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Abstract. In analogy to [ARO7, Chapter 9] we define an intersection product of tropical cycles on
tropical linear spaces L7, i.e. on tropical fans of the type max{0, x1, ..., x y1=k . R". Afterwards
we use this result to obtain an intersection product of cycles on every smooth tropical variety, i.e.
on every tropical variety that arises from gluing such tropical linear spaces. In contrast to classical
algebraic geometry these products always yield well-defined cycles, not just cycle classes. Using
these intersection products we are able to define the pull-back of a tropical cycle along a morphism
between smooth tropical varieties. In the present article we stick to the definitions, notions and
concepts introduced in [ARO7].

1. Intersection products on tropical linear spaces

In this section we will give a proof that tropical linear spaces L} admit an intersection
product. Therefore we show at first that the diagonal in the Cartesian product L} x L} of
such a linear space with itself is a sum of products of Cartier divisors. Given two cycles
C and D we can then intersect the diagonal with C x D and define the product C - D to
be the projection thereof.

Throughout the section ey, . . ., e, will always be the standard basis vectors in R" and
ey = —el — - —ey.

We begin the section with our basic definitions:

Definition 1.1 (Tropical linear spaces). For I C {0, 1, ..., n} let o7 be the cone gen-
erated by the vectors ¢;, i € I. We denote by L} the fropical fan consisting of all
cones oy with I C {0,1,...,n} and |I| < k, whose maximal cones all have weight

one (cf. [AR0O7, Example 3.9]). The fan L} is a representative of the tropical linear space
max{0, xi, ..., x, )" % - R,

Definition 1.2. Let C € Z;(R") be a tropical cycle and let the map i : R — R" x R"
be given by x — (x, x). Then the push-forward cycle

Ac = i(C) € Z(R" x R")

is called the diagonal of C x C.
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In order to express the diagonal in L} x L} by means of Cartier divisors we first have
to refine Ly x LY in such a way that the diagonal is a subfan of this refinement:

Definition 1.3. Let F’ be the refinement of Lj x L} that arises recursively from L} x L}
as follows: Let M := (L} x LZ)Qk) be the set of maximal cones in L} x Ly. If a cone

o € M is generated by
—€; 0 v v
O 9 _e’ 9 3 9t 2k
for some i and we have

r{E) ) o]

then replace the cone o by the two cones spanned by

—¢i —¢ v v
—e; B 0 > U3y ooy U2k
—€; 0

N B , U3, oy U2k,
—ei )"\ —ei

respectively. Repeat this process until there are no more cones in M that can be replaced.
The fan F}' is then the set of all faces of all cones in M.

and

The next lemma provides a technical tool needed in the proofs of the subsequent
theorems:

Lemma 1.4. Let F be a complete and smooth fan in R" (in the sense of toric geometry)
and let the weight of every maximal cone in F be 1. Moreover, let hy, ..., hy, r < n, be
rational functions on R" that are linear on every cone of F. Then the intersection product
hy---h - F is given by

n—r

hy--hy-F = (U F(i),whw-hr)

i=0
with some weight function wy, ..., on the cones of dimension n —r.
Let t € F"™") be a cone in F such that for all maximal cones 0 € F™ witht C o
there exists some index i € {1, ..., r} such that h; is identically zero on o. Then

Why..-h, ('L') =0.

Proof. We prove the claim by induction on r. For r = 1 we are in the situation that & is
identically zero on every maximal cone adjacent to 7. Hence wp,, (t) = 0. Now let r > 1.
Using the induction hypothesis we can conclude that |y ---h,—1 - F| € |J, g0, Wwhere

S:={o € F | none of hy, ..., h,_1 is identically zero on o}.
Our assumption above then implies that z,, must be identically zero on every cone in
{o € F® | T € o andnone of Ay, ..., h,_1 is identically zero on o}

and thus wp, ..., (t) = 0. ]
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Notation 1.5. Let F be a simplicial fan in R” and let # be a generator of a ray r, in F.
By abuse of notation we also denote by u the unique rational function on | F'| that is linear
on every cone in F, that has value 1 at u and that is identically zero on all rays of F other
than r,.

If not stated otherwise, vectors considered as Cartier divisors will from now on always
denote rational functions on the complete fan F}'.

Notation 1.6. Let C be a tropical cycle and let i1, ..., h, € Div(C) be Cartier divisors
onC.If

_ . U i
Pxi,....,x) = E iy, XY XY

iy+-tip<d
is a polynomial in variables xy, ..., x, we denote by P(hy, ..., h,) - C the intersection
product
P(hi,....hy)-C:= Y (aj,.ih\' - hi-O).
i+ tir<d

In the following theorem we give a description of the diagonal A L, by means of
Cartier divisors on our fan F)}:

Theorem 1.7. The fan

()= () () + (25)- () + () o

is a representative of the diagonal Ap» r
"

(5% (=)

is a representation of the tropical polynomial max{0, x1, ..., x,}, where x1, ..., x, are
the coordinates of the first factor of R” x R". Applying [AR07, Lemma 9.6] we obtain

[((_oeo> + (iig))k - F] = (L', xR"].

By [ARO7, Lemma 9.4] we conclude that Ag» - [L? _, x R"] =i, ([L}_, 1) = NV and
hence it suffices to show that [X] = Arn for

() () )

Therefore, let o = (ry,...,m)R., € X™ be a cone not contained in |Agn|. We will
show that the weight of ¢ in X has to be zero. W.l.o.g. we can assume that

o |(Z0)o (2]

Proof. First of all, note that
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(=)

Moreover, let

= () ()] e

We distinguish two cases:

Case 1. First, we assume that

r,~¢{<_060>,<_20>}, i=1...n.

By adding globally linear functions to the given rational functions we can rewrite the
above intersection product as X = ¢ - - - ¢, - F', where

() () o(5
(2 (7) o

Now we apply Lemma 1.4: If the weight of o in X is non-zero there must be at least one
cone

)ﬁz{rlw-,rn}

| =

G ={rly.e-sFn, VL, ..., Uy)R>0 € F)}
such that all rational functions ¢y, . .., ¢, are non-zero on o. We study three subcases:

(a) There are vectors r; € T and r; € B: Then we need to have both vectors (_Teo) and

(_20) among the v, in order that all functions ¢; be non-zero on &. But there is no
cone in F)' containing these two vectors.
(b) ri € T (orry € B)yandr; € D forsome jandr; € TUD (orr; € BU D) for

all i: As there is no cone in F' containing (7(;’") and ( 0

—e;

) for any i, we need (%)

among the v, to have all ¢; non-zero on o . Moreover, if (_Oe i ) & {ry,...,ry}then we

must have (%) € {v1, ..., v,}. But there is no cone in F containing (—5%).- . (—5*)

and (_go ) (Analogously for B, but with ¢; defined the other way around.)

(c) All vectors r; are contained in 7' (or in B): In this case we need (721 ) or (%’0) among

the v, to have all functions ¢; non-zero, but again there is no such cone. (Analogously
for B, but with ¢; defined the other way around.)

Case 2. Now we assume that

(@) fo-(5)

As before we rewrite the intersection product as X = ¢g - -- ¢, - F)} with ¢; defined as
) € {r1s ..., ra) then ¢ = (S55) + (=

—ep

—e

i

above and apply Lemma 1.4: If (

5 ) and we
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need (_Oe i ) or (%) among the v,, to have all ¢; non-zero on &. But as there is no cone in

—e;

o ) € {vy, ..., v,}. Hence all the vectors

F!" containing (_Leo) and (%) we must have (

(=4), ..., (—5*) and (%) must be contained in {1, ..., Fy, vi, ..., vy}; but there is no

such cone in F}. (Analogously forr; = (%0), but with ¢; defined the other way around.)

So far we have proven that our intersection cycle X is contained in the diagonal Apn.
As the diagonal is irreducible we can then conclude by [GKMO7, Lemma 2.21] that [ X] =
A - Apn for some integer A. Thus our last step in this proof is to show that A = 1: Let
©1, ..., @, be the rational functions given above. We obtain the following equality of
cycles in R x R":

oot () () () () e

=< 0 ) - [{0} x R"] = {0} x {O}.

—eg

As @1+ @p - [R" x R"] = A - Apn, by [ARO7, Definition 9.3 and Remark 9.9] we obtain
the equality

A0} =2 ({0} R = ma(r - on - ({0} x R?)) = ({0} x {O}) = 1- {0}

of cycles in R”. This finishes the proof. O

Our next step is to derive a description of the diagonal A;» on L) _, x L?_, from our
n—k n n
description on F}}:

Theorem 1.8. The intersection product in Theorem 1.7 can be rewritten as

S () ) () +(2)

for some Cartier divisors h; j on F)!.

We prepare the proof of the theorem by the following lemma:

Lemma 1.9. Let C € Z;(L)_,;) be a subcycle of L _,. Then the following intersection
products are zero:

(@) (_Oe‘)) - (_20> (€ xR,

(®) i, - Vi, - (C X R,

0 e\
© (—eo) . <—e0> Vi Vi, (C X RY),
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where r, s > 0 and the vectors
—e —ey, —e
wef () (5) (2]

Proof. (a)&(b) In both cases, a cone that can occur in the intersection product with non-
zero weight has to be contained in a cone of F}} that is contained in [L} _, x R"| and that

are pairwise distinct.

. —ey 0 .
contains the vectors (TO) ( ) or Vi, ..., Vj,_,,,, respectively. But there are no such

s
cones.
(c) By (a) and [ARO7, Lemma 9.7] we can rewrite the intersection product as

0 —ea\® )
<_60><—23> .vil.'.vi”*k*H»r'(CXR)
0 — _ s
:(_60>'<< ()60)+<_Zg)) .Uil...vinikﬂﬂ.(chn)
(0N (=) (=) n
= (_eo) - Vjy Vip_g—sir |:(( 0 ) + (_eo)) Ci| < R

0
= (—€0> Uiy Vi geey - Max{0, xq, ..., x, )} - C] X RY,

which is zero by (b) as max{0, x1, ..., x,}° - C is contained in L} _, . O

Proof of Theorem 1.8. By Theorem 1.7 we have the representation

e () () (6 ()
()2

() () () 1tz

0
—eo

By Lemma 1.9(b) all the summands containing ( )S with s < k are zero. Hence we can

rewrite the intersection product as
—k k
_ —eq —en_k 0 \" 0 —eg
ALﬁk_[( 0 )( 0 )+m+(—60> '((—€0>+(—€0>> A]

: [Lﬁfk X Rn]a

where A contains all the summands we added too much. Thus all the summands of A are

of the form
0\’ —ep !
o -V Upn—s—t —eo —eo
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for some integer «, vectors v; € {(—51 ) e, (_g" )} and powers 1 <t <k,0<s <n.
By Lemma 1.9(b)&(c) such a summand applied to [L}, _, x R"]is zero if s < k and only
those summands remain in A that haver > 1,s > k. Let

0 s —e 1
smaun (1) (22)

be one of the remaining summands. By Lemma 1.9(a) we obtain

0 \* —en\!
a-vl“-vn—s—z'(_eO) .<—eg) Ly x RY]
'/t 0\ [—e\ [—eo\’ n n
(j;(j).a.vl...vnst.(_eo> <_eo> ( O > )[LnkXR]
0\’ —e —eo\\ n n
=|a- v Vp_g—s- _760 . O —+ o .[Ln—kXR ]
k

0\ * —e —eo\\'
. (a SVl Up—s—t - (_eo> . (( 00> + (_eg>> ) — BSi| . [L:_k X R”]’

where Bg again contains all the summands we added too much. Thus all the summands
of By are of the form

. ¢ 0 s—s’ —eg s’ —eg t —ep t—t'
= ﬁ . Y SV Uyt t “eo . “eo . 0 . “eo

for some integer 8 and powers 1 < s’ < k,0 <t < t. If s —s" < k we group all
corresponding summands together as

. N . O o . —€0 ! . —¢€0 + —€0 t
B v Un—s—t —eo —eo 0 —eo .
This product applied to [L}_, x R"] is zero by Lemma 1.9(b)&(c). Moreover, all sum-

mands §’ with s — s’ > k and #' > 0 yield zero on [L}_, x R"] by Lemma 1.9(a). Thus
only those summands S’ are left in By that are of the form

0 s—s’ —eg t+s’
S =p v Vy_s_s .
—€0 —€0

with s — s’ > k and s’ > 1. Applying this process inductively to all summands with

t =1,...,n —k — 1 in which we could not factor out ((%0) + (:—Zg))k yet, we can
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by and by increase the power of ( ) in all remaining summands until finally only one

summand
k n—k
0 —ep
() (52)

is left. But

as

() G () ) e

for alli < k by Lemma 1.9(b) and

0\ [(—e) (=" .., ny_
(&) () (E2)  womn=o

for all j > 0 by Lemma 1.9(a). This proves the claim. O

Example 1.10. We perform the steps described in the proof of Theorem 1.8 for the case
n = 3, k = 2: By Theorem 1.7 we have the representation

= () () (G)+ () () + ()
() (5))

() () () () () )
) () () (2
FED () G () () () ()

(LY xR



Tropical intersection products on smooth varieties 115

Now we factor out (( 20 ) + (f" )) and subtract all summands we do not need:

() () i
(BG-GB -
&

=0by 1.9(b) =0 by 1.9(b) =0 by 1.9(b)
()E) =) ) E) ) ) )
—ep —ep —ep 2 0 —ep —ep
=0by 1.9(c) =0 by 1.9(b) =0 by 1.9(b)
2

25 () (5) ) (55))

0 —€( —€( —€( —€

=0 by 1.9(b)

But by Lemma 1.9(a)&(b) we have the following equation for the last summand:

() (G
“A(5) 2GR CNHE) G e
2= (50 (5)+ (59 (25) (5 (=)
() GG (E)) e

Corollary 1.11. The Cartier divisors h; j from Theorem 1.8 provide the following de-
scription of the diagonal g :

Apn = Zhll Big—i - L' x L"_,].

Proof. Letxy, ..., x, be the coordinates of the first factor and yy, . . ., y, the coordinates
of the second factor of R” x R". Applying [AR0O7, Lemma 9.6] we conclude that

[(5)E2) () (E2) 7]

= [max{0, x1, ..., x,}* - max{0, y1, ..., ya}* - F'1 = [L"_, x L"_,]
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and hence by Theorems 1.7 and 1.8,
r
Zh“ e hip—k - [LZ—k X L:_k] = ALz_k. O
i=1

Remark 1.12. As Lemma 1.9 does not only hold on L} _, x R" but also on any C x R”"
with C a subcycle of L, , the proof of Theorem 1.8 indeed shows that

(ghi’l"'hi’”"“) ' ((—ZO) + (:—ig))k (C xRY)
(G () (G + () e

for all cycles C € Z; (L:—k)' Using [ARO7, Corollary 9.8] we conclude that

r k
(Zhi,l - 'hi,n—k) : ((_Oeo> + (:2)) (CxR") = A - (C xR") = Ac
i=1

for all such cycles C.

Corollary 1.13. Leto € Ly, letx € 0 andlet U S So = Ugrern 0155(0")" be an
open subset of | L), _, | containing x. Moreover, let F be the open fan F := {—x +o NU |
o € L)_,} and F the associated tropical fan. Then there are Cartier divisors h; jon
F x F such that

,
/ / - -
A= by hi, o [F x Fl.
i=1
Proof. To obtain the Cartier divisors £} j we just have to restrict the Cartier divisors h;_;

from Corollary 1.11 to the open set U~xy U, translate them suitably and extend them from
F x F to the associated tropical fan F x F. O

Example 1.14. The following figure shows two fans associated to open subsets of L% as
in Corollary 1.13:

\
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Lemma 1.15. Let C € Zy(R") and D € Z;(R") be tropical cycles such that there exist
representations of the diagonals Ac and Ap as sums of products of Cartier divisors on
C x C and D x D, respectively. Then there also exists a representation of Acxp as a
sum of products of Cartier divisors on (C x D)2,

Proof. Let Ac =Y i1 ¢i1- ¢k (CxC)and Ap =Y i_Yi1--¥is- (D x D).
Moreover, let my, my : (R”)4 — (RM? be given by (x1, y1, x2, y2) — (x1,x2) and
(x1, y1, X2, y2) — (y1, ¥2), respectively. Then

r S
Acxp = (Zﬂffﬂi,l . "ﬂ:¢i,k) : (Zﬂ;%,l - 'N;fl/fi,l) -(C x D). o
i=1 i=1

Now we are ready to define intersection products on all spaces on which we can express
the diagonal by means of Cartier divisors:

Definition 1.16 (Intersection products). Let C € Z;(R") be a tropical cycle and assume
that there are Cartier divisors ¢; ; on C x C such that

.
Ac =) @i1 gk (CxC).
i=1

Moreover, let 7 : C x C — C be the morphism given by (x, y) — x. Then we define
the intersection product of subcycles of C by

Zj—1(C) X Zx_y(C) = Zg——y(C),

,
(D1, D2) > D1 - Dy i= (Y @i+ gik - (D1 x D).
i=1

We use the rest of this section to prove that this intersection product is independent
of the representation of the diagonal used and that it has all the properties we expect—at
least for those spaces we are interested in:

Lemma 1.17. Let C € Zy(R") be a tropical cycle, D € Zy_;(C), E € Zr_y(C) be
subcycles, let ¢ € Div(C) be a Cartier divisor and w : C x C — C the morphism given
by (x,y) — x. Then

(p-D)x E=n%p-(D x E).

Proof. The proof is exactly the same as for [AR0O7, Lemma 9.6]. O

Corollary 1.18. Let C € Zi(R") be a tropical cycle that admits an intersection product
as in Definition 1.16, let D € Zy_;(C), E € Z;_y(C) be subcycles and let ¢ € Div(C)
be a Cartier divisor. Then

(p-D)-E=¢-(D-E).

Proof. The proof is exactly the same as for [AR0O7, Lemma 9.7]. O
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Proposition 1.19. Let D € Z; (L;‘_k) be a subcycle. Then

D-[L" J=[L" ,1-D=D onlL'_,.

Proof. Letm; : L) _, x L?_, — L"_, be the morphism given by (x1, x2) > x;. By
Remark 1.12,
D-[L]_] = (m)s (Zhll hin—tc - (D X [L1_,]))

() () ) o)

= (M)« (Apn - (D x R")) = (m1)«(Ap) = D

Furthermore, let ¢ : L} x L} — Lj x L} be the morphism induced by (x, y) > (y, x).
Obviously,

<Z hig---hin- k) : [LZ—k X LZ—k] = (i ¢*hi,l te ¢*hi,n—k) : [LZ—k X Lz_kl

i=1

If 7r;; : (LZ_k)4 — (Lﬁ_k)2 is the morphism given by (x1, x2, x3, x4) — (x;, x;) and
r r
A= (Z 7Tik3hi,l ce. ﬂik3hi,n—k> . (Z 7'[;4h,',1 e 71;4/’1,‘,,,_]()
i=1 i=1
we conclude by [ARO7, Proposition 7.7] and [ARO7, Lemma 9.6] that
r
(DS 0 hin -8 hini) - (D x (L]
i=1
p
= (Z ¢*hi,l te ¢*hi,n k
i=1
r
= (Z ¢ hit - @ hin—k
i=1
r
= (Y@ hia e 6 hins
i=1

= (D0 hi @ hins ) - T Bz )
i=1

(D X [Ly D) - (L, x Ly D)
(T12)£ (A - (D X [Ly_i D) x ((Ly g x Ly ;1))

(m2)«(Apxirr 1)

n—k

)
)
)
)

= (Do w50 hi - w3 hini ) - &+ (D x L D) x (L x Li )
i=1
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= w8 (D x (LD x ((qu hia ¢ hini) Ly x Ly1))
= () (B (D X [L]_,)) % ((Zm hint) - L % Li1))
(Zh,l hini) - (D (L.

Hence we deduce that

D [L}_j] = (1)«(8D) = (12):(8p) = (nz)*((Zh,l hini) - (D x [L1_,D)
- (nm((z G it @ hiaoi) - (D x (L))

= (771)*<(Zh11 hin—t) - (L] % D)) = [L}_]- D, D

Remark 1.20. We can prove in the same way that [L}_, x L} ;] - D = D for all
subcycles D of L, x L, and even that [LZl_k1 X oo X LZ:_kr] -D = Dforallr > 1
and all subcycles D of Lnl iy
products to open subsets of |L}| or L™ n—ky XX L" ’_k |, respectively, implies that

X - D = D for all subcycles D € Z;(X) if X € {[F] [Fl X -+ X Fr]} where F, 17, are
tropical fans associated to open subsets of some |L} | as in Corollary 1.13.

X o0 X L"’ . Moreover, restricting the intersection

Proposition 1.21. Let C € Z;(R") be a tropical cycle that admits an intersection prod-
uct as in Definition 1.16 and let D, D' € Z;(C), E € Z;(C) be subcycles. Then

(D+D)Y-E=D-E+D-E
Proof. The proof is exactly the same as for [AR07, Theorem 9.10(b)]. O

Proposition 1.22. Let C € Z;(R") be a tropical cycle that admits an intersection prod-
uct as in Definition 1.16 and let D € Z;(C) be a subcycle of C. Moreover, let E € Zy(C)
be a subcycle such that there are Cartier divisors y; j € Div(C) with

,
D Wir-Visr-C=E.
i=1

If additionally C - D = D then

.
Y ir-Vixr-D=E-D.
i=1

Proof. The proof is the same as for [ARO7, Corollary 9.8]. O
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Remark 1.23. The meaning of Proposition 1.22 is the following: If X € Z;(R") is a
tropical cycle such that the diagonal Ay can be written as a sum of products of Cartier
divisors as in Definition 1.16 and additionally (X x X) - Y = Y for all subcycles Y of
X x X then we can apply Proposition 1.22 with C := X x X and E := Ay to deduce
that the definition of the intersection product is independent of the choice of the Cartier
divisors descrlblng the dlagonal In partlcular we have well- deﬁned 1ntersect10n products
on Ly, LZ‘ X o0 X L F and F1 X o0 X F for all tropical fans F F associated to an
open subset of some |L”| as in Corollary 1.13.

Theorem 1.24. Let C € Z(R™) be a tropical cycle that admits an intersection product
as in Definition 1.16 such that additionally (C x C)- D = D for all subcycles D of C x C.
Moreover, let E, E' € Z;(C), F € Zy(C) and G € Z;»(C) be subcycles. Then

(a E-F=F-E,
() (E-F)-G=E-(F-G).
Proof. The proof is exactly the same as for [AR07, Theorem 9.10(a)&(c)]. O

We finish this section with an example showing that even curves intersecting in the ex-
pected dimension can have negative intersections:

Example 1.25. Let C, D € Z; (L%) be the curves shown in the figure. We want to com-
pute the intersection C - D. By Proposition 1.22 the easiest way to do this is to write one
of the curves as - [L%] for some Cartier divisor ¥ on L%.

Let F be the refinement of L% arising by dividing the cones (—ej, —e2)r., and
(—eo, —63>R20 into the cones (—el , —€1 — 62>R30’ (—62, —e] — 62>R30 and (—e(), —ep —
€3)R.,» (—€3, —ep — e3)R.,, respectively. Then

1 -1
vi=11]-1 -1
1 0

defines a rational function on F. As shown in [AR07, Example 3.10] we have - [L%] =C.
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Hence we calculate

-2 2 0 0
c-D=y-D=|y|-3|+v|2]|+v|t]-v]o]]|
0 1 1 0

=(-240+1-0)-{0} =—1-{0}.

Remark 1.26. This result is remarkable for the following reason: Our ambient space L%
arises as a so-called modification of R2 (cf. [MO6], [MO7]). Varieties that are connected by
a series of modifications are called equivalent by G. Mikhalkin and are expected to have
similar properties. But the above example shows that there is a big difference between R>
and L% even though they are equivalent: On R? there is no negative intersection product
of curves, on Lg there is.

2. Intersection products on smooth tropical varieties

In this section we use our results from Section 1 to define an intersection product on
smooth tropical varieties, i.e. on varieties with tropical linear spaces as local building
blocks:

Definition 2.1 (Smooth tropical varieties). An abstract tropical variety C is called a
smooth variety if it has a representative (((X, | X|), wx), {®s}) such that all the maps

:S= |J (@) SISk

o'eX*, 0/ Do

(cf. [ARO7, Definition 5.4]) map into tropical fans f; = I?f’ X -0 X f’;&; where the I:"?’
are tropical fans associated to open subsets of some |LZ:;| as in Corollary 1.13.

Remark 2.2. Note that the existence of such a representative (((X, |X|), wx), {®s}) for
C implies that all representatives of C have the required property.

Example 2.3. The following figures show two examples of smooth tropical varieties:
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Definition 2.4. Let C be an abstract tropical cycle, D a subcycle of C with representative
X and U C |C| an open subset. We denote by XNU the open tropical polyhedral complex

XNU:={ocNU|oeXh|X|NU)

and by [X N U] its equivalence class modulo refinements. As this class only depends on
the class of X we can define DNU :=[X NU].

Remark 2.5. If we are given an open covering {Uj, ..., U,} of C and open tropical
polyhedral complexes D1 N U1, ..., D, N U, suchthat D; NU; NU; = D;NU; NU; we
can glue D1 N Uy, ..., D, N U, to obtain a cycle D € Z,(C).

Definition 2.6 (Intersection products). Let C be a smooth tropical variety and let
(((X, |X]), wx), {Ps}) be a representative of C as in Definition 2.1. Moreover, let D, E
be subcycles of C. We construct local intersection products as follows: For every o € X
we can regar(ﬂ\D/ﬂ Sy) and (E N S,) as open tropical cycles in F,, via the map ®,. Let

DN S, and E N S, be any tropigal cycles in Fy restrictingto D NS, and E N S;. As we
have an intersection product on F,; by Remark 1.23 we can define the intersection
(D EYNSy :=((DNSs)- (ENSy))NSs.

—_~—

Note that (D -, E) N S, does not depend on the choice of the cycles D/rTE, and ENS,.
Since {S; | 0 € X} is an open covering of |C| and the local intersection products
(D s E)N Sy, 0 € X, are compatible by the lemma below, we can glue them to obtain a
global intersection cycle D - E € Z,(C).

Lemma 2.7. For the local intersection products in Definition 2.6 we have
(D¢ EYNS; NSy = (D -5 E) N Sy N Syr.

Proof. By definition we have an integer linear map

1Fi| 2 @0 (Sy 01 Sor) > Bor (S5 N Syr) C B

with integer linear inverse f~!, where Fi, F> are the tropical fans generated by
D, (S N Ser) and S,/ (Se N S,7), respectively. Let C, Ca be subcycles of 1. We have
to show that

C1-Co= (fTDu(fiu(C1) - f2(C2)).

If  is the respective projection on the first factor we obtain, by Proposition 1.22 and
Remark 1.23,

FD(C1) - (€)= (f D (ma(AF, - (fu(C1) X f2(C2))))
=1 ((F 7 % (AR - (F(C1) X f2(C2))))
= (ST % LT X D(BF) - (f X F)a(C1 x C)))
:n*(Afl-Cl x Cr) =Cq1 - Cs. ]
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Remark 2.8. Lemma 2.7 also implies that further refinements of the representative
(X, 1X]), wx), {Ps}) of C do not change the result D- E. Hence the intersection product
is well-defined.

Our last step consists in proving basic properties of our intersection product:

Theorem 2.9. Let C be a smooth tropical variety, let D, D' € Z;(C), E € Zy(C) and
F € Zp(C) be subcycles and let ¢ € Div(C) be a Cartier divisor on C. Then the
following equalities hold in Z,(C):

(a) C-D =D,

(b) D-E=E-D,

() (D+D)-E=D-E+D-E,
d (D-E)y-F=D-(E-F),

() - (D-E)=(p-D)-E.

If moreover D = (ZLl @i,1 -+ @i1) - C for some Cartier divisors ¢; j € Div(C) then

.
D'E=Z€0i,1---<ﬂi,1-E-
i=1

Proof. The statements follow immediately from the definition of the intersection product
and the corresponding statements in Section 1. O

3. Pull-backs of cycles on smooth varieties

We will now use the intersection product defined in Section 2 to introduce pull-backs of
tropical cycles along morphisms between smooth tropical varieties.

Definition 3.1 (Pull-back). Let X and Y be smooth tropical varieties of dimension m
and n, respectively, and let f : X — Y be a morphism of tropical cycles. Moreover, let
7 : X x Y — X be the projection onto the first factor and let yr : X — X x Y be the
morphism given by x — (x, f(x)). We denote by I'y := (yr)+X the graph of f. For a
cycle C € Z,,_;(Y) we define its pull-back f*C € Z,;,—;(X) to be

fC :=m(Ty - (X x O)).

The easiest non-trivial, but nevertheless important example of a pull-back is the fol-
lowing:

Example 3.2. Let C and D be smooth tropical cycles and let p : C x D — D be
the projection on the second factor. We want to calculate the pull-back p*E for a cycle
E € Zi(D): The map y, from Definition 3.1 is then just given by y, : C x D —
CxDxD: (x,y)— (x,y,y)andthemapzw : C x D x D — C x D is the
projection to the first two factors. Hence we can conclude that I, = C x Ap. Moreover,
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letr! : C x D x D — C be the projection to the first factor and 7% : C x D x D — D
be the projection to the second factor. We obtain, by Definition 3.1,
P*E =m.(T) - (C x D x E)) =m((C x Ap) - (C x D x E))
=a(C-C)xn2(Ap- (D x E))=C x E.
The pull-back has the following basic properties:

Theorem 3.3. Let X, Y and Z be smooth tropical varieties and let f : X — Y and g :
Y — Z be morphisms of tropical cycles. Moreover, let C,C' € Z,(Y) and D € Z4(X)
be subcycles. Then
(@ fY =X,
(b) idy C =C,
(©) ifC=g1--¢ - Ythen f*C = o [*pr - X,
(d C- fuD= f*(f*c - D),
() (g0 f)*C = frg*C,
M f*(C-C)=f*C- frC.
Proof. Throughout the proof, let 7% 7y, al, 7, 7Yy, 72, 7, w5 XY, a2,
71,2 and so forth be the projections to the respective factors.
(a)&(b) By the definition of pull-back

Y =nfTr- (X xY) =0Ty =X
and
idy C=nl(Tig, - (Y xC) =nl(ay - (¥ xC) =Y -C=C.
(c) We have
ffC=nfTr X x(p1- @ V) =af(@Se1- 7fo, Ty (X xY))
=n) (1150 - Tp).

By the definition of intersection product (see [AR07, Definitions 3.4 and 6.5]) this last
line is equal to
ffore fror - X.
(d)Let tx : X x Y — X be the projection on X. By Example 3.2 we know that
wyD = D x Y. As the diagonal Ay can locally be expressed by Cartier divisors we can

apply [ARO7, Proposition 7.7] and statement (c) locally to deduce that for all subcycles
Eof X xY,

D -nXE=nl(rx - (D xnXE) =nl(ax - (id x7¥) (D x E))
= 71 ((id x7 %), ((id x7X¥)*Ax - (D x E)))
=7} ((id x7%).((Ax x ¥) - (D x E)))
=l (m)2((Ax x ¥) - (D x E)))
=nl @ (Dxxy (DX Y x E)=7l(DxY)-E)=nX@xyD-E).
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This implies that

f*C-D=D -7fT; (X xC)=nf@yD T (X x C))
=7X(DxY) Ty (X xC))=nX(T; (D xC)).

Moreover, it is easy to check that (f x id)*Ay = I'r. As above we conclude that

C- fuD =7l (Ay - (C x f,D)) = 7} ((id x )« ((id x /)* Ay - (C x DY)
= (@ ((d x f)*Ay - (C x D)) = fulw S (f xid)*Ay - (D x C)))
= fu(@f Ty - (D x O)) = fu(f*C - D).
(e)Letd : X - X xY xZbegivenby x — (x, f(x), g(f(x))). An easy calculation
shows that (I'y x Z) - (X x I'g) = @, X. Hence we conclude by (d) that
[ C=mf(Tp - (X x 7/ (Mg - (¥ x C)))
=X (mS Y (Tr x 2) - (X xTy) - (X x Y x C)))
=aX((Ty x2Z)- (X xTg) - (X x ¥ x C))
=7X (DX - (X XY xC)) =715 (Tgor - (X x C)) = (g 0 f)*C.
fHLetd: X - X xY x Y be given by x — (x, f(x), f(x)) and let w12, 713
X xY xY — X x Y be the projections to the respective factors. An easy calculation

shows that
Ty xY) (X xTigy) = P X = JTik’2Ff . ﬂik’3rf.

Hence we deduce that

T (X x(C-C") =aX(Ty - (X x 7} (Tig, - C x C)))
7X(Cp - w2 (X x Tigy) - (X x C x C')))

X (2 (T x ¥) - (X x Tigy) - (X x C x C')))

(2T x ¥) - (X x Tigy) - (X x C x C')))

m X (P (T - i 3Ty - (X x € x C))

72X (T w2 (T x ¥) - (X x C x C)))

=Xy X (T (X x ) x C)

=75 - (f*C x C)) = f*C- f*C'. O

frec-ch=n

X
T, (T

>|<
1,
*
1,3
*

We finish the section with another important example:

Example 3.4. Let D be a smooth tropical variety and let C € Z; (D) be a smooth tropical
subvariety. Moreover, let ¢t : C — D be the inclusion map. We want to calculate the pull-
back (*E for a cycle E € Z;(D): Letn€ :Cx D — Candx? : C x D — D be the
projections to the first and second factor and let y, : C — C x D be given by x — (x, x).
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Hence, I', = (,)+«C = Ac and by Example 3.2, (#P)*E = C x E. Thus by Theorem
3.3(d)

FE=rST, - (Cx E) =n(Ac-(Cx E)=nP(Ac-(C x E))
=P (e @PY'E)y=nPAc) E=C-E,

where C - E is the intersection product on D.

Acknowledgments. 1 would like to thank my advisor Andreas Gathmann for numerous helpful dis-
cussions.
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