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Abstract. We show that if the degree of a nonsingular projective variety is high enough, maxi-
mization of any of the most important numerical invariants, such as class, Betti number, and any
of the Chern or middle Hodge numbers, leads to the same class of extremal varieties. Moreover,
asymptotically (say, for varieties whose total Betti number is large enough) the ratio of any two of
these invariants tends to a well-defined constant.

Introduction

Let € denote the set of all nonsingular complex projective varieties. An integral-valued
function v: € — Z is called a numerical invariant (resp. projective numerical invari-
ant) if v(X") = v(X) for X’ isomorphic to X (resp. X’ projectively isomorphic to X). Of
course, good numerical invariants should satisfy additional conditions, such as functorial-
ity. Most interesting numerical invariants involve the tangent bundle or tensors associated
to it. Among these, a particularly important role is played by the Hodge numbers h?4(X)
and Chern numbers cy(X), where I is a multiindex of weight n = dim X. Examples of
projective numerical invariants are given by the classes u;(X), 0 < i < n, and the de-
grees deg c;(X) of Chern classes of weight 0 < |I| < n = dim X. A classical approach
to studying algebraic varieties consists in choosing a numerical invariant v, finding the
range in which it varies, and then examining the moduli for a given value of v.

Since the class of X in the cohomology algebra of the ambient linear space PV is de-
termined by the dimension n = dim X, codimension a = N — n, and degree d = deg X,
it is natural to look for bounds for a numerical invariant v in terms of d, n and a; a func-
tion C,(d, n, a) is called an upper bound for v if v(X) < C,(d,n,a) for all X € C.
A bound C, is called sharp if v(X) = C,(d, n,a) for some variety X. A bound C,
is called asymptotically sharp if, for given n and a, there exists a sequence of vari-
eties X; € € with dimX; = n, codimX; = a, and degX; = d; — oo such that
lim; 00 v(X;)/Cy(di, n,a) = 1.

Lower bounds for numerical invariants can be defined in a similar way, but they only
make sense for invariants v assuming large negative values. Replacing such an invariant
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v by —v, one is reduced to studying the upper bounds. The most important example when
v(X) = c7(X) will be discussed in more detail below.

The only important numerical invariant of a curve is its genus g. Well over a century
ago, Guido Castelnuovo gave a sharp upper bound for the genus in terms of the degree d
and codimension a and classified the curves for which the maximum is attained (cf. e.g.
[GH, pp. 251-253, 527-533]). Castelnuovo’s work implies that g < C,(d, 1,a) = d*/2a
is an asymptotically sharp bound and that the curves whose genus is sufficiently close to
this bound are contained in surfaces of minimal degree. Joe Harris [Ha] extended Castel-
nuovo’s bound to the geometric genus p, = hO" of varieties of an arbitrary dimen-
sion n and described the varieties of maximal genus which he called Castelnuovo vari-
eties. Under certain additional assumptions (such as numerical effectivity of the canon-
ical line bundle Kx), Castelnuovo type bounds for Ky were obtained in [DG]. In [Za]
the author obtained similar asymptotically sharp bounds for the middle Betti number
by(X) = Zp+q:n hP4(X) and the class © = wu,(X). It turns out that all the above

bounds have the form €, (d, n, a) ~ aud"“/a”, where «,, is a constant depending on v.
Thus, ap, = 1/(n+ 1)! and ap, = o, = 1 (more generally, in [Za] it is shown that
for i < n the Betti number b;(X) and the class u;(X) are bounded by a polynomial
in d whose leading term is d°T! /a’, and so, asymptotically, these invariants are subject to
more severe constraints). Also, if v is one of the above invariants (i.e. v = pg, v = b, or
v = w) and X is a variety of sufficiently large degree for which v(X) is large enough (i.e.
close to the asymptotic bound), then X is a hypersurface in a variety of minimal degree
in the ambient linear space, viz. X C V C PN, where dimV =n + 1, degV =a.
However, the geometric genus p, and the middle Betti number b, (resp. the class )
are only special cases of numerical (resp. projective numerical) invariants playing impor-
tant role in algebraic geometry. Already for surfaces, the list of standard invariants in-
cludes the Chern numbers C% and ¢, and the Hodge numbers 41>0 = 102 = pg and [/
Little seems to be known about the relationship between p, and h'1, but the results
of [Per] on the ‘geography’ of surfaces suggest that, subject to certain constraints, the
Chern numbers can be almost arbitrary. As n = dim X grows, the number of different
and apparently independent numerical invariants, such as Hodge and Chern numbers,
grows, and for each of these invariants it is natural to consider the following problems:

e Find (sharp) upper bounds for the invariant in terms of dimension, codimension and
degree.

e Describe the varieties for which the invariant attains maximal value.

e Study the relations between various numerical invariants.

As we already saw, it is hard to give a satisfactory solution of the above problems, even
in the case of surfaces. However, these problems tend to be easier if one assumes an
‘asymptotic’ point of view, i.e. considers the varieties of sufficiently high degree for which
the invariants are large enough. In the present paper we solve the ‘asymptotic’ versions of
the three problems. In particular, we deal with the Chern and Hodge numbers. Unlike the
Hodge numbers, the Chern numbers are not necessarily positive. If I is a multiindex of
weight n = dim X, T is the tangent bundle of X, and 75 = Q ; is the cotangent bundle,
then ¢;(X) = ¢;(Tx) = (=1)"c;(T¥), and we show that the Chern number c;(Ty)
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is bounded from below by a polynomial of degree n in d (cf. Theorems 1.5 and 1.14).
In particular, if |c;(T¥)| is large with respect to d”, then ¢;(Ty) is necessarily positive.
We find asymptotically sharp upper bounds for the Chern numbers ¢;(7y) (or, which
is the same, for the absolute values |c7(X)|) and middle Hodge numbers and study the
relationship between these invariants provided that at least one of them is large enough
(cf. Theorems 1.14 and 2.2 and Corollaries 1.15, 1.16, and 2.3). Our bounds are of the
form €, ~ a,d"T!/a", and we compute the values a, for the invariants in question.
Thus, while in general there are few restrictions on the ‘geography’ of Chern and Hodge
numbers, the ‘asymptotic geography’ turns out to be perfectly rigid.

We also describe the extremal varieties provided that the degree is large enough (cf.
Theorems 1.17 and 2.5). It turns out that the extremal varieties for the above numerical
invariants are all of the same type, viz. they are hypersurfaces in varieties of minimal
degree (although the concrete type of hypersurface may depend on the invariant). For
example, maximization of any of the Hodge numbers 279 (X), p + ¢ = n = dim X (or
their weighted sum, such as the Betti number b, (X)) or, say, (K%) = (—1)"c{ (X) or the
absolute value of the Euler—Poincaré characteristic |e(X)| = |c,(X)| leads to extremal
varieties of the same type provided that the degree is large enough, and the ratios of these
invariants tend to well defined constants.

Our methods are mainly geometric. Basing on the results of [Za], we reduce the prob-
lem for Chern numbers to inequalities between (intersections of) polar classes and ram-
ification loci of generic projections. Hodge numbers are dealt with using the Riemann—
Roch-Todd-Hirzebruch theorem.

1. Bounds for the degrees of Chern classes

1.1. Definition. Let L c PY,dimL =a+i—2,0<i <nbea general linear subspace.
The subset P; = P;(L) = {x € X | dim Tx x N L > i — 1} is called the i-th polar locus or
polar subvariety of X with respect to L. It is clear that codimy P; = i and that x € P; if
and only if there exists a hyperplane passing through L and tangent to X at x. The degree
wi = deg P; is called the i-th class of X (cf. [Pi]). In particular, Py = X, P; = Ry is the
ramification divisor of the projection 7y, : X — P” with center at L, and P, consists of
Wy, distinct points.

Let X;, j =0, ..., n denote the section of X by a general linear subspace M; C PV,
codimM; = n — j, sothat X; C PN+/=" is a nondegenerate smooth projective variety
of dimension j. From the above definition it is clear that u;(X) = wu;(X;) for j > i.
Furthermore,

df, defX; =0, N N
Wi = :O, def X; > 0. d; = deg X7, (1.1.1)

where Xl* is the dual variety of X; and defX; = N —n +i — 1 — dim Xl* =
max{0, def X — n + i} is the (dual) defect of X; (cf. [Za, Definitions 1.8 and 1.11]).
Let 77)1( be the sheaf of principal parts or the jet bundle of Ox(1). By definition, the

fibre 77; of 77}1( at a point x € X is the quotient of the space of sections of Ox (1) in a
neighbourhood of x by the sections vanishing at x together with their first derivatives.
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In other words, the dual bundle 79)1(* coincides with the inverse image of the universal
subbundle over the Grassmann variety G (N, n) of linear subspaces of dimension 7 in PV
under the Gauss map y: X — G(N, n), so that the fibre of 73)1(* over x is naturally iso-
morphic to the tangent space to the affine cone over X along the generatrix corresponding
to x. Thus 73)1( fits into an Euler type exact sequence

0— QL) > Py — Ox(1) - 0 (1.1.2)
(cf. [Pi, §2] or [Tev, Chapter V]). It is clear that the bundle 77}1( is globally generated.
Furthermore, if p; = [P;] denotes the i-th polar class, that is, the equivalence class of

the i-th polar subvariety in the group of algebraic cycles modulo rational equivalence,
then from the geometric definition of Chern classes (cf. e.g. [Fu, Example 14.4.3]) it
immediately follows that

pi=ci(Py), i=1,....,n. (1.1.3)
For I = {i1,...,ix}, 1 <i1,...,ix <n,wedenote by |I| =i + --- + iy the weight

of the multiindex 7 and put
pr=piy - pi, = c1(Px) = ci; (Px) -+~ ci, (Py). (1.1.4)

Let ¢, denote the class' of all nondegenerate nonsingular projective varieties of di-
mension n. For X € €, we denote by Ab(X ) the group of algebraic cycles of codimen-
sion i with rational coefficients modulo rational equivalence.

1.2. Definition. A map E associating to each variety X € €, a vector bundle E of rank e
on X is called a bundle assignment of rank e on &,,.

A map « associating to each X € ¢, a cycle in Af@(X ) is called a cycle assignment
of (pure) weight i on €,. The scalar function Vk: €, — Q, Vk(X) = fx Wi (X),
where h = hy is the class of hyperplane section, is called the degree function of the
assignment k.

1.3. Example. (i) Let «(X) = (axhy)’, where « is a rational-valued scalar function
on &,. Then Vi (X) = da', where d = deg X. In particular, for « = d/a (where,
as usual, a = codim X) one gets a cycle assignment 7; = ((d /a)h)i with Vh;
— dH_l/ai.

(i) Letx(X) = pi.Then Vi (X) = (R} -h'y ") = r;(X) is the i-th ramification volume
of X (cf. [Za, 1.4]). _

(iii) Let k(X) = p;i(X). Then Vi (X) = (p; - h'y") = pi(X) is the i-th class of X (cf.
Definition 1.1).

(iv) More generally, for any multiindex I = {iy, ..., i} one can consider the degree
function V p;(X) of weight |I| = i1 + --- + i (cf. (1.1.4)).

(v) Let k(X)) = c’i (Q}(). Then Vi (X) = deg K%, where K = Ky is the canonical
class of X (in particular, for i = n one has Vk (X) = (K%)).

(vi) More generally, for any 1 < k < n and any multiindex I = {iy, ..., ix} we can con-
sider the characteristic function V¢; (Q’;) of weight |I| = i1+ - -+ik. The function

' Here (and on several occasions below) the word class is used in its conventional sense, not the
one introduced in Definition 1.1. We hope that this will not lead to ambiguity.
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Vey (Qlj() can be expressed in terms of the degree functions of the bundle 2 §( (cf.
[Fu, Remark 3.2.3¢)]).

(vii) Let Ty = Qk* be the tangent bundle, and let I = {iy, ..., ix} be a multiindex.
Then Ve, = Ve (Tx) = (—Dle;(Q)) (cf. [Fu, Remark 3.2.3a)]).

(viii) The next example subsumes most of the preceding ones. Let E be a bundle as-
signment on €,. Then E gives rise to cycle assignments «;: €, — Q, 1 < i <
min {n, e}, by putting k; (X) = ¢;(Ex). The assignment «; will be denoted simply
by ¢;(E) and the corresponding degree function by V¢;(E). In a similar way, for
any multiindex I = {iy, ..., i} one can define a cycle assignment c; (E) of weight
|| and the corresponding degree function V¢ (E).

1.4. Definition. We say that a cycle assignment « of weight i is asymptotically small
and write k ~ 0 if there exists a polynomial Q; € Q[T] such that deg Q; < i and
|Vk| < Q;(d) everywhere on €, (here, as usual, d = deg X).

We say that two cycle assignments k1, k2 of weight i on €, are asymptotically equiv-
alent and write k1 ~ k7 if k1 — k3 ~ 0; clearly this is an equivalence relation on €,,.

We say that a cycle assignment x of weight i is asymptotically bounded by an assign-
ment «” of the same weight and write ¥ < «’ if there exists a polynomial Q; € Q[T] with
deg Q; < i suchthat Vk < Vi’ + Q;(d) everywhere on &,; in this case we also write
k" = k. Tt is clear that k ~ k" if and only if ¥ =X k" and ¥’ =X k. We say that « is strictly
asymptotically bounded by k' and write k < k" or k' = k if &k S k/, but & = «’.

The results of Section 1 in [Za] can now be interpreted as follows.
1.5. Theorem. Let X € &,. Then
[K']
03[R R s
Pi
where [K'] (resp. [R']) is the class of the i-th selfintersection of the canonical class, cf.

Example 1.3(v) (resp. ramification divisor, cf. Example 1.3(i1)), p; is the i-th polar class
(cf. formula (1.1.3), and Example 1.3(iii)), and h; is defined in Example 1.3(i).
Proof. The upper bound is an immediate consequence of Definition 1.4 and Corollar-
ies 1.5, 1.6(i) and 1.13 in [Za].

As for the lower bound, we observe that r; = V[R!] > 0 and wi = Vp; = 0 (cf.
Example 1.3(ii), (iii)). Thus it remains to show that V[K'] - 0. In fact,

VIK'1=V[(R - (n+ 1)H)"]

[i/2] [(=1/2]

i . C o i . o
= E )+ 1D VIR~ E < . )(n+1)2/+1v[Rl—2/—l]
j=0 (2]) =0 2] +1
[(171)/2J ] [(171)/21 . 2.+1
3 i : i\ (D2
z - 1 2/+1Vh', ] = — ' i d! 2./’
- j=0 (2j+1)(n+ ) e ; 2j+1) ai=2j-1



260 F. L. Zak

where the last term is a polynomial of degree i (here we used the upper bound proved in
the preceding paragraph and [Za, (1.4.2) and the proof of Corollary 1.6(i)]). O

1.6. Lemma. Let E be a bundle assignment of rank e on &, (cf. Definition 1.2), and let
¢i(E), 1 <i < min{n, e} be the corresponding cycle assignment (cf. Example 1.3(viii)).
Suppose that |c;(E)| < Bihi, where 8; > 0 is a constant function on €, and h is defined in
Example 1.3(1). Then c; (E(1)) ~ c;(E). More generally, c; (E(m)) ~ cj(E) for arbitrary
m € Z and multiindex I = {iy, ..., ir}.

Proof. By a well known formula for Chern classes (cf. e.g. [Fu, Example 3.2.2]), we have
J e— 17 o
G(EM) =) (l, ~ j)h Jej(E)
j=0

= ci(E) + (e — i 4+ Dhei 1 (E) + - + <f: 11>h"—1c1(E) n C)h’ 1.6.1)

and

c(E(=1) =) (=1)'7/ (? ) ].')hffcj(m =¢i(E) — (e —i + Dhei_1(E) + -
L

=0

+(—l)i_1<j:ll)hi_lcl(E)+(—1)i(j>hi. (1.6.2)

Thus
i—1 .
e—J
i (E(£D) = ci(B) < ) B (l, - J,)hj, (1.6.3)
j=0
and, iterating, we get
ci(E(m)) ~ ¢i(E) (1.6.4)
for an arbitrary m € Z.

To prove Lemma 1.6 for a multiindex I = {iy, ..., ix} one should consider a product
of expansions (1.6.1) or (1.6.2) fori =iy, ..., i. ]
1.7. Corollary. For each multiindex I = {i\, ..., ix} one has c;(Q) ~ py. In particu-
lar; ¢; (Q2Y) Jh,l1<i<n
Proof. In view of (1.1.2), one has

(@Y =¢(P'(=1), i=0,...,n, (1.7.1)
and therefore
(@Y = (P =D), I ={i1,... 0k} (1.7.2)

The corollary now follows from Theorem 1.5 and Lemma 1.6 (for E = Plle=n+1,
Bi=1,andm = —1). ]
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1.8. Corollary. Lete: &, — Z be the Euler—Poincaré characteristic, and let 1 <i < n.
For X € &, one has:

(—Dici(Xi) = ci(Qy,) = i —2pim1 + -+ (=D ipy + (= D' + Dpo
di+l
— + Qi(d),
a
Wi = ¢i(Qx,) +26-1(Q )+ +ict(Qy '™ + (i + Dd
= (=D'ci(X) + (D" 2 1 (Xph 4 - — el (XD + (i + Dd
i+1
< — + Qi@
a

A

Furthermore, ¢; () > Qj(d) and |e(X;)| = |c;(Xi)| < d't!/a" + Q;(d), where Q;
and Q) are polynomials of degree i in d.

Proof. The equality in the first (resp. second) formula follows from (1.6.2) and (1.7.1)
(resp. (1.6.1) and (1.7.1)). The inequalities follow from Theorem 1.5 or Corollary 1.13
in [Za]. The lower bound for c; (Q}(l_) and the bound for absolute values follow from the
first inequality and Theorem 1.5. O

1.9. Remarks. (i) The polynomials Q; (and Q!) of degree i in d occurring in the pre-
ceding results and realizing asymptotic smallness have the form Q;(d) = dg;—1(d/a),
where g;_1 is a polynomial of degree i — 1. The same applies to many other polynomials
arising in this note.

(ii) The first formula in Corollary 1.8 gives another proof of the formula for the Euler—
Poincaré characteristic from Corollary 2.9(i) in [Za]. Moreover, arguing by induction and
using Lefschetz’s theorem, we conclude that b;(X) < d'*!/a’ + Q;(d), where Q; is a
polynomial of degree i,i = 1, ..., n; hence b(X) = ij'io bj(X) < d"/a" + Q(d),
where Q is a polynomial of degree n. Thus Corollary 1.8 allows one to obtain bounds
similar to those given in Section 2 of [Za] using the language of Chern classes (of course
one can write out an explicit expression for the polynomial Q; in each particular case to
get better bounds with the same highest terms). This method is well known in the theory
of characteristic classes; it was used in [LV] to obtain a bound for the total Betti number,
but the bound in [LV] is far from being asymptotically sharp.

(iii) The second formula expressing projective classes in terms of the degrees of Chern
classes is known; cf. e.g. [Tev, Theorem 5.18(a)].

1.10. Proposition. Let X € &, and let I = {i1,...,ix}, | < if,...,ix < n, bea
multiindex of weight |I| =iy +---+ix. Then0 < Vp|;) < Vp; < Vpllll, where the first

(resp. second) inequality is strict unless I = {|I|} (resp. I = {1, ..., 1}).

Proof. As already observed, for each X € €, the bundle 73)1( is globally generated. The
claim now follows from the geometric definition of Chern classes [Fu, Example 14.4.3].
Alternatively, one can argue by induction using basic facts about Schur polynomials (cf.
[Laz, 8.3], [DPS, p. 317] or [LV, §4]). O
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1.11. Remark. Theorem 1.12 in [Za] is a special case of Proposition 1.10. In fact, for
I = {i} Proposition 1.10 yields

ui=Vpi <Vpi=ri (1.11.1)
(cf. Example 1.3(ii), (iii)).

1.12. Proposition. In the notation of Example 1.3(ii), (iii) one has p; ~ p’i fori =
1, ..., n. More precisely,

/21 ,.
Mi<ri<ui+§:(l.)(d—l)’m—zj<Mi+Qi(d), 2<i<n a=codimX >2,

— \J

j=1

where Q; is a polynomial of degree i in d.

Proof. LetLy,...,L, C PN, dimL;, =a—1,a =N —n =codimX,i =1,...,n,
be a general sequence of linear subspaces such that dimL; = i + a — 2, where
L; = (Ly,...,L;) is the linear span of Ly,...,L;, and let P, = P;(L;) = {x € X |
dmTy NL; >i—1},dimP; =n—i,i =0,...,n be the corresponding polar sub-
varieties. Denote by R; = R(L;) the ramification locus of the projection 7;: X — P"
withcenterat L;, R; = {x € X | Txx N L; # @¥}. Itisclearthat P, C Ry N---N R,
X =P DR =P DD P,and u; = deg P;, where u; is the i-th class of X
(cf. Definition 1.1). Put L; = L; N L;_, dimL; = a —2,i = 2,...,n, and de-
note by R; the ramification locus of the projection w;: X — P"+! with center at L;,
Ri={xeX|Tx,NL # 0@} Itisclear thatdimR; = n — 1, dimR; = n — 2 and
R; C R;. Furthermore, it is easy to see that R; # ¢ fora > 1 and

PP_1NR =P UMP_1NR), P 1NR=P_oNR;, 2<i<n. (1.12.1)

Let vy € A@(X ) denote the class of the ramification locus of a general projection of X
to P41 in particular, fori = 1,...,n one has [R;] = t; = pj, [R;] = t2, and from
(1.12.1) it follows that
P1pi—1 = pi + pi—2t2 (1.12.2)
(for i = 2 this formula is classical, cf. [SR, Ch. IX, §2]).
We denote by 0y € Af‘Q(X ) the class of the double locus of a general projection of X

to P" It is easy to see that
1 +01=Wd-1Dh (1.12.3)

(this classical relation was found by Pliicker in the case n = 1 and by Clebsch in the case
n = 2; cf. [Za, Remark 1.17(ii)]). By (1.12.3) and K. Johnson’s formula (cf. e.g. [Fu,
Example 9.3.13]),

v =hd; — 02 = (d — Dh> — hp; — s (1.12.4)

(in the case n = 2 this formula is due to Zeuthen; cf. [Za, Remark 1.17(iv)]). Since
the codimension two cycles hpj and 0o are ‘positive’ (and, in particular, ‘movable’),
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pi—2 - (hp1 +02) > 0 and from (1.12.4), (1.12.2) and Proposition 1.10 (applied to I =
{1,i — 1}) it follows that

Wi SVp1pi-1=Vp;i+Vpioty < pi +(d—Duj—2, 2=<i=<n  (1.12.5)

Furthermore, since v 7# 0 for a > 2, from (1.12.2) it follows that the first inequality in
(1.12.5) is strict provided that a > 1; cf. [Za, Remark 1.17(iv)].
Next we show that for each k > 1 and each i > max{2, k}, i < n, one has

min(k.[i/2]}
k _
P1Pi—k = (

.)pi_z/ré. (1.12.6)
=0 N

For k = 1, (1.12.6) reduces to (1.12.2). Suppose that (1.12.6) holds for ¥’ = k — 1. By
(1.12.2) one has
P pik = Py (picks1 + pik—112). (1.12.7)

Substituting (1.12.6) fork’ =k — 1 and i’ =i and i — 2 in (1.12.7), one gets

min{k—1,[i /2]} k—1 ) min{k,[i /2]} k—1 )
Pipik = Z ( i )Pi—zjté-l- Z <j 1)pi—2jté, (1.12.8)

=0 j=1 -

which yields (1.12.6). Substituting (1.12.4) in (1.12.6) and taking the degrees, one arrives
at the inequality

minfk,[i/2]} ]
i <Vpipik< Y (.)(d — Doy, k<i 2<i<n;  (1129)
= J
j=0

as above, for a > 1 the first inequality in (1.12.9) is strict. In particular, for k = i, (1.12.9)
yields
) li/2] i )
wi=Vpi <Vpi=ri<pi+ ) ( .)(d D pij, 2<i=n. (112.10)
—1 \J
j=1

Proposition 1.12 now follows from Theorem 1.5 (for details, cf. [Za, Corollary 1.13 or
Theorem 3.16]). o

1.13. Remarks. (i) We recall that 4y = ry and u; = r; foralli if a = 1 (cf. Ex-
amples 1.14(i), (ii) in [Za]).

(ii) Proposition 1.12 should be compared with Remark 1.17(iv) in [Za] giving a lower
bound for the difference r; — ;.

1.14. Theorem. Let I, I’ be two multiindices with |I| = |I'| =i, 1 <i < n. Then
03 er (@Y~ pr~pr~cr@) 3 hi.

Proof. From Proposition 1.10 it follows that p; = p; 3 p’i while by Proposition 1.12,
pi ~ p’i,i = 1,...,n. This proves that p; ~ p; ~ p’i and similarly py ~ p; ~ pli;
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hence p; ~ pp. By Corollary 1.7, cr (@Y ~ Pi, cp(QY ~ pr, and by transitivity
c; ~ cp. The proof is completed by applying Theorem 1.5. O

1.15. Corollary. For any two multiindices I, 1' with || = |I'| = i one has c; ~ cy,
where c; = c;(T) = (—=Dic;(QY) and |Ver| < ditV/al + Qi(d), where Qp is a
polynomial of degree i ind.

1.16. Corollary. (i) Let 1 < i < n be an integer. For each € > 0 there exists a number
M = M (¢) such that

‘ _Vpi(x)
Vps(X)
for all multiindices I, J of weight i and all varieties X € &, for which Vpg (X) >
Md' or |[Veg (X)| > Md' for some multiindex K with |K| = i.

(ii) Let P(cy, ..., cy) be a weighted homogeneous polynomial of weight n, and let P =
P(X) = VP(c1(Tx), ..., cy(Tx)) be the corresponding Chern number (cf. e.g. [Fu,
Example 15.2.13]). Then P(cy,...,cy) ~ P, ..., 1)c, and for each € > 0 there
exists a number M = M (€) such that

Ver(X)
Ve (X)

<€ and ‘1—

P(X)

P(l,...,l)—C(X)

<€

for all varieties X € €, for which one of the following conditions holds:
X)) > Md";, ¢, (X)>Md"; b(X)>Md"; b,(X)>Md".

1.17. Theorem. Let I be a multiindex of weight |I| = i, and let Xg € €,, Xo =
Xo(a, d, I), be a variety for which |Vcy| attains its maximum (for given a and d). Then,
ford > 0, Xo C V, where V! < P4 degV = qa, i.e. X is a codimension one
subvariety in a variety of minimal degree. The same is true if we replace |Vcy| by Vpj
or by |P(ct,...,cn)| or by P(p1, ..., pn), where P(cy, ..., cp) is an arbitrary weighted
homogeneous polynomial of weight i such that P(1,...,1) # 0.

Proof. This follows from Theorem 1.14 and from Theorems 3.1 and 3.15 of [Za]. O

1.18. Remarks. (i) Basing on formulas (1.6.2) and (1.7.2), the inequalities proved in
Proposition 1.10 and the results of [Za, §3] (cf. particularly [Za, Theorem 3.1]), one can
find explicit upper bounds for the numerical invariants considered in Theorem 1.17 and a
number dy (depending on a and I or P) such that the claim of this theorem holds for all
d > dp. However in the present paper we lay emphasis on qualitative asymptotic results.

(i1) Just as in Section 3 of [Za], one can obtain better bounds for subvarieties of codi-
mension one in varieties of minimal degree and a description of maximal elements in the
set of such varieties. Then, applying [Za, Theorem 3.1], one can get good bounds for the
above numerical invariants of arbitrary varieties from €, provided that d > dp (with dy
depending on a and I or P; compare with Theorem 3.16 in [Za]).

(iii) Theorem 1.17 holds not only for varieties with maximal numerical invariants,
but also for varieties whose numerical invariants are (asymptotically) large enough (e.g.
c1 = ((d/a")h)', where a < a’ < a + 1; cf. [Za, Theorem 3.1]).
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2. Bounds for Hodge numbers

Let X € €, be a smooth projective n-fold. We denote by h”4 = h’y? = dim H%(X, Q%)
the Hodge numbers of X, so that 237:0 hPi=P = b, i = 0,...,2n, and put xy =
X(Q[;) = ZZ:O(_l)th’q~ Let o? = hP"=P/b,, p = 0, ..., n denote the ‘weight’ of
the corresponding Hodge number; then «” = "7 and Z;zo af =1.
2.1. Example. Let X € €, be a hypersurface. Then

by(X) =d" T + 0,(a), 2.1.1)

where Q, is a polynomial of degree n (cf. Remark 1.9(ii) or [KK, Ch. 4, 5.10] or [Za,
(2.6.1) and (2.6.4)]). By Lefschetz’s theorem,

0, p+q#n,p#q,

hP4(X) =
l, p+q#n, p=gq,

(2.1.2)
and so the middle Hodge numbers h?"~P_ p =0, ..., n are the only (possibly) nontrivial

Hodge numbers. There exist formulas for computing 27" =7 (X)) (cf. [Hi, §22]), but they
are rather complicated. These formulas have the form

WP =gl 4+ oR(d), p=0,...,n, (2.1.3)

where ozg = a([; (n) € Q and Qf (d) are polynomials of degree n. Thus
n
p n—p p : p
= , =1, 1 P(X)=ap, =0,...,n. 2.1.4
ay = o pX:(:)aO di)rroloa (X) =q )4 n ( )

One can give a nice description of the numbers «” (n) for X € &, in terms of the number
of integer points in the slabs of an (n + 1)-dimensional cube with edge length d — 2
obtained by cutting the cube by hyperplanes perpendicular to a main diagonal (cf. [KK,
Ch. 4, 5.10], [ChL]). From this it easily follows that the limit weights oz(’)7 are given by the
volumes of slabs of the unit cube K c R"t!, viz.

al =vol{(xo,....,xy) eK|p<xo+--+x, <p+1}. (2.1.5)

Let Ay41,p+1 denote the Eulerian number equal to the number of permutations of n + 1
elements having exactly p descents (we recall that the number of descents of a permuta-
tionag . ..a, is equal to card {i | a; > a;+1}). By (2.1.5) and the Laplace—P6lya—Stanley
theorem (cf. [St] and the award-winning expository article [ChL]),

p Antipt+
ay = ——————
(n+1)!

(I am grateful to F. Sottile and J. De Loera for pointing out the above references to me).
In particular,

, p=0,...,n (2.1.6)

1

e 2.1.7)

otg(n) =ag(n) =
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and by (2.1.1),
pg(X) 1
im = ,
d—o0 b, (X) (n+1)!

(2.1.8)

where d = deg X and p, = h9" denotes the geometric genus. The computations in [Ha]
and [Za, §3] show that (2.1.8) still holds if the hypersurface X € ¢, is replaced by an
arbitrary Castelnuovo variety in &,, i.e. any variety having maximal geometric genus (for
given a and d). Our next result shows that this is not a pure coincidence.

2.2. Theorem. For each € > 0 there exists a number M = M (¢) such that |a?(X) —
oz(';| <e€forallp=0,...,nandall X € &, for which b,(X) > Md".

Proof. From Remark 1.9(ii) (or Corollary 2.14(i) in [Za]) it follows that

dp+q+l
— T Qpiq(d), p+q=n,
rq abt4
hPt < by, < J2rpgt] (2.2.1)
g T Q. ptqgzn
where Q; is a polynomial of degree i. Thus
RGP — (=" PxRl < QR @), (2.2.2)

where QF is a polynomial of degree 7.
By the Riemann—Roch—Todd—Hirzebruch theorem (cf. [Hi, Ch. IV, §21] or [Fu, Corol-
lary 15.2.1]),

xx = /X(Ch(Qfg) td(Tx))n = ZV(Ch(QI;)i td(Tx)n—i), (2.2.3)
i=0

where ( ); denotes the component of codimension i. In particular, for p = 0 we get the
well known formula

Xy = Td(X), (2.2.4)

where Td(X) = V(td(TY)),, is the Todd genus of X (cf. [Hi], [Fu, Examples 15.2.12 and
15.2.13]).

From (2.2.2) and (2.2.3) it follows that there exists a weighted homogeneous polyno-
mial PP (cy, ..., cy) of weight n in the Chern classes c; = c¢;(T) such that

Wy —PP(X)| < QF(d), 0<p<n. (2.2.5)

By (2.2.5), Corollary 1.16(ii), and Remark 1.9(ii) (or Corollary 2.14(i) from [Za]), for
each € > 0 there exists a number M = M (¢) such that

P (X) —PP(1,...,1)| <e (2.2.6)

for all varieties X € €, with b, (X) > Md". In view of (2.1.1), (2.2.6) also holds for any
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hypersurface X € €, of sufficiently high degree d, and applying (2.1.4) we conclude that
al =PP(1,....1). (2.2.7)
Theorem 2.2 now follows from (2.2.6). O

2.3. Corollary. For any p with 0 < p < n and any X € €&, one has h?"7 P <
aé’d”“/a” + 0F(d), where QF is a polynomial of degree n.

Next we give an example where the hypotheses of Corollary 1.16 and Theorem 2.2 are
satisfied.

2.4. Example. Let V"*! ¢ PV be a nondegenerate nonsingular variety, deg V = s, let
W c PV be a general hypersurface of degree m > 1,andlet X = X,, = VNW C PV be
a nonsingular nondegenerate variety of dimension 7, codimension a = N — n and degree
d = ms. Arguing as in [Za, Example 3.5], one can show that

pn(m) ~ d"T1/s". (2.4.1)

Alternatively, using the adjunction formula, one concludes that

dn+1
K% = Xp - (X + Ky)" ~sm"t = —. (2.4.2)
s
Since by (Xin) ~ pn(Xpm) ~ K%, (2.4.1) (or (2.4.2)) shows that, for large m, X, satisfies
the hypotheses of Corollary 1.16 and Theorem 2.2.

For example, if V is a complete intersection of @ — 1 hypersurfaces of fixed degrees
di,...,ds—1,s = d1---ds—1, then X,, is a complete intersection and there are classi-
cal formulas for u,(m) due to Severi (cf. [Sev, Cap. II, §6] and [SR, Ch. IX, §5]) and
for h?"~P due to Hirzebruch (cf. [Hi, §22]). Using these formulas, it is easy to verify
Corollary 1.16 and Theorem 2.2 in this special case.

2.5. Theorem. Let Xg € €, Xo = Xo(a,d, p), be a variety for which the Hodge
number hP " =P attains its maximum (for given a, d and 0 < p < n). Then, for d > 0,
Xo C V, where yntl < prta degV = aq, i.e. X is a codimension one subvariety in a
variety of minimal degree.

Proof. This is a consequence of Theorem 2.2 and of Theorems 3.1 and 3.16 in [Za]. O

2.6. Remarks. (i) Writing out the polynomials Q7 (d) in (2.1.3) and P?(cy, ..., c,) in
(2.2.5) explicitly, one can get an explicit form of the function M (¢) in the statement of
Theorem 2.2. We do not need it here.

(i1) It might be more convenient to apply the Riemann—Roch—Hirzebruch theorem
for the generalized Euler—Poincaré characteristic and the generalized Todd genus. Ac-
cording to this theorem, x,(X) = T,(X), where x,(X) = ZZ:O ngp, Ty(X) =
ZZ:O TP (cy,...,cy)yP (cf. [Hi, 1.8, 15.5, and 21.3]).

(iii) Theorem 2.2 shows that, asymptotically, if one of the middle Hodge numbers
hP-"~P ig large (close to maximum for a given codimension and (large) degree), then all
the middle Hodge numbers 4”9, p + g = n, and the Betti number b,, are also large (close
to their respective maxima).
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Furthermore, as in Corollary 1.16 and Theorem 1.17, we get statements similar to
Theorems 2.2 and 2.5 for linear combinations ) p Aph?"~P provided that > » Apa(’)’
# 0. A useful example is that of cohomology of Hodge level not exceeding j, viz.
2 n—2pl=j WP

@iv) If X is a codimension one subvariety in a variety of minimal degree, then, by
Lefschetz’s theorem, 27" ~P are the only (possibly) nontrivial Hodge numbers (cf. e.g.
[Za, (3.5.12)]; compare with (2.1.2)). As in Remark 1.18(ii), one can obtain good and
even sharp bounds for the (middle) Hodge numbers of codimension one subvarieties of
varieties of minimal degree as well as a description of subvarieties with maximal Hodge
numbers whose existence is granted by Theorem 2.5. An interesting question here is
whether these maximal subvarieties are the same for different values of p. For example,
let V*+! c P4 degV = a, be a rational normal scroll, let X” C V be a nonsingular
subvariety of degree d, and let m denote the degree of the hypersurface cut out by X on
a general linear subspace P* C V. In [Za, Proposition 3.11(iii)] it was shown that, for
given d, the maximal value of b, (X) corresponds to either m = [d/a] or m = [d/a] + 1.
A priori, for p = 0,...,n one can get several different values of m corresponding to
the varieties X? = Xq(a, d, p) furnished by Theorem 2.5 for d > 0. However, it turns
out that in many special cases the variety X? does not actually depend on p. It would be
interesting to check whether this is always the case. The same question makes sense in the
setup of Theorem 1.17. Answering these questions involves combinatorial computations
and should not be very difficult, but it does not fit into the scope of the present paper.

(v) Theorem 2.5 holds not only for varieties with maximal Hodge numbers, but also
for varieties whose Hodge numbers are (asymptotically) large enough (e.g. h?"~7 >
ald" ™ /a", where a < a’ < a + 1; cf. Remark 1.18(iii)).

(vi) For p = 0, Corollary 2.3 yields

n+1

Pe= it 03 (@), (2.6.1)

where Qf is a polynomial of degree n (which, by (i), can be written out explicitly).
Alternatively, from (2.2.2) and (2.2.4) it follows that (in the obvious notation)

Pg ~ pa ~ (=1)" Td(X), (2.6.2)

so that, in a more traditional, but also more cumbersome way, (2.6.1) can be obtained by
computing the coefficients in the expansion of the Todd genus. For example, in the case
when X = S is a surface, (2.6.2) and Noether’s formula yield

1
Pe(S) ~ pa(S) = EV(c% + ), (2.6.3)

and combining (2.6.3) with Corollary 1.15 one gets

d3
pg(S) = ra 05(d), degQf =2, (2.6.4)

in accordance with (2.6.1).
As far as I am aware, the case p = 0 is the only one for which a sharp upper bound
for h?"*~P and the structure of maximal varieties were known previously; cf. [Ha].
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3. Further problems, examples, and speculations

3.1. (i) By Theorem 2.2, asymptotically, varieties with large (middle) Betti number tend
to have Eulerian distribution of Hodge weights «”, that is, the distribution of normalized
Eulerian numbers Otg from (2.1.6) which is known to converge to the normal distribution
as n — oo (cf. [WX] and references therein). It might be tempting to introduce ‘infinite-
dimensional’ varieties, study their invariants, and interpret the limit distribution.

(i1) Corollary 1.16 and Theorem 2.2 describe the asymptotic behaviour of numeri-
cal invariants of varieties whose Betti number is large. It would be interesting to study
the asymptotic behaviour of numerical invariants for classes (cf. the footnote preced-
ing Definition 1.2) of varieties with smaller Betti numbers. For example, denote by €}
the class of nondegenerate nonsingular n-dimensional projective varieties X such that
u1(X) < cdPt!, where 0 < p < 1 and ¢ > 0. Since u1(X) = 2m1(X) + 2d — 2,
where 1(X) = g(X1) is the sectional genus of X (cf. Definition 1.1), bounding w1 is
equivalent to bounding the sectional genus 1. Castelnuovo’s bound shows that C@,ll =,
provided that c is large enough, e.g. ¢ = 1 (asymptotically it suffices to take ¢ = 1/a, but
a larger ¢ should be chosen to kill a linear term in Castelnuovo’s bound). One can intro-

P

. .op . .
duce an equivalence relation ~ and precedence relation X on cycle assignments on €},
generalizing those introduced in Definition 1.4. For example, if « is a cycle assignment of

weight 7, then we say that « is asymptotically p-small and write k Loif |Vk| = 0(d*),
where @ < ip + 1. The notions of p-equivalence and p-boundedness are defined in a
similar way.

Analyzing the arguments used in the proof of Theorems 1.14 and 2.2 and Corollar-
ies 1.15 and 1.16, one sees that the only point that might fail for their analogues in our
setting (that is, on 7Y s Proposition 1.12. Since

p < rp <rkjd*t < ckate sk =1,...n, (3.1.1)

(cf. [Za, Corollary 1.5]), (1.12.10) shows that

/21 /. li/21 /.

r<uity (f)(d — D/ io2j < i+ ) ({)C, (d = 1)/di2004 (312
—~ \ J J
j=1

j=1

and so
p>1/2, wiZr, i=1,...,n (3.1.3)

(with o = (i — 2)p + 2). Thus the analogue of Proposition 1.12 is still true provided that
p > 1/2. Therefore, analogues of Theorems 1.14 and 2.2 and Corollaries 1.15 and 1.16
hold on €} for arbitrary ¢ > 0 and p > 1/2 (and actually the results cited above are
special cases of these analogues for p = 1).

For p < 1/2 the situation is different, and one needs to get more information on the
ramification cycle used in the proof of Proposition 1.12. Hopefully, this will yield prop-
erties of the limit distribution of the Hodge weights «”. To illustrate this point, consider
the following example.
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3.2. Example. Let X C PV, n =2, N = a + 2 be a nonsingular complete intersection
of a; hypersurfaces of degree di, j=1.. ka+--+a =a,r > - > Ag,
air + - -+ + agir = 1. It is easy to see that, for such a surface X, u1(X) ~ apdMtl
and so X € 4 QI;'. Furthermore, using Severi’s computations for classes (cf. [Sev, Cap.
II, §6] or [SR, Ch. IX, §5] and also [Za, Theorems 1.21 and 2.20]) and Hirzebruch’s
computations for Hodge numbers (cf. [Hi, §22]), it is easy to check that

w2(X) ~ c2(X) = e(X) ~ ba(X) ~ (“1; 1>d2)~1+1’

) 5 3.2.1)
2 2 M1 2 241 2 ai
T = (Kx) ~ —F ~ajd™'™, A~ e
and so, by Noether’s formula,
1 1 1
lim ¢ = lim o’= - — ———, limao!=-+——. (3.2.2)
d—o0 d—o00 4  6(a;+1) d—o0 2 3(ar+1)

If A1 > 1/2, then clearly a; = 1, and so c% ~ ¢y and a? = a(’)’, 0 < p <2, in accordance
with our preceding remark. The maximal values of C% /c3 and o and the minimal value
of ! are attained when a; = a,ie. k = 1; as a; and a grow to infinity, c% /c2 and
a® = «? grow from 1 to 2 and from 1/6 to 1/4 respectively, and o! decreases from 2/3
to 1/2. It is instructive to observe that the limit values of c% /c2 and a” do not actually
depend on p = A and that for general complete intersections the limit distribution of
Hodge weights coincides with the Eulerian distribution otg while for special complete
intersections (when there are several equations of maximal degree) the limit distribution
becomes more flat.

(iii) It is desirable to give a nice general definition of a class of projective varieties, to
prove analogues of Corollary 1.16 and Theorem 2.2 for varieties in such a class having
large Betti numbers, to study the limit distribution of Hodge weights «”, and to under-
stand the role played by examples, such as complete intersections. It would also be nice to
give a combinatorial interpretation of the limit distribution of Hodge weights of complete
intersections generalizing the one given for hypersurfaces in terms of volumes of slabs of
the unit cube and Eulerian numbers.

(iv) An analogue of Theorem 2.2 does not hold for the Hodge weights corresponding
to Hodge numbers 774 with p 4+ g # n. This is connected with the fact that the classes
Wi (X) are related to the Betti numbers b; (X;) of linear sections of X rather than to the
Betti numbers b; (X) of X itself, and, by Lefschetz’s theory, these last numbers are usually
smaller than the first ones (cf. [Za, Section 4, Remark 10]). It would be interesting to
classify varieties of large degree for which A”°9 attains its maximum (i.e. to prove an
analogue of Theorem 2.5) and to study the asymptotic behaviour of the Hodge weights
oe[.p = h?9/b,yy for p+q = i < n (by Lefschetz’s theory, it suffices to solve this
problem forn =i + 1).

Acknowledgment. The author is grateful to the referee for carefully reading the manuscript and
suggesting several improvements in the presentation of the material.



Asymptotic behaviour of numerical invariants 271

References

[ChL]
[DG]

[DPS]

[Fu]
[GH]
(Ha]
[Hi]

[KK]

(LV]

[Laz]

[Per]

(Pi]
[SR]

[Sev]

[St]

[Tev]

[WX]

[Za]

Chakerian, D., Logothetti, D.: Cube slices, pictorial triangles, and probability. Math. Mag.
64, 219-241 (1991) Zbl 754.52002 MR 1131009

Di Gennaro, V.: Self-intersection of the canonical bundle of a projective variety. Comm.
Algebra 29, 141-156 (2001) Zbl 1063.14005 MR 1842487

Demailly, J.-P., Peternell, T., Schneider, M.: Compact complex manifolds with numeri-
cally effective tangent bundles. J. Algebraic Geom. 3, 295-345 (1994) Zbl 0827.14027
MR 1257325

Fulton, W.: Intersection Theory. 2nd ed., Ergeb. Math. Grenzgeb. 2, Springer (1998)
Zbl 0885.14002 MR 1644323

Griffiths, Ph., Harris, J.: Principles of Algebraic Geometry. Wiley-Interscience, London—
New York (1978) Zbl 0408.14001 MR 0507725

Harris, J.: A bound on the geometric genus of projective varieties. Ann. Scuola Norm. Sup.
Pisa 8, 35-68 (1981) Zbl 0467.14005 MR 0616900

Hirzebruch, F.: Topological Methods in Algebraic Geometry. Springer, New York (1966)
Zbl 0138.42001 MR 0202713

Kulikov, V. S., Kurchanov, P. V.: Complex algebraic varieties, periods of integrals and
Hodge structures. In: Current Problems in Mathematics. Fundamental Directions, Itogi
Nauki i Tekhniki 36, VINITI, Moscow, 5-231 (1989) (in Russian); English transl. in: Alge-
braic Geometry, III, Encyclopaedia Math. Sci. 36, Springer, Berlin (1998) Zbl 0881.14003
MR 1060327

Laszlo, Y., Viterbo, C.: Estimates of characteristic classes of real algebraic varieties. Topol-
ogy 45, 261-280 (2006) Zbl 1117.14058 MR 2193335

Lazarsfeld, R. K.: Positivity in Algebraic Geometry I-II. Ergeb. Math. Grenzgeb. 48, 49,
Springer, Berlin (2004) Zbl 1093.14501(I) Zbl 1093.14500(I) MR 2095471(I)

MR 2095472(11)

Persson, U.: An introduction to the geography of surfaces of general type. In: Algebraic
Geometry, Bowdoin, 1985 (Brunswick, ME, 1985), Proc. Sympos. Pure Math. 46, Part 1,
Amer. Math. Soc., Providence, RI, 195-218 (1987) Zbl 0656.14020 MR 0927957

Piene, R.: Polar classes of singular varieties. Ann. Sci. Ecole Norm. Sup. 11, 247-276
(1978) Zbl 0401.14007 MR 0510551

Semple, J. G., Roth, L.: Introduction to Algebraic Geometry. Oxford Univ. Press (1949)
Zbl 0041.27903 MR 0034048

Severi, F.: Sulle intersezioni delle varieta algebriche e sopra i loro caratteri e singolarita
proiettive. Mem. R. Accad. Sci. Torino (2) 52, 61-118 (1902); reprinted in: Memorie scelte,
Vol. 1, Edizioni Cremonese, Roma, 41-115 (1950) and Opere matematiche: memorie e note,
Vol. 1, Acc. Naz. dei Lincei, Roma, 33-94 (1971) JFM 34.0699.01

Stanley, R. P.: Eulerian partitions of a unit hypercube. In: Higher Combinatorics, M. Aigner
(ed.), NATO Adv. Study Inst. 31, Reidel, Dordrecht, 1977, p. 49 Zbl 0359.05001

Tevelev, E.: Projective Duality and Homogeneous Spaces. Encyclopaedia Math. Sci.

133, Invariant Theory and Algebraic Transformation Groups IV, Springer, Berlin (2005)
Zbl 1071.14052 MR 2113135

Wang, R., Xu, Y.: The asymptotic properties of Eulerian numbers and refined Eulerian num-
bers: A spline perspective. arXiv:1002.0056 [math.CO] (to appear)

Zak, F. L.: Castelnuovo bounds for higher dimensional varieties. Compos. Math. 148 (2012)
(to appear)


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:754.52002&format=complete
http://www.ams.org/mathscinet-getitem?mr=1131009
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1063.14005&format=complete
http://www.ams.org/mathscinet-getitem?mr=1842487
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0827.14027&format=complete
http://www.ams.org/mathscinet-getitem?mr=1257325
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0885.14002&format=complete
http://www.ams.org/mathscinet-getitem?mr=1644323
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0408.14001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0507725
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0467.14005&format=complete
http://www.ams.org/mathscinet-getitem?mr=0616900
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0138.42001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0202713
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0881.14003&format=complete
http://www.ams.org/mathscinet-getitem?mr=1060327
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1117.14058&format=complete
http://www.ams.org/mathscinet-getitem?mr=2193335
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1093.14501&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1093.14500&format=complete
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095472
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0656.14020&format=complete
http://www.ams.org/mathscinet-getitem?mr=0927957
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0401.14007&format=complete
http://www.ams.org/mathscinet-getitem?mr=0510551
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0041.27903&format=complete
http://www.ams.org/mathscinet-getitem?mr=0034048
http://www.emis.de/cgi-bin/jfmen/MATH/JFM/quick.html?first=1&maxdocs=20&type=html&an=34.0699.01&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0359.05001&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1071.14052&format=complete
http://www.ams.org/mathscinet-getitem?mr=2113135

	Bounds for the degrees of Chern classes
	Bounds for Hodge numbers
	Further problems, examples, and speculations

