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Abstract. We prove the universal lifting theorem: for an -simply connected and a-connected Lie
groupoid I with Lie algebroid A, the graded Lie algebra of multi-differentials on A is isomorphic
to that of multiplicative multi-vector fields on I'. As a consequence, we obtain the integration theo-
rem for a quasi-Lie bialgebroid, which generalizes various integration theorems in the literature in
special cases.

The second goal of the paper is the study of basic properties of quasi-Poisson groupoids. In
particular, we prove that a group pair (D, G) associated to a quasi-Manin triple (9, g, ) induces a
quasi-Poisson groupoid on the transformation groupoid G x D/G = D/G. Its momentum map
corresponds exactly with the D/ G-momentum map of Alekseev and Kosmann-Schwarzbach.
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1. Introduction

According to the classical Lie’s third theorem, there is a bijection between (finite-dimen-
sional) Lie algebras and (finite-dimensional) connected and simply connected Lie groups.
Indeed it is a fundamental principle in Lie theory that given a connected and simply con-
nected Lie group G, there should exist a one-one correspondence between various notions
concerning the Lie group G and their infinitesimal counterparts in its Lie algebra g. The
latter is easier to deal with, and the passage from a Lie algebra notion to its Lie group
counterpart is normally referred to as “integration”. Poisson groups are the classical limit
of quantum groups and have been extensively studied in the past two decades. It is a theo-
rem of Drinfel’d [13, 14] that there is a bijection between connected and simply connected
Poisson groups and their infinitesimal invariants: Lie bialgebras. A Poisson group is a Lie
group equipped with a compatible Poisson structure. By a compatible Poisson structure
on a Lie group G, we mean that the Poisson tensor 7 is multiplicative, i.e., the group mul-
tiplication G x G — G is a Poisson map. In [23], motivated by the theory of Poisson
groups, Lu studied multiplicative multi-vector fields on a Lie group and proved that they
are closed under the Schouten bracket. Therefore, the space of multiplicative multi-vector
fields on a Lie group constitutes a Lie subalgebra of the Lie algebra of multi-vector fields.
Moreover, Lu proved that this Lie subalgebra is isomorphic, under the assumption that
the Lie group is connected and simply connected, to the Lie algebra of derivations of the
algebra (@ /\° g, A). The latter implies Drinfel’d’s theorem above regarding integration
of Lie bialgebras.

On the other hand, symplectic groupoids were introduced by Karasev [18], Weinstein
[36] and Zakrzewski [43] independently in their study of Poisson geometry. Symplec-
tic groupoids are Lie groupoids equipped with compatible symplectic structures. They
have played an increasingly important role in quantization theory [7, 36]. In order to
explore the intrinsic relation between symplectic groupoid theory and Drinfel’d theory,
Weinstein introduced the notion of Poisson groupoids [37], i.e., Lie groupoids equipped
with compatible Poisson structures. In [27], Mackenzie and one of the authors introduced
the notion of Lie bialgebroids: pairs of Lie algebroids (A, A*) in duality which satisfy
a certain compatibility condition. Furthermore, they proved that Lie bialgebroids are in
bijection with Poisson groupoids under a suitable simply-connectedness assumption [29].
This result extends the well-known result of Drinfel’d that a Lie bialgebra is the Lie bial-
gebra of a Poisson group [13, 14]. At the other extreme, they obtained, as a consequence,
a new proof of the existence of local symplectic groupoids for any Poisson manifolds, a
remarkable theorem of Karasev and Weinstein [18, 36].

In their study of the moduli space of flat connections on surfaces by using finite-
dimensional techniques, Alekseev, Malkin and Meinrenken introduced the notion of
quasi-Hamiltonian manifolds [3]. In [1, 2], the more general notion of quasi-Poisson man-
ifold was introduced by Alekseev and Kosmann-Schwarzbach. These are quasi-Poisson
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spaces with the so-called D/ G-momentum maps. Here (0, g, ) is a quasi-Manin triple,
and D and G are connected and simply connected Lie groups with Lie algebras 0 and g
respectively. They also developed the theory of reduction for these quasi-Poisson spaces.
According to the Weinstein guiding principle [39], such a quasi-Poisson space can be
considered as a “symmetric space” by a Lie groupoid equipped with a certain Poisson
type structure. It is thus natural to explore the underlying structure on a groupoid, which
gives rise to such a D/G-momentum map. For this purpose, it turns out that one must
enlarge the notion of Poisson groupoids to consider groupoids equipped with multiplica-
tive bivector fields which are “Poisson up to homotopy”, i.e., quasi-Poisson groupoids.
The related notion of quasi-Lie bialgebroids was introduced by Roytenberg [33]. And
for a quasi-Manin triple (9, g, ), there is a naturally associated quasi-Lie bialgebroid.
However, it remains an open question whether every quasi-Lie bialgebroid integrates to a
quasi-Poisson groupoid.

The main goal of this paper is to study various integration problems from a general
perspective and prove an analogue of Lu’s theorem for Lie groupoids. More precisely, we
study multiplicative multi-vector fields on a Lie groupoid. Since left and right translations
are not well defined on a Lie groupoid, Lu’s definition does not have a straightforward
generalization to the groupoid setting. This difficulty can however be overcome by using
a generalized version of Weinstein’s coisotropic calculus [37]. The space of multiplicative
k-vector fields on I is denoted by xﬁmlt(r). We prove that ), %inult(f‘) is closed under
the Schouten bracket, and therefore is a Gerstenhaber subalgebra of ), X(I).

To study the infinitesimal version of multiplicative multi-vector fields, we introduce
the notion of multi-differentials on a Lie algebroid. Recall that for a given Lie algebroid
A, the anchor map together with the Lie bracket on I"(A) extends to a graded Lie bracket
on @, I'(/\' A), which makes it into a Gerstenhaber algebra (&, T'(A\" A), [-, -1, A)
[42]. By a k-differential on a Lie algebroid A, we mean a linear operator § : T(A\* A) —

T\ A) satisfying

S(PAQ)=GBP)AQ+ (—1)P*DpAsQ,

(1.1)
SIP, Q1 =[P, Q1 + (=D~ P*=D[P, 5017,
forall P € T(A? A) and Q € T'(A\? A) (see Definition 2.23 for an equivalent defini-
tion). In other words, § is a differential (of degree k — 1) of the Gerstenhaber algebra
@i T(/\" A), [, -1, A). The space of all multi-differentials, A = €, A, becomes a
graded Lie algebra under the graded commutator. The main theorem is the following

Universal lifting theorem. Assume that ' =% M is an «a-simply connected and
a-connected Lie groupoid with Lie algebroid A. Then P, A; is isomorphic to
P, X!, (I) as graded Lie algebras.

Here, a-connected and «-simply connected Lie groupoid means that the fibers of
the fibration « : I' — M are connected and simply connected, respectively (see the
end of the introduction for more details on the notation). To prove this theorem, one
direction is straightforward. Given a multiplicative k-vector field IT € %]r‘nuh(f‘), for any
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— —
P eI /\” A), one proves that [T, P ] is again right-invariant, where P denotes the
right-invariant p-vector field on I' corresponding to P € I'(/\” A). Therefore, there
exists S P € T(A*TP~! A) such that for any P € T'(A\? A),

— —
SqpP =1[I1, P].

Thus 817 is indeed a k-differential. When I is a Lie group, the above construction is called
the inner derivative [23]. To prove the other direction, we realize the groupoid I" as the
moduli space of the space P(A) of all A-paths modulo gauge transformations. Such a
characterization was first obtained by Cattaneo—Felder motivated by the Poisson sigma
model when the Lie algebroid is the cotangent Lie algebroid associated to a Poisson man-
ifold [7]. The general case was due to Crainic—Fernandes [11] (see [6, 12] for applica-
tions). Heuristically, our idea can be described as follows. Let § be a k-differential. Then
4 naturally induces a k-vector field 75 on A, which is linear along the fibers. It in turn
gives rise to a k-vector field s on the path space P(A). We then prove that 75 induces a
k-vector field on the moduli space of the space P(A) of all A-paths.

As an important application, in the second part of the paper, we study quasi-Poisson
groupoids and their infinitesimals: quasi-Lie bialgebroids. A quasi-Poisson groupoid is a
triple (I, T1, 2), where I is a Lie groupoid, IT is a multiplicative bivector field on I and
Qel( /\3 A) such that the following compatibility conditions hold:

mm=g-%a (1.2)
51T, , .
[M,$]=0. (1.3)

Infinitesimally, a quasi-Poisson groupoid corresponds to a quasi-Lie bialgebroid, i.e.
to a 2-differential whose square is a coboundary: § € A, such that 82 = [, -] for some
Qel( /\3 A) satisfying 62 = 0. The notion of quasi-Lie bialgebroids, first introduced
by Roytenberg [33], is a natural generalization of Lie bialgebroids [27]. It also generalizes
Drinfeld’s quasi-Lie bialgebras [15], the classical limit of quasi-Hopf algebras.

As an immediate consequence of the universal lifting theorem, one concludes that
there is a bijection between quasi-Lie bialgebroids (A, §, €2) and quasi-Poisson groupoids
(I, T, ©2), where I' is an «-simply connected and «-connected Lie groupoid integrating
the Lie algebroid A. In particular, when 2 = 0, one obtains a simpler proof of the Lie bial-
gebroid integration theorem of Mackenzie—Xu [29]. On the other hand, when (A, §, Q) is
the quasi-Lie bialgebroid corresponding to a twisted Poisson manifold [34], one recovers
the integration theorem of Cattaneo—Xu [8].

A fundamental example, which is also a driving force for our study, is the quasi-
Poisson groupoid induced by a quasi-Manin triple (0, g, ). Given such a quasi-triple
(0, g, h), there is an associated quasi-Lie bialgebra (g, 8, ¢), where § : A\*g — /\.+1 g
is a derivation of the Gerstenhaber algebra /\ g such that 82 = [¢,-]. It is easy to see
that & extends to a 2-differential of the transformation Lie algebroid g x D/G — D/G,
where D and G are connected and simply connected Lie groups with Lie algebras 0 and
g respectively, and g acts on D/G as the infinitesimal action of the left G-multiplication
on D/G. We explicitly describe the corresponding quasi-Poisson groupoid structure on
GxD/G=D/G.
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Similar to the case of Poisson groupoids, a quasi-Poisson groupoid I also defines a
momentum theory via the so-called Hamiltonian I'-spaces. Important properties of such
spaces are also studied in this paper. For the quasi-Poisson groupoid G x D/G = D/G
above, we prove that the corresponding Hamiltonian I"-spaces are equivalent to the quasi-
Poisson spaces with D/G-momentum maps in the sense of Alekseev and Kosmann—
Schwarzbach [1]. However, our approach does not require h to be admissible. A particu-
larly interesting case is the quasi-Manin triple (g & g, A(g), %A,(g)) corresponding to
a Lie algebra g equipped with an ad-invariant nondegenerate symmetric pairing. In this
case, one obtains a quasi-Poisson groupoid structure on G x G = G, where G acts on G
by conjugation. The discussion on this topic occupies Section 4.

When (0, g, ) is a Manin triple and G is a complete Poisson group, we recover the
Poisson groupoid G x G* = G* [25] (which is symplectic in this case), G* being the
dual Poisson group. When G is not necessarily complete, the Poisson groupoid G x
D/G = D/G, which is in fact a symplectic groupoid integrating the Poisson structure
on D/G, can be considered as a replacement of the Lu—Weinstein symplectic groupoid
G x G* = G*.

We note that multiplicative multi-vector fields on a Lie groupoid are also related to
super-groupoids studied by Mehta [30]. We refer the interested reader to [30] for more
details. After the paper has been submitted, an alternative approach to the universal lift-
ing theorem has been proposed by Bursztyn—Cabrera [5]. Moreover, a number of impor-
tant applications of the universal lifting theorem have recently appeared, including, for
instance, in the study of Poisson quasi-Nijenhuis structures [35] and holomorphic Lie
algebroids [21].

Notation. Some remarks about notation are in order. For a Lie groupoid I' = M, we
denote by o, 8: I' — M the source and target maps. Two elements g, h € I' are com-
posable if 8(g) = a(h). We denote by I'® C I' x I the subset of composable pairs in
'xI.Byi: T - T,g+i(g) = g_l, we denote the inversion, and € : M — T,
X > €(x) = X, is the unit map. We denote by A — M the Lie algebroid of " (for
any m € M, A, := Ker Byje(m)). Moreover, given a section X of A, 7() denotes the
right-invariant vector field on I' corresponding to X. The cotangent Lie groupoid of I is
denoted by T*I" = A*, A* being the dual of the Lie algebroid A, where the source and
target maps are denoted by & and B, respectively, the inversion by 7, and the unit map by €.

2. Multiplicative k-vector fields on Lie groupoids

2.1. Coisotropic submanifolds
In this section, we generalize Weinstein’s coisotropic calculus [37] to multi-vector fields.
Definition 2.1. Let V be a vector space and IT € /\k V. We say that a subspace W of V
is coisotropic with respect to IT if

neE',....&5=o0
for all El, R Sk € We, where W° is the annihilator of W, that is, W° = {§ € V* |
&w = 0}.
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A slight modification of coisotropic calculus for bivector fields developed in [37] will
allow us to show several properties. We now give the following important lemma.

Lemma 2.2. Let Vi, V; be vector spaces and T1; € /\k Vifori =1,2.IfRC Vi x VW,
is coisotropic with respect to 11 @ I, and C C V;, is coisotropic with respect to 1, then

R(C) ={ue Vi |3veC with (u,v) € R}

is coisotropic with respect to 1.

Proof. Let R* C V| x VJ be the subspace given by
R ={GE" ) e Vi x V5 | (51, v1) = (6%, 12), Y (v1, v2) € R},

Then we have R(C)° = R*(C°).
~Now, lete!, ..., §k e R(C)o = R*(C®). Then there exist ¢!, ..., ¢* € C° such that
(&', ¢") € R, i.e., (&', —¢') € R°. Thus,

0= & M) —p"), ... " =N =ME" ... 8+ D ', ..., ¢
=T0(¢', ..., 5.

That is, R(C) is coisotropic. O

A generalization of the notion of coisotropy to manifolds is the following.

Definition 2.3. Let M be an arbitrary manifold and IT € ¥*(M). A submanifold S of M
is said to be coisotropic with respect to IT if 7S is coisotropic with respect to IT(x) for
allx € S.

Remark 2.4. Ttis easy to see that S is coisotropic with respect to the multi-vector field I
if and only if TI(df", ..., df*)s = Oforany f',..., f* € C*(M) such that fs = 0
(see [37] for the case of bivector fields).

On any manifold M, the usual Lie bracket of vector fields can be extended to multi-
vector fields, yielding the so-called Schouten bracket, denoted by [-, -], in such a way that
P I8 xk(M), [-, -] is endowed with a structure of Gerstenhaber algebra. More precisely,
this bracket can be defined as follows. If A is any subset of {1, ..., k+k’—1},let A’ denote
its complement and |A| the number of elements in A. If |A| = [ and the elements in A
are {iq, ..., i;} in increasing order, let us write f4 for the ordered k-tuple (f"1 e, fi’).
Furthermore, we write ¢4 for the sign of the permutation which rearranges the elements
of the ordered (k + k' — 1)-tuple (A’, A) in the original order. Then the Schouten bracket
of IT € X*(M) and I € X¥ (M) is given [4] by

(M S d 9 = DR (Y eal@(fan), d )

|Al=k'

+ DN e A(fa)). d ). 24)

| B|=k

Using (2.4) and the characterization of coisotropic submanifolds in Remark 2.4, one can
deduce the following result.
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Proposition 2.5. If S is coisotropic with respect to the multi-vector fields T1 and T1', then
S is coisotropic with respect to the multi-vector field [I1, I1'], defined by the Schouten
bracket of T1 and T1'.

2.2. Definition and examples

In this section, we will introduce the notion of multiplicative multi-vector fields and show
that it generalizes several concepts which have previously appeared in the literature.

Throughout this section, we fix a Lie groupoid ' = M and denote its Lie algebroid
by A. Moreover, we denote by A the graph of the groupoid multiplication, that is,

A ={(g. h.gh) | B(g) = a(h)}.

Definition 2.6. Let ' = M be a Lie groupoid and IT € X¥(I") a k-vector field on I'. We
say that IT is multiplicative if A is coisotropic with respect to IT @ IT @ (—1)**'I1. The
space of multiplicative vector fields is denoted by %f‘nuh(F).

An interesting characterization of multiplicative multi-vector fields is the following:

Proposition 2.7. Let I' = M be a Lie groupoid and T1 € X*(I') a k-vector field on T.
Then the following are equivalent:

(1) ITis mult{pliqative; o _
(ii) for any iy, v, € T*T, such that Bluy) = a(vy),
TH(gh) (ty - Vo - oo iy - V) = TH@ (g - ) + TR V) (25)

(iii) the linear skew-symmetric function Fri on T*T'xr ®. xpT*T induced by T1,
Fr(u', ... 15 =1, ... 1),
is a 1-cocycle with respect to the Lie groupoid
T*Ixp & xpT*T =2 A*xpr B xy A*. (2.6)

Here T*I'xp K. xpT*T = {(u!, ..., u) e T*T x ... x T*T | t(u") = --- =
t(u5)), T : T*T — T is the bundle projection onto its base, A*x y ®). xpA* =
(', ...o0%) € A* x ... x A% | p()) = ... = ps(O)}, with py : A* > M
the projection onto the base, and T*T'xr ®. xrT*T = A*xy ®. xpA* is
considered as a Lie subgroupoid of the direct product groupoid (T*T")K = (A*)K,

Proof. Tt is well-known [9] that if A is the graph of the groupoid multiplication for
a groupoid I' = M, then the graph of the groupoid multiplication for the cotangent
groupoid T*T" = A* is related to the conormal bundle of A, N*A, in the following way:

(g, Vi, Ven) € N(*g’h,gh)A if and only if ygn = —pug - vy for ug, vy, € T*T. (2.7)
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Thus, for IT a k-vector field, it follows from Definition 2.6 and (2.7) that IT is multiplica-
tive if and only if for all (p,i,, Wlw yglh), e (,u]g,, v,’i, y;h) € N(*g A gh)A, we have

0= &I (—D (g vh. V). - - (ko vh vED)
= T1(Q)(iy. - -+ 1) + T (v, ... V) = TL(gh) (g - vy -, iy - V).
From this relation, the equivalences trivially follow. O
Remark 2.8. From Proposition 2.7, one can deduce the well-known fact that a bivector
field IT on a Lie groupoid I' is multiplicative if and only if IT¥ : T*I" — 7T is a Lie
groupoid morphism, i.e.,
I g - va) = T (i) - T (u)
for all g, vy € T*T such that E(/Lg) =a(v).
A direct consequence of Proposition 2.5 and Definition 2.6 is the following.

Proposition 2.9. The Schouten bracket of multiplicative multi-vector fields is still multi-

plicative. That is, (D, xk (), [, -]) is a graded Lie subalgebra of (B, x5, [, -D.

mult

Below we list some well-known examples.
Example 2.10. Let G be a Lie group and I1 € X*(G) a k-vector field. From ,g (/L;) =
&(v;;) we deduce that
= (L) (Ry)*vj,
Moreover, we have o _
Ko V) = (Lg_|)*v},.
Therefore, we see that (2.5) is equivalent to
((Lg-0)«T1(gh) = (Lg-1)+(Rp)«T1(g) — TI(h)(vy. ..., vy) = 0.

That is, [T(gh) = (Rp)+I1(g) + (Lg)«I1(h). The converse is obvious. Therefore, our
definition of multiplicative k-vector fields is indeed a generalization of the usual notion
for Lie groups (see [24]).

Example 2.11. We say that an R-valued function o on I' is multiplicative if o (gh) =
o(g) + o(h) for (g, h) € I'®. Therefore, multiplicative functions are multiplicative O-
vector fields.

Example 2.12. A vector field X € X(I') is said to be multiplicative if it is a Lie groupoid
morphism X : I' — TT from a Lie groupoid I' =% M to the corresponding tangent Lie
groupoid TI" = TM (see [28]), so we have X (gh) = X(g) - X(h) for B(g) = a(h).
Using this fact and that

(g - Vi) g - vp) = pg(ug) + vy(vy)  forall (ug, vy) € TP,
we deduce that X is a multiplicative 1-vector field in the sense of Definition 2.6.

Example 2.13. From Definition 2.6, we see that the Poisson tensor on a Poisson groupoid
is a multiplicative bivector field [37].
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Example 2.14. Given a Lie groupoid I" with Lie algebroid A, if P € F(/\k A), then
?’) - <F is a multiplicative k-vector fieldon I’ = M.

2.3. Multiplicative and affine multi-vector fields

An affinoid structure on a space X is defined to be a subset of X* whose elements are
designated as parallelograms, with axioms modeled on the properties of the quaternary
relation {(x, y, z, w) | yx~! = wz ™'} on a group or groupoid. In the group case, this con-
cept boils down to the standard one of an affine space as developed originally by R. Baer.
An axiomatic approach to affinoid structures on a groupoid is given by Weinstein [38]
in connection with the study of Poisson geometry. For a Lie groupoid I', let 2 be the
submanifold of I' x I' x I' x T" consisting of elements (/, #, g, w) such that w = hl_lg.
Then 2 is called the affinoid diagram corresponding to the groupoid I' by Weinstein [38].
A characterization of multiplicative k-vector fields in terms of the affinoid diagram, anal-
ogous to the classification of multiplicative Poisson structures in [38, Thm. 4.5], is the
following:

Proposition 2.15. Let I1 be a k-vector field on a Lie groupoid. Then T1 is multiplicative
if and only if Q is coisotropic with respect to T1 ® (— D TITIT @ (—DFTITIT @ I and M is
coisotropic with respect to TI.

Proof. Suppose that IT is a multiplicative k-vector field on I". Using (2.5) and the identity
€(Pm) - €(pm) = €(¢p) for all ¢, € A¥, A’ being the fiber at m € M of the vector
bundle A*, we have

M(e(m) (L), - .., E@k)) = 2M(em) (gL, . ... (k)

for all ¢}n, el ¢,’; € A¥,m € M. Since €(A*) = N*M, we deduce that M is coisotropic
with respect to IT.

Now we mimic the proof of Theorem 4.5 in [38]. In the product ' x I' x ' x I" x
I x T (where T denotes I endowed with the k-vector field (—1)*t1TT), we consider the
coisotropic submanifold R = {(g, 4,1, x, y,z) | gy = [ and hz = x}. On the other hand,
it is easy to see that the diagonal A C T' x T is a coisotropic submanifold. Therefore,
using Lemma 2.2, we find that R(A) is coisotropic submanifold of I' x I' x T x I'. It is
easy to see that R(A) = Q. Our result thus follows.

Conversely, let IT be a k-vector field on a Lie groupoid such that €2 is coisotropic with
respect to IT & (—1)"‘“1’[ ® (=D @ IT and M is coisotropic with respect to IT.
Applying Lemma 2.2 to R = Q and C = M, we conclude that A is coisotropic with
respect to IT @ IT @ (— 1)1, That is, IT is multiplicative. O

Next we recall the definition of an affine multi-vector field on a Lie groupoid. We will
also show its relation to multiplicative multi-vector fields.

Definition 2.16. A multi-vector field IT on I' is affine if for any g,k € I' such that
B(g) = a(h) = m and any bisections &X', ) through the points g, i, we have

[I(gh) = (Ry)«T1(g) + (Lx)«T1(h) — (Ry o Lx)«I1(e(m)). (2.8)
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A useful characterization of affine multi-vector fields is the following:

Proposition 2.17 ([29]). Let Il be a k-vector field on a Lie groupoid I' == M. Then I1
=
is affine if and only if [ X , I1] is right-invariant for all X € T'(A).

Multiplicative multi-vector fields are a particular case of affine multi-vector fields, as
shown in the following proposition.

Proposition 2.18. [f I1 is a multiplicative k-vector field on a Lie groupoid T, then I1 is
affine.

Proof. If TI is multiplicative, then according to Proposition 2.15, Q2 is coisotropic with
respect to IT @ (— D' TT @ (=11 @ I, and M is coisotropic with respect to IT. For
any 1 € Ty, it follows from Lemma 2.6 in [41] that (—u, L1, Ri“}u, —L}R;M) is
conormal to 2. Therefore, for any ,u], R uk € T, T, we have

—Tgh (' 1) + T Lt L) + TR ., Ry
—(e(m)) (L% Ryu'. ... L% Ryu") = 0.
Thus (2.8) follows immediately. m]

Similar to the case of multiplicative bivector fields, we can give another useful character-
ization of multiplicative k-vector fields.

Theorem 2.19. Let I' = M be a Lie groupoid and T1 € X*(I') a k-vector field on T.
Then T1 is multiplicative if and only if the following conditions hold:
(1) I is affine, i.e., (2.8) holds;
(i) M is a coisotropic submanifold of T';
(1ii) o, T1(g) and B.I1(g) only depend on a(g) and (g), respectively;
@v) foralln', n* € QUM), we have (a*n' A B*n?) 11 = 0;
(v) forall® € QP(M), 1 < p < k, then (8*0) _I 11 is a left-invariant (k — p)-vector
fieldon T

Proof. Let I1 be a multiplicative k-vector field on I'. From Propositions 2.15 and 2.18,
we obtain (i) and (ii).
Next, since
Og - (B*mn = (B Mg 2.9)

for any n € Q!(M), from (2.5) it follows that

T(B* N ghs - (B* 1 )gn) = T1Og - (B*n" )iy - .., Og - (B0 In)
= TH((B*n I, - (B 1))
for all n',...,n* € Q'(M). Hence B«I1g only depends on B(g). Similarly, from the
equality
(@ n)g-0n = (@ N)gn (2.10)
forall n € Q'(M), we also deduce that o, IT ¢ only depends on «(g). Hence, (iii) holds.
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Let 0 € QP (M) be a p-form on M, 1 < p < k. Then, using (2.5), (2.9) and (2.10),
we see that (8*0) _I I1 is tangent to «-fibers. Hence we have (iv). To prove (v), it suffices
to prove that

(Lx)«((B*0) Iy = (B*0) M gn),  V(g. h, gh) € A,
where X is an arbitrary bisection through g. According to [41, Eq. (§)], forany u € T;h r,
there exists v € T; I which is characterized by the equation
(v, vg) = (. (R (Vg — (L)sBavg)), Vv € T,
and v - (L x)*u = u. Using this fact and (2.10), it follows that

(B*0) Iy (L) iy ooy (L) P ™) = (B*0) I gy (', ..., uP™5)

forall u', ..., uP=% € QY(I"). Thus, (v) follows.

To prove the converse, we first note that the following three types of vectors span
the whole conormal space of 2 at a point (g, 2,1, w): (=, L%, R;,M, —L”;YRS‘}M) for
any u € TI*F, (=B*n, B*n,0,0) for any n € T;(k)F, and (—a*¢, 0, ®*¢, 0) for any
¢ € T*(Z)F, where X and ) are any bisections through the points g and #, respectively
(see [41, Thm. 2.8]). From (i), (iii), (iv) and (v) we deduce that 2 is coisotropic with
respect to IT @ (—D*!'TT @ (—=1)**'IT @ IT (see Theorem 2.8 in [41]). From this fact,
(i1) and Proposition 2.15, the conclusion follows. O

The following proposition can be proved in a similar fashion to item (v) of Theorem 2.19.

Proposition 2.20. [f I1 is a multiplicative k-vector field on T, then for all 6 € QP (M),
1 < p <k, (@*0) 11 is a right-invariant (k — p)-vector field on T.

Finally, let us show an interesting property that generalizes the one obtained for multi-
plicative bivector fields in [37, Thm. 4.2.3].

Proposition 2.21. Let T = M be a Lie groupoid and T1 € ¥¥(I') be a multiplicative
k-vector field on T'. Then there exists a unique k-vector field m on M such that

I =m, B = (=D g

Proof. Since I is multiplicative, using property (iii) in Theorem 2.19, we can define a
k-vector field 7 on M by setting # = o, I1. Now, let us investigate the relation between
I1, 7 and the map .

First, we show that if i : I’ — I is the groupoid inversion, then

ioJ1 = (=DM (2.11)

This is an immediate consequence of property (ii) in Theorem 2.19 and the fact that the
inverse (/Lg)_l of pg € Tg*l" is given by (ug)_1 = —i"(ug). In fact,

0 =TMEB(). - EBuY) = Mg - (™" - W™
= Mg 1) + (D G (g, - 1)

for any /Li,, e, ,u/;, € T;F. Finally, using (2.11) and the relation « o i = 8, we conclude
that B, IT = (— D)k, o
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Example 2.22. From Proposition 2.21 and property (iv) in Theorem 2.19, we deduce that
the map (¢, B) : ' = M x M satisfies

(a, BTl = ® (— D)7,

In particular, when I' is a pair groupoid M x M = M, since (o, ) : M XM — M xM isa
diffeomorphism, the only multiplicative k-vector fields are of the form 7 @(— 1)1z, 7 €
%k(M) (see [28, p. 67] and [37, Cor. 4.2.8] for the case k = 1 and k = 2, respectively).

2.4. k-differentials on Lie algebroids

We now turn to the study of the Lie algebroid counterpart of multiplicative k-vector fields,
namely, k-differentials.

Definition 2.23. Let (A, [, -1, p) be a Lie algebroid over M. An almost k-differential is
a pair of linear maps § : C*°(M) — 1“(/\1‘_1 A)and$ : T'(A) — F(/\k A) satisfying

(@) 6(f8) =g(6f) + f(8g) forall f, g € C=(M);
1) §(fX)=@f)AX + féX forall f € C®°(M)and X € ['(A).
An almost k-differential is said to be a k-differential if it satisfies the compatibility con-
dition

SIX, YT =[I8X, Y+ [X,48Y] (2.12)
forall X,Y e I'(A).

For a given Lie algebroid A, it is known that the anchor map together with the bracket
on I'(A) extends to a graded Lie bracket on B, I'( /\k A), which makes it into a Gersten-
haber algebra (B, F(/\k AT, A) [42].

A k-differential § extends naturally to sections of /\ A as follows:

N
SXI A AXs) = Z(—l)““)("“)X] A ANBXD) A A X (2.13)
i=1

for Xi,..., Xy € [(A). In this way, we obtain a linear operator § : T'(A*A) —
I'( /\""k_1 A). The following proposition can be directly verified.

Proposition 2.24. A k-differential on a given Lie algebroid A is equivalent to a deriva-
tion of degree of k — 1 of the associated Gerstenhaber algebra (DT (\°* A), [, -1, A),
i.e., a linear operator § : T(\* A) — I”(/\"H‘_1 A) satisfying

S(PAQ)=(@P)AQ+ (=P VP AsQ,
[P, Q1 = [8P, QT + (P VED P 507,
forall P € T(A\? A) and Q € T(A\? A).

(2.14)

As we see below, k-differentials reduce to various well-known notions in special cases.
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Example 2.25. Let (g, [+, -]g) be a Lie algebra. A k-differential on g is just a linear map
§:9— /\kg such that

SIX, Y1g = adx (8(Y)) —ady (3(X)) for X, Y € g,

that is, 6 is a 1-cocycle on g relative to the adjoint representation ad of g on /\k g [23,
Prop. 2.14].

Example 2.26. Let § be a O-differential, that is, §f = 0 for f € C®(M), and 6X €
C*®°(M) for X € I'(A). From (ii) in Definition 2.23, we deduce that §(fX) = f38X.
Therefore, there exists ¢ € I'(A*) such that

X =¢(X) forX eI (A). (2.15)

Moreover, using (2.12), we find that ¢ is a 1-cocycle in the Lie algebroid cohomology
of A. Thus, O-differentials are just Lie algebroid 1-cocycles with trivial coefficients.

Example 2.27. Let § be an almost 1-differential, that is, §f € C°(M) for f € C*(M),
and §X € I'(A) for X € I'(A). From (i) in Definition 2.23, we deduce that there exists
Xo € X(M) such that

8f = Xo(f) for f e C®(M). (2.16)

Moreover, using (ii), we obtain
S(fX) = f8(X)+ Xo()X,

that is, § is a covariant differential operator on A, with anchor X (see [26, 28]). If,
moreover, § is a 1-differential, from (2.12) we see that the covariant differential operator §
is a derivation of the bracket on I'(A).

Example 2.28. Assume that A — M is a Lie algebroid whose dual vector bundle
A* — M is also furnished with a Lie algebroid structure. The pair (A, A*) is said to
be a Lie bialgebroid if

dar[X, YT = [X, da Y] — [[¥, da-X]|  for X, Y € T'(A),

where d+ is the Lie algebroid differential associated to A* (see [27]). It is well-known
that a Lie algebroid structure on a vector bundle V — M is equivalent to an almost
2-differential § : T(A°V*) — F(/\'H V*) of square 0 (see, for instance, [20, 42]).
Thus, we see that a Lie bialgebroid corresponds to a 2-differential of square O on a Lie
algebroid A.

Example 2.29. If P € I'( /\k A), then ad(P) = [P, -] is clearly a k-differential, which
is called the coboundary k-differential associated to P.

An easy but long computation shows that the space of almost differentials can be
endowed with a graded Lie algebra structure.
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Proposition 2.30. Let Ak denote the space of almost k-differentials and A= &b, ./ik.
Define

[81,82] = 81 082 — (=)**D1*Ds, 05 .17
fordy € /lk and & € fll. Then

(@) (81,821 € Agi-ny;
(i) (A, [, ")) is a graded Lie algebra.
Moreover, the subspace A = @, Ay of all differentials is a graded Lie subalgebra.
Remark 2.31. From (2.14) and (2.17), we deduce that

[8, ad(P)] = ad(8 P) (2.18)
for any k-differential § € A and any multisection P € T(/\*® A).

_ To end this section, we note that one can introduce a graded Lie algebra structure on
A®T(/\ A), where I'(/\ A) = B, F(/\k A). This is defined by

[(B1, P1), (2, P2)] = ([81, 82], 81(P2) — 82(P1))

for (81, P1), (82, P2) € ABT(A\ A).
Note that this is the semi-direct product Lie bracket when we consider the natural
representation of A on I'(/ A).

Lemma 2.32. If § is a k-differential on a Lie algebroid A, then there exists a k-vector
field tyr on M given by

am@fis. . df) = DG dfs A Adfi) for fia. fi € COM),
where p : l"(/\k A) — XK(M) is the natural extension of the anchor p : T'(A) — X(M).
Proof. Since §f € I‘(/\k_1 A), we have, for any i > 2,
(1o oo fis frate o fid = (DM @D dfa A Adfi Ad i A Ad i)
= D" NG dfa - Adfip Adfi A Ad i)
=—{fu. for oo firrs fis oo Si)

On the other hand, since § is a k-differential, using (2.14) we find that, for all f, g €
C>(M),

0 =381 gl = [8f, gl + (=D £, 81 = (=)¥dag 16f + (—=DFda f _I5g,
where d4 is the differential of the Lie algebroid A. Thus for any f1, ..., fi € C®°(M),
0= (=DNdfr Ip@f), dfsA---Adfi)+ (=D fi 1p3f), dfsA---Adfi)
={fi, fo,..., fit+{f2, fio oo S}

Therefore {-, ..., -} is indeed skew-symmetric. Moreover, from the fact that both § and d
are derivations, we can deduce that {-, .. ., -} is a derivation with respect to each argument.
That is, {-, ..., -} induces a k-vector field 7y € X¥(M). O

Example 2.33. If P € I'( /\k A) and ad(P) is the coboundary k-differential associated
to P, then the corresponding k-vector field on M is just p(P).
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2.5. From multiplicative k-vector fields to k-differentials
Assume that IT is a multiplicative k-vector field on I'. For any f € C*°(M) and X €

I'(A), it is known from Propositions 2.17, 2.18 and 2.20 that [IT, «* f] and [1'[,7()] are

right-invariant, where 7() denotes the right-invariant vector field on I' corresponding to
X € I'(A). Therefore there exist 8 f € (A"~ A) and 8p X € T'(A* A) such that

—> — —
onf =M, a*fl, YfeC®M), onX=I[I,X], ¥YXel(). (219

It is easy to see that 17 is indeed a k-differential. We are now ready to state the main
theorem of the paper.

Theorem 2.34. Assume that I' = M is an a-simply connected and a-connected Lie
groupoid with Lie algebroid A. Then the map

5 @xﬁ‘nuh(r) - @Ak, I+ 8,

is a graded Lie algebra isomorphism.

We divide the proof into several steps. The proof of the surjectivity of § will be post-
poned to Section 3. Here we prove the following result.

Proposition 2.35. Under the hypothesis of Theorem 2.34, § is an injective graded Lie
algebra homomorphism.

Proof. Using the graded Jacobi identity for the Schouten brackets and (2.17), we deduce
thatif IT € X% | (M) and 11" € X! | (T) then 8 ) = [811, Sr]. Therefore, § is a graded
Lie algebra homomorphism.

Next, let us prove that § is injective. We will use the following lemma (see Theorem
2.6 in [29]):

Lemma 2.36. IfI1 is an affine multi-vector field on an a-connected Lie groupoid ' = M,
thenT1 = O ifand only if sy X = O forall X € T'(A), and Il vanishes on the unit space M.

Suppose that IT is a multiplicative k-vector field on I" such that i = 0. It remains to
show that ITjy = 0. We know that Te*(m)F is spanned by the differentials of functions of
the type o™ f with f € C°°(M), and the differentials of functions F which are constant
along M, i.e., such thatdf € N*M. Since M is coisotropic, we get
[(e(m))(dFy,...,dFy) =0.
Moreover,
ios T = (=DM o* 1= (=D on(f) =0,
which implies that
M(e(m))(a* fi,...,a" fj,dFy,...,dF) =0

for j +1 =k and j > 1. Therefore, [Ty = 0.

From Lemma 2.36, it follows that IT = 0. Thus § is injective. O

Following [24], we also call é1j the inner derivative of II.



696 David Iglesias-Ponte et al.

Theorem 2.34 has many interesting corollaries. Below is a list of well-known results
which are in the literature.

Example 2.37. Let G be a simply connected and connected Lie group with Lie algebra
gandIT € Xﬁmh(G). Then 6y : g — /\k g is the 1-cocycle obtained by taking the inner
derivative of IT [24]. Thus we have a one-to-one correspondence between 1-cocycles

g — /\" g and multiplicative multi-vector fields on G (see [23, Prop. 2.14]).

Example 2.38. If o is a multiplicative function on I', i.e., 0 : ' — R is a groupoid 1-
cocycle, then 8, € I'(A*) is exactly the corresponding Lie algebroid 1-cocycle. Thus for
an «-connected and «-simply connected Lie groupoid, there is a one-to-one correspon-
dence between groupoid 1-cocycles o : I' — R and Lie algebroid 1-cocycles § € I'(A*).
This result was first proved in [40].

Example 2.39. Multiplicative vector fields on a Lie groupoid are exactly infinitesimals of
Lie groupoid automorphisms. 1-differentials on a Lie algebroid, on the other hand, are co-
variant differential operators on A which are derivations with respect to the bracket. These
are exactly infinitesimals of the Lie algebroid automorphisms. Thus for an «-connected
and «-simply connected Lie groupoid, we have a one-to-one correspondence between in-
finitesimals of the Lie groupoid automorphisms and infinitesimals of the corresponding
Lie algebroid automorphisms [28, Prop. 3.8 and Thm. 4.9].

Example 2.40. Let P € I'( /\k A) be a k-section of A, and IT = 73) — (1? the correspond-
ing multiplicative k-vector field on I'. From the definition of érj, we see that it is just
the coboundary k-differential ad(P) = [P, -]l. Thus for an «-connected and «-simply
connected Lie groupoid, there is a one-to-one correspondence between coboundary mul-
tiplicative multi-vector fields on the Lie groupoid and coboundary k-differentials on its
Lie algebroid.

Example 2.41. Let (I' = M, IT) be a Poisson groupoid, i.e., IT € %ﬁmlt(f‘) such that
[IT, IT] = 0. From Theorem 2.34, there exists a 2-differential ;7 on A. Moreover,

84 = om0 8 = L[6m. énl = $8im,m = 0.

Thus, 811 defines a Lie algebroid structure on A*. Moreover, since s [ X, Y] = [6nX, Y]
+ [X,dnY] for all X,Y € I'(A), we deduce that (A, A*) is a Lie bialgebroid. As a
consequence, we obtain the integration theorem of Mackenzie—Xu [29, Thm. 4.1]: there
is a one-to-one correspondence between a-connected and «-simply connected Poisson
groupoids and Lie bialgebroids.

3. Lifting of k-differentials

This section is devoted to the proof of the surjectivity of § in Theorem 2.34.

3.1. A-paths

From now on, we use the notation I/ = [0, 1]. Let (A, [+, -1, o) be the Lie algebroid of
an o-connected and a-simply connected Lie groupoid I'. Following [11], we denote by
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P (A) the Banach manifold of all C!-paths in A. A C'-patha : I — A is said to be an

A-path if

dy ()
dr ’

where y () = (p o a)(¢) is the base path (p : A — M is the bundle projection). The set

of A-paths, denoted by P(A), is a Banach submanifold of P (A).

It is well-known that integrating along A-paths yields a I"-path [11, Prop 1.1]. We
recall this construction in order to be self-contained. Following [11], a I"-path is a C2-
path r(z) on the groupoid I' such that »(0) € M and «(r(t)) = r(0) forall ¢ € I.

There is a diffeomorphism J from the space of A-paths to the space of I"-paths. For
any a € P(A), we define J(a) to be the solution r(¢) of the initial value problem

pla(t)) =

(3.20)

dr(t)  —
a Ao, (3.21)
r(0) = y(0),

where y = p o a is the base path. Conversely, for any I'-path r(¢), the corresponding
A-path is given by a(t) = Lr_l(,)*%.

The purpose of this section is to study properties of the smooth map t from P(A)
to I given by

T(a) = J(a)(1). (3.22)

First, we study the covariance of t. Recall that local bisections of I' =% M act on I" by
re—>g  -r-g

for any bisection g and r € T (this last expression makes sense provided that the local
bisection is chosen so that the above products are defined). Differentiating with respect to
r, one obtains an automorphism of the Lie algebroid A — M, denoted by Adz-1 : Ay —
Az-1,,. Since the Lie algebra of the group of bisections (over a contractible open subset
U C M) is the Lie algebra of sections of A (over U), by differentiating furthermore with
respect to g, one constructs, for all & € I'(A) and b € A, an element in T A, which we
denote by ads b € T)A. The reader should not confuse b +— adg b, which is a tangent
vector on A, with the adjoint action of the Lie algebra I'(A) on itself.

For any I"'-path r (¢) and any C 2-path g(®)in I, such that r () and g(¢) are composable
forallt € I (i.e. B(r(t)) = a(g(t))), the path g(0)~'-r(¢)-g(t) isa F-pathNagain. Itis easy
to check that 31 (g(0)~'-r(¢)- g(¢)) is equal to Adg 3_1(r(t))+(R§t_1*%)@V(O, where
g is, forall ¢t € I, a (local) bisection of I' = M through g(¢) (defined in a neighborhood
of g(¢)). In short, for any a € P(A), and any time-dependent (local) bisection g; through
g(t), with a C2-dependence ont,

(e (55.57) ., ) =50
t(Adg a(t) + | Rp—1,— =g0)"" -t(a)-g(l). (3.23)
R gy
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For any A-paths a;(¢) and a>(t), if t(a;) = 7(a2), then J(a;) = J(az) - g(¢) for some
path g(¢) on I" such that g(0), g(1) € M. Hence, it follows from (3.23) that T (a;) = 7(a2)
if and only if there exists a time-dependent bisection g; such that

4z
w(1) = Adg ar (1) + Rz?ﬁl@*%@.y(l)
and go and g; are unital elements of the pseudo-group of local bisections.

Since I' is a-simply connected, the pseudo-group of time-dependent local bisections
& is connected. Therefore, T(a;) = t(ap) if and only if a; and a; can be linked by a
differentiable path in P(A) which is tangent to the differential of the action described by
(3.23). But vectors in T, P (A) tangent to this action are precisely the vectors of the form,
at a given A-path a(¢) with base path y (¢),

) d& (1)
(Ge)ja + t = adgya(t) + d_ , (3.24)
oy

where £(t) is a C2-time—dependent section of A — M with £(0) = &(1) = 0, and

%lym, an element of A, (), is considered as an element of T, A.

For any C 2-time-dependent section £(t) of A — M with £(0) = &(1) = 0, the
vector field G¢ on P(A) given by (3.24) is called a gauge vector field. A smooth function
f : P(A) — Ris said to be invariant under the gauge transformation if G¢(f) = 0 for
any G¢ of the form described by (3.24) with £(0) = £(1) = 0. The following proposition
summarizes the above discussion.

Proposition 3.1. Assume that I is an a-connected and a-simply connected Lie groupoid.
Then the map t : P(A) — T induces an isomorphism between C*°(I') and the algebra
of smooth functions on P(A) invariant under the gauge transformation.

Note that it follows from (3.23)—(3.24) that for any time-dependent section &(¢) of ['(A),
we have
d&(1) —_—
Ty (adg(l) a(t) + 4 ) =&(1) — £(0). (3.25)
Iy
This relation will be useful later on.

Next we need to introduce regular extensions to IS(A) of the 1-form dt*f for a
smooth function f on I'. First, we give some definitions related to the cotangent spaces
of P(A) and P(A).

For any a € F(A) (resp. P(A)), the cotangent space of~§(A) at a is denoted by
T} P(A) (resp. T P(A)). For any real-valued function f on P(A) (resp. P(A)), its dif-
ferential at the point @ € P(A) (resp. a € P(A)), if it exists, is an element of T P(A)
(resp. T, P(A)), which is denoted by d fj,.

For any a € IS(A), denote by P,(T*A) the space of Cl-maps n:I — T*A such
that for all + € I the identity m o n(t) = a(¢) holds, where & stands for the projection
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T*A — A. The space P,(T*A) can be considered as a subspace of T’ P LA) in a natural
manner: to every 1(t) € P,(T*A), one can associate a linear form on T, P(A) by

1
T,P(A) — R, X(t)l—)/ (@), X (1)) dt, (3.26)
0

where ( , ) denotes the pairing between the cotangent and tangent vectors. With this
identification, throughout this section, we will always consider P,(T*A) as a subspace
of T*P(A) and therefore, the vector bundle P(T*A) — P(A) as a vector subbundle of
T*P(A) — P(A). We denote by P(T*A)|pa) — P(A) and T*P(A)|p(A) — P(A) the
restrictions of these vector bundles to P(A).

Definition 3.2. Given a 1-form  on the Banach submanifold P (A) of A-paths, by an ex-
tension (resp. regular extension), we mean a smooth section ®,, of T7*P (A)|pa) — P(A)
(resp. PT*A|pay — P(A)) such that @y, is, for any a € P(A), an extension of wy,
(i.e., the restriction of ®,,, to T, P(A) is w4 for any a € P(A)).

By a regular extension of a smooth function g € C*°(P(A)), we mean a regular
extension of its differential. A regular extension of the zero function on P(A) will be
called a regular extension of zero. Also, we use the following notation: for any regular
extension ®,,, we denote by &, (¢) the corresponding path in P, T*A.

Given a vector field X on 13(A) tangent to P(A), and a 1-form w on P(A), the Lie
derivative of a regular extension ®,, of w is defined by

(LxPu)(Y) = P ([Y, X]) + X(Pu(Y)), (3.27)

where Y is the restriction to P(A) of a vector field on P (A). This definition needs to be
justified. It is clear that the right hand side of (3.27) is C°°-linear with respect to ¥ and
depends only on its restriction to P(A). It therefore defines a section of T*P (A)pa)
— P(A). It follows from (3.27) that if Y itself is tangent to P(A), then (LxP,)(Y) =
(Lxw)(Y). Therefore, Lx ®,, is an extension of Ly w.

In the following subsections, we need to investigate regular extensions ® g+ r of dT* f
for a smooth function f € C°°(I"). The following technical lemma will be very useful.

Lemma 3.3. (i) For any smooth function f : I' — R, the pull-back function t* f :
P(A) — R admits a regular eftension Dy p.

(ii) For any smooth function f : P(A) — R whose restriction to P(A) vanishes, there
exists g = 1 — C®(M) with go = g1 = 0 such that d fja = dFq,,. Here for any
time dependent 1-form w : t — w; on M and any a € F(A) with base path y (t),

d
]:u)(a) = /<wty(,)v % - p(a)> dt'
I t

Proof. (i) We divide the proof of (i) into four steps. In what follows, y always denotes
the base path of a € P(A). We say that a path e(¢) in a vector bundle p : E — M is over
abasepathy if poe=1y.

Step 1. We first describe the differential 7, of the map 7 defined in (3.22).
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The map (r, a) — a |» from the fibered product I' X4 a7, A to TT maps a pair (r, a)
(withr € I', a € A) to an element of 7,.I". Considering the fibered product I" x4 a7, A as
a submanifold of I' x A, one can extend this map to a smooth map F(«, a) from " x A
to TT with F(r,a) € T,T for all r € I". This allows us to rewrite T more conveniently.
Consider the map T : P(A) x M — T given by

T(a,m) = r(1), (3.28)
where r : I — T is the solution of the initial value problem
dr(t)
TRl F(r(1),a()),
t
r(0) = m.

By definition, we have t(a) = T(a, (p o a)(0)).
Linearizing the previous equation shows that the differential of the map T can be
written as

T« (8a, sm) = L(m(0)) + / L;(8a(t))dt, (3.29)
I

where da, m are elements of T, P (A) and T;, M respectively, and L;, L are linear maps
from T, (»hT" and T;, M to Tz(,mI" respectively. Thus the differential of T : P(A) — I
can be expressed as

Tx(8a) = /Lz(ﬁa(t))dt + L(p«(8a(0))) (3.30)
1

where éa € T,P(A).

At this point, we need to explain why some technical difficulties arise in the construc-
tion of a regular extension of t* f and what remains to be done in order to avoid it.

It follows from (3.30) that the differential dt* f = d f o 7, is the sum of two 1-forms,
namely w; : da — fl L;(8a(t))dt and wy : da +— L(p«(8a(0))). It is easy to find a
regular extension of w;: we can just choose, for any da € T, P (A),

®,, (8a) = /L,((Sa(t)) dr.
1

Unfortunately, it is not so easy to find a regular extension of w», since this 1-form is
“concentrated” at 0. The remaining steps describe such an extension.

Step 2. We describe explicitly the tangent space T, P(A) of P(A).

Let us choose a connection VA on the vector bundle A — M. This allows us to
decompose the tangent space of A as a direct sum 7, A = T,y M @ Ap(p) forany b € A.
With this convention, for any a € P(A) an element §a of T, P(A) becomes a pair §a =
(¢, B) wheree : I — TM and B : I — A are C'-maps over the base path y = p o a.

We now choose a connection V¥ on the tangent bundle 7M — M. By differentiating
the relation dy /dt = p(a), we see that da = (¢, B) € T, P(A) is an element of the tangent
space of T, P(A) if and only if

Vil € = (Vep) (@) + p(B), (3.31)

where (V¢p)(a) = Véwp(a) — p(VeAa) is a path in T M (over y again).
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Step 3. For any A-path a, we want to construct a linear map I1, from T, P (A)to T,y M,
where y = p o a is the base path, depending smoothly on a € P(A), whose restriction
to T, P(A) is simply the differential of the map a — y(0), and which is “given by an
integral”. That is, the differential is of the form

I, (8a) =/M,(8a(t))dt, (3.32)
I

where M, is, for all ¢ € I, a linear map from T, (A to T, (0)M. We proceed as follows.
Set 8a = (¢, B) € TP(A) as in Step 2.

First, for any s € I, we define n;(¢) : I — T M to be the unique solution of the initial
value problem

{Véwy(z)/dz"s (1) = (V) (@) + p(B(1)), (3.33)

ns(s) = €(s)

(this is a linear equation of order 1, which guarantees the existence and uniqueness of
solution). Then we define I, (¢, B8) by

Ma(e. ) =f[ns<0) ds.

It follows from a classical result of ordinary linear differential equations (see, for instance,
[32]) that

0
15(0) = L(s)(e(s)) +f M (s, u)(B(u)) du

for some smooth function M (s, u) from A, () to T, ) M. It is easy to check that for any

da = (¢, B),
I,(8a) = /L(s)(e(s)) ds — / /S M (s, u)(B(u))duds.
I 1J0

The right hand side of this equation is of the form given by (3.32). Now it remains to
check that the restriction of I1, to T P(A) is equal to the map da — p«(8a(0)). For any
8 = (e, B) tangent to P(A), by the uniqueness of solution of the initial value problem,
we have 1y = € for all s € I. Therefore, the restriction of I, to T, P(A) is equal to

[, (8a) = /6(0) dt = €(0) = p«(8a(0)).
1

Step 4. We can now define, for any f € C*(M),
D+ £(8a) 1= Ty(8a, ,(8a)).

It follows from (3.28)—(3.32) that @y« is a regular extension of t* f. This completes
the proof of (i). ~

(i) We identify da € T, P(A) with a pair of paths €(¢) in T M and B(¢) in A, over the
same base path y (¢) as previously.



702 David Iglesias-Ponte et al.

Since @y, r is a regular extension, we have

Pyrep(€, ) = /I<M(t),6(t)>dt +/;(A(t),ﬂ(t))dt

for some C'-maps M(1), A(t) from I to T*M and A* respectively, which are over the
base path y (7).
Letw:t— T;(t)M be a path over y which is a solution of the initial value problem

Vil @O + (Vp)a) (@) = M),

where, for any fixed r € I, (Vp)a(t))* € End(T;(t)M) is the dual of the endomorphism

v (Vyp)(a®)) of T, )M.
Using integration by parts, we obtain

/I(M(t),e(t))dt = —/I(a)(t), VAL o€ @) di
+ /I(w(t), (Veyp)(a(@))) dt + (w(0), €(0)).
Since @y« r (€, B) vanishes as long as the conditions

p) =0,
Vc]iv;l/(z)/dze(f) — (Veyp)a(t) =0

are satisfied, we must have w(0) = 0.
Now, since

Py p (€, B) = /I(w(t), Vé‘?,(,)/d,é(t) + (Ve(t)p)a(t))dt+/I<A(t)»,3(t)>dt

must vanish whenever €, 8 satisfy (3.31), we must have A(f) = p*w(t). As a conse-
quence,

Py (8a) = fl(w(t), Vi oai€® = (Ve pla(®) + p(B(1))) dt.

According to Lemma 3.4(i), there exists a family of time-dependent functions g; from
I to C°°(M) vanishing at # = 0, 1 such that dgth/(t) = w(t). The result now follows from
(ii) of the lemma below. m]

Lemma 3.4. (i) Forany Cl-pathw : I — T*M, there exists a time-dependent function
g it +> g vanishing att = 0, 1 such that dg; ,,, = (1) for any t € 10, 1[.
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(i1) The function a +— dfdg‘a is a regular extension of zero whose differential is of the
form

dFdg, (€. ) = /I(dgn VAL €@ = Ve p)a(®) + p(B))) dt, (3.34)

where €, 3, VM 'V are as in (3.31).

Proof. (1) We denote by exp,, : T, M — M the exponential map associated to the con-
nection VM Recall that exp,, is alocal diffeomorphism from a neighborhood of 0 € T, M
to a neighborhood of m. Let f(¢) be a real-valued smooth function that vanishes at r = 0
andt = 1.

Define g;(m) = f(&)¥ (t, m){w(t), exp;(lt) (m)), where (¢, m) is a smooth function
on I x M satisfying two conditions: (1) ¥ (¢, m) is identically equal to 1 in a neighborhood
of the curve (¢, y (¢)) for all t € I, and (2) ¥ (¢, m) vanishes outside an open set on which
exp_lt is well-defined. We leave it to the reader to check that these conditions can be
satisfied and that the function g; has the reqired properties.

(ii) The function Fy, is identically zero on P(A) by definition. We check that its
differential is of the form (3.34). Let a(¢), y(¢), €(¢), B(¢) be as in Lemma 3.4. Recall
that, by the definition of an A-path, we have dy (t)/dt + p(a(¢)) = 0. For any ¢ € [0, 1],
consider the functional

d
b <dg,<t>, % + p(b(t))>.

Talgng its derivative at the A-path a in the direction of the tangent vector (e(z), f(¢)) €
T,P(A), we obtain, using (3.31),

(e. B) > (dgi(0). VL ) 4 €(0) = (Vep)a(t) + p(B(1)))
= (dgi (). VL ) jar€ () = (Ve p)a(t) + p(B@))).

Integrating with respect to 7, we obtain (3.34). O

3.2. Almost differentials and linear multi-vector fields

In this subsection, we study a particular case of multi-vector fields on a vector bundle.
Let p : A — M be a vector bundle. It is clear that there exists a bijection between the
space I"(A*) of sections of the dual bundle p, : A* — M and the set C>> (A) of functions
which are linear on each fiber. In fact, for any section ¢ € I'(A*) the corresponding linear
function £y is given by £4(X,,) = (¢ (m), X)) for X,;, € A,,. On the other hand, by basic

functions, we mean functions on A which are the pull-back functions from M.

Definition 3.5. Let p : A — M be a vector bundle and 7 € X*(A) a k-vector field on A.
We say that 7 is linear if w(d f1, ..., dfi) is a linear function whenever all f1, ..., fi €
C®°(A) are linear functions.

Linear multi-vector fields were called homogeneous in [16]. They have the following
properties.
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Proposition 3.6. Let p : A — M be a vector bundle and 7w € X*(A) a linear k-vector
field on A withk > 2. Then w(dly,, ..., deg,_,, d(p* f1)) is a basic function on A and

d(P* AP ) A =0 Vo1, ....¢—1 €T(AY) and fi, f> € C*(M).

Proof. Proceed as in [10, pp. 643-644], using the Leibniz rule and the fact that (p* f)£y
=Ly for f € C*°(M) and ¢ € I'(A¥). o

Letm € %ﬁn(A) be a linear k-vector field on A. Proposition 3.6 enables us to introduce a
pair of operations

px t T(AH)x k7D x(A*) — X(M) and [, ..., ]sx: (A" x & xI'(4*) — ['(4%)
by
Px(@1, ..., k-1 (f) o p=m(dly,,...,dly_,,d(f o p)), (335)
bgr.ppde = T(dlg,, ..., dly,),
for ¢y, ..., ¢ € T'(A*) and f € C®(M).
It is easy to see that the following identities are satisfied:
p*((plv R f¢ia ~~'7¢k—1) = fp*(¢1» ~--v¢iv ~--a¢k—1)v (336)

[B1seees fises il = (1) pu(@r, .o, biv ooy k) ()i
+ flor, .o bin oo, Dl

for any ¢q,...,¢r € ['(A*) and f € C°°(M). In particular, p, induces a bundle map

A A > TM.

Conversely, if we have a pair (o, [-, ..., -]x) satisfying (3.36), we can define a linear
k-vector field on A using (3.35).

Now, assume that § is an almost k-differential. We construct a pair ([-, ..., -], px)

satisfying (3.36) as follows. Let
Px (@1, k- () = (Bf . d1 A= A1),

k
(D1, $ids X) = D (=D pu@r, .., i 40 (@i (X))

i=1

— (86X, 1 A A i),

forall ¢1,...,¢r € [(A*), X € ['(A) and f € C°°(M). Conversely, using these equa-
tions, one can construct an almost k-differential from ([-, ..., -]«, 0x).
A combination of the above discussion leads to the following

Proposition 3.7. For a given Lie algebroid A, there is a one-to-one correspondence be-
tween linear multi-vector fields and almost differentials on A.
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For an almost differential § on A, we denote the corresponding linear multi-vector field
by ms. In local coordinates, the correspondence between almost k-differentials and k-
vector fields 75 on A can be described as follows. Let (xq, ..., x,) be local coordinates
on M and {ey, ..., es} alocal basis of I'(A). Assume that

Sx; = Zalfl'“lk’l(x)eil Ao Ney ,, OS¢ = Zci.“"”‘(x)ei] A Aeg,

Then

i a ad ad i .0 ad
s = Z a%l"‘lk*l(x)— VANEIEIVAN N — — Cl-l'"lk(x)vl— AN N— |,
! 31),'1 av,-k_l 3)6,' ! 31),'1 av,-k

where (v, ..., vy) are the corresponding linear coordinates on the fibers.
The correspondence between almost differentials and linear multi-vector fields pre-
serves the graded Lie algebra structure, as shown in the following

Proposition 3.8. Given a Lie algebroid A, the map § +— w5 is a graded Lie algebra
isomorphism from almost differentials on A to linear multi-vector fields on A. That is, for
any almost differentials 81 and §»,

[7s,, s,] = 75,5,

Proof. Note thatif P € T'(/\? A) is given locally by Zl§j1<-~<jp§n pit--Jp (x)ej; A+ A
ej, for a given local basis {eq, ..., es} of '(A), then

aPJIJp(x) ip-lg—1
P = Z ZTai (xX)eiy Ao Nej_y Nejy Ao Nej,

I<ji<e<jpsn i

+ Z Z(—l)(i+1)(k+l)Ph“'/f’ (x)ej, A--ABejy N Nej.

I<ji<e<jpsn i
The assertion follows from a tedious computation and is left to the reader. O

Example 3.9. If § is an almost O-differential, then § is just the contraction operator by an
element ¢ € I'(A™). In this case, one shows that 5 € %?in(A) = Cpo(A) is just —€g.
Example 3.10. When k = 1, as a consequence of Proposition 3.8, one obtains a Lie
algebra isomorphism between I'(CDO(A)), the space of covariant differential operators
on A, and I'(TYN(A)), the space of linear vector fields on A (see [28]).

Example 3.11. Let § be a 2-differential of square zero. We know that § induces a Lie al-
gebroid structure on A* (see [20, 42]). On the other hand, from Proposition 3.8, it follows
that [m5, ws] = 0, and therefore 75 defines a Poisson structure on A. Such a correspon-
dence between Lie algebroid structures on A* and linear Poisson structures on the dual
bundle is standard (see [10] for instance). A generalization to arbitrary linear 2-vector
fields and pre-Lie algebroids was considered in [17].
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We end this subsection by recalling two kinds of liftings from T'(/\* A) to multi-
vector fields on A, the complete and vertical lifts. Let P € T'(A? A), and ad(P) its cor-
responding coboundary differential. Then the corresponding linear p-vector field m,q(p)
is the so-called complete lift of P, which is denoted by P¢ (see [16]).

On the other hand, for any multisection P € T'(/\? A), there exists another kind of
lift, called the vertical lift, denoted by PV. It is obtained via the natural identification
A, ~ Tave“(A) for a € A. In local coordinates, if P = 21§j1<”_<jp§n PJ1--Jp (x)ej, A

Ae), for a given local basis {eq, ..., es}, then
o 0 ad
PV — Z PlIp(x)— Ao A —.
. . 3Uj| 3Uj
I<ji<-<jp=n P

Complete and vertical lifts have the following properties [16]:

f'=pr"f (3.37)
fC="Ld, s (3.38)
(P A Q) =P A Q"+ P’ A QF, (3.39)
(PAQ) =P'AQY, (3.40)
[P°, Q1 =[P, QI, (3.41)
[PS, Q"1=1P, Q1" (3.42)
[PY, Q"] =0, (3.43)

forall f € C®(M) and P, Q € T(\°* A).
Proposition 3.12. Let § be a k-differential and P € T(/\* A). Then
[s, P°1=(P)°, [ms, P'1=(8P)".

Proof. Using (2.18) and Proposition 3.8, we have

(75, P1 = [s, Tad(P)] = 7[5,ad(P)] = Tad(sP) = (§P)".
The second identity can be checked directly using local coordinates. O
Let
PT(N\*A) ={I >t P(t) e T(\*A): P(¢) is of class C? in t},
PoT(A\*A) ={I 3t P(t) e (A" A): P(0) = P(1) =0, P(¢) is of class C?in t}.

If P € PhT'(/\* A), we define G(P) as the time-dependent multi-vector field on A given
by

G(P) = P¢ dP)’ 3.44
(P) = +<E> (3.44)

The multi-vector fields G (P) have the following properties.
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Proposition 3.13. If P, QO € PT(A\°® A) and § is a multi-differential on A, then

[G(P), G(QD] = G([P, O, (3.45)
G(PAQ)=G(P)ANQ"+ P"AG(Q), (3.46)
(775, G(P)] = G(8(P)). (3.47)

In particular, (3.46) implies that

d
G(f(t)P) = ft)G(P) + %P”. (3.48)

Proof. Using (3.41), (3.42) and (3.43) and the fact that d/dr is a derivation with respect
to the Schouten bracket, we deduce that (3.45) holds.

(3.47) is a direct consequence of Proposition 3.12 and the fact that § commutes
with d/dz. m}

3.3. From k-vector fields on A to k-vector fields on 5(A)

We start this subsection with a construction that should be thought of, at least heurisiically,
as a lifting of a time-dependent multi-vector field on A to a multi-vector field on P (A).
Let 7 (#) be a time-dependent k-vector field on A with k > 1. For given k 1-forms

Nyeoos Nk € QI(P(A)) and their regular extensions @), ..., ®,,, define a smooth func-
tion 7 (P, , ..., Pp,) on P(A) as follows. For any a € P(A),
T( Py ..., Py(a) = /n(t)|a(,)(d>m (a@)), ..., dy(a)))de. (3.49)
I

Remark 3.14. (3.49) still makes sense when one of the extensions @, is not necessarily
regular, with the following modification of its definition. Assume that &, is not nec-
essarily regular, and that (®y,, ..., ®;,) are. Then 7, (®y,(a(?)), ..., Py (a(?))) is an
element of T P(A) and we can therefore define

7?(<Dr)1 LR (I)r[k)(a) = cDm (nl(q>772(a(t))’ ceey CDU]( (Cl(t))))
We recover of course the previous definition of 77 if ®,, is regular.

For instance, consider the case k = 0. If f; is a time-dependent function on A, i.e.,
f € C®( x A), then (3.49) gives

fla) = /1 f(t,a())dr. (3.50)

This still mgkes sense for any a € P (A) and hence defines a function on P (A) that we
denote by f again. Note also that for any time-dependent vector field X : 7 — X; on A,
X is a vector field on P(A), which, at any a(t) € P(A), is given by ¢ — Xt -
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For any time-dependent vector field X : t — X; on P (A), tangent to P(A), we define
the Lie derivative L7 of 77 as follows:

k
(LT @yys e @) = XF( Dy, ..., D)) — Z?f(qb,“, e LDy, D).
i=1
(3.51)

This definition has to be justified. Of course, the Lie derivative of a regular extension is
not necessarily a regular extension, but it is an extension and by Remark 3.14, the left
hand side of (3.51) makes sense.

Lemma 3.15. (i) For any time-dependent function g : t +— g; from I to C*°(M) with
g0=g1=0(.e, g€ PF(/\0 A)), we have 5(\/g) = Fdg-

(i) If& € PoI'(A), then 6@/) is the gauge vector field given by (3.24).

(i) If& € PT(A), then 7.(G(&)) = £(0) — &(1), where T : P(A) — T is the map
defined by (3.22).

(iv) For any multi-differential § on A,

Lo = G(5(%)).

(v) For any multi-differential § on A and time-dependent function g : t — g; on M,

—_~—

75(G(g), Do Py) = GB(R))(Drs - ... D).

Proof. (i) For any time-dependent function g : ¢ — g; from I to C°°(M), it follows from
(3.38) and (3.50) that

1
g“=/0 (dgi, pla(r))) dt. (3.52)
Now using (3.37) and (3.50) we have
dg v_ Udg, _ ! dpoal(r)
<E> —\/0 E(poa(t))dt = —/0 <dgt, T>dt, (353)

where the last equality is obtained by integration by parts using the boundary condition
go = g1 = 0. Thus (i) follows.

(ii) follows from the fact that for any & € I'(A), ad; is equal to £¢, a fact that can be
easily checked in local coordinates.

(iii) is easily deduced from (ii) and (3.25).

(iv) From the definition of Lie derivatives given by (3.27) and (3.51), it follows that

‘C)'(V,ﬁt = [X;, /] (3.54)

for any time-dependent vector field X : + — X, on A such that X is tangent to P(A).

Therefore Eagﬁg = [G@\),/m;] = G(Sf(\g)), where the last identity follows from (3.47).



Universal lifting theorem and quasi-Poisson groupoids 709

(v) For any time-dependent smooth function f;, # € I, on A and any A-path a(7), the
differential at a of f; is a regular extension of the restriction of f; to P(A) given by

dF, (%) = /1 (A fir X(0) di

forany X € T, P (A), where d ff\a(r) is the differential of the smooth function f; at the
point a(t).
By the definition of 775, we have

75(dG(g), Dy Py )ja = /na(dc(gna(t), ®,, (1), ..., Dy, (1)) dt
I

for any A-path a(z). By (3.47), we have

F5(dG(g), Do .. Pyl :/I.G(S(g))m(,)(d)nz(t),...,<I>,7k(t))dt
= GG ( Py, ..., D).
This proves (v). ]

Toagiven P € PT'( /\k A), we have so far associated a/P) which should be interpreted
as a “multi-vector field on P(A)” (defined at points of P(A)). It turns out that, if one
applies (/;_(\P/) to the functions obtained by pulling back those on I, the resulting functions
depend only on P(0) and P (1), which are, heuristically, obtained by integrating some
total differentials on [0, 1]. However, several technical difficulties arise which need to be
addressed in order to justify the computation.

Proposition 3.16. Forany P € PF(/\k A), any functions f1, ..., fr € C®°(I"), and any
regular extensions ®qr« s, ..., Pger of T f1, ..., T fi, we have

— _ P2
G(P)(Pdr+fys - Pdrr ) = P(DAf1, ..., dfi) = PO fi,....dfk). (3.55)
First we need the following

Lemma 3.17. For any &€ € PT'(A), a € P(A), any covector n € T, P(A) conormal to
the gauge orbit, and any regular extension ®,, of n, the following identity holds:

d{®,(a(1)), &%)
dt

= (P, (1), GE) (). (3.56)

In particular, for any smooth function f : I' — R and any regular extension @+
of t* f,
d(Pyrx (1), §7(1))
dt

= (Pgr= (1), G(E) (). (3.57)
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Proof. Since n is conormal to the gauge orbits, for any smooth map x : I — I'(A) with
x (0) = x(1) = 0 we have

1, G(01a) = (@4, G(O1) = /I“D”(”’ G (X ())aqn)) dt = 0.

Applying this equality to x () := ¥ (¢)&(¢), where ¥ (¢) is any smooth function with
¥ (0) = ¥ (1) = 0, and using (3.48), we obtain

1 1 d
0= fo (0 (1), GED) dr + /0 %@nm,s”(r»dz. (3.58)

The result follows by integration by parts. O

Now we are ready to prove Proposition 3.16.

Proof of Proposition 3.16. By Lemma 3.15, we h%j@ (t*f) = .gl—))(f)—g(ﬁ)(f) for
all f € C*°(T"). On the other hand, by definition, G(¢)(t™* f) =f01 (Bger (1), G(E) (1)) dr.
Therefore,

1 — Pa—
/O (Bgep (1), GE) (@) dt = EM)(f) — EO)(S).
By Lemma 3.17, it follows that

B A—

I'd
fo a((q)df*f(t)aév(t»)dtZé(l)(f)_é( )(f)-

Hence
v v — <«
(Dgexp (1), 67 (1)) — (Pyrx £(0), £°(0)) = EM(f) = EO)(f).
Since this identity holds for any time-dependent section &, we have

P

(Pder (1), £°(D)) —&((f) and (e (0), £°(0) = EO0) ().

This implies that for any P € PT'( /\k A),

PU(1)(Pyerfy (D, .-y Dy, (1)) = P(D(f1, .-+, Ji),
y (3.59)
PY(0)(Pyrr £, (0), - .., @y 1, (0)) = POY(f1,-- -, Ji)-
Now assume that P(¢) = &1(t) A --- A &(¢) for some time-dependent sections

E,..., &, of I'(A). Then, according to (3.46),

k
GP)(1) =) E O A AGEM) A AE Q).
i=1
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Therefore, for any a(t) € P(A),
o 1
G(P)(CDdt*flv-~-»(bdt*fk)(a(t)):/O G(P)E)(DPyrrf, (@), - .. e g, (1)) dt

k 1
= Z/O ETO N ANGED)jawy A AEO) Parrfy (1), - .., P p, (1)) dt
i=1

oeS i=1

1
x /0 (Deter 1, (1), E2 1y () -+ APate (1), Gy (1)) - .- (Pt (1), E2 o () dit

(by Lemma 3.17)

oeS; i=1

d( @y £, (1), §o (i) (1))

1
x fo (@, (1), £ 1) (D) - . (D, (1), £ o (1)

dr
Ly
= > (=) / 5 ((@are i (0, £y (0) - (Pare 5, (1), 874 (1)) dt
O‘ESk 0
= PU(t)(Prs f, (1), - - -, P, (D)}
The result now follows from (3.59). ]

3.4. From k-vector fields on F(A) to k-vector fields on T’

Assume that I" is an «-simply connected and «-connected Lie groupoid with Lie alge-
broid A. Let § be a k-differential on A and 75 the corresponding k-vector field on P(A).
The goal of this section is to construct a k-vector field ITs on " from 7.

Proposition 3.18. Let fi, ..., fr € C®°(T) be a family of smooth functions on I and
Qs fys - - - » Pdrx f, regular extensions of T fi, ..., T* fi. Then T5(Pgrx gy, - - . Per £,)
is a smooth function on P(A), which is

(i) independent of the choice of the regular extensions Pqrxp, ..., Pderp of
dt* f1,...,dt* fx, and
(ii) invariant under gauge transformations.

Proof. (i) It suffices to prove that if @y« is a regular extension of zero, the function
T5(Pe* fys - - » Pdr+ ) vanishes. By Lemma 3.3(ii), for any @ € P(A), there exists
g: 1 — C®(M) with gg = g; = 0 such that de,*fl‘ = dFdg,- Then

T5(Poes frs -+ » Pdrs f)la = Ts(dFdgs Pors o0 - - » Pdrxf)-
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According to Lemma 3.15 (i), we have Fq, = (3?<g/) Lemma 3.15 (v) implies that

ﬁs(cbdt*flv ] (Ddr*fk)la = G(S(g))(q)d‘r*fZ’ ) q>d‘[*fk)‘a'

The latter vanishes according to Proposition 3.16, since by assumption £(0) = &(1) = 0.
This proves (i).

Before starting the proof of (ii), we would like to add a comment. We have proven
in (i) that for any regular extension ® of 0, and any regular extensions @« ¢, ..., Pdr* 1,
of t* fo,..., T* fu, we have

7?5(q>9 d)df*fzs cee qu‘[*fk) = 0

Regular extensions are dense with respect to the induced topology of 7 P (A). Thus,

T5(D, Qe fysvvnr Perp) =0 (3.60)

for any extension @ of 0.
(ii) Since the functions t* f1, ..., T* f are invariant under the gauge transformation,
foreach & € PyI"(A) the Lie derivative ngjq)dr*ﬁ is,foralli € {1, ..., k}, an extension

of zero. Therefore, by (3.60), T5(Pgr*f,, - ﬁg@jcbdﬁfi, .. ®gpsp) = O0foralli €
{1,...,k}. By (3.51),

G(s)(ﬁ5(®d‘[*fl 9 ey (Dd‘l'*fk)) = (EE(\S%(S)(QCJT*]CI 9 ey (Dd‘l'*fk)

By Lemma 3.15(v),

GE) s (Pdrsfys - s Pdrr i) = GEEN (Padrs gy - - -y Pdrs ),
which is identically 0 according to Proposition 3.16. This proves (ii). O

By Propositions 3.1 and 3.18(ii), the function s(®grf,, ..., Pyrxp,) descends to a
smooth function on I', which will be denoted by { fi, ..., fx}. Thatis,

ﬁé(cbdr*fl’ ey Dipxp) = ™ f1, ..., fi). 3.61)

It is straightforward to check that the map f1, ..., fx — {f1,..., fx} indeed defines a
k-vector field ITs on T, i.e.,

{fi,.os fid =Tsdfi,....dfo). (3.62)

Proposition 3.19. I1; is a multiplicative k-vector field on T'.

Proof. By definition, IT; is given, for any ny, ..., nx € T;F, by

s, ..o M) = /I(ﬂa)m(z)@r*m ), ..., Drey (1)) dt (3.63)

where ®xp (1), ..., Or#y, (¢) are any regular extensions of t¥ny,..., 7%, with a
smooth dependence on the variable ¢, and a(t) is any A-path with 7(a) = g. Since smooth
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functions are dense in the space of piecewise continuous functions with finitely many dis-
continuities, (3.63) remains valid when the extensions @« (1), ..., ®x,, () are just
assumed to be piecewise continuous in ¢ (with finitely many discontinuities).

It is straightforward to check that for any ¢ € I' with «(g) = m and B(g) = n,
there exists an A-path a(z) with t(a) = g such that a(¢) is constantly equal to m in a
neighborhood of # = 0 and constantly equal to n in a neighborhood of ¢+ = 1. Consider
two composable elements g1, g2 € I' and two composable elements n; € T;‘IF and
m e Tg*2 I'. Choose now A-paths a; () and ax(¢) satisfying the previous condition. Define
a(t) by a(t) = 2a;1(2t) fort € [0, 1/2] and by a(t) = 2a>(2t — 1) for ¢ € [1/2, 1]. By
construction, a(t) is an A-path and t(a) = g182.

Let @+, (¢) and ®x, (¢) be two regular extensions of t¥n; and ¥, respectively.
Then the map defined by ®(7) = P+, (2¢) fort € [0, 1/2] and ® (1) = Py, (2t — 1)
for ¢ € [1/2, 1] is a regular extension of ®,,.,, for ny - 72 € Tg*lgzI‘, and it may have a
point of discontinuity at r = 1/2.

We now choose k compatible pairs n’i, né fori = 1,...,k of elements of Tg*1 I' and
T;ZF. Foralli =1, ..., k we consider two regular extensions @r*n,-l and CIDT*né of T*ﬁi
and r*né respectively. And, for alli = 1, ..., k again, we form q)n’LnQ (1) as above.

(3.63) being valid even for piecewise regular extensions, the first of the identities
below is valid; the other ones are routine.

- koK
sy - mps-oomy - mp) = /I(”a)‘“(’)@n{w;(”’ s @ (D) dr

1 t 4
= /(; (7T8)|a1(l) (qu]i-n% (5)’ Tt q>7711("7§ <§>> dt
1 1+1¢ ! +?
+/0 (773)|a2(t)(q>n{<né(_2 ) q’n’fné( 2 )) a

- /1 (T3)lar ) (@t (O Py (1)

+[(n8)|a2(t)(q),*n%(t)» oo @ (D) dr
1

=Ts(n}, .- ) + s (ng, . 1h).
(3.64)
By Proposition 3.6(ii), I1s is multiplicative. O

Finally to complete the proof of Theorem 2.34, we need to show that the map § +— Il
constructed above is indeed the inverse of IT — 7. This is due to the following

Proposition 3.20. For any k-differential &,

— — -
M5, X1=68X, [Is,a"f]=34f.
Proof. Forany f,..., fr € C®°(") and any X € I"(A), one has

— — k —
(M5, X1(f1, -0 fo) = X (Ts(fr, s i) = D Ts(frs oo, X (fi)s ooy fi). (3.65)
i=1
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Let £ € PI'(A) be such that £(1) = X and £(0) = 0. According to Lemma 3.15,

we have 7:*(6\(_/5)) = X. Therefore, for any regular extension ®g.«; of T* f, where
fecCc®m), ﬁa‘(‘{)q’dr*f is a regular extension of r*(?()(f)).
Let us choose some regular extensions ®grs g, ..., Pyrx g of T f1, ..., 7" fi. Ap-

plying 7* to both sides of (3.65) and using (3.62), we obtain
* 3 ARy S
T ([H(Sv X](fl9 LR} fk)) = G(S) : jT(S(chT*f“ e chT*fk)

k
— Z ﬁS(CDdr*f] ey LE(\STCDdT*fi’ ey de.[*fk),
i=1

By (3.51), the right hand side above is

(Lo ) (@Pdrepys - Pareg)-
which is again, by Lemma 3.15(iv), equal to G/(;S\(S—/))(der*fl, .+, Dgrxp). By Propo-
sition 3.16, the latter is equal to T*5(X)(f1, ..., fi). This proves the first equality. The
proof of the other one is similar. O

4. Quasi-Poisson groupoids

As an application of the general theory developed in the previous sections, we now in-
troduce the notion of quasi-Poisson groupoids and study their properties. In particular,
we study the relation with their infinitesimal invariants, namely quasi-Lie bialgebroids,
and prove the integration theorem. Application to momentum map theory will also be
discussed.

4.1. Definition and properties

Definition 4.1. A quasi-Poisson groupoid is a triple (I' = M, I1, Q), where ' = M is
a Lie groupoid, IT is a multiplicative bivector field on I" and €2 € I'( /\3 A), such that the
following compatibility conditions hold:
1 - <«
FIIL M= @ — Q, (4.66)
—
[T1, 2] =0. (4.67)

Using Proposition 2.21 and (4.66) and (4.67), we obtain the following

Proposition 4.2. Given a quasi-Poisson groupoid (I' = M, T1, Q) there exists a bivector
field Ty on M such that

My = a1 = —B,I1.
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[Ty satisfies the relations

51Ty, Ty ] = Qur, (4.68)
[Mar, Qm] =0, (4.69)

where Q) is the 3-vector field Q2 = p(R2), and p : 1"(/\3 A) = X3 (M) is the extension
of the anchor map.

Some interesting examples of quasi-Poisson groupoids are listed below.

Example 4.3. If 2 = 0 then we just have a multiplicative Poisson structure IT on a Lie
groupoid I' = M. Thatis, (I' = M, I1) is a Poisson groupoid.

Example 4.4. If G is a Lie group, then we recover the notion of quasi-Poisson structures
on a Lie group of Kosmann-Schwarzbach [19], that is, a multiplicative bivector field IT

on G and an element 2 € /\3 g such that %[H, 1] = ?2) — <§_2 and [H,?Z)] =0.

Proposition 4.5. Let (I' = M, I1, Q) be a quasi-Poisson groupoid such that T1 € ¥2(I")
is nondegenerate. Let w € Q2(I') be the corresponding nondegenerate 2-form and

¢ € Q3 (M) be the 3-form on M defined by (/\3 wb)(?Z)) =a*p. Then T = M, w, ¢) is

a nondegenerate twisted symplectic groupoid in the sense of [8, Def. 2.1]. That is,

1. d¢p =0;

2. do = a*¢p — B*¢;

3. w is multiplicative, i.e., the 2-form (v, w, —w) vanishes when restricted to the graph
of the groupoid multiplication A C T x I x T.

Proof. Since IT is multiplicative, it follows from Remark 2.8 that m*w = pr} @ + pr; .
That is, w is multiplicative.

Since w is multiplicative, we know (see [8]) that the Lie algebroid A of I" is isomor-
phic to 7*M as a vector bundle, and the isomorphism A : A — T*M is characterized by

a)b(})) = a*nfor X e I'(A) and np € QY (M). In general, we have
— <«
N " (P) =g, (A &) (P) =B,

forall P € T'(A\X A) and ¢ € QF(M).

Define ¢ € Q3(M) as the 3-form on M such that (/\3 a)b)(?Z)) = o*¢ or, equiva-
lently, o= (/\3 I1%) (a*¢). Using the fact that IT* is the inverse of w”, (/\3 ") (dw) =
3[I1, T}, and (4.66), we deduce that

AT (do) = LI, T =6 — & = (A’ ) @*¢ — B*¢).

As a consequence, dw = a*¢ — f*¢.
Let [Ty = «, I1. We will prove that

AM=8P) =8(M(P)) for P e (A" A), (4.70)
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where 817 is the 2-differential corresponding to IT (see Theorem 2.34), and 6 : Q*(M) —
Q**+1(M) is the map characterized by

Sf=df, VfeC®WM), sn=dyp—T50) J¢, VneQ'M).

From Lemma 2.4 in [8], we know that §f = df = —A(Snf). If n € Q'(M) and
%
X € I'(A) are such that A(X) = n (thatis, X = Hj(oe*n)), then using the relation

(A?TIHdy = [M%(y), ] — L(y I, 0], Vy € Q'(M),
and (2.19) and (4.66), we obtain
(A2 TTH)da*y = [T (@), TT] — (e*n (8 — Q)
_ _—> _ * 3t ¥4 gk
= —8nX — (@ n J (N’ ) (@ ¢ — B*d))).
Applying /\2 " to both sides of this equation and using
(A2 )@ n J(N T (g — B*9))) = —a* (TT5, () ),

we conclude that N
—(A2 ") X) = a*(dn — T, () ).

That is, —A(dp X) = 87n. As a consequence, by (4.67), (4.70) and since A(2) = ¢, we
have §¢ = 0, and d¢ = 0. Thus, we conclude that (I' = M, w, ¢) is a nondegenerate
twisted symplectic groupoid. O

4.2. Quasi-Poisson groupoids and quasi-Lie bialgebroids

In this subsection, we will describe the infinitesimal invariants of quasi-Poisson group-
oids, namely quasi-Lie bialgebroids. The notion of quasi-Lie bialgebroid was first intro-
duced by Roytenberg [33]. Here, we give an alternative definition using 2-differentials.

Definition 4.6. A quasi-Lie bialgebroid corresponds to a 2-differential whose square is
a coboundary, i.e., § : T(A\*A) — F(/\'J’1 A) such that § o § = [, -] for some
Q e I(A? A) satistying §Q = 0.

An interesting example of a quasi-Lie bialgebroid is the following:

Example 4.7. Recall that [34, (1)] a twisted Poisson structure (M, , ¢) is a bivector
field 7 € X2(M) and a closed 3-form ¢ € Q3 (M) such that

U, 7l = (AN’ 7)), 4.71)

where 7 is the bundle map T*M — TM induced by 7 (i.e. 78 (X)) (o) == 7 (x)(o, )
forx € M and o € TM). As explained in [34], a twisted Poisson structure induces a
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Lie algebroid structure on 7*M with anchor map 7% and Lie bracket of sections ¢ and t
defined by

lo, 7] := L1(0)T — Lyi(o —dm(o, 7) + o (i), 74 (1), ). 4.72)

We will denote this Lie algebroid by (T*M),¢). Sections of its exterior algebra are
ordinary differential forms. There is a derivation 8z ¢ : Q*(M) — Q* (M) deform-
ing the de Rham differential d by ¢, which is defined as follows. For f € C°°(M),
Sxof =df,and 8y 40 = do — P(0) I if o € QI(M). It turns out that 8, y[o, T] =
[87,90,T] + [0,85 7] forall 0,7 € Q'(M), and 87214, = [¢, -]. Thus, one obtains a
quasi-Lie bialgebroid ((T*M)(z,¢), 6x,¢), which was first described in [8, p. 188].

A direct consequence of Lemma 2.32 is the following

Proposition 4.8. Let (A, §, Q) be a quasi-Lie bialgebroid. Then § induces a bivector
field Ty on M such that

Hrm, il = Q. [, Qul =0,

where 2y is the 3-vector field Q2pr = p(2), and p : F(/\3 A) > .'{3(M) is the extension
of the anchor map.

Now we are ready to state the main theorem of this section: quasi-Lie bialgebroids are
indeed the infinitesimal invariants of quasi-Poisson groupoids.

Theorem 4.9. If (I' = M, I, Q) is a quasi-Poisson groupoid, then there exists a natural
quasi-Lie bialgebroid structure (8, 2) on the Lie algebroid A of T.

Conversely, if (A, 8, Q) is a quasi-Lie bialgebroid, where A is the Lie algebroid of an
a-connected and a-simply connected Lie groupoid T, then there exists a quasi-Poisson
groupoid structure (I1, Q) on T such that the corresponding quasi-Lie bialgebroid is
(6, Q).

Proof. Let (I' = M, II, Q) be a quasi-Poisson groupoid. Since IT is a multiplicative
bivector field, it induces a 2-differential 511 on A according to Theorem 2.34. In addition,
since I1 — 4y preserves the graded Lie algebra structures, (2.17) and (4.66) imply that

81 0 81 = 5[, 8n] = ad(<).

Moreover (4.67) yields ér1(€2) = 0. As a consequence, (A, 811, 2) is a quasi-Lie bialge-
broid.

Conversely, let (A, §, ) be a quasi-Lie bialgebroid. Since § is a 2-differential, ac-
cording to Theorem 2.34, there exists a multiplicative bivector field IT on I' such that
o = 8. On the other hand, the 3-differential ad(€2) can be integrated to the multiplicative

3-vector field ?2) - (5 In addition, using the identity § o § = [2, -], we have

S = [6.8] =28 08 = 2ad(Q) = 265 _5.
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Thus, by Theorem 2.34 again, we have
1 — <
S = @ — Q.

Moreover, [1'[,?2)] = 51‘1_5)2 = (ﬁ’z = 0. Thus, we conclude that (I" = M, II, Q) is a
quasi-Poisson groupoid integrating the quasi-Lie bialgebroid (A, §, 2). O

Remark. Theorem 4.9 generalizes a result of Kosmann-Schwarzbach regarding quasi-
Poisson Lie groups and quasi-Lie bialgebras [19]. On the other hand, when 2 = 0, that
is, (A, d) is a Lie bialgebroid, we recover the classical results in [27, 29]: there exists a
one-to-one correspondence between Lie bialgebroids and Poisson groupoids.

As another consequence of Theorem 4.9, we recover the construction of the nonde-
generate twisted symplectic groupoid associated with a twisted Poisson manifold [8].

Corollary 4.10. Let (M, m,¢) be a twisted Poisson structure. If the Lie algebroid
(T*M) x4y can be integrated to an a-simply connected and o-connected Lie groupoid T,
then I is a twisted symplectic groupoid.

Proof. Let A : T*M — A be the Lie algebroid isomorphism between the Lie algebroid
A of T and T*M. Denote by § and Q the almost 2-differential and the 3-section of A
respectively such that

Q=21), —A(rpp) =08(R(p), VoeQ'(M), (4.73)

where 85 4 is defined as in Example 4.7. Then (A, §, Q) is clearly a quasi-Lie bialgebroid
induced by the quasi-Lie bialgebroid structure (7*M, 8 ¢, ¢). Therefore, according to
Theorem 4.9, there exists a bivector field IT such that (I' = M, I1, Q) is a quasi-Poisson
groupoid satisfying ;1 = 6. Using (2.19) and (4.73), we have

Mdf) =2@rgf) = =8f = TF(@*df), VfeC¥(M).

Thus, A(n) = IT¥(a*n) for all n € T*M. As a consequence, A* : A* — T M is given by
M) = —a JI(&) for & € A*, where A* is identified with the conormal bundle of M.
Hence, 1*(£) = —TIT%(£), because I1*(£) is tangent to M. Therefore,

M€ +a*df) = —A*(E) + A(df), V& e A*and f e CO(M).

Since any element of the cotangent space T:‘(m) ' (m € M) can be written as £ +a*d f with
& e A*and f € C*(M), and A and A* are injective (X is a vector bundle isomorphism),
it follows that IT is nondegenerate along M. By Theorem 5.3 in [29], one can extend this
nondegeneracy to all points in I". From Proposition 4.5, we conclude that I" is the twisted
symplectic groupoid integrating (M, 7, ¢). O

We end this section with the following proposition, which reveals the relationship between
the bivector fields obtained by Propositions 4.2 and 4.8.
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Proposition 4.11. Let (I' = M, I1, Q) be a quasi-Poisson groupoid, and (A, 811, 2) the
corresponding quasi-Lie bialgebroid. Denote by 1y and mys the bivector fields on M
induced from the quasi-Poisson groupoid structure on T and the quasi-Lie bialgebroid
structure on A as in Propositions 4.2 and 4.8 respectively. Then

MMy =my.
Proof. Let f, g € C°°(M). Then, using (2.19),

—(p(8f),dg) = —(a([IT, " f1]), dg) = M(e"d f, a*dg) = (axI1)(df, dg),

and the conclusion follows. ]

4.3. Hamiltonian I'-spaces of quasi-Poisson groupoids

Let I' = M be a Lie groupoid. Recall that a I'-space is a smooth manifold X with a map
J : X — M, called the momentum map, and an action

PxyX={g el xX|p@=J0}—>X, (gx)—>g-x,
satisfying
1. J(g-x)=a(g) for(g,x) e xy X;
2. (gh)y-x=g-(h-x)forg,h € I"and x € X such that 8(g) = «(h) and J(x) = B(h);
3. e(J(x))-x =x forx € X.
For a Poisson groupoid I', Hamiltonian I"-spaces were introduced in [22]; they generalize
the notion of Poisson actions of Poisson groups. In particular, Poisson reduction theory

works for Hamiltonian I'-spaces, which gives rise to new Poisson manifolds. For quasi-
Poisson groupoids, one can introduce Hamiltonian I"-spaces in a similar fashion.

Definition 4.12. Let (I' = M, I1, Q) be a quasi-Poisson groupoid. A Hamiltonian T -
space is a T'-space X with momentum map J : X — M and a bivector field [Ty € ¥2(X)
such that:

1. the graph of the action {(g,x, g - x) | J(x) = B(g)} is a coisotropic submanifold of
IxXx X, Iy & —Ilyx);

2. %[HX, Mx] = Q, where the hat denotes the map F(/\3 A) = X3(X), induced by the
infinitesimal action of the Lie algebroid on X: I'(A) — X(X), Y +— Y.

Proposition 4.13. Let (I' = M, I1, Q) be a quasi-Poisson groupoid. If (X, I1x) is a
Hamiltonian T'-space with momentum map J, then J maps Ilx to I1y, where 1y is
given by Proposition 4.2.

Proof. The result follows using the coisotropy condition and the fact that (—8*n, J*n, 0),
with n € T*M, is conormal to the graph of the groupoid action. Indeed,

0= I(—=B"n1, =B n2) + (T *n1, J*n2) = (BT + L TIx) (01, 12)

for any ny, m2 € TiM. Thus, J,ITx = —B,I1 =T y. ]
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The following theorem gives an equivalent description of Hamiltonian I"-spaces of quasi-
Poisson groupoids in terms of their infinitesimal objects.

Theorem 4.14. Let (I' = M, I1, Q) be a quasi-Poisson groupoid with the corresponding
quasi-Lie bialgebroid (A, 611, 2). Then (X, I1x) isAa Hamiltonian T"-space with momen-
tum map J : X — M if and only if%[Hx, Ix] = Qand

My, J*f1=8nf. VfeCM), [Ny, 71=5n(Y), VY eT(A). &4

Proof. Using Theorem 7.1 in [22] we know that the coisotropy condition is equivalent to
the following conditions:

1. Forany f € C®(M), X r(x) = (rx)«Xorf (), where x € X, u = J(x) and ry
denotes the map g — g - x from S~ (u) to X.
2. For any compatible (g, x) € I' x1 X,

Mx(g - x) = (La)«Ilx(x) + (Ry)«I1(g) — (Ry)«(Lx)«IT(w),

where u = B(g) = J(x), X is any local bisection through g, and ) is any local section
of J through the point x.

Fror/n\ the first condition and the equality m = [I1, ™ f], it follows that [Ty, J* f]
=dnf.
On the other hand, let x € X and u = J(x). Applying the second condition to the

family of (local) bisections X; = exptY associated to ¥ € I'(A) and g; = (exptY)(u),
one obtains

(L)sTTx (g - %) = Tx (x) + (Ry)« (L x)xT1(g) — (Ry)«TT(w)
for any section Y of J. Then, taking derivatives on both sides, we have
[Mx. 71 =8n(Y).
The other direction follows just by going backwards. O

Remark. Note that (4.74) is equivalent to [ITy, 13] = S/H\P forany P € F(/\k A), k> 0.
That is, the following diagram is commutative:

T(A\* 4) xk(X)
on My, ] Vk > 0.
LA A)—— 1 (X)
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4.4. Twists of quasi-Lie bialgebroids

As for quasi-Lie bialgebras [15], one can talk about twists of a quasi-Lie bialgebroid.
Given a quasi-Lie bialgebroid (A, §, 2) and a section ¢ € F(/\2 A), let 8" =68 +[t, -1,
and Q' = Q + 81 + %[[t, t]. Using (2.14) and the properties of the Schouten bracket, it is
easy to see that (A, §’, Q) is also a quasi-Lie bialgebroid, which will be called the rwist
of (A,8,Q) byt € T(\* A).

The following proposition describes how a twist affects integration (see [1, (3.3.8)]
for the case of quasi-Lie bialgebras).

Proposition 4.15. Assume that (I' = M, I1, Q) is a quasi-Poisson groupoid with corre-
sponding quasi-Lie bialgebroid (A, §, ), and t € F(/\2 A). Then (T = M, T1", Q") isa
quasi-Poisson groupoid with quasi-Lie bialgebroid (A, §', Q'), where TI' = [T+ ¢ — T .

Proof. This is a direct consequence of Theorem 2.34. Note that if IT and IT" are multi-
plicative bivector fields then 817 = 81 +6rp. Also 8?75— = ad(?) (see Example 2.40).

O
Next, we will show how a Hamiltonian I'-space of a quasi-Poisson groupoid (I' = M,

[T, ©2) must be modified in order to obtain a Hamiltonian I'-space for the twisted quasi-
Poisson structure (IT7, Q7).

Proposition 4.16. Assume that (' = M, I1, Q) is a quasi-Poisson groupoid and t €
I'( /\2 A). There is a bijection between Hamiltonian T"-spaces of (I' = M, I1, Q) and
those of (I = M, T1", Q).

More precisely, if (X — M, Ilx) is a Hamiltonian I"-space of (I' = M, I1, Q), then
(X — M, Ty + 1) is a Hamiltonian T -space of (I = M, 1", Q").

Proof. Let (X — M, I1yx) be a Hamiltonian I"-space of the quasi-Poisson groupoid
(I' = M, I1, ). Using Theorem 4.14, we deduce that

My, Pl=6nP forany P € T(AF A), k > 0.

Therefore, from the fact that ), F(/\k A) - B, xKX), Y = Y,isa graded Lie
algebra morphism, one gets

[Mx +7, P1= 80P +[1, P = 5 P.
On the other hand, it is trivial to see that
%[Hx +1, Iy +1] = ?2\’

As a consequence of Theorem 4.14, (X — M, Iy + 1) is a Hamiltonian I"-space of the
quasi-Poisson groupoid (I' = M, IT", Q). |
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4.5. Quasi-Poisson groupoids associated to Manin pairs

In this subsection we will describe an example of a quasi-Poisson groupoid associated to
a quasi-Manin triple.

Let (9, g) be a Manin pair, that is, 0 is an even-dimensional Lie algebra with an invari-
ant, nondegenerate symmetric bilinear form, and g is a maximal isotropic subalgebra of .
In this case, one can integrate the Manin pair (9, g) to the so-called group pair (D, G),
where D and G are connected and simply connected Lie groups with Lie algebras 9 and g
respectively. Furthermore, the action of the Lie group D on itself by left multiplication
induces an action of D on S = D/G, and in particular a G-action on S, which is called
the dressing action. As in [1], the infinitesimal dressing action is denoted by v + vg for
any v € 0.

If b is an isotropic complement of g in 0, by identifying h with g* we obtain a quasi-
Lie bialgebra structure on g, with cobracket F' : g — /\2 g and 3-vector Q € /\3 g If
{e;} is a basis of g and {€’} the dual basis of g* = §, then F(¢;) = % Zj,k FiJkej A ey and
Q=¢2 1 2 ei Aej A er. Moreover, the bracket on 9 = g & b can be written as

n n
k j ik ik
lei ejlo=) cliex, leie€/lo=Y (—c}e* + F/ er),
k=1

k= (4.75)

n
[€,e/lo =) (F/e" + Qltep),
k=1

where cf.‘j are the structure constants of the Lie algebra g with respect to the basis {e; }.

Example 4.17. Let g be a Lie algebra endowed with a nondegenerate symmetric bilinear
form K. On the direct sum 0 = g @ g one can construct a scalar product (-|-) by

((u1, u2)|(v1, v2)) = K(uy, v1) — K(uz, v2)

for (u1, uy), (v, v2) € 0. Then, (0, A(g), %A_(g)) is a quasi-Manin triple, where A (v)
= (v,v)and A_(v) = (v, —v) for v € g (see [1]). In this case, as far as the corresponding
quasi-Lie bialgebra is concerned, the cobracket F' vanishes and €2 can be identified with
the trilinear form on g given by (u, v, w) > %K(w, [u, v]g).

Let A : T;*S — g be the dual map of the infinitesimal dressing action g* = h — TS.
That is,

(A(Os5), m) = (65, ns(s)), VO € TS andn € bh.

A direct consequence is that

Mdf) =3 (€)s(fe  for f e CO(S). (4.76)
i=1
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Remark 4.18. Recall that an isotropic complement b is said to be admissible at a point
s € § = D/G if the infinitesimal dressing action restricted to h defines an isomor-
phism from b onto 7S [1]. In this case, we can define an isomorphism from g to 7,*S,

§ = &p(s), by
(5p(s), ms(s)) = —(&Im), Vneb,

where on the right hand side, (-|-) is the bilinear form on 2. (9, g, h) is said to be an
admissible quasi-Manin triple if ) is admissible at every point of S. In this case, if A(65) =

& then §p(s) = —

Next, we will show that on the transformation Lie algebroid g x § — S there exists a
natural quasi-Lie bialgebroid structure.

Proposition 4.19. Assume that (0, g, b) is a quasi-Manin triple with associated quasi-
Lie bialgebra (g, F, Q). On the transformation Lie algebroid g x S — S (where g acts
on S by the infinitesimal dressing action) define an almost 2-differential

8(f)=xrdf) forfeCx(®), & =—F¢) for&eg, 4.77)

where X is defined by (4.76) and § € g is considered as a constant section of the Lie
algebroid g x S — S, extending this operation to all sections using the derivation law.
Then (g x S, 8, Q) is a quasi-Lie bialgebroid.

Proof. We remark that it suffices to check the axioms of a quasi-Lie bialgebroid for func-
tions on S and constant sections of gx S, since the general case follows from the derivation
law.

If f € C*°(S), then by (4.75),

82f =) 8((e)s(fe) = Z (€)s(eNs(flej Aei + Z(e )s(f)8(ei)
i=1

i,j=1

=Y (()s(e)s(f) = ()s)s(f))ei Aej + Z@‘)s(f)a(ei)
=1

i<j
= (€, e/ T)s(fei Aej + Z(ek)s(f>a<ek>
i<j
= ZZ (F()s() + Q7 er)s(f))ei A ej — Z(e )s(N Y Fleine
i<j k=1 i<j
= ;; Qijk(ek)s(f)ei Aej = %,]Zk:l Qijk(ek)s(f)ei Aep =2, f1.

Moreover, since (g, F, 2) is a quasi-Lie bialgebra, we have

8% =[Q,€l, Vieg.
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Next, let us show that 8[[&, f1| = [, f1 + [&,8f] for & € gand f € C°°(S). Taking
& = e; and using (4.75), we obtain

I8ei. f1+1ei 8f1—8ler. Fl =Y (ep)s(HIF ex + Y (en)s(e))s(fej
=1

J.k=1 j

+ Z (E‘/)S(f)czkjek — Z(Gj)s(ei)s(f)ej
=1

jk=1

= ((ese)s(fej — (€))slen)s(fe;)
=1

J

+ 3 (epstHFS + @)s(f)ek)er

k=1

= > lens. €)sl(Nej — D (Frex = c)e)s (e
j=1

jk=1

=Y lens. (€)sl(Ne; -
j=1

(lei, €/T0)s(f)ej = 0.
J =1

J

Since also §[&1, &2] = [8&1, &2] + [€1, 8&>] for any &1, & € g, the conclusion follows. O

Now, consider the transformation groupoid I' : G x S = § associated to the dressing
action. Theorem 4.9 implies that I" is a quasi-Poisson groupoid. In what follows, we will
explicitly describe the multiplicative bivector field IT on I'.

The fact that (g, F, 2) is a quasi-Lie bialgebra implies that G is a quasi-Poisson Lie
group with multiplicative bivector field denoted by I1s. Moreover, there exists a bivector
field g on S given by [Ty = — Y7 (e))s ® (€)s, i.e.,

Ms(df.dg) = — Y ()s(Flensg).  Vf.ge (). (4.78)
i=1

Using Proposition 4.8 and (4.77) and (4.78), we directly deduce the following:

Proposition 4.20. Ler (0, g, ) be a quasi-Manin triple and (g x S — S, 8, Q) the cor-
responding quasi-Lie bialgebroid. Then the bivector field on S induced by § as in Propo-
sition 4.8 coincides with Tlg = — Y7 (¢;)s Q (€')s.

Proof. Forall f, g € C*(S),

—(8f)s(8) ==Y _(e)s(f)(ei)s(g) = Ms(df, dg). o
i=1
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Example 4.21. Let g be a Lie algebra endowed with a nondegenerate symmetric bilinear
form K and consider the corresponding quasi-Manin triple (0, A(g), %A_(g)) (see Ex-
ample 4.17). Then g acts on S = G by the adjoint action and the 2-differential is given
by

I« 4 00 _
s<f>—2;(el+e,><f>el, VfeC®(G), 8 =0, Vieg,

where {e;} is an orthonormal basis of g. Moreover, the bivector field on G induced by § is

1 n
Ig = 5 <€7 N ?l')v
i=1
which was first obtained in [1] (see also [2]).

Now we are ready to describe the quasi-Poisson groupoid structure on the transfor-
mation groupoid G x S =2 S.

Theorem 4.22. Assume that (0, g, b) is a quasi-Manin triple. Define a bivector field T1
on G x S by

[1((G. 65). (0. 6)) = TG (0. 0,) — 565, 6))
{00, (LE8y)s) — {65, (LE6L)s) (4.79)

forany (g,5) € G x S, g, 9£, € T;G, and 0, 0; € TS, where (L;Gg)s denotes the
vector field on S corresponding to the dressing action of Ly, € g* = h C 0, and
similarly for (L;;@é,)s. Then (G x § = S, I, Q) is a quasi-Poisson groupoid integrating
the 2-differential 5 given by (4.77).

Proof. Let Il be the multiplicative bivector field on G x § integrating §. Then, by Propo-
sitions 4.11 and 4.20 and the fact that (g, s) = s for any (g,s) € G x S,

I((0,df), (0,dg)) = TI(B*(df), B*(dg)) = (B ID)(df, dg) = —T5(d [, dg).

Therefore,
I1((0, 6y), (0, 6,)) = —Is(6s, 6;), VOy,0; € T,"S.

Next, if f € C*°(S) and 0, € T;‘G, then from (2.19), (4.76) and (4.77), it follows that

(0, d ), (B, 0) = (TIF(B*(d 1)), (B, 0)) = —(L(g.5)x(8f), (6, 0)
—((Lg)«(8f), 0g) = —(8f. Lgbg) = —(df, (L30)s).

Thus,
I1((0, 8y), (6., 0)) = — (b, (L:,Gg)g) for 6, € T;G, Os € T)S.

Finally, fixing s € §, we write I1; for the bivector field on G defined by IT;(g)(6,, Gé) =
(g, s)((6g, 0), (0., 0)). Then it is clear that IT, is a multiplicative bivector field on G.

— —
Moreover, if £ € g is considered as a constant section of g x § — S, then § = (&5, 0),
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where ?G is the unique right invariant vector field on G through &. Using (2.19) and
@4.77), we get

—

([T, EG).0) = [I1,E | = 8¢ = (—F(€)c.0) = (—[ £¢. ). 0) = ([TIg. & 1g. 0).

=

As a consequence, I coincides with I1g, that is,
(0, 0), (0, 0)) = M0, 0,), V0.0, € T7G.

Summing up, the multiplicative bivector field IT integrating 6 is the one given by (4.79),
and (I' = S, I1, ) is a quasi-Poisson groupoid. O

Example 4.23. In the particular case when § is also a Lie subalgebra of 9, that is, (9, g, )
is a Manin triple, then Q2 = 0 and (G, I1g) is a Poisson group. Moreover, if the dressing
action is complete, we have D/G = G*, the dual Poisson group. Thus, we recover a
Poisson groupoid structure on G x G* = G*, whose Poisson bivector field is described
in [23].

On the other hand, when the dressing action is not complete, we can still have a
Poisson groupoid G x (D/G) = D/G, while the groupoid G x G* = G* does not exist
any more. It would be interesting to study the relation between this Poisson groupoid and
the symplectic groupoid of Lu—Weinstein [25].

From Examples 4.17 and 4.21 and Theorem 4.22, one can deduce the following:

Corollary 4.24. Assume that g is a Lie algebra endowed with a nondegenerate symmetric
bilinear form K, and G is the corresponding connected and simply connected Lie group.
Then the transformation groupoid G x G = G, where G acts on G by conjugation,
together with the multiplicative bivector field I1 on G x G:

"<——><—<——>—>>

1
(g, s) = 3 Z(e,-2 Anel —e? nel — (Adg-1 e’ Ael
i=1

and the bi-invariant 3-form Q = %K(', [,y € /\3 gt = QGG on G, isa quasi-
Poisson groupoid. Here {e;} is an orthonormal basis of g and the superscript refers to the
respective G-component.

Remark. We remark that, under the change of coordinates (g, s) — (a, b) = (s~'g71 9),
[T becomes the bivector field on G x G obtained in Example 5.3 of [2], i.e.,

noo— = = <

1 1 2 1 2
HZEZ(EI' Ae; + e; /\e,-).

i=1
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4.6. D/G momentum maps

Next, we investigate the relation between quasi-Hamiltonian spaces with D/G-moment-
um map in the sense of [1] and Hamiltonian I'-spaces, where I' is the quasi-Poisson
groupoid G x § =3 § associated to a quasi-Manin triple (0, g, f)) as described in Sec-
tion 4.5.

First, we recall the notion of a quasi-Hamiltonian space with D/G-momentum map.

Definition 4.25 ([1, Def. 4.1.5]). Let (G, I1g, 2) be a connected quasi-Poisson Lie
group acting on a manifold X with a bivector field [Ty. The action ® : G x X — X
of G on X is said to be a quasi-Poisson action if

&, (Ig @ M) = My, (4.80)

3[Mx, Mx] = Qx, (4.81)

where Qx € X3(X) is defined using the map /\3 g — X3(X) induced by the infinitesimal
action.

Now, we recall the definition of a quasi-Hamiltonian action with a momentum map J.

Definition 4.26. Let ® be a quasi-Poisson action of a quasi-Poisson Lie group
(G, g, 2) on (X, ITy). A G-equivariant map J : X — S is called a momentum map if
Hg((J*GS) =—(())x forbs eT/S, (4.82)

where G acts on S by dressing action. The action is called quasi-Hamiltonian if it admits
a momentum map and X is then called a quasi-Hamiltonian space.

Remark. Our definition does not require any assumption on (9, g, §). In [1, Def. 5.5.1],
the isotropic complement h to g in 0 is required to be admissible on J(U), U being
any open subset of X (see Remark 4.18 for the notion of admissibility). Therefore, our
definition is more general than that in [1].

Proposition 4.27. Let (G, [, 2) be a quasi-Poisson Lie group. If X is a quasi-Hamil-
tonian space then the momentum map is a bivector map from (X, I1x) to (S, Ig), i.e.,

J. I x = Ig. (4.83)
Proof. Let f, g € C*°(S). Using (4.76), (4.82) and G-equivariance, we have
Mx(J*df, J*dg) = (M (J*df), J*dg) = —J(h(d )x)(g)
= —(A(d[f))s(g) = Is(df, dg). o

Theorem 4.28. Let (0, g, h) be a quasi-Manin triple. If (X, Ilx) is a quasi-Hamiltonian
space with momentum map J : X — S, then X is a Hamiltonian I"-space, where T is the
quasi-Poisson groupoid (G x S = S, I1, Q). Here the T"-action is given by

(g,8) - x=P(g,x) forgeG,s € Sandx € X such that J(x) = s, (4.84)

and ®(g, x) denotes the G-action on X.
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Conversely, if (X, Ilx) is a Hamiltonian T -space with momentum map J : X — S,
then (X, Ily) is a quasi-Hamiltonian space with momentum map J : X — S, where the
G-action on X is given by

(g, x)=(g,J(x))-x forgeGandx € X.

Proof. First of all, using the fact that J : X — S is G-equivariant, we know that &
can be extended to an action of I" on X by (4.84). In addition, the conormal space of
the graph of the I"-action at a point ((g, x), s, P (g, x)) is spanned by vectors of the form
(—(9,)*0,0, —(P,)*0,0) for 6 e T$(g’x)X and (0, y, —J*y,0) for y € T,;*S. We ac-
cordingly divide our proof into three cases:

Case 1. The two covectors are of the first type. From the definition of IT (see (4.79)) we
see that the coisotropy condition is equivalent to

D, (Ilg @ M) = M.

Case 2. The two covectors are of the second type. From (4.79), we deduce that [T @ I1x
@ —IIx being coisotropic is equivalent to

J Iy = Ig.

Case 3. One covector is of the first type and the other of the second. In this case, the
coisotropy condition is just the momentum map condition, i.e.,

5 (J*y) + ((y)x = 0.

Finally, we note that (4.81) is equivalent to %[H x,x] = Q. O

In [2], the authors study quasi-Hamiltonian spaces for the particular case when the Manin
pair is the one associated with a Lie algebra g endowed with a nondegenerate symmet-
ric bilinear form K (see Example 4.17). We now recall their definitions and discuss the
relation with Hamiltonian I"-spaces of quasi-Poisson groupoids.

Definition 4.29 ([1, 2]). A quasi-Poisson manifold is a G-manifold X equipped with an
invariant bivector field ITy such that

3[Mx, Mx] = Qy.

Moreover, one can also introduce the following specific definition of momentum
maps.

Definition 4.30 ([1, 2]). An Ad-equivariantmap J : X — G is called a momentum map
for the quasi-Poisson manifold (X, ITy) if

M d(J* ) = (J*Df)x. ¥feC¥QG),

where D : C®(G) — C®(G, g) is defined by Df = + Y"1 (& + & )(f)e;. The triple
(X, Iy, J) is then called a Hamiltonian quasi-Poisson manifold.
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Remark. Note that the operator D is exactly the 2-differential § on the Lie algebroid
g x § — § applying to functions (see Example 4.21).

As a consequence of Theorem 4.28 we deduce the following

Corollary 4.31. Let G be a Lie group with Lie algebra g endowed with a nondegener-
ate symmetric bilinear form K. If (X, 1) is a Hamiltonian quasi-Poisson manifold with
momentum map J : X — G, where the action is denoted by (g, x), then X is a Hamil-
tonian I'-space, where T is the quasi-Poisson groupoid (G x G = G, I1, Q) obtained in
Corollary 4.24. Here the I'-action is given by

(g,8) - x=P(g,x) forgeG,s e Sandx € X suchthat J(x) =s.

Conversely, if (X, llx) is a Hamiltonian T'-space with momentum map J : X — G,
then (X, lly) is a quasi-Poisson manifold with momentum map J : X — G, where the
G-action on X is given by

D(g,x)=(g,J(x))-x forgeGandx € X.

It is thus natural to expect that, for any Hamiltonian I'-space, there is a general Pois-
son reduction theory, which generalizes the reduction theory of Alekseev, Kosmann-
Schwarzbach and Meinrenken [2] for quasi-Poisson spaces. This will be investigated
elsewhere.
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