw)a (4-23)
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where
b+1_(b+D)!
Aabwi = D" grmar [ tw—a =0,
[t el 07 l+w—g<0’
(a+m)!
Ha bwm = (_l)am, m+w_b20’
bow, 0, mtw—b <0

The action of P on U, is by “weighted derivation” in the following sense. Fix I =
(io, ...,ip) and J = (jo,..., jn), and let Dy ; € U, be the corresponding element.
Given p = Q4 p og+b—w € P, we have

n n
p(Dr.)) =Y ADrry+ Y wDry (4.24)
r=0 r=0
for lists I" = (ig,...,0—1,0ir + W, ipt1,...,0p) and J" = (o, ..., jr—1, jr + W,
Jr+1s .-+ Jn), and constants A,, u,. If i, + w appears elsewhere on the list I”, then

Ar = 0, and if j. + w appears elsewhere on the list J”, then u, = 0. Otherwise,

A= i)\a,b,w,irs Hr = :I:Ma,b,w,j,’ (4.25)

where the signs =+ are the signs of the permutations transforming /" and J” into lists in
increasing order, as in (4.19).
For each n > 1, there is a distinguished element Dy € U,, defined by

Do=Dyy;, I=(01...,n), J=(01,...,n). (4.26)

In this case, [I| = |J| = n(n+ 1)/2, so Dy is the unique element of Z_, of minimal
weight (n + 1)2, and hence is a singular vector in M _,.

Theorem 4.4. The element D generates the ideal I_,,. It follows that Dy is the unique
nontrivial singular vector in M_,, up to scalar multiples.

Proof. Since Z_, is generated by U, as a vertex algebra ideal, it suffices to show that U,
is generated by Dy as a module over P. Let U, [k] denote the subspace of U,, of weight k.
Note that U, [k] is trivial for k < (n + 1)2 and is spanned by Dg for k = (n + 1)2.

Fork > (n + 1)2, we define a property P, i of the subspace U,[k] as follows:

e Forevery Dy j € Uylkl,if I # (O, ..., n), there exists an integer s > 0 and elements
D11’J, ey D[S’j € Un[k — l],
with I" = (i, ..., i) satisfying 0 < ip — i < 1, and there exist elements

Pl,--., Ps € P satisfying

S
> pr(Diry) =Dy . (4.27)
r=1



1750 Andrew R. Linshaw

e Each p, appearing in (4.27) is a linear combination of elements of the form
Q4.b %a+b—1, Where a > ip, and b can be arbitrarily large. In other words, for each
integer + > 0, we can assume that py, ..., py are linear combinations of elements
Qa,b og+b—1 With b > t.

e Similarly,if I = (0,...,n)and J = (jo, ..., ju) # (0, ..., n), there exists an integer

s > O and elements D; 1, ..., Dy ys € Uplk — 1], with J" = (jg, ..., j,), satisfying
0<jo— jg < 1, and elements p1, ..., ps € P satisfying
S
> pr(Dryr) =Dy . (4.28)

r=1

Moreover, each p, in (4.28) is a linear combination of elements of the form
Qu.b a+b—1, Where b > jo, and a can be arbitrarily large.

In order to prove that U, is generated by Dy as a P-module, it suffices to prove that
property P, x holds for all n > 1 and all k > (n + 1)?. We proceed by induction on n
and k. First, we show that P, holds for arbitrary n, and k = (n + D2 + 1. Second,
we fix n = 1 and show that property Pj x holds for all X > 4 by induction on k. Third,
we assume inductively that property Py, x holds for each pair (m, k) with m < n and
k > (m + 1)2, and show that Py, must then hold for k > (n + 1)2.

Step 1. Fix n > 1 and let k = (n + 1)?> + 1. Then U,[k] is spanned by two el-
ements corresponding to {I,J} = {(0,...,n — 1,n 4+ 1),(0,...,n)} and {I, J} =
{©,...,n),0,...,n—1,n+ 1}.

Case 1:{I,J}={,...,n—1,n+1),(0,...,n)}. Let!’=(0,...,n),sothat Dy ; =
Dy. Forany b > n + 1, let

Ly (n+ 1!
b+ n)!

It follows from (4.23)—(4.25) that p(Dy ;) = Dy, ;.

p = Q0.6 0p—1 -

Case2: 1 =(,...,n)and J =(0,...,n—1,n+1). LetJ'=(0,...,n),s0 Dy y =
Dy, and let
(n+ 1)

p= (—1)am Q40041 -

As above, p(Dy j) = Dy, ;. Hence property P, j holds for k = (n + D2 +1.

Step 2. By Step 1, P; s holds, so assume inductively that P; x_; holds. Let Dy ; € U;[k].
Case 1: I = (ig,i1) # (0, 1) and i —ig > 1. Forany b > j; + 1,let I’ = (ip, i1 — 1)
and let

b+1
p=(—=DbF i1.b Oiy+b—1 -

- Q
b+i—1!
By (4.23)-(4.25), we have p(Dyp j) = Dy ;.
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Case 2: I = (ig,i1) # (0,1) and ij — ip = 1. Then iy > 0, so we can take I’ =
(io — 1, i1). Let Dp_; be the corresponding element of U; [k — 1]. Also, let I"” = (ip — 1,
i1 + 1) and let D;» ; be the corresponding element of U;[k]. For any b > j; + 1, let
p1 = 0,5 0p—1 and py = Q1 op. We have

b+ig—1)! b+ip)!
piDp = (1t CEO =Dy O,
’ io! ’ (it + 1! ’
b+ig—1)! b+ip)!
2Dy y) = (—l)hH(ﬂ# Dy gy + (—1)h+1(—.i_—ll) Dy y.
’ (ip — 1! ’ (i1)! '
. btig—1)! (b+ip)! btig—1)! (b+ip!N - - -
Since the vectors (%, El'lj‘li;!) and (( &;’21)!) , ((fll)‘!) ) in C? are linearly indepen-

dent, we can find a suitable linear combination p = c|p; + ¢z p2 such that p(Dy ;)
=Dy .

Case 3: 1 = (0, 1), J = (jo, j1) # (0, 1), and j; — jo > 1. The argument is similar to
Case 1 with the roles of I and J reversed.

Case 4: 1 = (0,1), J = (jo, j1) # (0, 1), and j; — jo = 1. This is similar to Case 2
with the roles of I and J reversed.

Step 3. Assume that property P, x holds for each pair (m, k) with m < n and k >
(m + 1)%. We know from Step 1 that P, (n41)241 holds, so we may assume inductively
that P, x—1 holds. Let Dy ; € Uy,lk], and assume first that I # (0, ..., n).

Case I: I # (0,...,n),and ig # 0. Let I' = (i9p — 1,i1,...,i), and let Dy j be the
corresponding element of U, [k — 1]. For b > j, + 1, let
io!

_ (_1\b+1
p=D (b+ip—1)!

Qb Oig+b—1 -

By (4.23)-(4.25), we have p(Dy ;) = Dy g+ r_y A+ Dypr j, where I” = (ip—1, iy, ...,
ir—1,0r + 1,ir41,...,0p). Foreachr = 1,...,n,let

Kr = (ilv "-7ir—lsir + ]1i}’+la "-7in)7

which is the list of length n obtained from /" by removing the first entry ig — 1. Similarly,

let J' = (ji, ..., jn), and let Dgr_j be the corresponding element of U, ;. By inductive
assumption, for each r = 1, ..., n there exist an integer s, > 0 and a collection of lists
L~y .. L™ of length n, together with elements p, 1, ..., p.s, € P, such that

Sr
Z Pri(Dpre 1) = Dgr .

=1

Moreover, we may assume that each of the lists L has the property that the first term [ ;’t
satisfies 0 < i f — l{” < 1. Furthermore, we may assume that each p, ; is a linear combi-
nation of elements of the form €2, j o44p—1 Witha > iy and b > j, + 1.
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Let M"! be the list of length n + 1 given by (ip — 1, II”, L 101, and let Dyri g be
the corresponding element of U,. Since a — (ip — 1) > 2, the operators 2, j 0o44+p—1 do
not affect the first index io — 1 of M"', 50 ") | pri(Dyre ;) = Dy j. Hence

n s
p(Dy.)) =YY rpra(Dyri y) = Dpy.
r=1t=1

Case 2: I # (0,...,n),and ip = 0. Let r be the minimal integer for which i, > r. By
assumption, we have | <r <n.Hencel = (0,...,r — 1,i,,...,iy). Since i, —i,_1 =
ir — (r — 1) > 2, it follows that operators of the form 2,41, o, only act on the last
n—r+1termsof I.

Let I’ = (iy,...,ip) and J' = (j, ..., ju) be the lists of length n — r + 1 obtained
from I and J, respectively, by deleting the first r terms, and let Dy ;- € U, _, be the cor-

responding element. By inductive assumption there exist elements D1y, ..., Dys y €
U,—, and elements py, ..., ps € P such that
s
> pi(Dyry)) =Dy g (4.29)
t=1
Moreover, we may assume that for r = 1,...,s, I' = (il,...,i}) satisfies 0 < i, — i’

< 1, and that each p; is a linear combination of elements of the form €2, , o445—1 Where
a>i,>r+landb > j,+1.Let K" = (0,...,r — 1,il,... i), and let Dg: ; be the

corresponding element of U, . It follows from (4.23)—(4.25) and (4.29) that
N
ZPr(DKt,J) =Dyy.
t=1

Case 3: 1 = (0,...,n),J #(0,...,n),and jy # 0. The argument is the same as the
proof of Case 1, with the roles of I and J reversed.

Case4:1 =(,...,n),J # (0,...,n),and jo = 0. This is the same as Case 2, with
the roles of I and J reversed.
This completes the proof that property P, ; holds foralln > landk > (n + 1)>. O

Remark 4.5. Specializing Theorem 4.4 to the case n = 1 proves the conjecture of Wang
[WIII] that all normally ordered polynomial relations in W), —1 among the generators
7%, j1, j? are consequences of a single relation.

There is a convenient way to think about the vertex operators Dy ;j € M_, which is
suggested by the proof of Lemma 3.3. Given a homogeneous polynomial

pegM_p)=Cl[Qapla,b=0]

of degree k in the variables Q, 5, a normal ordering of p will be a choice of normally
ordered polynomial P € (M_,)qxx), obtained by replacing Q, , by 24,5, and replac-
ing ordinary products with iterated Wick products of the form (2.2). Of course P is
not unique, but for any choice of P we have ¢ (P) = p, where ¢ : (M_,) 1) —
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(M) i/ M_p)@k—1) C gr(M_p) is the usual projection. For the rest of this paper,
D% E2 F2k et will always denote elements of (M_,) k) which are homogeneous,
normally ordered polynomials of degree k in the vertex operators €2, 5.

Let D%?fz € (M_p)@n+2) be some normal ordering of dy ;. Then

T_n(D]?) € Witoo,—n)an)-
where m_,, : M_,, = Wi 4c0,—n is the projection, and ¢o, (7, (Di”fz)) € grWl4o0,-n)
= Clga.pl/ 1, can be expressed uniquely as a polynomial of degree n in the variables
qa.p- Choose some normal ordering of the corresponding polynomial in the variables
Qq.», and call this vertex operator —D%f‘j. Then D%"JH + D%”J has the property that

2n+2

T_n(D i D%,"J) € Wi+o0,—n)@2n—2). Continuing this process, we arrive at a vertex

operator Di"fz + D%fv 4+ 4+ D?’ ;7 in the kernel of 7_,,. We must have
n+1
Dy, =) D7, (4.30)
k=1

since Dy j is uniquely characterized by (4.21).

In this decomposition, the term D%’ ; lies in the space A, spanned by {2, |
a+b = m}, form = |I| + |J| + n. Recall that A,, = 0A,,_1 @& (J™), and let
pr,, : Am — (J™) be the projection onto the second term. Define the remainder

Ry = pr, (D] ). 4.31)
We will see that R;, ; is independent of the choice of decomposition (4.30).

Lemma 4.6. Forall j, k,1,m > 0, Q; ;002 1 is a total derivative. In particular, Qj i oo
Qy  lies in the subspace 0(As_1) C Ay, where s = j+k+I1+m. Moreover, Qj 0102
and Qj i 02 8291,,” also lie in (Ag_1).

Proof. A calculation shows that for all k£, > 0,
k—1 _
JEoo J' = (=)0 (4.32)
i=0

We can write Qj x = ¢1J/7K + c20v and @, = diJ'*™ + dydpu, for constants ¢y, c2,
dy, d, and vertex operators v € Ajyr 1, 4 € Ajyu—1. The first statement follows from
(4.32) and the fact that v o9 ;. = 0 and J/+* o (dpu) = 3(J/ K 0g ) C dA,_1. The
second statement then follows from the calculation

Qj k01 0, = (2 k 01 L m) — 02k 01 Qm = (2 k 01 L) + 25k 00 L,m
and the third statement follows from
Qj ko2 BZQLm = 0(82, k02082, ;) — 082 k020 = (82} 1 020K2,1m) +2%2j 01 02 .

O
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Lemma 4.7. Let E € (M_,)@m) be a vertex operator of degree 2m, and choose a de-
composition

m
E=)E* (4.33)
k=1

where E?* is a homogeneous, normally ordered polynomial of degree k in the vari-
ables Qqp. IfFE =) | F 2k is any rearrangement of (4.33), i.e., another decomposition
of the same form, then E* — F? is a second derivative.

Proof. Let u = :ay - - - ay: be a normally ordered monomial in (M_,)2m), Where each
a; is one of the generators Q, 5. Let [i = :a;, - - - a;,,:, where (i1, ..., iy) isS some permu-
tation of (1, ..., m). It suffices to show that any decomposition u — it = km:]l E?k of
the difference u — i € (M_,)@mn—2), has the property that £ 2 is a second derivative.

To prove this statement, we proceed by induction on m. For m = 1, there is nothing
to prove since  — i = 0. Form = 2, and u = :Q4 52, 4:, wWe have

(-1

T QapoiQea) (@434

W— = :Qa,ch,d: - :Qc,an,b: = Z

i>0

by (2.4). Since Q2,5 og Q2.4 is already a total derivative by Lemma 4.6, it follows that
i — [L is a second derivative, as claimed.

Next, we assume the result for » < m — 1. Since the permutation group on m letters is
generated by the transpositions (i,i + 1) fori = 1,...,m — 1, we may assume without
loss of generality that

= :ar---a;_1G;110;0;42 - Gy

Ifi >1,wehave u — i = :ay---aj—1 f:, where f = :a;---apm: — :aj+1a;Gj42 -+ - A",
which lies in (M_,)@2m—2i). Since each term of f has degree at least 2, it follows that
w — [i can be expressed in the form Z;('l:_zl E?k_Since i > 1, there is no term of degree 2.
Given any rearrangement y — i = km;11 F2k it follows from our inductive hypothesis
that the term F? is a second derivative.

Suppose next that i = 1, so that ;t = :axaja3 - - - ap:. Define

v= :Caiax:)as---ap:, V= :Carxai)az---ay:,

and note that v — U = :(tajas: — :azay:) f:, where f = :a3---ay:. By (4.34), :ajaz: —
:apay: is homogeneous of degree 2, so v — ¥ is a linear combination of monomials of
degree 2m — 2. By inductive assumption, any rearrangement v — v = km;11 F2K has the
property that F? is a second derivative.

Next, by (2.3), we have

1
p—v=—Y ——— @ ay) (a2 ox f): +:(0" @) (@1 or £)2). (4.35)
g k+ 1!
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Since the operators oy for k > 0 are homogeneous of degree —2, each term appearing in
(4.35) has degree at most 2m — 2. Moreover,

deg(:(83"ar)(aror ):) = 2+deg(azor f), deg(:(3"'az)(arox f):) = 2-+deg(arox f),

so the only way to obtain terms of degree 2 is for ap oy f or aj ox f to be a scalar. This can
only happen if k > 0, in which case we obtain either 3**'a; or 8¥*!a,, which are second
derivatives. Finally, by inductive assumption, any rearrangement of ;& — v can contain
only second derivatives in degree 2.

Similarly, it — ¥ has degree at most 2m — 2, and any rearrangement of ft — ¥ can only
contain second derivatives in degree 2. Since u — it = (u —v) + (v — V) + (v — 1), the

claim follows. O
Corollary 4.8. Fix n > 1. Given Dy j € U,, suppose that D; j = Zi} D%f‘l and
Dy = Zi} ngj are two different decompositions of Dy, j of the form (4.30). Then

Dj, — D7 ; € 9*(As-2).

where s = |I|+|J|+n. In particular, R j is independent of the choice of decomposition
of Dy ;.

Lemmad4.9. Fix n > 1, and let Ry denote the remainder of the element Dy given by
(4.26). The condition Ry # 0 is equivalent to the existence of a decoupling relation of the
form j' =P, ..., " Yin Witoo,—n, forl = n? + 2n.

Proof. Let Dy = ZZI} D(%k be a decomposition of Dy of the form (4.30). If Ry # O,
we have D(z) = AJ! 4 dw for some A # 0 and some w € A;_1. Applying the projection
T_pn : M_y = Witeo,—n, since m—_,(Dg) = 0 we obtain

4 1 n+1 "
i = =5 (07-n(@) + ;n_n(DO ). (436)

which is a decoupling relation of the desired form. The converse follows from the fact
that Dy is the unique element of Z_,, of weight (n + 1). O

In the cases n = 1 and n = 2, we can give explicit formulas for Dy and Ry. These
calculations were performed using Kris Thielemans’ OPE package [T]. For n = 1, let

Dy = :Q0,0Q1,1: —Q0,1Q.,0:,  Dj= 30011+ 377

We have 7_ (Dg + Dg) =0, so
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Similarly, for n = 2, let

DS = :Q0,0821,1822,2: — :£20,0821,2822,1: — :€20,1€21,0€22,2:
+ Q20,121,282 00 — :€20,2€21,1822,0: + :€20,2821,0€22,1:,

Dy = — ﬁ :Q0,0822,5: + % Q0,182,4: — % :Q0,282,3: — %290,1524,21
+ % Q20,2841 — 3-1 Q20,025,201 + JT :Q20,2805,0: — % :Q20,0826,1: + % :€20,1826,0:
+ % 21,122,3: — % Q21,3211 — é291,092,41 + % :21,4220: + % :021,19232:
- % Q212031+ }1 21,0042 — 3-1291,294,01 + % 121,085,101 — % :21,1025,0:

— % :2,00232: + % 222803 0: — fTin,ont,l: + zll :22,1824,0:,

and

2 _ 1 7 1 1 7 1 8
Dy = —E892,5 — m893,4 — m3§24,3 — maﬂs,z + maﬂmo — m] .

We have Dy = D§ + D§ + D3, so that Ry = —135J%. For n > 2, it is difficult to find
explicit formulas for Dy and Ry, but we will show that Ry # 0.

Lemma 4.10. Fix n > 1, and suppose that D; j € U, has the property that Ry j = O.
Then for any decomposition Dy j = Z:} D%kJ of the form (4.30), the term D%_y jisa
second derivative. In particular, D%J € 32(As_») where s = |I| + |J| + n.

Proof Let I = (ig....in) and J = (jo, ..., ju). By (4.24) and (4.25), Dy is an
eigenvector of J2 oy with eigenvalue A = — > "_ i, (i — 1) + Y7 _o G + D(jr +2), s0

n+1 n+1
7o (3o03) =2(>-p). (4.37)
k=1 k=1
On the other hand, we can compute J? oy (ZZ;I D%f‘J) using (2.5). For k > 2, it follows
from (2.5) that J%oy D%f‘J can be expressed in the form E* 4 %24 p2k—4 Fork > 3,
any rearrangement of J2 o D%f‘] will only contain second derivatives in degree 2, so we
only need to consider the contribution from J 2 0) D%k 0 fork=1,k=2,and k = 3.
For k = 3, D?’J is a sum of terms of the form :Q2, 52 4€2, f:, and by (2.5), the
contribution of J2 o, D?’ ; in degree 2 will consist of terms of the form

J? 00 (Qa,p 00 (Re.d 00 e. 1))
which is a total derivative by Lemma 4.6.
For k = 2, Délt,J consists of a sum of terms of the form :Q, , Q2 4:. By (2.5), the
contribution of J2 oy D‘I‘J in degree 2 is a sum of terms of the form (J2 op 24.5) 01 Qc.a

and (J 24, Qa.b) 00 ¢4, which are all _total derivatives, by Lemma 4.6.
For k = 1, D%J = Zle cid"J*7, since Ry j = 0. Suppose that ¢; # 0. Using
(4.23), we calculate

J20, 00 V= —(2s +2)J° — (s> —3s —4)aJ* L.
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By Lemma 4.6, Jzoz(Zf:2 ¢; 81 J5~1Y is a total derivative, so JZoy D%J =—2s+2)1J*
modulo d(Ay—1). But J20, D7 ; = AD7 ; modulo 0(A;_2) by (4.37) and Corollary 4.8,
which violates the fact that Ry ; = 0. O

Lemma 4.11. Suppose that Dj j has the property that Ry j = 0, and for some decom-
n+1 2k

D
k=1

position Dy j = 7.y the term D?J does not depend on Q0. Then for any de-

composition of 2.1 02 Dy, j of the form Zzg E?* the term E? is a total derivative.

Proof. Tt suffices to find some decomposition of €2¢ 102 Dy, ; of the desired form; since the
property of E2 being a total derivative is stable under rearrangements, any other decom-
position of €9 1 o2 Dy, j will have this property as well. As in the proof of the preceding
lemma, for k > 3, Q.1 02 D%f‘l can be expressed in the form E* 4 E?k=2 4 p2k—4
The same argument then shows that for k > 3, Qg 1 02 D%f‘J can only contribute a second
derivative in degree 2.

Fork =2, D;"J consists of a sum of terms of the form :2, 2. 4:. By (2.5), we have

Q0,1 02 (:Q24,p2¢,4:) =
1(820,10224,6) Qe i+ 124,5(€20,10282¢,a): +(£20,10124,5)00S2¢,d+(£20,10024,5) 01 R, a -

Since €29,102 lowers the weight by 1, the only element of the form €, for which
0,1 02 4,5 1s a constant is ¢ ¢. Since D;" ;7 does not depend on €29 9, none of the terms
120,102 R24,)2¢,4: OF 1824, (20,1 02 R2¢,4): appearing in ¢ 1 02 D‘I‘J will have degree 2.
Moreover, each term of the form (20,1 o1 24,5) 00 2¢.4 + (20,1 00 24.5) 01 L2,,4 appear-
ing in Qo1 02 D;" ; is a total derivative, by Lemma 4.6. It follows that the component of
Q0.1 02 D;" ; in degree 2 is a total derivative.

Finally, for k = 1, it follows from Lemma 4.10 that D%’ J is a second derivative,
since Ry ;j = 0. By Lemma 4.6, Q20,1 o2 D% 7 1s then a total derivative. We conclude that

Q0,1 02 Dy, ; can be expressed in the form ZZI]I E* where E? is a total derivative, as
claimed. o

Lemma 4.12. Fix n > 1, and assume that Do has the property that Ry # 0. Let I =
(1,...,n+ 1) =J, and let D j be the corresponding element of U,. Then R j # 0 as
well.

Proof. Choose a decomposition Dy j = Z:{ D%f‘J of the form (4.30). We will assume
that R; ; = 0, and obtain a contradiction by showing that this implies that Ry = 0. Since
D%j“fz does not depend on the variables {2, | a > 0}, we may assume without loss
of generality that for k = 1,...,n, D%f‘l also does not depend on {2,0 | a > 0}. In

particular, D‘I" 7 does not depend on £2¢,¢ so the hypothesis of Lemma 4.11 is satisfied.

By Lemma 4.10, we may assume that D% ;7 is a second derivative. We act on Dy ; by

the operator 20,1 02, which is homogenous of weight —1. For k > 0, Q0,1 02 £2; x cannot
contain a term of the form 2, 0, by (4.24) and (4.25). Similarly, if P is any normally
ordered polynomial in the variables {€2;x | k > 0}, €0,1 o2 P can be expressed as a
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normally ordered polynomial in {2 | kK > 0} as well. Using (4.24) and (4.25), we
calculate

Qo102 Dy j =2Dg1 4, K'=(0,2,3,....,n+1).
Since D‘,‘ ; 1s independent of €29 o, it follows from Lemma 4.11 that D ; also satisfies
Rg1 ; = 0. Lemma 4.10 then shows that D?{] ; is a second derivative. Finally, since

Dy, y is a normally ordered polynomial in {€2; x | k > 0}, we can assume that Dy ; has

a decomposition
n+1

2k
Dgi1 = ZDKl,J
k=1

such that each term Dé"l’ ; does not depend on {2, 0 | @ > 0}. Repeating this argument
n times, we find that

(R0,102)"(Dy.7) = LDk J,
where K = (0,1, ...,n)and A = ]_[?Ll (@)@ + 1). Moreover, Dk ; has a decomposition

n+1
2%
Dxy =) D,
k=1

such that D%(’ ; is a second derivative (so in particular Rk ; = 0), and D‘}Q ; does not
depend on {2, 0 | a > 0}. In particular, D‘[‘(’ ; is independent of ¢ o.

Next, we act on Dg ; by Q0,001. We get Qo0 o1 Dg,; = Dg 1, where L' =
0,2,...,n + 1. Moreover, since DA}(, 7 is independent of €20, we can conclude that
Di’ ;1 is a second derivative. However, we can no longer conclude that D‘}(’ %
depend on €29 o. So instead of using the operator 2o go; to lower the weight at this stage,
we use the operator

does not

f=Q1.002 + Q0001 .

Clearly f lowers the weight by 1, and by the same argument as the proof of Lemma 4.6,
f(8%Ay) C dA,. Moreover, f (20,0) = 0, so given any normally ordered monomial D*
of the form :€2, €2, 4:, the component of f (D4) in degree 2 will be a total derivative, as
in the proof of Lemma 4.11.

Note that f(Dg ;1) = —4Dg ;2 where L? = (0,1,3,...,n + 1). Since D;Ll

is a second derivative, f (Dé Ll) is a total derivative, and since any rearrangement of

f (Dik ;1) can only contribute a second derivative in degree 2 for k > 1, we conclude

2
K,L?

i=2,...,nletL} =@O,1,...,i—1,i+1,...,n+ 1). Itis easy to check using (4.24)
and (4.25) that

that Rg ;2 is zero. Applying Lemma 4.10 again, D is then a second derivative. For

f(Dg 1) =—@ + D*Dy pin1.
2 .
KL
the nth stage, we see that f(Dg 1n) = —(n + 12Dy, so we have Ry = 0, which is a
contradiction. ]

Moreover, at each stage, D is a second derivative, and in particular, R k.Li = 0. At
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Recall that S(V) is a graded algebra with Z=( grading (4.10), which specifies a linear
isomorphism S(V) = Sym @kzo(vk @ V). By (4.12), Wi 100, —n is a graded subalgebra
of §(V), so we obtain an isomorphism of graded vector spaces

GL,
Cn i Witoon — (Sym P e vk*)> . (4.38)
k>0

Let p € (Sym @kzo( Vi ® Vk*))GL" be a homogeneous polynomial of degree 2d,
and let f = (i_,) " (p) € (W1+oo,7n)(2d) be the corresponding homogeneous vertex
operator. Let F' € (M_,)q) be a vertex operator satisfying w_, (F) = f, where m_, :
M_y = Witeo,—p is the usual projection. We can write F = Zzzl F2 where F2 is
a normally ordered polynomial of degree k in the vertex operators 2, .

Next, let V be the vector space Cr+1 and let

- ~ ~ GLn+l
dus < (SSmEP i ® V)

k=0

be the generator given by (4.16). Here Vi and Vk* are isomorphic to V and V}, respec-
tively, for k > 0. Let p be the polynomial of degree 2d obtained from p by replacing
each g, , with §o p, and let f = (i_,_1)~ l(p) € Witoo,—n—1)?? be the corresponding
homogeneous vertex operator. Finally, let F2¥ € M_,_ be the vertex operator obtained
from F% by replacmg each Q, , with the corresponding vertex operator Q, , € M_,_1,
and let F = Y0 F2k,

Lemma 4.13. We can choose F such that 7_,_(F) = f

Proof. We may assume without loss of generality that p is a monomial in the variables
qap- Ifd =1, p = qup for some a,b > 0, and f = w, . We can take F = Q,p,
so the claim is obvious. We assume inductively that for monomials p = qa, b, - - * qa, b,
for r < d, there is a vertex operator F = ) ; | F 2k such that 7_,(F) = f where
f=(-n)""(p),suchthatw_,_(F) = f,and F¥ = :Qu p, - Q.-

Now let p = qq,.b, - * - 9ay.b;- By inductive assumption, there exists a vertex operator
G= Zz;ll G** € M_, such that

GZd_z = :Qaz,bz T Qad,bd:’ 7n(G) =g, n—n—l(é) =g,
where g = (i_n)_l(c]az,b2 -+ qay.py)- Define a vertex operator H € M_, by

d
H=>Y H* H*=:Q,G* .

Since m_, is a vertex algebra homomorphism, we have

T_p(H) =71_5(:Qqy,5,G:) = w4y 5,8,
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and using (2.3), we see that

Wa 8 = f+ [, (4.39)
where f’ is homogeneous of degree 2d — 2. In fact, a computation using (2.3) shows that
under the isomorphism (4.38), f’ corresponds to the polynomial

d ( (=it (=D

a + by + 1qa1+b1+ar,br + a +—br n 161a,<,b,4+a1+b1>q@,b2 “**Yar,by " YGay,by-

r=2

In this notation, the symbol g, ,, means that the factor g,, », has been omitted, so the
above polynomial is homogeneous of degree 2d — 2. Since this formula is independent
of n, it follows that 7w_,_(H) = f + f ’. By inductive assumption, there is a vertex
operator A = Zz;ll A% e M_, such that 7_,(A) = f" and 7_,_;(A) = f’. Finally,
we define F = Y°¢_, FX by F2 = H? and F?* = H* — A% for | < k < d.Itis
immediate that F has the desired properties. O

Corollary 4.14. Fix n > 1, and let Dy j € U,. There exists a decomposition D j =
Zi% D%k 7 of the form (4.30) such that the corresponding vertex operator

n+1

N E : N2k

D]JZ DIJ EM_n_l
k=1

has the property that w_,_1 (l~) 1.7) lies in the homogeneous subspace WV o0, —n—1 )(@n+2)
of degree 2n + 2.

Proof. For each monomial p of degree 2n + 2 appearing in the polynomial d; j, let
fu = (i—) N € (W1+OO,_,1)(2"+2). By the preceding lemma, we may choose F,, =

Z:} Fl%k € M_, such that 7_,(F,) = fy, and 7_,_1(F,) = f,. For each k =
1,...,n+ 1, define D%f‘J =) uF ﬁk where the sum is over all monomials w appearing

indy, j,and take Dy j = ZZLI D%f‘J. Clearly this is a decomposition of Dy, ; of the form
(4.30), and we have

T iDr) =Y 701 (F) =Y fur
" "

which is homogeneous of degree 2n + 2. O

Now we have assembled all the technical tools necessary to prove our main result.

Theorem 4.15. For alln > 1, we have Ry # 0. Hence there is a decoupling relation in
Wi 100, —n Of the form j' = P(j°, ..., j'=1) forl = n® + 2n.

Proof. This is well known for n = 1 and we have already shown it for n = 2, so we will
assume inductively that it holds for n — 1. The idea of the proof is to use our inductive
assumption together with Lemma 4.12 to construct a decomposition

n+1

2%

Do= ) Dj
k=1
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with the property that DS contains the term :J°J/~!: with nonzero coefficient, for | =
n% + 2n. By (4.34), JOgI=1 =1 g0 ig a second derivative, so we may assume that
:J1=1J0: does not appear in DS’. Suppose that such a decomposition exists, and that
Ry = 0. First, (2.5) shows that for k > 1, J 0 o1 D%k can be expressed in the form
E?k 4 E?k=2 5o for k > 2, any rearrangement of J? o; Dék can only contribute a second
derivative in degree 2. Moreover, since Ry = 0, D% is a total derivative, so by Lemma
4.6, J%0, D(% is also a total derivative. Since Dg contains the term :J°J/~!: with nonzero
coefficient, JY o} Dg will contain the term J!~! with nonzero coefficient, and this term
cannot be canceled by any term coming from J° o ng for k # 2. This contradicts the
fact that Dy is a singular vector.

Letdy € gr(M_,) = C[Qup | a, b > 0] denote the image of Dy under the projection
Poni2 (M—n)(2n+2) - (M—n)(2n+2)/(M—n)(2n+l) C gr(M—n)~ By Theorem 4.2,

Q0,0 -+ Qon
dp =det| : )
0n0 -+ Onn
S0 dg can be written in the form
do = Qo.0d1,s +d, (4.40)
where I = (1,...,n) = J, d;j is the corresponding polynomial of degree 2n, and d’

is a polynomial of degree 2n 4 2 which does not depend on Qg . Consider the ver-
tex operator D; ; € M_, 4 corresponding to d; j, regarded now as an element of
gr(M_,11). By Corollary 4.14, we may choose a decomposition D; ;j = Y ;_, D%kJ

such that the corresponding vertex operator D L7 =2 pei [)%k ;€ M_, has the property

that n_,,([)]J) € (WHOO,_,!)(Z”). Moreover, since d j does not depend on Qg o, we
may assume that each term D%kj appearing in D;_; is independent of JO = 0,0. We will

use this decomposition of D 1,7 to create a decomposition of Dy with the desired property.
By our inductive assumption together with Lemma 4.12, D% ;7 contains the term J =1

with nonzero coefficient, and since 5% ; is obtained from D% ; by replacing each ;. €

M_,+1 with the corresponding element of M_,, it follows that [)% ; contains J =1
(regarded now as an element of M_,) with nonzero coefficient as well. Consider the
vertex operator

n
%Dy = D e ML,
k=1
Since 5% 7 has anonzero term of the form J/=1,:J )} 1.7 has a nonzero term of the form
:J971=1: in degree 4. Applying the projection 7_, : M_, — W) 100, _n, We have
7n(I°Dr ) = 0,

where [ = n,n(bl, 7). Since f is homogeneous of degree 2n, it follows from (2.3)
that :j0f: = g + g’ where g € Witoo.—n)?™ and ¢ € Witco—n) . It is
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easy to see from (2.3) that under the isomorphism i_, given by (4.38), i_,(g') €
(Symép kzo(vk ® Vk*))GL" does not depend on g 0. Hence we can choose a vertex op-
erator E = Y }_, E* e M_, such that 7_,(E) = —g’, and such that each EZ is
independent of JO. Tt follows that n,n(:JObl,J: + E) e (W1+oo,,n)(2”+2).

Next, let F2"*2 be a normal ordering of the polynomial d’ given by (4.40). Since
d’ is independent of Qg , we may assume that F>"*2 does not depend on J°. Then
w_,(F 2"+2) will contain terms of lower degree in W40, —n, and we can find elements
F* ¢ M_, fork =1,...,n,such that

n+1
Tn(F) € Witoo )P, F =3 F*.
k=1

Moreover, we may assume that each term F?¥ is independent of J°. Finally, we define
the decomposition
n+1
Dy =Y Dg. 4.41)
k=1

where D% = E? + F2 and Dék = :Job%f‘fzz + E%* 4+ F? for 1 < k < n + 1. Since
n_n(:JODIJ: + E) and _,, (F) are both homogeneous of degree 2n + 2, and
¢on42(IDy yi+ E + F) = do € gr(iM_y),

it follows that (4.41) is indeed a decomposition of Dy, as claimed. Since D% 7 contains

the term J/~! with nonzero coefficient, and both E* and F* are independent of J 0 it
follows that Dé contains the term :J°J/~!: with nonzero coefficient, as desired. O

Theorem 4.16. Forn > 1, Wi, —n is strongly generated as a vertex algebra by

{]0 jl jn2+2n7]}.
Proof. The decoupling relation j = P(j°, ..., j'=1) for I = n? + 2n given by Theorem
4.15 is equivalent to the existence of an element J! — P(J, ..., JI=1) e Z_,. It suffices
to show that for all » > [, there exists an element J™ — Q,(JO, LIy e, sowe

assume inductively that such an element exists for » — 1.
Choose a decomposition

d
2k
Qrfl = Z Qr—l’
k=1

where Qfli | is a homogeneous normally ordered polynomial of degree k in the vertex
operators J 0 ..., J'=! and their derivatives. In particular,

-1
QE—I — Zciar_l_l‘]lv
i=0
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for constants co, . .., c;—1. We apply the operator €20 2 o; € P, which raises the weight by
one. By (4.23), we have Q9201 J" ! = —(r+1)J”. Moreover, 2201 (Y4_, 0% ) can

be expressed in the form Zz: 1 E?k where each E?f is a normally ordered polynomial
in JO,..., J! and their derivatives. If J! or its derivatives appear in E 2k we can use
the element J! — P(J 0 .. J l’]) in Z_, to eliminate the variable J I and any of its
derivatives, modulo Z_,. Hence €202 o (ZZ=1 Qf’i 1) can be expressed modulo Z_,

in the form ZZ/: W F 2k where d’ > d, and F? is a normally ordered polynomial in
JO. ..., JI=1 and their derivatives. It follows that

Qo201 (J 7= 0,410 ..., 0y

r+1
can be expressed as an element of Z_,, of the desired form. O

We remark that a similar strategy can be used to reprove the result from [FKRW] that for
n > 1, M, has a unique singular vector D of weight n 41, and W » has a decoupling
relation j* = P(jo, ..., j”’l). Recall that W) 4., can be realized as the invariant space
E(V)OLn where £(V) is the be-system associated to the vector space V = C”* [FKRW].
The associated graded algebra gr(£(V)) is A\ @y~o(Vi & V{), and we have a linear

isomorphism
GL,
e = (ANPvevd) "
k>0

There is a singular vector D in M,, of weight n + 1, which corresponds to the relation
(p0.0)" ' e (A @kZO(VkGBVk*))GL".Here P0.0 = D i1 Xi,0AX] 5, Which is analogous to

the corresponding element gg o € (Sym EBkzO(Vk ® Vk*))GL". We have a decomposition

D = Y7*! D%, where D? is a linear combination of the vertex operators 3'J" . An
argument similar to the proof of Theorem 4.15 shows that for all n > 1, the coefficient
of J" in D? is nonzero, which yields a decoupling relation j" = P(jo, el j"_l) in
W1 +00.n- Finally, an argument analogous to the proof of Theorem 4.4 shows that D is the
unique singular vector in Z,,.

A remaining question is whether the isomorphism Wi o0, —1 = H ® W3, _; given by
Wang in [WI] has an analogue for n > 1. In other words, can W), —, be related to
W(g) for some Lie algebra g? We cannot answer this question at present, but there are a
few things we can say. First, note that jO generates a copy of the Heisenberg algebra H,
and jo op acts by zero on Wi, —n. Since Wi, —, decomposes as a direct sum of
irreducible H-modules, it follows that W) 00, —n = H ® A, where A is the commutant
Com(H, Wi+, —n). Define vertex operators

1
L= 2—(:]'0]'0; +ndj% —2njh, (4.42)
n
0.0.0 .30 o 0. "Moo 3% 32
W=Z]0]0]OZ+7J03JO: —3n:]0]1:+182]0—78]1+7]2. (4.43)

Since W) 400, —n is generated by 7%, j', and j2, and we can use (4.42) and (4.43) to
express j! and j2 in terms of the vertex operators j°, L and W, it follows that {j°, L, W}
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is another generating set for Wi oo —s. A straightforward OPE calculation shows that
both L and W commute with j, so that A is generated by L and W as a vertex algebra.
Moreover, L generates a Virasoro algebra with central charge —n — 1 and W is primary
of conformal weight 3. Thus we have proved

Theorem 4.17. A is a conformal vertex algebra with central charge —n — 1.

In the case n = 1, an OPE calculation shows that L and W generate a copy of the
Zamolodchikov Ws algebra with central charge —2, so we recover Wang’s result.

5. The representation theory of W _,

In [WII], Wang showed that the irreducible, highest-weight modules over W4, —1 cor-
respond to the points on a certain complex algebraic variety of dimension 2. The key step
was to compute the Zhu algebra of W) 1. Given a vertex algebra V with weight grad-
ing V = @,z Va, the Zhu functor attaches to V an associative algebra A()), together
with a surjective linear map w7, : V — A(V) [Z]. Fora € V,, and b € V, define

axb = Res, (a(z)#b), (5.1)

and extend * by linearity to a bilinear operation V ® ¥V — V. Let O(V) denote the
subspace of V spanned by elements of the form

aob =Res, <a(z)ﬂb> 5.2)
<

where a € V,,, and let A(V) be the quotient V/O (V), with projection 7z, : V — A(V).
Then O(V) is a two-sided ideal in V under the product *, and (A(V), %) is a unital,
associative algebra. The assignment V — A(V) is functorial, and if 7 is a vertex algebra
ideal of V, we have A(V/Z) = A(V)/I, where I = mz, ().

The main application of the Zhu functor is to study the representation theory of V.
A Zs>o-graded module M = @, M, over V is called admissible if for every a € Vp,
a(m)My C My 4x—n—1,foralln € Z. Given a € Vy,, the Fourier mode a(m — 1) acts on
each Mj. The subspace M is then a module over A()) with action [a] > a(m — 1) €
End(My). In fact, M — M provides a one-to-one correspondence between irreducible,
admissible V-modules and irreducible A())-modules.

Let V be a vertex algebra which is strongly generated by a set of weight-homogeneous
elements «; of weights w;, for i in some index set /. Then A(V) is generated by {a; =
mzn(@i(2)) | i € I}. Moreover, A()) inherits a filtration (but not a grading) by weight,
and the associated graded object gr(A())) is a commutative algebra with generators {a; |
i € I}. Given an element f € A(V) of weight at most w, let f € gr(A())) denote the
symbol of f, i.e., the image of f in gr(A(V))[w].

Let C2(V) denote the vector space spanned by the elements {:(dx)B: | @, B € V}. It
is well-known that V/C»(V) is a commutative algebra. Moreover, the map V/Cz (V) —
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gr(A(V)) sending the coset of @ € V to the symbol of 7zh(«), is a surjective algebra
homomorphism.

Now we consider the case of M, and W . For any ¢ € C, A(M_,) is the polyno-
mial algebra C[a®, a', a?, ...], where a' = 7z,(J'(z)) [FKRW]. Moreover, AV 4o0.¢)
= Clad !, a?, .. .1/1., where I. = wzy(Z.), and we have a commutative diagram

e
Me ———— Witco,c

- im (5.3)
AM) 2EL AWiioc.0)
Since AW40,¢) is @ commutative algebra, its irreducible modules are all one-dimen-
sional.

If ¢ is an integer n > 1, it is known that AW} 100.0) = Cla®, @', ..., a" '] [FKRW].
The irreducible A(WV)te0,n)-modules (and hence the irreducible, admissible W0 5-
modules) then correspond to the points in C". The situation is much more interesting
in the case of negative integral central charge. For n = 1, it was shown in [WII] that
AWiteo.—1) = Clh,t,w]/1, where I is the ideal generated by f(f,w) = w? —
%tz(St + 1). It follows that the irreducible, admissible W, —1-modules are parametr-
ized by the points on the variety V(I) C C3, which is just the product of an affine line
with a rational curve. For n > 1, it is immediate from Theorem 4.16 that ANV o0, —n) 1S
an2+2n—l }

generated by {ao, R . Hence

2 _
AWigoo—n) = CLd°, ... .a" T2/,

. . o 2 2
where I_,, is now regarded as an ideal inside Cld®, ..., a" 21 LetV(I_,) c Crt2n
be the corresponding variety, which then parametrizes the irreducible, admissible modules
over Witoo,—n.

Theorem 5.1. Foralln > 1, V(I_,) is a proper, closed subvariety of cri+2n,

Proof. We need to construct a nontrivial relation among the generators a", .. ., an' -1
of AOWi4c00,—n)- Recall the vector space U, = (M_,)ont2) N Z_, given by (4.22),
whose component U, [k] of weight k has a basis {D; ; | |I| 4+ |J| +n 4+ 1 = k}. A basis
for U,[(n + 1)2 + 2] consists of the following five elements:

D,...n),0,..n—1,n42)>  D,...n),0,...n—2.n.n41)s  D,....n—1,n41),(0,....n—1,n4+1)>»

D,...n-2,n,n+1),0,...n)>  D(0,...n—1,142),(0,...,n)-

As in the proof of Lemma 4.12, let f be the operator €21 ¢ o2 + £20,0 o1, which lowers the
weight by one. We calculate
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Since the remainder Ry = R(o,... n),(0,...,n) 15 nonzero by Theorem 4.15, it follows that
R©,...n),,...n—1,n+2) and R, . n),(0,....n—2,n,n+1) are both nonzero as well. Hence there
exists a unique nontrivial linear combination

E =Do,...n.0....n—1.n+2) + AD©,...n).0,..n—2.n.n+1)» » € C\ {0}, 5.4
such that for any decomposition E = Y771 E?, the term EZ does not depend on
J "2+2”+2, and hence is a total derivative.

Recall from the proof of Theorem 4.15 that Do = Do, ... n),(0....,n) admits a decom-
position Dy = ZL] ng for which Dg contains the term :J°J"*+21=1: with nonzero
coefficient. By the same argument, there is a decomposition

n+1
2k
D.....n),0,..n—1,n+1) = ZD(O ,,,,, 1,(0,....n—1,n+1)
k=1

. . 2 . . ..
for which D?O o) 0=t 1) contains : JOJ" +21: with nonzero coefficient. Similarly,

there exist decompositions

n+1

4 4 =70 rn242n+1.
sqch that D(0 ’’’’’ 1),(0,...n—1n+2) and D(O,...,n),(o ’’’’’ n—2.n.n+1) both contain :J"J :
with nonzero coefficient.

Let E = ZZ:% E?k be a decomposition of E, where E is a homogeneous, normally
ordered polynomial of degree k in the variables €2, ;. Under the linear change of variables

(4.15), we may regard E%* a5 a polynomial in the variables 9tJ! i,1 > 0. Since E has

weight (n + 1)> + 2, and E? is a total derivative, E only depends on J?, ..., Jni+anl
and their derivatives.

By weight considerations, for k > 3, E2k only depends on J U | n?+2n-1 and
their derivatives. We may also assume that E® only depends on J, ..., J n+21=1 and

their derivatives, since our decomposition can be chosen so that :J 0g0y "2+2”: does not
appear in E®. The possible terms in E4 which can contain either J"°+2" or J7*+21+1 are
(JOgni L, 1 P42, and 70 7721 We may disregard 1708 J 2" since it lies
in Cp(M_,), and hence will not contribute to the symbol of 7z, (E) in A(M_,), which
has weight (n + 1)% -+ 2. Finally, the terms 92J"°*2" and §J"*+2"*1 which can appear
in E2, may be disregarded as well, since they lie in Co(M_j,).

Using the relation Do, »),(0,....n—1,n+1)» W€ can eliminate J”2+2”+1 and its deriva-

..........

its derivatives using Do = D(o,....n).(0....n)» Since Ry # 0. Let E’ be the element of Z_,

obtained from E in this way. Since E’ only depends on Jo ..., J”2+2”_1, azn(E’) €

,,,,,
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A(M_,) will liein C[d?, . . ., a”2+2”_1]. We will see that 7tz (E’) is nonzero, and hence
gives rise to a nontrivial relation among the generators a’, . . ., a1 of AWito0,—n)-
It is enough to show that the symbol of 7z, (E’) in gr(A(M_,)) has weight (n + 1)> + 2,
and is nonzero.

We introduce the degree-lexicographic monomial ordering on (C[ao, al,a?, ... 1,
where the variables are ordered by a' < a'*!, for I > 0. Given a polynomial P €
Cla®, al, a2, ..., Symb(P) will denote the component of maximal weight, and LT(P)
will denote the leading term of Symb(P). Similarly, given a vertex operator F € M_,, let
LT(F) denote LT (rz,(F)), i.e., the leading term of the symbol of 7z, (F). An easy calcu-
lation shows that ©;; = (—1)' J¥*! modulo total derivatives, so LT(;;) = (—1)!a**’.
It follows that LT(Dp) = % [[{_, a**. Similarly, we have

n—1
LT(D(....).0....n—1.n+2) = a> 2 [ T a*,
k=0

.....

k=0

Now we return to our element E given by (5.4). Suppose first that E* contains the term

.....

. . 2 ) . 2 ;
we eliminate the variable J” t2**1 and using Dy, we eliminate J" 72", to obtain E’ €

: 4 oo 70 P4 2n41.
Z_,.Since E® contains :J"J : with nonzero coefficient, and Dy n—1.n+1)

contains :J0J ”2+2”: with nonzero coefficient, it follows that E’ contains the homoge-
neous, normally ordered polynomial : J 0y 0D(Z)"J’z: in the variables JO, ..., J n?+2n—1 and
their derivatives. (Recall that DS"+2 is the term of maximal degree appearing in the de-
composition Do = Y441 DZ¥). It follows that LT(E") = +(a®)? [Tf_y a**, and hence is
nonzero.

Next, suppose that E* does not contain :J°J n+2n+1 :;, but that it does con-

. 2 . . o .
tain the term :J'J" *t2": with nonzero coefficient. A similar argument shows that
LT(E") = +a' [Tizo a?*, and hence is nonzero. Finally, suppose that E* contains neither

JO g2+ or - 1?20 with nonzero coefficient. Then the symbol of 7z, (E’) has
degree at most 2n + 2, and coincides with the symbol of 7z (E). It follows that

k=0
In particular, LT(E’) is nonzero, as desired. ]

It is an interesting problem to calculate the dimension of the variety V (I_,) and determine
whether it is irreducible or not. We hope to return to these questions in future work.
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