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Abstract. Let (O, 6, F∞) be an arithmetic ring of Krull dimension at most 1, S = SpecO and
(X → S; σ1, . . . , σn) a pointed stable curve. Write U = X \

⋃
j σj (S). For every integer k ≥ 0, the

invertible sheaf ωk+1
X /S (kσ1+ · · · + kσn) inherits a singular hermitian structure from the hyperbolic

metric on the Riemann surface U∞. In this article we define a Quillen type metric ‖·‖Q on the deter-
minant line λk+1 = λ(ω

k+1
X /S (kσ1+· · ·+kσn)) and compute the arithmetic degree of (λk+1, ‖·‖Q)

by means of an analogue of the Riemann–Roch theorem in Arakelov geometry. As a byproduct, we
obtain an arithmetic Hilbert–Samuel formula: the arithmetic degree of (λk+1, ‖ · ‖L2) admits an
asymptotic expansion in k, whose leading coefficient is given by the arithmetic self-intersection of
(ωX /S (σ1 + · · · + σn), ‖ · ‖hyp). Here ‖ · ‖L2 and ‖ · ‖hyp denote the L2 metric and the dual of
the hyperbolic metric, respectively. Examples of application are given for pointed stable curves of
genus 0.
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1. Introduction

Let (O, 6, F∞) be an arithmetic ring of Krull dimension at most 1 [13, Def. 3.1.1]. Set
S = SpecO and let η stand for its generic point. Let (π : X → S; σ1, . . . , σn) be
an n-pointed stable curve of genus g, in the sense of Knudsen and Mumford [22, Def.
1.1]. Assume that Xη is smooth. Write U = X \

⋃
j σj (S). The connected components

of the complex analytic space U∞ :=
⊔
σ∈6 Uσ (C) are hyperbolic Riemann surfaces of
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finite type. The stability hypothesis guarantees the existence of a unique complete hyper-
bolic metric of constant curvature −1 on U∞. This metric induces an arakelovian—i.e.
invariant under the action of F∞—hermitian structure ‖ · ‖hyp on the invertible sheaf
ωX /S(σ1 + · · · + σn). Although ‖ · ‖hyp is not smooth, its singularities are of some loga-
rithmitc type: it is a pre-log-log hermitian metric in the sense of Burgos–Kramer–Kühn [4,
Sec. 7]. The generalizations of the arithmetic intersection theory by Bost [3], Kühn [24]
and Burgos–Kramer–Kühn [4] allow one to attach several arithmetic invariants to the
metrized invertible sheaf ωX /S(σ1 + · · · + σn)hyp. For instance, if X is regular, there is a
first arithmetic Chern class ĉ1(ωX /S(σ1+ · · ·+ σn)hyp) in a pre-log-log arithmetic Chow
group ĈH 1

pre(X ) [4, Sec. 7]. In general, and if O is the ring of integers of a number field,
there is an arithmetic self-intersection number (ωX /S(σ1 + · · · + σn)hyp)

2
∈ R.

In this article we pursue our investigations on an arithmetic Riemann–Roch theorem
for pointed stable curves, initiated in [12]. For the sake of simplicity, assume X is regu-
lar. In [12] we exhibited a relation between ĉ1(ωX /S(σ1 + · · · + σn)hyp)

2
∈ ĈH

2
pre(X )

and λ(ωX /S)Q = (λ(ωX /S), ‖ · ‖Q). Here ‖ · ‖Q is a suitable Quillen type metric
on λ(ωX /S) := detRπ∗ωX /S . Its definition involves the special values at 1 of the
derivatives of the Selberg zeta functions Z(Uσ (C), s), σ ∈ 6. A special feature of
our formula is the appearance of an arithmetic counterpart ψW of the so called psi
class on Mg,n. This class detects the continuous spectrum in the resolution of the hy-
perbolic laplacian on U∞ (provided that n > 0). Its underlying hermitian structure is
Wolpert’s renormalization of the hyperbolic metric at the cusps ([37, Def.1] and Defini-
tion 4.1 below). In the present work we introduce a Quillen type metric on the determinant
λ(ωk+1

X /S(kσ1 + · · · + kσn)), for every integer k ≥ 0 (Definition 4.2). If k ≥ 1, this metric
is built up with the special values Z(Uσ (C), k+1), σ ∈ 6, and the natural L2 pairings on
H 0(X , ωk+1

X /S(kσ1+· · ·+kσn))⊗σ C, σ ∈ 6. We relate λ(ωk+1
X /S(kσ1+· · ·+kσn))Q and

ĉ1(ωX /S(σ1+· · ·+σn))
2 through an arithmetic Riemann–Roch formula. LetO(C(g, n))

be the trivial line bundle O together with the metric C(g, n)| · |, where | · | is the absolute
value, C(g, n) = exp

(
(2g− 2+ n)( ζ

′(−1)
ζ(−1) +

1
2 )
)

and ζ is the Riemann zeta function. The
main theorem can be stated as follows.

Theorem A. Let (O, 6, F∞) be an arithmetic ring of Krull dimension at most 1. Let
(π : X → S; σ1, . . . , σn) be a generically smooth pointed stable curve of genus g. Write
1X /S ∈ ĈH

1
(S) for the class of the discriminant of π .1

(i) If X is regular, then the identity

12 ĉ1(λ(ω
k+1
X /S(kσ1 + · · · + kσn))Q)−1X /S + ĉ1(ψW )

= (6k2
+ 6k + 1)π∗(̂c1(ωX /S(σ1 + · · · + σn)hyp)

2)+ ĉ1(O(C(g, n)))

holds in the arithmetic Chow group ĈH
1
(S).

1 The symbol ̂ in this last group is missing in the statement of [12, Thm. A]. The discriminant
of π is the pull-back of O(∂Mg,n) by the classifying map S →Mg,n.
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(ii) If O is the ring of integers of a number field and X is generically smooth, then there
is an equality of real numbers

12 d̂eg ĉ1(λ(ω
k+1
X /S(kσ1 + · · · + kσn))Q)− d̂eg1X /S + d̂eg ĉ1(ψW )

= (6k2
+ 6k + 1)(ωX /S(σ1 + · · · + σn)hyp)

2
+ d̂eg ĉ1(O(C(g, n))).

Notice that our hypotheses are beyond the reach of the arithmetic Riemann–Roch theorem
of Gillet–Soulé [15].

The proof of Theorem A relies on a more general statement: a metrized version of a
Mumford type isomorphism onMg,n (Theorem 6.1). The techniques combine the geom-
etry of the boundary stack ∂Mg+n,0—through Knudsen’s clutching morphisms—and the
behavior of the Selberg zeta function (Theorem 5.4) and the L2 metric (Theorem 5.6) in
suitable degenerating families of Riemann surfaces. Wolpert’s pinching expansion for the
family hyperbolic metric [36, Exp. 4.2] proves to be a key result in the necessary explicit
computations. As a remarkable outcome, Theorem 6.1 implies the Takhtajan–Zograf local
index formula for pointed stable curves ([33]–[34] and Corollary 6.5 below).

In arithmetic applications a weaker form of Theorem A may be enough: an arithmetic
Hilbert–Samuel type formula. As an advantage, it provides a geometric interpretation of
the arithmetic self-intersection number (ωX /S(σ1 + · · · + σn)hyp)

2.

Theorem B. Let K be a number field, OK its ring of integers and S = SpecOK . Let
(π : X → S; σ1, . . . , σn) be a pointed stable curve with generic fiber XK smooth. Then
there is an asymptotic expansion

d̂eg ĉ1(λ(ω
k+1
X /S(kσ1 + · · · + kσn))L2) =

k2

2
(ωX /S(σ1 + · · · + σn)hyp)

2
+O(k log k).

In particular, the following limit formula holds:

lim
k→+∞

2
k2 d̂eg ĉ1(λ(ω

k+1
X /S(kσ1 + · · · + kσn))L2) = (ωX /S(σ1 + · · · + σn)hyp)

2.

Notice that the statement of Theorem B does not involve the Quillen metrics, but only
the L2 metrics on the determinant lines. By means of the uniformization theorem, these
norms can be constructed from the Petersson metrics on suitable spaces of automorphic
cusp forms.

As an application of Theorem A, we show that the height of points on M0,n =

M0,n/isomorphism with respect to the arithmetic psi bundleψW satisfies the usual North-
cott finiteness property. Also we use Theorem B to understand the first successive minima
of the hermitian bundles (H 0(X , ωk+1

X /S(kσ1 + · · · + kσn)), ‖ · ‖Pet), k ≥ 0, for a pointed
stable curve of genus 0 and ‖ · ‖Pet the Petersson norm (Section 7).

We would like to stress that the techniques employed in this article do not allow
dealing with hermitian vector bundles more general than ωk+1

X /S(kσ1+· · ·+ kσn)hyp. This
is mainly due to the use of moduli spaces of curves and—implicitly—the Selberg trace
formula to express the determinant of the hyperbolic laplacian in terms of the Selberg
zeta function.
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We briefly review the structure of this paper. In Section 4 we compile most of the
normalizations and notations that hold throughout the article. In Section 2 we study the
interplay between the adjunction isomorphism and Knudsen’s clutching operation. The
results obtained are applied in Section 3, where we recall the definition of the tautological
invertible sheaves onMg,n and prove relations between them. Section 5 is devoted to the
degeneracy of the family Quillen metric. Preliminaries on the continuity properties of the
Selberg zeta function in family are provided. These are combined with a careful study of
the degeneracy of the family L2 metric, whose only merit is due to Obitsu and Wolpert.
Theorem A, Theorem B and the Takhtajan–Zograf local index formula are proven in Sec-
tion 6. Our results are exemplified through the case of pointed stable curves of genus 0, in
Section 7. Finally, in an appendix we give a proof of the ampleness of the line bundle κ0,n
on M0,n→ Spec Z, for the sake of completeness.

2. Adjunction and clutching morphisms

2.1. Adjunction isomorphisms for pointed stable curves

Let S be a noetherian scheme and (π : X→ S; σ1, . . . , σn) an n-pointed stable curve of
genus g [22, Def. 1.1], with n ≥ 1. The sections σ1, . . . , σn lie in the smooth locus of π
and define disjoint relative effective Cartier divisors. We indistinctly write σ1, . . . , σn for
the sections or for the Cartier divisors they define.

The theory of determinants of Knudsen–Mumford [23, Ch. I] is applied below. We
deal with graded invertible OS-modules of the form (L, a), a ∈ Z (loc. cit., p. 20). For
two such graded invertible sheaves (L, a), (M, b), the commutativity law (L, a) ⊗OS
(M, b)

∼
−→ (M, b)⊗OS (L, a) is expressed by the Koszul rule x ⊗ y 7→ (−1)aby ⊗ x.

Lemma 2.1. Let S′ → S be a morphism of noetherian schemes and (π ′ : X′ →
S′; σ ′1, . . . , σ

′
n) the pointed stable curve deduced from (π : X → S; σ1, . . . , σn) by

base change to S′. For chosen integers 1 ≤ j1 < · · · < jl ≤ n, put σ = σj1 + · · · + σjl
(resp. σ ′ = σ ′j1

+ · · · + σ ′jl
). Then we have canonical isomorphisms of OX′ -modules

p∗(Oσ )
∼
−→ Oσ ′

and
p∗(OX(−σ)/OX(−σ)2)

∼
−→ OX′(−σ ′)/OX′(−σ ′)2,

where p : X′ = X ×S S′→ X is the first projection.

Proof. Immediate from the flatness of the OS-modules Oσ = OX/OX(−σ) and
OX(−σ)/OX(−σ)2. ut

Proposition 2.2. Let σ = σj1 + · · · + σjl , for chosen indices 1 ≤ j1 < · · · < jl ≤ n. Let
k ≥ 0 be an integer. Then there is a short exact sequence

0→ ωk+1
X/S(kσ )→ ωX/S(σ )

k+1 Resk+1
σ

−−−−→ Oσ → 0,

compatible with base change.
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Proof. The exact sequence

0→ ωk+1
X/S(kσ )→ ωX/S(σ )

k+1
→ (ωX/S(σ )⊗X Oσ )k+1

→ 0

is compatible with base change. We are thus reduced to constructing a canonical isomor-
phism

R̃esσ : ωX/S(σ )⊗OX Oσ
∼
−→ Oσ

compatible with base change. First of all σ1, . . . , σn are disjoint sections of π lying in the
smooth locus. Therefore the differential dX/S : OX → �X/S [16, Sec. 16.3] induces an
isomorphism

d̃X/S : OX(−σ)/OX(−σ)2
∼
−→ ωX/S ⊗OX Oσ

(see [16, Prop. 17.2.5]). If S′ → S is a morphism of noetherian schemes, then there is a
commutative diagram [16, Sec. 16.4]

(OX(−σ)/OX(−σ)2)⊗OS OS′
d̃X/S //

o

��

(ωX/S ⊗OX Oσ )⊗OS OS′

o

��
OX′(−σ ′)/OX′(−σ ′)2

d̃X′/S′ // ωX′/S′ ⊗OX′ Oσ ′

(2.1)

The vertical arrows are isomorphisms due to Lemma 2.1 and the compatibility of the
relative dualizing sheaf with base change.

To conclude, we notice the canonical isomorphism

Oσ ⊗OX OX(−σ)
∼
−→ OX(−σ)/OX(−σ)2, (2.2)

compatible with base change. The morphism R̃esσ is then obtained from d̃−1
X/S by tensor-

ing by OX(σ ) and taking (2.2) into account. The compatibility of R̃esσ with base change
follows from (2.1). ut

Proposition 2.3. Let k ≥ 1 be an integer and σ = σ1 + · · · + σn.

(i) There are exact sequences of locally free sheaves on S

0→ π∗(ω
k+1
X/S(kσ1 + · · · + kσn))

→ π∗(ω
k+1
X/S(kσ1 + · · · + (k + 1)σj + · · · + kσn))

π∗ Resk+1
σj

−−−−−→ OS → 0 (2.3)

and

0→ π∗(ω
k+1
X/S(kσ1 + · · · + kσn))

→ π∗(ωX/S(σ1 + · · · + σn)
k+1)

π∗ Resk+1
σ

−−−−−→ O⊕nS → 0, (2.4)

compatible with base change.



326 Gerard Freixas i Montplet

(ii) Let δj : OS → O⊕nS be the inclusion into the j -th factor. There is a natural commu-
tative diagram

π∗(ω
k+1
X/S(kσ1 + · · · + (k + 1)σj + · · · + kσn))

π∗ Resk+1
σj //

��

OS

δj

��
π∗(ωX/S(σ1 + · · · + σn)

k+1)
π∗ Resk+1

σ // O⊕nS

compatible with base change.

Proof. (i) Let us establish the exact sequence (2.4). We leave the proof of (2.3) as an
analogous exercise. By Proposition 2.2, we have an exact sequence of coherent sheaves
on X

0→ ωk+1
X/S(kσ1 + · · · + kσn)→ ωX/S(σ1 + · · · + σn)

k+1 Resk+1
σ

−−−−→ Oσ → 0, (2.5)

commuting with base change. The first two sheaves in (2.5) are flat over S and
have vanishing higher direct images R1π∗. Then, from [22, Cor. 1.5], it follows that
π∗(ω

k+1
X/S(kσ1+· · ·+kσn)) and π∗(ωX/S(σ1+· · ·+σn)

k+1) are locally free and commute
with base change. Furthermore π∗Oσ = O⊕nS . Therefore, for any morphism p : S′ → S

of noetherian schemes, we have a commutative diagram of exact sequences

0 // p∗π∗(ω
k+1
X/S(kσ1 + · · · + kσn))

o α

��

// p∗π∗(ωX/S(σ1 + · · · + σn)
k+1)

o β

��
0 // π ′∗(ω

k+1
X′/S′

(kσ ′1 + · · · + kσ
′
n))

// π ′∗(ωX′/S′(σ
′

1 + · · · + σ
′
n)
k+1)

p∗π∗ Resσ // O⊕n
S′

//

γ

���
�
�

0

π ′∗ Resσ ′ // O⊕n
S′

// 0

Observe that the vertical arrow γ is completely determined by α and β. In addition, by
the five lemma, γ is an isomorphism. This completes the proof of the first item.

(ii) The second item is clear from the definition of Resk+1
σj

and Resk+1
σ . ut

Corollary 2.4. Let k ≥ 0 be an integer. There are canonical isomorphisms of graded
invertible sheaves on S

detRπ∗(ωk+1
X/S(kσ1 + (k + 1)σj + · · · + kσn))

∼
−→ detRπ∗(ωk+1

X/S(kσ1 + · · · + kσn))⊗OS (OS, 1) (2.6)
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and

detRπ∗(ωX/S(σ1 + · · · + σn)
k+1)

∼
−→ detRπ∗(ωk+1

X/S(kσ1 + · · · + kσn))⊗OS (OS, n), (2.7)

compatible with base change.

Proof. For k ≥ 1, the corollary already follows from Proposition 2.3 and the theory of
determinants of Knudsen–Mumford [23, Ch. I]. The case k = 0 is individually handled.
For the proof of (2.7), first of all Proposition 2.2 provides an exact sequence

0→ ωX/S → ωX/S(σ1 + · · · + σn)
Resσ
−−→ Oσ → 0. (2.8)

By [23, Ch. I, p. 46], attached to (2.8) there is a canonical isomorphism of graded invert-
ible sheaves

detRπ∗ωX/S(σ1 + · · · + σn)
∼
−→ (detRπ∗ωX/S)⊗OS (detRπ∗Oσ ),

compatible with base change. Moreover detRπ∗Oσ = (OS, n), canonically and com-
muting with base change. The claim follows. The argument for (2.6) is analogous. ut

Remark 2.5. (i) The preceding considerations can be effected in the category of complex
analytic spaces. The previous results are then compatible with the analytification functor
from the category of schemes of finite type over C to the category of complex analytic
spaces.

(ii) Let (π : X → Spec C; σ1, . . . , σn) be a pointed stable curve. By Chow’s lemma
we may identifyX with its associated complex analytic curveXan. For every j=1, . . . , n,
let uj be an analytic coordinate in a neighborhood of σj , with uj (σj ) = 0. Consider
θ ∈ H 0(X, ωX(σ1 + · · · + σn)

k+1) and express θ = θj (uj )(duj/uj )
k+1 in the coordi-

nate uj , with θj holomorphic at 0. Then, for σ = σ1 + · · · + σn,

π∗ Resk+1
σ θ = (θ1(0), . . . , θn(0)).

Observe that—as expected—this is coordinate independent. The analogous expression
for π∗ Resk+1

σj
is also true.

2.2. Clutching morphisms and determinants

Let (π1 : X1 → S; σ1, . . . , σn+1) and (π2 : X2 → S; τ1, . . . , τm+1) be two pointed
stable curves over a noetherian scheme S. Knudsen’s clutching construction [22, Th. 3.4
and Def. 3.6] applied to the prestable curve X1 t X2 → S, together with the sections
σn+1, τm+1, produces a new prestable curve π : X→ S. As a topological space, X is the
quotient ofX1tX2 under the equivalence relation σn+1 ∼ τm+1. The sections σ1, . . . , σn,
τ1, . . . , τm define sections of π . The tuple (π : X → S; σ1, . . . , σn, τ1, . . . , τm) is a
pointed stable curve.
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Proposition 2.6. Let k ≥ 1 be an integer. Suppose that S is integral. Then there exists a
canonical isomorphism of graded invertible sheaves

detRπ∗ωk+1
X/S(kσ1 + · · · + kσn + kτ1 + · · · + kτm)

∼
−→ (detRπ1∗ω

k+1
X1/S

(kσ1 + · · · + kσn+1))

⊗OS (detRπ2∗ω
k+1
X2/S

(kτ1 + · · · + kτm+1))⊗OS (OS, 1),

compatible with base change.

The proof of the proposition will reduce to the construction described below.

Construction 2.7 (Patching pluri-canonical forms). (i) By [22, Th. 3.4],X comes equip-
ped with finite morphisms of S-schemes

ι1 : X1 → X, ι2 : X2 → X.

By the properties of the relative dualizing sheaf [22, Sec. 1], there is a natural morphism
of coherent sheaves

ωk+1
X/S(kσ1 + · · · + kσn + kτ1 + · · · + kτm)

→ ι1∗ω
k+1
X1/S

(kσ1 + · · · + kσn + (k + 1)σn+1)

⊕ ι2∗ω
k+1
X2/S

(kτ1 + · · · + kτn + (k + 1)τm+1). (2.9)

If k ≥ 1, applying π∗ to (2.9), we deduce a morphism of locally free coherent sheaves

ϕ : π∗ωk+1
X/S(kσ1 + · · · + kσn + kτ1 + · · · + kτm)

→ π1∗ω
k+1
X1/S

(kσ1 + · · · + kσn + (k + 1)σn+1)

⊕ π2∗ω
k+1
X2/S

(kτ1 + · · · + kτn + (k + 1)τm+1).

Notice that the formation of ϕ commutes with base change.
(ii) Replacing S by a smaller Zariski open subset, we may assume that the exact

sequences (2.3) for both (π1; σ1, . . . , σn+1) (with j = n+1) and (π2; τ1, . . . , τm+1) (with
j = m + 1) split. Let γ1 be a lift of 1 ∈ OS by π1∗ Resk+1

σn+1
, and similarly introduce γ2.

We then have non-canonical isomorphisms

ψ1 : π1∗ω
k+1
X1/S

(kσ1 + · · · + kσn + (k + 1)σn+1)

→ π1∗ω
k+1
X1/S

(kσ1 + · · · + kσn+1)⊕OS,

θ 7→ (θ − (π1∗ Resk+1
σn+1

θ)γ1, π1∗ Resk+1
σn+1

θ), (2.10)

and an analogously constructed ψ2.
(iii) Define 8 = (ψ1 ⊕ ψ2) ◦ ϕ and 8̃ the composite of 8 with the projection

onto the factor OS ⊕ OS . We claim that Im 8̃ is contained in the OS-submodule 1 :=
{(x, (−1)k+1x) ∈ OS ⊕ OS}. This is a local assertion: we first reduce to S being an
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affine local noetherian scheme. Secondly, by Nakayama’s lemma, we may assume that
S = Spec k, for k an algebraically closed field. In this case, by the properties of the du-
alizing sheaf [22, Sec. 1], two forms θ1 ∈ H

0(X1, ω
k+1
X1

(kσ1 + · · · kσn + (k + 1)σn+1))

and θ2 ∈ H
0(X2, ω

k+1
X2

(kτ1 + · · · kτm + (k + 1)τm+1)) patch together if, and only if,
Resσn+1 θ1 = (−1)k+1 Resτm+1 θ2. By the very construction of 8, this completes the
proof. Fix the isomorphism 1

∼
−→ OS given by the projection onto the first factor. Then,

in the definition of 8, we are allowed to replace OS ⊕OS by OS .

Lemma 2.8. Suppose that S is integral. Then 8 is an isomorphism.

Proof. To check that 8 is an isomorphism, we may assume that S is an affine local
scheme.

Injectivity. Since S is integral, we reduce to the case S = Spec k, where k is an alge-
braically closed field. The injectivity is then clear by construction of 8.

Surjectivity. By Nakayama’s lemma, we reduce again to the case S = Spec k, where k is
an algebraically closed field. The surjectivity of8 is then a consequence of the properties
of the relative dualizing sheaf [22, Sec. 1]. ut

We are ready to complete the proof of Proposition 2.6.

Proof of Proposition 2.6. Let {Ui}i be a finite open covering of S such that over every Ui
there exists an isomorphism 8i as in Construction 2.7. The isomorphisms 8i depend on
the choices (γ (i)1 , γ (i)2 ). Since S is integral, the 8i induce isomorphisms

det8i : detRπ∗ωk+1
X/S(kσ1 + · · · + kσn + kτ1 + · · · + kτm)|Ui
∼
−→ (detRπ1∗ω

k+1
X1/S

(kσ1 + · · · + kσn+1))

⊗OS (detRπ2∗ω
k+1
X2/S

(kτ1 + · · · + kτm+1))⊗OS (OS, 1)|Ui .

One easily checks that the isomorphisms det8i do not depend on the choices (γ (i)1 , γ
(i)
2 ).

By construction, the det8i commute with base change. The collection {det8i}i can be
glued into a single canonical isomorphism defined over S, compatible with base change.
The proposition is proven. ut

Remark 2.9. The preceding constructions can be made in the category of analytic spaces.
They are preserved by the analytification functor from the category of schemes of finite
type over C to the category of analytic spaces.

3. Tautological line bundles and Mumford isomorphisms

Let g, n ≥ 0 be integers with 2g−2+n > 0 andMg,n→ Spec Z the Deligne–Mumford
algebraic stack classifying n-pointed stable curves of genus g [22]. Let π : Cg,n→Mg,n

be the universal curve and σ1, . . . , σn the universal sections of π . We proceed to introduce
the tautological line bundles onMg,n and establish relations between them: the Mumford
isomorphisms.
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3.1. Tautological line bundles on Mg,n

Definition 3.1. The tautological line bundles on Mg,n are

λk+1;g,n = detRπ∗ωk+1
Cg,n/Mg,n

(kσ1 + · · · + kσn), k ≥ 0,

δg,n = O(∂Mg,n),

ψ
(j)
g,n = σ

∗

j ωCg,n/Mg,n
, j = 1, . . . , n,

ψg,n =
⊗
j ψ

(j)
g,n,

κg,n = 〈ωCg,n/Mg,n
(σ1 + · · · + σn), ωCg,n/Mg,n

(σ1 + · · · + σn)〉,

where 〈·, ·〉 denotes the Deligne pairing [1, XVIII], [9].

Proposition 3.2. Let k ≥ 0 be an integer. Then there exists an isomorphism of line bun-
dles on Mg,n, uniquely determined up to a sign,

λk+1;g,n
∼
−→ detRπ∗(ωCg,n/Mg,n

(σ1 + · · · + σn)
k+1).

Proof. The existence of the isomorphism is a reformulation of (2.7) in Corollary 2.4. The
uniqueness assertion follows from [12, Cor. 3.2]. ut

Proposition 3.3. Let β : Mg1,n1+1 ×Mg2,n2+1 →Mg1+g2,n1+n2 be Knudsen’s clutch-
ing morphism [22, Th. 3.4 and Def. 3.6]. Write g = g1 + g2 and n = n1 + n2. Then there
are isomorphisms of line bundles onMg1,n1+1 ×Mg2,n2+1, uniquely determined up to a
sign,

β∗λk+1;g,n
∼
−→ λk+1;g1,n1+1 � λk+1;g2,n2+1, k ≥ 0, (3.1)

β∗δg,n
∼
−→ (δg1,n1+1 ⊗ ψ

(n1+1)−1
g1,n1+1 )� (δg2,n2+1 ⊗ ψ

(n2+1)−1
g2,n2+1 ), (3.2)

β∗ψg,n
∼
−→ (ψg1,n1+1 ⊗ ψ

(n1+1)−1
g1,n1+1 )� (ψg2,n2+1 ⊗ ψ

(n2+1)−1
g2,n2+1 ), (3.3)

β∗κg,n
∼
−→ κg1,n1+1 � κg2,n2+1. (3.4)

Proof. For the isomorphisms (3.2)–(3.3) and (3.1) for k = 0, we refer to [22, Th. 4.3].
For (3.4) we refer to [12, Prop. 3.7]. The isomorphism (3.1) for k ≥ 1 is deduced from
Proposition 2.6. The uniqueness assertion comes from [12, Cor. 3.2]. ut

Corollary 3.4. Let γ : Mg,n×M
×n

1,1 →Mg+n,0 be obtained by reiterated applications
of clutching morphisms. Then we have isomorphisms, uniquely determined up to a sign,

γ ∗λk+1;g+n,0
∼
−→ λk+1;g,n � λ�n

k+1;1,1, k ≥ 0, (3.5)

γ ∗δg+n,0
∼
−→ (δg,n ⊗ ψ

−1
g,n)� (δ1,1 ⊗ ψ

−1
1,1)

�n, (3.6)

γ ∗κg+n,0
∼
−→ κg,n � κ�n

1,1 . (3.7)

Proof. This is straightforward from Proposition 3.3 and [12, Cor. 3.2]. ut
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3.2. Mumford isomorphisms

Theorem 3.5 (Mumford isomorphism). Let k ≥ 0 be an integer. There is an isomor-
phism of invertible sheaves on Mg,n, uniquely determined up to a sign,

Dk+1;g,n : λ⊗12
k+1;g,n ⊗ δ

−1
g,n ⊗ ψg,n

∼
−→ κ⊗(6k

2
+6k+1)

g,n .

The proof of the theorem relies on [12, Th. 3.10] and the following lemma.

Lemma 3.6. Let k ≥ 1 be an integer. There is an isomorphism of invertible sheaves
on Mg,n

λk+1;g,n
∼
−→ λk;g,n ⊗ κ

⊗k
g,n. (3.8)

Proof. We proceed in two steps.

Step 1. We first treat the cases g = n = 1 or g ≥ 2, n = 0. Let M =M1,1 or Mg,0,
C = C1,1 or Cg,0. Recall the cohomological expression for the Deligne–Weil pairing [32,
Exp. II], [26]: given line bundles L,M on C, there is an isomorphism of invertible sheaves

〈L,M〉 ' detRπ∗(L⊗M)⊗ (detRπ∗L)−1
⊗ (detRπ∗M)−1

⊗ detRπ∗OC . (3.9)

If g ≥ 2 and n = 0, then (3.9) applied to L = ω⊗kC/M, M = ωC/M and Serre’s duality
already prove (3.8). If g = n = 1, we set L = ωC/M(σ )k and M = ωC/M(σ ). The
conclusion follows by combination of (3.9), Proposition 3.2 and Serre’s duality.

Step 2. For the general case, introduce the clutching morphism γ : Mg,n ×M
×n

1,1 →

Mg+n,0. From Corollary 3.4 and the first step, there are isomorphisms

λk+1;g,n � λ�n
k+1;1,1

∼
−→ (λk;g,n ⊗ κ

⊗k
g,n)� (λk;1,1 ⊗ κ

⊗k
1,1)

�n (3.10)

and
pr∗2 λ

�n
k+1;1,1

∼
−→ pr∗2(λk;1,1 ⊗ κ

⊗k
1,1)

�n, (3.11)

where pr2 : Mg,n ×M
×n

1,1 →M×n1,1 is the projection onto the second factor. The isomor-
phisms (3.10)–(3.11) together provide an isomorphism

pr∗1 λk+1;g,n
∼
−→ pr∗1(λk;g,n ⊗ κ

⊗k
g,n). (3.12)

To conclude, consider the section 1 : Spec Z → M×n1,1 induced by n copies of the 1-
pointed stable curve (P1

Z/{0 ∼ ∞}; 1). It induces a section ϕ = id × 1 : Mg,n →

Mg,n ×M
×n

1,1 over Mg,n. Pulling back (3.12) by ϕ, we obtain the desired isomorphism.
ut

Proof of Theorem 3.5. The proof is by induction. The case k = 0 is the content of [12,
Th. 3.10]. The induction step is achieved by means of Lemma 3.6. Uniqueness up to a
sign is ensured by [12, Cor. 3.2]. ut

Corollary 3.7. Let γ : Mg,n ×M
×n

1,1 → Mg+n,0 be a reiterated clutching morphism.
Then the isomorphisms γ ∗Dk+1;g+n,0 and Dk+1;g,n �D�n

k+1;1,1 are equal up to a sign.

Proof. Combine Theorem 3.5, Corollary 3.4 and [12, Cor. 3.2]. ut
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4. Hermitian tautological line bundles

The main step towards the proof of Theorem A is an extension of Theorem 3.5 to suitable
hermitian tautological line bundles. We now introduce the metrics we need and give the
definition of the hermitian counterparts of the tautological line bundles.

4.1. Definition of metrics

Let g, n ≥ 0 be integers with 2g−2+n > 0. We fixX a compact and connected Riemann
surface of genus g and p1, . . . , pn distinct points inX. We denoteX◦ = X\{p1, . . . , pn}.

Constants. We define the real constants

C(g, n) = exp
(
(2g − 2+ n)

(
ζ ′(−1)
ζ(−1)

+
1
2

))
,

E1(g, n) = 2(g+2−n)/3π−n/2

· exp
(
(2g − 2+ n)

(
2ζ ′(−1)−

1
4
+

1
2

log(2π)
))

and, for every integer k ≥ 1,

Ck = 2ζ ′(−1)−
(
k +

1
2

)2

+

(
k +

1
2

)
log(2π)+

2k∑
j=1

(
j − k −

1
2

)
log j

+
3k + 1

6
log 2,

Ek+1(g, n) = 2−(3k+2)n/3((2k)!π2k+1)−n/2 exp((2g − 2+ n)Ck).

Here ζ denotes the Riemann zeta function. Notice the relations

C(g + n, 0) = C(g, n)C(1, 1)n, (4.1)
E1(g + n, 0) = πnE1(g, n)E1(1, 1)n, (4.2)

Ek+1(g + n, 0) = (2k+1(2k)!π2k+1)nEk+1(g, n)Ek+1(1, 1)n, k ≥ 1. (4.3)

Hyperbolic and Wolpert metrics. Observe that X◦ = X \ {p1, . . . , pn} admits a com-
plete hyperbolic riemannian metric of constant curvature −1. Denote it by ds2

hyp,X◦ . Via
a fuchsian uniformization X◦ ' 0\H, 0 ⊂ PSL2(R) torsion free, the metric ds2

hyp,X◦ is
obtained by descent from the 0 invariant Riemann tensor on H

ds2
hyp,H =

dx2
+ dy2

y2 , z = x + iy ∈ H.

Associated to ds2
hyp,X◦ there is a hermitian metric on the complex line TX◦ , which we

write hX◦ . It is obtained by descent from the metric hH on TH defined by the rule

hH

(
∂

∂z
,
∂

∂z

)
=

1
2y2 .
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The hermitian metric hX◦ extends to a pre-log-log hermitian metric ‖ · ‖hyp on
ωX(p1 + · · · + pn) [11, Sec. 7.3.2]. The first Chern form of ωX(p1 + · · · + pn)hyp,
which is defined on X◦, coincides with the normalized Kähler form ω of hX◦ (curvature
−1 condition). The form ω is locally given by

ω =
i

2π
hX◦

(
∂

∂z
,
∂

∂z

)
dz ∧ dz.

The volume of X with respect to ω is 2g − 2+ n.
For every puncture pj there is a conformal coordinate z with z(pj ) = 0, by means of

which a small punctured disc D∗(0, ε) ⊂ C with the Poincaré metric

ds2
P =

(
|dz|

|z| log |z|

)2

isometrically embeds into (X◦, ds2
hyp,X◦). Such a coordinate is unique up to rotation and

is called an rs coordinate at the cusp pj .

Definition 4.1 (Wolpert metric [37, Def. 1]). Let z be an rs coordinate at the cusp pj .
The Wolpert metric on the complex line ωX,pj is defined by

‖dz‖W,pj = 1.

The tensor product
⊗
j ωX,pj is equipped with the tensor product of Wolpert metrics, and

we write ‖ · ‖W for the resulting metric.

L2 metrics. We introduce the L2 metrics on the determinant line bundles λ(ωk+1
X (kp1 +

· · · + kpn)). The cases k = 0 and k ≥ 1 need to be distinguished.
The complex vector space C∞(X, ωX) (⊃ H 0(X, ωX)) is equipped with the non-

degenerate hermitian form

〈α, β〉0 =
i

2π

∫
X

α ∧ β.

The space H 1(X, ωX)
∨ is canonically isomorphic to H 0(X,OX) = C via the analytic

Serre duality. Since ω is integrable, the L2 metric on C∞(X,OX) (⊃ H 0(X,OX)) with
respect to hX◦ is well defined. If 1 is the function with constant value 1, then

〈1, 1〉1 =
∫
X

ω = 2g − 2+ n.

The complex line λ(ωX) = detH 0(X, ωX) ⊗ detH 1(X, ωX)
−1 is endowed with the

determinant metric build up from 〈·, ·〉0 and 〈·, ·〉1. We denote it by ‖ · ‖L2 .
Let k ≥ 1 be an integer. Notice that H 1(X, ωk+1

X (kp1 + · · · + kpn)) = 0. Hence

λ(ωk+1
X (kp1 + · · · + kpn)) := detR0(X,ωk+1

X (kp1 + · · · + kpn))

= detH 0(X, ωk+1
X (kp1 + · · · + kpn)).
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The line bundle ωk+1
X (kp1 + · · · + kpn) inherits a—singular—hermitian structure from

ωX(p1 + · · · +pn)
k+1
hyp . Denote it by 〈·, ·〉hyp. For α, β ∈ H 0(X, ωk+1

X (kp1 + · · · + kpn)),
the integral

〈α, β〉L2 :=
∫
X

〈α, β〉hypω

is absolutely convergent.2 Indeed, because X is compact, it is enough to observe that in
an rs coordinate z at a cusp pj , there is an estimate

|〈α, β〉ω| = O((log |z|)2k|dz ∧ dz|),

which is a locally integrable form. Therefore this rule defines a hermitian metric
on H 0(X, ωk+1

X (kp1 + · · · + kpn)). We write ‖ · ‖L2 for the determinant metric on
λ(ωk+1

X (kp1 + · · · + kpn)).

Selberg zeta function and Quillen metric. We next recall the definition of the Selberg zeta
function of X◦ (see [19]). For every real l > 0 the function

Zl(s) =

∞∏
k=0

(1− e−(s+k)l)2

is holomorphic in Re s > 0. In a first step, the Selberg zeta function of X◦ is defined by
the absolutely convergent product

Z(X◦, s) =
∏
γ

Zl(γ )(s), Re s > 1,

running over the primitive closed non-oriented geodesics γ of the hyperbolic surface
(X◦, ds2

hyp,X◦), of length l(γ ). Then one shows that Z(X◦, s) extends to a meromorphic
function on C, with a simple zero at s = 1.

Definition 4.2 (Quillen metric). Let k ≥ 0 be an integer. We define the Quillen metric
on λ(ωk+1

X (kp1 + · · · + kpn)), attached to the hyperbolic metric on X◦, to be

‖ · ‖Q =

{
(E1(g, n)Z

′(X◦, 1))−1/2
‖ · ‖L2 if k = 0,

(Ek+1(g, n)Z(X
◦, k + 1))−1/2

‖ · ‖L2 if k ≥ 1.

When n = 0 and hence X = X◦ is compact hyperbolic of genus g ≥ 2, a result of
Sarnak [28] completed by [8, Cor. 1.12] guarantees that ‖ · ‖Q equals the usual Quillen
metric on λ(ωk+1

X, hyp) with respect to the hyperbolic hermitian structure on TX (see also
the proof of Proposition 6.2).

Notice the apparent discrepancy between the definition of the Quillen metric for k = 0
and for k ≥ 1 (recall the definition of E1(g, n) and Ek+1(g, n) for k ≥ 1). The difference
actually stems from the fact H 1(X, ωX) 6= 0, while H 1(X, ωk+1

X (kp1 + · · · + kpn)) = 0
for k ≥ 1.

2 However this fails to be true for the bigger space H 0(X, ωX(σ1 + · · · + σn)
k+1).
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First tautological metric. The first tautological metric on the Deligne self-pairing
〈ωX(p1+· · ·+pn), ωX(p1+· · ·+pn)〉 is the hermitian structure defined in [12, Sec. 4].
We will denote it by ‖ · ‖FT .

4.2. Hermitian tautological line bundles

Let (·)an be the analytification functor from the category of algebraic stacks of finite type
over Spec Z to the category of analytic stacks. We employ the same notation for the func-
tor sending coherent sheaves on an algebraic stack F of finite type over Spec Z to analytic
coherent sheaves on F an. For instance, applying this functor to Mg,n and Mg,n, we ob-
tain the analytic stackMan

g,n of n-punctured Riemann surfaces of genus g and its Deligne–

Mumford stable compactificationMan
g,n. The analytic line bundles λan

k+1;g,n, ψ (j) an
g,n , ψan

g,n,
κan
g,n may be enriched with pointwise hermitian structures defined onMan

g,n. This amounts
to giving, for every n-pointed Riemann surface of genus g, (X;p1, . . . , pn), hermitian
structures on λ(ωk+1

X (kp1 + · · · + kpn)), ωX,pj ,
⊗
j ωX,pj and 〈ωX(p1 + · · · + pn),

ωX(p1 + · · · + pn)〉. We choose the hermitian metrics introduced in Subsection 4.1 and
use the same notations for them. We thus obtain hermitian line bundles on Mg,n

λk+1;g,n;L2 = (λk+1;g,n, ‖ · ‖L2),

λk+1;g,n;Q = (λk+1;g,n, ‖ · ‖Q),

ψg,n;W = (ψg,n, ‖ · ‖W ),

κg,n;FT = (κg,n, ‖ · ‖FT).

whose metrics are defined on Man
g,n. In addition, it will be convenient to consider the

trivial metric on δan
g,n, giving to the trivial section 1 the constant value 1. Observe that

this metric makes sense only on Man
g,n. We will write δg,n;T = (δg,n, ‖ · ‖T ) for the

corresponding hermitian line bundle. In particular, the restriction δg,n;T |Mg,n
is the trivial

hermitian line bundle onMg,n. Finally, for every real constant C > 0, the notationO(C)
stands for the trivial line bundle O with the hermitian metric C| · |, where | · | is the usual
absolute value.

We end this section by recalling a continuity property of the first tautological metric
‖ · ‖FT .

Theorem 4.3 ([12, Lemma 4.6 and Cor. 4.8]). The first tautological metric on κg,n

uniquely extends to a continuous metric on Mg,n. Furthermore, if γ : Mg,n ×M
×n

1,1 →

Mg+n,0 is a reiterated clutching morphism, then the isomorphism (3.7) γ ∗κg+n,0
∼
−→

κg,n � κ�n
1,1 becomes an isometry for the extended first tautological metrics.

5. Degeneracy of the Quillen metric

Let g, n ≥ 0 be integers with 2g − 2 + n > 0. Let γ : Mg,n ×M1,1 →Mg+n,0 be a
reiterated clutching morphism. The object of study of this section is the behavior of the
Quillen metric on λan

k+1;g+n,0 near the image of γ an in Man
g+n,0. Before the statement of

the main theorem we introduce some notations that will prevail until the end.
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Let (X; a1, . . . , an) be a smooth n-pointed stable complex curve of genus g, and
(T1; b1), . . . , (Tn; bn) n smooth 1-pointed stable complex curves of genus 1. These data
define complex valued points P ∈ Mg,n(C), Q1, . . . ,Qn ∈ M1,1(C). The image of
N = (P1,Q1, . . . ,Qn) under the reiterated clutching morphism γ : Mg,n ×M

×n

1,1 →

Mg+n,0 is a complex valued point R ∈Mg+n,0(C). Notice that R represents the quotient
analytic space

Y = (X t T1 t · · · t Tn)/(a1 ∼ b1, . . . , an ∼ bn).

The compactness of Y ensures its algebraicity. Following [36, Sec. 2] and [12, Cons.
4.1], we construct an analytic one-parameter small stable deformation of Y , to be denoted
g : Z→ D = D(0, ε). The fibers g−1(t) = Zt , with t 6= 0, are smooth complex compact
curves, whereas Y = Z0 is singular. For every j = 1, . . . , n, there are rs coordinates uj
at aj and vj at bj such that a neighborhood of aj ∼ bj in Z is isomorphic to the family
ujvj = t fibered over t .

Let k ≥ 1 be an integer. We construct and deform a basis of H 0(Y, ωk+1
Y ), according

to Proposition 2.2 and Construction 2.7.

Construction 5.1 (Frames of pluri-canonical forms).

(i) Fix bases α1, . . . , αa of H 0(X, ωk+1
X (ka1 + · · · + kan)) and β

(j)

1 , . . . , β
(j)
b of

H 0(Tj , ω
k+1
Tj

(kbj )). Notice that Resk+1
ai

αj = 0 for all i, j and Resk+1
bj

β
(j)
l = 0

for all j, l. Therefore, extending the forms αi, β
(j)
l by 0 produces global sections

of ωk+1
Y . We use the same symbols for these extensions.

(ii) For every j = 1, . . . , n, choose a form γj ∈ H
0(X, ωk+1

X (ka1 + · · · + (k + 1)aj +
· · · + kan) with Resk+1

aj
γj = 1. Also, let φj ∈ H 0(Tj , ωTj (bj )

k+1) be a form with

Resk+1
bj

φj = (−1)k+1. By Construction 2.7 (patching pluri-canonical forms) we can

glue the forms γj , φj into a global section θj of ωk+1
Y .

(iii) By reiterated applications of Lemma 2.8, αi , β
(j)
l , θk for all i, j, k, l constitute a

basis of H 0(Y, ωk+1
Y ).

(iv) The sheafRg∗ω
k+1
Z/D is locally free. Hence, after possibly shrinkingD, we can extend

the family of forms αi, β
(j)
l , θk to a frame αi(t), β

(j)
l (t), θk(t) of Rg∗ω

k+1
Z/D .

Lemma 5.2. Let 9 : γ ∗λk+1;g+n,0
∼
−→ λk+1;g,n � λ�n

k+1;1,1 be the isomorphism (3.5).
Then 9 induces an isomorphism

detH 0(Y, ωk+1
Y )

∼
−→ detH 0(X, ωk+1

X (ka1 + · · · + kan))⊗

n⊗
j=1

detH 0(Tj , ω
k+1
Tj

(kbj )),

θ1 ∧ · · · ∧ θn ∧ α1 ∧ · · · ∧ β
(n)
b 7→ ±α1 ∧ · · · ∧ αn ⊗ β

(1)
1 ∧ · · · ⊗ · · · ⊗ · · · ∧ β

(n)
b .

Proof. This is easily checked from Construction 2.7 and the proof of Proposition 2.6. ut

Attached to the family g : Z→ D, there is a classifying map

C(g) : D→Man
g+n,0.
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The line bundle detRg∗ω
k+1
Z/D = C(g)∗λan

k+1;g+n,0 is endowed with the family Quillen
metric ‖ · ‖Q. This metric is defined and smooth on D \ {0}.

The following statement will allow us to reduce the proof of Theorem A (more gener-
ally Theorem 6.1 below) to the known arithmetic Riemann–Roch theorem in the compact
case. The proof is detailed in the next subsections.

Theorem 5.3. Let k ≥ 1 be an integer and g : Z → D a one-dimensional stable defor-
mation of Y as above. Let αi(t), β

(j)
l (t), θk(t) be a frame of Rg∗ω

k+1
Z/D as in Construc-

tion 5.1. Then

lim
t→0
t 6=0

‖θ1(t) ∧ · · · ∧ θn(t) ∧ α1(t) ∧ · · · ∧ β
(n)
b (t)‖Q,t |t |

n/6
= ‖α1 ∧ · · · ∧ αa‖Q

· ‖β
(1)
1 ∧ · · · ∧ β

(1)
b ‖Q · . . . · ‖β

(n)
1 ∧ · · · ∧ β

(n)
b ‖Q.

5.1. Degeneracy of the Selberg zeta function in family

Theorem 5.4 (Wolpert).
(i) Let γ1(t), . . . , γn(t) ⊂ Zt be the simple closed geodesics that are pinched to a node

as t → 0. Then the holomorphic function

Z(Zt , s)∏
j Zl(γj (t))(s)

, Re s >
1
2
,

locally uniformly converges to Z(X◦, s)
∏
j Z(T

◦

j , s) as t → 0.
(ii) The length l(γj (t)) of the geodesic γj (t) satisfies the estimate

l(γj (t)) =
2π2

log |t |−1 +O
(

1
(log |t |)4

)
as t → 0.

Proof. The first item is contained in [29, Ths. 35 and 38], [35, Proof of Conjs. 1 and 2].
The second item is [36, Ex. 4.3, p. 446]. ut

Corollary 5.5. Let k ≥ 1 be an integer. Then the Selberg zeta functions of the fibers Zt
of the family g : Z→ D satisfy

lim
t→0
t 6=0

Z(Zt , k + 1)|t |−n/6(log |t |−1)−(2k+1)n
=

1
(π(2π2)2k(k!)2)n

· Z(X◦, k + 1)
n∏
j=1

Z(T ◦j , k + 1).

Proof. First of all, from [29, Lemma 39], for Re s > 0 we have

lim
l→0

0(s)2Zl(s) exp(π2/3l)l2s−1
= 2π.

We evaluate at s = k + 1 and take Theorem 5.4(ii) into account. We find

Zl(γj (t))(k + 1) ∼
1

π(2π2)2k(k!)2
|t |1/6(log |t |−1)2k+1 as t → 0. (5.1)

The corollary is now a straightforward consequence of Theorem 5.4(i) and (5.1). ut
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5.2. Degeneracy of the family L2 metric

Theorem 5.6. Let k ≥ 1. For the family L2 metric on detRπ∗ωk+1
Z/D|D\{0} we have

lim
t→0
t 6=0

‖θ1(t) ∧ · · · ∧ θn(t) ∧ α1(t) ∧ · · · ∧ β
(n)
b (t)‖2

L2,t
(log |t |−1)−n(2k+1)

=

(
(2k)!

2k−1π2k(k!)2

)n
‖α1 ∧ · · · ∧ αa‖

2
L2

· ‖β
(1)
1 ∧ · · · ∧ β

(1)
b ‖

2
L2 · . . . · ‖β

(n)
1 ∧ · · · ∧ β

(n)
b ‖

2
L2 .

The proof of the theorem is an adaptation of [27, Proof of Th. 2]. The arguments are
detailed in the rest of the section.

Let 0 < c < 1 be a small real constant and t ∈ C with |t | < c. Define At = {u ∈ C |
|t |/c < |u| < c}. We denote by 〈·, ·〉t the hermitian metric on the holomorphic tangent
bundle TAt characterized by〈

∂

∂u
,
∂

∂u

〉
t

=
1
2

(
|u| log |t |

π
sin
(
π log |u|

log |t |

))−2

if t 6= 0,〈
∂

∂u
,
∂

∂u

〉
0
=

1
2

1
|u|2(log |u|)2

if t = 0.

(5.2)

We still write 〈·, ·〉t for the metric induced on the tensor powers T ⊗kAt , k ∈ Z. The normal-
ized Kähler form attached to 〈·, ·〉t is

ωt =
i

2π

〈
∂

∂u
,
∂

∂u

〉
t

du ∧ du

=
i

4π

(
|u| log |t |

π
sin
(
π log |u|

log |t |

))−2

du ∧ du if t 6= 0,

ω0 =
i

4π
du ∧ du

|u|2(log |u|)2
if t = 0.

(5.3)

Lemma 5.7. (i) For 0 < |t | < c,

I1(t) :=
∫
At

〈(du/u)k+1, (du/u)k+1
〉tωt =

1
2k−1π2k (log |t |−1)2k+1 (2k)!

(k!)2
R(t),

where R(t)→ 1 as t → 0.
(ii) As t → 0 we have

I2(t) :=
∫
At

〈u(du/u)k+1, (du/u)k+1
〉tωt = O(1).

Proof. The changes u = ρeiθ and x = (log ρ)/log |t | reduce the first integral to

I1(t) =
2k+1

π2k (log |t |−1)2k+1
∫ 1−ε

ε

(sin(πx))2k dx,
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where ε = (log c)/log |t |. We conclude thanks to the identitiy
∫ 1

0 (sin(πx))2k dx =
(2k)!/(22k(k!)2). The second integral is treated analogously. ut

Proposition 5.8. Let 0 < |t | < c. For the L2-pairing 〈·, ·〉L2,t onH 0(Zt , ω
k+1
Zt

), we have
as t → 0:

(i) 〈θi(t), θj (t)〉L2,t = O(1) if i 6= j ;
(ii) 〈θi(t), αj (t)〉L2,t = O(1) for all i, j ;

(iii) 〈θi(t), β
(j)
l (t)〉L2,t = O(1) for all i, j, l;

(iv) 〈θi(t), θi(t)〉L2,t =
1

2k−1π2k (log |t |−1)2k+1 (2k)!
(k!)2R(t)(1+O((log |t |)−2)) for all i.

Proof. Corresponding to every node of Z0, there is a holomorphic embedding of the collar
Ct := {(u, v) ∈ C2

| |t |/c ≤ |u|, |v| ≤ c, uv = t} into Zt , provided 0 < c < 1 is small
enough. Observe that At is then identified to the interior of Ct . This is presented in [12,
Cons. 4.1]. By [36, Exp. 4.2], we are reduced to considering the integrals∫

At

〈ϑ1(t), ϑ2(t)〉tωt ,

where (ϑ1, ϑ2) is any choice of pairs of forms as in the statement and 〈·, ·〉t , ωt are the
metric and Kähler form defined by (5.2)–(5.3). We treat the case ϑ1 = ϑ2 = θi(t).
The remaining cases are dealt with in a similar way. On At we can decompose θi(t) =
(du/u)k+1(θiu + ε + θiv). Here ε = ±1 and the function θiu (resp. θiv) is holomorphic
on |u| < c (resp. |v| < c) and vanishes at u = 0 (resp. v = 0). Following [27, Proof of
Theorem 2, The first term], there are uniform bounds |θiu| ≤ c′|u|, |θiv| ≤ c′|v|, for some
constant c′ depending only on θi . The claim then follows from Lemma 5.7(i). ut

Proposition 5.9. The functions

〈αi(t), αj (t)〉L2,t , 〈αi(t), β
(j)
l (t)〉L2,t , 〈β

(j)
l (t), β

(j ′)

l′
(t)〉L2,t

continuously depend on t ∈ D.

Proof. Fix ϑ1(t), ϑ2(t) ∈ {αi(t), β
(j)
l (t)}i,j,l . As in the proof of Proposition 5.8 we re-

duce to studying the continuity at 0 of the function

F(t) :=
∫
At

〈ϑ1(t), ϑ2(t)〉tωt .

Here At is the interior of a collar Ct of a fixed developing node. On At we decompose
ϑi = (du/u)

k+1(ϑiu+ϑiv), i = 1, 2, where the functions ϑiu (resp. ϑiv) are holomorphic
in the domain |u| < c (resp. |v| < c) and vanish at u = 0 (resp. v = 0). Hence there are
uniform bounds |ϑiu| ≤ c′|u| and |ϑiv| ≤ c′|v|, where c′ only depends on ϑ1, ϑ2. Jointly
with Lemma 5.7(i), this yields∣∣∣∣∫

At

(ϑ1uϑ2v + ϑ1vϑ2u)〈(du/u)
k+1, (du/u)k+1

〉tωt

∣∣∣∣ = O(|t |(log |t |−1)2k+1). (5.4)

The constant involved in the O term depends only on ϑ1 and ϑ2. The quantity (5.4) tends
to 0 as t → 0. It remains to describe the contribution of the terms ϑ1uϑ2u and ϑ1vϑ2v .
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We now focus on the term corresponding to ϑ1uϑ2u. The study of ϑ1vϑ2v is performed
analogously. The forms ϑ1u, ϑ2u depend holomorphically on t and vanish at u = 0.
According to [27, Proof of Theorem 2, The second term], the Schwarz lemma shows that
ϑ1u(t) − ϑ1u(0) and ϑ2u(t) − ϑ2u(0) are bounded by c′|ut | ≤ c′′. The constants c′, c′′

depend only on ϑ1 and ϑ2. The following expansion is then straightforward:∫
At

ϑ1uϑ2u〈(du/u)
k+1,(du/u)k+1

〉tωt (5.5)

=

∫
At

ϑ1u(0)ϑ2u(0)〈(du/u)k+1, (du/u)k+1
〉tωt (5.6)

+O(|t |(log |t |)2k). (5.7)

The constant involved in the O term depends only on ϑ1, ϑ2. The quantity (5.7) con-
verges to 0 as t → 0. To achieve the conclusion, we are thus reduced to establishing the
continuity of the function G(t) :=(5.6).

Split the domain At = {|t |/c < |u| < c} into the union of A1t := {|t |1/2 ≤ |u| < c}

and A2t := {|t |/c < |u| ≤ |t |1/2}. Accordingly, decompose G(t) = G1(t) +G2(t). For
the first, the function x = π log |u|/log |t | on A1t satisfies 0 ≤ x ≤ π/2. As in [27], we
have 0 ≤ x − 1

6x
3
≤ sin x ≤ x and 0 ≤ x2

− (sin x)2 ≤ 1
4x

4
−

1
36x

6. Therefore

x2k
− (sin x)2k = O(x2k+2), x =

π log |u|
log |t |

, u ∈ A1t . (5.8)

After an elementary algebraic manipulation, the estimate (5.8) yields

〈(du)k+1, (du)k+1
〉tωt = 〈(du)

k+1, (du)k+1
〉0ω0

+O((log |t |)−2
|u|2k(log |u|)2k+2idu ∧ du), u ∈ A1t . (5.9)

Moreover, observe that |ϑ1u(0)ϑ2u(0)| = O(|u|2). Indeed, Schwarz’ lemma ensures uni-
form bounds |ϑ1u|, |ϑ2u| ≤ c′|u|. Take this fact into account together with (5.9). After
integration we get

G1(t) =

∫
A1t

ϑ1u(0)ϑ2u(0)〈(du/u)k+1, (du/u)k+1
〉0ω0 +O((log |t |)−2). (5.10)

TheO term converges to 0 as t → 0, whereas the integral on the right hand side of (5.10)
is continuous—as a function of t—at t = 0. For the second function G2(t), there is a
trivial estimate

ϑ1uϑ2u〈(du/u)
k+1, (du/u)k+1

〉tωt = O((log |t |)2kidu ∧ du), u ∈ A2t .

After integration over A2t , we find

G2(t) = O(|t |(log |t |)2k), (5.11)

so G2(t)→ 0 as t → 0. The proposition results from (5.4)–(5.7) and (5.10)–(5.11). ut
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Proof of Theorem 5.6. For every t ∈ D, t 6= 0, introduce the matrix Ht of the hermitian
product 〈·, ·〉L2,t on H 0(Zt , ωZt ) in the base θi(t), αj (t), β

(k)
l (t):

Ht =

(
(〈θi(t), θj (t)〉t )ij · · ·

... Bt

)
,

where Bt denotes the matrix
(〈αi(t), αj (t)〉t )ij · · · · · · · · ·

... (〈β
(1)
i (t), β

(1)
j (t)〉t )i,j · · ·

...

...
...

. . .
...

... · · · · · · (〈β
(n)
i (t), β

(n)
j (t)〉t )ij

 .
The conclusions of Propositions 5.8 and 5.9 guarantee that [27, Lemma 4] applies to Ht :

detHt = detBt
( n∏
i=1

〈θi(t), θi(t)〉t

)
(1+O(δ)), (5.12)

with δ :=
∑n
i=1〈θi(t), θi(t)〉

−1
t . The constant involved in the O term does not depend

on t . We insert the estimate of Proposition 5.8(iv) into equation (5.12). By the continuity
property claimed by Proposition 5.9, we find

lim
t→0
t 6=0

detHt (log |t |−1)−n(2k+1)
=

(
(2k)!

2k−1π2k(k!)2

)n
detB0.

The proof of the theorem is now complete. ut

We are ready to finish the proof of Theorem 5.3.
Proof of Theorem 5.3. The theorem is an immediate application of Corollary 5.5, Theo-
rem 5.6 and the definition of the Quillen metric (Definition 4.2). ut

6. Metrized Mumford isomorphisms on Mg,n

This section focuses on an arakelovian counterpart of Theorem 3.5. We derive some con-
sequences, such as the Takhtajan–Zograf local index theorem [33]–[34] and Theorems A
and B.

Recall from Section 4 the construction of the hermitian tautological line bundles
λk+1;g,n;Q, ψg,n;W , δg,n;T and κg,n;FT . For the first three of them, the underlying met-
ric is only defined on Man

g,n, while for the last one the metric is continuous on Man
g,n

(Theorem 4.3).

Theorem 6.1 (Metrized Mumford isomorphism). Let k ≥ 0 be an integer and D◦
k+1;g,n

the restriction of the Mumford isomorphism Dk+1;g,n toMg,n. Then D◦
k+1;g,n induces an

isometry

D◦k+1;g,n : λ⊗12
k+1;g,n;Q ⊗ ψg,n;W

∼
−→ κ

⊗(6k2
+6k+1)

g,n;FT ⊗O(C(g, n)).
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The proof of the theorem follows the same pattern as for [12, Th. 6.1]. The first step
consists in a simple remark: the case g ≥ 2, n = 0 is already known from the work of
Deligne [6] and Gillet–Soulé [15].

Proposition 6.2. Let k ≥ 1, g ≥ 2 be integers.

(i) The conclusion of Theorem 6.1 holds true for (g, n) = (g, 0).
(ii) The hermitian line bundle λ⊗12

k+1;g,0;Q⊗ δ
−1
g,n;T

extends to a continuous hermitian line

bundle on Mg,0. Moreover, D◦k+1;g,0 extends to an isometry of continuous hermitian
line bundles on Mg,n

λ⊗12
k+1;g,0;Q ⊗ δ

−1
g,0;T

∼
−→ κ

⊗(6k2
+6k+1)

g,0;FT ⊗O(C(g, 0)).

Proof. The first assertion is due to Deligne [6, Th. 11.4] and Gillet–Soulé [15]: it suffices
to check that our definition of Quillen metric agrees with theirs. Let X be a compact
Riemann surface of genus g ≥ 2. Endow the holomorphic tangent bundle TX with the
hermitian metric attached to the riemannian hyperbolic metric of constant curvature −1
onX. The canonical sheafωX is equipped with the dual metric. With these choices, ourL2

metric onH 0(X, ωk+1
X ) coincides with the one of Deligne and Gillet–Soulé. We still need

to see that our normalization of the L2 metric defining the Quillen metric (Definition 4.2)
is given by exp( 1

2T (ω
k+1
X )). Here T (ωk+1

X ) is the analytic torsion of ωk+1
X , for our choice

of Kähler metric on TX (Section 4). The evaluation of T (ωk+1
X ) has been indicated by

Sarnak [28, p. 116, par. 1] and completed—for instance—in [8, Cor. 1.12]:

T (ωk+1
X ) = − logZ(X, k + 1)− (2g − 2)Ck,

where Ck is the constant defined in §4.1. Taking into account the definition ofEk+1(g, 0),
this proves the first claim. The second item already follows from (i), Theorem 3.5 and the
continuity of the first tautological metric on κg,0 on Mg,0 (Theorem 4.3). ut

Proof of Theorem 6.1. The case k = 0 is the content of [12, Th. 6.1]. For k ≥ 1, due to
Corollary 3.4, Corollary 3.7, Lemma 5.2, Theorem 5.3 and Proposition 6.2, the proof is
formally the same as for k = 0. We refer to [12, Sec. 6] for the details. ut

Corollary 6.3. Let k ≥ 1 be an integer.

(i) The hermitian line bundle λk+1;g,n;Q ⊗ λ
−1
k;g,n;Q

on Mg,n extends to a continuous

hermitian line bundle on Mg,n, whose underlying sheaf is λk+1;g,n ⊗ λ
−1
k;g,n

.

(ii) There is an isometry of continuous hermitian line bundles on Mg,n

λk+1;g,n;Q ⊗ λ
−1
k;g,n;Q

∼
−→ κ⊗k

g,n;FT .

Proof. First of all, from the isomorphism (3.8) of Lemma 3.6 we get an isomorphism

D : λk+1;g,n ⊗ λ
−1
k;g,n

∼
−→ κ⊗kg,n. (6.1)
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By [12, Cor. 3.2] and the Mumford isomorphisms (Theorem 3.5), D⊗12 coincides, up
to a sign, with Dk+1;g,n ⊗ D⊗−1

k;g,n
. Therefore, by the metrized Mumford isomorphisms

(Theorem 6.1), D|⊗12
Mg,n

induces an isometry

D|⊗12
Mg,n

: (λk+1;g,n;Q ⊗ λ
−1
k;g,n;Q

)⊗12 ∼
−→ κ⊗12k

g,n;FT . (6.2)

We conclude by (6.1)–(6.2) and the continuity of the first tautological metric on Mg,n

(Theorem 4.3). ut

Remark 6.4. Observe that the metric on λk+1;g,n;Q ⊗ λ
−1
k;g,n;Q

, evaluated for a smooth
n-pointed stable curve (X;p1, . . . , pn) over C, involves the factor R′(U, 1) if k = 0 and
R(U, k+1) if k ≥ 1, whereR(U, s) is the Ruelle zeta function ofU = X\{p1, . . . , pn}.3

Corollary 6.5 (Takhtajan–Zograf local index formula [33]–[34]). Let ωWP, ωTZ be the
Weil–Petersson and Takhtajan–Zograf Kähler forms on Man

g,n, respectively. For every in-
teger k ≥ 0, the following equality of differential forms on Man

g,n holds:

c1(λk+1;g,n;Q) =
6k2
+ 6k + 1
12π2 ωWP −

1
9
ωTZ . (6.3)

Proof. Firstly, there is an equality of differential forms on Man
g,n

c1(κg,n;FT) =
1
π2ωWP. (6.4)

For a proof we refer to [36] (case n = 0) and [10, Ch. 5] (general case). Secondly,
[37, Th. 5] proves the identity

c1(ψg,n;W ) =
4
3
ωTZ . (6.5)

The relation (6.3) is obtained from Theorem 6.1 and (6.4)–(6.5). ut

Proof of Theorem A. The theorem is a consequence of Theorems 3.5 and 6.1. The argu-
ment is the same as for [12, Th. A]. ut

Proof of Theorem B. Let U = X \
⋃
j σj (S). By Theorem A(ii), it suffices to show that

for every complex embedding σ : K ↪→ C,

log(Ek+1(g, n)Z(Uσ (C), k + 1)) = O(k log k).

On the one hand, the product representation of the Selberg zeta function (see Sec-
tion 4.1) provides logZ(Uσ (C), k+ 1) = o(1). It remains to prove that logEk+1(g, n) =

O(k log k). From the definition of Ek+1(g, n), the relevant terms to treat are:

(i) terms in log(2k)!; these are O(k log k) by Stirling’s formula;

3 Recall that R(U, s) = Z(U, s)/Z(U, s + 1), for Z the Selberg zeta function of U .
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(ii) αk := (
∑2k
j=1(j − k) log j)− k2; we can write

αk = log02(2k + 1)+ k log(2k)!− k2,

where 02 is the Barnes double gamma function [2] (see also [28]). By [2] and Stir-
ling’s formula we have

log02(2k + 1) = (2k)2
(

log(2k)
2
−

3
4

)
+O(k), (6.6)

k log(2k)! = 2k2 log(2k)− 3k2
+O(k log k). (6.7)

From the expansions (6.6)–(6.7) we infer αk = O(k log k).
The proof is complete. ut

7. Applications to pointed stable curves of genus 0

Let n ≥ 3 be an integer. In this section we denote by M0,n the moduli space of isomor-
phism classes of pointed stable curves of genus 0. It is a smooth and projective scheme
over Spec Z. We write M0,n for the open subscheme classifying smooth curves. There is
a natural projectionM0,n→M0,n. The contraction morphismM0,n+1 →M0,n and the
universal sections σ1, . . . , σn descend to M0,n+1 → M0,n with sections τ1, . . . , τn. The
tuple (M0,n+1 → M0,n; τ1, . . . , τn) is the universal object for n-pointed stable curves of
genus 0, up to isomorphism.4 The line bundles λ0,n;k ,ψ0,n, δ0,n and κ0,n descend to M0,n,
as also do the Quillen, Wolpert and first tautological metrics. We employ the same sym-
bols for the descended objects. In the following we need the ampleness of κ0,n on M0,n.
For the sake of completeness, we prove this fact in the appendix.

7.1. Heights of points with respect to ψ0,n;W

Fix n ≥ 3 an integer andK a number field. Write S = SpecOK . Let p : SpecK →M0,n
be a K-valued point. Because M0,n is a projective scheme, there is a generically smooth
pointed stable curve (π : X → S;℘1, . . . , ℘n) with a cartesian diagram

(P1
K ') XK //

��

X //

π

��

M0,n+1

��
SpecK //

p1,...,pn

JJ

p

22S
C(π) //

℘1,...,℘n

II

M0,n

τ1,...,τn

TT

(7.1)

The real number d̂eg(C(π)∗ψ0,n;W ) (resp. d̂eg(C(π)∗κ0,n;FT)) is well defined and only
depends on the isomorphism class of (XK ;p1, . . . , pn). Indeed, C(π) is the unique ex-
tension of p to a morphism SpecOK → M0,n. For any object Z in this isomorphism
class, we write hψ (Z) (resp. hκ(Z)) for this quantity. Notice that hψ (resp. hκ ) is defined
for every smooth n-pointed stable curve of genus 0.

4 The construction of [20] easily carries over to Spec Z. This is written in [10, Part II, Chap. 1.5].
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Theorem 7.1. Let n ≥ 3 be an integer and K a fixed number field. Let A be a real
number. Up to isomorphism, there are finitely many smooth n-pointed stable curves Z of
genus 0 over K with hψ (Z) ≤ A.

Proof. We first claim the corresponding property is true for hκ . Indeed, with the notation
as in (7.1), if Z ' (XK ;p1, . . . , pn), then hκ(Z) is the height of the image of C(π)
with respect to κ0,n;FT . Moreover κ0,n is ample on M0,n and the first tautological metric
is continuous (Theorem 4.3). The assertion is a consequence of Northcott’s finiteness
property [30, Cor. 3.4]. Therefore, it is enough to show that a bound hψ (Z) ≤ A leads to
a bound hκ(Z) ≤ B(n,K,A) for some real constant B(n,K,A) depending only on n, K
and A. Observe that

hκ(Z) = (ωX /S(℘1 + · · · + ℘n)hyp)
2

for a model (π : X → S;℘1, . . . , ℘n) of Z. We apply Theorem A(ii), with k = 0.5

Because we are in genus 0, we have

d̂eg ĉ1(λ(ωX /S)Q) =
1
2

∑
σ :K↪→C

log(Z′(Uσ , 1))+
[K : Q]

2
logE1(0, n)

−
[K : Q]

2
log(n− 2),

where Uσ = Xσ (C) \ {pσ1 , . . . , p
σ
n }. Also,

d̂eg1X /S ≥ 0.

Thus Theorem A(ii) provides an inequality

hψ (Z)+ 6
∑

σ :K↪→C
logZ′(Uσ , 1)+ α(n,K) ≥ hκ(Z)

for some constant α(n,K) depending only on n and K . We reduce to showing that there
exists a constant C such that for any n-punctured sphere U = P1(C) \ {q1, . . . , qn}, we
have Z′(U, 1) ≤ C. Fix any 1-pointed stable curves of genus 1, (Tj , tj ), j = 1, . . . , n.
We build the stable curve of genus n

Y = (P1(C) t T1 t · · · t Tn)/(q1 ∼ t1, . . . , qn ∼ tn).

Let g : Z → D(0, ε) be a one-parameter small stable deformation of Y , whose only
singular fiber is g−1(0) = Z0 = Y . By [35, Conj. 1, p. 286],6, there exist constants
c, β > 0 depending only on n such that

Z′(Zt , 1)∏
γ, l(γ )<c Zl(γ )(1)

∏
0<λ<1/4 λ

≤ β, t 6= 0. (7.2)

The product
∏
γ, l(γ )<c is finite and runs over all closed primitive hyperbolic geodesics γ

of Zt of length l(γ ) < c. Also,Zl(γ )(s) is the contribution of the geodesic γ to the product

5 Strictly speaking [12, Th. A] does not apply, because it requires X to be regular.
6 In the cited statement, the expression 0 < λn < 1/4 should actually read 0 ≤ λn < 1/4.
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defining the Selberg zeta function Z(Zt , s) (see Section 4). Finally, the product
∏

0<λ<1/4
is finite and runs over eigenvalues of the hyperbolic laplacian on Zt . Write γj (t), j =
1, . . . , n, for the geodesics in Zt pinched to a node as t → 0, and λ1(t), . . . , λn(t) for the
non-trivial eigenvalues converging to 0 [12, Th. 5.2]. We may assume l(γj (t)) < c and
λj (t) < 1/4 for all j , t 6= 0. Observe that in (7.2) the rough inequalities Zl(γ )(1) ≤ 1,
λ ≤ 1 hold. It follows that

Z′(Zt , 1)∏n
j=1 Zl(γj (t))(1)

∏n
j=1 λj (t)

≤ β, t 6= 0. (7.3)

In [12, Proof of Th. 5.3] we show that (7.3) converges to

Z′(U, 1)
n∏
j=1

Z′(Tj \ {tj }, 1)

as t → 0. We infer that

Z′(U, 1) ≤
β∏n

j=1 Z
′(Tj \ {tj }, 1)

.

This concludes the proof. ut

7.2. Integral cusp forms with small Petersson norm

Let K be a number field, with ring of integers denoted OK . Set S = SpecOK . Consider
a pointed stable curve (π : X → S; σ1, . . . , σn) and define U = X \

⋃
j σj (S). As-

sume that π is generically smooth. Recall the definition of the L2 metric in Section 4.
For every integer k ≥ 0 and every field embedding σ : K ↪→ C, the complex vector
spaceH 0(X , ωk+1

X /S(kσ1+· · ·+ kσn))⊗σ C comes equipped with the L2 metric attached
to the hyperbolic metric on Uσ (C); denote it by 〈·, ·〉L2,σ . On the other hand, by the uni-
formization theorem, there is a biholomorphism Uσ (C) ' 0σ \H for some discrete torsion
subgroup 0σ ⊂ PSL2(R). The space S2k+2(0σ ) of modular cusp forms of weight 2k + 2
for 0σ is isomorphic to H 0(X , ωk+1

X /S(kσ1 + · · · + σn)) ⊗σ C. The Petersson metric on

S2k+2(0σ ) induces a hermitian metric on H 0(X , ωk+1
X /S(kσ1 + · · · + kσn)) ⊗σ C, to be

denoted 〈·, ·〉Pet,σ . It is readily checked that 〈·, ·〉L2,σ = (2k/π)〈·, ·〉Pet,σ . This relation
stems from the comparison between the hermitian and riemannian hyperbolic metrics, as
well as the normalization of the Kähler form ω (Section 4).

The space of global sectionsH 0(ωk+1
X /S(kσ1+· · ·+ kσn)) is a projectiveOK -module.

As a Z-module, it becomes a lattice in the real vector space

H 0(X , ωk+1
X /S(kσ1 + · · · + kσn))⊗Z C

=

( ⊕
σ :K↪→C

H 0(X , ωk+1
X /S(kσ1 + · · · + kσn))⊗σ C

)F∞
.



An arithmetic Hilbert–Samuel theorem 347

This vector space is endowed with the norms

‖f ‖L2,∞ = sup
σ :K↪→C

‖fσ‖L2,σ and ‖f ‖Pet,∞ = sup
σ :K↪→C

‖fσ‖Pet,σ .

Proposition 7.2. Assume (ωX /S(σ1 + · · · + σn)
2
hyp) > 0. Then there exists an integer

k0 ≥ 0 such that

{f ∈ H 0(ωk+1
X /S(kσ1 + · · · + kσn)) | ‖f ‖

2
Pet,∞ ≤ π/2

k
} 6= ∅ for all k ≥ k0.

Proof. By Theorem B and Minkowski’s theorem, we infer that there exists k0 ≥ 0 such
that

{f ∈ H 0(ωk+1
X /S(kσ1 + · · · + kσn)) | 0 < ‖f ‖L2,∞ ≤ 1} 6= ∅ for all k ≥ k0.

See [15, Sec. 5.2], [31, Ch. VIII, Par. 2.3] or [32, Exp. III, Th. 4] for the details of the
argument. We conclude by the relation ‖f ‖2Pet,∞ = (π/2

k)‖f ‖2
L2,∞

. ut

We keep the notation of §7.1. For a smooth n-pointed stable curveZ of genus 0 overK we
write (π : X → S;℘1, . . . , ℘n) for the model that fits into the cartesian diagram (7.1).

Theorem 7.3. Let K be a fixed number field and n ≥ 3 an integer. Up to isomorphism,
for all but finitely many smooth n-pointed stable curves Z of genus 0 over K , there exists
an integer k0 (depending on the isomorphism class of Z) such that

{f ∈ H 0(X , ωk+1
X /S(k℘1 + · · · + k℘n)) | 0 < ‖f ‖2Pet,∞ ≤ π/2

k
} 6= ∅ for all k ≥ k0.

Proof. By Proposition 7.2, we have to show that there are finitely many isomorphism
classes of such Z with hκ(Z) = (ωX /S(℘1 + · · · + ℘n)

2
hyp) ≤ 0. Because K has been

fixed, κ0,n;FT is ample and the first tautological metric is continuous, this follows from
Northcott’s finiteness property. ut

8. Appendix

Let n ≥ 3 be an integer and M0,n → Spec Z the moduli scheme of isomorphism classes
of n-pointed stable curves of genus 0. The contraction map M0,n+1 → M0,n is endowed
with sections τ1, . . . , τn. In this appendix we establish the ampleness of the line bundle
κ0,n = 〈ωM0,n+1/M0,n

(τ1 + · · · + τn), ωM0,n+1/M0,n
(τ1 + · · · + τn)〉.

Lemma 8.1 (Keel–Tevelev). Let k be any field.

(i) The line bundle κ0,n;k on M0,n;k is very ample.
(ii) For every integer m ≥ 1, let Wm be the standard irreducible representation of the

symmetric group Sm, i.e. m-tuples of integers that sum to 0. Then

H 0(M0,n;k, κ0,n;k) '
⊗

4≤j≤n

Wj .

In particular dimH 0(M0,n;k, κ0,n;k) does not depend on the field k.
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Proof. This is Corollary 2.6 and Corollary 2.7 of [21] (observe that in Section 2 there,
k is an arbitrary field). ut

Theorem 8.2. The line bundle κ0,n on M0,n is ample.

Proof. We check that κ0,n satisfies the cohomological criterion of ampleness [18, Ch. III,
Prop. 5.3]. Let F be a coherent sheaf on M0,n. We must prove that there exists an integer
N0 > 0 such that

H i(M0,n,F ⊗ κ⊗N0,n ) = 0 for N ≥ N0 and i > 0. (8.1)

A first reduction consists in restricting to the class of coherent sheaves which are flat over
Spec Z. Indeed, suppose we have checked the criterion of ampleness for such sheaves.
Since M0,n is projective over Spec Z, for any coherent sheaf F on M0,n there is an exact
sequence of coherent sheaves

0→ K→ E → F → 0 (8.2)

with E locally free. In particular, E is flat over M0,n. Since M0,n is flat over Spec Z, so
is E . Because Z is a principal ideal domain, flatness of E over Spec Z implies flatness ofK
over Spec Z. Fix an integer N0 such that (8.1) holds for both K and E . Then (8.1) also
holds for F , by the long exact sequence of cohomology of (8.2). Henceforth F denotes a
coherent sheaf flat over Spec Z.

By Lemma 8.1 the line bundle κ0,n;Q is very ample on M0,n;Q. If π : M0,n→ Spec Z
stands for the structure map, then the natural morphism

π∗π∗κ0,n→ κ0,n (8.3)

becomes surjective when restricted to M0,n;Q, by global generation of κ0,n;Q. There-
fore, for a sufficiently divisible integer l, (8.3) becomes surjective when restricted to
M0,n;Z[1/l]. This yields a commutative diagram of proper morphisms

M0,n;Z[1/l]
ϕ //

''OOOOOOOOOOOO
P(π∗κ0,n;Z[1/l])

��
Spec Z[1/l]

(8.4)

From Lemma 8.1 the dimension of H 0(M0,n;Fp , κ0,n;Fp ) is independent of p. By
Grauert’s theorem [18, Ch. III, Cor. 12.9], the sheaf π∗κ0,n;Z[1/l] is locally free on
Spec Z[1/l]. In addition, for every s ∈ Spec Z[1/l] we have an isomorphism

π∗κ0,n;Z[1/l] ⊗ k(s)
∼
−→ H 0(M0,n;k(s), κ0,n;k(s)). (8.5)

If p is a prime number with p - l, the isomorphism (8.5) amounts to

π∗κ0,n;Z[1/l] ⊗Z Fp
∼
−→ H 0(M0,n;Fp , κ0,n;Fp ).
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Therefore, reducing (8.4) modulo p with p - l yields

M0,n;Fp
ϕp
−→ P(H 0(M0,n;Fp , κ0,n;Fp )).

The morphism ϕp is a closed immersion, since κ0,n;Fp is very ample. This being true for
all p - l, the morphism ϕ of (8.4) is also a closed immersion. We infer that κ0,n;Z[1/l] is
very ample. Hence, there exists an integer N0 > 0 such that

H i(M0,n;Z[1/l],F ⊗ κ⊗N0,n;Z[1/l]) = 0 for N ≥ N0 and i > 0. (8.6)

Since higher direct images commute with flat base change [18, Ch. III, Prop. 9.3], (8.6)
equivalently reads

Riπ∗(F ⊗ κ⊗N0,n )(Spec Z[1/l]) = 0 for N ≥ N0 and i > 0. (8.7)

We still need to deal with primes p | l. Let p be such a prime. Since κ0,n;Fp is very am-
ple, there exists Np > 0 for which the ampleness criterion holds for κ0,n;Fp and FFp .
Since there are only finitely many primes dividing l, after possibly increasing N0 we can
suppose that N0 ≥ Np for all p | l. Let us fix an integer N ≥ N0. For every p | l and
i = 1, . . . , n− 2, introduce

�p,i = {y ∈ Spec Z | H i(M0,n;k(y),F ⊗ κ⊗N0,n;k(y)) = 0}.

Then �p,i is Zariski open by the semi-continuity theorem [18, Ch. III, Th. 12.8], and
contains p because N ≥ N0 ≥ Np. We write

�p =

n−2⋂
i=0

�p,i,

which is a Zariski open neighborhood of p. Let lp ≥ 1 be an integer such that p ∈
Spec Z[1/lp] ⊆ �p. The construction of �p and the semi-continuity theorem ensure

Riπ∗(F ⊗ κ⊗N0,n )(Spec Z[1/lp]) = 0 for i = 1, . . . , n− 2. (8.8)

Finally, observe that U := {Spec Z[1/l]} ∪ {Spec Z[1/lp]}p|l is an affine open covering
of Spec Z. From (8.7)–(8.8),

H i(M0,n,F ⊗ κ⊗N0,n ) = R
iπ∗(F ⊗ κ⊗N0,n )(Spec Z) = 0 for i = 1, . . . , n− 1.

This even holds for i > n − 2, because M0,n has Krull dimension n − 2. The proof is
complete. ut
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[15] Gillet, H., Soulé, C.: An arithmetic Riemann–Roch theorem. Invent. Math. 110, 473–543
(1992) Zbl 0777.14008 MR 1189489
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