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Abstract. We study the stability of self-similar solutions of the binormal flow, which is a model
for the dynamics of vortex filaments in fluids and super-fluids. These particular solutions y,(, x)
form a family of evolving regular curves in R3 that develop a singularity in finite time, indexed
by a parameter a > 0. We consider curves that are small regular perturbations of y,(#p, x) for a
fixed time #;. In particular, their curvature is not vanishing at infinity, so we are not in the context
of known results of local existence for the binormal flow. Nevertheless, we construct solutions of
the binormal flow with these initial data. Moreover, these solutions become also singular in finite
time. Our approach uses the Hasimoto transform, which leads us to study the long-time behavior of
a 1D cubic NLS equation with time-depending coefficients and small regular perturbations of the
constant solution as initial data. We prove asymptotic completeness for this equation in appropriate
function spaces.

Keywords. Vortex filaments, binormal flow, selfsimilar solutions, Schrodinger equations, scatter-
ing
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1. Introduction

In this work we complete the stability properties obtained in our previous paper [3] of
selfsimilar solutions of the binormal flow of curves

Xt = Xx N Xxx- (1)

Here x = x(t, x) € R3, x denotes the arclength parameter and ¢ the time variable. Using
the Frenet frame, the above equation can be written as

Xt = cb,

where c is the curvature of the curve and b its binormal. This geometric flow was proposed
by Da Rios in 1906 [7] as an approximation of the evolution of a vortex filament in a 3-D
incompressible inviscid fluid. Simple explicit and relevant examples of solutions of (1) are
the straight lines, that remain stationary, the circles, that move in the orthogonal direction
of the plane where they are contained and with velocity the inverse of the radius, and the
helices that, besides exhibiting the same rigid motion of the circles, rotate with a constant
velocity around their axis as a corkskrew. We refer the reader to [1], [4] and [19] for an
analysis and discussion about the limitations of this model and to [18] for a survey about
Da Rios’ work.

Selfsimilar solutions with respect to scaling of (1) are easily found by first fixing the
ansatz

x(t,x) = V1 G(x/V), ©))

and then solving the corresponding ordinary differential equation. In geometric terms the
solutions are determined by a curve with the properties

cx)=a, t(x)=x/2,

for a parameter a > 0. Denoting by G, the corresponding curve and 7y, its unit tangent,
it is rather easy to see that T, (x) has a limit AT as x goes to £00, so that G, approaches
asymptotically two lines. In the neighborhood of x = 0 the curve is similar to a circle of
radius 1/a and for large s it has a helical shape of increasing pitch. Notice that equation (1)
is reversible in time. So if at time ¢ = 1 the filament is given by x,(1, x) = G,(x) the
evolution y, (¢, x) for 0 <t < 1 is given by (2). From this expression we see that the two
lines at infinity remain fixed. However, the helices transport the “energy” from infinity
towards the origin so that the overall effect is an increase of the curvature, which becomes
a/+/t. The final configuration at time ¢ = 0 is given by the two lines determined by Aff.
That these two lines are different is not so straightforward. It was proved in [13] that

sin(0/2) = e~/

where 6 is the angle between the vectors A} and —A;. As a consequence starting
with G, a real analytic curve at ¢t = 1, a corner is created at time ¢t = 0. This partic-
ular solution is studied numerically in [9]. One of the conclusions of that paper is that the
process of concentration around the origin is very stable. Moreover the similarity between
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the numerical solutions and those that appear experimentally in a colored fluid traversing
a delta wing is quite remarkable: see Figure 1.1 in [9].

The stability results proved in [3] are based on a transformation due to Hasimoto [14].
He defines the so-called “filament function” ¥ of a regular solution of (1) that has strictly
positive curvature at all points. The precise expression is

X
Yt x) =c(t, x) exp{i[ T(t, x') dx/}.
0
Then it is proved in [14] that ¢ solves the nonlinear Schrodinger equation

) 1

l¢z+%x+§(llﬁ|2—A(t))w=0, 3)
with 5

Alt) = (ﬂu + cz)(t, 0).

c

Notice that in (3), the nonlinear term appears with the focusing sign. The opposite case,
the defocusing one, can be obtained in a similar way by assuming that the tangent vec-
tor x, has a constant hyperbolic length instead of the constant euclidean length as in (1).

The equation has to be changed accordingly; see [3] and [8] for the details.
The particular selfsimilar solution x, (¢, x) of (1) has as curvature and torsion

Ca(tv-x)za/\/;s Ta(tvx)zx/zlv

so its filament function is .
Va(t,x) = ae™* /¥ /1.

This function is a solution of (3) if
A(t) = a® /1.

Notice that neither v, () nor any of its derivatives are in L2, and that Y, (0) = aé’ /48 0.
This initial data is too singular for the available theory ([20], [10], [6], [2]). Therefore one
might think that this particular solution is not related to any natural energy. However, this
is not the case, as can be proved by considering the pseudo-conformal transformation.
Given a solution ¥ of'

iV + Yox £ (W = a* /D)y =0, @)
we define a new unknown v as
ix2 /At

N

Wit x) = Tot, x) = ——u(1/t, x/1). (5)

Then v solves |
ivt+vxxﬂ:;(|v|2—a2)v=0, (6)

! For simplicity we omit the 1/2 factor in (3), which can be removed by a scaling argument.
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and v, = a is a particular solution corresponding to 1,. A natural quantity associated
to (6) is the normalized energy

1 1
E(w)(t) = 5/ lux (1) > dx F 5 f<|v(r>|2 —a?dx.

An immediate calculation gives

1
WE@DF 73 /<|u|2 CPdx =0,

and in particular E(v,) = 0.

The first stability result we give in [3] is the proof of the existence for small a of a
modified wave operator for solutions of (4) that at time r = 1 are close to the constant
ve = a. Namely, we prove that if we fix an asymptotic state u small in L' N L?, then
there is a a unique solution of (4) for ¢ > 1 that behaves as time approaches infinity as

P2 P92
+ia logtezta

vi(t,x) =a+e Uy (x).

Here €% denotes the free propagator. Therefore the free dynamics has to be modified
by the long-range factor etia®logt , due to the nonintegrability of the coefficient 1/¢ that
appears in (6). This is similar to the framework of long range wave operators for cubic 1-d
NLS ([17], [51, [15]). Here the situation is different since the L°°-norm of the functions
we are working with is not decaying as ¢ goes to infinity, being just bounded. A link
could also be made with the asymptotic results for the Gross—Pitaevskii equation around
the constant solution ([11], [12]), but still our situation is not the same, and we treat the
linearized equation in a different way.

The condition u, € L' will be relaxed in this article to the weaker one that @iy (&)
times positive powers of || is bounded in a neighborhood of the origin. As we shall see,
this latter assumption is the one that naturally appears when proving the asymptotic com-
pleteness of (6). Moreover, we shall prove in Theorem A.1 of Appendix A the existence
of the modified wave operator by assuming this weaker property.

Once the solution v is constructed we recover ¥ from (5). The result proved in [3] is
that given u_ as before, there exists a unique solution v (¢, x) of (4) such that ¢ behaves
like v1 as ¢ goes to zero, with

eix2 /4t e:l:iaz logt _
Yit.x) =a + i (—x/2).
Jt ami

The precise statement about the behavior of ¢ — ¥ can be found in Corollary 1.2
of [3]. However, it is important to point out two facts. Firstly, the rate of convergence
. . P2

s [y — Yl < Cr'/4. And secondly, although the singular term ae'* /4 1/t has a
limit, the correction does not. As a consequence neither ¥| nor ¢ have a trace at t = 0,
no matter how good u is. Notice also that the condition about the boundedness of i
is understood here as that the perturbation of the singular solution 1, has to be bounded
close to the point where the singularity is created.
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The next result in [3] is the construction of solutions of (1) that are close to y,. This
is done by integrating the Frenet system using the filament function given by 1. The
role played by the euclidean geometry is crucial at this step, because by construction the
binormal vector has unit euclidean length. Therefore to conclude the existence of a trace
for x(¢) at t = 0 it is enough that the curvature, given by [ (¢, x)|, is integrable at time
zero. Although this is obtained by quite general u ., even though there is not a trace for
Y att = 0 as we already said, the question of the existence of a corner is much more
delicate. In order to get it, it is necessary to improve the rate of convergence of ¥ — ;.
This is done by assuming that |§|_2ﬁ+($) is locally in L? (see Theorem 1.5 in [3]).

Our main result in this paper is the asymptotic completeness for solutions of (6) that
at time ¢ = 1 are close to the constant a. In order to give the precise statement we have to
make several transformations of (6). First of all we write

v=w+a, @)
so that w has to be a solution of

1
iw; 4 Wy =:F;<|a+w|2—a2><a+w>. (8)

. . . . . 2 .
The right hand side of the above equation has two linear terms. One is F<-w that is
resonant, and it is the one that creates the logarithmic correction of the phase. The other
one is similar, but involves w and therefore it is not resonant. Then, we define u as

u(t, x) = w(r, x)eFa’logr, 9)

As a consequence u has to solve

2 2 2 2 2
. . a -2 lwl*w + a(w” +2|w|?) a”_ ;2
iU, = <lu}; i7w>e:!:m logr _ (_wxx ¥ :FTw eTia logt’

t
SO

2
. a® _  F(u)
mz‘i‘uxximu‘i‘T—O, (10
with F(u) given by
F(u) = F(weT 108ty — 4 (ww + a(w? + 2)w[?))eT e gt (11)

As we see, F' involves just quadratic and cubic terms in u.
Also, we need to introduce some auxiliary function spaces. For fixed y and 79 we
define the space X Z:) of functions f(x) such that the norm

1 1y .
1flxr = 1l + —= 16 F©) ] oo (12)
I Lo @E2<1)
L Vio
is finite, and Y,Z the space of functions g(¢, x) such that the norm

2
1 0\ lg 2y A
= — g - —= Yal(t, o 13
lgllyy ;;g(t(wng()mw(t) m||lél 8.8 o<y (13)

is finite.
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We have the following result.

Theorem 1.1. Let 0 < y < 1/4, 0 < a and let u(1) be a function in Xi’ small with
respect to a. Then there exists a unique global solutionu € ZV = Yly N L*((1, 00), L)
of equation (10) with initial data u(1) at time t = 1, and

lullzy = C@)llu(lixy-

Moreover, this solution scatters in L*: there exists fi € L? for which

C(a,d)

_it—1)d?
lu@) —e Sz < /4~y +9)

lu(Dlly — 0,
for any 0 < 8 < 1/4 — y. Finally, the asymptotic state f. satisfies for all £ < 1 the
estimate

EPTH )] < Cla, O lulyr-
To obtain the theorem, we first study the linearized equation

2

iut + uxx :l: ﬁ = 01 (14)

with initial data u(#g, x) at time o > 1. We prove that u(#) behaves for large times like a
free Schrodinger evolution. The only difference is that the Fourier zero-mode of u(¢) can
become singular. Then, by perturbative methods, we deduce the asymptotic completeness
for the nonlinear equation (10). The main part of our proof uses Fourier analysis and
exploits particularly the nonresonant structure of # in (14). This is done by oscillatory in-
tegral techniques and simple integration by parts arguments (see in particular Lemma 2.5
below).
As we see, even if at time + = 1 we are assuming that (1) remains bounded in
a neighborhood of the origin, we cannot prove a similar property for the asymptotic
state f4. This is not just a technical question. In Appendix B2 we shall prove that if
xu(1) is in L2, so that
o
o) = / u(t,x)dx
—0o0

is well defined for all # > 1, then under some conditions on u(1),
|¢@@)| = Clogr.
This property is rather easy to obtain, at least at a formal level, for the linearized equation

2
a _
[Wy + Wy =3F7(w+w)- (15)

In fact, set y(1) = N [0 w(t, x)dx and z(1) = I [0 w(t, x) dx; then

2
iy'(t) — /(1) = :anTy(n.

Hence y(¢) = y(1) and z(¢) = z(1) £ 2a2y(1)10gt.
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Our next step is to understand the above result in terms of the filament function
Y (t, x). From (5), (7), and (9) we have, for0 < < 1,

ix? /4t

2
+ ettt Ty x). (16)
1t

Y(t,x)=a

Therefore

Y, x) = ae™ + ¥ (x)

with Y1 (x) = eixzu(l, x). For simplicity we will impose ¥; € L' N L? to fulfil the
hypothesis |£]?77(1, ) € L®(&? < 1) N L? needed in Theorem 1.1 with y = 0. This
will imply the existence of an fi € L? such that u(r) behaves like & —Dg f+. Now,
on the one hand, the pseudo-conformal transform of el =13 f+ is the free evolution of

—L_ it} fr (—5) On the other hand, 7 is an isometry of L. As a consequence we

Vari

obtain from Theorem 1.1 the following scattering result.

Theorem 1.2. Let 0 < a and let Y be a small function in L' N L* with respect to a.
Then there exists a unique solution  of equation (4) for 0 <t < 1 with

Y1, x) = ae™* 4+ 9 (x),

")
eix /4t

NG

such that ¥ (t,x) — a € L>®((0, 1), L% N L*((0, 1), L>). Moreover, there exists

Wy € L? such that

2
PEA s e
‘ w(t’ x) —a _ e:tla 10gleltax 1p—"_(‘x)

NG

forany 0 < § < 1/4, and for |x| < 2 we have

112 |(0)| < C(a, 8) ¥l p1mpe-

As we shall see in Corollary 3.5, if u; is regular in terms of Sobolev spaces, so is the
solution u(¢) given in Theorem 1.1. So in particular u(#) is uniformly bounded in terms
of the size of u. Then from (16) we conclude that if #; is small enough with respect to
a then a/2+/t < |¥(t, x)| < 3a/2+/t, and therefore |/ (¢, x)| becomes singular as t goes
to zero. Hence we can use the Frenet system to construct a regular solution x (¢, x) of (1)
for 0 < ¢t < 1, and the corresponding Frenet frame, that will also become singular as ¢
approaches to zero (see for instance [16] or the Appendix of [3]). Notice also that this
argument works in both settings, focusing and defocusing. Moreover, due to the fact that
in the focusing situation the binormal has unit euclidean length, and that the curvature is
integrable in time, we can define yo(x) as

=C@ OtV A2
L

1
xo(x) = x(1, x) —/ c(t,x)b(t, x)dr. (17)
0

As a conclusion we have the following result.



216 Valeria Banica, Luis Vega

Theorem 1.3. Leta > 0 and x1(x) a regular curve with curvature and torsion c| and 1.
Define
. X ’ ’ 22
Y1) = cr()el o ey () = e Ay (1) — a,
and assume that uy € L' N H? is small with respect to a. Then there exists a unique
regular solution x(t,x) of (1) for 0 < t < 1 with x(1,x) = x1(x). Moreover, its
curvature and torsion ¢ and T satisfy

c(t,x) ——| < Cu)
’ NN

and by defining xo(x) as in (17) we have

Ix (t, x) — xo(x)| < C(u)t.

Remark 1.4. The bounds of the curvature and torsion given in (18) follow from their

definition 9
ct,x) =y, x), @ x) = S%

and from the rate of decay obtained in Corollary 3.5 below. The same calculations can be
found in §3.2 of [3], therefore they will be omitted here.

X
2t

< C(;M)7 (18)

B ‘t(tv-x)_

Remark 1.5. As we said before, by Theorem 1.5 in [3], if a is small enough and if v/ is
small and regular enough with |x | =29, locally integrable, then xo(x) has a corner at the
origin x = 0.

Remark 1.6. The use of the Frenet frame can be avoided. In fact, once a solution of (4) is
obtained, a slight modification of Theorem 3.1 of [16] can be used to construct a solution
for (1) for 0 < t < 1, with a trace yg in the focusing case defined as in (17). This is
because ||> — a?/t is in L%((e, 1), L) for any positive €. In this case || becomes
unbounded in the Strichartz norm L*((0, 1), L), and therefore the corresponding frame
will become also singular as # approaches zero, as does the Frenet frame.

The paper is organized as follows. In §2 we study the asymptotic completeness of
the linear equation (14). Then in §3 we deduce Theorem 1.1 by perturbative methods. As
already mentioned, Appendix A contains the proof of a new version of the existence of
the wave operator of (10) that fits better the hypothesis needed to obtain the asymptotic
completeness of Theorem 1.1. Finally in Appendix B we prove the growth of the zero
Fourier mode for the solutions of the linear and the nonlinear equations, (14) and (10),
a property that we think is interesting in itself.

2. Scattering for the linear equation
In this section we consider only the linear equation (14):
iy +uyy £ ———

t

with initial data u(#g, x) at time 7o > 1. We start in §2.1 with the proof of some a priori
estimates on the Fourier modes of u(¢), which will allow us in §2.2 to get a satisfactory
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global existence result. Then in §2.3 we prove the asymptotic completeness for (14), again
with the help of the properties pointed out in §2.1. Finally, in §2.4 we obtain a regularity
result for the asymptotic state and we prove a posteriori that u € L*((ty, 00), L™).

2.1. A priori controls

Lemma 2.1. Ifu solves equation (14) then for 0 <ty <'t,
14’
lu(t, §)] < ta—z(lu(lo,é)l + |u(to, —=)D). 19)
0

In particular,
14’
@l ge < 7|Iu(to)||m forallk € Z.
t
0

Proof. Using the Fourier transform we write equation (14) as

2 2
0= i (1,§) = 8401, §) + (1, §) = i, §) = 200, 6) & 0, =),
_ (20)
By multiplying by u(z, &) and by taking the imaginary part,
a?
i, O = F23 S i 5 A, 5.
We obtain
R a’ .
Olu(r, §)| < TIM(I, =)l
therefore s
O (la(t, &) +la@, —&))) < aT(Iﬁ(t,E)I + li(t, =)D,
so the lemma follows. O

Now we shall improve this control for some small frequencies.
Lemma 2.2. Let § > 0. If u solves equation (14) then for all ¢ #0and all0 < ty <'t,

C(a, )

i, &) < <C( )+ 1)

)(Iu(to &) + li(t, =8, ey

o ; ; . 2
which is a better estimate than the one of Lemma 2.1 in the region 1/1% < 23,

Proof We shall work with the solution w(r) = u(r)e*i®’ 127 of (15):

2
9w+ wyy + “T(w +W) =0.
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We have, by taking the Fourier modes of the real and imaginary part of w,

dNw(t, &) = £2Sw(t, &),
—~ 2o 2a> —
o Sw(t, &) = - NRw(, &) T Rw(t, §).

‘We denote e .
Ye(r) = Mw(t/E%,6),  Ze(1) = Sw(t/E%,£).
Equations (22) and (23) become

(22)

(23)

1
Yi(t) = Ze(0), Zé(l‘)=E—z(—§2+2a2§2/t)ys(f)=(—1+202/t)Y§(f)- (24)

For simplicity, we consider only the focusing case, which is slightly more complicated.

For 0 < € < 1 to be chosen later, the function
o _ l 2 2
£(1) = p [Ye (D" + €| Zg ()]

satisfies

, 1 2a> o 1 24>
og=|-—+el—-14+—))20YeZe < |- —€+e— |os.
§ € t € t

Therefore

1 /
(logag — t(— — e> — 24%¢ logt) <0,
€

and finally forall 0 < 7y <1,
(1)

o: (1) < e®Vor(1p),
where
- 1 -
@) =(— l0)<— - e) + 2a%e(logt — logfo).
€

Case1: 0 <ty <t < min{az, 1/e}. In this region

A2 = - 2 2 = -
Ug(l‘) < et/e 2a elogtoo_s(to) < P /€4+2a e|logt0|o_$(t0).

By choosing € = 1/+/|log fy|, we get
oz (1) < 4 VIoghl g (7).
It follows that

- 1 ZeG0) 1\ 3.2 /ioa7
Ye(0)* < <|Yg(lo)|2 + |1E0g—t~o| 3/ llogiol

~ ~ 2 P
|Ze(1)|* < (llog ol |V (10)]> 4 | Ze (7o) |?)e>@ V oghol,
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Therefore, for all § > 0, there exists a constant C(a, §) such that forall 0 < 7y < t <
min{a?, 1/e},

C(a,d - -
VP +12:0F = S5 (eGP + 126 o)),

0

Case 2: min{az, l/e} <fp <t < 442 (if such a situation exists). In this case, by taking
€ = 1, (¢) is bounded by a constant depending on a, and we get

1Ye()I* + 1 Ze (1) < C(a)(|Ye (o) * + | Ze (7o) ).

Case 3: 4a®> < fy < t. For this region we shall diagonalize the system

) Ye _ 0 I\ (Ye
\z:) =\~ -2a%0 0)\z )
1 1
a) =\l =241, P() = (io,([) _,-am)'

I ()

Let

In particular,

Then
Ve _ po Ys(l)>
<Z§(t)> =F (t)<Z§(t)
satisfies ~ . -
Ye _1 Ye i 0 Ye
() = or(7) (5 2)(Z)
Denote
00 a2
@(t):t—azlogt—/ (a(s)—l—l—?) ds.
t
Finally,
Ve _ (e7®O 0 \[(Ye)
Ze)) —\ 0 e J\ Ze (1)
satisfies . .
Ye) _ Ye
8;(2) =M (Zs> *)
where

%0 L [el®® 0 a2 1 20
M(l)=< 0 eifb(t))at(P )P 0 ei®0 ) T 333\ 200 .
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Since 1/4/2 < a(r) < 1, all the entries of M (¢) are upper-bounded by Ca?/t2. We infer
that

8, (T 4 1ZeP) < S (B2 + 122
f(1Yel” + | Ze | )_z_2(| eI7+ 1 Zel),
SO )
o o Ca
d (10g(|Y§|2 +1Ze1%) + 7) <0.
We have Ca? /iy < C/4, and we get
Ve (O + 1 Ze (1) > < C(IYe (@) |* + | Ze (7o) 1*).

Finally, from the relation

2 2

Y O + | Ze (1)) = 1Y > + 1Y + Ly —1|Y|2+ ! |Zs |2
§ A R Yot 275 T g TE| T s Tt
and from 1/+4/2 < a(r) < 1 it follows that

Ve (D1 + 1Zs (1) < C(IYe (@) + | Zs (7o) ). (26)

Summarizing, we have found that for all § > 0, there exists a constant C(a, §) such
that for all 0 < 7y < ¢,

C(a,é - -
Ye (O + | Z: (1)) < (C(a) + %)(I&(m)lz +1Ze () ). 7
0

By recovering the first unknowns, for all 0 < 7y < ¢,

C(a, d)
(;;:2 )25
and by using the identity 202112 + 12215 = |21 +iz2* + |21 —izal?,

C(a,d)
(£219)»

1Rw(t, €)% + |Sw(, £)[* < (C(a> + )(m (t0, £)* + |Sw(to, £) 1),

1w, &)1* + |w(t, —$)|2§<C(a)+ )<| (to, &) * + [ (10, —&) ).

Since w(t) = u(t)ej“"‘2 log? the lemma follows.
For further use we want to compute the asymptotic behavior of the solution u of (14).
In view of (25) and (26) of Case 3, we can define, for 4a2 < 7,

-3 oo 2
/¢ £ (10 oo (Ve
(ZQ) (Zs(lo) O Zeo)

so that for 4a% < fy < 1,

Y. ?(t)) / (Y (r))
L) = (%6 M § 28
<Z;> (zw) Oz @9
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and
. . . . C(a)
[Ye(t) = Y| +1Z:(0) — 2| < —(IYg(lo)l +1Zz (10))). (29)
‘We have
o o 0o 42 2%
Y;:Yg(l‘)—i—/ i —— (- Ye(2) + e 2@ Ze (1)) dr
t
o 00 2,—i®(t) .
= POV (1) +/f W(—Y;(r) + Ze (1)) dt
. 1 i alei®@
— e ®O( 1y, — 7 /—z d
¢ (2 s =5 W)+ | g g amdn
and

o S(@ POV (1) = Ze(r)) dt
o

o0
Z;_ =Z:(1) —|—f
t
o0 5 00 42,i(T) 3
=e Zg(l‘)—i-/; W(YS(T)_Z??(T))dT
. 1 i a2el®
= PO ZY. (1) + — Ze(t —/ ——5—5—Zs(1)d
¢ <2 § 5520 )= | g gL @dn
therefore since Yz = Y_¢ and Zz = Z_¢ we get the relation
27202

vr—eto(ly oy Lz o / e i, (t)ydt=2%..  (30)
=€ —r_ — L — _— T T =
§ 2 E T g ; o F ¢

As a conclusion, by (29) and (27) we get, for all 0 < 7 and all ¢+ > max{f, 4a2},

1 i . o

_Y _Z _ —l‘b(l‘)z"‘
~|—‘<2 e+ o g) e £
1 i : o 1 i . 5
2y — 7 _ —l@(l‘)z‘l’ 2y, —7 _ —l(b(t)Z+
'(2 st g f) ¢ | T\FTe T ) e ¢

1 C(a d)
< t( a )(IYs(to)IvLIZg(to)l) (€29

to

A
|
2
+

In particular, in view of the definition of «(¢) and of estimate (26), we have

1 i
_Y; 4 l(b(t)Z+
(e 37) -

Hence noticing that ®(¢) =t — a*logt + O(1/t) we see that u defined by

C(a, )

0

= —<C( )+ )(IYs(fo)IJrIZs(fo)l)-

o

27 = Ty (g (32)
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satisfies for all 1o > 0 and all r > max({to, 4a”/£%} the estimate

|G, &) — e ()] < ! C( )+C(a’5) (i (t0, &) + lia(to, =&)]).  (33)
u, &) —e i < — a —— ) (Ja (o, u(ty, —&))).

i §21 &np ) 0
By combining this estimate with (21) for t = 4412/.;&2 and for0 < <t < 4a2/.§2, we
see that (33) is valid for all 0 < 79 < ¢. ]

Remark 2.3. Let us notice that the logarithmic loss is generally unavoidable. Suppose
Ye(fo) = Ze(fp) = 1and 0 < 7y < t < min{a?, 1/e}. Then in view of the system (24),
we have Y¢ () > 1 and Zg (1) > 1, and so

Ye(t) > Ye(fo),  Zp(t) > (=1 +2d°/1)Ye(f) = —1 4 2a%/1.
Then we get finally the logarithmic lower bound
Z(t) = Ze (i) — 2a”log(t /i) — (t — fp) = C(a)|logiy).

Remark 2.4. In Appendix B.1 we shall see that if (g, 0) is defined and if % (zg, 0) # 0,
then also for & = 0 a logarithmic loss is unavoidable, independently of the size of #y < ¢:

(2, 0) = X9 10200/0 5 100y £ 2ia2eF 108 T 94 (10, 0) log(t / 1o). (34)

Moreover, under certain conditions on the initial data, a logarithmic loss will be shown in
Appendix B.2 for the zero-modes of the solutions of the nonlinear equation (10).

We end this subsection with an estimate on the typical Duhamel term associated
to (14).

Lemma 2.5. Let § > 0. Let u be a solution of equation (14) and let

%) 5
) —i(t—7)&2 u(t, —§)
Anp§) =a /t ¢ r1£2ia? dr
1
be the Fourier transform of the Duhamel term integrated between two arbitrary times
to < t1 < ty. Then for & # 0,

(35)

An i )] < (C(a) L Ca 5>> jato, £)1 + I, ~)]

(£% 19)° £2n

Proof. We perform an integration by parts

o [ 8,eTE AT, —E)
_ 2 —itg? T ulzr, —5)
Al‘l,lz(é) =ae ,/[1 152 .L-I:I:Ziaz

; 2 ~, . o~
n B a2 /12 e—l(t—‘r)%' atu(_’:’ _E)
" 152 -L-I:tZiaz

aZe—i(t—r)Ez

= —— i, —§)

g2 g 1E2a?

3l
(1 4 2ig?)e—it—D8
- i£2 p2E2a

u(r, —€)dr.
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From (20) we get
a2
. n 24 ) —
i1, ~§) — £, —6) + — 5 i1, E) =0,
and then 2
—iiy (1, —§) = 70, —§) £ i1, §) = 0.
Therefore by replacing
a2
3 (t, —€) = i€%i(r, —) F i 0. 8)
we recover an Ay, 1, (§) with minus sign, so that
2 —i(t—1)&2 153
a‘e —
Ann(§) = m u(r, —§) \
r ,—i(t—T)E2 —: 2~ 1 +2ia? —i(t—1)&?
—a2/ e _ Fia uz(r,é) _( ia“)e _ i —E)dr.
f 2i& T 21-52 2+2ia
Then we can upper-bound
a2 a?
Anax )] = 57l )|+ Zor i, =6)|

252/ (@la(z, &) + |1 + 2ia®| Ji(x, §)|)—

Now Lemma 2.2 allows us to conclude that

A )] < a2(@+ 11+ 2ia2|><c<a> 4 Ca ‘”) litlto. )| + Ji(to. )|

(€2 19)? 2621
as desired. O

2.2. Global solutions

For an initial data in H® we see by Lemma 2.1 that the solution is globally in H®, but
with a growth of ||u(?)| gs. To avoid this issue, we shall start with an initial data in a
more restricted space. We recall the spaces defined in the Introduction by (12) and (13).
Let 0 < y < 1/4 throughout the rest of the paper. For a fixed #), we define a norm on
functions depending only on the space variable,

1 o s
Iy = tmllfllm + ﬁnm SEG] PRy
0

and a norm on functions depending on both time and space,

2
1 o ¢ lg )
— _ - _J Y5

and let X ,}(/) and Y,j(; be the corresponding spaces.
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Proposition 2.6. Let ty > 1. Let u(tg) be a function in XZ) Then there exists a unique
global solution u € Ylg of equation (14) with initial data u(ty) at time ty, and

lullyy = Cl@)lluto)llxy -

More precisely,

1
tsil})mHM(I)HLZ = C@lluto)llxy - (36)
Zlo 1
to a? l‘g 2y A < C t())/ 2y A
tsgg 7 ﬁ“'é' u(t9§)HLoc@251) = ﬁ’“ﬂ u(tO’S)HLOO@ZSI)'

Proof. We first show the proposition with 7o = 1 and then for an arbitrary #.

We start with u(1) € X7, which means that u(1) € L? with |£|? (1, &) bounded in
the region & 2 <1.We already know that a global solution u(t) € C((1, 00), L?) exists,
and we want to show that it belongs to Y ly . By Lemma 2.1, for all M > 0,

1
—l1E A O ooy = 20167 A0 O] ey 37

so the second condition to be in ¥/ is fulfilled by taking M = 1. To control the L? norm
we split it into two parts,

lu@llz2 = 1@l 2 = 1O 2e2<1) + 18O 20 <e2) =1+ J.

For both parts we use Lemma 2.2, with § < 1/4 — y:

I<Cc@|iEl™?1a, Ol ey
< C@IE12Y* ) ooy 1161774 ) oo g2y
J = C@lla(l, &)l 20 <2 = C@la)]l 2.

Therefore we have the L2 norm of u (1) bounded in time,
lu®ll 2 < C@llu(D)ll 2 + C@)|1E1* ad, §)||LOO(5251) = C@lullyr.

and so u isin Y7 .
Now we start with u () € X}; We define U (1) by

u(to, x) = U(1, x//1).

‘We have
1/4
(o)l 2 = 13" U D)2
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and

ZV/effo(l,x/Ja)dx

14
0 29 A o
\/%”'S' Vu(l‘of)”Loo@zS]) = 7

i NEP U, EV0) | oo ey
= ” |E|2)’0(17 é)”Loo(ézfl‘o) = ” |§-|2VU(1’ E)”Loo@;ZS])-

L®(52<1)

Hence
IUMllxr < ||u(to)||Xty0,

and U(l) isin X Jl/ Therefore we can consider the global solution U € Yly of equation
(14) with initial data U (1) at time 1. The function u defined by

u(t, x) = Ul(t/t0, x//10)

is the solution of equation (14) with initial data u(#y) at time ty. We shall rewrite the L?
estimate and (37) with M = ¢,

sup [UM)l 2 = C@IUMllxr,
t>1

1 A o
sup t7|||s|2VU(r, ) o2z = 211EP T O poger )
in terms of u. We have

1 1
sup [|U (1)l 2 = sup [lu(t 10, x/20) | 12 = sup 7 llu(t to)ll 2 = sup 7 llu @)l .2,
t>1 t>1 tO [0} tO

t>1

and since we have already shown that ||U (1) || X7 < |lu(tg)|| x7» we get the first estimate
0

of (36). We have also already computed

. 1ty R
[1EP T O oo erasy) = %umm@o, | o221y
and we get similarly

sup - 2|||s|2VU<r ) o2z = up 2 | / ¢S u(t to, x/10) dx

Lo (&)
ta2 f|||5|2y”(”0 /N0 o221
o a? 1 2y A
_ ls;[;(?) T|||s| IR IV P

~ < ‘ ) f”'azyﬁ(t’ ] REE

so we also get the second estimate of (36) and the proof is complete. O
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Since equation (14) is linear, we can apply Proposition 2.6 to higher order derivatives,
and get the following statement.

Corollary 2.7. Lets € N and ty > 1. Let u(tg) be a function in X ;; such that 8)’? u(ty) €
X,’; forall 0 < k < s. Then there exists a unique global solution u € Y,)(: of equation (14)
with initial data u(tg) at time to, with Bi‘u € Y,’(: forall0 <k <s, and

lacullyy < C@laiuto)llyy -

More precisely,
Ik f
sup 7z 19z u(@)ll 2 < Cl@)llogutio)llxy
= 0
sup( 2 g 11" fuee, &) < C@ e Tt )|
1>\ ! V1t xSz <]) = Jo U0, 5) || pooz2<1y

2.3. Asymptotic completeness

Proposition 2.8. Let 1o > 1 and let u(ty) be a function in X,);. Then the unique global

solution u € Yt}(; of equation (14) with initial data u(tg) at time to scatters in L2. More

precisely, there exists uy. € L* such that

(1+log rg)ry/ >~ 7+
(/4= (7 +9)

lu(e) = &% u 12 < Cla, 8) lu@o)llxy —— 0 (38)
0 —00

forany0 <8 <1/4—y.

Proof. First we shall show that e=/¢~%0)% ; (¢, x) has a limit in L? as  goes to infinity.
This is equivalent to

s a2 coa2
le™ 2% u(ry, x) — e 1% u(ty, x)|| ;o —— 0,
1,lp—>00

and to
fooe2 fog2
e’ dta, ) — 5 a(t1, E)l 2 = 1Ay 1o (E) Il 2 —— 0.
11,1p—>00

For 1/ty < £2, Lemma 2.5 gives
Io
140.2®) 120 =62y < C@ @l 2.

In the region &2 < 1/, < 1/ty we use Lemma 2.2:

2 Ja(z, —-&)| |i(to, —&)| + it (0, &)
|At1,12(§)| = az/tl fdr = C(a,9) (%'2 ZO)S

log 12,
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soforO0 < <1/4—vy,

1A o < C(a.5) [16127 ttt0, ©) 22 | Tog £2

. 1 L2(E2<1 = 4,

Lell2E2<t/n) i E20 0 | 2 e2< /1)
1+ logty

<C(a,9) 118127 ditt0, )| o 221

5§, 1/4—=(y+9)
)

In the region 1/#, < .§2 <1/t < 1/19, we split
Al‘lytz = All,l/sz + Al/éz,tz = 1 + J

For I we use again Lemma 2.2 to obtain

/8 1h(r. — it it —
| §a2/ |u(z, §)|dt§C(a,3)|u(0’§)|—;|u§0’ §)|llog§2|,
f T (67 10)
and for J we use Lemma 2.5:
C(a,d) li(to, )| + li(to, =) |t (2o, §)1 + lii(t0, =)
] < o — = C(a.9) —
(§<10) £ (6= 10)
Thenfor0 <6 < 1/4—vy,
A <Ca.s [1§P7 a0 )] Le21n) | logs?
A4 el 20 n<52<1/0) = Cla, i E20 | 2gaey)

1 +logt 2y A
< C(a, 5)m“|5| Yi(to, é)HLoo(ngly
0°1

In the last region 1/7; < £2 < 1/1y we use Lemma 2.5:

1 || |§|2yﬁ(t07 §)||L°°(%'2<l)
”Atl,tz ”Lz(l/[lfngl/[o) =< C(a, S)E =

1
€2+2(V+5)

7 L2(1/1<E2<1)
2 A
18127 (o, ‘5)||L<>0(g251) /a4 +)
1

<C(a,d) "
1ty

=C(a,s ! i
= C(a, )m|||§| M(fo,é)”Loo@le)~
oh

In conclusion, we have obtained

fo 1+ logt R
14652 < C@) lluto) 2 + Cla. 8) [15127 ato, )| pooer s
) <
0

5 t1/4_(”+‘”
1

1/4to /o (1 +1logty)
SC(G,S)(Q) E+W ||M(f0)||xg;)- (39)
0 1
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Therefore we have a limit u, € L? of e~ —10)3; u(t, x) as t goes to infinity. To get the
decay rate (38) we fix t; = t and f, = 00, and obtain

1+ logt

—i(t—1t0)d? 1/2—(y+8
s = e TOR u Dl = NAreollie < Cla. 8) 1" S o)y

forany 0 < § < 1/4 — y, and since #y > 1 the proposition follows. O

In this proof we have used Lemmas 2.1, 2.2 and 2.5, which are pointwise estimates in
Fourier variables, so they apply to higher order derivatives. If 8)’§u(to) € X(t)” for0 <
k < s, we then get similar estimates to (39),

1/2—(y+8)
X (1 +log o)t K
||8x AT],I‘Z”LZ E C(a,(s) t11/47(y+5) ”ax u(t0)||Xt}E)‘
Therefore we get a limit u, € H* of e~ ~10)35 u(t, x) as t goes to infinity and
1/2—(y+9)
i(t—t)52 (14log tp)t,
=€ 0%t ) e = 10§ Arcollz2 < Cla,8) ——— g 9u o)

Let us state this result.

Corollary 2.9. Lets € N and ty > 1. Let u(tp) be a function in X ;:) such that 8)16‘ u(ty) €
XZ) for all 0 < k < s. Then the unique global solution u € Y,Z of equation (14) with
initial data u(ty) at time to, with Bfu S Y,}(; for all 0 < k < s, scatters in H®. More
precisely, there exists uy € H® such that

1/2—(y+96)
(1 + log 10)1,

/A= +o)

s 2
lu() = "% u | g < C(a. ) lo¢uto)llyy >0 (40)

forany0 <8 < 1/4 —y.

2.4. A posteriori estimates

In this subsection we give some extra estimates first on the asymptotic state u, and then
on u(t), the solution of (14) with initial condition u(#p) € X, and fo > 1. By Proposition
2.8 we already know that u, € L? with

1/2—(y+98)
(1 + log 10)1,
i 22 = o)l 2 + €@, 8), —— el () s
for all t > typ > 1, and by using (36) we obtain the bound
1/4
sz < Cayy futo)llyy 1)

Next we shall derive a control of the asymptotic state u in the spirit of the one in Lemma
2.2 on the solution u(t).
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Lemma 2.10. Let § > 0. The function u satisfies for all § # 0 the estimate

1+ [log ]|
(2 19)°

Proof. We have in L? and pointwise in Fourier variables,

iy ()] < (C(a)+C(a,5) )(Ift(to,é)IJrlﬁ(to, —é)l)- (42)

—ir 4T X)L
r1£2ia2 "7

s (x) = uty, x) + ia® / h 43)

fo
50 iy (8) = id(to, ) + €'8” Ay o0 (£) and
i (8)] < |0(t0, €)] + | Agy.00 (€)1

For the region 1/1y < &2 the conclusion follows immediately from Lemma 2.5. For
£% < 1/t we have shown in the proof of Proposition 2.8 that

|i(to, —=&)| + li(to, §)I | (2o, §)| + li(t0, =)

llog &2 + C(a, 8)

|Ag,00(6)| = C(a, 8)

(€2 19)° (£219)° '
and the lemma follows. O
In particular, for all & 2< /to we have
|20+ 1/2—(y+8)
——|u <C(a,d)t u (1)l yv
1_'_|10g|$||| +@&)l ) Ty fluC ”X,O
for any § > 0. So, if tp = 1, we get, for all 52 < 1l and for any § > 0,
€PNy @) < Ca,8) llu(Dllyy - (44)

We end this section with a regularity property of the solutions of (14).

Proposition 2.11. Under the assumptions of Proposition 2.8, the solution u(t) belongs
1o L*((tg, 00), L) with the bound

1/4
el 4 000,229y < €@t (1 +Tog? t0) (o)

; 2
and so does also u(t) — ' =10%y .

Proof. We use the Duhamel formulae

. ) r. 22 u(t
I/t(t) — el(t7t0)d)%u(t0) +la2/ el(l‘*l’)d)% ( .)2 dT
0 1 £2ia

i(t—10)d2

t
o Na2 . a2 u(T) —e YU
0% 10y + ia? [ DR _ + Jr

0 .L-H:Zza

t itg0%——
) o a a2 €100y
+ia? | £ T T g
r1£2ia?
fo
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Since (4,00) is a Strichartz 1-d admissible couple, we can upper-bound the
L*((to, 00), L*™) norm of the first and of the second term by

00 (1) — ei(r—zo)axzu
M = Cllutto)ll 2 +a2/ @) e e
Io T
and by using the rate of decay of Proposition 2.8, for some 0 < § < 1/4 — y,
1/2—(y+8) *  dr
M < Cllu(to)|[2 + C(a)(1 + log 1)1, l[u(to) Il x,, pucyyr s}
0]

1/4
< C(a)(1 + log o)1y’ JaCt0) 17 -

Therefore we only need to estimate the last term in L*((t9, 00), L™). Let 6(x) be a cut-
off function with 6(x) = 0 for |x| < 1/2 and 6(x) = 1 for [x| > 1. We decompose as
usual the domain of the Fourier variable into three regions, 52 <1/t, 1/t < 52 <1/t
and 1/19 < €2,

t itgd2— 1 oi2tE’
i(t—27)92 € " U+ _ ixE —it&? —itgg? 7 ¢
e i———dt = | &% e iy (— ——dtd
/to r1£2ia? +(=9) T2 §

=/(1 —0>(r52>+/0(r52)<1 —9)(1052)+/9(t$2)9(t0$2) _ I+ +K.

For I we integrate directly in t,
101 < [ lds-ollogrds.
£2<1/1

and we apply Lemma 2.10, for some 0 < § < 1/4 — y, to obtain

1 1+ I
(@] = cw%t/ 1 Mo 8] 1y, 691+ ticro, )1
ty Je2<ie 3
) |||'§|2y12(t0’$)”Loo(§2<1) logzt
) <

= C( 2 A=+

Then

2y A
] < C(a) |1g oo, s)”L°<>(§251) 1+ log? 19
Hlloe ™) = 8 A=)

0

4
< Cla)y*(1 4 log? to) u(to)

To treat J we first split the integral in T into two parts:

, oy o p1/E LirE?
J= / eI G(1E2) (1 — 0)(tg&H)e 5 i1, (—&) f — drdg
fo
. 0 Cppt it
+ / TG (tE2) (1 — 0) (tgEH)e ™05l (—&) / dtvdé = Jy + ).
1/52 T
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We need the following lemma.

Lemma 2.12. Define U, f as U, f(§) = ¢(J11&)e 8" £(€), with lp]lr= + "Il 1
< C. Then

WU fll s < ClFIL2
Proof. The lemma follows from the usual 77T* argument and the elementary inequality

/e—”é%’qu(m;)ds < %(Hqsnm + 19" o
Therefore we get the following estimate for Ji:
g iz
111 24 (19, 00),L50) = CH(l —0)(10 52)ﬁ+(—§)/ dt
fo T L?
< Cllaw(=&) log €1 12e2< 1)
Now we use Lemma 2.10 to get
1y < €@ 161 i (no, ?”LW(sZsl) ‘ 1 + log? [£|
. o 200 21y
2
< cm>% 11657 0. )] 2y = C@ig” (14 Tog” 0) o)y
0

For J, we perform first the integration by parts
1 gi2tE? oi2tE |t t pi2tE? pi2E% L2 1§82 4i2t
dt = — + 5 dt =5 — =+ — dt
g2 T 282 |y 2 Jyye2 208202 202t 2i 1 2it?
eiZng 00 L2t oi2 00 L2t
=— - —dt — —+ — dr.
2iE2¢ ftgz 2it?2 2i f] 2it?
Therefore

C i (—
()] < —f i 1 4
1/2t<E2<1/19

t £2

+C / e (1EY) (1 — e)(ros%e"'(’%zm(—s)ds’.

For the first term we use again Lemma 2.10 to get

c a8l
t Jij<gr<ij, &2
€127 (10, &), o0

< Ca) ” ”L (&2<1)

3
11,

§

1+ |log |€]|
£2+2(r+9)

L'(1/2t<£2<1/19)

C 1 +10gt |‘|§|2yﬁ(t0’€)HLoo@2§1)
= (a)tl/Z—(y+8) a2 .
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The second term of J, is similar to a linear evolution as J;. We obtain

1—{—log2 1o PN
1211 L4 ((19,00), L) = C<a>t1/Tylllfl V(0. )| poo g2 1)
0
o)
1/4 2
11140002590 = C@1g™ (1 +log” 10) o)l 7
For K we use again the integration by parts
t eizrs2 ei2téz 00 L2t eiZZosz o ei2rS2
[ dt = — —/ .—dT—.—+/ —55dT,
w T 282t Jie2 2it? 2i%  J,, 2i&%7?
hence

c @ (=)
K — ———d
R B =

(2982 oo ,i2tE?
ixé: _”529 t 2 9 1 2 _”0&_2# _e f ¢ d d
+‘/e R L e e == K

3/4
By Cauchy—Schwarz’s inequality, the first term is upper-bounded by C t07||u+|| 12- By

(41) this in turn is smaller than C(a)t70||u(to)||xg. We get again, as for Jp,

1/4
1K 0002 = C@ty* (14 log” 1) u(t0) 7
Summarizing, we have obtained the desired estimate
Jul < C@yy"* (1 +log” 10) (1)
L*((19,00),L®) = 0 g o 0y -
The Strichartz inequalities for a free evolution together with (41) give
co 2 1/4
1e" % U 400,150 < Cllutll 2 < Cl@yty luto) 7
so we also have
i(t—tg)d? 1/4 2
lu(t) —e Ut 14 (19,00, L) = C@)y" (1 + log IO)””(IO)”X,VO' O
Lemma 2.10 is a pointwise estimate for Fourier transforms, so it fits for higher order
derivatives. Again by linearity we have the results of Proposition 2.11 at higher Sobolev

order, if 3*u(t9) € X (t): *u(t) belongs to L*((ty, 00), L) with the bound

1/4
1981014 0, £ = C(@tg" (1 4 Tog? 10) |k u (o) -
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3. Scattering for the nonlinear equation

In this section we prove Theorem 1.1. By using the results on the linear equation (14)
obtained in the previous section, we first infer in §3.1 a global existence result for the
nonlinear equation (10). Then we prove in §3.2 asymptotic completeness for these solu-
tions. In the last subsection we give new information about the regularity of the asymptotic
state, which completes the proof of Theorem 1.1.

We start by writing the nonlinear solutions of (10) in terms of solutions of the lin-
ear equation (14). Let us notice that the estimates obtained in the previous section are
independent of the sign in (14), so in what follows we shall consider only one of the
signs—the other case can be treated the same way. We denote by S(z, #p) f the solution
of (14) with a plus sign,

a?

iur + Uy + u=0,

t 1 +2ia2
with initial data f at time 79 > 1. With this notation, for 7y < ¢ we have the estimates (36)

of Proposition 2.6,
1/4

IS, 10) fllz2 < C@iy Il 45)
and . ,
[1E1P7 ST, 10) F©)] poegrzyy < CA/1[IEP FE oo ez (46)
and the one of Proposition 2.11,
1SC.10) £l 4y 001,1) < @ty (1 +log? ) Fllxy 7)

as well as all their equivalents for higher order derivatives, if 3)15 feX Z)

Now the solution of
. a? _ F
=1\ tex + gzt

with initial data u(1) at time ¢t = 1 reads

iF (1)
T

1
u(t,x) =S, Du(l) +/ S, 1) dr. (48)
1

It is enough to verify this formula for u(1) = 0. Indeed,

iF@

t
8,u:31/ S(t, 'L')
1
F r iF(7) a? iF (7)
217—{-/11(8”5'0,1) - +tl+2ia2S(t’T) . )dr
_(F a* _
=1 7+Mxx+mu .

In our case of (10), F is composed of cubic and quadratic powers of u.
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3.1. Global existence

Let us recall again the definitions of the norms of X ’1/ and Yly ,forO<y < 1/4:
2y 2
1f ey = 1Nz + (181 £ @ | o2z
lgllyr = sup{ g2 + L|||$|2”4§(t |
vy = 5P LT Sl )

We have the following global existence result on the nonlinear equation (10).

Proposition 3.1. Let u(1) be a function in X )1/ small with respect to a. Then there exists
a unique global solutionu € ZV = Yly N L*((1, 00), L™) of equation (10) with initial
data u(1) at timet = 1, and

lullzr = C@lu(llyr-
Proof. In view of (48) we shall prove the proposition by a fixed point argument in Z" for
the operator
! LF(u(t))
D)) =S¢, Dul)+ | S, 7)——dr.
1 T
The estimates (45)—(47) ensure that
IS, Dullzr = C@)llu(lxy-
We start with a property that we shall frequently use in the following.

Lemma3.2. Letu € ZY ando < 1/2 — y. Thenfor1 <t} <,

dt <

2 3
ftz » IF ()|l 57 CZje{l,z}(allulle,- (ranzy T o pai)
" T 12

2 3
allullzy + llullzy
- t11/2*01*3/

9

where (p1, q1) = (00, 2) and (p2, q2) = (4, 00).
Proof. By definition (12) of XY, and since |f($)| < | fllp1, we get

i F
/zra IF@@)lyy
I

T

B t 1 - v ZVF/\ dt
_f,l Tl (M(f))||L2+ﬁ|||E| W) 1wy | 7ia

’2 dt 2 dt

2 2
<ca u(t) —— +ca / u(t) —_
/tll ” ||L4 75/4—a " ” ”L2 3/2—a—y

f dt f2 dt
3 3
+ C/ ||M(T)”L6 .[5/4—01 + C/ ||M(T)”L3 13/2_01_)/ .
1 4]
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We apply Holder’s inequality L*-L*/3 in the first and the last integral, and Cauchy—
Schwarz’s inequality for the third one, to obtain

F
/fz Py
n

T
< callull? ! + callull? / ar
<calul|js PN cajjully 2 3—a—v
L3 LY | S || L2100l [, £3/2—ay
+clull} 1 +clul? S
cliu cllu .
LO((t1,12),L° 5/4— L'12((t1,1),L3 3/2—a—
((t1,12),LO) || £5/4—« L2(t1.1) ((t1,02),L°) || £3/2—a—y L43 Gty 1)

The spaces L8L#, L9L% and L'?L3 are interpolation spaces between L>°L? and L*L>®,
therefore the lemma follows. O

Letu € Z?. The L*L® norm of the integral in ® (1) can be bounded by

! . o )
a/ S(t, T)w dt Sa/ Hs(t, _L_)IF(M(I'))
1 1

T

dr.
L4((t,00),L%®)

L4((1,00),L%)

By using (47),

t . P ,
“/ S(t,f)@df I F(u(@)lxr
1

o0
< C(a)/ 11/4(1+log2 T)——"dr,
L4((1,00),L%®) 1 T

so Lemma 3.2 with @ = (1/4)™ gives us

) .
a/ S, r)w dt < C@)(lul%y + luly).
1

L4((1,00),L%°)

Next we upper-bound the L% L? norm:

a/lS(t, r)mdr §a/00“5(t, ‘C)m dr,
1 T L2 1 T

L2

and by using (45),

t . ‘ F ,
“/1 S@, r)@m < C(a>/l rl/4wdr.

L2

Again, Lemma 3.2 with « = 1/4 gives us

‘ .
af S(t, t)mdr
1 T

= C@)(lull%y + cllully).
L
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Finally, we compute (the contribution of the other quadratic term |u|? can be treated the

same)
2
2Vf<a/ S(t. T )M dt)
vl L®(E2<1)
)
<2 |2Vf(S(r, r)w) a,
1 o1 Jl o<y
and by (46)
2
T
— |$|2Vf( f s, 1y idf)
r vl L°°<§2<1)
_ Ca 1\ %5 dt
taZ ; “ |§| u (Tv E) || Loo(ézsl) ?
5 ®© dr
= Ca”””LN((l,oo),U) | 1+a2 — ”u”ZV
Also, by (46) and by Holder’s inequality,
t . 2
— |§|2Vf</ s, @ dt)
e ! T Loo(g2<1)
C t . 2
<— 2Vf<S(t, py (@) ”(T)> dr
o 4 L @E2<1)
2
C t t a ) — d-L' 00
2 3
Sl (;) 112 [uu(z, S)Ile(ngl)T < C/1 (o)1,
< Clul}

L12((1,00),L3)"

So we have shown that the contribution of the quadratic and cubic term is in ZV,
iF(u(t))
———dt| < C@luly + huly).

t
S(t, 7)
1 zv

Summarizing, we have
[®@lizr = Cl@luMlixy + Il % + luell ),

so foru(l) e X i/ small with respect to a, by the fixed point argument we get a global
solution u € Z? of (10) with norm bounded by

lullzr < Cl@lu(llxr. o

‘We now state the result in Sobolev spaces. This is a direct corollary of Proposition 3.1, by
using the Leibniz rule and the fact that estimating the Fourier norm in Z” on derivative
terms creates powers of & which are bounded by 1.
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Corollary 3.3. Lets € N. Let Bi‘u(l) be a function in X i’ small with respect to a, for all
0 < k < s. Then there exists a unique global solutionu € ZV = Yly N L4((1, 00), L),
with Bﬁu € Z7, of equation (10) with initial data u(1) at time t = 1, and

> Nofullzr < C@ Y ||3f”(1)||xly-

0<k<s 0<k<s

3.2. Asymptotic completeness

Now we prove the second part of Theorem 1.1, namely the asymptotic completeness of
the global solutions obtained by Proposition 3.1.

Proposition 3.4. Let u(1) be a function in X i/ small with respect to a. Then the unique
global solution u € ZV = Yly N L*((1, 00), L™®) of equation (10) with initial data u(1)
at time t = 1 scatters in L*. More precisely, there exists fy € L? for which

Ca,s)

_ =133 59
lu@) —e S+l = (/4= +5)

lu(Hllxy —=0 (49)

forany0 <§ < 1/4 —y.

Proof. The nonlinear solution reads

t .
u(t) = S, DHu(1) +/ S(t, ”@dr.
1

The scattering result of Proposition 2.8 guarantees the existence of u, € L? such that

C(a,$)

St Du(l) — D% < 49
ISt Du() = D2 < STE

lu(llyr

for some § to be chosen later. Since u € Z? we have F(u(t)) € XY a.e. and we can again
apply Proposition 2.8. There exists u (t) € L? such that

(1 + log7)r!/2=(r+d)

S(t. )i F — D <C.} _
IS, ©)iF(u(r)) —e iup ()2 < Ca,é) /Ay 13)

I1F ()l
In view of (43) the expression of u (7) is

iz S DIF (D)

gl+2ia? ds. (0)

u (1) = Fu(v)) +a2/

T
We define

. dt
f+=u++i/1 e‘“f‘”afm(r)T (51)
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and we have
u(t) — V% £,
‘ t d
=S, 1)u(1)—el<f—”33u++/ S(t, )i Fu(r) & —i/ DRy, (r)—
1 T 1 T

= S(t, Du(l) — %y, +/ (S(t, i F(u(1)) — &% (1)) d;
_l/oo i(t— ‘L')BXM (_L_)d_r
l‘ T

The first term has the right decay in L2, and the second is upper-bounded by

t
1 (S(t, )i F(u(r)) — ¢ %iu (1)) d%

L2

' 1/2—(y+3)
~ (1+1logr)t
=Cc@ 8)/ {1/4—(r+3)

dt
IF@)lxr —,

T
so we can use Lemma 3.2 with o = 1/2 — (y + §),

+ log
o < C(a, 5)m(||u||zy + ||M||zy)

t
fl(S(t, D)i F(u(r)) — 'R ju (1)) d:

For the last term we use (41),

* . dt
/ ez(tfr)axzmr(r) at
t T

and again Lemma 3.2 with ¢ = 1/4,

. 2 dt
‘ / el(l—T)0Xu+(T) -
t T

In conclusion we have

o dt ® 14 dt
=< lur @l — = Cl@) [ T NF @@y —
t t

L2

3
laellZy + Nl

< Cla) 2

L2

HW)’“mﬁMMCW® WMWW+MW+MM)

(1/4—(y +a)
< Cla. 518 ) M3
< €l ) g + ey + () )
1+ logt
=< C(a,a)mﬂ u(l )||XV,
and the proposition follows by choosing 0 < § < § < 1/4 — y. O

Similarly we also get the statement for Sobolev spaces.
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Corollary 3.5. Let s € N. Let u(1) be a function in Xi/ such that Bfu(l) € Xi/ for all
0 < k < s, small with respect to a. Then the unique global solution u € Yly of equation
(14) with initial data u(1) at time t = 1, with Bi‘u € Yly forall0 <k <s, scatters in H®.
More precisely, there exists f+ € H® such that
e o C@d)
lu@) = V% fullne <m0 Il =20 (52)

0<k<s

forany0 <8 <1/4—y.

3.3. Regularity of the asymptotic state

As an extra information on f}, we have the following result, in the spirit of (44). It
completes the proof of Theorem 1.1.

Proposition 3.6. If ||u(1)]| X7 is small enough with respect to a, the function f. satisfies,
forall€> <1and0 <8 < 1/4 -y,

€T £ )] = Cla, O lull gy
Proof. By the definition (51) of f,, we have

EPYH £o()
/g d
= |§|2<V+‘”<ﬁ+<s>+i f ¢TI (1, 8) i /
1 T 1/£2

so on &2 < 1 the estimate (44) ensures that the first term is upper-bounded by
Cla, §)lluMlixr-
By Lemma 2.10 and (50) we can treat the first integral:

() —)

1/€2 dr
f] POy (7, )] —

€ C(a. s — — d
sfl (“ €@ ey +|Iog|s||)(|F(u<r)>(s>|+|F(u<r>)(—s)|)7’

1+logrt

Y RV dt.

1/€2
sC(a,&/l Hu@ 32 + @13 ) — s

As usual, we use Holder’s inequality for the second term to get

1/82 dt V& | +logt
/1 EPT iy (2, )] — = C@ Dl 1, 009,12) /1 —a AT
1+1logrt
+Cla. O)|ul 1 N e
L12((1,00),L3) | 14y +8 L4311/

< C@, )([luly + %) < Cla@, O)lullyy -
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It remains to estimate the last integral which, in view of (50), is

o e2 . drt
P [ IV
1/§2 T

e —igr [ e s 2 ,ngs(s T)lF(M(T))(é)
= £ /1/g2€ (F(u(f))(§)+a /T T2 5
= L&)+ L)+ 58), (53)

where we denote by /; the cubic contributions of F@(\r)) by I the quadratic ones, and
by I3 the double integral. By Lemma 2.5 applied for some § > 0, since &2 < 1,

|Fu@)©)]+|Fu@)(=$)] dt

1I3(5)] < |20 /1 o C(a)

£21 T
27+ dr
=< C(d)—/ (||u(t)||Lz+||u(T)II 3) =5
£2 1782 T
|E|2r+0) ) © Jr 1
=< C(d)—(llull o / +|Iu|| = )
£2 L®((1,00),L2) g2 L12((1,00),L3) || 72 LA /£2.00)

= C@lullyr-

On §2 < 1 we have

1®)] 5/1 lu(0)113 7’ < Cllutll 12 ey 1) = C@Ilulyy < C@lu(lly-

For the quadratic terms I we first notice that quadratic powers of u(t) can be replaced
by the quadratic powers of e (T=D3; [+, because, in view of Proposition 3.4,
dt

l la2

r N dt  C(a,s)
<a [l - @V 1 T 2 g,
h

a

/ e (Ful (e, §) = F I £20) =
4
1
Therefore we have obtained, for 52 <1,
EPTH )] < Cla, O ul gy
/ Jieer PO 2@ $2FI VR LPE) '
1/€2

2(y+6
+alg 7Y s

By writing explicitly the Fourier transforms, we get

EPYH F )] < Cla, ) u)l gy

d
+ Y a|s|2<y”>/|f+<n>||f+<s n)l’/ e 4T ‘dn, (54)

1—i
je{l,2} T
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where

hi€,n)=2nE—-n), h&, n) =28E&—n).

By integrating by parts, for n # &, n # 0,
v .

/OO e”-'h](svﬂ) dT _ elf J(E n) o0 +(1 _la2) o0 elf ](s n) dT ]
1/£2 1/¢2 1782 ihj(&, ) ¢2-ia?

rl-ia? ihj(é, n)fl—iaQ

On one hand, if |h; (&, n)| > c&? for some positive constant ¢, we get the uniform estimate

o0
[ Githiem 4T
1/52 Tl—iaz

On the other hand, in the region |k;(§, n)| < céz, the integral from 1/($2|hj &, n)) to
infinity can be treated the same way. Finally, since

/1/<52h_,~<s,n>|> ey dT
e s
1/52 -L—l—l'a2

< C(a).

< |log |hj (&, mI|,

we get

 iehen 4T
e Sy < C(@)+[log ;& WL, e <clep-

Summarizing, we have obtained
EPTN e ®)] < Cla, )]y

+(c<a>+|log|5||)|s|2<y+‘”f e L€ —mldn

+2a|s|2<y+“>/ |f+ I FE =)l |lognl|dn.  (55)

Inl<C

We have also used here the fact that since || < 1, both || and | — &| are bounded in the
regions |h; (€, )| < c|§|*.

The function f4 is in L? with norm bounded by [lu(1)]| X7 SO Cauchy—-Schwarz’s
inequality yields

EPYH L)) < Cla )lluD)

+Cla)g P+ /

: C|f+(n)||f+<s—n)| llogInl|dn.  (56)
nl<

On the region {|n| < C}N{|€]/2 < |n|} we can upper-bound |log ||| < [log(|&|/2)| and
treat this term as before, to finally get

1E20H) £ (8)] < Cla, 8)llu(Mllxr

+C(a)E[2r+D / | f+ I f+@E =)l |lognl|dn.  (57)

Inl=<I&1/2
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By Cauchy—Schwarz’s inequality we obtain
e ©)F < Cland)——u(D)2
I+ - a, |E|4(y+8) u Xi’
+C(a>||u(1>||xly/ | f+ & —m)Plog® In| dn.

nl=I1/2

For 0 < r < |&| we then get

C(a,d) dt’

~ 1
(|f+|2*zﬂ[—r,r]>(§) = ””(1)”le (T &<r W—Fc(a)lr@)),

where
_ 1 7 / 2 2 /
L@ =5 | f+(& =& —n)|” log” [n| dn d§".
" Jig<r Jinl<lg—8'1/2
Since § < 1/4—y, we have

if d%-/ - C |§-+r|1—4(y+5)_|é—_r|l—4(y+5)
2r Jig<r 1E—E|P0HD = 2r '

For |£]/2 < r < |€| we immediately get the upper bound C/|£|*, while for 0 < r <
|&]/2 we get the same upper bound by noticing that |£|/2 < |§—&'| < 3|&]/2. As a

consequence, for 0 < r < |&] and 52 <1,

A 1 C(a, s
| fi P e =Ty JE) < ()]l v ﬁ+c(a)lr($) . (58)
2r 1 |g|4(y+8)

We define, for§ #0Qand h € L',

1 1
Mh(E) = sup (h*;ﬂ[_r,rO(s): sup — | hE—&)ds'.

0<r<[| o<r<lg| 25 Jig/\<r

We find that Mh () is well defined almost everywhere in &: for r large we use 1 € L',
and for r—0 we get h(§) < oo a.e. in &. As a property of this operator we have, for 2 > 0
and for ¢ even and decreasing,

—+00
h(E =) () dy = /
/77|§$ ];() €172/t <|n|<|&| /27

=X g & 277!
=2 211¢(2f+‘) q

< 2Mh(E) f| $(n) dn. (59)

nl<l§l

h(E—mem) dn

f | hE—n)dn
|E]/27t < |n|<|E|/2

We have the following lemma.
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Lemma3.7. ForO <r < || <1,

1-(€) = C@(+1og? [ED u(D5, + CIEI1 +log? [EDMIf ().

Proof. First, for |€]/4 < r < |&|, we make the change of variable n = ' — &', so

1 R
L&) = 2—/ / | f+( —n")I? log? |n' —&'| dn' dE’.
rJig<r JIn—¢'|<|6—&'|/2

In particular, |n'| < [£]/2+3r/2 < 2|¢], and

A 1
@) 5/ |f+<§—n’)|2—/ log? [if —&'| d€’ dif
[n'|<2|&| |&"|<r

< C/ o6 —m)P (In'|+7) lgg (Inl’ +r)
| <2l¢] r

1 +1log?
CIEI( rog |§|)||f+||iz,

so for |£]/4 < r < |&| we have the upper bound C (1 +10g2 |§|)||f+||iz

For 0 < r < |&|/4 we perform the same change of variable, and get || < |§]/2+
3r/2 < |&], so

n 1
1®) s/ |f+(€—n/)I22—/ log? [/ —&'| d& di .
' |<|&| r Jig|<r

In the region |n’| > 2r we have |£'| < |1/|/2, so |n’ —&'| > 1’ /2, and by using (59), we
get the desired upper bound

2 |77|
|<|5| 2

Wl <omfire [

< CIEI(1+1og* [EDM] £+ P (&)

/ | f+(E—n)]? log dn’
[n'|<|&|

In the remaining region |n’'| < 2r we decompose the integral in i’ into three parts:

f Fie— n)|2</ +/ +/3 )dn’
|n'|<min{|&],2r} r &1<In’1/2 In'1/2<|€"1<3|n'|/2 s I<IE|<r

= I} +I2E) + I %)
In the first one, |’ —&’| > |1'|/2, so

2|77|

e =c | e =P 1o 2
[n'|<min{|§],2r}



244 Valeria Banica, Luis Vega

so as before we recover the upper bound C|£|(1 —Hog2 E)M| f+ |2(£). In the second re-
gion we integrate in &/, and since &’ is of the size of n’, we end up as before:

» I’ log? ||
) < c/ fote = T gy
|n’'|<min{|&|,2r} r

< c/ i€ =) Log? 1] dn'
[n’'|<min{|&|,2r}

In the last region |n' —&’| > |n'|/2, so we get again

2|77|

pe=c =P tog> 2
[n'|<min{|§],2r}

In conclusion for |£]/4 < r < |&| we get the upper bound C(1+10g2 |§'|)||f+||i2 and

for 0 < r < |&|/4 we get the upper bound C|&|(1 —|—10g2 |E|)M|f+|2(§), so the lemma
follows. o

By using this lemma, estimate (58) gives us, for 0 < r < |&],

» 1
(|f+|2*;m—r,r1)@>

C(a
< ||u<1>||xly(|E|§(y+§)+c<a><1+log ED (D) +C(@IE|(1+log? [§DM] £ (5))

The constant is independent of r, so by taking the supremum in 0 < r < |£| we obtain,
for&2 < 1,

MIf &) <

C
||u(1)||xly<|§|§fy+§)+C(a)(1+1og £y +C@Ig11 +log” [E)MIf+ (E))
(60)

Since M|f+|2(§) < oo almost everywhere in &, for ||u(l)||X%/C(a)|§|(1—}—log2 &) <
1/2, so for C(a)|lu(1) ”Xi/ < 1/2, we get the estimate

C(a
MIf2E) < |§|(‘:(IT§)HM(1)”XV+C(CI)(I+IOg |s|>||u<1>||xy < W”“m”ﬂ
Then
If412 ) = hm(|f |2*i11 )(5) MIfL &) < ¥||u(1>|| y
* o\ T ] = U &40+ xi

and the proposition follows. O
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Appendix A. Wave operators

In this section we prove the existence of wave operators for the nonlinear equation (10).
The difference with respect to the wave operators constructed in [3] is that here we shall
weaken the conditions on the final data by working in spaces that fit the conditions of
Theorem 1.1.

We first study the existence of the wave operators for the linearized equation (14).

Proposition A.1. LetO <y < 1/4, v > 0, and letuy € Xi’iv. Then the equation (14)
has a unique solution u € ZV satisfying, as t goes to infinity,

2 C(a,v, )
— < 7 _
”u(t) € X”+”L2 = t1/4_(y+5) ||u+“XJI/ v

forany 0 <8 < 1/4 — y. In particular, u(1l) € X”, with norm bounded by ||u+||Xy—u.
1

Proof. We are going to use similar arguments to those in Lemma 2.2. We define, as in
(32),

27} =G @), V=77,
We define for0 < 7 < 1/4a2 the solutions (Je, 25)(5) of

1) (D) [ ()
<%s<f>>‘(2; o M) s ) )4

sup (19 (D] + 125D

0<i<1/4a?

Then

612

———dt  sup  (|5e(D] + 12 (D)),
a?(1/7)  g<icijaa ) y

i . 1/4a>
< (|Y;|+|z;|)+/0
and as a(1/7) = v/ 1 — 2a’1, we get

sup (15D + 12 (D) < 20Y 1+ 127D

0<i<1/4a?
Now, for 4a < t < 00, the functions (Yz (1), Z& (1)) = ($(1/1), 2(1/1)) solve (28) and
Ve +1Ze 0 < CAYT P +1Z2 1) = CUlar @)1 + s (=&)).

In particular,

o : 2 _ 20N\ /D
Y: Ye a 1 e Ye
8 ° = M(t ° = —— . ° .
t (Zs) ( )<Zs> 2262(1) (62’4’(’) -1 ) (Zs

Since )o/; = Zfs and

3I<Yé - Zi) _ M(t)<Y€ - Zi)
Zg —Y_ ¢ Zsg —Y ¢
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we obtain )?g ) = 2_5 (1). Therefore, with the notation of Lemma 2.2, we can define, for
44 <t < o0,

OV pi (@07 0 V() (&0t etz
Zs)) 0 O\ Z:r)) \ia(®)e!®DYe(t) —ia(t)e " *DZe (1))

a solution of (24):
3[(Y$> N ( ¥ 1><Yé)
Zs —(1=24%/t) 0)J\Z¢ )’

which satisfies Y¢ (1) = Y_¢(¢) and Zg (1) = Z_¢(¢). Moreover, since

SIS | U L i 2
[Ye ()" + | Ze (1) —‘2Yg(t) _Za(z)Zé(t) +‘2Ys(f)+—2a(t)zé(f)
P 1Zeo)?
2 202(t) °

and 1/+/2 < a(r) < 1, it follows that
[Ye(1)? + | Ze (1) < Ciig (8] + a1 (=E)?). (61)

We continue the definition of (Yg(f), Zg(¢)) for the remaining 0 < ¢ < oo as the solution
of (24). It follows that u(z, x) defined by u(t, x) = w(t, x)e~4’ 18 where

Ye(t) = Nw(1/2,8),  Ze(t) = Sw(t/£%,§),

is a solution of (14). In particular, (61) is satisfied for all 1 < ¢t < oo, so for large
frequencies £ > 1/ we get

la(r, €)1 + ia(r, —&)* < C@)(Ji4 () + i (—£) ). (62)

We next define
ve@) =Ye(1/1), ze(®) = Zg(1)1),
a solution for 1 <t < oo of
, 1 , 1 24°
Ygz—ﬁzg, Zg = I_Z_T Ve,
with initial data (yg (1), z¢ (1)) = (Ye(1), Z¢(1)). We take o, = yg/e + ezg and proceed-
ing as in Lemma 2.2, for all # > 1, we obtain

2
oc(t) < el/e+e+2a ElOgtO'G(l).

By choosing € = 1/,/logt fort > 3/2ande = 1for1 <t <3/2, we getforallz > 1
the estimate

ye (O + 26 (01> < C(1 + log e V1= (|, (1) 2 + |2 (1))
< Cla)(1 + log )X 2ot (1 (&)1 + iy (—6) ).
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So we finally get the estimates for low frequencies £2 < 1/¢ of the solution u of (14),

it ) + [, —£)1* < C(@)(1 + log 182> 2 VI (15 () + Jiiy (—8) ).
(63)
Therefore setting f4(x) = u(l, x) we see by (62) and (63) that fy € X i/ with norm
bounded by ||M+||Xy—u. From Propositions 2.6, 2.8, and (32), (33) it follows that u =
1
S, 1)fy € ZV andforall0 < 8 < 1/4 — y,

i (1—1)02 C(a,v,9d) 2(y—v) A
”S(ta 1)f+ —é u+||L2 = m('|u+|le + ”lgl rey u+(€)||L°°(|§|§l))' ]

Remark A.2. Let us notice that (62) together with (63) imply that for 71, §; > 0,

C(a,c?])

li(t, &) < (C(Cl) + W

)(Ibh(é)l + li4-(=&)D.

This, combined with Lemma 2.10, yields, for any times #1,# > 1 and for any positive
31, 62,

A1 <(c C(a, d1) c
lu(ty, &) < (Cl)‘f‘m (a) +

C(a, 8)
(128%)%

>(|ﬁ(t2,§)|+lﬁ(t2,—§)|)- (64)

It follows thatfor 1 <#; <fandy + 61 + 62 < 1/4,

5
lu@) 2 < llu@)l2 (C(a) + C(a, 51);71)
1

+C(a,$ )|||§|2m(t2’5)||L°o<5251/z2) 1
’ 2
0'n §HOR | 2221y
1/4+8,
< Ca, b1, 8) 25— u(®)l 7 - (65)
!

1

Now we show the existence of wave operators for the nonlinear equation (10) with
respect to the linear solutions of (14).

Proposition A3. Let0 <y < 1/4 Forall f1 € X i’ small with respect to a, equation
(10) has a unique solution u € L™ ((1, 00), L>(R)) N L*((1, 00), L®(R)) satisfying, as
t goes to infinity,

C(a, d)
() = S D ez + (@) = S@ D Fellpigonr) < a1l

forany0 <é§ <1/4—y.
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Proof. We shall perform a fixed point argument for the operator
Bu =St 1)fys +/ sq. o @) 4
¢ T

in the closed ball Ap = {u | |lul]la < R}, where

lulla = sup 4T Qu(e)y = SE D frllz + 1w = SCoD foll L4 .00y.L5))s

tel[l,00)

with R to be specified later.
Let u € Ag. In particular for all admissible couples (p, ¢), interpolated between
(00, 2) and (4, 00), we have

sup V470D () — SC 1) fillLr(oo).Le) < CR,
tell,00)

and therefore, by the estimates (45) and (47),
lullLr(,00,L9) < CISC, D) follne(t,00),L9) + Cllulla < C||f+||x17 + Cllulla. (66)

We want to estimate
o0 iF(u(t))
Bu—St, 1) fy = S(t, r)fder(t).
'
We have

o ) dt
IO 2 + 1 4,00y, L0y = 1S@, T)i F(u(r)l 2 -
t
o ) dt
+ I1SC, EF ()l 4 ((r.00), L) 7
t

© . dt
[ ISCOIF@E 40, —
t
We upper-bound the first term by using the backwards estimates (65) with (t1, ) = (¢, )
and 8y =68 € (0,1/4 — y),
L 1/4+8

e . dt o dt
/ 1S@, )i F(t)llpz — =< C(CMS)/ s I1F@@)llxr —.

For the second we use the forward estimate (47),

o . dt © i 2 dr
ISC, DEF @) L4 ((z.00). L) - < C(a) (1 4 log” DI F ()l v -
t t

‘We write the third term as

o ) dt
ISC, DEF @) a0y, L) 7
t

Z/,OO

dt

L4((t,0),L®) T

ei(S*f)B%F(u(r)) —id? /r ei(tfr)af S(r, t)iFj(u(t))dr
r1+21a2

N
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We use the Strichartz estimates and the backwards estimates (65) to get

o0 i dt
| IsC D@ s
t

§ C(a)/ <||F(u(T))||L2 N HM ) dc
j r LY(t0),1%/ T
. » 1/4+8 dt
5/[ 1 F @ ()Ml gy <CT +C(a)‘ rl+d L'(z,r))T

OOTI/4+5 dt
=c@ [ iFamy T
t

Summarizing, we have obtained

% 1ars dt
IOz + 14,0002y < Cl@.8) [ T NF@@)llxy —-
t

Now Lemma 3.2 with (#1, 1) = (¢, 00) and « = 1/4 4 § gives

C(a,d) 5 3
1V ON2 + 1 .000.2%) = =45 .{le}<allullm<(,,oo>,w>+IIMIILP.,-«,,@),L@)),
JEU,

where (p1, q1) = (00, 2) and (p2, ¢2) = (4, 00). Therefore, in view of (66),
17114 < Call £y + Calluly + C L4 Iy + Cllull.

Forall fi e X i/ small with respect to a, there exists R small with respect to a such that
the operator B is a contraction on Ag, and the proposition follows. O

The last two propositions imply the following result.
Theorem A4. Let 0 < y < 1/4, v > 0and uy € X)l/iv with norm small with re-

spect to a. Then the equation (10) has a unique solution u € L*((1, c0), Lz(R)) N
L*((1, 00), L®(R)) satisfying, as t goes to infinity,

=192 Ca,v,$)

forany0 <dé < 1/4—y.

Appendix B. Remarks on the growth of the zero-Fourier modes

B.1. Growth of the zero-Fourier modes for the linear equation

Let u be the global H? solution of (14) obtained as a consequence of Lemma 2.1. We
shall get here some extra information on u(¢), via estimates done directly on w(t) =
u(t)eia’ 108! the solution of (15):
a2
10;W + Wiy T(w +w)=0.
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We shall use the fact that w € H? to get proper integration by parts at the level of the
Laplacian.

Let us notice that since u is a solution of the linear equation (14), if ii(fy) is continuous,
so will be i(¢). In this case, by integrating in space, we get the law of evolution of the

zero-Fourier modes,
. at [
18, w = :FT mw,

a? a?
a,/mwzo, E),/Sw::l:T/?Rw::I:T/?Rw(to).

/st(t) = /sw(to)iza2/m1u(to)1ogti.
0

SO
Therefore

In conclusion, if the zero-mode f w(tp) is null, then it will be the same for all times,
f w(t) = 0. Furthermore, if the real part of the zero-modes R f w(tp) is not null, then
we have a logarithmic growth of the zero-modes f w(t), independently of the size of 7y,
which cannot be avoided:

/w(t) :/w(to)j:Ziazf.‘)‘iw(to) logti. 67)
0

Recovering the expression of u, we obtain (34).

B.2. Growth of the Fourier modes for the nonlinear equation

Let u be the global H'! solution of (10) obtained by Corollary 3.3. In particular,

D7 ldfullz < C@ Y Nafuix, < Cla u(l)).

0<k<l1 0<k<1

For the computations on Fourier modes in this subsection, the existence of (¢, 0) has to
be justified. We have the following control.

Lemma B.1. Ifxu(1) € L?, then

w2 < Ca, u(1)) €@,

Proof. Let ¢ be a positive radial cut-off function, equal to x2 on B(0, 1), such that
(axw)2 < Cg¢. For R > 0 we define

Pr(xX) = R%p(x/R).
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We multiply equation (10) by ¢ru and integrate the imaginary part to get

a (I)Z (o3 7 X a2 737 X F(M) 7
i | orlu@)|” = =3 | urxpru F 3 tlﬁiazpruu—d YRl

. a’ __ [ Fw _
S| uxOx@rUFS | ——F@rUU — I t(pRu

t1x2ia

1/2
Iyl 2 < / (axgoR)Zw(r)F)

2 2
a llull oo =+ )2
+— /¢R|M(f)|2+—t /

IA

orlu(®).

Therefore, by using (9,¢)> < C¢ and Sobolev embeddings,

12 Cla.ul 12
a,</¢R|u<r)|z> sC(a,u(l))+M(f<pR|u(t>|2> ,

SO
1/2 ~
( / ¢R|u(t)|2) < C(a, u(1)) €@,

The estimate is uniform in R, and the lemma follows by letting R go to infinity. O

In particular, the lemma ensures that i1 (1) € H ! soin particular #(¢) is continuous and the
existence of (¢, 0) is justified. Now we shall get information on the zero-mode of u(z),
via estimates on the solution w of (8):

1
fwp + we = F(la + wl? —a?)(a + w).
We shall use the following conservation law:
a,/(|w+a|2—a2)=0, (68)

obtained by multiplying (8) by w + a and by taking the imaginary part. We integrate (8)
in space to get

. 1 2_ 2 _
i0; | w=* t(|w+a| a’)(w+a) =0.
By using (68) we get the evolution of the zero-modes:

! s 9 dt
/w(t) —/w(to) = :l:z/ /(Iw(r) +al®—a)(w(t) +a)dx -
fo

t
:iia/(|w(r0)+a|2—az)dxlogtiii/ /(|w(r)|2+2amw(r))w(z)dx dTT.
0 o
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The Strichartz estimates imply that the part coming from the cubic power of w is bounded
in time, so we can bound the second term:

t dT t
/ f (@) + 2afw(©)w() dx —| < C@lulollx, +2alwln .2 108 1
0]
t
< C@Ilut)llx, + €@ lutio)l, log .

Therefore we get a logarithmic upper bound for [ w(r), and implicitly for #(z, 0). This
growth is sharp provided that

C@lw)%, = C@ w)(wt)7: + 1D wg2 /)

<da

’

/(|w(to) +al® — a%) dx

for which a sufficient condition is

Cla, to) (1wt 172 + 10017 o g221 /1)) < / Rw(te) dx

We also get a logarithmic growth for I [ w(r), provided that [ (Jw (1) +al>—a?®) dx > 0.
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