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Abstract. We prove that blocks of the general linear supergroup are Morita equivalent to a limiting
version of Khovanov’s diagram algebra. We deduce that blocks of the general linear supergroup are
Koszul.

1. Introduction

This is the culmination of a series of four articles studying various generalisations of
Khovanov’s diagram algebra from [Kh]. The goal is to relate the limiting version H>
of this algebra constructed in [BS1] to blocks of the general linear supergroup GL(m|n).
More precisely, working always over a fixed algebraically closed field I of characteristic
zero, we show that any block of GL(m|n) of atypicality r is Morita equivalent to the
algebra H>. We refer the reader to the introduction of [BS1] for a detailed account of
our approach to the definition of Khovanov’s diagram algebra and the construction of its
limiting version; see also [St3] which discusses further the connections to link homology.

To formulate our main result in detail, fix m,n > 0 and let G denote the algebraic
supergroup GL(m|n) over F. Using scheme-theoretic language, G can be regarded as a
functor from the category of commutative superalgebras over [F to the category of groups,
mapping a commutative superalgebra A = Ag ® Aj to the group G(A) of all invertible
(m + n) x (m + n) matrices of the form

g:(j Z) (L.1)

where a (resp. d) is an m x m (resp. n x n) matrix with entries in Ay, and b (resp. ¢) is
anm x n (resp. n X m) matrix with entries in Aj.

We are interested here in finite-dimensional representations of G, which can be
viewed equivalently as integrable supermodules over its Lie superalgebra g = gl(m|n, F);
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the condition for integrability is the same as for g5 = gl(m, F)@gl(n, IF). For example, we
have the natural G-module V of column vectors, with standard basis vy, ..., U, Un+1,
.+ Umgn and Z-grading defined by putting v, in degree 7 := 0if | <r <m, 7 := 1 if
m+1 <r <m-+n.Let Band T be the standard choices of Borel subgroup and maximal
torus: for each commutative superalgebra A, the groups B(A) and T (A) consist of all
matrices g € G(A) that are upper triangular and diagonal, respectively. Let €1, ..., &u4n
be the usual basis for the character group X (7') of T, i.e. &, picks out the rth diagonal
entry of a diagonal matrix. Equip X (7') with a symmetric bilinear form (-, -) such that
(er, 85) = (—1)f8,,s, and set

0= Z(l —r)er + Z(m — $)Emys- (1.2)
r=1 s=1

Let

1.3
+ 0, &mt1) < <A+ P, Emtn) (13)

= frexan | Otem > Grpa. )
denote the set of dominant weights.

We allow only even morphisms between G-modules, so that the category of all finite-
dimensional G-modules is obviously an abelian category. Any G-module M decomposes
as M = My & M_, where M (resp. M_) is the G-submodule of M spanned by the
degree A (resp. the degree A+ 1) component of the A-weight space of M forall A € X (T);
here X = (X, em+1 + -+ + €m+n) (mod?2). It follows that the category of all finite-
dimensional G-modules decomposes as .# @ I1.%, where . = F(m|n) (resp. [1.7% =
[1.%(m|n)) is the full subcategory consisting of all M such that M = M, (resp. M =
M_). Moreover .% and I1.% are obviously equivalent. In view of this decomposition, we
will focus just on .% from now on. Note further that .7 is closed under tensor product, and
it contains both the natural module V and its dual V*.

By [B1, Theorem 4.47], the category % is a highest weight category with weight
poset (X T(T), <), where < is the Bruhat ordering defined combinatorially in the next
paragraph. We fix representatives {£L(A) | A € X1 (T)} for the isomorphism classes
of irreducible modules in .# so that £(}) is an irreducible object in .# generated by a
one-dimensional B-submodule of weight . We also denote the standard and projective
indecomposable modules in the highest weight category .Z by {V(1) | A € X (T)} and
{P(\) | A € XT(T)}, respectively. So P(A) — V(A) — L(1). In this setting, the standard
module V() is often referred to as a Kac module after [Ka].

Now we turn our attention to the diagram algebra side. Let A = A(m|n) denote
the set of all weights in the diagrammatic sense of [BS1, §2] drawn on a number line
with vertices indexed by Z, such that a total of m vertices are labelled x or Vv, a total
of n vertices are labelled o or Vv, and all of the (infinitely many) remaining vertices are
labelled A. From now on, we identify the set X+ (T) introduced above with the set A via
the following weight dictionary. Given A € X (T), we define

L) ={(+p.e1),.... A+ p.em)}, (1.4)
ING) = ZNAG AP, emt1), - (A A 05 Emgn) ) (1.5)
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Then we identify A with the element of A whose ith vertex is labelled

if i does not belong to either I\, (A) or I5(A),
if i belongs to I, (1) but not to 1, (1),

if i belongs to 1, (X) but not to I, (1),

if 7 belongs to both 1., (%) and I, (}).

(1.6)

x > < O

For example, the zero weight (which parametrises the trivial G-module) is identified with
the diagram

~ A ) AT ifm > n,

ifm <n,

m n—m

where the leftmost V is on vertex 1 —m. In these diagrammatic terms, the Bruhat ordering
on X1 (T) mentioned earlier is the same as the Bruhat ordering on A from [BS1, §2], that
is, the partial order < on diagrams generated by the basic operation of swapping a Vv and
an A so that V’s move to the right.

Let ~ be the equivalence relation on A generated by permuting Vv’s and A’s. Fol-
lowing the language of [BS1] again, the ~-equivalence classes of weights from A are
called blocks. The defect def(I") of each block I' € A/~ is simply equal to the number
of vertices labelled Vv in any weight A € T'; this is the same thing as the usual notion of
atypicality in the representation theory of GL(m|n) as in e.g. [Sel, (1.1)].

Let K = K (m|n) denote the direct sum of the diagram algebras Kt associated to all
the blocks I' € A/~ as defined in [BS1, §4]. As a vector space, K has a basis

{(arb) | for all oriented circle diagrams alb with L € A}, (L.7)

and its multiplication is defined by an explicit combinatorial procedure in terms of such
diagrams as in [BS1, §6]; see the discussion at the end of this introduction for some ex-
amples illustrating the precise meaning of all this. As explained in [BSI1, §5], to each
A € A there is associated an idempotent ¢, € K. The left ideal P(A) := Ke, is a
projective indecomposable module with irreducible head denoted L(X). The modules
{L(A) | » € A} are all one-dimensional and give a complete set of irreducible K -modules.
Finally let V(1) be the standard module corresponding to A, which was referred to as a
cell module in [BS1, §5].
The main result of the paper is the following.

Theorem 1.1. There is an equivalence of categories E from F(m|n) to the category of
finite-dimensional left K (m|n)-modules such that EL(A) = L(A), EV(A) = V(A) and
EP) = P(A) for each A € A(m|n).

Our proof of Theorem 1.1 involves showing that K is isomorphic to the locally finite
endomorphism algebra End?;“(P)"p of a canonical minimal projective generator P =
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@Ae A P() for #; see Lemmas 5.8-5.9 below. To construct P, we first consider the
weight

m n
hpg =D per = Y (@ +m)ems (1.8)
r=1 s=1
for integers p < g. This is represented diagrammatically by
p—m p q q+n
A n A A A © © © ~ A (1.9)
———— —————
m n

where the rightmost x is on vertex p and the rightmost o is on vertex g 4+n. The G-module
V(Ap,q) is projective, hence the “tensor space” V(A ) ® V®4 is projective for any d > 0.
Moreover, any P (1) appears as a summand of V(A ;) ® V® for suitable p,q and d.
The key step in our approach is to compute the endomorphism algebra of V(4 4) ® y®d
for d > 0. For d < min(m, n), we show that it is a certain degenerate cyclotomic Hecke
algebra of level two, giving a new “super” version of the level two Schur—Weyl duality
from [BK1]. Then we invoke results from [BS3] which show that the basic algebra that
is Morita equivalent to this cyclotomic Hecke algebra is a generalised Khovanov algebra;
this equivalence relies in particular on the connection between cyclotomic Hecke algebras
and Khovanov-Lauda—Rouquier algebras in type A from [BK2]. Finally we let p, ¢ and d
vary, taking a suitable direct limit to derive our main result.
We briefly collect here some applications of Theorem 1.1.

Blocks of the same atypicality are equivalent

The algebras Kt for all I' € A(m|n)/~ are the blocks of the algebra K (m|n). Hence
by Theorem 1.1 they are the basic algebras representing the individual blocks of the
category #(m|n). In the diagrammatic setting, it is obvious for I' € A(m|n)/~ and
IV € A(m’|n")/~ (for possibly different m’ and n’) that the algebras K and K are
isomorphic if and only if T and I’ have the same defect. Thus we recover a result of
Serganova from [Se2]: the blocks of GL(m|n) for all m, n depend up to equivalence only
on the degree of atypicality of the block.

Gradings on blocks and Koszulity

Each of the algebras K carries a canonical positive grading with respect to which it
is a (locally unital) Koszul algebra; see [BS2, Corollary 5.13]. So Theorem 1.1 implies
that blocks of GL(m|n) are Koszul. The appearence of such hidden Koszul gradings in
representation theory goes back to the classic paper of Beilinson, Ginzburg and Soergel
[BGS] on blocks of category O for a semisimple Lie algebra. In that work, the grading
is of geometric origin, whereas in our situation we establish the Koszulity in a purely
algebraic way.
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Rigidity of Kac modules

Another consequence of Theorem 1.1, combined with [BS2, Corollary 6.7] on the dia-
gram algebra side, is that all the Kac modules V()) are rigid, i.e. their radical and socle
filtrations coincide. See [BS1, Theorem 5.2] for the explicit combinatorial description of
the layers.

Kostant modules and BGG resolution

In [BS2] we studied in detail the Kostant modules for the generalised Khovanov algebras,
i.e. the irreducible modules whose Kazhdan-Lusztig polynomials are multiplicity-free.
In particular in [BS2, Lemma 7.2] we classified the highest weights of these modules via
a pattern avoidance condition. Combining this with Theorem 1.1, we obtain the follow-
ing classification of all Kostant modules for GL(m|n): they are the irreducible modules
parametrised by the weights in which no two vertices labelled Vv have a vertex labelled
A between them. By [BS2, Theorem 7.3], Kostant modules possess a BGG resolution by
multiplicity-free direct sums of standard modules. All irreducible polynomial representa-
tions of GL(m|n) satisfy the combinatorial criterion to be Kostant modules, so this gives
another proof of the main result of [CKL].

Endomorphism algebras of PIMs

For any A € A, Theorem 1.1 implies that the endomorphism algebra Endg (P (1))°P of
the projective indecomposable module P (1) is isomorphic to the algebra e; Ke,. By the
definition of multiplication in K, this algebra is isomorphic to F[xy, ..., x,]/ (xlz, el xrz)
where r is the defect (atypicality) of the block containing A, answering a question raised
recently by several authors; see [BKN, (4.2)] and [Dr, Conjecture 4.3.3]. (It should also
be possible to give a proof of the commutativity of these endomorphism algebras us-
ing some deformation theory as in [St2, §2.8], invoking the fact that the multiplicities
(P(A) : V(u)) are at most one by Theorem 2.1 below; see [Stl, Theorem 7.1] for a
similar situation.)

Super duality

When combined with the results from [BS3], our results can be used to prove the “Super
Duality Conjecture” as formulated in [CWZ]. A direct algebraic proof of this conjec-
ture, and its substantial generalisation from [CW], has recently been found by Cheng
and Lam [CL]. All of these results suggest that some more direct geometric connection
between the representation theory of GL(m|n) and the category of perverse sheaves on
Grassmannians may exist.

To conclude this introduction, we recall in more detail the definition of the algebra K
following [BS1, §6]. We assume m = n = r and focus just on the principal block of
G = GL(r|r), which is the basic example of a block of atypicality r. The dominant
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weights in this block are the weights

s=1
parametrised by sequences i| > --- > i, of integers. According to the weight dictionary
(1.6), the diagram for A;, _; has label Vv at the vertices indexed by iy, ..., i, and label
A at all remaining vertices. The corresponding block of the algebra K is exactly the
algebra denoted K in the introduction of [BS1]. Theorem 1.1 (or rather the more precise
Lemmas 5.8-5.9 below) asserts in this situation that

k2 =End?( @ PG i,))op. (1.10)

ip>>iy

Our explicit basis of K>° is given by the oriented circle diagrams from (1.7). These
are obtained by taking the diagram of some A;,,; , then gluing r cups and infinitely
many rays to the bottom and r caps and infinitely many rays to the top of the diagram so
that

» every vertex meets exactly one cup or ray below and exactly one cap or ray above the
number line;

» each cup and each cap is incident with one vertex labelled A and one vertex labelled Vv;

» each ray is incident with a vertex labelled A and extends from there vertically up or
down to infinity;

» no crossings of cups, caps and rays are allowed.

Under the isomorphism (1.10), such a diagram represents a homomorphism P(4;; .. ;.)
— P(r,,...k,) Where ji > --- > j,. (resp. ki > --- > k;) index the leftmost vertices
of the cups (resp. caps) in the diagram. For example, here are two oriented circle dia-
grams corresponding to basis vectors in K5° (where - - - indicates infinitely many pairs of
vertical rays labelled A):

The first diagram here represents a homomorphism P(x42) — P(A32) and the second
one represents a homomorphism P(A32) — P(A4,1). Multiplying these two basis vectors
together as described in the next paragraph, bearing in mind the “op” in (1.10) which
means for once that we are writing maps on the right, one gets the basis vector

1 2 3 4 5 6

~ |~
— oD

which is some homomorphism P(X42) = P(r4.1).
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We now sketch briefly the combinatorial procedure for multiplying basis vectors.
Given two basis vectors, their product is necessarily zero unless the caps at the top of
the first diagram are in exactly the same positions as the cups at the bottom of the sec-
ond. Assuming that is the case, we glue the first diagram underneath the second and join
matching pairs of rays. Then we perform a sequence of generalised surgery procedures
to smooth out all cup-cap pairs in the symmetric middle section of the resulting com-
posite diagram, obtaining zero or more new diagrams in which the middle section only
involves vertical line segments. Finally we collapse these middle sections to obtain a sum
of basis vectors, which is the desired product. Each generalised surgery procedure in this
algorithm either involves two components in the diagram merging into one, or one com-
ponent splitting into two. The rules for relabelling the new component(s) produced when
this operation is performed are summarized as follows:

1®1—1, 1®x+—x, x®x+—0,
IQy—>y, x®y—0, y®ymr0,
I 1®x+x®1, x—xQ®x, Yy~ xQYy,

where 1 represents an anti-clockwise circle, x represents a clockwise circle, and y repre-
sents a line. This is a little cryptic; we refer the reader to [BS1] for a fuller account (and
explanation of the connection to Khovanov’s original construction via a certain TQFT).
Let us at least apply this algorithm to the example from the previous paragraph: two surg-
eries are needed, the first of which involves an anti-clockwise circle and a line merging
together (1 ® y — y) and the second of which involves a line splitting into a clockwise
circle and aline (y — x ® y):

m@ N e A M

pumu ) A

Contracting the middle section of the diagram on the right hand side here gives the final
product recorded already at the end of the previous paragraph.

The case r = 1 in the above discussion (the principal block of GL(1|1)) is easy to
derive from scratch, but still this is quite instructive. So now the irreducible modules
are indexed simply by the weights {A; | i € Z}. It is well known that P(};) has ir-
reducible socle and head isomorphic to £(A;), with rad P(X;)/soc P(X;) = L(A;j—1) P
L(Xi+1)- Hence in this case the locally finite endomorphism algebra from (1.10) has basis
{ei, ci,ai, bi | i € Z}, where ¢; is the projection onto P (;), a; : P(A;) = P(Xi4+1) and
b;i : P(Ai+1) — P(A;) are non-zero homomorphisms chosen so that b; oa; = a;_10b;_1,
and ¢; := b; o a; sends the head of P (A;) onto its socle. This corresponds to our diagram
basis for K° so that

|

S o=k «-lf v

W
~

€i
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where we display only vertices i, i + 1, i +2 and there are infinitely many pairs of vertical
rays labelled A at all other vertices. In fact, K7° is simply the path algebra of the infinite
quiver

aj—1 ai ai+1 ai+2

e . Y Y

S
N ° [ ] [ ] ® -
<" S S S~

bi— bi biyi bit2
modulo the relations a;b; = b;_1a;—1 and a;a;+1 = 0 = bj1b; foralli € Z. It is clear
from the quiver description that K7 is naturally graded by path length; this is actually a
Koszul grading. For general r the canonical Koszul grading on K is defined by declaring
that a basis vector is of degree equal to the total number of clockwise cups and caps in
the oriented circle diagram.

2. Combinatorics of Grothendieck groups

In this preliminary section, we compare the combinatorics underlying the representation
theory of GL(m|n) with that of the diagram algebra K (m|n). Our exposition is largely
independent of [B1], indeed, we will reprove the relevant results from there as we go.
On the other hand, we do assume that the reader is familiar with the general theory of
diagram algebras developed in [BS1, BS2]. Later in the article we will also need to appeal
to various results from [BS3].

Representation theory of K (m|n)

Fix once and for all integers m,n > 0. Let K = K(m|n) and A = A(m|n) be as in the
introduction. The elements {e; | A € A} form a system of (in general infinitely many)
mutually orthogonal idempotents in K such that

K= P eKe,. @2.1)

AueA

So the algebra K is locally unital, but it is not unital (except in the trivial case m = n = 0).
By a K-module we always mean a locally unital module; for a left K-module M this
means that M decomposes as

M = @ e M.

reA
The irreducible K-modules {L(X) | A € A} defined in the introduction are all one-
dimensional, so K is a basic algebra.

Let rep(K) denote the category of finite-dimensional left K-modules. The Grothen-
dieck group [rep(K)] of this category is the free Z-module on the basis {[L(A)] | A € A}.
The standard modules {V(X) | A € A} and the projective indecomposable modules
{P(A) | » € A} from [BSI, §5] are finite-dimensional, so it makes sense to consider
their classes [V (A)] and [P (X)] in [rep(K)]. Finally, we use the notation & D X (resp.
w C A) from [BS1, §2] to indicate that the composite diagram pA (resp. A) is oriented
in the obvious sense. o
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Theorem 2.1. In [rep(K)] we have

[P)I= Y VW], [VO)]= ) [L(w)]

HUOA HCA
foreach ) € A.
Proof. This follows from [BS1, Theorems 5.1 and 5.2]. O

As u D A (resp. w C A) implies that 4 > A (resp. u < A) in the Bruhat ordering, we
deduce from Theorem 2.1 that the classes {[ P ()]} and {[V (1)]} are linearly independent
in [rep(K)]. However they do not span [rep(K)] as the chains in the Bruhat order are
infinite.

Remark 2.2. The algebra K possesses a natural Z-grading defined by declaring that each
basis vector (aAb) from (1.7) is of degree equal to the number of clockwise cups and caps
in the diagram a\b. This means that one can consider the graded representation theory
of K. The various modules L(}), V(A1) and P(A) also possess canonical gradings, as is
discussed in detail in [BS1, §5].

Special projective functors: the diagram side

As in [BS3, (2.5)], let us represent a block I' € A/~ by means of its block diagram, that
is, the diagram obtained by taking any A € I' and replacing all the A’s and V’s labelling
its vertices by the symbol e. Because m and n are fixed, the block I' can be recovered
uniquely from its block diagram. Recall also the notion of the defect of a weight A € A
from [BS1, §2]. In this setting, this simply means the number of vertices labelled V in A,
and the defect of X is the same thing as the defect def(I") of the unique block I' € A/~
containing A.

Given a block I', we say that i € Z is I'-admissible if the ith and (i + 1)th vertices
of the block diagram of I' match the top number line of a unique one of the following
pictures, and def(I") is as indicated:

def(I") > 1 def(I") > 0 def(I") > 0 def(I") > 0
Fi tz (F) 2.2)
S Q X Z o
“cup” p” “right-shift” “left-shift”

Assuming i is I'-admissible, we let I' —«; denote the block obtained from I" by relabelling
the ith and (i + 1)th vertices of its block diagram according to the bottom number line
of the appropriate picture. Also define a (I' — «;)I"-matching #;(I") in the sense of [BS2,
§2] so that the strip between the ith and (i + 1)th vertices of #; (I") is as in the picture, and
there are only vertical “identity” line segments elsewhere.

For blocks I', A € A/~ and a ' A-matching ¢, recall the geometric bimodule K.,
from [BS2, §3]. By definition this is a (K1, Ka)-bimodule. We can view it as a (K, K)-
bimodule by extending the actions of K1 and K to all of K so that the other blocks act
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as zero. The functor K., ®x? is an endofunctor of rep(K) called a projective functor.
Writing t* for the mirror image of 7 in a horizontal axis, the functor K Zr@) k7 gives
another projective functor which is biadjoint to K., ® ? by [BS2, Corollary 4.9].

For any i € Z, introduce the (K, K)-bimodules

. () o 1 (I)*
Foi= @K aor E= @Kl (2:3)
r r

where the direct sums are over all I' € A/~ such that i is I'-admissible. The special pro-
Jjective functors are the endofunctors F; := F;Qk? and E; := E;Qg? of rep(K) defined
by tensoring with these bimodules. The discussion in the previous paragraph implies that
the functors F; and E; are biadjoint, hence they are both exact and map projectives to
projectives.

For A € A, let I« (L) := I, (X)) N IA(X) (resp. I,(X) := Z \ (I, (X) U IA(1))) denote
the set of integers indexing the vertices labelled x (resp. o) in A; cf. (1.6). Introduce the

notion of the height of A:
ht() = Y i— Y i (2.4)
iely()  ielo(X)

Note all weights belonging to the same block have the same height.

Lemma 2.3. For A € A andi € Z, all composition factors of F; L(X) (resp. E;L(L)) are
of the form L(u) with ht(u) = ht(X) + 1 (resp. ht(A) — 1).

Proof. This follows by inspecting (2.2). O

Lemma2.4. Let A € A andi € Z. For symbols x,y € {o, A, V, X} we write Ayy for
the diagram obtained from A by relabelling the ith and (i + 1)th vertices by x and y,
respectively.

(1) If X = Ao then FiP(A) = P(Aoy), F;V(L) EV(hov), FiL(A) = L(Aoy).
(i) If» = Ano then FiP(A) = P(Aop), F;V(L) 22 V(Aon), FiL(A) = L(Aop)-
(1) If A = A,y then F;P(A) = P(Avx), FiV(A) = V(Avx), FiL(A) = L(Ayy).
(V) If A = Aen then FiP(A) = P(A,), FiV(A) = V(A), FiL(A) = L(hsy).
V) If . = Ay, then:

@ FiP() = P(Aoy);
(b) there is a short exact sequence

0—> V@A) > F;VALD) — V(d,) — 0

(¢) F;L(\) has irreducible socle and head both isomorphic to L()\,,), and all
other composition factors are of the form L(w) for u € A such that u = Wy,

M= [pp OF b = [y-

(Vi) If A = Ay, then F;P(X) = P(hoy) ® P(hoy), FiV(X) = V(hoy) and FiL(}) =
L(hox).
(Vi) If A = A, then F;V(A) = V(Aoy) and F;L()\) = {0}.
(viii) IfA = A,y then F;V (L) = F;L()) = {0}.
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(x) If A = Ann then F; V(X)) = F;L(A) = {0}.
(x) For all other A we have F; P()) = F;V(A) = F;L(}) = {0}.

For the dual statement about E;, interchange all occurrences of o and X.

Proof. Apply [BS2, Theorems 4.2, 4.5 and 4.11], exactly as was done in [BS3, Lem-
ma 3.4]. O

Remark 2.5. Using Lemma 2.4, one can check that the endomorphisms of [rep(K)] in-
duced by the functors F; and E; for all i € Z satisfy the Serre relations defining the
Lie algebra sly,. Indeed, letting Vo, denote the natural sly,-module of column vectors,
the category rep(K) can be interpreted in a precise sense as a categorification of a cer-
tain completion of the sl,,-module /\m Voo ® /\" V% ; see also [B1] where this point of
view is taken on the supergroup side. Using the graded representation theory mentioned
in Remark 2.2, i.e. replacing rep(K) with the category of finite-dimensional graded K -
modules, one gets a categorification of the g-analogue of this module over the quantised
enveloping algebra U, (sl); the action of ¢ comes from shifting the grading on a module
up by one. We are not going to pursue this connection further here, but refer the reader to
[BS3, Theorem 3.5] where an analogous “graded categorification theorem” is discussed
in detail.

The crystal graph

Define the crystal graph to be the directed coloured graph with vertex set equal to A and
a directed edge 4 A ofcolouri € Z if L(}) is a quotient of F; L(w). It is clear from

Lemma 2.4 that u % rifand only if the ith and (i + 1)th vertices of A and u are labelled
according to one of the six cases in the following table, and all other vertices of X and u
are labelled in the same way:

,u,‘ VvV o ‘ A O ‘ X V ‘ X A ‘ X O ‘ VA

@2.5)

)\,‘OV‘O/\‘VX‘/\X‘\//\‘OX
Comparing this explicit description with [B1, §3-d], it follows that our crystal graph is
isomorphic to Kashiwara’s crystal graph associated to the slo.-module mentioned in Re-
mark 2.5, which hopefully explains our choice of terminology.

Suppose we are given integers p < g. Define the following intervals:

Iy ={p—m+1,p—m+2,...,g+n—1} 2.6)

I;fq::{p—m+1,p—m+2,...,q+n—l,q—i—n}. 2.7
(The reader may find it helpful at this point to note which vertices of the weight A, ; from
(1.9) are indexed by the set / Ij‘ q.) Then introduce the following subsets of A:

Ap.4 = {A € A | the ith vertex of A is labelled A for all i ¢ I;fq}, 2.8)

AS, = {x €Ay 2.9)

amongst vertices j, ..., g + n of A, the number
of A’s is > the number of V’s, forall j € I;q
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Note that the weight 2, ; from (1.9) belongs to A} .. It is the unique weight in A 4 of
minimal height.

Lemma 2.6. Given A € A, choose p < q such that . € A}, , (which is always pos-
sible as there are infinitely many N’s and finitely many V'’s). Then there are integers

i1,...,iq € Ip g, where d = ht(X) —ht(Ap, 4), such that 1, 4 A M i a path in the
crystal graph. Moreover

Fiy- Fy V) = PV,

where r is the number of edges in the given path of the form va — ox.

Proof. For the first statement, we proceed by induction on ht(A). If ht(A) = ht(%, 4), then
A = Ap 4 and the conclusion is trivial. Now assume that ht(A) > ht(A, ;). As A € A;’,’

and A # A4, it is possible to find i € I, 4 such that the ith and (i + 1)th vertices
of A are labelled oV, oA, oXx, VX, AX or VA. Inspecting (2.5), there is a unique weight

w € Ay, with u > A in the crystal graph. Noting ht() = ht(A) — 1, we are now done
by induction. To deduce the second statement, we apply Lemma 2.4 to find easily that
Fiy-- F;y P(hpg) = P()® . Finally P(hpq) = V(hpg) as &y 4 is of defect zero, by
[BS1, Theorem 5.1]. O

Representation theory of GL(m|n)

Now we turn to discussing the representation theory of G = GL(m|n). In the introduction,
we defined already the abelian category .% = #(m|n) and the irreducible modules {£())},
the standard modules {V(A)} and the projective indecomposable modules {P (1)}, all of
which are parametrised by the set X (7) of dominant weights. We are using an unusual
font here (and a few other places later on) to avoid confusion with the analogous K-
modules {L(1)}, {V(A)} and {P(1)}. Recall in particular that the Z;-grading on £(}) is
defined so that its A-weight space is concentrated in degree ri= (O, Em+1+ -+ Emsn)
(mod 2). Bearing in mind that we consider only even morphisms, the modules

{LO) |2 e XT(TUTILA) |+ € XT(T))

give a complete set of pairwise non-isomorphic irreducible G-modules, where I1 denotes
the change of parity functor.

The standard module V(A) is usually called a Kac module in this setting after [Ka],
and can be constructed explicitly as follows. Let P be the parabolic subgroup of G such
that P(A) consists of all invertible matrices of the form (1.1) with ¢ = 0, for each
commutative superalgebra A. Given A € X (T), we let E(}) denote the usual finite-
dimensional irreducible module of highest weight A for the underlying even subgroup
Gy = GL(m) x GL(n), viewing E(2) as a supermodule with Z;-grading concentrated
in degree A. We can regard E()) also as a P-module by inflating through the obvious
homomorphism P — Gg. Then

V() =U(g) Qup) ER), (2.10)
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where g and p denote the Lie superalgebras of G and P, respectively. This construction
makes sense because the induced module on the right hand side of (2.10) is an integrable
g-supermodule, i.e. it lifts in a unique way to a G-module.

The module £(A) is isomorphic to the unique irreducible quotient of V(4). Also P())
is the projective cover of L(A) in the category .Z. It has a standard flag, that is, a filtration
whose sections are standard modules. The multiplicity (P(A) : V(u)) of V(w) as a section
of any such standard flag is given by the BGG reciprocity formula

(P : V() = [V(w) : L], (2.11)

as follows from [Zo] or the discussion in [B2, Example 7.5].

Special projective functors: the supergroup side

Recall the weight dictionary from (1.6) by means of which we identify the set X7 (7") with
the set A = A (m|n). Under this identification, the usual notion of the degree of atypicality
of a weight A € X (T) corresponds to the notion of defect of A € A. Given A, i € A,
the irreducible G-modules £(A) and L£(u) have the same central character if and only if
A ~ u in the diagrammatic sense; this can be deduced from [Sel, Corollary 1.9]. Hence
the category . decomposes as

F= P 7. (2.12)

FeA/~

where .71 is the full subcategory consisting of the modules all of whose composition
factors are of the form £(A) for A € I'. We let pry- : . — .7 be the exact functor defined
by projection onto .ZT along (2.12).

Recall that V denotes the natural G-module and V* is its dual. Following [B1, (4.21)-
(4.22)], we define the special projective functors F; and &; for each i € Z to be the
following endofunctors of .7

Fi = @prr_al_ o(?®@ V)oprp, & = @prr o (?®V*) oprr_y., (2.13)
r r

where the direct sums are over all I' € A/~ such that i is I'-admissible (as in (2.3)). The
functors ? ® V and ? ® V* are biadjoint, hence so are F; and &;. In particular, all these
functors are exact and send projectives to projectives. For later use, let us fix once and for
all a choice of an adjunction making (F;, &) into an adjoint pair for each i € Z.

Lemma 2.7. The following hold for any A € X (T):

1) V(X)) ® V has a filtration with sections V(A + &) forallr = 1, ..., m + n such that
A+ e € XT(T), arranged in order from bottom to top.

(i) V(A) ® V* has a filtration with sections V(A — €,) forallr = 1, ..., m + n such that
A — &, € XT(T), arranged in order from top to bottom.

Proof. This follows from the definition (2.10) and the tensor identity. O
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Corollary 2.8. The following hold for any .. € X (T) and i € Z:

1) FiV(A) has a filtration with sections V(A + &) forallr = 1,...,m + n such that
A+e € XT(T)and (A +p, &) =i+ (1 —(—=1)")/2, arranged in order from bottom
to top.

(i) &V(A) has a filtration with sections V(A — ;) forallr = 1, ..., m + n such that
A—g e XT(TMand A+p,&) =i+ 1+ (—I)F)/Z, arranged in order from top
to bottom.

Proof. For (i), apply prp_,, to the statement of Lemma 2.7(i), where I' is the block
containing A (and do a little work to translate the combinatorics). The proof of (ii) is
similar. o

Corollary 2.9. We have ?®@ V = @,z Fi and ? @ V* = P,z &i.

The next lemma gives an alternative definition of the functors F; and & which will be
needed in the next section; cf. [CW, Proposition 5.2]. Let

m+n

Q= Z (_1)§er,s Qesrcg®g, (2.14)

r,s=1

where e, ; denotes the 7s-matrix unit. This corresponds to the supertrace form on g, so left
multiplication by 2 (interpreted with the usual superalgebra sign conventions) defines a
G-module endomorphism of M ® N for any G-modules M and N.

Lemma 2.10. For any G-module M, F; M (resp. £ M) is the generalised i-eigenspace
(resp. the generalised —(m — n + i)-eigenspace) of the operator Q2 acting on M ® V
(resp. M @ V*).

Proof. We just consider F;. Let ¢ := Y."" (=1)%¢, ses, € U(g) be the Casimir ele-

r,s=1

ment. It acts on V(1) by multiplication by the scalar
cp=A+20+m—n—1)5,1)

where§ =14+ &y —Em+1 — — Emgn- Also, 2 = (A(c) —c®1 —1Q®c)/2 where
A is the comultiplication of U (g). Now to prove the lemma, it suffices to verify it for the
special case M = V(A). Using the observations just made, we see that multiplication by
Q preserves the filtration from Lemma 2.7(i), and the induced action of €2 on the section
V(A + &) is by multiplication by the scalar

(Crte, = —m+n)/2= (4 p,e) + (1= (=D)/2.
The result follows on comparing with Corollary 2.8(i). O

The next two lemmas are the key to understanding the representation theory of GL(m|n)
from a combinatorial point of view.

Lemma 2.11. Leti € Z and ). € A be a weight such that the ith and (i 4 1)th vertices of
A are labelled N and Vv, respectively. Let | be the weight obtained from A by interchanging
the labels on these two vertices. Then L(11) is a composition factor of V()).
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Proof. This is a reformulation of [Sel, Theorem 5.5]. It can be proved directly by an
explicit calculation with certain lowering operators in U (g) as in [BS3, Lemma 4.8]. O

Lemma 2.12. Exactly the same statement as Lemma 2.4 holds in the category %, with
L), V(Z), P(V), F; and E; replaced by L()), V(X), P(A), F; and &;, respectively.

Proof. The statements involving V(1) follow from Corollary 2.8. The remaining parts
then follow by mimicking the arguments used to prove [BS3, Lemma 4.9], with Lem-
ma 2.11 applied in place of [BS3, Lemma 4.8]. O

Corollary 2.13. Given A € A, pick p,q, d, i1,...,iq and r as in Lemma 2.6. Then
Fig - FiyVhpg) = PR,

Proof. We note as A, 4 is of defect zero that it is the only weight in its block. Using
also (2.11), this implies that P(A, ;) = V(Ap 4). Given this, the corollary follows from
Lemma 2.12 in exactly the same way that Lemma 2.6 was deduced from Lemma 2.4. O

Identification of Grothendieck groups

Consider the Grothendieck group [.%] of .%. It is the free Z-module on the basis {[£(1)] |
A € A}. The exact functors F; and & (resp. F; and E;) induce endomorphisms of the
Grothendieck group [.#] (resp. [rep(K)]), which we denote by the same notation. The
last part of the following theorem recovers the main result of [B1].

Theorem 2.14. Define a Z-module isomorphism  : [F) — [rep(K)] by declaring that
(L)) = [L(A)] for each A € A.

1) We have (([V(M)] = [VA)] and t([P(A)]) = [P(A)] for each A € A.
(ii) Foreachi € Z, we have F; o1 = 1o F; and E; ot = 1 o &; as linear maps from [ %)
to [rep(K)].
(iii) In [.Z] we have

[PMI=Y V@l VW= [Lw]

DA HCA
foreach ) € A.
Proof. GivenA € A,letp,q,d,randiy,..., iz beasin Lemma 2.6. By Lemma 2.6 and
Theorem 2.1, we know already that
1
[P(V)] = 7 Fiy o Fi [VOpg)] = Z[V(M)], (2.15)
UDA

all equalities written in [rep(K)]. In view of Lemma 2.12, the action of F; on the classes
of standard modules in [rep(K)] is described by exactly the same matrix as the action
of F; on the classes of standard modules in [.#]. So we deduce from the second equality
in (2.15) that

1
= Fig - Fa VOl = Y _V(w,

"
2 DA
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equality in [.#]. By Corollary 2.13 this also equals [PP()A)], proving the first formula
in (iii). The second formula in (iii) follows from the first and (2.11).

Then (i) is immediate from the definition of ¢ and the coincidence of the formulae
in (iii) and Theorem 2.1.

Finally to deduce (ii), we have already noted that ¢ (F;[V (1)]) = F;[V(1)] for every A.
It follows easily from this that ((F;[P(A)]) = F;[P(A)] for every A. Using also the ad-
jointness of F; and E; (resp. F; and &;) we deduce that

[EiL(n) : L(A)] = dimHomg (P (2), E; L(w))
= dim Homg (F; P(A), L(w)) = dim Homg (F; P()), L(1))
= dimHomg (P(X), & L(w)) = [EL(w) + L(A)]

for every A, u € A. This is enough to show that «(E;[L(n)]) = &[L(n)] for every u,
which implies (ii) for E; and &;. The argument for F; and F; is similar. m]

Highest weight structure and duality

At this point, we can also deduce the following result, which recovers [B1, Theorem 4.47].

Theorem 2.15. The category .F is a highest weight category in the sense of [CPS] with
weight poset (A, <). The modules {L(A)}, {YV (M)} and {P (1)} give its irreducible, stan-
dard and projective indecomposable modules, respectively.

Proof. We already noted just before (2.11) that P () has a standard flag with V()) at the
top. Moreover by Theorem 2.14(iii) the other sections of this flag are all of the form V(u)
with i > A in the Bruhat order. The theorem follows from this, (2.11) and the definition
of highest weight category. O

The costandard modules in the highest weight category .% can be constructed explicitly
as the duals V(A)® of the standard modules with respect to a natural duality ®. This
duality maps a G-module M to the linear dual M* with the action of G defined using the
supertranspose anti-automorphism g — g%, where

at | —ct
¢:<H w)

for g of the form (1.1). Note ® fixes irreducible modules, i.e. L(A)® = L()) for each

A EA.

3. Cyclotomic Hecke algebras and level two Schur—Weyl duality

Fix integers p < ¢ and let A, , be the weight of defect zero from (1.8). The standard
module V(1 4) is projective. As the functor ? ® V sends projectives to projectives, the
G-module V(Ap 4) ® V®4 is again projective for any d > 0. We want to describe its
endomorphism algebra.
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Action of the degenerate affine Hecke algebra

We begin by constructing an explicit basis for V(1 ;) ® V®4_ Recalling (2.10), we have

V(hp,g) = U(@) Qup) EMp.q)- 3.1

Let det,, (resp. det,) denote the one-dimensional G§-module defined by taking the deter-
minant of GL(m) (resp. GL(n)), with Z,-grading concentrated in degree 0. Then the mod-
ule E(Ap4) in (3.1) is the inflation to P of the module 1™ (det}, ® det; ™) so it
is also one-dimensional. Hence, fixing a non-zero highest weight vector v, 4 € V(Ap 4),
the induced module V(4 4) is of dimension 2"" with basis

m+n m

[TI TTems vpa [0 =m0 =1}, (3.2)

r=m+1s=1
where the products are taken in any fixed order (changing the order only changes the vec-
tors by £1). Recall also that vy, . .., vy4, is the standard basis for the natural module V,

from which we get the obvious monomial basis
v, ®--®ui, | 1 <iy,...,ig <m+nj} 3.3)

for V&4, Tensoring (3.2) and (3.3), we get the desired basis for V(1 4) ® V&4,

Now let Hy; be the degenerate affine Hecke algebra from [D]. This is the associative
algebra equal as a vector space to F[xy, ..., xg]®FS,, the tensor product of a polynomial
algebra and the group algebra of the symmetric group S;. Multiplication is defined so that
Flxi, ..., x4l =F[x1,...,x4]® land FS; = 1 ® FS; are subalgebras of Hy, and also

Spxg = xg8 ifs #Eror+1,  sx041 = X5+ 1,

where s, denotes the rth basic transposition (r » + 1).
By [CW, Proposition 5.1], there is a right action of Hy; on V(A 4) ® ved py
G-module endomorphisms. The transposition s, acts as the “super” flip

VRV, ® - Qu;, QUj,, ®---®V;,)sr = (—1)E”T’+‘v®vi. ® v, OV, ® - Quj,.

This is the same as the endomorphism defined by left multiplication by the element €2
from (2.14) so that the first and second tensors in 2 hit the (r + 1)th and (r + 2)th
tensor positions in V(4p 4) ® V®4_ respectively. The polynomial generator x; acts by left
multiplication by 2 so that the first tensor in €2 is spread across tensor positions 1, ..., s
using the comultiplication of U (g) and the second tensor in €2 hits the (s + 1)th tensor
positionin V(A, 4) ® V@4 The following lemma gives an explicit formula for the action
of x; in a special case.

Lemma 3.1. Forl <iy,...,ig <m+nandl1 <s <d, we have
(Vp,g ® Vi) @+ @ Viy)Xs = PUp g @ Vi; @+ @ Vi,

S_l iy xl TNT
+ Z(_1)lrl,;+2r<r<s(lr+ls)lt vp,q ® vi] K- Q viS R---Q vir R U[d

r=1
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ifl <ig <m, and
(Up,q RV, & vid)xs =(q +m)vp,q RV Q- vy,

37] iy rl TNT
+ Z(_l)lrls+Zr<t<s(lr+l_v)l1 Vpg Q Vi, R ® Vi, R ® vi, R - Q® Viy

r=I1
m < <
+ Z(_l)n(q+m)+t1+~'+ls71 (Ciy.j " Vpg) OV, @ @V ® - ® vy,
j=1

ifm+1 < iy <m+n. (In the first two summations we have interchanged v;, and v;_,
while in the last one we have replaced v;; by v;.)

Proof. Note for any 1 < i, j <m + n that

PVpg ifl <i=j<m,
o v = —(g+mvp, fm+1<i=j<m+n,
LS €ijVUpyg ifm+1<i<m+nandl <j<m,
otherwise.

Using this, the lemma is a routine calculation (taking care with superalgebra signs). O

Corollary 3.2. The element (x1 — p)(x1 — q) € Hy acts as zero on V(Ap 4) ® y®d,

Proof. It suffices to check this in the special case d = 1. In that case, Lemma 3.1 shows
that

PVpq ® ifl <i <m,
(Up,q QUi)X1 = qVp.q @ Vi
T (=DM (v, g @) ifm+ 1 <i<mAn.

It follows easily that (x; — p)(x; — q) acts as zero on the vector v, , ® v; for every
1 <i < m + n. These vectors generate V(A 4) ® V as a G-module so we deduce that
(x1 — p)(x1 — g) acts as zero on the whole module. ]

Corollary 3.3. If d < min(m, n) then the endomorphisms of V(Ap 4) ® V@ defined
by right multiplication by {x;’1 ---xgdw | 0 < o1,...,00 <1, w € Sg} are linearly
independent.

Proof. Any vector v € V(Ap4) ® V® can be written as v = Zie[ b; ® c¢; where
{b; | i € I} is the basis from (3.2) and the c;’s are unique vectors in V®d We refer to Ci
as the b;-component of v. Exploiting the assumption on d, we can pick distinct integers
m+1<iy,....,ig <m+nandl < ji,...,jg <m.Take 0 < 01,...,04 < 1 and
consider the vector
(Vpg ® Vi, ® -+ @ j)x]" -+ x.

irll,jl o el?:ﬁjd
(Vp.qg ®Vi; @ +++ @ vj)x]" -+~ x;* is zero either if 7j + -+ - + 74 > 01 + -+ - + 0y, or if
T1+---+71t =01+ -+ 04 but 1, # o, for some r. Moreover, if t, = o, for all r,

For0 < t1,..., 174 < 1, Lemma 3.1 implies that the e - Vp,g-component of
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then the eirl"jl ~~-ef;’jd * Up,g-component of (vp,q ® vi; ® e ® Vig)xy! ~'x:i7‘1 is equal
to v, ® --- ® v, where k, =i, if 0, = 0 and k, = j, if o, = 1. This is enough to
show that the vectors (vp,q @ vi; ® -+ ® vid)xf‘ .- -xsdw forall0 <oy,...,04 <1and
w € Sy are linearly independent, and the corollary follows. O

In view of Corollary 3.2, the right action of Hy on V(A, 4) ® V® induces an action of
the quotient algebra

HP .= Hy/((x1 — p)(x1 — q)). 34
This algebra is a particular example of a degenerate cyclotomic Hecke algebra of level
two. It is well known (e.g. see [BK1, Lemma 3.5]) that dim H}"? = 244

Corollary 3.4. Ifd < min(m, n) the action of H}"? on V(rp 4) ® V®4 is faithful.

Proof. This follows on comparing the dimension of H f "1 with the number of linearly
independent endomorphisms constructed in Corollary 3.3. O

Since the action of HY? on V(%, 4) ® V® is by G-module endomorphisms, it induces
an algebra homomorphism

@ : H" — Endg(V(Apq) ® V)P, 3.5

The main goal in the remainder of the section is to show that this homomorphism is
surjective.

Weight idempotents and the space po 4

For a tuple ¢ = (i1, ...,iq) € 74, there is an idempotent e(z) € H f 4 yniquely de-
termined by the property that multiplication by e(z) projects any H f “‘_module onto its
2-weight space, that is, the simultaneous generalised eigenspace for the commuting op-
erators xp, ..., xg and eigenvalues iy, ..., ig, respectively. All but finitely many of the
e(2)’s are zero, and the non-zero ones give a system of mutually orthogonal idempotents
in H? summing to 1; see e.g. [BK2, §3.1].

The action of the idempotent e(2) on the module V(%, ;) ® V®d can be interpreted
as follows. In view of Corollary 2.9, we have

V0p.g) @ VE = B FiVinpg) (3.6)
v/

where F; denotes the composite F;, o- - -oF;, of the functors from (2.13). By Lemma 2.10
and the definition of the actions of x1, ..., x4, the summand F;V(%, ,) in this decom-
position is precisely the ¢-weight space of V(A 4) ® V@4 Hence the weight idempotent
e(i) acts on V(A 4) ® V® as the projection onto the summand F;V(, 4) along the

decomposition (3.6).
Recalling the interval I, , from (2.6), we will usually restrict our attention to the

summand

T/ = P FiVi) (3.7)

eIy g)?

of V(Ap ) ® V@4 By the discussion in the previous paragraph, we see that equivalently
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TP = (V(hp,g) @ VO)157 where

177 := 3" e@)eH]. (3.8)
il g)?
As a consequence of the fact that any symmetric polynomial in xi, ..., x4 is central in

H,, the idempotent 15’q is central in H 5 Y The space po "¢ is naturally a right module
over IZ’qu’q, which is a sum of blocks of Hf’q. Hence the map @ from (3.5) induces
an algebra homomorphism

177HPY — Endg (T 7). (3.9)

As a refinement of the surjectivity of ® proved below, we will also see later in the section
that the induced map (3.9) is an isomorphism. Note that from (3.16) onwards we will
denote the algebra lg’qu’q instead by Rg’q.

Stretched diagrams

In this subsection, we develop some combinatorial tools which will be used initially to
compute the dimension of the various endomorphism algebras that we are interested
in. We say that a tuple 3 € Z? is (p, q)-admissible if i, is T',_j-admissible for each
r =1,...,d, where I'g, ..., Iy are defined recursively from I'g := {A, 4} and I'; :=
I'y—1 —«;,, with notation as in (2.2). We refer to the sequence o := I'y - - - I'1I"g of blocks
here as the associated block sequence. The composite matching ¢ = ¢, - - - t; defined by
setting t, := t;, (I'-—1) for each r is the associated composite matching. Both of these
things make sense only if i € Z¢ is (p, ¢)-admissible.

Lemma 3.5. If i € Z% is not (p, q)-admissible then FiV(hp.q) is zero.
Proof. This follows from the definitions and (2.13). O

By a stretched cap diagram t = t; - - - t] of height d, we mean the associated composite
matching for some (p, ¢)-admissible sequence i € Z?. We can uniquely recover the
sequence %, hence also the associated block sequence o, from the stretched cap diagram ¢.
Here is an example of a stretched cap diagram of height 5, taking m = 2,n = 1 and
q — p = 1; we draw only the strip containing the vertices indexed by / I;“ , as the picture
outside of this strip consists only of vertical lines, and also label the horizontal number
lines by the associated block sequence 0 = I's - - - I'g.
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By a generalised cap in a stretched cap diagram we mean a component that meets the
bottom number line at two different vertices. An oriented stretched cap diagram is a
consistently oriented diagram of the form

tv] = yatayvi-1 -+ yY1t1yo

where v = y,4 - - - yp is a sequence of weights chosen from the associated block sequence

=Ty4---Ty,ie. y € I', foreach r = 0,...,d. In other words, we decorate the
number lines of £ by weights from the appropriate blocks, in such a way that the resulting
diagram is consistently oriented. (For a precise definition of the term oriented we refer to
[BS1, §2].)

Theorem 3.6. There are G-module isomorphisms

Vi) ® VO = D P()®dmra®),
AeA, ht(A)=ht(rp 4)+d
po,q ~ @ P()\)@dimp_q()»)’

reAp 4, ht(W)=ht(hp ¢)+d

where dimy, ,(X) is the number of oriented stretched cap diagrams t[~] of height d such
that yo = Ap 4, Ya = A, and all generalised caps are anti-clockwise.

Proof. For the first isomorphism, in view of Theorem 2.14 and Corollary 2.9, it suffices
to prove the analogous statement on the diagram algebra side, namely, that

@ F3V(hpg) = @ P ()@ dimp.qg () (3.10)

ie7d AeA, ht(W)=ht(r, ,)+d

as K-modules. Remembering that V(4 ,) = P(A, 4), this follows as an application
of [BS2, Theorem 4.2], first using [BS2, Theorems 3.5 and 3.6] to write the composite
projective functor F; = F;, o --- o F;; in terms of indecomposable projective functors.
The proof of the second isomorphism is similar, taking only 7z € (/, p,q)d in (3.10). It
is helpful to note that if A € A, , and t[] is one of the oriented stretched cap diagrams
counted by dim,, 4 (A) then #[~] is trivial outside the strip containing the vertices indexed
by I I‘," ¢» 1-e. it consists only of straight lines oriented A outside that region. This follows
by considering (2.2). O

Corollary 3.7. The modules {P(A) | A € Ap 7’ ht(A) = ht(A, 4) + d} give a complete
set of representatives for the isomorphism classes of indecomposable direct summands
of Tf .

Proof. Suppose we are given A € Ay . with ht(A) = ht(%, 4) + d. By Corollary 2.13,
there is a sequence ¢ = (i1, ..., iq) € (Ip,q)d such that P(2) is a summand of F; V(A 4).
Hence P(A) is a summand of Tp 1, Conversely, applying Theorem 3.6, we take A € A g
with ht(A) = ht(A, ) +d and dim, 4(1) # 0, and must show that A € A0 . There
exists an oriented stretched cap diagram t[~] of height d with yy = A, 4 and yd = A,
all of whose generalised caps are anti-clockwise. Every vertex labelled V in A must be at
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the left end of one of these anti-clockwise generalised caps, the right end of which gives
a vertex labelled A indexed by an integer < g + n. Recalling the definition (2.9), these
observations prove that A € A} PE O

Corollary 3.8. T)"% = {0} ford > (m +n)(q — p) + 2mn.

Proof. The set A, 4 has a unique element ), , of maximal height, namely, the weight

p—m q+n
N A e hd hd N A N N A
—_——— —_——
n m
Using this and Theorem 3.6, we deduce that 7" = {0} for d > ht(i, 4) — ht(Ap4) =
(m +n)(g — p) + 2mn. ]

The mirror image of the oriented stretched cap diagram w[d] in a horizontal axis is de-
noted w*[8*]. We call it an oriented stretched cup diagram. Then an oriented stretched
circle diagram of height d means a composite diagram of the form

w*[0*) Y] = Sou(1 -+ Sa—1uVataYa—1 - Vit1Yo

where t[~] and u[d] are oriented stretched cap diagrams of height d with y; = 384; see
[BS3, (6.17)] for an example.

Theorem 3.9. The dimension of the algebra Endg(po “1Y°P is equal to the number of
oriented stretched circle diagrams w*[0*] t[] of height d such that yy = 8o = A, 4 and
Yd =04 € Npg4.

Proof. Applying Theorem 3.6, we see that the dimension of the endomorphism algebra
is equal to

dim,, , () - dim,, , () - diim Homg (P(A), P(11)).
A €A 4, ht()=ht(p)=ht(.p 4)+d

Also in view of Theorem 2.14, dim Homg (P(A), P(n)) = [P(n) : L(A)] is equal
to the analogous dimension dimHomg (P (X), P(n)) = [P(n) : L(})] on the di-
agram algebra side, which is described explicitly by [BS1, (5.9)]. We deduce that
dim Homg (P(A), P(w)) is equal to the number of weights v such that A ~ v ~ u and the
circle diagram Av is consistently oriented. The theorem follows easily on combining this
with the combinatorial definitions of dim, ,4(4) and dim, 4 (u) from Theorem 3.6. |

The algebra Rf; ! and the isomorphism theorem

Now we need to recall some of the main results of [BS3] which give an alternative dia-
grammatic description of the algebra 1" HP"?. This will allow us to see, to start with,
that this algebra has the same dimension as the endomorphism algebra from Theorem 3.9.
For the reader wishing to understand already the relationship between the diagram alge-
bra Rf; "¢ defined in the next paragraph and the algebra K (m|n) from the introduction,
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we point to Lemma 4.1, (4.7) and Corollary 4.6 in the next section. On the other hand
Corollary 3.22 established later in this section explains the connection between R5 ! and
the representation theory of G.

Let R5 "1 be the associative, unital algebra with basis

for all oriented stretched circle diagrams w*[6*] 2 £[~] }

kr ok
{|u [6*T 2 [l of height d with yy = 89 = A, 4 and yg =84 € Ap 4

The multiplication is defined by an explicit algorithm described in detail in [BS3]. Briefly,
to multiply two basis vectors |s*[T*]:r[o]| and |u*[§*]:t[v]|, the product is zero unless
7 = w and all mirror image pairs of internal circles in r[o’] and w*[§*] are oriented so that
one is clockwise, the other anti-clockwise. Assuming these conditions hold, the product
is computed by putting s*[7*]: r[o] underneath u*[6*] 1 £[~], erasing all internal circles
and number lines in r[o] and w*[8*], then iterating the generalised surgery procedure to
smooth out the symmetric middle section of the diagram.

Lemma 3.10. The algebras R5 9 and Endg(po NP have the same dimension. In par-
ticular, Rg’q is the zero algebra for d > (m +n)(q — p) + 2mn.

Proof. The number of elements in the diagram basis for R 5 "1 is the same as the dimension
of the algebra Endg(po *7y°P thanks to Theorem 3.9. The last statement follows from
Corollary 3.8. O

As a consequence of [BS3, Corollary 8.6], we can identify R5 ! with a certain cyclotomic
Khovanov—Lauda—Rougquier algebra in the sense of [KL, Ro]. To make this identification
explicit, we need to define some special elements

{e@) i€ L)Y Uiy, .., yal UL, ..., Y1) (3.11)

in R}, Fori € (I, 4)¢, we let e(3) € R} be the idempotent defined as follows. If 4 is
not (p, g)-admissible then e(z) := 0. If it is admissible, let £ = ¢, - - - f; be the associated
composite matching and o = I'y - - - I'g be the associated block sequence. Then

e(@) = ) [t [6* ] ¢yl (3.12)
8,y

where the sum is over all sequences v = y; - - - yp and § = 8 - - - g of weights with each
vr, 8, € T, chosen so that every circle of t*[8*] ¢ t[+] crossing the middle number line
is anti-clockwise, and all remaining mirror image pairs of circles are oriented so that one
is clockwise, the other anti-clockwise. The elements {e(z) | ¢ € ([, p,q)d} give a system of
mutually orthogonal idempotents whose sum is the identity in R7"?.

Next we define the elements yi, ..., yqs. Let y1,..., y4 be the unique elements
of Rf;’q such that the product |u*[8*]2¢[¥]| - J (resp. ¥, - |u*[6*] 2 E[~]]) is computed by
making a positive circle move in the section of w*t containing f, (resp. u}), as described
in detail in [BS3, (5.5), (5.11)]. Also introduce the signs

0y 4(2) = (—1)min(poi)+min(g.ir)+m=p=3iyip ===, _p.ir (3.13)
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Then we define y, := Zie(lp B yre() where

yre(d) = oy, (D)yre(d), (3.14)
to get the elements y, € Rf;’q forr=1,...,d.
Finally we define i, ..., ¥4_1. Let 1}1, e, 1/_fd_1 be the unique elements of R5‘q

such that the product |w*[6%] 2 t[v]| - ¥ (resp. ¥, - |w*[6*] 2 t[~]]) is computed by
making a negative circle move, a crossing move or a height move in the section of u*¢
containing #,41¢, (resp. u;ku:‘H), as described in detail in [BS3, (5.7), (5.12)]. Then we
define ¥, := 3 5c(;, ¢« ¥re(z) where

) —o” (@)Wre(d) ifipp1 =i, oripq =i +1,
=1 - P 3.15
Yre(® { Yre(t) otherwise, ( )
to get the elements ¢, € Rg’q forr=1,...,d — 1.

Theorem 3.11. The elements (3.11) generate Rg "1 subject only to the defining relations
of the Khovanov-Lauda—Rouquier algebra associated to the linear quiver

— S Se...0 e

with vertices indexed by the set I, 4 in order from left to right (see e.g. [BS3, (6.8)—

8i 8 . . . .
(6.16)]), plus the additional cyclotomic relations y, ot Me@@) =0fori= (i, ...,iq)
€ Up e

Proof. This is a consequence of [BS3, Corollary 8.6]. More precisely, we apply [BS3,
Corollary 8.6], taking the index set I there to be the set I, 4, the pair (0 + m, 0 + n)
there to be (p, ¢), and summing over all @ € Q4 of height d. This implies that the
given quotient of the Khovanov-Lauda—Rouquier algebra is isomorphic to the diagram
algebra with basis consisting of oriented stretched circle diagrams |w*[8*]2£[~]| just like
the ones considered here, except they are drawn only in the strip containing the vertices
indexed by I ;f 4+ The isomorphism in [BS3] is not quite the same as the map here, because
the sign in (3.13) differs from the corresponding sign chosen in [BS3] by a factor of
(—=1)™~P; this causes no problems as it amounts to twisting by an automorphism of the
Khovanov-Lauda—Rouquier algebra. It remains to observe that all the oriented stretched
circle diagrams in the statement of the present theorem are trivial outside the strip 1 [j‘ Py
consisting only of straight lines oriented A in that region; these have no effect on the
multiplication. O

Now we can formulate the following key isomorphism theorem, which identifies the al-
gebras 179 H?? and R

Theorem 3.12. There is a unique algebra isomorphism

Pq P4 > pP4
1;"Hy" — Ry
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such that e(t) — e(3), x,e(3) = (yr +i,)e(?) and sye(i) — (Yrqr-(2) — p,(2))e(3) for
eachr and i € (Ip,q)d, where p,(1), q,(2) € Rﬁ‘q are chosen as in [BK2, §3.3], e.g. one
could take

. 1 ifir = ir+1:
1) ‘= . . _ ep . .
pr(@) —(r+1 —br + Yr+1 — V) ! if iy #iry1s
I+ yrg1— yr if iy =ir41,
1) := C+yr+1 =) A+ Y1 — yr)72 if iry1 =1 +1,
=1 i it =ir — 1,
L+ (g1 —ip + Yr1 — yr)_l if lip —ir41l > L

(The inverses on the right hand sides of these formulae make sense because each y,41—y,
is nilpotent with nilpotency degree at most two, as is clear from the diagrammatic defini-
tion of the y;’s.)

Proof. This is a consequence of Theorem 3.11 combined with the main theorem of
[BK2]; see also [BS3, Theorem 8.5]. O

Henceforth, we will use the isomorphism from the above theorem to identify the alge-
bra 17 HP? with RI?, so
179H) = R, (3.16)

We will denote it always by the more compact notation R 5 "1 Thus there are three different
ways of viewing Rg it is a diagram algebra with basis given by oriented stretched circle
diagrames, it is a cyclotomic Khovanov-Lauda—Rouquier algebra, and it is a sum of blocks
of the cyclotomic Hecke algebra H}™.

Super version of level two Schur—Weyl duality

Now we can prove the main results of the section, namely, that the map ® from (3.5) is
surjective and the induced map (3.9) is an isomorphism. In the case d < min(m, n) we
have already done most of the work:

Theorem 3.13. Ifd < min(m, n) then T"? = V(k, ) ® V®4, R = H", and the
map

@ : HY! — Endg(V(hp ) ® VE)P
is an algebra isomorphism.

Proof. Let us first show that 77 = V(i) ,) ® V®?. Observe for d < min(m, n) that any
(p, q)-admissible sequence © € 74 necessarily lies in ( p,q)d . This is clear from (2.2) and
the form of the diagram A, ,. Hence applying Lemma 3.5 we see that F;V(4, 4) = {0}
fori € Z9\ (I, 4)¢. So we are done by (3.7).

Now consider the map &. It is injective by Corollary 3.4. To show that it is an isomor-
phism, we apply Lemma 3.10, recalling the identification (3.16), to see that

dim EndG (V(Ap4) ® VE))P = dimEndg (T} ") = dim R}? < dim H}".
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Hence our injective map is an isomorphism. At the same time, we deduce that dim R5 =
didep’q,hence Rﬁ’q :Hf’q. O

It remains to consider the cases with d > min(m, n). For that, following a standard
argument, we need to allow m and n to vary. So we take some other integers m’, n’ > 0
and consider the supergroup G’ = GL(m’'|n’). To avoid any confusion, we decorate all
notation related to G” with a prime, e.g. V' is its natural module, its irreducible modules
are the modules denoted £'(A) for A € A’ := A(m'|n’), and F' := F(m'|n’). We are
going to exploit the following standard lemma.

Lemma 3.14. Let F : ' — % be an exact functor and X C A’ be a subset with the
following properties:

(1) F commutes with duality, i.e. Fo® = ® o F;
(ii) the modules FV' () for » € X have standard flags;
(iii) the map Homg (V' (L), V' (1)®) — Homg(FV' (L), FV'(1)®) defined by the func-
tor F is surjective forall A, u € X.

Suppose M, N are G’'-modules with standard flags all of whose sections are of the
form V'(A) for » € X. Then the map Homg (M, N®) — Homg(FM, FN®) defined
by the functor F is surjective.

Proof. We proceed by induction on the sum of the lengths of the standard flags of M
and N, the base case being covered by (iii). For the induction step, either M or N has a
standard flag of length greater than one. It suffices to consider the case when the standard
flag of M has length greater than 1, since the other case reduces to that using duality. Pick
a submodule K of M such that both K and Q := M /K are non-zero and possess standard
flags. By a general fact about highest weight categories (see also [B2, Lemma 3.6] for
a short direct proof in this context), the functor Homg(?, N®) is exact on sequences
of G’-modules possessing a standard flag. So applying it to the short exact sequence
0> K > M — Q — 0 we get a short exact sequence as on the top line of the
following diagram:

0 - Homg(Q,N®) — Homg(M,N®) — Homg(K,N®) — 0

| l |

0 — Homg(FQ, FN®) — Homg(FM, FN®) — Homg(FK, FN®) — 0

Similar considerations applying the functor Homg(?, FN®) to 0 - FK — FM —
F O — 0 gives the short exact sequence in the bottom row. The vertical maps making the
diagram commute are the maps defined by the functor F'. The left and right vertical arrows
are surjective by the induction hypothesis. Hence the middle vertical arrow is surjective
too by the five lemma. O

Now we consider the situation that

G’ = GL(m|n + 1). (3.17)
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Embed G = GL(m|n) into G’ in the top left hand corner in the obvious way. Also let
S be the one-dimensional torus embedded into G’ in the bottom right hand corner, so
that S centralises the subgroup G. The character group X (S) is generated by &,,,1,+1. Let
Fi : #' — Fbe the functor mapping M € 7' to the —(q + m)&y,+n+1-Weight space of
197" M with respect to the torus S.

Lemma 3.15. Let G’ = GL(m|n + 1) and G = GL(m|n) as in (3.17).

(i) For A € XT(T") with (A, eminy1) = q + m, we have F V' (L) = V(u), where i is
the restrictionof \to T < T'.
(ii) F+V’()L;,’q) = V(Ap,q)-
(iii) For A € XT(T) with (A, &pint1) < q +m, we have FLV' (L) = {0).
Proof. The proof of (i) reduces easily using the definition (2.10) to checking that the

—(q +m)&mn+1-weight space of TI9T" E’ (L) with respect to S is isomorphic to E (i) as
a Gg-module, which is well known. Then (ii) is a consequence of (i), noting that )»;,’ =

Yo, pEr — Zf:ll (g + m)é&mas. The proof of (iii) is similar to (i). O

Lemma 3.16. Let G’ = GL(m|n + 1) and G = GL(m|n) as in (3.17). There is a unique
G-module isomorphism

Fr(V 0l ® (VI8 5 V() @ Ve

suchthatvl’,’q@)v;l ®---®vlfd > Upg QUi ® - ®uj, forall 1 <iy,...,ig <m+n.
Moreover, this map intertwines the natural actions of H f 4

Proof. The first statement follows using the isomorphism F)’ ()x;), 7 = V(Ap,q) from
the first part of the previous lemma, together with the following observations:

» the weights u arising with non-zero multiplicity in V' ()\;7’ q) all satisfy (u, emynt1) <
q+m;

» the weights u arising with non-zero multiplicity in (V’ Y& a1l satisfy (i, &m4n+1) < 0;

» the zero weight space of (V/)®? with respect to S is V®4.

The second statement is straightforward. O

Lemma 3.17. Let G’ = GL(m|n + 1) and G = GL(m|n) as in (3.17). Assume the map
P H;’q — EndG/(V’()u;,’q) ® (V’)(X’d)"p is surjective. Then the map ® : H;’q —
Endg (V(%p4) ® VEDP is surjective too.

Proof. We apply Lemma 3.14 to F := Fy, taking m’ := m, n’ := n + 1 and the
set of weights X to be {, € XT(T") | (A, &mant1) < q + m}. The hypothesis in
Lemma 3.14(ii) follows from Lemma 3.15, and the other two hypotheses are clear. Since
VvV ()L;W) ® (V)®4 is self-dual and has a standard flag, we deduce that the functor F,
defines a surjection

Endg/ (V' (1), ) ® (V)®)P — Endg (F4 (V' (1, ) ® (V)))°P.
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Composing with the isomorphism from Lemma 3.16 and using also the last part of that
lemma, we deduce that there is a commutative triangle

HP?
fD’/ \ [
Endg: (V' (X, ) ® (V)®)P ——  Endg(V(hpq) ® V)P

in which the bottom map is surjective. The map @’ is surjective by assumption. So we
deduce that @ is surjective too. O

Instead consider the situation that
G' = GL(m + 1|n) (3.18)

and embed G = GL(m|n) into G’ into the bottom right hand corner in the obvious way.
Also let S be the one-dimensional torus embedded into G’ in the top left hand corner,
so again S centralises the subgroup G. The character group X (S) is generated by ¢;. Let
F_ : % — 7 be the functor mapping M € %’ to the (p — n)e;-weight space of M
with respect to the torus S. The analogues of Lemmas 3.15-3.17 in the new situation are
as follows.

Lemma 3.18. Let G' = GL(m + 1|n) and G = GL(m|n) as in (3.18).

(i) For A € X1T(T') with (A, &1) = p, we have F_V' (L) = V(u), where 1 is the
restriction of A —ney + epy2 + -+ Emyny1 to T.

(i1) F_V/(A;,,q) = V(hpg)-
(iii) For A € XT(T"), with (A, &1) > p, we have F_V'(A) = {0}.
Proof. This follows by similar arguments to the proof of Lemma 3.15, but there is an
additional subtlety. The main new point is that if v is a non-zero highest weight vector
of weight A in V' (1) as in (i), then the vector eq y42 - - - €1 m+n+1V+ gives a highest weight
vector for G in F_V'()) of weight A — ne| + &p12 + - -+ + &nans1. This statement is
checked by explicit calculation in U(g’). It then follows from the PBW theorem that
this vector generates F_)V'(1) and F_V'(1) = V(u) to give (i). For (ii) we note that

Myg = Zf’:ll per — sy (q +m 4 Depyig. |
Lemma 3.19. Let G’ = GL(m + 1|n) and G = GL(m|n) as in (3.18). There is a unique
G-module isomorphism
d\ ™ d
F_(V'(1, ) © (V)®) = V() @ VE

suchthat ej m42 - €1.m+n+1- v;,’q ® vlfl Q- ® vlfd = Uy g QUj—1 ® - ®vj,—1 forall
2 <it,...,ig <m+n+ 1. Moreover, this map intertwines the natural actions of H;’q.
Proof. Similar to the proof of Lemma 3.16, using Lemma 3.18. O
Lemma 3.20. Let G’ = GL(m + 1|n) and G = GL(m|n) as in (3.18). Assume the map
(Ol Hf’q — Endg/(V’(A;,q) ® (V’)®d)°p is surjective. Then the map ® : Hf’q —
Endg (V(Ap,¢) ® V®d)oP i syrjective too.
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Proof. Apply Lemma 3.14 taking m’ := m + 1, n’ := n and the set X of weights to be
{r € XT(T') | (A, &1) > p}, arguing in the same way as in the proof of Lemma 3.17. O

Finally we can assemble the pieces to prove a key result, which is a super analogue of the
Schur—Weyl duality for level two from [BK1].

Theorem 3.21 (Super Schur—Weyl duality). For any d > 0, the map
®: HY? — Endg(V(rp o) ® VOH)P

is surjective.

Proof. In the case that d < min(m, n), this is immediate from Theorem 3.13. To prove
it in general, pick m < m’ and n < n’ so that d < min(m’, n’). We already know the
surjectivity of the map @’ for G’ = GL(m'|n"). Now apply Lemma 3.17 a total of n’ — n
times and Lemma 3.20 a total of m’ —m times to deduce the surjectivity for G = GL(m|n).

O

Corollary 3.22. Recalling the identification (3.16), the map ® induces an algebra iso-
morphism Rg’q = Endg(po’q)(’p.

Proof. Theorem 3.21 shows the induced map R}? — Endg(7)"?)°P is surjective. It is
an isomorphism by Lemma 3.10. O

. . p,q
Irreducible representations of Ry

As an application of Corollary 3.22, we can recover the known classification of the irre-
ducible Rg’q-modules. For X € A;,q with ht(A) = ht(A, 4) + d, let

DP4(3) := Homg (T, L(1)), (3.19)
viewed as a left R7"?-module in the natural way.

Theorem 3.23. The modules {DP1()) | A € A;’),q, ht(A) = ht(A, 4) + d} give a com-

plete set of pairwise inequivalent irreducible Rg’q-modules. Moreover, dim DP9 (\) =
dimp, 4 (1), where dimy, 4 (1) is as defined in Theorem 3.6.

Proof. As po "1 is a projective module, Corollary 3.22 and the usual theory of functors of
the form Hom(P, ?) imply that the non-zero modules of the form Hom(;(po 4 L£(1)) for
A € A give a complete set of pairwise inequivalent irreducible Rf; “‘_modules. The non-
zero ones are parametrised by the weights A € A;’,’ q with ht(A) = ht(4, ;) + d, thanks to
Corollary 3.7. Finally the stated dimension formula is a consequence of Theorem 3.6. O

Remark 3.24. For a graded version of the dimension formula for the irreducible R5 4
modules derived in Theorem 3.23, we refer the reader to [BS3, Theorem 9.9]. (The identi-
fication of the labellings of irreducible representations in the above theorem with the one
in [BS3] can be deduced using the methods of the next subsection.)
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i-Restriction and i-induction

To identify the labelling of irreducible R’*?-modules from Theorem 3.23 with other
known parametrisations, it is useful to have available a more intrinsic characterisation
of DP9(L). We explain one inductive approach to this here in terms of the well-known
i-restriction functors.

Suppose that i € I, 4. The natural inclusion Hy < Hy induces an embedding
H:*q < H"% Composing before and after with the inclusion Rg’q = lg’qH;’q —

d+1°
H ffl and the projection H}}y — 1%, H})% = R],, we get a unital algebra homomor-
phism
64 : R} — R, (3.20)

Note this map need not be injective, e.g. if d = (m+n)(p—q)+2mn then the algebra Rg’q
is non-zero but R5f1 is zero by Lemma 3.10. The image of x;11 in Rgfl centralises
64(R?). So it makes sense to define the i-restriction functor

& rep(RY[) — rep(R)?) 3.21)
to be the exact functor mapping an Rgfl-module M to the generalised i-eigenspace of

Xg+1 on M, viewed as an R7?-module via 6.
For us, a slightly different formulation of this definition will be more convenient. Let

154 = > e(i) € RI1. (3.22)
ie(’p,q)d+1 sid+1=i
Multiplication by this idempotent projects any Rgfl -module M onto the generalised i-
eigenspace of xg.1, which is a module over the subring 17/ RY% 177 of RYY,. As 177
centralises the image of the homomorphism 6, we can define another unital algebra ho-
momorphism

O4:i - R? — 15;?R5f1 15;’?, X > Gd(x)lj;’iq. (3.23)
Because 15f1 = Zielp , 157, we have 05 = Zielp , 0a:i- The functor &; from the previ-

ous paragraph can be defined equivalently as the functor mapping an R5f1 -module M to
the space 1777 M viewed as an R7"?-module via the homomorphism 6.;. So
— 1P~ P.q 1Pq
&M =1,/M= Hongfl Ry 1y M), (3.24)
where we view R5fl 15_’? as an (Rgfl, R5 "7y _-bimodule using the homomorphism 6;.; to
get the right module structure. It is clear from (3.24) that the i-restriction functor &; has a
left adjoint

Fi = Ry 15 ®gra? i 1ep(Ry') — rep(Ry ). (3.25)

We refer to this as the i-induction functor.
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Lemma 3.25. There is an isomorphism

r: & oHomg (T}, ?) = Homg(T) 7,7 0 &

of functors from F to rep(Rg’q).

Proof. Take M € .Z. Note recalling (3.6) that po +ql 15,’? =F po 1 So we can identify

& (Homg (T4, M)) = 155?HomG(TdP;r‘fl, M) = Homg (T4 15;? , M)

= Homg (F; T, M).
Then the adjunction between F; and &; fixed earlier defines a natural isomorphism
Homg (5 T)'?, M) = Homg(T)", & M).

Naturality gives automatically that this is an R5 “!_module homomorphism. So we have
defined the desired isomorphism of functors. O

Corollary 3.26. Take A € A;’,’q with ht(A) = ht(A, ) + d + 1 for some d > 0. Pick

w € Ay, such that p 5 Aisan edge in the crystal graph for some i € I, 4. Then
DP9 () is the unique irreducible representation of Rgfl with the property that & DP9 (1)
has a quotient isomorphic to DP-1 ().

Proof. By Lemma 2.12, we know for A as in the statement and i € [, , that & L(}) is

zero unless there exists yu € A;, q with BN A in the crystal graph, in which case £(u)
is the unique irreducible quotient of & L(A). The corollary follows from this on applying
the exact functor Hom(;(po 4 9) and using Lemma 3.25 and the definition (3.19). ]

Remark 3.27. It is sometimes necessary to understand the homomorphism 6,;.; from
(3.23) from a diagrammatic point of view. Using Theorem 3.12, we can easily write down
604.; on the Khovanov-Lauda—Rouquier generators: it is the map

Oa.i e(@) > e(t+i), yre@)r— ye(t+i), VYse(@)— Yse(@+i) (3.26)

for z € (Ip,q)d, 1 <r <dand1l < s < d, where ¢ + i denotes the (d + 1)-tuple
(i1,...,iq,1). It is harder to see 6,4.; in terms of the bases of oriented stretched circle
diagrams, but this is worked out in detail in [BS3, Corollary 6.12]. The basic idea to
compute 6;.; (Ju*[v*] : t[d]]) is to insert two extra levels chosen from

~ = Lo
into the middle of the matching w*¢, where we display only the strip between the ith and
(i + 1)th vertices, the diagrams being trivial outside that strip. In the first configuration

here, this process involves making one application of the generalised surgery procedure.
The construction is made precise in the paragraph after [BS3, (6.34)].
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4. Morita equivalence with generalised Khovanov algebras

Next we construct an explicit Morita equivalence between R”Y = P, R5 1 and
a certain generalised Khovanov algebra K7-9. Using this, we replace the tensor space
TP = Pyso po "1 from the level two Schur—Weyl duality with a new space PP-¢
whose endomorphism algebra is K?”°¢. Exploiting the fact that K¢ is a basic algebra,
we show that the space PP has exactly the same indecomposable summands as 779
(up to isomorphism), but that they each appear with multiplicity one.

Generalised Khovanov algebras

Given p < g, let K?-9 denote the subring e”-? K eP 9 of K, where e”4 is the (non-central)
idempotent
ehii= Y e ek. 4.1)

)LeA;tq

Lemma 4.1. The algebra K is the union of the subalgebras KP4 for all p < q.

Proof. This follows from (2.1) and the observation that, for any A, © € A, we can find
integers p < g such that both 2 and 1 belong to A} ;. O

Remark 4.2. In terms of the diagram basis from (1.7), K77 has basis

{ (arb)

for all oriented circle diagrams aAb with A € A, 4 such that
cups and caps pass only through vertices in the interval / 1;" q

All the diagrams in the diagram basis of K79 consist simply of straight lines oriented A
outside of the interval / ,;" 4 these play no role when computing the multiplication. So we
can just ignore all of the diagram outside this strip without changing the algebra structure.
This shows that the algebra K77 is a direct sum of the generalised Khovanov algebras
from [BS1, §6] associated to the weights obtained from A , by erasing vertices outside
the interval I, .

Representations of KP4

To understand the representation theory of the algebra K79, we exploit the exact functor
e’ :rep(K) — rep(KP7) 4.2)

arising by left multiplication by the idempotent e”-7; cf. [BS1, (6.13)]. It is easy to see
that e”7L(A) # {0} if and only if X € A;’q. Hence, letting LP9()) := eP9L(A) for
AE A;’,’q, the modules
L) [ e A ) 4.3)
give a complete set of pairwise inequivalent irreducible K 7*¢-modules.
Recalling also the (K, K)-bimodules F; and E; from (2.3), we get (K74, KP9)-
bimodules - - ~ ~
FP? = ePiFerd,  EPY:=el1E; el (4.4)
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forany i € I, 4. Let F; := I?ip’q@)[(p.q? and E; := Eip’q@)[(p,q? be the endofunctors of
rep(K P?) defined by tensoring with these bimodules.

Lemma 4.3. Forany i € I, 4, there are isomorphisms F; o eP? = eP9 o F; and E; o
eP9 = eP 9 o E; of functors from rep(K) to rep(KP1).

Proof. We just explain the proof for E;, since the argument for F; is the same. Suppose
first that P is any projective right K-module that is isomorphic to a direct sum of sum-
mands of e”>? K. Then the natural multiplication map

PeP? Qupagera 1K — P

is an isomorphism of right K-modules. This follows because it is obviously true if P =
eP91K. In the next paragraph, we show that P = P4 E; satisfies the hypothesis that it
is isomorphic to a direct sum of summands of ¢”?K as a right K-module. Hence, we
deduce that the multiplication map

Elf”q Qkra eP1K = ep’qgi 4.5)

is a (K74, K)-bimodule isomorphism. The desired isomorphism E; o e?”9 = eP1 o E;
follows at once, since E; o e”? is the functor defined by tensoring with the bimodule on
the left hand side and e”*? o E; is the functor defined by tensoring with the bimodule on
the right hand side of (4.5). ~

It remains to show that e”-9 E; is isomorphic to a direct sum of summands of e”-7K.
Equivalently, twisting with the obvious anti-automorphism s that reflects diagrams in a
horizontal axis, we show that Fje”-9 is isomorphic to a direct sum of summands of K e?9.
The indecomposable summands of Ke? ¢ are all of the form P(u) for u € A;, q> SO by
the definition (4.1) this follows if we can show for any A € A7 . that all indecomposable

summands of fiq are of the form P(w) for u € A;’,’q. As I:"}ek = F; P()), this follows
easily from [BS2, Theorem 4.2], using also the assumption thati € I 4. O

Corollary 4.4. Let 1, i and i be as in the statement of Corollary 3.26. Then LP-1())
is the unique irreducible representation of KP4 with the property that E; LP"9 (1) has a
quotient isomorphic to LP ().

Proof. This follows from Lemmas 2.4 and 4.3 by the same argument used to prove Corol-
lary 3.26. O

Morita bimodules

Recall the G-module po "1 from (3.7). In view of Theorem 3.21, we can identify its endo-
morphism algebra with the algebra R5 1. Actually it is convenient now to work with all
d simultaneously, setting

7 =T (4.6)
d>0

RP4 = D R = Endg (T79)°F. 4.7)
d>0

Note by Corollary 3.8 and Lemma 3.10 that 77-9 and R?9 are both finite-dimensional.
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We next want to explain how the algebra R”-9 is Morita equivalent to the basic alge-
bra K79, by writing down an explicit pair of bimodules A”'9 and B”-9 that induce the
Morita equivalence. To do this, recall the notions of oriented upper- and lower-stretched
circle diagrams from [BS3, (6.17)]. They are the consistently oriented diagrams obtained
by gluing a cup diagram below an oriented stretched cap diagram, or gluing a cap diagram
above an oriented stretched cup diagram, respectively. Let A”>9 and BP9 be the vector
spaces with bases

(@t for all oriented upper-stretched circle diagrams a t[~y] of
v height d > O such that yp = A, 4 and yy € Ap 4 ’
¥ (6] b) for all oriented lower-stretched circle diagrams w*[§*] b of
height d > 0 such that §o = A, 4, and 65 € Ap 4 ’

respectively. We make A”4 into a (K?-9, RP-?)-bimodule as follows.

» The left action of a basis vector (arb) € KP4 on (c t[v]| € AP is by zero unless
A~ yg (wherey = y;---y) and b = ¢*. Assuming these conditions hold, the product
is computed by drawing aib underneath c t[~], then iterating the generalised surgery
procedure to smooth out the symmetric middle section of the diagram.

» The right action of a basis vector |s*[7*] : r[o]| € RP'? on (a t[v]| € AP? is by
zero unless ¢ = s and all mirror image pairs of internal circles in s*[7*] and t[~] are
oriented so that one is clockwise, the other anti-clockwise. Assuming these conditions
hold, the product is computed by drawing a t[~] underneath s*[7*]: r[o], erasing
all internal circles and number lines in £[~] and s*[7*], then iterating the generalised
surgery procedure in the middle section once again.

Similarly we make B?'? into an (R?-?, K?-7)-bimodule. We refer the reader to [BS3,
§6] for detailed proofs (in an entirely analogous setting) that these bimodules are well
defined.

Theorem 4.5. There are isomorphisms
w:APY @ppg B S KP4y BP Qgpg APY S RPA

of (KP4, KP1)-bimodules and of (RP-1, RP-1)-bimodules, respectively.

Proof. This is a consequence of [BS3, Theorem 6.2 and Remark 6.7]. These references
give a somewhat indirect construction of the desired isomorphisms w and v. The same
maps can also be constructed much more directly by mimicking the definitions of multi-
plication in the algebras R”-? and K74, respectively. O

Corollary 4.6 (Morita equivalence). The bimodule BP9 is a projective generator for
rep(RP°9). Also there is an algebra isomorphism KP4 = Endgp.a (BP9 induced by
the right action of KP4 on BP-4. Hence the functors

Homgp.qa (BP9, ?) : rep(R??) — rep(KP9), BP”97Qkpq?: rep(K??) — rep(R?9)
are quasi-inverse equivalences of categories.

Proof. This follows immediately from the theorem by the usual arguments of the Morita
theory; see e.g. [Ba, (3.5) Theorem]. O
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More about i-restriction and i-induction

We will view the i-restriction and i-induction functors &; and F; from (3.24)—(3.25) now
as endofunctors of rep(R”°?). Summing the maps 6;.; from (3.23) over all d > 0, we get
a unital algebra homomorphism

0; : RP1 — lf’qR/”qlf’q where lf’q = Z 15,’? (4.8)

d>0

(which makes sense as the sum has only finitely many non-zero terms). Then &; is the
functor defined by multiplying by the idempotent 17”7, viewing the result as an R”-9-
module via 0;. The i-induction functor F; = RP91 f “TQrra? is left adjoint to &;; here,
we are viewing R791"? as a right R”*4-module via 6;.

Lemma 4.7. There is an isomorphism
s’ Bp’q®](p.tl?o E; — & o Bp’q®](p,q?

of functors from rep(K?-9) to rep(RP°7).

Proof. By the definitions of the various functors, it suffices to construct an (R”-9, K7-1)-
bimodule isomorphism
BPY @kpa El-p’q = IiPqup,q’

where lf “1BP-4 is viewed as a left RP*?-module via the homomorphism 6;. There is
an obvious multiplication map defined on a tensor product of basis vectors of the form
|[u*[6*]1b) ® (cAtpud) so that it is zero unless ¢ = b* and A ~ 84 (Where § = 84 - - - 8p),
in which case it is the sum of basis vectors obtained by applying the generalised surgery
procedure to the bc-part of the diagram obtained by putting w*[6*] b underneath cAtud.
The fact that this multiplication map is an isomorphism of right K74-modules is a con-
sequence of [BS2, Theorem 3.5]. It remains to show that it is a left R”'?-module homo-
morphism. If we use the diagrammatic description of the map 6; from Remark 3.27, this
reduces to checking a statement which, on applying the anti-automorphism x, is equiva-
lent to the identity (6.38) established in the proof of [BS3, Theorem 6.11]. O

Corollary 4.8. There is an isomorphism
s : E; o Homgp.q (BP?,7) = Hompgp.a (BP9,?) 0 &

of functors from rep(RP-1) to rep(K 7).

Proof. In view of Corollary 4.6, the natural transformations arising from the canonical
adjunction between tensor and hom give isomorphisms of functors

1 : Idrep(kra) = Hompgp.a (B?1,7) o BP1Qkr.q?,
g1 BP9®kpa? 0 Homgpa (BP9, ?) = Idrep(rra) -

Now take the isomorphism from Lemma 4.7, compose on the left and the right with the
functor Homgp.q (BP9, 7), and then use the isomorphisms 1 and ¢ to cancel the resulting
pairs of quasi-inverse functors. O



408 Jonathan Brundan, Catharina Stroppel

Identification of irreducible representations

Now we can identify the labelling of the irreducible R”-9-modules from Lemma 3.23
with the labelling of the irreducible K ”-9-modules from (4.3).

Lemma 4.9. For A € Ap ¢ e have Hompgp.q (BP1, DP9(A)) = LP9(L) as KP4-
modules.

Proof. We first show that L := Homgp.q (BP9, DP9 (A, ,)) = LP9(X, 4). It is obvious
that & DP-4(), ;) = {0} forall i € I, 4. So by Corollary 4.8 we deduce that E; L = {0}
forall i € I, 4. Combined with Corollary 4.4, this implies that L = L?-9(u) for some
JTRS A;,q withht(u) = ht(A, 4), hence L = LP9(A, 4) as Ap 4 is the only such weight .

Now take A € A7 . different from 2, 4, so that ht(A) > ht(x, ). We again need
to show that L := Homgp.q (BP9, DP4(A)) = LP9()\). Let u and i be as in Corol-
lary 3.26, so DP9(u) is a quotient of & D”-9(A). We may assume by induction that
Homgp.q (BP9, DP9(n)) = LP9(u). Applying Corollary 4.8 again, we deduce that
LP-9(u) is a quotient of E; L. So we conclude that L = L?-9()) by Corollary 4.4. ]

Multiplicity-free version of level two Schur—Weyl duality

Continue with p < ¢g. Let
PP :=TP9Qprpq BP1. 4.9)

This is a (G, K”-9)-bimodule, i.e. it is both a G-module and right K”-9-module so that
the right action of K79 is by G-module endomorphisms.

Theorem 4.10. The homomorphism K?-4 = Endg(P?9)° induced by the right action
of KP4 on PP1 is an isomorphism. Moreover:

(1) There is an isomorphism
¢ : Homg (PP, ) = Hompgpre (BP9, ?) o Homg (TP, ?)

of functors from F to rep(K P1).
(i) There is an isomorphism

t: Ej o Homg (PP, ?) = Homg (PP, 7) 0 &

of functors from F to rep(K P?).
(iii) We have Homg (PP-1, L(X)) = LP-9()) for each ) € A° Fpe
(iv) Asa G-module, PP-9 decomposes as @,\E[\o PP4e, with PP 9e), = P (M) for each

)»eA"’
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Proof. We have natural isomorphisms

Endg (PP9)°° = Homg (T?1 Qgp.a BP9, TP Qrpg BPT)
= Homgp.q (BP4, Homg (TP, T?1 Qgprq BP'?))
= Homgp.a (BP?, Homg(T??, T??) Qgra BP?)
= Homgr.a (BP9, RP? Q@pgra BP'?) = Endgp.q (BP7)P = KP 9,

using Corollary 4.6. This proves the first statement in the theorem.
Then for (i), we use the natural isomorphisms

Hom(;(Pp’q, M) = Homg(Tp’q QRr.a Bp’q, M) = Home,q (Bp’q, Homg(Tp’q, M))

For (ii), we combine (i), Corollary 4.8 and Lemma 3.25; the isomorphism ¢ is given
explicitly by the natural transformation £ ~!1 0 1r 051 0 1¢. For (iii), use Lemma 4.9 and
the definition (3.19).

Finally, consider (iv). The fact that P79 = P, Ity PPde, follows as the idem-
potents {e, | A € A} ,} sum to the identity in K79 Since BP9 is projective as a left
RP-4-module, it is a summand of a direct sum of copies of R”-? as a left module. Hence
as a G-module, P79 is a summand of a direct sum of copies of 77-9. Applying Corol-
lary 3.7, we deduce that the indecomposable summands of P79 as a G-module are all of

the form P (A) for various A € A;’ PE Moreover, for any A, u € A;’ ¢ We have

dimHomg (P?Ye, L(1)) = dimeyHomg (P79, L(w)) = dimep LPT () = 85, s

using (iii) and the definition of L?-9(u). This completes the proof. ]

5. Direct limits

In this section we complete the proof of Theorem 1.1 by taking a limit as p — —oo and
q — oo.

Various embeddings

In this subsection we fix p’ < p < g < ¢’ such that either p’ = p — 1 and ¢’ = ¢,
or p) = pand ¢ = g + 1. By definition, the algebra K”-7 is equal to the subring
ePIKP -1 ePq of KP-1.So PP 9 eP1isa (G, KP9)-bimodule. The goal is to construct

. . ' g’ ~ 1y
an isomorphism ) ;7 : PP4 — PP4 el

Throughout the subsection, we set

;e (p/sp/_l’-"vp/_m+1) 1fp,=p—19 (51)
"Tl@ g+ g =) ifg =g+ 1 '
We have i € (Iy o) where ¢ :=m if p" = p—1and ¢ :=nif ¢’ = g + 1. Introduce the
idempotent

E=) &g € RMY where &= Y e(i+j)e R, (5.2)
d>0 je(lp.q)d
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writing ¢+ j for the sequence (iy, ..., ic, ji, .- -, ja)- The following lemma explains how
to identify R4 with the subring &; RP -9 &; of RP -1 .

Lemma 5.1. Lett = ¢, - - - 11 be the composite matching and 0 = ', - - - ' be the block
sequence associated to the (p’, q')-admissible sequence i from (5.1). Let v = y.--- v
be the unique sequence of weights with y, € I, for each r; in particular, yo = Ay o and
Ye = Ap,q. Then there is a unital algebra isomorphism

P'a . ppg = g’
Ppg RV — &RVTE;
defined on the basis of oriented stretched circle diagrams by setting

Pfjéq/(IS*[T*] vrle])) = 1y s [r T erlo] ety

i.e. we glue y()tl*yl -+ Ye—11} onto the bottom and t.y.—1 - - - yit1 Yo onto the top of the
/ /
given diagram s*[T*] vr[o]. Moreover, if we write pﬁ,’{q =) >0 Pd for isomorphisms

0d : Rg’l”q 5 gi;de_tz/é%i;dr the following two properties hold.
(i) On the Khovanov-Lauda—Rouquier generators of Rf; 1 we have

pae(d) =e@@+73), pa(¥y) = éi;dwc—t-rv Pd(ys) = 'i:i;dyc+s,

forje U, )¢ 1<r<dandl <s <d.
(i) On the Hecke generators of R 5 4 we have

0a(sr) = &iaScrr,  Pa(Xs) = & qXets,
forl <r <dandl1 <s <d.

Proof. The existence of the isomorphism pﬁ/(’lq, is a consequence of the diagrammatic
description of the algebras R4 and EiRp/’q/Ei. One first checks by inspecting bases that
the given linear map is a vector space isomorphism, then that it preserves multiplication.
The latter is obvious because we have just added some extra line segments all oriented A
at the top and bottom of the diagram.

To check (i), it follows from (3.12) and the definitions just before (3.15) and (3.14)
that pg(e(5)) = e(@ + J), pa(¥r) = &i.q¥etr and Pd()_’s) = &3.4Yc+s- It remains to
show that the signs (3.13) involved in passing from ¥ to i and from y to y match up
correctly, which amounts to the observation that a;’ q(j) = o;f: qr (2+g)forg e p’q)d
and 1 < r < d. This follows from the identity

min(p, j») +min(g, j-) — p = min(p’, j;) +min(g’, j;) = p' =8, — - = Sijp»
which we leave as an exercise. Then (ii) follows from (i) and Theorem 3.12. m]

We can make a very similar construction at the level of the bimodule B?-?. In the fol-
lowing lemma, we view &; B *1 ¢P-9 as an (RP*9, K P-7)-bimodule, where the left R?9-
module structure is defined via the isomorphism from Lemma 5.1.
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Lemma 5.2. Let t and ~y be as in Lemma 5.1. There is an isomorphism of (RP-4, KP1)-
bimodules L o
1[77,1’1(] ;LR LU
defined on the basis of oriented upper-stretched circle diagrams by setting
bl (W' [671b)) == | [y ] u*[6*]b).
Moreover, the map
K},U,,’,q : Rl’/’qléi ®prroa B”'q—>Bp/’q,e”’q, X®b+— xﬂ,l,’,;iq (b),
is an isomorphism of (Rp/’q/, KP-9)-bimodules.

Proof. The fact that ,3]1,7,,’]‘1 is an isomorphism of vector spaces follows by considering
the explicit diagram bases, and it is obviously a bimodule homomorphism. To deduce the
final part of the lemma, it remains to show that the natural multiplication map

RPE; B¢, o' s, g;BP 4 P4 — BP4 P4
is an isomorphism. For this, we argue as in the proof of Lemma 4.3, starting from the
trivial observation that the multiplication map
/ !’ ’ ’ / ’
RP1E; ®$iRp/’q,§i &RV & — RP1E;

is an isomorphism. Thus, we are reduced to showing that all the indecomposable sum-
mands of BP9 P4 are also summands of R”/’q/éi as left RP4'-modules. By Corol-
lary 4.6 and Lemma 4.9, we know that the indecomposable summands of BP9 ¢P4 are
the projective covers of the irreducible RP"4'-modules {Dp/’q/(k) | A € A;,q}' Since

RV ,51‘ is projective, it just remains to check that

Hom - (RP'&;, DP9' (1)) = & DP9 (1) # {0)

for A € A;,q. By Lemma 2.6, we can findd > O and a tuple 5 € (Ip,q)d such that A, 4 ELY

X isa path in the crystal graph. As A/ ./ 405 Ap,q 1s a path in the crystal
graph too, repeated application of Corollary 3.26 shows that &;, - - - &;.&j, --- &, D4 (1)
# {0}. By the definition of the i-restriction functors,/ tl/lis means e(z + j)DP,"/(}L) # {0}.
Since &;e(i + 7) = e(i + 7), this implies that £, D -9 (L) # {0} too. O

Next we explain how to identify 7'7-9 with TP 4'g,;.
Lemma 5.3. There exists a (unique up to scalars) G-module isomorphism
pq . rpaqg ~ Tp.q
T TPT—TP1g
/ ’ ~ / ’
such that rl[f,,;q = Zdzo T4 for isomorphisms tg : po’q — TC‘:; &g With 1411 =

/ 7
Zkelw Fi(rq) for each d > 0. Moreover, tﬁéq is a homomorphism of right RP1-

. . . . . . . . / /
modules, i.e. it is a (G, RP"?)-bimodule isomorphism, where we are viewing TP 1 &; as a
right RP-1-module via the isomorphism from Lemma 5.1.
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Proof. We first construct the map 79. Recall that TOP 4= V(Apq) and T} /’q,éi;o =
VAp ) ® V®)e(i) = FiV(Ap ). By Lemma 2.12 we have 73V (A, ) = V(Ap 4);
only the analogues of the statements from (i) and (iii) of Lemma 2.4 are needed to see
this. So we can pick a G-module isomorphism

w0 : T) = Vhpy) = FiVOy g) =T T .

This map is unique up to a scalar.
Now we inductively define the higher 7,;’s. Since T)"¢ = @j€<lp e ]:~V(kp q) we

have Td+1 = @kel,, fkT 4 Similarly T +d+1§1d+1 ®kelp ]-"k(T+d Szd) So

given a G-module isomorphism 7 : Tp a :> Tif &;.4 for some d > 0, we get a G-

. . . p,q .
IIlOdl'lle isomorphism g1 : T, > TL v 151-; d+1 on applying Fhe. functor @ke Iy Fr.
Starting from the map 7y from the previous paragraph, we obtain isomorphisms t; for
every d > 0 in this way. Then we set 7j /7 := Y, 74, to get the desired G-module
isomorphism 779 = T”,’qléi.
It remains to check that each 7; is a homomorphism of right Rg “‘_modules, viewing

/ /
.TC’;’; £;.4 as aright R} ’q—rpodule via the isomorphism p; from Lemma 5.1. Because 1
is a G-module homomorphism, the map

VOp)@VE = V(i HN@VETD  u@vis 1) @v (€ V(i) ve VO,

intertwines the action of x; € Hy with x.45 € H.44. It obviously intertwines the action
of each s, € Hy with s¢y, € H.44. From this and the definition of t;, we deduce that t;
intertwines the actions of s,, x; € Hy on po ‘9 with the actions of Sctrs Xeqs € Heqq On

r.q
Tc+d

Recall finally the spaces P4 = TP9 Qpgp.q B4 from (4.9).

&;.q4. So we are done by the description of o4 from Lemma 5.1(ii). o

Theorem 5.4. There is a unique (up to scalars) (G, KP1)-bimodule isomorphism
nﬁ,f . pra 5 prldera

such that né’/q’q,(v ®b) = 1), qq )R ﬂ;,’ qq (b) forv e TP9,b € BP1 and some choice
of the isomorphism T, qq from Lemma 5.3.

Proof. Recalling the isomorphism K,f,éq from Lemma 5.2, we define 7} /éq/ to be the
composition of the following (G, K ”+9)-bimodule isomorphisms:

’ !
P pa 0 B4 g p.q p.q p.a’ P
TP Qrpq BPY ——— TP 1 &, Qrpag BP1T =T ®R,,/,q/R & Qrra BY
/ ’
id®K[[;_q’q i rol
— L TP QL BPT eP

It remains to observe that 7, qq (v®b) =r1p, qq ) /35 qq (b), which follows from the

definition of Kp’q . O
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Compatibility of embeddings

. . . p.q+1 r—1l.gq :
Now we explain how to glue the isomorphisms 7, and 7w, , " from the previous

subsection together in a consistent way to obtain a compatible system of isomorphisms
nﬁf . pra 5 prldepd for every p' < p < g < ¢'. The following lemma is the key
ingredient making this possible.

Lemma 5.5. Let p < q be fixed. Given a choice of three out of the four maps

p.q+l _p—lq _p-lg+l _p—1l,g+l
o g g+l 2 Tp-lg }
. . —1,q+1
from Theorem 5.4, there is a unique way to choose the fourth one so that 71‘5 q+i1+
p.q+l _ _p—lg+1 p—lg
pa = Tpo1gq g -

Proof. We show equivalently given a choice of all four maps that there is a (necessarily
unique) scalar z € I such that

r—lg+l pq+l _ ___p—1lg+l r—1l.q
T, gt OTpq =Ty g OTpg .

Tosee this,leth:=(p—1,p—2,...,p—m)andt:=(q+1,g+2,...,q +n). Let

Vo= (YmYmtr - Ymtn—1) - (Y23 - Yy D@12 - - - ¥),
lﬁ/ = (lﬁn t w2w1)(¢n+l T 1#3‘#2) T (Wm+n—l to 1aﬁm+1Wm)-

It is easy to see from the defining relations between the Khovanov-Lauda—Rouquier
generators from [BS3, (6.8)—(6.16)] that &, p, = Enyi¥, &0 nY’ = Y'épi4, and
V' VEi n = Eiyp in RPTLOTL

Now we claim that there exists a scalar z € I such that the following two diagrams
commute:

BP4
-1, N 1
Bra B
-1, , .BP-9t1,p.q
gp,BP~14ePq g;BPitle
* (5.3)
p—1lg+1 p—Ll.g+1
ﬂp*hq l lﬁp-qﬂ
E; pBPLatlera L;) Ep i BPLatlera
v
TP
_[pp;l.q/ \Tlg),}:]+l
Tp—l,q%-h Tp,q-ﬁ-l%—.
v (5.4)

p—1,g+1 p—1l.q+1
rpfl,q l Jvrp,q+l
—Lg+lg, ~ , prlatlg .
Tr=ha7 g P O A T
2y’
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where Ly, (b) := ¥b and Ry (v) := zvy’. Given the claim and recalling Lemma 5.4, we
see forany v ® b € TP9 Qgp.q BP-1 that

al S el we by = T R oy @ 8L T 8L o))

. ; S M oy @ BT (B )
ap o @ wwpl T Bhy )
+1(Tp ql () ® ﬂp ) q+1(/311;ql (b))

—1l,g+1 p—1,
=zm) T (g (0 @ b)).

p 1,
p 1,
p 1,
p—1,

Q& 25

=27

So the lemma follows from the claim.

To prove the claim, consider first the diagram (5.3). The point for this is that all the
¥,’s in the element Y are acting successively on the left on &;, p B? —Latlera g5 3 se-
quence of height moves in the sense of [BS3, §5]. Combined with the diagrammatic def-
inition from Lemma 5.3 this is enough to see that (5.3) commutes. Next consider the
diagram (5.4). Here one first reduces using the definition of the higher 7;’s in Lemma 5.3
to checking just that the diagram commutes on restriction to TOP 4 = V(Ap,q)- In that

case, both of 7/ L q+1§z+h and T/t &h+¢ are isomorphic to V(1) 4), and the map

m-+n m+n
defined by right multiplication by ¥’ is a non-zero isomorphism. So the diagram must
commute up to a scalar as Endg (V(, 4)) is one-dimensional. ]

Theorem 5.6. We can choose (G, KP°9)-bimodule isomorphisms

s ~ s
wp s pPa S prldera

p".q" p'q" _pd "
forall p" < p < q < q’insuch away that mp 4" = n' ' om,, whenever p” <

P
P<r<q9g=<q=4q"
Proof. First of all we make arbitrary choices for the maps n,, (5’ *1 from Theorem 5.4 for
all p < g. Also we make arbitrary choices for the maps np‘ » P from Theorem 5.4 for
all p. Then we repeatedly apply Lemma 5.5, proceeding by induction on ¢ — p, to get
maps 715, ;Lq such that the following local relation holds:

p—1l,g+1 p.q+1 p—

1,
Tpg+l  °Tpg =Ty,

/ !’
< in general by settlng er a =nb1

for all p < ¢q. Finally we define the maps rrp , 0

p'tlg
1 4 "
-0 TL’p , d nﬁj, joro n{,’f The equality n‘" T = nl’:, qq o Tp, qq follows from
this definition and the local relation. ]

Proof of the main theorem

Consider the directed set {(p, q) | p < q} where (p,q) — (p',¢)ifp < p<q <q’.
By Theorem 5.6, it is possible to choose a direct system {nf,q’q . PP — pPd epay of
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(G, KP-9)-bimodule isomorphisms for every (p, q) — (p’, q¢’). Let
P :=lim PP (5.5)
—

be the corresponding direct limit taken in the category of all G-modules, and denote the
canonical inclusion of each P79 into P by ¢”9. We make P into a locally unital right
K-module as follows. Take x € K and v € P. Recalling Lemma 4.1, we can choose
p < g so that x = eP9xeP 4 and v = P9 (vP?) for some vP”4 € PP, Then set
vx = P4 (vP9x).

Remark 5.7. Note that P is independent of the particular choice of the maps {nﬁ,’]q }in
the sense that if P = 11_11)1 PP4 is another such direct limit taken with respect to maps

{ﬁ; ;’]q/}, then there is a unique bimodule isomorphism P 5 P such that oP1(v) —
@P4(v) forallv e PP9and p <gq.

Roughly speaking, the following lemma shows that P is a minimal projective gen-
erator for the category . (except that as P is not finite-dimensional it is not actually an
object in the category).

Lemma 5.8. As a G-module, we have P = @KA Pe) with Pe, = P(A) for each
reA.

Proof. The first part of the lemma is immediate because P is a locally unital right K-
module. To show that Pe; = P(L), we find by the above definitions that Pe; =
li_r)n(Pp’qek) where the direct limit is taken over all p < g with A € A} . (so that
e, € KP1). Each PPe; is isomorphic to P(A) by Theorem 4.10(iv). Hence the di-
rect limit is isomorphic to P (1) too. ]

Now we want to identify the algebra K with the endomorphism algebra of P. A little care
is needed here as P is an infinite direct sum. So for any G-module M, we let

Hom{#(P, M) := (D) Homg (Pe;., M) € Homg (P, M), (5.6)
rEA

which is the locally finite part of Homg (P, M). If M is finite-dimensional then
HomﬁGn(P, M) = Homg (P, M). In particular, we denote Homg“(P, P) by Endgn(P)
and write Endg“(P)"p for the opposite algebra, which acts naturally on the right on P by
G-module endomorphisms.

Lemma 5.9. The right action of K on P defined above induces an algebra isomorphism
K = Endfi(P)°P.

Proof. We need to show that right multiplication induces a vector space isomorphism
e;, K = Homg (Pe;, P) foreach A € A. By definition, the right hand space is

Homg <Pe;“ U Pep"’) = UHomc;(Pe;L, PeP?)
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where we can take the union just over p < g with 2 € A} . As Pe, = pP4(PPie,)
and PeP9 = @P-4(PP-1) for all such p < ¢, the first statement from Theorem 4.10 im-

plies that right multiplication induces an isomorphism e; K e?-4 5 Homg(Pey, PeP).
Taking the union and recalling Lemma 4.1, we deduce that we do get an isomorphism

ek > JHomg (Pe,, PeP?). O

Finally we record the following variation on a basic fact.

Lemma 5.10. Let B be a G-module that is also a locally unital right K -module, such that
the action of K on B is by G-module endomorphisms. Let M be any finite-dimensional
left K-module and assume that B @k M is finite-dimensional. Then there is a natural
G-module isomorphism

Hom!"(P, B) @k M — Homg(P, B ®k M)

sending f ® m to the homomorphism v — f(v) ® m.

Proof. Tt suffices to show that Homg (Pe;, B) @ x M = Homg (Pe), B @ M) for each
A € A, which is well known. O

Now we can prove the main result of the article, which is essentially Theorem 1.1 from
the introduction with the functor E there constructed explicitly. The proof is a rather
standard consequence of the last three lemmas, but we include some details since we are
in a slightly unusual locally finite setting.

Theorem 5.11. The functors
Homg(P,?) : & — rep(K), PQk?:rep(K) — F

are quasi-inverse equivalences of categories. Moreover P @k P()) = P()\) for each
A €A

Proof. By Lemma 5.8 both the functors map finite-dimensional modules to finite-dimen-
sional modules, so the first statement makes sense. Lemmas 5.10 and 5.9 yield a natural
isomorphism

Homg (P, P ®x M) = HomM(P,P)@x M =K @k M =M

for any M € rep(K). Thus Homg (P, ?) o PQg? = Idrep(k). Conversely, to show that
P®k?o0oHomg (P, ?) = Id g, we have a natural homomorphism

P ®x Homg(P,N) > N, vQ® f+— f(v),

for every N € .%. Because of Lemma 5.8 this map is surjective. To show that it is injective
too, denote its kernel by U. Applying the exact functor Homg (P, ?), we get a short exact
sequence

0 - Homg (P, U) - Homg (P, P ®x Homg (P, N)) - Homg(P, N) — O.

By the fact established just before, the middle space here is isomorphic to Homg (P, N),
so the right hand map is an isomorphism. Hence Homg (P, U) = {0}, which implies that
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U = {0}. So our natural transformation is an isomorphism, and we have established the
equivalence of categories. Moreover,

P®K P(}\.) = P®K KE)\ = P@)L ;’]D()\)
by Lemma 5.8. a

Theorem 1.1 from the introduction is a consequence of Theorem 5.11 for E :=
Homg (P, 7). We have already proved that EP(A) = P()), which immediately implies
that EL(L) = L(1). The fact that EV(A) = V(1) follows because both the categories .7
and rep(K) are highest weight categories in which the modules {V(A)} and {V (1)} give
the standard modules; see Theorem 2.15 for the former and [BS1, Theorem 5.3] for the
latter fact.

Identification of special projective functors

Finally we discuss briefly how to relate the special projective functors on the two sides of
our equivalence of categories.

Theorem 5.12. For eachi € I, we have
E; Z=Homg(P,?7) o0& o PRk?, F;=Homg(P,?) oF; 0o PRk?
as endofunctors of rep(K).

Proof. Since F; is left adjoint to E; and F; is left adjoint to &;, the second isomorphism
is a consequence of the first, by unicity of adjoints. To prove the first, we note using
Lemma 5.10 that there are natural isomorphisms

Homg (P, & (P ®x M)) = Homg (P, (E;P) @k M) = Homgn(P, EP)®x M

for any M € rep(K). Hence it suffices to show that Homg“(P, EP) = Ei as (K, K)-
bimodules. For this, we just sketch how to construct the appropriate map, leaving details
to the reader. Take any A € A and any p < g so that we actually have A € A} .. When
applied to the module P77, the natural isomorphism from Theorem 4.10(ii) produces a
(KP4, KP-1)-bimodule isomorphism

el Eip’q = Homg (PP1, & PP1).

Restricting this to e, E”? = ¢; E;e”4 and using ¢4 to identify PP4 with PeP 4, we
get from this a vector space isomorphism

e’ e, E;e?d S e;Homg (PeP 4, & Pel 1) = Homg (Pey, & PeP9).

Now one checks for p’ < p < g < ¢’ that e?9(v) = ep/'q/(v) forall v € eAEiep'q; it
suffices to do this in the cases (p’, ¢") = (p — 1, g) or (p, g + 1). Hence it makes sense
to take the union over all p < g to get an isomorphism

& E)\Ei :) Homg(PeA, Eip).
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Taking the direct sum of these maps over all L € A gives finally the desired map E;

Hom{"(P, & P).

=
o
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!
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