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Abstract. We use the Thom—Whitney construction to show that infinitesimal deformations of a co-
herent sheaf F are controlled by the differential graded Lie algebra of global sections of an acyclic
resolution of the sheaf End*(E°), where £ is any locally free resolution of F. In particular, one

recovers the well known fact that the tangent space to Def £ is Ext! (F, F), and obstructions are

contained in Ext? (F, F). The main tool is the identification of the deformation functor associated
with the Thom—Whitney DGLA of a semicosimplicial DGLA g, whose cohomology is concen-

trated in nonnegative degrees, with a noncommutative Cech cohomology-type functor HslC (exp gA).
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1. Introduction

The classical approach to deformation theory, starting with Kodaira and Spencer’s stud-
ies on deformations of complex manifolds, consists in deforming the objects locally and
then gluing back together these local deformations. During the last thirty years, another
approach to deformation problems has been developed. The philosophy underlying it, es-
sentially due to Quillen, Deligne, Drinfeld and Kontsevich, is that, in characteristic zero,
every deformation problem is controlled by a differential graded Lie algebra, via solutions
of the Maurer—Cartan equation modulo gauge equivalence. The aim of this paper is to ex-
hibit an explicit equivalence between the two approaches for the problem of infinitesimal
deformations of coherent sheaves.

In the particular case of a locally free sheaf £ of Ox-modules on a complex mani-
fold X, Kodaira—Spencer’s description of deformations of £ is given in terms of the Cech
functor H'(X; exp End(E)), where End(€) is the sheaf of endomorphisms of £. Indeed, a
locally free sheaf has only trivial local deformations and so a deformation of £ is reduced
to a deformation of the gluing data of its local charts, and the compatibility condition
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these gluing data have to satisfy is precisely expressed by the cocycle condition in the
Cech functor. On the other hand, it is well known that deformations of £ are controlled
by the DGLA of global sections of an acyclic resolution of End(£), e.g., by the DGLA
A(;(’*(Snd (&)) of (0, x)-forms on X with values in the sheaf of endomorphisms of £.

The equivalence between these two descriptions is best understood by moving from
set-valued to groupoid-valued deformation functors; see, e.g., [9, 20]. Associating with
any open set U in X the groupoid Defg|,, of infinitesimal deformations of £ over U (over
a fixed base Spec A, for some local Artin ring A) defines a stack over Topy; this is just a
one-word way of saying that global deformations of £ are the same thing as the descent
data for its local deformations:

Defe ~ holim Def¢,,,,
el = holim Def,

where Ay, is the semisimplicial object in Topy associated with an open cover U of X.
Next, one sees that locally the groupoid of deformations of £|y is equivalent to the
Deligne groupoid of End(E)(U); since these equivalences are compatible with restric-
tion maps, one has an equivalence of semicosimplicial groupoids. Finally, the Deligne
groupoid commutes with homotopy limits of DGLA concentrated in nonnegative degree
(see [9]), so that

Defg >~ holim Delgnd(g)(U) ~ Delholimgnd(g)(U) .
UeAy UeAy
This shows that the problem of infinitesimal deformations of £ is controlled by the DGLA
holimyea,, End(E)(U). It is now a simple exercise in homological algebra to show that
there is a quasi-isomorphism of DGLAs

holim End(E)(U) ~ A%*(End(E)).
UeAy

The reader who prefers not to leave the peaceful realm of set-valued deformation func-
tors can find a direct (but less enlightening) proof of the equivalence between Kodaira—
Spencer’s and the DGLA approach to infinitesimal deformation of locally free sheaves in
the first arXiv version of [7].

We now turn our attention to deformations of a coherent sheaf F of Jx-modules on
a complex manifold or an algebraic variety X. The classical approach to this deformation
problem is based on a locally free resolution £ — F of F; then, the data of a deformation
of F are the data of local deformations of £ with appropriate gluing conditions. More
precisely, the sheaf of differential graded Lie algebras End*(£") of the endomorphisms
of the resolution £ controls infinitesimal deformations of F via the éech—type functor
H]_llo (X; exp End*(E")); the subscript Ho refers to the fact that cocycle conditions hold
only up to homotopy. The functor HﬁO(X ; exp End* (€7)) is actually independent of the
particular resolution chosen. And again, on the DGLA side, one proves that infinitesimal
deformations of F are controlled by the DGLA of global sections of an acyclic resolution
of End*(£); in particular, one recovers the well known fact that the tangent space to Def
is Ext! (F, F), and obstructions are contained in Ext? (F,F).
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To see why such a result should hold, one has to make a further step and go from
groupoid-valued to oco-groupoid-valued deformation functors, and to think the whole
problem in terms of oco-stacks [10, 16, 24]. Indeed, due to the presence of negative de-
gree components in End*(E°), the groupoids Defr|, are not equivalent to the Deligne
groupoids Delg, g+ gy anymore; yet from the oo-groupoid point of view it is natural to
expect that the stack Def £ is locally homotopy equivalent to the co-stack MCq (End™* (£°)).
Then one reasons as in the locally free sheaf case, using the fact that the Kan complexes-
valued functor MC, commutes with homotopy limits of DGLAs whose cohomology is
concentrated in nonnegative degree [8]:

Def 7 > holim Def 7|, ~ holim MC, (End*(£7)(U)) =~ MC, (holim End*(£)(V)).
UeAy UeAy UeAy

As above, the homotopy limit holimyea,, End*(£°)(U) is quasi-isomorphic to the DGLA
of global sections of an acyclic resolution of End*(£°), which therefore controls the in-
finitesimal deformations of F.

The aim of this paper is to give a direct proof of this fact at the level of set-valued
deformation functors. The proof closely follows the original argument in [7] and does not
rely on the conjectural homotopy equivalence between Def x|, and MC, (End*(£7)(U)).
More precisely, we associate with any semicosimplicial DGLA g* a set-valued func-
tor of Artin rings Zslc(exp g%) together with an equivalence relation ~ on it, such
that the quotient functor HslC (expg?) = Z;C (expg®)/~ is an abstract version of
ngo(X ; exp &nd*(E7)). The latter is obtained, as a particular case, by considering the

Cech semicosimplicial Lie algebra End*(E7) (U):

[Téna & wp —=T] ena"€)Wip) =% [] &nd"€)Uin) =%

i<j i<j<k

Namely,
HéO(X; expénd*(£)) = lim Hslc(exp End*(EHU))
u
and both sides coincide with HslC (exp End* (E7)(U)), for an End™* (£ )-acyclic cover of X.
Next, we consider the Thom—Whitney model Totzy g2 for holim g® and show that there
exists a commutative diagram of functors

Tot
DGLA%™: e DGLA
Hy (expx ArCartan /gauge
S etAl‘t]K

where DGLA' 73" is the category of semicosimplicial DGLAs with no negative cohomol-
ogy. From the point of view of co-groupoids, this can be seen as an explicit description
of the set 7<o(MC,(holim g2)).

We assume the reader is familiar with the language of deformation functors associated
with DGLAs; see [17] for an introduction. Throughout this paper we work on a fixed
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algebraically closed field K of characteristic zero; the symbol Artk denotes the category
of local Artinian K-algebras (A, my4), with residue field K. For a DGLA L, we denote by
Def; : Artg — Set the associated deformation functor.

Most of the proofs in the present paper are completely straightforward, so we only
sketch them; a preliminary version of this paper with fully detailed proofs is available on
arXiv.

While revising this paper, we became aware of [25] where a similar construction is
developed and investigated.

2. Infinitesimal deformations and sheaves of DGLAs

In this section, we study infinitesimal deformations of a coherent sheaf F of O x-modules
on a smooth projective variety X and explain how these deformations can be naturally
described in terms of a sheaf of differential graded Lie algebras on X.

An infinitesimal deformation of the coherent sheaf of Ox-modules F over A € Artg
is given by a coherent sheaf F4 of Ox ® A-modules on X x Spec A, flat over A, with
a morphism of sheaves = : F4 — F inducing an isomorphism 4 ®4 K = F. Two
deformations F4, F 1/4 of the coherent sheaf F over A are isomorphic if there exists an
isomorphism of sheaves f : F4 — F,, that commutes with the morphisms to F. We
denote by Def r : Artg — Set the functor of infinitesimal deformations of the sheaf F.

Since we are interested in flat deformations, one can investigate them by using a
locally free resolution of F (see [1, par. 3], or [23, Theorem A.31] for details of these
correspondences). Let

0segmd . de14dc0d o
be a global syzygy for F, and denote by £ the complex of locally free sheaves
&.d: 0semb L1140 _ ¢

Let U = {U;}ic; be an affine (or Stein, if we work in the complex analytic category)
open cover of X such that every sheaf of £ is free on each U;. The Kodaira—Spencer
approach to infinitesimal deformations of F consists in deforming the sheaf F locally
in such a way that local deformations glue together to a global sheaf, or equivalently,
in view of the above discussion of the affine case, in deforming the complex (£, d) on
every open set U; in such a way that these data glue together in cohomology. Following
this approach, let us make explicit the deformation data: the first datum is an element / =
{liYi 11, End" (£)(U;)®@m 4 defining, on every open set U;, a complex €& lu,®A, d+1;)
which is a deformation of the complex (€'|y,, d). Note that the condition for (£'|y, ® A,
d +1;) to be a complex is the Maurer—Cartan equation:

dli + 3[l;,1;1=0 foralli € I.

Also note that, by upper semicontinuity of cohomology, the complex (£'|y, ® A, d + [;)
is exact except possibly at zero level. To glue together the deformed local complexes
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(€ ly; ® A, d +1;), we need to specify isomorphisms between the deformed complexes
on the double intersections of open sets of the cover /. Since these isomorphisms will
have to be deformations of the identity, they will be of the form

" (Ey; @ A d+ 1) = (Eu; ® A, d+ 1),

withm = {m;;}i<; € ]_[l.<j Sndo(g')(Uij) ®my. The compatibiliy with the differentials,
i.e., the commutativity of the diagrams

Eluy ® A -2 £y, ® A

d+jlu;; l id+lilu,~_,

Eluy ® A —2s £y, ® A

can be written as d + li|y,; = €™ (d + lj|y;; )e™", i.e., as
lilu; = e™ii *ljly,; foralli < j.

Finally, the above isomorphisms have to satisfy the cocycle condition up to homotopy.
Indeed, in order to obtain a deformation of F, we actually do not want to glue together
the complexes (£ |y, ® A, d + [;), but rather their cohomology sheaves. In other words,
we require e"ke~™ike™ij to be homotopic to the identity on triple intersections. Taking
logarithms, what we require is that m; e —m;; @ m;; is homotopy equivalent to zero, i.e.,

miklu,, ® —miklu; @ mijlug, = d + Lilug nijl,

for some n = {n;ji}ijk € I k End_l(E')(U,-jk). This homotopy cocycle equation is

conveniently rewritten as

i<j<

Mkl ® —MiklU ® Mijluge = denar ik + Liluge nijel-

Next, let us explain how the data introduced above are concretely linked with defor-
mations of the coherent sheaf F over A. As the homotopy cocycle equation is satisfied,
the local A-flat sheaves of Ox|y, ® A-modules F4 y, := H*(E |y, @ A, d +1;) glue to-
gether to give a global coherent sheaf F4 which is a deformation of 7. On the other hand,
every deformation F4 of the sheaf 7 can be obtained in this way. Indeed, the resolution
(€, d) locally extends to projective resolutions (€|, @ A, d + [;) of Fuly,; these de-
formed local resolutions are linked to each other on double intersections by isomorphisms
of complexes lifting the identity of F4, and the compositions of these isomorphisms on
triple intersections are homotopic to the identity, since they lift the identity of F4 and the
liftings are unique up to homotopy.

Let now F4 and F' 1/4 be isomorphic deformations of the sheaf F, associated with
deformation data (I, m) and (I’, m’), respectively. The restriction to every open set U;
of the isomorphism between F4 and F/; lifts to local isomorphisms between the cor-
responding deformed complexes. Since these isomorphisms specialize to identities of
(€ ly;, d), they are of the form e% : (£'|y, ® A, d +1;)) = (Ely, ® A,d + ll{), where
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a={ai}i €[]; End®(E)(U;) @ my. As above, compatibility with the differentials trans-
lates into the equations

dixl; =1 foralli el.

¢ i

Finally, since the local isomorphisms e“ lift a global isomorphism in cohomology, the
diagrams

Eluy ® A, d +1jlu,) > (€ lu,; ® A, d +lilu,)

a; a;
e/U’_jJ( iE'U,-j
!

Eluy ® Acd +Llu,) > (€lv, ® A d + Ly,

expressing compatibility with the gluing morphisms, commute in cohomology. Moreover,
since the compositions e™"ij e~ % ¢"ii e lift the identity of F4 on double intersections
and the liftings are unique up to homotopy, these compositions are homotopic to the
identity and, reasoning as above, we find

—mij @ —ajly, ®mj; ® ajlu; = dguebij + [ljluy bij]

for some b = {b;;}i<; € ]_[,.<j End™! (£)(Uij) ® my. Conversely, if for the deformation
data (I, m) and (I, m’) there exista = {a;}; € [[; End®(EHY(U)Q@my and b = {bijli<j €
[~ j End~ (EHU; ) ® my that satisfy the equations above, the local isomorphisms e
glue together in cohomology to give a global isomorphism of the corresponding deformed
sheaves F and F/,.

Summing up, we have shown that in the Kodaira—Spencer approach, infinitesimal de-
formations of the coherent sheaf F are controlled by the sheaf of DGLAs End*(£°), via
the equations above. At the end of Section 4.3, we will apply techniques of semicosim-
plicial DGLAs developed in this paper to recover the classical well known fact that the
functor of infinitesimal deformations of F has Ext! (F, F) as tangent space and its ob-
structions are contained in Ext? (F,F).

Remark 2.1. The above description of the functor of infinitesimal deformations of F is
actually independent of the resolution chosen. Indeed, the DGLAs of the endomorphisms
of any two locally free resolutions of F are quasi-isomorphic (see,e.g., [22, Lemma 4.4]).

Remark 2.2. If the sheaf F is locally free, then we can take its trivial resolution 0 —
F — F — 0; thus, we recover the well known fact that the infinitesimal deformations
of F are controlled by the sheaf End(F), via the Cech functor H!(X, End(F)).

Remark 2.3. Note that the results of this section hold under the hypothesis that 7 admits
a resolution & — F by locally free sheaves of Ox-modules. This hypothesis is always
satisfied, but in the general case the resolution is less obvious, it is not of finite length and
the sheaves £~ are not of finite rank; see, e.g., [12, Section 1.5].
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3. The Thom—Whitney DGLA

3.1. Semicosimplicial DGLAs and the functor HslC (exp g2)

A semicosimplicial differential graded Lie algebra is a covariant functor Anon — DGLA,
from the category Amon, Whose objects are finite ordinal sets and whose morphisms are
order-preserving injective maps between them, to the category of DGLAs. Equivalently,
a semicosimplicial DGLA g2 is a diagram

go— g —= 0 —<--,
where each g; is a DGLA, and for each i > 0 there are i + 1 morphisms of DGLAs
Ok,i: gi-1—> @i, k=0,...,1i,
such that 0x1,;4+101,; = 07,i+10k,; for any k > [.
Definition 3.1. Let g® be a semicosimplicial DGLA. The functor
Zslc(exp gA) : Artg — Set
is defined, for all A € Artg, by

Zi(exp g®)(A)

dl+ 31,11 =0,

81111 =M x 80,11,

0p,2m @ —01 2m @ 0y 2m = dn + [82’280,11, n]
for some n € 92_1 Q@ my

=1(,m)e (g ®g)) ®my

Remark 3.2. In DGLA theory, given a DGLA L and a Maurer—Cartan element x in
MCy (A), the set
Stab(x) = {dh + [x,h] | h € L™ @ mu}

is called the irrelevant stabilizer of x. Note that Stab(x) C stab(x), where stab(x) =

{a € L'® my | e x x = x} is the stabilizer of x under the gauge action of L'® my4 on
MC/ (A). Also note that, for any a € L® @ my, e?eS@®) =0 = £S@0) with y = ¢ « x.

We now introduce an equivalence relation ~ on the set Zslc(exp g2)(A) as follows:
we say that two elements (I, mg) and (/1,m1) in Zslc(exp gA)(A) are equivalent if and
only if there exist a € 98 ®myand b € gfl ® my4 such that

et xly =14,
—mop e —0d1 1a emy ®dy1a = db+ [9p.1lo, D].
Definition 3.3. Let g° be a semicosimplicial DGLA. The functor
Hslc(exp gA) : Artg — Set
is defined, for all A € Arty, by HJ.(exp g®)(A) = ZL (exp g®)(A)/~.
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Remark 3.4. If gA is a semicosimplicial Lie algebra, i.e., if all the DGLAs g; are con-
centrated in degree zero, then HslC (exp gA) reduces to the functor considered in [7].

Remark 3.5. The projection 7 : ch (expg?) — HslC (exp g®) is a smooth morphism of
functors of Artin rings, i.e., for any surjection 8 : B — A in Artyg, the map

Zy(exp g™)(B) = Hy(exp 8™)(B) X g1 (exp gty () Zac(€xp 8°)(A)
induced by
B
Zh(expg®)(B) —— ZL.(exp g®)(A)

HL(expg®)(B) P H) (expg®)(A)

is a surjection of sets. Indeed, let ([(I, m)], (o, mo)) € HL(expg®)(B) x HL(exp g2)(A)
Z1 (expg®)(A). Then (B, Bm) and (lp, mo) are gauge equivalent in Z! (exp g*)(A),
i.e., there exists a € gg ® my such that e « Bl = lp and —fm e —91 1a e mgy @ dp,1a =
db + 80,181, b] for some b € g; ' @my. Letd € g) ® mp and b € g;' ® mp be liftings
of a and b, respectively. The element (e‘} x[,011aeme (d15 + [0o,1/, 15]) e —Jp1a) €
Z} (exp g®)(B) is a pre-image of ([(I, m)], (lp, mo)).

The geometric application to have in mind is the following: given a sheaf £ of DGLAs
on a topological space X, and an open cover U of X, one has the Cech cosimplicial
DGLA LU),

e

[Tewn —=]ewip =% [] LW —=-.
i i<j i<j<k

where the morphisms 9y ; are the restriction maps. The functor HS‘C (exp L(U)) depends

on the cover U/, but the limit over open covers is a well defined functor:

Hyyo(X; exp £) = lim Hy (exp LU)) : Artg — Set.
u
Indeed, let U = {Uy}uer and U’ = {U,}qcy be open covers of X with U a refine-
ment of U and ¢, : I’ — [ two refinement maps. Both ¢ and ¥ induce, for all
A € Artg, a morphism Zslc(exp LU))(A) — Zslc(exp LU"))(A), defined by sending
(li, mij) o pg(li, mij) = (gpaluy m¢a,¢ﬁ|U(;ﬂ) and py (li, mij) = (lyaluy, mlﬂa,lﬁﬂ'[]ﬂ’{ﬁ)s
respectively. Choosing ay 1= myq.galu;, € LO%UL) ® m for all @ in I', we have

e *l¢a|U& = li//(l'U&s
—Mgagplu, ® —aalu;, ® myaypluy, @ agly;, € StabUgply, ).

Therefore, py(l;, m;ij) ~ py (i, m;;), for all (I;, m;;) € Z;C(expE(Ll))(A), and so the
induced morphisms pg, py : HslC (exp LU)) — HSIC (exp LU")) coincide.
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Remark 3.6. Having introduced the limit H}l[o (exp £), for a sheaf of DGLAs L on a
topological space X, the results of Section 2 can be restated as follows: the functor of
infinitesimal deformations of a coherent sheaf F on a projective manifold X is

Defr = H]_IIO(X; exp &nd*(£)),
where £ is a locally free resolution of F.

The example of coherent sheaves on projective manifolds together with the DGLA
approach to deformation theory suggests that the functors of Artin rings HS]C(exp )
could actually be isomorphic to functors Def; 4a) for some DGLA L(g®) canonically

associated with g®. We are going to show that, under the cohomological hypothesis
H~(g>) =0, this is indeed so. More precisely, we are going to prove that, if H~(g2) =0,
then the functor of Artin rings HslC (exp g?) is isomorphic to the deformation functor as-
sociated with the Thom—Whitney DGLA of the truncation g10.21,

3.2. The Thom—Whitney DGLA Totzw (g*)
Let g be a semicosimplicial DGLA. The maps

0 =0, — 01+ -+ (=13

endow the vector space €P; g; with the structure of a differential complex. Moreover,
being a DGLA, each g; is in particular a differential complex

. —
o=, d:g -9,
j

and since the maps di ; are morphisms of DGLAs, the space g; = @i, j g{ has a natural
bicomplex structure. The associated total complex

(Tot(g®), dro)  where  Tot(g*) = €D ail—il, dru = ) _ 0 + (=1)d;
i i,j

has no natural DGLA structure. Yet there is another bicomplex naturally associated with
a semicosimplicial DGLA, whose total complex is naturally a DGLA.

For every n > 0, denote by €2, the differential graded commutative algebra of poly-
nomial differential forms on the standard n-simplex A”:

o _K[to,...,tn,dto,...,dtn]
" Qo — 1, ) dn)

Denote by gk Q, - Qu-1,k = 0,...,n, the face maps; then one has natural mor-
phisms of bigraded DGLAs

Sk’n: Qp Q gn — Qn—1 ® gn, ak,n: Q1 ® gn—1 — Qn_1 & gn,

forevery 0 < k < n.
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The Thom—Whitney bicomplex is defined as

Clin(@®) = { e < ]2 ® 01 | 20 = dxn1 Y0 <k <},
n

where Q;l denotes the degree i component of €2,,. Its total complex is a DGLA, called the
Thom—Whitney DGLA, and it is denoted by Totzyw (g*); denote by dryw the differential of
the Thom—Whitney DGLA. It is a remarkable fact that the integration maps

/ ®1d: @ ® gn — Kn] ® gp = gnln]

give a quasi-isomorphism of differential complexes I : Totzw (g”) — Tot(g®). In partic-
ular, the tangent space to Defrpy, . (ga) is

T Defpoy, g = H' (Totrw (g°)) = H' (Tot(g™))
and obstructions live in
H*(Totrw (™)) = H(Tot(g™)).

Moreover, Dupont has described in [3, 4] an explicit morphism of differential complexes
E: Tot(g®) — Totrw(g?) and an explicit homotopy & : Totzw (g®) — Totzw (g)[—1]
such that [ E' = Idqygay and E1 —Idrpy,,, (ga) = [, drw]. We also refer to the papers [2,
8, 19] for the explicit description of E, h and for the proof of the above identities. Here,
we point out that the construction of Totrwy (gA), Tot(gA), I, E and h is functorial in the
category DGLA®mon of semicosimplicial DGLAs.

In geometric applications, if £ — A is an acyclic resolution, i.e., a quasi-isomorph-
ism of sheaves of DGLAs such that A* is an acyclic sheaf of Ox-modules for every k,
then one can use the augmentation H%(X; A) — A(U) to link the Thom—Whitney DGLA
of L(U) with the DGLA of global sections of \A.

Theorem 3.7. Let X be a paracompact Hausdorff topological space, L a sheaf of dif-
ferential graded Lie algebras on X, and L — A an acyclic resolution. Then, if U is an
open cover of X which is acyclic with respect to both L and A, the DGLA Totyw (L(U))
is naturally quasi-isomorphic to the DGLA H(X; A).

Proof. We recall that an augmented semicosimplicial differential graded Lie algebra is
a diagram g_; — gA, where gA is a semicosimplicial DGLA and dp0: g—1 — go is a
DGLA morphism such that dp 19,0 = 91,190,0. There is a morphism of DGLAs

g—1 — Totrw(g®),
x +> (0o,0%, 01,100,0X, 02,201,100,0X,...),

induced by the natural morphism lim g® — holim g®. Since A is an acyclic resolu-
tion of £, by a standard argument in homological algebra we have a chain of quasi-
isomorphisms of DGLAs

HO(X; A) S Totrw (AU)) < Totyw (LU)). O
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3.3. Truncations

Let gA be a semicosimplicial DGLA, and let m| € N and m; € N U {oo} with m| < m>.
We denote by g1 the semicosimplicial DGLA fruncated between levels m and m
defined by

gn form; <n <my,

(ghimmat), = {

[my,m3]
ak,i

0 otherwise,

with the obvious maps = 0,; form| <i <my,and 3]?7;1,"12] = 0, otherwise. For
any nonnegative integers m1, ma, i, rp such that r; < m;, the map Id;;,, r,): gA['”l-’"zl —
gA[’lfz] given by

Idg, ifm; <n <r,

Id =
1.2 |(9Al"" mly, {0 otherwise,

is a morphism of semicosimplicial DGLAs; it induces the natural morphism of com-
plexes ¢ : Tot(gtm1m21) — Tot(g”l12!) and the natural morphism of DGLAs ¢ :
TotTW(gAl"’hsz) — TotTW(gAlflv’ZJ). Note that we have a homotopy commutative dia-
gram of complexes

¢
Tot(g2tm1maly ———— Tot(g nr2))

,T lE IT iE
2
Totryw (gt m21) —— Totzw (g™112))

Proposition 3.8. Let g® be a semicosimplicial DGLA such that H' (g;) = 0 foralli > 0
and j < 0. Then the morphism 1do 2] induces a natural isomorphism of functors
Defroy g2) = DefTotTW (g1

Proof. Itis a well known fact (see, e.g., [17] for a proof) that a DGLA morphism which is
surjective on HY, bijective on H! and injective on H? induces an isomorphism between
the associated deformation functors. Since the above homotopy commutative diagram
identifies H*(y) with H*(¢), it is enough to prove that H(¢) is surjective, H'(¢) is bi-
jective and H?(¢) is injective. This is easily checked by looking at the spectral sequences
associated with double complexes of g® and g~1021, |

Remark 3.9. Observe that, for any semicosimplicial DGLA g”, we have Zslc(exp gt =
ZslC (exp g2021) and HslC (expg?) = HslC (exp g21021), Moreover, the inclusion ZslC (exp g2)
> ZJ} (exp g®10.1) induces an injective map H/.(exp g®) < H_\(exp g20o1).

Remark 3.10. By the definition of H/.(exp g*) it follows that, if H~!(g,) = 0, then
T Hy (expg®) = H' (Tot(g*102))).

Hence, the two functors of Artin rings Hslc(exp g®) and DefTotTW (g™0.21) have naturally

isomorphic tangent spaces when H~!(gy) = 0. We will show in Section 4.3 that in this
case these two functors are actually isomorphic.
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4. An isomorphism of deformation functors

4.1. A lemma on Maurer—Cartan elements

We will now give an explicit description of the solutions of the Maurer—Cartan equation
for the DGLAs Totzyw (g210-11) and Toty (g210.21).

Proposition 4.1. Let g® be a semicosimplicial DGLA. Then, for every A € Arty, the
solutions of the Maurer—Cartan equation for the Thom—Whitney DGLA Totyw (g2101) ®
my are of the form (x, el do,1x), where x € MCgy,(A) and p(t) € (g(l)[t] - 1) ® my.
The elements x, p are uniquely determined, and they satisfy

a1x = e”M % 8y 1 x. 4.1

The solutions of the Maurer—Cartan equation for the Thom—Whitney DGLA Totry (g210-21)
® my are of the form

(x, ep(t) % 3(),])C, eq(so,s1)+r(s0,s1,dso,dS|) " 30,230,136),

where x € MCq,(A), p(t) € (g)[t]- 1) ® ma, g(s0, 51) € (@3Ls0. 511 50 + g5Ls0, 511+ 51)
® my and r(sg, 51, dso, dsy) € (gz_l[so, s1] - sods1) @ ma. The elements x, p, q,r are
uniquely determined, and they satisfy

d11x = P 4 d0,1x,
dp,2p(t) = q(0, 1),

d12p(t) = q(2,0),
(2P 1=0+r (1 1=1dD)8(=qO1) 4 5, 550 ¢ = 3 53p,1x.

“4.2)

Proof. We recall [6, Proposition 7.2] that, if (L,d,[ , ]) is a differential graded Lie
algebra such that L = M & C @ D as graded vector spaces, with M a differential graded
subalgebra of L, and with d: C — D[1] an isomorphism of graded vector spaces, then,
for every A € Arty there exists a bijection

o MChy(A) x (CO®@my) — MCL(A), (x,c¢) > € xx.

To prove (4.1), notice that Totzy (g21011) is a sub-DGLA of gy & € ® g; and use the
decomposition of 2] ® g1 given by

M=g,, C=glt]l-t, D=dC.
To prove (4.2), use the decomposition of €2 ® g, given by

M =gy, C=galso,s1]s0+ g2ls0,s1]-s1+ g2[s0,51]-s0ds1, D=dC. O
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4.2. The isomorphism HL (exp gA0.1) = Def o (g0

Proposition 4.2. Let g® be a semicosimplicial DGLA. The map

@j0,1) : MCro, () = (89 @ 9)) ® my

trw (9

given by (x, el 00.1x) — (x, p(1)) induces a natural transformation of functors of
Artin rings DefTOtrw(gAlOv”) — HL(expg?0n),

Proof. Clearly, if (x, P %80 1x) € MC o gtion) (A). then (x, p(1)) € Z1 (exp gPion).

We have to show that if two elements 79 = (xo, e % 39, 1x0) and 11 = (x1, eP'® %
do,1x1) in MCTotTW (gt J)(A) are homotopy equivalent, then ®o 17(no) ~ Po,17(n1) in

Zslc(exp gfo.1), Let z(£, d€) be a homotopy between 7o and n;. Therefore, z(&, d&) is
a Maurer—Cartan element for Totzy (g2011)[&, d€] and so, reasoning as in the proof of
Proposition 4.1, we find

2(€.dg) = (" wu, 0D wv),
with T(0) = U(¢, dt; 0) = 0. Since z(0) = 5o, we get
2(€,dE) = (eT® % xq, VI8 5 0P 4 30 1 x0).

The face conditions for z(£, d¢) and uniqueness imply U (0; £) = 9o 1 T(§) and U(1; &)
= 01,1 T (§). Moreover, z(1) = 1, and so

(7D s xg, V45D 4 P0® 5 1 x0) = (x1, €”1D % 8. 1x1);

by uniqueness again, we have e’ (1) x xo = x;. Furthermore, eV ©-41) 5 ¢P0®) 4 4 1 x0 =
eP1®) do,1x1, 0, using the face conditions for ng and 7, we obtain
30.1%0 = e~ Po)e=U(t.dt;)epy(t)edy, 1 T (1) 30.1X0-

Next, we recall [11, Lemma 6.15] that if L is a DGLA and x (¢, dt) is a Maurer—Cartan
element for L[z, dt] and u(t, dt) € L[t, dt]° is such that e*®9) « x (¢, dt) = x(¢, dt),
then p (1) is an element of the irrelevant stabilizer of x (1). Therefore, in our case we get

—po(1) @ =31 1T (1) @ pi(1) @3y 1T (1) € Stab(dp,1x0)- |
Proposition 4.3. Let g° be a semicosimplicial DGLA. The map

1 A
0,1 :DefTotTW(gAlO‘ll) — Hg (expg~1)

is an isomorphism of functors of Artin rings. In particular, HslC (exp g2 is a deforma-
tion functor.
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Proof. Let Wi 1] : Zslc(exp gAIOvN)(A) — Totrw(gA[Ov”) ® m4 be the map given by
(I,m) — (I, "™ % dp,11); it is immediate to check that g 1 actually takes its values in
CTotTW (gA[O,l])(A). Moreover, W[o,1] induces a map

Hslc(expgNO’”)(A) — DemeTW(gAw_”)(A),

which is the inverse of @[ ). Indeed, if (lo, mo) ~ (/1, m1) in Zslc(exp gA[o,u)(A), then
there exist elements a € 98 ®@my and b € gl_l ® my such that

e xlyg =1,
—mg e —81,10 enie 80,1a =db+ [30’11(), b].

Therefore, the images (ly, '™ % g, 11p) and (I1, "™ * dg 1/1) are homotopic via the ele-
ment

Z(£,d§) = (eétl * I, 61(31.1(Ea)°m0°(d($h)+[30.110,5”])'—30,1(5@)030,1(r‘?a) * 30’110)‘

The composition ®g 17 0 W[o,17: ch(exp gAlOJJ)(A) — Zslc(exp gAlOv”)(A) is clearly the
identity, whereas Wg 1] o ®jo,1] : MCTOtrw(gA[O’l])(A) — MCTotTW(gA[OJ])(A) is homo-

topic to the identity. Indeed, (x, e?® x 3 1x) and (x, e’”V) % 8y 1x) are homotopic in
MCTOtTw(gAlO‘”)(A) via the element z(£, d&) = (x, e5PMTU=HPO) 5 5y | x). O
Remark 4.4. A particular case of Proposition 4.3, with an almost identical proof, has
been considered by one of the authors in [11]. Namely, given three DGLAs L, M and N
and two DGLA morphisms #2: L — M and g: N — M, one can consider the semi-
cosimplicial DGLA

©0,8) -
L@NWMH; 0—=

to recover [11, Theorem 6.17].

4.3. Proof of the main theorem

In this section, we prove the existence of a natural isomorphism of functors of Artin rings
HslC (expg?) = DefTotTW (gh1o1) for any semicosimplicial DGLA g® such that H~!(g»)
= 0. As an immediate consequence we obtain a natural isomorphism of deformation func-
tors HslC (expg?) = Defryyyy gy for any semicosimplicial DGLA g2 such that H/(g;)
=0fori >0and j <O.

The proof is considerably harder than in the case g0 considered in the previous
section. Indeed, we are still able to define a map ®: MCyp = o) = Zic(expg®)

inducing a natural transformation Def. — H/ (expg?), but we will not be

otrw (g°102))
able to explicitly define a homotopy inverse to ®, so we will have to directly check that

the map DefTotTW (g2 Hslc (exp g®) is an isomorphism.
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Proposition 4.5. Let g® be a semicosimplicial DGLA. The map

®: MC 0y (A) = (g ® g)) ®my

Totrw (g1
given by

(x, P g, pav, @ACOSHTLOSLENEN 5o 30 120) 1> (x, p(1)

induces a natural transformation of functors of Artin rings

DefTotTW (gA[O,Z] ) - Hslc (expg A ).

Proof. First we check that & takes its values in Z_(exp g®)(A). The only nontrivial point
consists in showing that —d 2 p(1) e 31 2p(1) @ —dp 2 p(1) is an element of the irrelevant
stabilizer of 9, 2dp,1x. This follows by the face condition

(= R2P)s(@(t1=0+7 (1 1=t.d0)e(=4O.1) 5, 150 v — 8, 530, x,
applying [11, Lemma 6.15] once again. Next, we notice that the equivalence relation ~
on Zslc (exp gA)(A) only involves the DGLAs gp and g1; hence, we can conclude by fol-

lowing verbatim the proof of Proposition 4.2. O

Proposition 4.6. The map @ : Def
any A € Artg.

tTW(gAfO-zl)(A) — Hslc(exp g2)(A) is surjective for

Proof. Let(l,m) € Zslc(exp gA)(A) andn € g;l®mA be such that dg 2me—0; 2meds om
= dn + %[82,230,11, n]. Consider the element w(t) = d(tn) + %[82,280,11, tn] in the
irrelevant stabilizer of 92 20,1/ and

Soaz,zm (] —w(S()) [ S()a(),zm (] —Soal,zm

R(s0, 51) = 5051 ® 5001,2m @ 5100 21

so(1 — s0)
Then
(1, ™ % 3o.11, eRE0SD 5 35 289 11)
is an element in MCTotTW (gAm])(A) in the fiber of ® over (I, m). O

We will prove that the map @ : DefTotTW (g™0.21) (A) — HslC (exp g®)(A) is injective, under
the hypothesis H~'(gz) = 0. For this we need two remarks.

Remark 4.7. Let (L,d,[, ]) be a DGLA, A € Artg and x € L' ® mu. The linear
endomorphism d, = d + [x, ] of L ® my is a differential if and only if x € MC (A),
and in this case (L ® my,dy,[, ]) is a DGLA. So, we can define the set of Maurer—

Cartan elements MCj (A) and the gauge action of (L° @ my, dy, [, ]) on it. We denote
by Def} (A) the quotient of MC7 (A) with respect to the gauge action. The affine map

LR®my —> LQmy, V> v —X,

induces an isomorphism Def; (A) = Def} (A) with obvious inverse v = v + x.
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Next, let M C L be a sub-DGLA and let x € MC; (A). If M ® my4 is closed under
the differential d,, then we can consider the set of Maurer—Cartan elements MCj, (A),
and its quotient Def), (A). The tangent space to Def},(A) is H' (M ® my,d,); so, by
upper semicontinuity of cohomology, H'(M, d) = 0 implies that Def), (A) is trivial for
all x € MC (A) suchthat d,(M @ my) C M Q@ my.

Remark 4.8. For any semicosimplicial DGLA g*, the truncation morphism
Tothy (g21021) — Totdy, (g011)

is surjective, i.e., for any (ag, a;) € TOt(%W(gA[O’H) there exists a3 € (g2 ® 22)° such that
(ao, ay, az) € Totdy, (gho2).

Proposition 4.9. Let g® be a semicosimplicial DGLA such that H~'(g2) = 0. Then the

map & : DefTotTW(gAlMJ)(A) — Hslc(exp g2)(A) is injective for any A € Art.

Proof. Consider the commutative diagram

DemeTW(gA[OYZ] ) (A) =5 DefTotTW(gAm”) (A)

J{d) Eiq’[o,l]

HJ(exp g®)(A) —— HL(exp g2011)(A)

Since the map P 1} is an isomorphism by Proposition 4.3, it is sufficient to prove that
Idjo,17 is injective. Let (xo, x1, x2) and (x(, x{, x3) be two Maurer—Cartan elements for
TotTW(gAl(’iJ) such that (xg, x;) and (x(’), xi) are gauge equivalent Maurer—Cartan ele-
ments for Totzw (g201). Let (ag, a;) € Tot(%W(gA[O»”) ® my4 be an element realizing
the gauge equivalence between (x(,x{) and (xo, x1), and let (ao, a1, az) be a lift of
(ag, ay) in Tot(%W(gA[Oll) ® my (see Remark 4.8). Then (x(, x|, x) is gauge equivalent
via (ag, ai, ap) to the Maurer—Cartan element (xg, x, €%2 * xé) and it remains to prove
that (xg, x1, €*? % xé) is gauge equivalent to (xg, X1, x2).

To see this, consider the DGLA Totzyw (g1021) ® m, and modify its differential with
the Maurer—Cartan element (xo, x1, x2), as in Remark 4.7. Translation by (xg, x1, x2)
gives an isomorphism

~ (x0,X1,X2) .
DefTOtrw(gA[O’z])(A) = DefTotTW(gA[0~21)(A)’

hence (xg, x1, x3) and (xg, x1, €*2 % xé) will be gauge equivalent in MCTotTW(gAIO-ﬂ)(A) if
and only if (0, 0, 0) and (0, 0, e * x} — x2) are gauge equivalent in MC o1 ’sz) (A).
Totyw (g~ 10:2])
Next, observe that the sub-DGLA Totzw (g21221) ® my of Totyw (g2102) ® my is closed
under the modified differential d(y, x, x,), SO we can consider the deformation functor

ef 014D (A). Since H! (Totpw (g2221)) = H'(Tot(g2221)) = H~'(g2) = 0, this
Totrw (g~ 12:21)

deformation functor is trivial (see Remark 4.7). Therefore (0, 0, e*2 % xé — X7) is gauge
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equivalent to (0, 0, 0) as an element of MC™*1*2)  (4) and so, a fortiori, as an ele-
Totrw (g~12:21)
(x0,x1,X2)
ment of MCTotTW(gAIO-ZJ)(A)' O

Summing up, and recalling Proposition 3.8, we have proved:

Theorem 4.10. Let g® be a semicosimplicial DGLA with H™'(g3) = 0. Then there is a
natural isomorphism of functors DefTotTW (gt = HslC (exp g2). If moreover H' (g;) = 0
foralli = 0and j <O, then there is a natural isomorphism of functors Defry,. g0y =
HslC (exp g). In particular, in this case, the tangent space to Hslc(exp g2) is H'(Tot(g?))
and obstructions are contained in H 2(Tot(gA)).

As an immediate geometric application, we obtain:

Theorem 4.11. Let X be a paracompact Hausdorf{f topological space, and let L be a
sheaf of differential graded Lie algebras on X such that the DGLAs L(Uj,..;,) have no
negative cohomology. Then every refinement U' > U of open covers of X induces a nat-
ural morphism of deformation functors Defroyy, 2y — Deftory (csry)- In particular,
the direct limit

Defi ) = lim Defroyy, (cw)
u

is well defined and there is a natural isomorphism of functors of Artin rings
H (X; exp £) = Defiz) .

Moreover, if acyclic open covers for L are cofinal in the directed family of all open covers
of X, then

HI}IO(X; expLl) = Hslc(exp LU)) and Defip) = Defroy (o)

for every L-acyclic open cover U of X.

Proof. LetU’ > U be a refinement of open covers of X, and let T be a refinement func-
tion; it induces a natural morphism of semicosimplicial Lie algebras £(U) — L(U") and
so a commutative diagram of natural transformations

Defrouy (e —— Hy(exp LU))

| |

Defroy Ly — He(exp LWU'))

Horizontal arrows are isomorphisms by Theorem 4.10, and the right vertical arrow is
independent of the refinement function t, as observed at the end of Section 3.1. Hence,
the left morphism is also independent of 7, so the direct limit

Defiz) = lim Defrouy cary)
u
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is well defined and we have a natural isomorphism Defjz; = HéO(X ;exp L£). Assume
now that acyclic open covers for £ are cofinal in the family of all open covers of X. Then,
for any refinement 4’ > U of acyclic open covers, the DGLA-morphism Totzyw (L)) —
Totrw (L(U")) is a quasi-isomorphism by Leray’s theorem. Therefore, the left vertical
arrow in the above diagram is an isomorphism and hence so is the right vertical one.
Taking the direct limit over L-acyclic covers, we conclude that, if I/ is an L-acyclic open
cover of X, then HIEIO(X; expLl) = HslC (exp L(U)) and Def[ ) = Defroey (cws))- O

5. Conclusions and further developments

We can now sum up our results to obtain a DGLA description of infinitesimal deforma-
tions of a coherent sheaf. In Section 2, we analysed infinitesimal deformations of a coher-
ent sheaf F of Ox-modules on a ringed space (X, Ox). If & — F — 0is a locally free
resolution of F on X, we showed how infinitesimal deformations of F can be expressed
in terms of the sheaf of DGLAs End*(£°). More precisely, in Section 3.1, we showed that
the functor of infinitesimal deformations of F is isomorphic to HII{O(X ;exp &nd* (£)).
Since negative Ext-groups between coherent sheaves are always trivial, all terms in the
semicosimplicial DGLA End*(£°)(U) have zero negative cohomology. Therefore, Theo-
rem 4.10 applies and we deduce that the functor of infinitesimal deformations of F is
isomorphic to Defg, 4+ £-); in particular, we recover the well known fact that the tangent
space to Def £ is Ext! (F, F) and that its obstructions are contained in Ext? (F,F).
Moreover, if X is a smooth complex variety, then the DGLA controlling infinites-
imal deformations of F turns out to be not at all mysterious. Indeed, let End* () —
Ag)(’*(é'nd* (€)) be the Dolbeault resolution of End*(E°). Since this resolution is fine,
by Theorem 3.7 the functor of infinitesimal deformations of F is isomorphic to the
deformation functor associated with the DGLA A())(’*(gnd* (£)) of global sections of

A(})(’*(End* (£7)). We can also give an explicit description of this isomorphism of deforma-
tion functors. Indeed, a natural isomorphism

DefA%*(Snd*(g.))(B) — Defr(B) for B € Artg
is defined by associating with every Maurer—Cartan element & of the DGLA
A())(’*(End* (£)) the cohomology sheaf of (.A())(’*(E') ® B,d + dg + £). Note that, by
semicontinuity, this cohomology sheaf is concentrated in degree zero.

The techniques developed in this paper apply to a wide range of other geometric
examples. More explicitly, we can use them in all cases when local deformations admit
a simple DGLA description in terms of a resolution of the object to be deformed, for
instance, in the case of infinitesimal deformations of a singular variety. Namely, let X be
a singular variety, Oy the sheaf of regular function of X, and R° — Oy its standard free
resolution [12, Section 1.5]. Then the deformation functor of infinitesimal deformations
of X is isomorphic to Héo(X ; exp Der*(R')); see [5] for details. From this, we also
recover the classical result that the tangent space to deformations of X is Ext! (Lx, Ox),
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and that obstructions are contained in Ext? (Lx, Ox), where Ly is the cotangent complex
of X.
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