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Abstract. We consider models of random walk in uniformly elliptic i.i.d. random environment in
dimension greater than or equal to 4, satisfying a condition slightly weaker than the ballisticity
condition (7). We show that for every € > 0 and n large enough, the annealed probability of linear
slowdown is bounded from above by exp(—(log n)d_e). This bound almost matches the known
lower bound of exp(—C (log n)?), and significantly improves previously known upper bounds. As
a corollary we provide almost sharp estimates for the quenched probability of slowdown. As a tool,
we show an almost local version of the quenched central limit theorem under the assumption of the
same condition.

1. Introduction

1.1. Background
Let d > 1. A Random Walk in Random Environment (RWRE) on Z¢ is defined as fol-
lows: Let M? denote the space of all probability measures on {j:e,'}f,l:1 and let Q =
(M4 )Zd. An environment is a point w € 2. Let P be a probability measure on 2. For the
purposes of this paper, we assume that P is an i.i.d. measure, i.e.

P =%
for some distribution Q on M¢, and that P is uniformly elliptic, i.e. there exist n > 0
such that for every neighbor v of the origin,

O({w: o) <n}) =0. (1.1

For an environment o € €2, the Random Walk on w is a time-homogeneous Markov chain

with transition kernel
Pa)(Xn+1 =z+e| Xp =2 =w(ze).

The quenched law P? is defined to be the law on (ZHN induced by the kernel P, and

w

PX(Xg=1z) =1. Welet P* = P ® P} be the joint law of the environment and the walk,
and the annealed law is defined to be its marginal

]P’sz P2dP(w).
Q

For simplicity, we omit the superscript when the walk starts from zero.
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We use the notations E, and [E* for the expectations with respect to the measures PJ
and [P?.
In [11] and [14], Sznitman and Zerner proved that the limiting velocity
. Xn
v= lim —
n—oo n
exists almost surely. A remaining open problem, which is one of the most important
problems in this field, is whether this limiting velocity is always an almost sure constant.
We now introduce three important definitions:

Definition 1. The RWRE is said to be ballistic if the limiting velocity is a non-zero al-
most sure constant.

Definition 2. The local drift at a point z is defined to be the (quenched) quantity

Ayp(z) = Z ew(z,e) = E5 (X1 —2).

ec{te; };_1:1

Definition 3. The RWRE is said to be plain nestling if zero is contained in the interior of
the convex hull of the support of the random variable A, (0). It is said to be marginally
nestling if zero is on the boundary of the convex hull of the support, and non-nestling if
zero is outside the convex hull of the support.

1.2. Large deviations for RWRE

In [12], Varadhan considered large deviations for the sequence of random variables X,,/n
under the annealed measure P. He showed that a large deviation principle holds with a
rate function F, and identified the zero set of the function F. For the ballistic case with
limiting velocity v, Varadhan showed that if the RWRE is non-nestling, then F~!'(0) =
{v}, while if the RWRE is plain nestling or marginally nestling, then F~1(0) = A, with
A being the convex hull of 0 and v. We note here that recently Yilmaz [13] and Peterson
[7] obtained more information about the structure of the rate function F.
In other words, for every a ¢ A and € > 0 small enough,

P(IXn/n —allo < €) (1.2)

decays exponentially with n, and for every a € A, (1.2) decays more slowly than ex-
ponentially. (Note that the choice of the £°° norm is completely arbitrary, since in our
finite-dimensional space, all norms are equivalent.)

It is therefore natural to ask what the decay rate of (1.2) is fora € A.

In the marginally nestling case, Sznitman [8] showed that there exist C; and C such

that

o= Cind/@+2 —Cond/@+D)

(1.3)
for large enough n. In [8] Sznitman phrased (1.3) in the language of bounds on the dis-
tribution of the first regeneration time. However, the way it is presented here follows
immediately from Sznitman’s result using the appropriate large deviation estimates.

<P(|Xn/n—alleoc <€) <e



Slowdown estimates for ballistic random walk 129

1.3. Main goal

The purpose of this paper is to provide an estimate for the probability in (1.2) in the plain
nestling case under some additional assumptions which we specify below.

1.4. Ballisticity conditions

In [9, 10] Sznitman introduced two criteria for ballisticity of the RWRE, which he called
conditions (7') and (T”). In order to define them, we need some preliminary definitions.

Definition 4. Let £ € S9! be a direction in R?. Let L > 0. For a sequence {X,}, we
define

T\9({X,)) = inf{n > 0: (X, €) > L}.
If no confusion can arise, we may omit £ and {X,,} from this notation.
Equivalently to Definition 4, we also define the first hitting time of a set.
Definition 5. Let A C Z. For a sequence {X,}, we define
TA({X,}) =inf{n >0: X, € A}.
Again, we may omit {X,} when no confusion can arise.

We now return to Sznitman’s ballisticity conditions. We start by defining the condition
(Ty), 0 <y <1, as follows:

Definition 6. We say that P satisfies condition (T)) in direction {q if for every £ in a
neighborhood of £y there exists a constant C such that for every L large enough,

P(rY < 1Y) < Cexp(—L7). (1.4)

Definition 7. We say that P satisfies condition (T) if it satisfies condition (77). We say
that it satisfies condition (T") if it satisfies condition (7,) for some y > 1/2.

In [10], it is shown that the conditions (7),)1/2<y <1 are all equivalent.
The connection between the conditions mentioned above and ballisticity lies in the
following theorem and conjecture:

Theorem 1.1 (Sznitman, [10]). If condition (T') holds for some £y, then the RWRE is
ballistic, and the limiting velocity v satisfies (v, £y) > 0. Furthermore, in this case (T")
holds for all ¢ satisfying (v, £) > 0.

Remark. This result was recently improved by Drewitz and Ramirez [4].

Conjecture 1.2 (Sznitman). Condition (7) is equivalent to ballisticity.
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Fig. 1. A naive trap. In the shaded ball of radius Clogn around the origin all local drifts are
pointing towards the origin, while outside the ball the local drift goes mostly to the right. If C is
appropriately chosen, then this causes a linear slowdown. The probability that such a configuration

exists is exponential in (log n)d.

1.5. Known slowdown results

Letd > 2 and let a # v be in the convex hull of 0 and v. Then for € > 0 small enough,
the following is known.

Theorem 1.3 (Sznitman, [10]). Assume that P is plain nestling, uniformly elliptic and
satisfies condition (T").

(1) There exist C such that for n large enough,

P(| X /1 — alle < €) > e~ Cllogm?, (1.5)
(2) Let o < 2d/(d + 1). There exist C such that for n large enough,

P(||Xn/n — alles < €) < e~ Clogm?, (1.6)

The easy bound in Theorem 1.3 is (1.5), which follows from the analysis of the so called
naive trap (see Figure 1).

1.6. Ballisticity under (T,,)
We prove the following result:

Theorem 1.4. Assume that the dimension is at least 4. Fix y > 0. Under the assumption
of uniform ellipticity, if condition (T, ) holds for some £y, then the RWRE is ballistic, and
the limiting velocity v satisfies (v, £o) > 0. Furthermore, in this case (T,) holds for all £
satisfying (v, £) > 0.
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1.7. Main results

Our main result is the following theorem:

Theorem 1.5. Letd > 4 and y > 0 and assume that P is uniformly elliptic and satisfies
condition (T,). Let a # v be in the convex hull of 0 and v, and let € > 0 be small enough
so that v is not in the closed e -neighborhood of a. Let « < d. Then for all n large enough,

P(| X, /n — allos < €) < e~ 12m", (1.7)

Comparing Theorem 1.5 and (1.5) shows that the remaining gap between the upper and
the lower bounds is quite small.

Theorem 1.5 deals with the annealed probability of slowdown. However, one can
deduce from it a quenched bound.

Corollary 1.6. With the same assumptions as in Theorem 1.5, for every a < d, almost
every w and every large enough n,

Po(Xu/n = allso < €) < exp(—W). (1.8)

Again, compare (1.8) to the known lower bound

Po(IXn/1 — alloo < €) > ex GL)
® n 00 p exp((logn)dfl) s

which is proven in [8]. Corollary 1.6 follows from Theorem 1.5 using the method devel-
oped by Gantert and Zeitouni [6] to transfer annealed slowdown estimates into quenched
ones. This method was adjusted to the multi-dimensional case by Sznitman [8]. The proof
of Corollary 1.6 is identical to the proof of (5.45) in [8], and is omitted.

1.8. Remark about lower dimensions

In this paper we only prove Theorem 1.5 for dimensions 4 and higher. Here we discuss
the situation in lower dimensions.

For d = 1, the annealed slowdown probability was calculated by Dembo, Peres and
Zeitouni [3] in 1996 and the quenched slowdown probability was calculated by Gantert
and Zeitouni [6] in 1998. These results give bounds that are significantly sharper than the
bounds in Theorem 1.5 and Corollary 1.6. Nevertheless, a comparison between the results
shows that the estimates in the present paper are true for dimension 1.

I conjecture that the results in this paper hold for dimensions 2 and 3. The difficulty
in the proof occurs in Proposition 4.5, which is currently only proved for dimensions 4
and higher. In dimension 3 I expect that a more sophisticated version of the arguments in
this paper should be able to work. In dimension 2, Proposition 4.5(2) does not hold, and
therefore a new idea is needed.
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1.9. Structure of the paper

Section 2 brings the definition of regeneration times as introduced in [11]. We then re-
formulate Theorem 1.5 in the language of regenerations and get Proposition 2.2. Then in
Section 3 we introduce some very useful notation and give some basic definitions. In Sec-
tion 4 we give a number of CLT type results. In particular, we give an almost local version
of the quenched central limit theorem (Proposition 4.5) and a general lemma about sums
of approximately Gaussian variables (Lemma 4.16). In Section 5 we reformulate Theo-
rem 1.5 as a statement about quenched exit properties from a large box. The first half of
this construction is very similar to Sznitman’s construction in [10]. Then in Section 6 we
define an auxiliary walk {Y,,} and explore its connection with the original walk {X,}. In
Section 7 we define an event regarding the walk {Y),}, and in Section 8 we use all that
information in order to prove the main result.

1.10. Remark about the writing style

In order to avoid notational overload, language is abused in three ways in this paper:
(a) the value of a constant C may change from one line to the next, (b) some of the in-
equalities only hold for n large enough, without explicit mention, and (c) for a probability
measure u on Z¢, we use the symbol E .. for the expectation D xu(x).

In addition we use the highly convenient notations from computer science O (n), o(n),
Q(n) and &(n), whose meanings are as described in the table below. Note that computer
scientists write w rather than £. However, due to the use of the letter w for the environment
in this paper, we use £ as described below.

Symbol Meaning

k= O(n) asthe parameter goes to infinity, lim sup % < 00
k=o(n) as the parameter goes to infinity, lim % =0
k = Q(n) asthe parameter goes to infinity, lim inf% >0

k=£&(m)  asthe parameter goes to infinity, lim % =00

For example, if we write f(N) = N () we mean that as N goes to infinity, f(N)
goes to zero faster than any power of N.

Whenever the norm sign || - || appears without mentioning which norm we are referring
to, we refer to the £°° norm on 74.

2. Regeneration times

We first define the notion of a regeneration time. Our definition is slightly different from
that given by Sznitman and Zerner [11]. Nevertheless, all the lemmas that we quote from
[10] and [11] and collect in Theorem 2.1 apply equally well to the definition below.
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Definition 8. Let {X,} be a nearest-neighbor sequence in Z?, and let £ € S?~! be a
direction. We say that ¢ is a regeneration time for {X,} in direction ¢ if the following
hold:

(1) (X5, 8) < (X;,¢) foreverys < t.

(2) (Xig1,0) > (X4, £).
3) (Xs5,8) > (X¢41,4L) forevery s >t + 1.

Theorem 2.1 ([11, 10]). Assume that P satisfies condition (T, ) in direction £y for some
y > 0. Then:

(1) With probability 1, there exist infinitely many regeneration times. We call them 11 <
<.
(2) The ensemble
{(Thg1 — Ty Xrn_H - Xrn)}nzl
is an i.i.d. ensemble under the annealed measure.
(3) There exists C such that for every n,

P(r; — 71 =n) < CP(r; = n),
and for every y € 72,
P(Xy, = Xyy = y) = CP(Xy = ).
(4) There exists C such that for every n,
Pz Xkl > n) < e
The main technical statement in this paper is the following proposition.

Proposition 2.2. For any y > 0, if the dimension d is greater than or equal to 4, and P
satisfies condition (T)) in one of the 2d principle directions, then for every a < d and
every u large enough,

P(t; > u) < exp(—(logu)®). 2.1

We now show how to prove Theorem 1.5 assuming Proposition 2.2. The rest of the paper
will be dedicated to the proof of Proposition 2.2.

Proof of Theorem 1.4 assuming Proposition 2.2. Theorem 1.4 follows from Proposition
2.2 exactly the same way ballisticity is proved in [11] and [10]. ]

Proof of Theorem 1.5 assuming Proposition 2.2. Fix a« < d. Assume without loss of
generality that (v, e;) > 0. Note that in this case condition (7},) holds with respect to the
direction e. For simplicity, in this proof we denote ¥ = (x, e1) for every x € R?. Fix a
and € as in the statement of Theorem 1.5. Let p = E(7o — t7) and let 8 = IE()_(T2 - }_(T, ).
Let r be such that r < v but r > x for every x in the e-neighborhood of a. Then it is
sufficient to show that for all n large enough,

P(X, < rn) < e"1ogn®, (2.2)
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Choose b so thatr/v < b < 1, and let m = nb/p. Then

P(X, < rn) <P(tyq1 > n) +P(X,, ., < rn). 2.3)

Tm+1

Now, remembering that v = 8/ p,

_ _ _ m. o _ _ r
P(Xq,  <rn) <P(Xq, , — Xy <rtn) = IP’(Z Xgy — Xy < me>
k=1

Remembering that the sequence {X Tl — X 7} 1s 1.1.d. and that X — X4, 1s positive

and its expectation S is larger than (r/b)p, we get

Tk+1

]Pg()'( Cn

Tas1 <TH) <e

for some constant C.
We now estimate P(z,,..1 > n). Let A be the event that 7y — ©x < n'/® for all
k=1,...,mandthat 1] < n'/8. Then

P(tys1 > 1) < P(AS) + P(tpi1 > n | A).

Fix o’ between « and d. Then, by Theorem 2.1(3) and Proposition 2.2, for all n large
enough,

P(AC) < 6_(1°g"]/8)a/ mCe_(log"l/s)a/ < %E_(log”)a.
Conditioned on A, the variables 744 — 7 are independent, bounded by n'/8 and their

expectation is less than p. Then by Azuma’s inequality, for n large enough,

(n —n'® — pm)?
2mnl/4

Pty > n|A) < P(tpyr — 11 > n—n'/8|A) < exp(—

< exp(—n3/4).

(2.2) follows. o

3. Preliminaries

We define Ry (N) = [exp((loglog N)¥*1)] and R(N) = R;(N). Note that Ro(N) =
[log N] and that for all k, M and all large enough N,

RM(N) < Re11(N) < N. (3.1
We let
9= lim X,/||Xa|l (3.2)
n—oo

be the direction of the speed. Note that the existence of # follows from 7,, even without
the ballisticity assumption, and is always non-zero. We assume without loss of generality
that (1, e1) > 0. Note that, by the results of [9] and [10], (T} ) holds both in direction e;
and in direction 9.
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Definition 9. For z € Z9 and N € N, we define the basic block of size N around z to be
P N):={xeZ: [(x,e1) = (z.e1)] < N*,|lx —u(z, X)[loc < NRs(N)}

where ( )
. (x—ze
u(z,x) =z+79 —(29, a) 3.3)

The middle third of P(z, N) is defined to be
P N):={x e Z% : |(x,e1) — (z.e1)| < N?. |Ix —u(z. )lloc < $NR5(N)}
We let
OP(z. N) = {x € Z'\ Pz, N) : Iyepie) Ix — ylli = 1},
3P N) =[x € 9Pz N) : (x,e1) — (z,e1) = N2}

Fig. 2. The basic block P(z, N).

Definition 10. The basic lattice of size N is defined to be
NRs(N -1
Ly = N*Z x ([%]Z) .

The following simple fact will be useful in what follows.

Lemma 3.1. (1) Foreveryx € N>Z x 73~ there exists z € Ly such that x € P(z, N).
(2) Ly can be represented as the disjoint union of 9% lattices such that if L is one of
these lattices then for every 71 # 2o in L,

P(z1, N)NP(z2, N) = 0.

4. CLT type estimates

In this section we derive two CLT type estimates that will be important for the proof of
the main result. Throughout this section, we assume that our RWRE model satisfies the
following requirements:
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1. There exists y > 0 such that T, holds.
2. The RWRE is uniformly elliptic.
3. The dimension d is at least 4.

We begin with some preliminary estimates in Subsections 4.1 and 4.2, and then prove
CLT type estimates in Subsections 4.3 and 4.4.

4.1. Regeneration radii

We define X*(V := max{||X; — Xo|| : 0 < ¢ < 11}, and for n > 1 we let X*® .=
max{[|X; — X;, ||l : T4—1 <t < 7,,}. The following lemma appears in [10].

Lemma 4.1. Let y > 0 and assume that condition (T, ) holds. Then there exist C and ¢
such that for every L andn = 1,2, ...,

P(X*™ > L) < Ce~L” 4.1
for every n.

We call X*® the radius of the n-th regeneration. Recall that R(N) = R|(N) =
[e(loglog N)z] = [(log N)'°g1eN] Let Ay({X,}) be the event that the radii of the first N
regenerations are all smaller than R(N), namely

AN({Xn)) = {Y1<n<n, X*® < R(N)}. 4.2)
Then, by Lemma 4.1,
P(Ay({Xp})) = 1 — CNem RN =1 — =50, (4.3)

4.2. Derivatives of the annealed exit distribution

In this subsection we show the following result on the annealed exit distribution from a
block. The proof is standard and straightforward using regenerations.

Lemma 4.2. Assume the assumptions 1-3 above hold. Fix z € 7% and N, and let 7| €
P(z, N). Let {X,} be an RWRE starting at z1, and let u = XTB’P(Z.N)' Then, for large
enough N:

(D) P(u ¢ 3Pz, N)) < e BsMN 1 PAS) = N=5D  where Ay is as defined in (4.2).
(2) Foreveryx indTP(z, N),

P (u =x) < CN'™.
(3) Foreveryx and y in 37 P(z, N) such that |x — y||; = 1,
P (u =x) — P9 (u=y) <CN.

(4) Let {X]} be an RWRE starting at z1 + ey, and let u' := X’ . Then for every x in

Type,N)
3TP(z, N),
[P (4 = x) = P @ = )] < CN 7
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(5) Foreveryx, yandw in dYP(z, N) such that |x — y|1 = landw —y =y — x,
[P (u = x) + P9 (u = w) — 2P (u = y)| < CN™47),
(6) For every x, y and w and o in 3T P(z, N) such that there existi # j withx —y =
w—v=e¢andx —w=y—o0=c¢e,
Pl =x) + P (u=0) —P'(u=y) = P'(u = w)| < CN~471.
Proof. To prove (1), we need to show that
P ¢ 9Pz N) [Ay) < e R,

To this end, note that conditioned on Ay, the regenerations are independent and are
all bounded by R(N). For k = 1,..., N we now estimate the difference between
E4 (X4, | Ay) and E*1(Xq,). Let By = X — X, with By = X;,. Remember that
P?1(AS,) = N=5(). For a given &,

B (18]l - 1ag) =< EX (18]l - 13, x> rwvy) T B UIERI - Lygato > rev))

<PUAPET (18I + ) kPP =h)
h>R(N)

< PUADEI (IS + Y he " = NTEO),
h>R(N)

Therefore, foreveryk =1,..., N,
IE* (Bx | An) — E¥ (Ep)
< |E¥ (Ek - 1ay) — EX(E)| + IIE* (Bx | AN) — E¥ (g - 1a,) |
< BI (|8l - 1) + B9 (I8l | An)P(AGy) = N5,

Hence ||E¥ (Xq, | Ay) — E9(Xy)|| = N~5(), again forevery k = 1,..., N.
Now, using Azuma’s inequality,

N2
P ¢ 0P N) [ An) £ 3 P Xe — B (Xg | Ao > SN Rs(N)]
k=1
N2 _N2R2
S dZexp w S e_Rﬁ(N)
Pt 2kR%(N)

for N large enough.
To prove (2)—(6) we need the following standard claim.

Claim 4.3. Let {Y;}7°, be d-dimensional independent random variables, with joint dis-
tribution P, such that {Y,},>2 are identically distributed and such that there exists v € z4
such that P(Yo = v) > 0and P(Yo =v+e¢;) >0fori =1,...,d. Let S, = Z?:l Y;.
Then there exists C < oo which is determined by the distributions of Y1 and Y, such that
for every n and every x, y and w with ||x — y|l1 = land w —y = y — x,

P(S, = x) < Cn~9/?, (4.4)
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IP(S, = x) —P(S, = y)| < Cn "7/, (4.5)
IP(S, = x) + P(S, = w) — 2P(S, = y)| < Cn 72D/, (4.6)
In addition, for every x, y and w and o such that there existi # jwithx—y = w—v = ¢;
andx —w =y —o0=g¢j,
IP(S, = x) + P(S, = 0) = P(S, =y) —P(S, =w)| < Cn D2 (47)
We now use Claim 4.3; we will prove it later. For k£ and lAin N, we let B(l, k) be the event
that (X, e1) =1, we let B(I) = |, B(l, k) and we let B(/) be the event

N2
B(l) .= B() N ﬂ BE(j).
j=i+1
In addition, we define Z; = X7,. Then, for x and y such that |[x — y|l; = 1 and (x, e1) =
(y,e1) =1,

P (Z = x|B() —P*1(Z = y| B(1)) = P (Z1 = x| BU)) — P*' (Z1 = y | B())

1 21 — __ PRl —
ZW;(P (Xg = x) — P (Xq = y)).

Let
l

M = .
Ea[(Xe, — Xq, e1)]
For x and y satisfying (x, e;) = (y,e1) = [ and ||x — y|| = 1, and for k € N, we now
estimate

P (X7, = x) = P (X, = y)I.

We consider two different cases: k > M and k < M. Assume first that Xk > M. Then
either (X . €1) < 1/20r (X — Xvyy 5, €1) <1/2.So

P (Xq = x) =P (Xg = y)
S PU(Xy =0 (X 0 €1) 1/2) = PN Xg = 33 (X 00 €1) <1/2) (4.8)
+ PN (Xq = x5 (X — Xy 0 €1) <1/2)
— P (X, = y5 (X, — Xy p5 €1) < 1/2). 4.9)
We now estimate (4.8) ((4.9) is estimated the same way):
P (X g, = x5 (X ops €1) < 1/2) = PN (X, = 33 (X oy €1) < 1/2)

= Z P (X = WP (X = x| Xy = w) = P (X =y [ Xy ) = w)]
w: (w,e)<l/2
< CETIEDRZ N PR (X = w)
w:(w,ep)<l/2
= CkTIDRPA((Xy, 0 e1) <1/2) (4.10)

where the inequality follows from (4.5).
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With a similar calculation for k < M, we get
IPA(Z; = x| B()) — P (Z = y | BU))|

M 00
< CY KTTDPPU(X gy, e1) 2 1/2)+C Y K TITDPPA (X
k=1 k=M

k/2]° €]> = l/z)

@.11)

From Lemma 4.1 we learn that X*" has (in particular) a finite 24 moment, and from
standard estimates on sums of i.i.d. variables (namely that the 2d moment of the sum of
k i.i.d. mean zero variables grows like 0 (k%)), we find that for k < M,

kd
IP)ZI ((X‘[[k/z]a €1> Z 1/2) S min|:la C—],

(M — k)
and fork > M,
k4 k4
. . .
P l(<XT[k/2]’ 6‘1) < 1/2) < mln[l, Cm} = m1n|:1, Cm}
Combining this with (4.11) we get
P (Z) = x | BU)) = P*1(Z = y| B())|
N )2 k?
fckX:;k mln[l,CW}
S (=) k!
C kT in|1,C———
+ kZZM mm[ (k—M)Zd:|
[M/2] a2 k4
M—[M'72] K
+C k172 min[l, c—} (4.13)
k=[1t§/‘;]+1 (M — 2

M+[M'2] x4
(=1-d)y/2 -
+C > k m1n|:1,C—(M_k)2d] (4.14)
k=M—[M1/2)41

- d)/2 kd
(~1-d)/2
+C Zl k m1n|:1, cm] (4.15)
k=M-+[M'/2]+1
<14, 4.16)

To see the inequality (4.16), we bound each of the four sums (4.12)-(4.15) by C! —d/2,
For the expression in (4.12), we note that we have O (/) summands, each of which is
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bounded by O (I =) 5o the sum is bounded by 0('~%). The expression in (4.13) is (up
to a constant) bounded by

M—vM M/2 1—2d
/ x(dfl)/Z(M _x)72d dx < M(dfl)/Z/ y72d dy < CM(dfl)/Z\/M
M2 M
=01~ ?.
The expression in (4.14) contains O (+/) summands, each of which is O (~1=9/2), 5o

the sum is O(~9/%). The expression in (4.15) is taken care of similarly to the one in
(4.13)—it is bounded by a constant times the integral

/ x@=D2(x _ Ay~ gy
M+vM
= / x @020 — My gy + /oox(d—”/z(x — M) gx
M+vVM oM
M 00
< CM(d—l)/Zf y_dey + C/ y(d—l)/2—2ddy _ O(Z_d/z),
M M

where we substituted, for both integrals, y = x — M.
Let H = {w : (w, e1) = [}. Now,

Plu=x)=» PNBW) Y P(Xgy=w|BOP(u=x|B): Xy =w)
I<N? weH

and, using shift invariance and the fact that we condition on the occurrence of a regener-
ationat/,fory =x +e; (j # 1),
Piru=y)= Y PUBU) Y PI(Xp =w+e | BOP (u=x|BU): Xg; = w).

I<N? weH

Noting that due to shift invariance,
Y Pru=x|BW): X =w) =1,
weH]

we get

P (u = x) = P (u = y)|

< Z P*1(B(1)) max|P* (X7, = w +¢j | BU)) — P (X7, = w| B())|
I<N? weH,

and breaking the last sum into / < N?/2 and [ > N?/2, then controlling the former using
Lemma 4.1 and the latter using (4.16), we get part (3) of the lemma. Part (2) follows
from the exact same calculations using (4.4). Part (4) follows from (4.5) similarly. To
see (5) and (6), we run the same calculation with one main difference: When we do the
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calculation equivalent to (4.10), instead of (4.5), we use (4.6) (for (5)) or (4.7) (for (6)).
We then get a factor of k(=2=9/2 instead of k(~1=9/2 (this is because the inequalities
(4.6) and (4.7) give an extra factor of k), and we continue to carry this factor of Vk all
the way through. O

Proof of Claim 4.3. The proof is a standard Fourier calculation, and therefore we do
not give complete details. By the assumptions, the characteristic function y of Y> has
period 27 in every coordinate. In addition, since P(Y> = v) > 0and P(Yo = v +¢;) > 0
fori =1,...,d,there exist D > 0 and § > 0 such that

e |x(x)| <1— D forevery x € [—m, 714 such that x| > &, and
e |x(x)| <1— D|x|? for every x such that ||x|| < 4.

Let S’ =Y} _,Yrandlet A = {x : ||x|| < §}. Now, to see (4.4), we note that
1 .
P(S'=2)= — / e 3y (x)"dx
(2n)d [—m,m]d

<[ xwrtaysa-pys |- Py < oo,
[-m,m]d N

and convolution with the distribution of Y7 only decreases the supremum.
To see (4.5), we see that

1
@m?
1
@n)d [—m,w]d

Note that |e 12} — g=ilx.2+€) | < |(x, ¢;)|. Therefore,

IP(S' =2) —P(S' =z +e)| =

/ (e—i<x,z) _ g—i<x,z+e,-))x(x)n—l dx
[—7,7]¢

< |e—i(x,z> _ e—i(x,z-i—e[)' |X(x)|n—1 dx.

IP(S"=z+4e) —P(S' =2)| <

n—1
oy /[ e e dx

<(1-Dy'+ c/ e P (¢ 01y dx,
A

and substituting y = x./n we get dx = n~%/?dy and (x, e;) = n~1/?(y, e1), so the last
integral is bounded by

Cn—d/2-172 /f e Py ey dy < Cnd/2-1/2 /Rd e Py e1) dy
nA

= 0(nI=V2y,

To see (4.6), we note that |e ™ (¥-+e1) 4 g=itv.ae1) _ 20=I(0:2)| < (x, ¢)? for every
z € Z4. Then,

IP(S'=z+e1) +P(S' =z —e)) —2P(S' =2)|

/ Ix )" x, e)?dx < (1= D)™ + C/ e DI (¢ e1)2 dx,
(= A

<
T Q@n)
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and again substituting y = x./n, we still get dx = n~%/2dy but this time (x, e;)?> =
n~1(y, e1)?. Therefore, this time the last integral is bounded by

Cn—di2-1 /[A e POy o2 dy < Cn= /21 /Rd e PPy )2 dy
n
— 0122y,

The way to see (4.7) is similar—this time what we need to notice is that |e~ (-2 —
eixvaten) _ pmilvzter) 4 pilx.zterter)| < (x e1) - (x, e2) and that when we substitute
y = /nx we get (x,e1) - (x,e2) =n" 1y, er)- (v, e2). |

Lemma 4.4. Assume the assumptions 1-3 from page 136. Let {X,,} be a RWRE starting
at the origin. Let o be the (annealed) covariance matrix of X , — X, and let U be the
expectation of X, — X,. Let X be the inverse matrix of o2 Let U = E(X7ypn)- Fix
a > 0. There exists a constant ¢ such that for every x € 37 P(0, N), if

2
(x—U)TZ(x—l_])<a~ ,
(U, er)
then
P(X7yp0.n =X) > cN1=de=3e,

Proof. The proof is very similar to that of Lemma 4.2, but slightly simpler. We continue
to use the notations B(/, k), B(l) and B(l). Let § = §(a) be a small number. By the local
limit theorem (see e.g. [5]), for / > N2/2 and every y € P(0, N) such that (y, e;) =1,

P(Z; = y; B, k) > Qup)~ 2k~ U/2 (e~ 0-URTZO-UR/2K _ 5 (4.17)

where 8 is the determinant of 2.
Fix | = N? and let M = N2/(U, e;). Then, using (4.17), for x € 8t P(0, N),

[M+vM
P(Zy:=x) 2P(Zyp =x: BN?) = ) P(Zy»=x: BIN?. k)
k=[M—~/M]
[MA/M) «-UbT s(-Uk)
> (np)~ 12y Z (7 mvm — —5)
k=[M—+/M]

=) T'2a-0) _/M)Ts/M
> () PM DR T T e )
> CNl_d€_3a- O

4.3. Quenched exit estimates

In this subsection we show that with very high probability the quenched exit distribution
from a basic block is similar to the annealed one. This is the only part of the paper that
requires the high dimension assumption.
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The goal of this subsection is the following proposition:

Proposition 4.5. Assume the assumptions 1-3 from page 136. Fix 0 < 6 < 1. There
exists an event G(N) = G(0, N) € Q such that P(G(N)) = 1 — N~¢W and such that
forallw € G(N):

(1) Foreveryz € P(0, N),

Pi(Typo,n) # Torpo.ny) = N 50,

(2) Forevery z € P(0, N),

IEG[XT, 1 - E*[X7, | < R3(N). (4.18)

P(O,N) )P(O,N)]|

(3) Foreveryz € 75(0, N) and every (d — 1-dimensional) cube Q C TP (0, N) of side
length [N?],

_pd=1

|P(4Z)[XT8P(O,N) €0l- ]PZ[XTaP(um €0l < NOTDED=0, (4.19)
From Proposition 4.5 we get the following corollary:

Corollary 4.6. Assume the assumptions 1-3 from page 136. Fix 0 < 1/2 and let G(N)
be as in Proposition 4.5. Let o € G(N) and 7 € 75(0, N). Let D = D(w, z) be the
quenched exit distribution from P(0, N), and let D = D(w,z) be D conditioned on
9t P(0, N). Let D = D(z) be the annealed exit distribution, and D the annealed exit
distribution conditioned on 3T P(0, N). Then:

(1) DOATPO,N) =1—-N—ED,

(2) If X ~ D, then X can be written as X =Y + Z, where | Z|| < (d + 1)N? a.s. and

Y ~D+ D», where Dj is a signed measure such that:

@ D2l := Y, |Da(x)| <A = N-0@=D/2dHD),

() > Da(x) =0.

(©) Y., xDy(x)=0.

(d Y, ID2(x0)| llx — EDH% < ANZ, where Ep, a vector in R, is the expectation of
the probability distribution D.

Proof. Part (1) is trivial, and therefore we will prove (2). Partition 377 (0, N) into dis-
jointcubes Q1y, ..., Q, of side length N?. We getn = Rs5(N)4—1 NW@=DU=0) gych cubes.
Forevery 1 <k <n,

1D(Q1) — D(Qp)| < NODE-D-051

We define Y’ as follows: For every k, we take Y’ to be in Qy whenever X € Q. Condi-
tioned on the event Y’ € Qy, we take Y’ to be independent of X, with

P(Y =x|Y € Qi) = D(x)/D(Qr)

for every x € Q. Then clearly | X — Y'|| < dN?. Therefore, | E(Y') — E(X)| < dN?.
By (4.18), |[E(X) — Epll < R3(N) and thus |E(Y’) — Esl < (d+ 1)N?. Then there
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exists a variable U, independent of ¥’ and X, such that |U| < (d + )N’ + 1 and
E(Y'4+U) = Ep. Define Y = Y’ 4 U. Then (2)(b) and (2)(c) are immediate.
To see (2)(a), we first note that

P(Y =x) = > P(U = w)P(Y' = x —u).
w: |lul|<(@d+1)N?+1

Therefore,
D IP(Y =x) — D)
x
< > P(U=u)) [PY =x—u)—Dw)]. (420
u: lull <(@+1)N9+1 x
By Lemma 4.2(3), for all x and u such that ||u|| < (d + DN? +1,
ID(x —u) —=D(x)| < C(d+ DN’ - N~ = C(d + DN
Therefore, with D, as defined in (2),

YD)l =Y [P =x) D) < Y (P =x) = D)+ Cd + DN

= (D215(00) - BOWI) + Rs (W)~ N4~" - Cd + DN
k=1
d—1

< Cd+ DRs(NY N + Rs(NY— I NE@-DU=6) | N O-D@~D-0
= Rs (M) 1(Cd + DN~ 4 NOF) < Rg(N)N & < ».

To see (2)(d), note that ||x — Epll1 < dNRs(N) for every x in the support of D,.
Therefore,

D IDax)| Ix — Epll} < d*Rs(N)*N? ) [Da(x)]

< d*Rs(N)>N? - Rg(N)N~? @1 < AN2. 0

Corollary 4.6 can be formulated slightly differently in the language of couplings. We need
a definition.

Definition 11. For two probability measures 11 and pp on Z¢, and for A < 1 and k € N,
we say that us is (A, k)-close to w1 if there exists a joint distribution (“coupling”) @ of
three random variables Z{, Z; and Z; such that:

(1) Zy ~ py and Zp ~ us.

(2) u(Zy # Zp) < A

3) ullZo— 22|l < k) =1.

@) Y x[w(Zy =x) — n(Zo = x) = E(Z1) — Eu(Zo) =0.
S) Y, Im(Z1 = x) — n(Zo = x)| Ix — EL(Z)|? < avar(Zy).
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Using Definition 11, Corollary 4.6(2) can be formulated as saying that if w € G(N),
then D is (N~?@=D/2@+D (44 1)N?)-close to . (We need to see that the variance of a
D distributed variable is at least at the order of magnitude of N 2. This follows, €. g., from
the annealed lower bound in Lemma 4.4.)

The following claim is immediate and useful.

Claim 4.7. In the language of Definition 11, the distribution of Zy is (A, 0)-close to 1.

We now proceed to proving Proposition 4.5. We start with a version of Azuma’s inequal-
ity. Let {M};_, be a zero mean martingale with respect to a filtration {F¢};_, on the
sample space 2. For simplicity we denote My = 0 and Fo = {0, Q}. Fork = 1,...,n,
let Dy = My — Mj_;. Set

Ui = esssup(|Dg| | Fi1) = lim [E( Dl | Fin)]'7

and define the essential variance of the martingale to be

n
U :=ess sup(z Ukz)

k=1
Lemma 4.8. For every K,
P(M,| > K) < 2" K*/2U.
Proof. The proof is similar to that of Azuma’s inequality: First we show that for every &,
E(EZ-I;=1‘ Dj | Fr—1) < g%esss“p(Z;;k U/2 |‘7:k*1), 4.21)

Indeed, (4.21) is clear for k = n, and assuming it holds for £ + 1, we get
E(eXi=+ " | Fi_1) = B(ePE(eX=++1 7| F) | Fior)

< E(ePred S En U0 | £y < B(ePhed 0 i U1 Fie0 7y

_ e%esssup(z;’:kﬂ U? |.7-—k_1)E(eDk | Fily) < e%esssup(z;“:kJrl UJ.Z\]-—k_l)e%Ukz

_ e% ess sup(Z;’:k sz | Fr—1)
. 1
For k = 0 this gives E(e*") < ¢2Y, and for every A,
142
E(MMn) < 247U,

Using Markov’s inequality once with A = K /U and once with A = —K /U gives the
desired result. O

Next we discuss the intersection structure of two independent walks in the same environ-
ment.
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Lemma 4.9. Assume the assumptions 1-3 from page 136. Let XV := {X,(,])} and X®
= {X,?)} be two independent random walks running in the same environment w. Let
[X ] be the set of points visited by {X,(f)}. Then there exists C such that for every n,

E[Poo({IXPTNXPTNPO, N)| > nRI(N} N ANX D) N AN (XP))] < e €.

Proof. Letk > 0be such that k+ R1(N) < N. Then from the definition of the event Ay,
for a random walk X = {X,},

Tayo - Hx i x € [X], k < (x,e1) <k+ Ri(N)}| <2/Ri(N)". (4.22)
For every k, let O, = P(0, N) N {x : (x, e1) < kR1(N)} and Q,': =PO,N)N{x:
(x,e1) > kR (N)}. In addition, let Ay = Ay(XD)N An(X?P). Using Propositions 3.1,

3.4 and 3.7 of [1], as well as uniform ellipticity, and again recalling the definition of Ay,
we see that there exists p > 0 such that for every &,

E[Pyo({IXPIN[XPIN O, = BHAN: [XVIN 0 [XPIN Q)] > p. (423)

Remark. As stated in [1], Propositions 3.1, 3.4 and 3.7 of [1] require moment assump-
tions on the regeneration times. However, examining their proofs shows that all they need
are moment assumptions on the number of sites visited before 71, and these are satisfied
by Lemma 4.1.

Now, let
JEe — (ks kisevenand [XV1N[XP1N orn Qv 9%
T =k : kisodd and [XD1N [XP]N Qf N O, #9).

Then, by (4.23), conditioned on A ~, both J € and J©dd) are dominated by a geometric
variable with parameter p. The lemma now follows when we remember that by (4.22),

L;, XTIV XPTAPO. N)| < 29R (N (J O 4 4), o
As a corollary we get the following estimate:

Lemma 4.10. Assume the assumptions 1-3 from page 136. With the same notation as in
Lemma 4.9,

Plo: Eoo(IXPINXPINPO, N1, x0)nayx@)) = Ra(N)] = NFV. (4.24)
Let J(N) C < be the event that for every starting point z in the middle third of the block,
EZ%(IXDINXPINPO, N)| - 14, xtynayx@)) < Ra(N).

Then, by Lemma 4.10, P(J(N)) = 1 — N=5(.
Fix z € P(0, N). For every w and x € P(0, N), we let

H*(w, x) := Pi(x € [X] and Axy({X,}))
be the hitting probability of x. Then for w € J(N),

Y (H(®, %)) < Ra(N). (4.25)
x€P(0,N)
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Lemma 4.11. Assume the assumptions 1-3 from page 136. There exists an event K (N)
C Q such that P(K(N)) =1 — N—§D and for every w € K(N) and z € P(0, N),

”ECZU[XT;”:(()_N)] —E? [XTg;p(()yN)]” = R3 (N) (426)
Proof. Define

. — Z
U(a)v Z) — ”Ew[XTa'p((),N) : IAN : 1T873(0,N):T3+7:'(0_N)]

- EZ[XTBP(O,N) day - ITB’P(O,N):T})JrP(()‘N) | J (NI
It is sufficient to show that for a large enough set of w’s,
U(w,2) < Ro(N)**2. 4.27)

(4.27) is sufficient, because for a set M of environments of measure 1 — N —£M _ for every
w € M we have P5(Typo,n) = To+po.ny) = N *W. Since | X7;p v lloo < CN?, on
every w € M the contribution of the event {Typ, )y # To+p(0.n))} to the expectation of
XTyp .y, 1s bounded by 1.

To show (4.27), we order the vertices in P(0, N) lexicographically, xy, x2, ..., with
the first coordinate being the most significant. Let F,, be the o-algebra on the sample
space (J(N) € Q, P(-| J(N))) which is determined by wly,,... x, and let {M} be the
martingale

n

My = E[Ew[XTamo.N) : IAN ) 1Ta7><o.N)=T3+p<o,N)] | fk]‘

Next we calculate ess sup(My — Mj_1 | Fx—1). The argument is similar to the one used
in [1], which is based on ideas from [2]. Let

B():={y:{y.e1) = (x.e1) = Land |y — x| < Ri(N)*}.
Note that if x is visited and Ay holds, then the first visit to the layer
Hx):={y:(y,e1) =(x,e1) — 1}
is in B(x). Therefore,

Uy = esssup(My — My_1 | Fi—1) < R(N)*P(x¢ € [X]]| Fe—1)
<SRN Y P(X1y, =¥ Fac) = RN Y. Po(Xzy,, =)
yeB(xx) YEB(xk)

< R(N)* Y Pu(y€lX)), (4.28)
YEB(xi)

where the first inequality follows from the fact that the regeneration containing xj is of
size no more than R(N)Z, and after this regeneration the distribution of the walk is the
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annealed distribution. Remembering that | B(x;)| < 24 R>(N)4 and that every yisin B(x)
for at most 29 Ry(N )d points x, we have

YUY R Y Ry et
k=1 k=1

YEB(xx)
n
<2 RyNRN*Y . Y Puly e [X])?
k=1 yeB(xy)
<2 Ry(NYRIN* Y H*(w,y) <22 Ry(N)* R(N)* - Ry(N)
yeP(O,N)
< Ry(N)*H2, (4.29)

Therefore, by Lemma 4.8,

Ry(Nydd+4

P(w:U(w) > Ry(N)X 2| J(N)) < 2¢ 2R 72 — =&

(4.27) follows. m]

We now estimate the quenched exit distribution from P(0, N). Fix a starting point for the
walk z € P(0, N). We start with the following lemma. Recall that for every k, we define
Hj to be the hyperplane Hy = {v € 74 (v, e) = k}.

Lemma 4.12. Assume the assumptions 1-3 from page 136. Fix0 < 0 < 1. Let BY(N) C
Q be the event that for every %NZ < M < N? and every (d — 1-dimensional) cube Q of

side length NY which is contained in Hy,
|PS(X1y, € Q3 AN) —P*(X7,, € Q3 Ay)| < NO7DU=D,

Then for 0 > (d — 1)/d,
PBY(N)=1—NED,

Proof. Fix0,andlet (d —1)/d <6’ < 6. Let
V=[N

Fix %Nz < M < N?. Letv € Hyy, and let G be the o-algebra that is determined by
the configuration on

PM©0, N) = PO, N)N{x: (x,e1) < M)}.
We are interested in the quantity
JM @) = E[P,(X1,,,, = v: AN) | G].

Similar to the proof of Lemma 4.11, we let {x;}]_, be a lexicographic ordering of
the vertices in PM (0, N), and let {Fi} be the o-algebra on J(N) which is determined by
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Fig. 3. The quantity J (M) () is the probability of hitting the point v, conditioned on the environ-
ment in the shaded area, and averaged over the environment elsewhere.

We consider the martingale M; = E[P,(X1),,, = v; An)|F;]. In order to use
Lemma 4.8, we will need to bound U; = esssup(M; — M;_1 | F;—1). Remember that x;
is the vertex such that w,; is measurable with respect to ; but not with respect to F;_;.
Then we claim that

U; < CR(N)E[P,(x; is hit) | Fi_1]V /2. (4.30)

We now show the main estimate (4.30). Let @’ be an environment that agrees with
everywhere except possibly at x;. We let P be the distribution of a walk that follows the
law w on {x; : k < i} and the annealed distribution on Z? \ {x; : k < i}. Equivalently, let
P’ be the distribution of a walk that follows the law o’ on {x; : k < i} and the annealed
distribution on Z4 \ {x : k < i}. More precisely, for an event B C (ZHN on the space of
possible paths for the walk,

P(B) =P(B x Q|wy,,...,wx; AN),
and equivalently for P’. Then

Ui <sup [P'(X7,,,, =v) —P(X7,,,, = 0)I, (4.31)
o

where the supremum is taken over all environments ' that agree with w on Z<¢ \ {x;}.
Note that conditioned on the event that x; is not visited, the distributions P and P’ are the
same. Now, for both measures P and P/, condition on the event that x; is visited. Let u be
the first regeneration point after x;. Then P and P’ a.s, ||u — x;||1 < dR(N). This follows
from the conditioning on Ay . Therefore, from Lemma 4.2(3)&(4) we get

IP(X7,,.,, = v]|x; is visited) — P (X7,,,, = v)| < CR(N)V /2,
IP'(X7,,.,, = v]|x; is visited) — P (X7,,,, = v)| < CR(N)V /2.

Hence
U; < CR(N)V~4/2P(x; is visited),

and (4.30) follows.
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Using (4.30), conditioned on J(N), and based on the same calculation as in (4.28)
and (4.29), we get

n
U =ess sup(Z U52> < R(N)(’V_d.
i=1
Therefore, by Lemma 4.8, for every v € Hps4y and every number &,

P(|E[Py(XT)y,y =); AN 1G] = P(X7y,,, =v; AN)| > 8)
62

<2P(J(N)) 4 2e 2k°vd
In particular, if § = %Nl_d = %V_d/ZV”, with n = M > 0, then we get
P(EIPy(X1y,y = v; AN) |G] = P(X1y,, = v; AN)| > {N'7¢) = N8O

and

_ _ _ 1 p71—d ) ¢ 1 p1—d
P(IE[Py(XTyyy =) |Gl = P(X7),, =) > 3N 79) < P(w: Py(A}) = N 79

+ P(|E[Pa)(XTM+V =V; AN) | g] - ]P)(XTM_H/ =; AN)l > %Nl_d) = N_f(l)
Let T (N) be the event that
|E[Po(X1y,y =) |G = P(X7,,, =v)| < gN'7¢

for every 2N? < M < N? and every v € Hy4v N P(0,2N). Then P(T(N)) = 1 —
N4 Now consider @ € T(N), and fix %Nz < M < N? and a cube Q of side length
N? which is contained in Hy;. We want to estimate

L(Q) = |Pi(X1y, € Q; AN) — PX(X1,, € Q: AN)|. (4.32)
Let c(Q) be the center of the cube Q, and let ¢’(Q) = ¢(Q) + V#/(¥, e;). Define

0 ={eHyin:v—c (Dl < 309N,

0@ ={veHyiy:llv—C(Qllo < 3(L.DYIN.

Then by simple annealed estimates,

P(X7,,, € OV) < P*(X7, € Q) + N 5D, (4.33)
P*(X7,,, € 0¥) > P*(Xr, € Q) — N5, (4.34)
E[P:(X1y.y € Q) |Gl < Pi(X1) € Q) + N5, (4.35)
E[Pi(X1,,, € 0P)|G] > Pi(X71,, € Q) — N5, (4.36)

From the definition of 7' (N) and (4.33)—(4.36), it follows that T (N) C B? (N). Therefore,
P(BY(N)) > P(T(N)) =1 — N0, .

Using Lemma 4.12 as a building block, we can get a similar yet weaker result for every
choice of 6.



Slowdown estimates for ballistic random walk 151

Lemma 4.13. Assume the assumptions 1-3 from page 136. For every 0 < 6 < 1 and h
let B(e'h)(N) be the event that for every z € P(0, N), every %NZ <M < N?and every
cube Q of side length N° which is contained in Hy,

Pi(X7, € Q; Ay) < Rp(N)N@=DW@=D, (4.37)
Then for every 0 < 6 < 1 there exists h = h(0) such that P(BOM(N)) =1 N-5D,

Proof. We argue by descending induction on 6. From Lemma 4.12, P(B®D(N)) =
1 — N5 forevery 1 > @ > (d — 1)/d. For the induction step, fix # and assume that
the statement of the lemma holds for some 6’ such that 6 > %9/ ,and let b’ = h(0").

We write p = 6/6’. Let ¢ be the natural shift of Z¢. Let
L=B"YNyn [ BN NTW. p).
2eP(0,2N)
where
T(N.p) =1{w € Q: Yoepo.n): PSXTypi oy £ TP, INPD) < e K1),
Clearly, P(L)=1—N —& (1)._Therefore, all we need to show is that for some # and all N
large enough, we have L C B(e*h)(N). To thisend we fixw € L, z, %Nz <M < N?and

a cube Q of side length N? in P(0, N)N Hy;. Let x be the center of 0, and let V = [N”]?
and x’' = x — V&/{(13, e1).

Since o
we () o(BYM(AN,
z€P(0,2N)
we find that for every v € Hy_vy,
PY(X7, € Q) < Ry(N)NP@=DE@=D = R, (N)NO=PEd=D. (4.38)

We remember that by the Markov property and the fact that w € T(N, p),

Pi(X1, € Q) = > Pi(X1y_y = V)PLU(XT, € Q)+ N5V (4.39)
veEHy_yNP(x/,[NP])
Now, Hy—y N P(x’,[NP]) is the union of 2¢71R5(N)?~! < Rg(N) cubes of side
length N°.
Since w € BV (N), for every cube Q' of side length N that is contained in Hy;_y N
P, N) we get
Pi(X1,_, € Q") < Ri(N)N®P~DUE=D, (4.40)

Combining (4.38)—(4.40), we get
PE(X1) € Q) < Re(N)Ry (N)NO=PU=D . Ry (N)NP=DE=D 4 =8
< Ry(N)N©@~DE=D
for h = max(6, h’) + 1. O

Next we prove a lemma which significantly strengthens the previous one. For its proof
we will use Lemma 4.13 and a more careful treatment of the proof technique of Lemma
4.12. We start with the following preliminary lemma:
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Lemma 4.14. Assume the assumptions 1-3 from page 136. Let G be the o-algebra gen-
erated by {w(z) : (z, e1) < N2%}.Letn > 0,V = [N"] and let B(N, V) be the event that
forallz € P(O,N) and allv € Hy: v,

|E[PS(XT,,,, =) |G] = P*[X7,,  =v]] < N'TIVIZDe,
Then P(B(N,V)) =1— N5,

Proof. Letv € Hy2,y andlet® > 0 be such that & < %n. Let K be an integer such that
2-KN2 5 v > 2-K-IN2 andfor 1 <k < K define

PO = PO, N)N{x:27F N2 < N2 — (x,e1) < 27¥N?}.

In addition we take

PE) = PO, N)N{x:0<N>—(x,e1) <2 KN},

PO =PO, N)N{x:N?/2 < N> —(x,e1)}.
Moreover, we define

F(v) ={x € P(0, N) : |x — u(v, )| < [(v — x, e1)|'/*Ro(W)},
where u(v, x) is as in (3.3). Then, for 0 < k < K, we define
PO =PONFE), PP ={y:Icpw IIx =yl < Ra(N)}

Note that P® (v) € P® (v).

Fig. 4. The darker areas are P& (v) for different values of k. The environment in the light-gray
area has negligible influence on the probability of hitting v.

Condition on the event B@" with h such that, by Lemma 4.13, P(B(e’h)) =
1 — NEOD,
For0 <k < K and w € B?" | we want to estimate

V(k) = Eo o[ [XV1N [XP10P® v)].

Fork =0,
V() < Euo[[XVTIN[XPTNPO, N)] < Ro(N).
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For k > O,
V)= Y [P(xis visited)]*
xeP® (v)
2
< Y| X EGn,=»] 0
xeP® (v) y:lly—x[|<R(N)
< RN > [Pi(X7,,, =0T+ N
yeP® (v)
S R(N) Y Ry(N)NHIZOUD (4.41)
yeP® ()
< Riq1 (N)N2((d+1)/2+(1—9)(1—d))2—k[(d+1)/2]
where the inequality (4.41) follows from the fact that w € B (N).

As before, we now use the same filtration {;} as in the proof of Lemma 4.11, and
consider the martingale M; = E[PaZi(XTNzw = v; An) | Fi]. Again, in order to use
Lemma 4.8, we need to bound U; = esssup(|M; — M;_1|| Fi—1). Let x be such that
wy 1s measurable with respect to F; but not with respect to F;_1. Then U; = N &) jf
x ¢ F(v), while if x € F(v), then

U; < R(n)E[P}(x is hit) | Fi_1ID(N?> +V — (x, e1))
where D(n) is the maximal first derivative of the annealed distribution at distance n. By
Lemma 4.2, DIN2+V — (x,e;)) < CN~92K/2 for x € P® (v). Therefore,

K
U = ess sup(Z U,?) < C Y V(K)N2k NED
i k=0

K
< CRh+1(N)N_2d+CRh+1 (N)NZ((d-l-l)/Z-i-(l—0)(1—d))—2d Z 2kd—k(d+1)/2+N—§(1)
k=1

< CRh—H (N)(N—Zd+N3—3d+2(d—1)02K(d—1)/2)
< CRh_H(N)(N72d+N272d+2(d71)9 Vf(dfl)/Z) < CN272dV7(d71)/6+€
for small enough €.
Therefore, using Lemma 4.8, with probability 1 — N =&,
|ETP}(X1,,,, = v; AN) |G1 = P[X1, , =v; Ay]| < N7V (=076,

A simple union bound coupled with the fact that P(Ay) = N - completes the proof
of the lemma. O

24y

Lemma 4.15. Assume the assumptions 1-3 from page 136. For every 0 < 0 < 1 let
DD (N) C Q be the event that for every z € P(0, N) and every cube Q of side length
N? which is contained in TP (0, N),

d—1

\PE(XTypy € Q) =P (X1ypy, € Q)] < NOTDED=005T, (4.42)
Then P(DD(N)) =1 - N—¢D,



154 Noam Berger

Proof. Take %9 <0 < 6and V = [NS'/@+D] Then by Lemma 4.14 we know that
P(B(N,V)) =1— N—50_ As before, all we need to show is that B(N, V) € D@ (N).
The way we do this will be completely identical to the last step of the proof of Lemma
4.12. Let € B(N, V), and let Q be a cube of side length N? which is contained in
9TP(0, N). Let x be the center of Q, and let x’ = x + V&/(8, e1).

Let 0¥ and Q® be d — 1-dimensional cubes that are contained in H N24y and
centered at x’, of side length N % — R3(N )«/V and N? + R3(N )«/V respectively. Then,
on B(N,V), fori =1,2,

|EIP}(X1,,,, € Q) IG] - PIX7,,

N=+V

€ QU < 1QUINTIVITO. 4.43)

In addition, exactly as in the proof of Lemma 4.12,

P*(Xr, ., € 0) < P*(X1,, € Q) + N5, (4.44)
PY(X7,, ., € 0P) > P(X1, € ) —N*D, (4.45)
E[P{(Xz, , € 0) |Gl < Pi(X1, € @)+ N~*D, (4.46)
E[P}(Xr, , € 0P) |Gl > Pi(X1, € Q) =N+ (4.47)

Therefore, forw € B(N, V),

|P£(XT37?((),N) € Q ) - IP)Z(‘XT<')77((J,N) € Q )|
< (1@ + QP NIV I=0 + (0P — 10PN 4+ NTED
< c(NU=U=)y(=d)/6 4 p Ny NI=D+Ed=2)0 [y

The lemma follows from the choice of V. O

Proof of Proposition 4.5. The proposition follows from Lemmas 4.11 and 4.15. m}

4.4. Sums of approximate gaussians

The purpose of this subsection is to prove Lemma 4.16 below. Let D(N) be the annealed
distribution starting from zero of X7, , conditioned on 3*P (0, N).

Lemma 4.16. Assume the assumptions 1-3 from page 136. Let 0 < A < 1 and n be so
thatn < A7\, Let K be so that N > K > 1. Let h > 5. Assume further that N > K4
and N > A~% and that \N > 2KnRj4+1(N). Let {Xi}!_, be random variables such
that for every i, conditioned on X1, ..., Xi—1, the distribution of X; is (A, K)-close to
D(N). Let S = Z?:l X;. Then the distribution of S is (ARp+1(N), 2nK Rj11(N))-close
to D(N /7).

Remark. We need the assumptions 1-3 because they give us some control over the dis-
tribution D(N).

We use the following simple fact, which follows from the decomposition of the an-
nealed RWRE into regenerations.
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Claim 4.17. Assume the assumptions 1-3 from page 136. For j > 1, let DU be the
convolAution of D(I\i) and D(N/j —1). Let U ~ DW. Then U can be represented as
U =U + U’ withU ~ D(N/J) and for every k,

P(U'|| > k) < Ce=* + N=5(D (4.48)

for some constants C and c. In particular, there exists some constant C, independent of N
and j, such that
IEUHI < EAU'T < C. (4.49)

Proof. (4.49) follows immediately from (4.48) (in order to handle the N —¢() error, note
that U’ is bounded by 3N Rs5(N)), and therefore we shall only prove (4.48). o
We will define a coupling between a random variable U which is approximately D)
distributed and a random variable U which is approximately D(N /) distributed such
that
P(|U —U| > k) < Ce™ " 4 N5,

To construct the coupling, we define an ensemble . = {U, T} where U is a positive
integer, and T is a nearest neighbor path of length U, taking values in Z¢ and starting at 0.
Let {L, = {U,, ’]I‘n}};’loz | bei.i.d. ensembles such that U; is sampled according to the
annealed distribution of 7, — 71, and the path T is distributed according to the annealed
distribution of X, . — X,, run up to time 7o — 71 and conditioned on 7, — 71 = Uj.

Additionally, define If,l = {@1 , TAT] } and Iﬁz = {@2, 'ﬁ‘z} to be two i.i.d. ensembles such
that U 1 is sampled according to the annealed distribution of 71 and T 1 1s distributed ac-
cording to the annealed distribution of X _» run up to time t; and conditioned on 71 = Uj.
In addition, we require independence of I and L, and {L,,};2 ,.

In other words, }1:1 and ]ﬂz are distributed according to the annealed distribution of the
first regeneration slab, and {IL, } are distributed according to the annealed distribution of
regeneration slabs that are not the first one.

We now construct paths from the ensembles we defined. The choice of the distribution
of the ensembles will guarantee that the paths are distributed according to the annealed
RWRE distribution. The variables U and U will be taken to be certain hitting locations of
these paths, and the fact that U and U will be built from the same ensembles will make it
easy for us to estimate the difference U — U.

LetT, = T,(U) + Y i1 Tk(Up), and let T} = max(h : (e;, [p) < N?j). We take

U =T + Ty p1(minG : {er, Tr, 41G) + Try) = N2j)).
Let 7> = max(h : (e, ') < N2(j — 1)), and
Vi =T'g, + Tryq1 (minG : (er, Try41G) + D) = N2(j — 1))).
LetI'), = T, (U,) + Lrypn — Iy Let T3 = max(h @ (eg, T)) < N?), and
Vo =Tp + Trygr11(minG : (er, Try7y41() + Tryyry) = N?)).

We now take U = Vi + V».
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By Lemmas 4.1 and 4.2(1), up to an error of N~5() the variables U and U are
distributed (respectively) according to DY) and D(NVJJ).
_ The difference U — U is bounded by the sums of the radii of the regeneration slabs
Ly, Lz,, and L, for h between T + T3 and T;. Lemma 4.1 now gives us the desired
bound. O

We also use the following lemma, which is nothing but a second order Taylor expansion.

Lemma 4.18. Let i be a finite signed measure on Z¢, and let f : Z¢ — R. Assume that
m, k, J, L inNand o € 74 are such that:

(1) Foreveryx,y suchthatx —y € {:I:e,-}le, we have | f(x) — f(¥)| < m.

(2) Foreveryx,y,z,wand 1 <i,j <dsuchthatx —y=z—w =e¢;jandx —z =
y—w = e¢j, we have | f(x) + f(w) — f(y) — f(2)| < k (note that if i = j then
this is the discrete pure second derivative, and if i # j it is the discrete mixed second
derivative).

(3) > ux)=0.

@ [ X xn@], < L.

5 X lx —ellfln)] < J.

Then

‘Zx:u(x)f(x)‘ <Lm+ %Jk.

Proof. Since ), u(x) = 0 we have ) u(x) f(x) = > u(x)(f(x) + ¢) for every c.
Therefore, without loss of generality we may assume that f (o) = 0. Let g : R — R be
the affine function such that g(0) = f(0) = 0and g(o+e;) = f(o+ej)fori =1,...,d.
Then | f(x) — g(x)| < %k”x — Q”% for x € Z¢. Note also that since Yo m(x) =0, we

getY (x —o)u(x) =), xu(x)and thus || ), (x —@)u(x)|l < L. Therefore,

\Z p(x) f(x) = Zu(x)g(x)\ <Y ) — )] < Sk,

In addition,

‘Z M(x)g(x)‘ = (g(Z(x - Q)M(x))‘ < Lm.

The lemma follows. ]
Proof of Lemma 4.16. For k = 1, ..., n, conditioned on X1, ..., X¢—1, the distribution
of Xy is (A, K)-close to D(N). Therefore there exist variables {Y};_,, playing the role
of Zy in Definition 11, such that for every &, conditioned on X1, Y1, ..., Xx_1, Yx—1, the
following hold:

e > [Py =x)—DN)x)| < A.

o P(IYy — Xkll < K) = 1.

o E(Yy) = Ep.

o X I[Pk =x) = D(N)X)| lx — Epay) IF < ANZ.
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What we need to show is that there exists a random variable Y’ such that:

(1) X, PY’ =x) = D(/nN)(X)| < ARp11(N).
() P(IY" = S|l < 2nK Rp4+1(N)) = 1.

() E(Y') = Ep(an)-
@) X, POV = x) — DOAN)®)| I1x — Epim > < AnN>Rug1 (V).

To this end, we let

n
S =Y 1.
k=j

First we will shqw, usin_g desce_nding ir_1ducti0n, that C(_)nditioned on Xy,...,X; 1,
we can represent SU) as s = Yo 4+ Z({) such that |ZU ] < (n — JRy(N) as. and
YD ~D(NJn—j + 1)+D§]) where D;J) is a signed measure such that ||D§J) | <Al
with 20 = % and A0) < AUFD 4 25 R5(N) for j < n.

For j = n the statement clearly holds, with Z® = 0. We now assume that the
statement holds for j + 1, and prove it for j.

Let P be the joint distribution of ¥; and Y U+D conditioned on X 1,-.., Xj—1. Let
H=Y,+ YU+D For each z,

P(H=2)=) P¥;=x)PYY) =z—x|¥; =x).
X

Let DY) be the convolution of D(N+/n — j) and the P distribution of ¥;. Then

Y IP(H =z) - DY ()|

z
<Y D P =0)[PYYUTY =z —x|¥; =x) - DINyn — j)(z — x)]
Z X
=Y P =0)[PYY*) =y 1Y, =x) - DINVn = H()
X,y

< esssup ||D§j+1)||. (4.50)

Asin Claim 4.17 let D) be the convolution of D(N) and D(N+/n — j). Then for given z,
by Lemmas 4.18 and 4.2(5)&(6),

1DV () = DV ()| = Y DINYn — Hx)PY; =z —x) = DIN)(z — x))
<AN?2 . N~V — HEd=D2 = jN=d @ — jHE=D2 0 (4.51)

Note that for z such that ||z — Ep)ll1 > Rs(N)N(n — HY2, both DU (z) and DY) (2)
are bounded by

exp( (2= Epo ’ N2V (g — jyd=1) < =RV (4.52)
Ri(N) - ' |
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Frqm (4.50)—(4.52), we deduce that the distribution of H can be represented as DU +
D with
= (j i+1 .
1DS” | < 1DY V) + A(N)Rs(N)(n — )"
By Claim 4.17, and again conditioned on Xy, Y1, ..., X; 1, Y; 1, there exists Z'(j)
such that P(Z'(j)) > Ry(N)) < exp(—=Ry—1(N)), and the distribution of H + Z'(j)
is DNV —j + DU 4+ DY,
Let B
H()=H+Z'() Yyzl<ruv)-
Then the distribution of A (j) is D(N+/n — j + D@ + DY with
A = (j i+1 -
1DS 1 < 105”1l + exp(—Ru—1(N)) < DY V|| + 20 (W) Rs(N)(n — j)~".
We let ‘ .
ZV =z 1 Z'() - Yz (< rumy
and YY) = §U — W, Then |ZU|| < (n — j)Ry(N) and the distribution of Y is
D(NJn—j+1)+ D;J)) where Déj) is a signed measure such that ||Dé])|| < AY) with
20) < p Gt 2R
< r—
We calculate the expectation of ¥ (1:
EXYD) =gy - E@ZWD) =nE) - EZV) =nEpwy — E(ZW).
Therefore, again by Claim 4.17,
IE(Y ™) = Ep(jamll < Cn +nRy(N) < nRpg1(N).

As in the proof of Corollary 4.6, we can find a variable U which is independent of all
of the variables we have seen so far, such that ||U|| < nRj4+1(N) + 1 almost surely and
E(U) = Ep(ymy) — EQYD).

We define Y/ = YV 4+ U. By the same calculation as in (4.20), we find that ¥’ satisfies
(1)-3).

Thus, all that is left is to show that Y’ also satisfies (4). To this end, let D, be the
signed measure such that Y’ ~ D(,/nN) + D;. We are interested in

Y ID20)] lx = Epgan 13-
X

As a first step, we estimate

var(Dy.i) =Y (z.€)*Da(2)
Zz
for a unit vector ¢; withi # 1.
For x, y, z € Z%, we write %, , Z for their projections on the e; axis.
Let W be a random variable distributed according to D(,/nN). By Claim 4.17, there
exists another random variable W’ such that W/ ~ D(N)*" (the n-fold convolution of
D(N)) and P(|W — W'|| > nk) < Cnexp(—ck™") for every k.
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By the definition of ¥/, we know that U’ = ¥’ — S satisfies | U’|| < 2nRj41(N).
In addition note that cov (Y}, Yi) = 0 for j # k, and for every j,

[var(Y}, ei)) — varpwy )| = Y (& — Ep)(2))*(P(Y; = x) — D(N)(x))

X
< Y (¢ — Epy@))*[P(¥; = x) = D(N)(x)| < AN,
X
Therefore,

lvar((SM, ¢;)) — var((W', e = |E(SV, e)?) — E(W/, ¢;)%)]
< Z lvar((Y;, e;)) — varpg) ()| < anN2?.  (4.53)
j=1

Now,
lvar((Y', e;)) — var((SV, e))| = |[var(SV + U', ;) — var(s, ¢)|
< 2esssup(|U'[Nv/var(SMD) + ess sup(|U”[])2
<2Cn*? Ry 1 (N)N + n® Ry 1(N)? < 3Cn’?Rjp 1 (N)N,  (4.54)
and
lvar((W, e;)) — var((W', e;))|
< N2n?P(|W — W'|| > nRs(N)) + 2nRs(N)y/var(W’) + 2n*Rs(N)?
< Cn3?Rs(N)N. (4.55)
From (4.53)—(4.55) and the fact that E(Y') = E(W), we get

[var (D, )l = |3, e 2PN @) = P(Y' = 1)
= |E((W,e))") — EQY, e))D)| = [var((W, e;)) — var((Y', &))]
< anN? +4Cn®?R,(N)N < 2AnN>. (4.56)

We now decompose the measure D; into its positive and negative parts, D; and D, .
We need to bound

Y G = Ep(an)’ID2l = ) (& = Ep(yan))* D3 + )& = Ep(yany)’D;
X X X
‘We know that
‘Z(’? — Epyin)’DF (0) = ) (& - ED(ﬁNQzDE(X)‘
X X
_ ‘ZizD;(x) - ZfZD;(x)( = |var(Dy, )| < 2AnN2.  (4.57)
X X

In addition, note that D; (x) < D(/nN)(x) for all x, and therefore

2 2
Dz_,n(x) < e_(x_E’D(ﬁN)) /CnN Rl(N).
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Combining this with the fact that || D, || < || D2|| < AR, (N), we get

Z()e — Ep(yany) Dy < Ry(N)Ry(N)AnN>. (4.58)
X
Thus, by (4.57) and (4.58),
Y & = Epcjan)’D3 + ) (& — Ep(an)’ Dy
X X

<2) (8 = Ep(yan)’ Dy + ‘Z(X — Ep(yan)’ Dy — ) (& = Ep(an)’Dy
X X X
< CR,R»(N)(N)AnN?2.

Therefore,

> llx = Epam IF D201 < (d = 1) D llx = Ep( w131 D2 ()]

d
=Wd -1 (x— Epuny €)’ID2(x)| < (d = 1)*Ry(N)Ry(N)AnN?

i=2 X

< Ryy1(N)AnN?,

proving (4). O

5. Reduction to quenched return probabilities

5.1. Basic calculations

In this subsection we repeat a calculation from [9]. Our main goal is to control the prob-
ability of the event 7 > u. To this end, we take L = [(log«)%/?] and notice that

P(r; > u) < P(t; > Tp) + P(T, > u) < e~ 20" Lp(1, > u),

where the last inequality follows from (4.1). Let By, :=[—L, L] x [—L2, L2149, Then,
again by (4.1), P(Ty, # Tsp,) < e—(og ”)d, and thus it is sufficient to show that

P(Typ, > u) < Ce coem”

for appropriate constants C and c.
On the event {Tjp, > u}, there exists a point x € By, that is visited more than u/| B |
times before the walk leaves By . Therefore, it is sufficient to show that

PEyes, TP < Typ,) < Ceclozw® (5.1)
where Tf is defined to be the kth hitting time of x. Let G C 2 be an event. Then

PEen, T/"% < Typ,) < P(G) + sup P,(ren, T/1% < Tyg,),

weG
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and

B B
PoGren, TV < Typ) < > POT@PH < 1)
XEBL

= 3 POT < Top ) PLTPHT < yp) < 3 PE@IPETY < Typy).

xeBy, xeBy

Note that due to the strong Markov property,

Br|—1 _
PETVBLITY < g ) = [PX(Ty < Typ, )1/ 1L,

and therefore (5.1) will follow if we find an event G such that P(G¢) < %e‘“og W and
for some € > 0, every w € G and every x,

PX(Typ, < Te) > u"' (5.2)
In turn, we may replace (5.2) by
P (Typy o) < Te) > u 1, (5.3)

where B»j (x) is the cube of the same dimensions as B;; , centered at x. The cube By (x)
is slightly more convenient than Bj because now the condition is translation invariant
with respect to the choice of x.

5.2. Definition of the event G

We now define the event G, and show that P(G¢) < %e_(log W% 1n Sections 6-8 we will
show that (5.3) holds for every w € G.
Let € > 0 be such that

2de < d — a. 5.4
Fix ¢ > 0 such that
v< 25 (5.5)
30d
and x > 0 such that
v o d-—1
X < 5 m (5.6)

We say that a basic block P(z, N) is good with respect to the environment w if the as-
sertion of Proposition 4.5 holds for every block of size at least NX that is contained in
P(z, N), with 8 = /2. Otherwise, we say that P(z, N) is bad. We define our scales
Ni, ..., N, as follows:

(1) Ny :=[LY].

2) o= x/2+ x/2"

(3) Nig1:= Ng - [LPF].

(4) t1is defined to be the largest k such that N ,3 < 2L.
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Forevery k =1, ..., we let Byy (k) be the set of all z € Ly, such that P(z, Nx) N Byr
# . We now define the event G: We say that an environment  is in G if for every
k=1,...,1

l{z € Byr (k) : P(z, Ni) is not good with respect to w}| < (logu)*™¢. 5.7
Lemma 5.1. For u large enough, P(G) > 1 — %e_(log“)a.
Proof. Let
Ji := |{z € Bar (k) : P(z, N) is not good with respect to w}|.

First we note that
L
P(G) <) PLJx > (logu)**],
k=1

and ¢ is bounded. Now by Proposition 4.5 and Corollary 4.6, for given k and z € By (k),
i := P(P(z, Ni) is not good) = N,:Em =o(|BaL| ™).
_ g €]
By Lemma 3.1, we can represent Ji as Jp = J, " +--- + J~ ’, and
h .
I ~ Bin(px, Dy)

with Dy < |Byr|. Thus for u large enough, Jk(h) is binomial with expected value less
than 1. Therefore, again assuming that u is large enough,

n _ (ogu)**e (logu)*+<
P|:Jk()>9—d < exp o )

Hence,

L

9d

1 o+e o

P(GC) < P(U U Jk(h)> §9dtexp<_(0g9+) < %e—(logu) . ]
k=1 h=1

6. The auxiliary walk

Fix an environment @ € G. In this section we define a new random walk {Y,,} on the
environment w, whose law is different from that of the quenched random walk {X},} on .
However, we show an obvious relation between the laws of {Y,,} and {X,} that we will
exploit in Sections 7 and 8 in order to prove (5.3).

We first give an informal description of {¥,} in Subsection 6.1, then define it properly
in Subsection 6.2, and finally collect some useful facts about it in Subsection 6.3.
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6.1. Informal description of {Y,}

{Y,} is a quenched random walk on w, which is forced to “behave well” in a number of
different ways, which we list below.

(1) Once the walk {Y;,} reaches the center of certain basic blocks, it is only allowed to
exit them through their right boundaries.

(2) If the walk is in a bad block, then once it exists in the block, it is forced to make
a number of steps on the right boundary of the block that will force the eventual
exit distribution to be similar to the annealed distribution. We use Lemma 4.16 to
control the number of forced steps needed. When the walk exits a good basic block,
no such correction is necessary, because the distribution is already close enough to
the annealed one.

(3) Upon leaving the origin the walk is forced to make a number of steps to the right.
This together with (1) ensures that {Y,,} leaves B,y before returning to the origin.

The resulting {Y,} is a random walk that, most of the time, behaves locally similarly to
the quenched random walk, but behaves globally similarly to the annealed random walk.
We will quantify and then use those similarities in order to control the behavior of the
quenched walk.

6.2. Definition of {Y,}

The process {Y},} is a nearest neighbor random walk, which starts at O and stops when it
reaches 31 By;. Below we describe its law.

We first need some preliminary definitions. Forall j = 1,2,...andk =1, ...,(, we
let Ur(j) be the layer

Ur(j) = Hyyz = {x : (x.e1) = jNg}
We define T}Y (j) = inf{n : ¥, € Ux(j)}.

For all x € B,y and k, we define z(x, k) as follows: if (x, e1) is divisible by N2, then
Z(x, k) is a point z € Ly, such that (x, e;) = (z,e;) and x € 75(z, Np). If more than one
such point exist, then we choose one according to some arbitrary rule. If (x, e1) is not
divisible by N 2, then we take z(x, k) to be 0.

For all x € By; and k, we define P® (x) = P(z(x, k), Ny).

For every x € Byr, we define

k(x) = max{k <t: (x,e1) = (z(x, k), e1) and P(z(x, k), Ny) is good}, 6.1)

and k(x) = 0 if no such k exists.

In addition, for a random variable X, a distribution D and a number A < 1, we define
a (A, D)-companion of X as follows: Let v be the distribution of X, and let K be the
smallest number such that v is (A, K)-close to D. Let u be an arbitrarily chosen coupling
of three variables Zy, Z1, Z> demonstrating, as in Definition 11, that v is (A, k)-close
to D. The roles of the variables Zy, Z1, Z, are exactly as in Definition 11. In particular,
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Z1 ~ D and Z, ~ v. We say that a variable Y is a (A, D)-companion of X if the joint
distribution of X and Y is the same as the p-joint distribution of Z, and Z. For all X,
A and D we can construct such a companion: For every x, on the event {X = x}, we
sample Y according to the p-distribution of Z( conditioned on the event {Z, = x}. Simi-
larly, we can define the (A, D)-companion of X conditioned on a o -algebra F: We work
with the conditional distribution of X given F instead of the (unconditional) distribution,
and proceed as before. Note that |Y — X|| < K and that by Claim 4.7 the distribution of
Y is (A, 0)-close to D.

We now simultaneously define the walk {Y,}, its accompanying sequence of times
{¢m}, and random variables By ;. The precise definition of the latter is postponed to the
end of the subsection. However, we make the following comment on {8 ;} at this point:
For every j and k, a.s. (B, j, e1) = 0.

For j < N2, we define Y; = je;.In addition, {p = 0 and ¢; = le.

Given o, ..., pand {Yy : £ =0, ..., ¢,}, we define x” = Y;, . Let k" be the largest k
such that x’ € Uy (j) for some j. Then we let x = x’ + YX_, Bk, jk)» where j (k) is the
value of j such that x" € Ug(j). Welet« = ||x’ —x||1 +2 and choose {Y,, ..., Y7, 42}
to be a shortest path from x’ to x. We then take Ye, 461 = x + ey and Y4 = x. Let
Cr/; =& k.

Let k = k(x). If k(x) > O then {Y, : £ = {’,/L,...,Tafp(k)(x)} is chosen to be
a random walk starting at x on the random environment @ conditioned on the event
{Tap(k)(x) = T3+7)(k)(x)} and ¢4 = Ta+’p(k)(x). Conditioned on w, g“,; and x, the path
{Yo : € =&, ..., Typw ()} is chosen independently of the path prior to ¢, and of
{Br.jk : kand j are such that jN? < (x,e;)}. If k = O then {41 = ¢, + N} and
for ¢, < j < ¢py1, wetake Y; = x 4+ (j —¢))er.

We define x,, = Y, and x, = Y,r. Note that for every n, both (x,, e1) and (x/,, er)
are divisible by N 12 (remember that (B ;, e1) = 0).

All that is now left is to define S ;. First By 1 is simply defined to be the (0, D(N1))-
companion of the (deterministic) variable Y N2

For other values of k and j, we first list two conditions under which S ; is zero.

o If there exist no n such that ¢, = TkY (j — 1) then B ; = 0.
e Otherwise, let n be such that ¢, = T, kY (j—1),and letx = Y. It P& (x) is good, then
Bk,j =0.

Now assume that neither of these conditions holds. For k = 1,...,¢ let Ay =
L™*Rs1k(L).

We define By ; recursively—we use the values of {By ;s : k' <k, j' = jN,?/N,?,} in
the definition of By ;.

Let x = ¥/, where as before n is such that ¢, = TkY (j — 1), and for k' < k let j (k')
be the unique value satisfying Uy (j (k")) = Ug(j). Let

k—1

X =Yy —x+ ) Brjw).
k'=1
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Recall the definition of D(N) from page 154. Then D(Ny) is the annealed distribution
of X7, (j) — x for a walk starting at x, conditioned on exiting P (x, Ni) through the front.

We now take Z to be an (arbitrarily chosen) ()‘k; D(N))-companion of X, condi-
tionedon{Y, : £ =1,...,¢,}and w, and let B ; = Z — X.
Thus we have defined the process {Y,}.

Remark 1. Note that in our definition, if B¢ ; # O then the distribution of Z=X+ Bk, j
is (Ag, 0)-close to D(Ny).

6.3. Basic properties of {Y,}

We prove a few facts regarding the process {Y},} which we will use in Sections 7 and 8.

Lemma 6.1. {Y,} reaches 0 By, before returning to the origin.

Proof. By the definition, Uy (1) is reached before returning to the origin. Then for all n, if
x =Y, then P& (x) is contained in the positive half-space, and {Y,,} exits P*) (x)
through 3T P® (x). Therefore {Y,,} cannot return to the origin. ]

Lemma 6.2. For every k and j, with probability 1,

B < L. (6.2)

Proof. For k = 1, the size of the block P(0, N1) is less than L*, and therefore for
every j, we have B ; < L.

Now assume that k > 1. In this case, we assume that there exists n such that ¢, =
Tky(j — 1), because otherwise B, ; = 0. Let i be such that Ux(j — 1) = Ur_1(i).

Let x = Y. It P (x) is good, then B ; = 0. Therefore we may assume that
P (x) is not good. In this case there exist np = n,ny, ..., n, such that m satisfies
Uk(j) = Ux—1(i + m) and for h =0, 1, ..., m, we have ¢,, = T, (i + h).

Forl <h <m,let X;, = YC/,,, — Y%H ,and let X, = Yi/,m — Y;y/lm_l — Bk, j- We now
claim that for every 1 < h < m, conditioned on X1, ..., X;_1, the distribution of X}, is
(Ak—1, N,Eb_/%)-close to D(Ny_1). Indeed, if P*—D (Y ) is good, then this claim follows
from Corollary 4.6. Otherwise, as in Remark 1, the dilgtribution of Xp, is (Ak—1, 0)-close
to D(Ng—1) (and in particular (Ax_1, N/:/f_/%)-close to D(Ni_1)).

Therefore, by Lemma 4.16, the distribution of

k—1 m
Yy =x+ ) Bejary =) X
k'=1 h=1

is (Ag, Rk+6(L)N,g/_/kaz/N,?_l)-close to D(Ng). Hence, with probability 1,

Rit6(L)N?
g = N RO < g
k—1
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Lemma 6.3. For j and k, if there exists n such that x, € U(j), then at least one of the
following holds:

(1) There exists j' such that Ui(j) = U,(j').

(2) There exist k' and j' such that Uy (j) = Uy (j') and x,—1 € Up(j' — 1) and x,,_1 is
contained in a block P(z, Ny'41) such that z € Ly, , and P(z, Ny 41) is not good.

(3) j < (Nk1/No)>.

Proof. Assume that x, € Ui (j). Letk’ = k(x,_1). If k¥’ = 0 then case (2) holds. Assume
k' > 0. Then the intersection of Ui (j) and gt p*) (x,—1) is not empty. Therefore, by the
definition of k(x), there is some j’ such that Ui (j) = Uy (j') and x,—; € Up (j' — 1),
and one of the following occurs:

+1

o k'=1.
e There exists z € Ly,,,, such that (z, e;) = (x,_1, e1), and PE+D (x,_1) is not good.
e Noze LN//+1 exists with (z, e1) = (x,—1, e1).

In the first two cases, the lemma holds. Thus we assume that the last case holds.
Then there exists n’ < n — 1 such that (x,/, e;) = Nk2’+1 [ (xn—1, el)/Nz,HJ. Now,

Xp—1 1S in P(k/“)(x,,/). If P(k/+l)(xn/) is not good, then x,_; is contained in a block
P(z, Ny 4+1) such that z € L',Nk,+1 and P(z, Ny 41) is not good. If PEED (x,0) is good and

(x, e1) # 0 then ¢, 4 is the exit time from pE+D (x,7), contradicting the assumptions.
If (x,, e1) = 0, then j < (Nx41/Np)>. o

We now let M be the number of stopping times ¢, in the definition of {Y,,}.
Lemma 6.4. Let [Y] be the set of points visited by {Y,}. For everyk =1, ..., let
Or({Y,}) =#z e Ly, : [YINP(z, Ny) # ¥ and P(z, Ni) is bad}.

Then

2 : L
M < N_L2 4+ L2 ]; Or({Yy}) + L™ < L. (t +2+ ; Qk({Yn}))~

L

Proof. This follows from Lemma 6.3. There are at most 2L /N, [2 stopping times that are
caused by reaching the end of an N, block, (L>* stopping times that are caused by the
beginning and at most L2X Y k1 Ox({Y,}) stopping times that are caused by visiting
blocks that are not good. O

We now draw a connection between the walks {Y},} and {X,}.

Lemma 6.5. Let v = (vi,...,vy,) (Ny is the length of the path v) be a nearest-
neighbor path starting at the origin, never returning to the origin, and ending at 3+ By.
Foreveryk =1,...,1, let

Or(w) =#{z € Ly, 1 vNP(z, Niy) # ¥ and P(z, Ny) is bad},
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and let Q(v) = L2 - (1 +2 4 Y i_; Ok (v)). Then

Pw(X] = Ujfor Clll] < NU) - an(u)‘(L4‘/’+2)’ (63)
P,(Y; =vj forall j < Ny) — 2
where 1 is the ellipticity constant, as in (1.1).

Proof. First note that due to uniform ellipticity,
Py(Xj =v;forall j < Ny) >0

for every v. Therefore without loss of generality we can restrict ourselves to considering
only v’s such that
P,(Y; =vj forall j < Ny) > 0.

For such v, we define the sequences of times ¢, and ¢, in a fashion very similar to the def-
inition in the construction of the Y -process: {y = ;6 =0and ¢ =N 12 Given &o, ..., ¢
and ¢;, ..., ¢, let x; = vg,. Let ¢, be the smallest £ > ¢, such that (ve_1,e1) >
(x,,e1), and let x, = vy Let k = k(x,). If k > 0, then we let {uy1 = Tyt pio(y, ) (V)-
Otherwise, {,+1 = ¢, + N12. Then

P,(Y; = vj forall j < Ny)

= H Pl (Xe=vepgs €=1,.00, 8np1 — &y | Typ®rx,) = To+phrx,))s
n:k(x,)>0

and
Py(X; = vjforall j < Ny)
> 1_[ Pz" (Xg = U[+;—r;; {= l, ceey §n+l - {,; | Tap(k)(xn) = T8+77(")(x,1))

n:k(x,)>0
]‘[ Py (Typw oy = Tyrpiog,)  (6.4)
n:k(x,)>0
’_ 2¢
NI B
n n:k(x,)=0

The first inequality follows from the fact that inside the good blocks, {Y,} performs
quenched random walk on the environment w. For the second inequality, the first term
and (6.4) count the probability of all steps in the good blocks. In addition, at each stop-
ping time, the process {X,} has to walk from x), to x,, and when k(x,) = 0 it also needs
to traverse through an N block. In (6.5) we bound the probability of all of these steps by
ellipticity.

By Proposition 4.5, the product in (6.4) is no less than 1/2. By the definitions of k(x)
and By, ;, by Lemma 6.2, and by uniform ellipticity with constant , the product in (6.5)

is bounded below by nQ(”)'(LW *2) Therefore,

Py(Xj =vjforall j < Ny) - an(U)~(L4‘/’+2).
Py(Yj =vjforall j < Ny) — 2
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For any k and j, we define Tk’Y (j) as follows: If there exists n such that ¢, = TkY (j), then
7Y (j) = ¢,. Otherwise, Y (j) = T, (j).

Lemma 6.6. Conditioned on {Y, : € < Tk’Y(j — 1)}, the distribution of YT,(’Y(j) _
YT,(’Y(jfl) is (A, 2L*)-close to D(Ny).

Proof. We look at two different cases: If P(k)(YTk’Y ( j—l)) is good, then the conclusion
follows from Corollary 4.6. Otherwise, it follows from the definition of Sy ;. O

From Lemma 6.6, we get the following useful corollary.

Corollary 6.7. Assume that u is large enough. Condition on {Y, : £ < Tk’Y( j—1}, and
let Y = Y (j—1) + E(XTNz)- For every x € Uy(j) such that |x — Y| < 4N,
k

Po(IlYppr iy =l < Nel Ye. £ < TV (j = 1) > p (6.6)

)
for some constant p > 0.

Proof. By Lemma 6.6, the quenched distribution of Y Gy~ Yrrgi-n conditioned on
the history of the walk is (A,, 2L*)-close to the annealed distribution D(Ny). Therefore,

Po(lYpyjy — Xl < Nie| Ye, £ = TG = 1) > DN : ly — x| < Ni/2) — A

By Lemma 4.4, D(N)(y : ||y — x|l < Ni/2) is bounded away from zero. On the other
hand, X, goes to zero as L goes to infinity. The corollary follows. O

Lemma 6.8. Conditioned on {Y, : € < Tk/Y( j — D}, the (quenched) probability that
Ve gogyr iy exits P(")(YTk,y(j_l)) through a+7><’<>(YTk,y(j_1)) is1— L5,

Proof. We denote by E the event whose probability we are trying to estimate. If
P(k)(YTk’Y G-1)) is good, then the conclusion follows by the definition of a good block.

Therefore we may assume that P(k)(Y T ( ]._1)) is a bad block. In this case we use in-
duction on k. For k = 1 the conclusion follows immediately from the definition of the
auxiliary walk on bad N; blocks.

Now assume k > 1. We assume that the conclusion holds for Y. T () for every h (if
the block 73(k—1)(YTk,yI (h_l)) is good, then we already proved it; if the block is bad then

this is the induction hypothesis).
Let [ be such that lNsz1 =(— 1)Nkz, and let m be such that (I + m)Nka] = ij2
Forh=1,...,m,let

In =Ygy aomy = Y72 avn-ny-
Let A be the event that for every h = 1, ..., m, the walk {Y,} leaves P(k_l)(YTk/yl(j,l))

through its front. Then by the induction hypothesis, P,(A | Yy, £ =1, ..., Tk/Y G—1n) =
1 —L=¢0,
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Now,

Po(EC|Yp, b=1,...,T{Y(j — 1)
< Py(A°| Yo, b=1,... . T (= 1)+ Po(E | As Yo, b= 1,..., TV (j — 1)),

and
A
c b
Pw<E Yg,e=1,...,T,gY(j—1))
h
) 1 A
<p (3 I. — hN2 —NiR5(N, ' ;
< w( 1<h<m ;l k_1<19,el>H>2 kRs(Ni) Yg,E:l,...,Tk/Y(]—l)>
m h ) 9 1 A
5};&)( ;Ii—hNk_l—w’en > 3Nk Rs(Ny) Yg,Z:l,...,TIéY(j—l))'

6.7)

It is sufficient to show that for every £, the probability in (6.7) is L0,
Fix h. Conditioned on A, the variable J; = I; — Nszl /(¥ e1) is bounded by
2Nj—1R5(Nk—1). Furthermore, the quenched expectation of J; conditioned on A, J, ...,

Jiyand Yg, £ =1,..., T/Y (j — 1), is bounded by N}'* (see (5.5)).
Therefore, using the Azuma—-Ho6ffding inequality, we get

P, <EC

<C exp<
8NZ | Rs(Ni—1)% - (Ni/Ni — 1)2

< Cyexp(—Caexp([log(pr + -+ - + px—1 + px) — log(p1 + - - - + px—1)1[loglog LT*))
— 5D

A9
Yo, 0=1,....TY(G -1

—NZRs(Ny)? > — Cex ( —Rs(Ny)? )
PASRs(Wi_1)?

where the last inequality follows from the definition of Ng, the definition of Ry (N), and
a first order Taylor approximation. O

7. The random direction event

In this section we consider an event W) which we call the random direction event. First
we construct it, and then show that the probability that W occurs is more than u€~1/2.
Next we show some estimates on the hitting probabilities of the walk conditioned on the
occurrence of W), In the next section we will show that these estimates are sufficient
for proving (5.3), and thus Theorem 1.5.

7.1. Definition of W)

Let M = [(logu)'™€], and for k = 1,...,1let & = EO(XTBP(O,Nk) | Typo,Ny =
Ty+p(0,n,)) be the annealed expectation of the point of exit of P(0, Ni). Let Ay = 1,
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and for every k > 1, let Ay be the smallest integer such that AxN? > (M + Ax—1)N}_,
Note that A, < M.
For k = 1,...,tand j > Ai, we define B;(j) to be the event that {Y,} leaves
k k
Pl >(YTk,y(j_1)) through 9t P¢ >(YTk/y(j_1)).

Fix w € [—1, 11971, For j > Ay we define the event Wk(w)(j) as follows:
W G = WY gpr gy = Yo — U = ADE — w(j = ADNk] < Ni.

Then
Ar+M

w = () W) B,
J=Ar+1

and W®) is defined to be the intersection

L
W(w) _ ﬂ Wk(w)'
k=1
7.2. The probability of W)
In this subsection we bound from below the probability of the event W),

Lemma 7.1. (1) There exists some p > O suchthatfor1 <k <iand Ay < j < Ar+M,

PoW G IW s WL W A+ D,
WG = 1), Be(Ag + 1), ..., Be(j — 1) > p.

2) FPorl <k <itand Ay < j <A+ M,

Po@c(D W™, WL W A+ D),
WG =1, Be(Ag + 1), .. Be(j — 1) = 1 — o(1).

Proof. For (1), conditioned on W™ n---n W™ n W™ Ay + )n---n W™ (j = 1),
Br(Ax + 1), ..., B (j — 1), we get

Y7y iy = Yrray =G = D& —w( = DNell < N

Therefore,
||YT,§Y(Ak) + j& + wjN; — (YTk/Y(j—l) + & < 4Ny.

By Corollary 6.7 and the definition of W (j), we get the conclusion of (1).
Part (2) follows from Lemma 6.8. O

As a consequence of Lemma 7.1 and the choice of M, we get the following lemma:

Lemma 7.2. The probability of W) is bounded from below by u¢~'/2.
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7.3. Hitting probability estimates

In this subsection we bound from above the probability, conditioned on W@ of a block
to be hit. We begin with a simple claim.

Claim 7.3. Fix k between 1 and 1, and let

2
N,

"“) (Aky1 + M).
Ny

Ar+M<j< (
Let z € Ly, N Uk (j). Then

f Po({Ya} NPz, No) # 8] W) dw < (logu) D029 (7.1)
[_1’1](1—1

Proof. First note that there exist Ayy1 < j' < Agy1 + M and 2’ € Ly, N Urs1(G)
such that P(z, Ny) € P(z/, Ni+1). Then by the definition of W™ (and using the fact
that W implies By 1(j’)), the probability

Po({Yu} NPz, Ni) # 0| W)
is positive only if
Iz — M& — j' &1 — MwN — j'wNit1ll < Nig1Rs(Nig1)

and in particular w needs to be in an area of side length which is no more than
Nit1Rs(Nig1)/MNy < M~'LX and thus the integral in (7.1) is bounded by
(logu)(l_d)(l_k). O

Lemma 7.4. Fix k between 1 and 1, and let j > Ay + M. Let z € Ly, N Ui (j). Then
/ Po({Y Y NP, Ni) # 0| W) dw < (logu)! =026
[_1’1]d—1

Proof. For j < (Ni+1/Nx)*(Ak+1 + M), the conclusion follows from Claim 7.3. If

j = (Nig1/Nu)*(Ags1 + M), then there exist k' > kand 7/ € Ly, such that 7' € Uy (j')

with

N4
Nk

2
Ak/+M§j/§( ) (Ag41+ M)

and P(z, Ny) € P(z/, Ny). Then by Claim 7.3 applied to k' we get

f Po({Ya) NPz, No) # 8] W) duw
[—1,1]‘171

= / PV} NPEL Ne) #BIW) dw < (ogu) =179 o
[~1.14
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7.4. Expected number of bad blocks that are visited
Fix k. Let

D(k) = {z € Ly N Bar | P(z, Ni) is not good},
Bk) =#{z € D(k) | {Ye} N P(z, Ny) # 0}.

We are interested in the distribution of the variable B(k).
Lemma 7.5. Fixk and w € G. Then
/ Eo(B(k) | W) dw < 3(logu)' €.
[—1, l]a’fl

Proof. Let

DY) =Dk N {z: (2, e1) < NE (A + M)},
DA = D) Nz : (2, e1) > NE(Ax + M)},
and fori =1, 2 let
BYk) =tz € DVk) : {Ye) NPz, Nio) # D).
Then {Y,} visits no more than Ag + M elements of DV (k), and thus BV (k) < Ay +M <

2(logu)'—¢
Let z € D@ (k). Then by Lemma 7.4,

[ P PG N 01w < Goga !0
Therefore, using (5.7) and (5.4), we get
/ Ew(B(z)(k) | W(“’))dw < (logu)ot+e+(]fd)(]72e)
— d—1
o — (log u)?~d+1+Cd=De < (190 ;1€
Altogether, we get

f Eo(B(k) | W(w)) dw < / Ew(B(l)(k) | W(w)) dw
(1,134 [—1,1]9-1

+ / E,(B® (k) | W™ dw
[—1,1]4-1

< 3(logu)' €. O

8. Proof of main result

In this section we prove Theorem 1.5.
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Proof of Theorem 1.5. By Lemma 7.5,

L
/ E, (Z B(k) ‘ W<w>) dw < 3i(logu)' <.
[~1,11¢-1 =1
Therefore, there exists w such that
A
E, (Z Bk ‘ W<w>) < 3u(logu)' €.
k=1

We now fix w to be such a value. Let

W=wwn {Xt: Bk) < 6L(logu)1_€}. (8.1)
k=1

Then by Markov’s inequality, P,(W) > 0.5P,(W®)) > %ue’l/z. Note that there is a set
V of paths such that
W={{Y,} eV}

and for every v € V, by Lemma 6.5 and by (8.1) and the choice of x and ¥ ((5.5), (5.6)),

Py(Xj =vj forall j < Ny) - 1

(t+2+61(logu) =) L3x w12
P,(Yj =vjforall j < N,) — 2 -

n

Therefore,
P,({X,} e V) = u" V2P, ({V,} e V) = ucTh

Every path in V reaches 3 B,y before returning to 0, and therefore we get (5.3), from
which we deduce Proposition 2.2 and Theorem 1.5. O
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