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Abstract. We construct an invariant weighted Wiener measure associated to the periodic deriva-
tive nonlinear Schrodinger equation in one dimension and establish global well-posedness for data
living in its support. In particular almost surely for data in a Fourier-Lebesgue space FL*"(T)
withs > 1/2,2 <r < 4, (s — 1)r < —1 and scaling like Hl/zfe(']l‘), for small € > 0. We also
show the invariance of this measure.

1. Introduction

In the past few years, methods such as those by J. Bourgain (high-low method, e.g. [5,
6]) on the one hand and by J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T. Tao
(I-method or method of almost conservation laws, e.g. [15, 16, 17]) on the other, have
been applied to study the global in time existence for dispersive equations at regulari-
ties which are right below or in between those corresponding to conserved quantities. It
turns out, however, that for many dispersive equations and systems there still remains a
gap between the local in time results and those that could be globally achieved. In those
cases, it seems natural to return to one of Bourgain’s early approaches for periodic dis-
persive equations (NLS, KdV, mKdV, Zakharov system) [3, 4, 5, 7, 8, 9] where global in
time existence was studied in the almost sure sense via the existence and invariance of
the associated Gibbs measure (cf. Lebowitz, Rose and Speer’s and Zhidkov’s works [30],
[48]). More recently this approach has been used for example by N. Tzvetkov [44, 45]
for subquintic radial nonlinear wave equation on the disc, N. Burq and N. Tzvetkov [12,
13] for subcubic and subquartic radial nonlinear wave equations on 3d ball, N. Burq,
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L. Thomann, and N. Tzvetkov [11] for the nonlinear Schrédinger equation with har-
monic potential, and by T. Oh [33, 34, 35, 36] for the periodic KdV-type coupled systems,
Schrodinger—-Benjamin—Ono system and white noise for the KdV equation.

Failure to show global existence by Bourgain’s high-low method or the I-method
might come from certain ‘exceptional’ initial data set, and the virtue of the Gibbs mea-
sure is that it does not see that exceptional set. At the same time, the invariance of the
Gibbs measure, just like the usual conserved quantities, can be used to control the growth
in time of those solutions in its support and extend the local in time solutions to global
ones almost surely. The difficulty in this approach lies in the actual construction of the
associated Gibbs measure and in showing both its invariance under the flow and the al-
most sure global well-posedness, since, on the one hand, we need invariance to show
global well-posedness, and on the other hand we need globally defined flow to discuss
invariance.

Our goal in this paper is to construct an invariant weighted Wiener measure associated
to the periodic derivative nonlinear Schrodinger equation DNLS in (2.1) in one dimension
and establish global well-posedness for data living in its support. In particular almost
surely for data in a Fourier—Lebesgue space F L®" defined in (2.2) below (cf. [27, 21, 14,
22]) and scaling like H 1/2=€(T), for small € > 0. The motivation for this paper stems
from the fact that by scaling DNLS should be well-posed for data in H, o > 0, but the
results obtained so far are much weaker.

Local well-posedness is known for o > 1/2 for the nonperiodic [40] and periodic
[26] cases while global well-posedness is known for o > 1/2 for the nonperiodic case
(0 > 1/2in[16] and o > 1/2in [31]) and for 0 > 1/2 in the periodic case [47]. Further-
more, in the nonperiodic case the Cauchy initial value problem for DNLS is ill-posed for
data in H° (R), o < 1/2 [40], [2], a strong indication that ill-posedness should also be
expected in the periodic case in that range. Griinrock and Herr [22] have recently estab-
lished local well-posedness for the periodic DNLS in Fourier-Lebesgue spaces F L%,
which for appropriate choices of (s, r) scale like H? (T) for any o > 1/4. Their result is
the starting point of this work (cf. Section 2 for a more detailed discussion).

The measure we construct is based on the energy functional rather than the Hamilto-
nian. Hence we simply refer to it as weighted Wiener measure rather than Gibbs measure
since the name ‘Gibbs measure’ has traditionally been reserved for those weighted Wiener
measures constructed using the Hamiltonian. By invariance of a measure ;« we mean that
if @ (¢) denotes the flow map associated to our nonlinear equation then @ (¢) is defined for
all t € R, pu-almost surely and for all f € L'(x) and all 7 € R,

/f(¢(t)(¢))u(d¢) =/f(¢>)u(d¢)-

In general terms our aim is to construct a well defined measure w so that local well-
posedness of the periodic DNLS holds in some space 5 containing the support of x. Then
we show almost sure global well-posedness as well as the invariance of ¢ via a combina-
tion of the methods of Bourgain and Zhidkov [48] in the context of NLS, KdV, mKdV. In
implementing this scheme however we need to overcome two main obstacles due to the
need to gauge the equation to show local well-posedness (e.g. [40, 26]) and to construct
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an invariant measure. The symplectic form associated to the periodic gauged derivative
nonlinear Schrodinger equation GDNLS in (2.6) does not commute with Fourier modes
truncation and so the truncated finite-dimensional systems are not necessarily Hamilto-
nian. The first (mild) obstacle is to show the conservation of the Lebesgue measure asso-
ciated to the finite-dimensional approximation to the periodic gauged derivative nonlinear
Schrodinger equation FGDNLS, defined in (3.1) by hand, rather than by using the Hamil-
tonian structure. The second obstacle is much more serious and is at the heart of this
work. The energy £ defined in (2.13) associated to the gauged periodic DNLS! which
we prove to be conserved in time, ceases to be so when computed on solutions of the
finite-dimensional approximation equation, that is, %5 (vN ) # 0, when v is a solution
to the finite-dimensional gauged DNLS (see (4.9)). In other words the finite-dimensional
weighted Wiener measure is not invariant any longer and unlike in Zhidkov’s work [48]
on KdV we do not have a priori knowledge of global well-posedness. We show however
that it is almost invariant in the sense that we can control the growth in time of £(v™)(¢).
This idea is reminiscent of the I-method. However, while in the I-method one needs to
estimate the variation of the energy of solutions to the infinite-dimensional equation at
time ¢ smoothly projected onto frequencies of size up to N, here one needs to control
the variation of the energy £ of the solution v" to the finite-dimensional approxima-
tion equation FGDNLS. We note that the loss in energy conservation for solutions to the
finite-dimensional equation is principally due to the manner one chooses to approximate
the infinite-dimensional gauged equation by using Fourier projections onto the first Nth
frequencies. In [3] Bourgain describes an alternative approach that relies on using a dis-
crete system of ODE which seems to preserve the conservation of energy. This approach
however entails a number of other difficulties, for one needs to replace the circle T by the
cyclic group Zy and carry out the analysis on cyclic groups. We choose not to follow this
path here.

We expect the ungauged invariant Wiener measure associated to DNLS (2.1) we ob-
tain in Section 7 to be absolutely continuous with respect to the weighted Wiener measure
constructed by Thomann and Tzvetkov [42]. This question is addressed in a forthcoming
paper [32].

The paper is organized as follows. In Section 2 we present some general background,
notation and results on the derivative nonlinear Schrédinger equation in one dimension.
In Section 3 we discuss FGDNLS. In Section 4 we overcome the first two obstacles men-
tioned above. Namely we prove the invariance of the Lebesgue measure associated to
FGDNLS and devote the rest of the section to prove our energy growth estimate Theorem
4.2.In Section 5 we carry out the construction of the weighted Wiener measure associated
to the GDNLS. In Section 6 we prove the almost sure global well-posedness result for the
GDNLS and the invariance of the measure constructed in section 5. Finally in Section 7
we translate back our results to the ungauged DNLS equation.

Notation. Whenever we write a+ for a € R we mean a + ¢ for some ¢ > 0; similarly
for a—. In addition, we write A < B to mean there exists some absolute constant C > 0
such that A < CB.

I we emphasize £ is not the Hamiltonian of the gauged DNLS.
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2. The derivative NLS equation in one dimension

The initial value problem for DNLS takes the form

{u, — ity = A(|ulPu)y, 2.1)

u‘t:O = uo,

where either (x,7) e Rx (=T, T)or (x,t) € T x (=T, T) and A is real. In this paper we
will take A = 1 for convenience. DNLS is a Hamiltonian PDE whose flow conserves also
mass and energy, i.e. the following quantities are conserved in time? (cf. [28, 25, 26]):

mass: M(u)(t)=/|u(x,t)|2dx,
2 3 2——— 1 6
energy: Eu)(t) = [ |uyl dx+51m uuuxdx+§ lul” dx,
1
hamiltonian: H (#)(t) = Im f uity dx + 5 f lu|* dx.

DNLS was introduced as a model for the propagation of circularly polarized Alfvén
waves in a magnetized plasma with a constant magnetic field (cf. Sulem—Sulem [39]).
The equation is scale invariant for data in L2, ie. if u(x, ) is a solution then u,(x, 1) =
a®u(ax, a’t) is also a solution if and only if & = 1/2. Thus a priori one expects some
form of existence and uniqueness results for (2.1) for data in H?, o > 0. Many results
are known for the Cauchy problem with smooth data, including data in H', such as those
by M. Tsutsumi and I. Fukuda [43], N.Hayashi [23], N. Hayashi and T. Ozawa [24, 25]
and T. Ozawa [37] and others (cf. references therein).

In looking for solutions to (2.1) we face a derivative loss arising from the nonlinear
term (|u|2u) o= utuy + 2|u |2u + and hence for low regularity data the key is to somehow
make up for this loss.

For the nonperiodic case (x € R) Takaoka [40] proved sharp local well-posedness
(LWP) in H'/2(R) relying on the gauge transformation used by Hayashi and Ozawa [24,
25] and the so-called Fourier restriction norm method. Then, Colliander—Keel-Staffilani—
Takaoka and Tao [15, 16] established global well-posedness (GWP) for data in H? (R),
o > 1/2, of small L? norm using the so-called I-method on the gauge equivalent equa-
tion (see also [41]). Here, small in L? just means less than an appropriate constant /27 /A
which forces the associated ‘energy’ to be positive via the Gagliardo—Nirenberg inequal-
ity. This result was recently improved by Miao, Wu and Xu to ¢ > 1/2. The Cauchy
initial value problem for DNLS is ill-posed for data in H° and ¢ < 1/2 (data map fails to
be C3 or uniformly C 0 [40], [2]). In [21] A. Griinrock proved that the nonperiodic DNLS
is locally well-posed in the Fourier-Lebesgue spaces FL°®"(R) which for appropriate
choices of (s, r) scale like H? (R) for any o > 0 (cf. (2.2) below).

In the periodic setting, S. Herr [26] showed that the Cauchy problem associated to
periodic DNLS is locally well-posed for initial data u(0) € H° (T), o > 1/2, in the sense

2 In fact, DNLS is completely integrable.
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of local existence, uniqueness and continuity of the flow map. Herr’s proof is based on an
adaptation to the periodic setting of the gauge transformation introduced by Hayashi [23]
and Hayashi and Ozawa [24, 25] on R, in conjunction with sharp multilinear estimates for
the gauged equivalent equation in periodic Fourier restriction norm spaces X*-? that yield
local well-posedness for the gauged equation. Moreover, by use of conservation laws, the
problem is also shown to be globally well-posed for ¢ > 1 and data which is small in
L? (as in [15, 16]) [26]. More recently, Win [47] applied the I-method to prove GWP in
H°(T) foro > 1/2.

A. Griinrock and S. Herr [22] showed that the Cauchy problem associated to DNLS
is locally well-posed for initial data ug € FL*"(T) with2 < r < 4 and s > 1/2 where

luoll Frsrcry == I1in) Uolley z)- (2.2

These spaces scale like the Sobolev H? (T) ones where ¢ = s+ 1/r —1/2. The proof
is based on Herr’s adapted periodic gauge transformation and new multilinear estimates
for the gauged equivalent equation in an appropriate variant of Fourier restriction norm
spaces X ;5 introduced by Griinrock—Herr [22].3

For s,b € R, r,q > 1 we define the space Xﬁ,’g as the completion of the Schwartz
space S(T x R) with respect to the norm

. ) 2\b=
leell s 2= 14n)* (2 47w, D)y g
where first we take the L norm and then the £/, one. We also define the space
. s 2\b=
lullgso = l{n)* (T —n")un, Olly 19,
ngi—

and note that € X' if and only if & € Xj’;’,_
For § > 0 fixed, we define the restriction space Xﬁ,’g (8) of all v = ul[_s,s5) for some

u € ijg with norm

3 . 5,b
”U”Xﬁgé’(a) = mf{”””x;?;;’ ‘u € Xi’q and v = ul[—s s}

When we take ¢ = 2 we simply write X:;7 = X5". Note X;g = X%t Later we will also

use the space

172 s,
Z:8) = X, 2 @) N X2 0).

Some simple embeddings are as follows. For s, by, by € R,r > 1 and by > by + 1/2,
X0 XpP? and XP) € C(R, FL™)
which follow by Cauchy—Schwarz with respect to the L% norm and by F~'L! ¢ L™

respectively. In particular

Z)(8) Cc C([—8, 8], FL*").

3 Note that in our notation the indices (r, ¢) are the dual of the corresponding ones in Griinrock—
Herr [22].
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We finally recall the following estimate* heavily used in the proof of Theorem 4.2
below.

Lemma 2.1 ([22, Lemma 5.1]). Let 1/3 <b < 1/2ands > 3(1/2 — b). Then
luvwll 2 S lull o lvllgso lwll xos.
In particular if b = (1/2)—, then
w <
vl 2, S el oy W0l oyl gy 2.3)
for small € > 0; while when b = (1/3)+,

w <
vl g, < Nl g0l gyl gy, 2.4)

2.1. The periodic gauged derivative NLS equation

We first recall S. Herr’s gauge transformation. For f € L2(T), let
G(N)(x) :==exp(=iJ(f)) f(x)
where

1 2r  px 1
sw =5 [ f (If(y)lz - Ellfllim)) dy db. @5)

Note G(f) is 2m-periodic since its integrand has zero mean value. Then for u €
C([—T, T1; L*(T)) and m(u) := 5 [1 lu(x,0)|dx the adapted periodic gauge is de-
fined as’

Gu)(, x) := Gu@®)(x — 2tm(u)).

Note the L2 norm of G(u)(t, x) is still conserved since the torus is invariant under trans-
lation. The map

G:C(-T.T; H°(T)) —» C([-T,T]; H°(T))

is a homeomorphism for any ¢ > 0 and locally bi-Lipschitz on subsets of
C([-T,T]; H°(T)) with prescribed [lu(0)];2 ([26]). Moreover the same is true if we
replace H° (T) by FL*" withs > 1/2 —1/r when2 < r < ocoands > 0 whenr = 2
([22]).

Then if u is a solution to DNLS (2.1) and v := G(u) we see that v solves the gauged
DNLS equation (GDNLS)

U — iVgy = —02T + %|v|4v —iv (v —im@)v|*v (2.6)

4 This is a trilinear refinement of Bourgain’s LG(T) Strichartz estimate [10].
5 Recall m(u)(t) is conserved under the flow of (2.1).
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with initial data v(0) = G(u(0)), where
m)(t) = i/ lv(x, 1)|? dx, 2.7
2 T
V) (1) = —l/ Im(vvy) dx + l/ lo[*dx — m(v)>. (2.8)
T Jr 4 T

Note that m(v) is conserved in time, more precisely m(v)(t) = % fT v(x,0)|>dx =
m(u), and both m(v) and v (v) are real.

The initial value problem associated to (2.6) with data in FL%"(T) is locally well-
posed in Z$(8),2 < r < 4,s > 1/2, for some § > 0. This was proved in Theorem 7.2
of [22].

Remark 2.2. Local well-posedness for GDNLS (2.6) implies local existence, uniqueness
and continuity of the flow map for DNLS (2.1) [26, 22]. One cannot however carry back
to solutions to DNLS all the auxiliary estimates coming from the local well-posedness
result for GDNLS.

Now we show how the energy E (1) and H (1) transform under the gauge. Let u be
the solution to DNLS (2.1) and define

w=e Wy,

Then w solves GDNLS (2.6) with the extra m (w)w, term in the linear part of the equation
[26]. So the gauge transform is, properly speaking, the transformation w = e~/ @y
followed by the transformation

vix,t) = w(t, x —2m(w)t).

But all the terms involved in the conserved quantities we considered are invariant under
this second transformation w +> v (the torus is invariant under translation). We also
notice that m(u) = m(w) = m(v), hence below we will be simply using m for this
quantity.

Since

u = etl(w)w

we have _
uy = e (wy 41 J (w)w)

with J (w)y = |w|? — m.
We have

1
H(u):Im/uﬂdx—i——/ |u|4dx
T 2 Jr
1
=Imfw(w_x—iJ(w)xw)dx+—/ lw|* dx
T 2 Jr

1
=Im/ww_xdx——/ \w|* dx 4 27m? =: ' (w).
T 2 Jr
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In addition
uxtty = (wy +iJ(w),w) Wy —iJ(w),w)
= Wy Wy + i J (w)x (WWx — Wwy) + J(w)3|w|?
= w,wy — 2Im J (w) wwy + ((w[® — 2m|w|* + m*|w[*)
= w, Wy — 2Imw?wWwy + 2m Imwwy + (w|® — 2m|w|* + m?|wl?). (2.9)
By the same calculations we also have

iy = wrwwy — i|wl® + im|w|*. (2.10)

We now recall that
2 3 2—— 1 6
Ew)(@) = | |ux| dx+§Im u uuxa’x—i—z lul® dx, 2.11)
hence by using (2.11), (2.9), (2.10) we find
1 1
E(u) :/wxw_xdx—ilmfwzww_xdx—i—ZmIm/ww_xdx—Emf|w|4dx+271m3.

If we define

&E(w) :=f |wx|2dx—11mf wzww—xdx+i(/ |w(t)|2dx></ |w(t)|4dx),
T 2 T 4 \Jr T

(2.12)
then E () can be rewritten as

E(u) = Ew) + 2mA (w) — 2rm> =: E(w). (2.13)

Remark 2.3. We observe that H(u)(t) = 57 (w)(t) and %H(u)(t) = 0 since H is the
Hamiltonian for DNLS (2.1), hence %jf (w)(#) = 0. On the other hand, we also know
that %E (u)(t) = 0, hence %é" (w)(t) = 0. By the translation invariance of integration
over T, we find that (2.13) holds with v in place of w and

d d
E%ﬂ(v)(t) =0= Eé"(v)(r).

3. Finite-dimensional approximation of GDNLS

We denote by Py f = Zlnls N f(n)ei”x the finite-dimensional projection onto the first

2N 41 modes and Py := I — Py. Then the finite-dimensional approximation (FGDNLS)
is

. —. . .
v = ivg, = Py (@) ) + S Py (VTN — iy @M Y = im ™) Py (o™ 20
3.1
with initial data
vy = Pyuo, (3.2)
where m and i are as defined in (2.7) and (2.8) respectively.
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Lemma 3.1. We have

d N d 1 N 2
— t) = —— ,H|“dx =0.
dtm(v )@ dt 2w /quv (x, DI dx

Proof. Indeed for simplicity let us momentarily denote by w := v" a solution to (3.1);

note Pyw = w. Then using that for any F, [ Py (FN)uN dx = i FN)PyoN dx =
f F@N)vVN dx, we obtain

d
E(an(w)) = 2Re/ w;w dx

—2Re<—i/|w |2—/P %)W if fwyw
= x N (W wy)w + 7 Py (lw[*w)w

—ix/x(w)(z)/|w|2—im(w)(r)/PN<|w|2w)w)

—2Re< /(w W)W + /|w|6—zw<w>/|w| zm(w>/|w| )
= /wzwwx—/wwxw :—%/8(|w|)—0 ]

Theorem 3.2 (Local well-posedness). Let2 < r < 4 and s > 1/2. Then for every
vy € B :={v) € FL*"(T) : v} | FLsrery < R)
and 8§ < R7Y, for some y > 0, there exists a unique solution
Ne Zi©$) c c(-8,8]; FL*' ()
of (3.1) and (3.2). Moreover the map
(B, I - | FLsr(ry) = C (=8, 81; FL*'(T)) : vy > vV

is real analytic.

Proof. The proof follows the argument in [22, Theorem 7.2] since Py acts on a multilin-
ear nonlinearity and it is a bounded operator in L”, 1 < p < oo, and commutes with D%,
Also, although the proof in [22] is presented for s = 1/2, a simple argument of persis-
tence of regularity gives the result for any s > 1/2. O

The following lemma gives control on how close the finite-dimensional approximations
are to the solution of (2.6). Our proof is a variation of Bourgain’s Lemma 2.27 in [3] (see
also [12]).

Lemma 3.3 (Approximation lemma). Let vg € FL*"(T), s > 1/2,2 < r < 4, be
such that ||vol| Fps-(my < A, for some A > 0, and let N be a large integer. Assume the
solution vV of (3.1) with initial data v(])V (x) := Py (vg) satisfies the bound

WY Ol Frsrry <A forallt € [T, T],



1284 Andrea R. Nahmod et al.

for some given T > 0. Then the IVP GDNLS (2.6) with initial data v is well-posed on
[T, T] and there exist Cy, C1 > 0 such that its solution v(t) satisfies the estimate

@) — v OllFLsr7ry S explCo(1 + AT TN (3.3)
forallt e [-T,T]and 1/2 <s1 < 5.

Proof. We first observe that from the local well-posedness theory ([22] and Theorem
3.2), GDNLS (2.6) with initial data vy and FGDNLS (3.1) with initial data vév are both
well-posed in [—§, 8] for§ ~ (1 +A)7V.Letw :=v — vV then w satisfies the equation

w; — iwyy = F(v) — PyFY) = Py[F(v) — F@™)]+ (1 — Py)F(v),

where F(-) is the nonlinearity of (2.6). By the Duhamel principle we have
t
w(t) = S()[vo — vy +/ S(t — 1) (PNIF (v) = F@MI(') + (1 — Py)F () (&) dr’,
0

where S(z) = ¢''2, and from the proof of Theorem 7.2 in [22] we have the bound
lwll z21 gy S Nvo = vg Izzsrery + 87 A+ 0Nl sy + 101l ) 0l g )

+

t
(1— PN)/ St —tHF)()dt
0

71
SANTT 87 (A 0V g ) + 0l ) Nl 551 5

FNSTTSSY (1 + (vl 23 s)° (3.4)

By choosing a smaller § if necessary we obtain from (3.4)

_ 1
||w||zfl ) =< CANS[ $ + E ”wuzil ®)’
for some absolute constant C > 0,which implies
lv(t) — vN(t)||}-Ls1,r(T) <2CAN*'™% forallt € [-§, 5] 3.5)

and by iteration (3.3) follows. ]

4. Analysis of the finite-dimensional equation FGDNLS

Recall that equation DNLS is Hamiltonian and hence its gauge equivalent formulation
should stay Hamiltonian (change of coordinates). However, the gauge transformation is
not a ‘canonical map’ and the symplectic form in the new coordinates depends on v; that
is, we lose the simple expression the symplectic form (namely 9,) had in the original
coordinates. Two problems arise from the lack of commutativity between the gauged
skew-selfadjoint form J and Py:
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(1) The conservation of Lebesgue measure associated to FGDNLS is not obvious as be-
fore. We must prove that this is indeed the case; see Subsection 4.1 below.

And more seriously:

(2) We lose the conservation of the energy £(v") for the finite-dimensional approxima-
tions, that is, d& (vN )/dt # 0. In particular we lose the invariance of up, the as-
sociated finite-dimensional weighted Wiener measure. However we have an estimate
controlling its growth, namely Theorem 4.2 below.

4.1. Invariance of the Lebesgue measure

If we rewrite FGDNLS (3.1) as a system of complex ODE’s for the Fourier coefficients
¢ = vV (k) we obtain a set of 2N + 1 complex equations of the form %ck = Fr({cj, ¢;}),
or equivalently 4N + 2 equations %ak = Re Fi({cj, ¢;}) and %bk = Im Fy({cj, ¢;}) for
the real functions @y = Re Fj and b, = Im Fy.

To show that this set of equations preserves volume we need to verify that the diver-

gence of the vector field vanishes, i.e.,

dRe F, 0 Im F,
Z( LU ">=0
T day by,

This is easily shown to be equivalent to
aF,  OF
Z(—k n —_k) o,
T ack dCk

And indeed we have

Lemma 4.1. The Lebesgue measure HIjISN da;jdb; is invariant under the flow of the
system of ODE’s (4.1).

Proof. The FGDNLS (3.1) as a system of complex ODE’s for the Fourier coefficients cy
takes the form

d
.12 . _
k= —ikcp +i E M3Cny Cry Cny Oy +np—n3—k
ni,na,n3
i _
+ = E CnCnyCnsyCnyCns 8n1+nz+n3—n4—n§—k
ni,n2,n3,n4,ns

—iy((ci i hex —imUci s &1 D CuCuglnsduimyns—k  (4.1)

ni,nz,n3

with m({c;. &;}) = Y, |c;|? and

_ 1 _ . 2
W({st Cj}) = —ZZk|Ck|2 + 5 Z Cnlcnzcn3cn48n|+n2—n3—n4 - (Z |Cj|2) .
k J

ni,n2,n3,n4
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To show that this set of equations preserves volume we need to verify
aF, OF
Z el + —_k =0
z oCk dCk
The vector field Fj consists of several terms which we analyze separately.

o (D)
dF,
dck

) F" = —ik%ct. Then —ik2+ik? =0.

2) Fk(2) =1 Zn e N3Cpn, CnyCnyOn +nr—n3—k- T differentiate we consider the terms
with n1 = k and n, = k to obtain

(2)
JF,
8k =i2n Z N3CnyCnyOny—ny + 127 Z N3Cp,y CpyOpy—ny = 147 Zn|cn|
Ck na,n3 ni,n3
and similarly
r(2)
oF,
0o = —idn X:n|cn|2

and thus all the contributions of this term to the divergence disappear.

3 i R . . .
A3 Fk( ) = 5 Zn.,nz,na,m,ns Cny CnyCnsyCnyCnsOny+ny+n3—ny—ns—k- This term is treated sim-
ilarly to (2) and is left to the reader.

@ FY = 2i(Y; jlej*)ck. We have

F(4) 2 2 aFk(4) 2 2
= 2ik 2i ) jlejl%, K = diklee* =20 ) jlejl*,
Ber iklek|” +2i j Jlejl Ak iklcg|” —2i j Jlejl

and so these terms do not contribute to the divergence.

) FO = i(X ¢j1)cx. We have

9F, (5) , N2
_21(Z|cj el +i(Y les1?)
J
(5) (5)
JF,
ko
and again de + FrA =0.
6 F® = -1 Gy Cnsd We have
k= T2 2unynanz,ng Cn1€n2Cn3CnyOni+ny—n3—nyCk- Vv
6 .
8Fk() i - -
9 =5 Z Cn1Cn2Cn3Cn45n|+n2—n3—n4
Ck ninzn3,04
Z CkCn25n3En48k+n2—n3—n4 4.2)

na,n3,nq
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and
~(6 .
IEL o
9C = +§ Z Cny ancn3cn48n|+n2—n3—n4
Ck ny,np,n3,n4
+i Z Ek5n20n3Cn45k+n2—n3—n4~ 4.3)
ny,n3,n4

The first terms in (4.2) and (4.3) cancel for each k. By summing the second terms over k,
we see that they do not contribute to the divergence.

@) . _
() F7 = =i 3251612 X0, g €n1iCnaCaydny+ny—ny—k- We have

aE" _ . 2\
e = Z Cny Cny Cns ChkOny 4y —ny—k — 21 (Z lcjl ) ,
Ck ni,na,n3 j

oF;” o 2)2
PYs =i Z Cnlcnzcn3ck8n[+n2—n3—k +2i (Z |Cj| ) .
Ck ni,na,n3 j

The second terms add to O for each k while the first terms cancel if we sum overall k. 0O

4.2. Energy growth estimate

Theorem 4.2. Let vV (1) be a solution to FGDNLS (3.1) in [—8, 8], and let K > 0 be
such that o™ ||X<2/3>7,1/z(5) < K. Then there exists B > 0 such that
3

1)
1IE@N(8) — E@N ()] = ‘/ %5(111\,)0) dt| < CON P max(K® Kk¥). (4.4
0

Remark 4.3. It is possible that the estimate (4.4) may still hold for a different choice of
X‘;’l/ 2 (8) norm, with s > 1/2,2 < r < 4 so that local well-posedness holds. On the other
hand the pair (s, r) should also be such that (s — 1) - < —1 in order for FL*" to contain
the support of the Wiener measure (cf. Section 5). Our choice of s = (2/3)— andr = 3
allows us to prove (4.4) while satisfying the conditions for local well-posedness and the
support of the measure. Note that FL?/3~3 scales like H!/?~.

4.3. Preparation for the proof of Theorem 4.2
Let vV denote the solution of FGDNLS (3.1) which we rewrite as
— i
oV = LoV + P ((vV)*0l) — 5P,f;(|vN YoMy £ im V) Py (0N Po),
where

LoV =i — )N + ZE|UN|4UN — i@ —im@M PV PN, @.5)
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‘We first observe that from (2.13) and Lemma 3.1 we have
d d d
—EWN) = =€) + 2my—2(0Y), 4.6
dt(v)dt(v)+mth ™) (4.6)
where my := m@").

Lemma 4.4. With the above notation we have
%é”(vN)(t) = —ZIm/vN vNoN P-(0Y)?uN) dx + Re/vN vNoN P (o 1*o) dx
—2mpy Re /UN WPﬁGUNFUN) dx +2my Re/vN v_NzP]f,‘((vN)ZW) dx
+my Im/vN PN o) dx — 2m Im/va_NZP,¢(|vN 20Nydx, (4.7)
%%(M)(;) = —2Re/T(u_N)2vNP,¢((uN)2@) dx
+Im/vN(v_N)2P,¢(|vN|4uN)dx —2mNIm/uN(v_N)ZP,¢(|uN|2vN)dx, (4.8)
and
%E(UN)(t) = —2Im/vN vNoN PE(Y)2N) dx + Re/vN vNoN P (o [*oN) dx
—2my Re/vN vNoN P (o oY) dx — 2my Re A(v_N)%NP,&((vW@) dx
+ 3mNIm/vN(v_N)2Pﬁ(|vN|4uN)dx - 6mNIm/vN(v_N)ZP,&qUNFvN)dx. (4.9)
Proof. From (2.12) and integration by parts we have
%éa(vN)(t) = —2Re/ vtN@dx — 2Im/UNlede
+2mNRe/uNu§Vu_N2dx. (4.10)
Due to the energy conservation for the GDNLS (infinite system), one can see that the con-

tribution in (4.10) from Lv" defined in (4.5) is zero. On the other hand by orthogonality
we also have

—2Re/@<1>,¢((v”)2@) L

21>,¢(|v1\’|4v’v) + im(vN)ij,‘(|vN|2vN)> dx = 0.

Hence (4.7) follows. By a similar argument we obtain (4.8) as well. The lemma follows
by substituting (4.7) and (4.8) into (4.6). ]

Remark 4.5. To establish Theorem 4.2 we need to estimate the terms in (4.9). In doing
so we will ignore absolute constants and whether we are looking at the real or imaginary
parts of the terms.
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The first term in (4.9) gives a contribution to (4.4) which is essentially
s - S
I = / va vNoN P (V)2 vN) dx dt.
0

This term is the hardest to control since it has two derivatives, so we will treat this one first.
We start by discussing how to absorb the rough time cut-off. Assume ¢ is any function in

X§2/3)_’1/2 such that
Pli—s.51 = vV
Then we write

L = / X[O,g](Z)P}e]'((UN)Zaxv_N)UN UNU)ICV dx dt
TxR

= /T i Pt ((x10.610™ ) x10.610M) x10.510™ X10.610" x10,5190Y dx dt
X

and by denoting
w = 0,59, w=Py(w),
we will in fact show that

|11|:’/ P (w)? 8, w)w wwy dx dt| < CEONPllw|®, | . 4.11)
TxR Xg_' -

[~]

To go back to v we use the following lemma:
Lemma 4.6 (time cutoff). Let b < by < 1/2. Then the exists C'(8) > 0 such that

lwll 2, <C'Olll 2_, <IN 2
: e

372
X3 3 X3 %)
where w, ¢ and vN are as above.

Proof. Since the regularity in x does not play any role, without any loss of generality we
ignore the power s = (2/3)—. Then

— 3/24 173
lwllxoo = (Z(/ X10.610 (. D> (T +n?)?P dt) )

2 3/2\ 1/3
=<Z</ (t+n2)2bdt) ) . (412)

Writing 7 + n? = (t — 1) + (11 + n%) we bound (4.12) by

< (;(f 2dr>3/2>1/3 (4.13)
+<2n:(/ 2dr>3/2)1/3' (414)

We treat the first sum (4.13), the second one (4.14) being similar. If (t — 71) < (7] +n?)

/ X10.91(t — ) (n, 1) dry
7

/ X031t — 1)(T — 11)P(n, 1) d7y
71

/ G031 (T — TP, T +n2)P dry
7]
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then by Young’s inequality, (4.13) can be bounded by
SX051 A N |19 ) +n2 2 5 < I las i@l oo

by Cauchy—Schwarz on the ¥ term provided 8 + & > 1/2, B < 1/2 and where by :=
b+e<1/2.

On the other hand if (z — 71) > (1] + n?), then again by Young’s inequality, (4.13)
can be bounded by

S .51 O@ N 2 | lg e, ) +0®) ] 5 S il gose I8l o

by Cauchy—Schwarz on the (’ﬁ\ term provided by + ¢ > 1/2 and b; < 1/2. Finally by

taking the infimum and using the definition of X (3)’1/ 2 (8), abound in terms of [|[v™ || X012(5)
3

follows. o

4.4. Proof of Theorem 4.2

Returning to (4.11) we write
_ Lo 20— ——
I _/ Py (w0, w)www, dxdt
TxR

= [ 3 @rwo, o @ww) o, 1) dr
T |n|>N

= / > ( f Y D, T)B(na, 1) (—in3)B(n3, 13) dTy dfz)
|n|>N T

=T1+12—13 p=n|+ny—n3
[nj|<N

x (/ Z W(na, )0 (ns, ts)(—ing)w(ng, t6) dta dr5> dr

T=TU4—T5—T6 —n=n4—ns5—ng
[nj|<N

> ( / 3 @(nl,nm(nz,rz)(ina)ﬁ(ns,rg)dndrz)

N<|n|<3N =T1+12+T3 n=n+ny+n3
[nj|<N
X (/ Z w(ng, T4)w(ns, v5)(ine)w(ne, T6) dTs dfs) dr
—T=T4+T5+T6 —n=ny4+ns+ng
[nj|<N
= / > ( / > Wi, r)Walng, 1) (in3)Ws(n3, 13) dTy drz>
N<|n|<3N T=T1+12+T3 n=n|+ny+n3
[nj|<N
<(f S Wi, 505,70 T, ) s s )
—T=T4+T5+T6 —n=ny+ns-+ng
[nj|<N

where w1 = wy = wq4 = w and W3 = W5 = Wg = Ww.
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Remark 4.7. In what follows we always think of N;, N as dyadic; more precisely N;
= 2K N := 2K where K; < K since n; € Z. By a slight abuse of notation we then
denote by N; both |n;| and the dyadic interval [2Ki, 2Ki+1) to which |n ;| belongs when
nj # 0. Moreover we denote by wy; the function such that wy; (n;) = x{jn;|~n;)W; (n;).

From the expression above we then have

|njl <N, N<|n| <3N, n=ni+ny+n3, -n=n4+ns+ng (4.15)

N ~ max(N1, N2, N3) ~ max(N4, N5, Ng), (4.16)
T4+n? — (v +n3) — (1 +n3) — (13 — n3) = 2(n — n1)(n — n2), (4.17)
T +n% 4 (1 +n3) + (15 — n2) + (16 — n2) = 2(n + ns)(n + ng). (4.18)

Soif weleto; :=1; £ n]2 and o; := (7; & n]z), by subtracting (4.17) from (4.18) we have

6
6j = —2(n(ny + ny + ns + ng) — nina + nsne). (4.19)
j=l1

This in turn can also be rewritten using n1+ny+n3+nqs+ns+ng = 0orn = ny+nz+n3
and —n = n4 + ns5 + ng as

6
Z 0j = 2(n(n3 + ng) + niny — nsne). (4.20)
i=1

In addition, since 71 + 12+ 13+ 74 + 75+ 76 = 0, adding and subtracting njz, j=1,...,6,
in the appropriate fashion, we obtain

5 = (3 +nk+nd) — (3 +n}+nd). 4.21)

“-

j=1

Hence we need to estimate

1L —_ —y ———
L= > //PN(wN,u)Nzawa3)u)N4wN58wa6dxdt
Ni<N;i=1,..6 /R /T
-y ( / S nyy, dry dfz)
N;<N;i=1,..6 |n|>N YT \YT=T+T02+T3 n=n+ny+n;3

x(/ Z mw:]vs(i%)w:%dmdrs) dr

T=T4+75+7T6 —n=nyg+ns+ng

-y ¥ /(/ 3 |zm||zm||n3||w:m|dndrz>
61’

N<|n|<3N N;<N;i=1,... T=T1+12473 n=n +ny+n3

x( / D TR |n6||w:N6|dudrs)dr. (4.22)

T=T4+75+76 —n=ny4+ns+ng
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Remark 4.8. This expression (4.22) will be our point of departure in beginning our esti-

mate. In what follows we will abuse notation and write wy; for |wy; | and wy, for [wy;|

since at the end we will estimate all functions in the X ‘;’b norms which depend solely on
the absolute value of the Fourier transform.

We start by laying out all possible cases and organizing them according to the sizes
of the two derivative terms.

Types:

I. N3~ Nand Ng¢ ~ N,
II. N3~ N and Ng < N,
III. N¢ ~ N and N3 < N,
IV. N3 <« N and Ng < N.

Now we subdivide into all subcases in each situation and group them according to how
many low frequencies (i.e. N; < N) we have overall, taking into account (4.16).

All cases for each type:

IA. N3 ~ N, Ng¢ ~ N and 4 lows: Ni, N, N4, N5 < N.
IB. N3 ~ N, Ng ~ N and 3 lows:
(i) N1, N2, Ny < N and Ns ~ N,
(i) N1, Ny, N5 K Nand Ny~ N,
(iii) N1, N4, Ns < Nand N, ~ N,
(iv) N2, N4, Ns < N and N; ~ N.
IC. N3~ N, Ng ~ N and 2 lows:
(i) N1, N < N and N4, Ns ~ N,
(ii)) Ny, Ny < N and N, N5 ~ N,
(ii1) Ny, N5 < N and N>, Ny ~ N.
(iv) N2, Ny < N and Ny, N5 ~ N,
(v) No, Ns K N and Ni, Ny ~ N,
(vi) Na, N5 < N and Nj, Ny ~ N.
ID. N3~ N, Ng ~ N and 1 low:
(i) N; < N and Ny, N4, N5 ~ N,
(i) Np < N and N{, N4, N5 ~ N,
(iil) N4 < N and Ny, N», Ns ~ N,
(iv) Ns < N and Ny, N, Ny ~ N.
IE. N3 ~ N, Ng ~ N and Ny, Na, N4, Ns ~ N.
IIA. N3 ~ N and Ng < N and 3 lows:
(i) N1, N2, Ny < N and N5 ~ N,
(i) N1, Ny, Ns < N and Ngs ~ N,
IIB. N3 ~ N and Ng < N and 2 lows:
(i) N1, Ny < N and N4, Ns ~ N,
(i) Nj, Ny < N and N2, N5 ~ N,
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(iii)) Ny, Ns < N and N>, Ny ~ N,
(iv) Ny, Ny < N and Ny, Ns ~ N.
(v) N2, N5 < N and Ny, Ny ~ N.
IIC. N3 ~ N and N¢ < N and 1 low:
(i) Ni < N and Ny, Ny, N5 ~ N,
(ii) Ny < N and N{, N4, N5 ~ N,
(iii) N4 < N and Ny, N>, N5 ~ N,
(iv) Ns < N and Ny, N», Ny ~ N.
IID. N3 ~ N and N¢ < N and Ny, No, Ny, N5 ~ N.
IITA. Ng ~ N and N3 < N and 3 lows:
(i) N2, N4y Ns < N and N ~ N,
(i) N1, N4, Ns < N and N» ~ N.
IIIB. Ng¢ ~ N and N3 < N and 2 lows:
(i) N4, Ns < N and N;, N, ~ N,
(i) N1, Ny < N and N, N5 ~ N,
(iii) Ny, Ns < N and Ny, Ny ~ N,
(iv) Np, Ny < N and N;, Ns ~ N,
(v) No, N5s < N and N;, Ny ~ N.
IIIC. Ng¢ ~ N and N3 < N and 1 low:
(i) N{ < N and N», Ny, N5 ~ N,
(il)) Ny <« N and N{, Ny, N5s ~ N,
(iii)) Ny < N and N{, N>, N5 ~ N,
(iv) Ns < N and N{, N, Ny ~ N.
IIID. Ng ~ N and N3 < N and Ny, N, Ny, N5 ~ N.
IVA. N3 < N, Ng < N and 2 lows:
(i) N1, Ny < N and N, N5 ~ N,
(i) N1, Ns < N and N, Ny~ N,
(iii) Ny, Ny < N and N, N5 ~ N,
(iv) Np, N5 < N and N, Ny ~ N.
IVB. N3 <« N, Ng < N and 1 low:
(i) Ni < N and N>, Ny, N5 ~ N,
(il)) Np <« N and N, Ny, N5 ~ N,
(iii)) N4 < N and N{, Ny, N5 ~ N,
(iv) Ns < N and N{, N, Ny ~ N.
IVC. N3 < N, N¢ < N and Ny, N, Ny, N5 ~ N.

In what follows we will use the following estimates repeatedly:
Lemma 4.9. Let wy, be as above. Then

1

-1+

lwnill orae = N lwwll 2o (4.23)
X

3

w; < llwy; . 424
l N,IIX%,,_%+_|I N,lef,_%, (4.24)
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We also have

lwn s < lwwnll 13, 3, (4.25)
xt X324 '8
If we assume that o; < NY forany y > 0, then

0

lww, Iz < NP Jw, | 2.1 (4.26)
b'¢

3

Proof. The estimates (4.23) and (4.24) are a consequence of frequency localization and
Holder’s inequality. The estimate (4.26) is a consequence of Sobolev embedding together
with the assumption that o; < N7 O

Lemma4.10. Let0 < B < 2, p > 0and § > 0. Let M > 0 and wy be such that
suppwm (-, x) C [—8, 8], x € T. Define

Jpwp (T, 1) := X{ln|~M} X{|rn2|<mP})| Wat (T, 1)].
Then

~

I gwullxos S CsAGB, M)YOMP w6,

where A(M, B) defined below is bounded by 1 + MP~1,
Proof. We write

pwmlio, = 3 /+ g T R 4202
|n|~M J1T+n =<

< MW/< Z |w (7, n)|2) dt

[n|~M, |t4+n2|<MP
2/3
sMZ”ﬁ/ [ 2. m(f,nﬂ S(x. M. By de, (427)
T

|n|~M, |[t+n2|<MP
where
S(t,M,B):={neZ:|n|~Mand|t +n?l <M},
and | S| represents the counting measure of the set.
We will show below that

AM, B) :=sup|S(t, M, B)| <1+ MP~L (4.28)

Hence (4.27) is less than or equal to

2/3
A1 0 [ [ tisn 0oy |
TL n
— 2
=AM, 13)1/3M2pﬂ/||{X{Ir+n2I§Mﬂ}(T’ n)wum (z, ”)}n”z3(|n|~M) dt
T
_ — 2
~ AM, B)'P m*P / |7 (tqgesnz <aay @ D3 @ DY) O | 3 ey 41
t

=AM, B)'/ M>PP /H{]:r_l(X{IHnZISMﬂ}(T’”)) *]:;I(ITM(Tv”))}n(t)”;(m\w\n dt.
t
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Note that .7-";1 (wyr (-, n))(¢) is still supported on [—8, 8] for all n and
2 sin(MPr)

F tppesizms) Con) (1) = 2677 ==

We then continue the above chain of inequalities with

=AM, p)' P M*F
J

t
< A(M.p)"PM*P

X/[/ X1-5.51 ) N1 Fn s (¢, D) 3 (n~nr
rL/R

Let p = 2— and ¢ = 14-; then we compute
sin(MB(r — 1)) _ ( /
L] R

t—t
— MﬂM—ﬂ/Q(/
R

On the other hand, for 1/y = 1/p — 1/3,

ssinMP(t — 1)) |

t—t

dt’ dt

/R Xi—8,81(") Fn(wpr (', DN ()eit=n

B(In|~M)

in(MP(t — ' 2
M‘m} ar.
t—1

q l/q
dt)

sin(r)

sin(MPt)
tM#

r

q 1/q
dr) <M. (429

15117 ot 8 DN uan [z S 87 [ Coms € D i [
< 8 16 Fwar e, )00l gaponn |1
= 527 | 1€ Foy (g (2, N3 ||§3(\n|~M)

) 2
< 1™ Fatwa . D)l s =87 Jwmlone.  (430)
3

(In|~M)

where we used the Sobolev theorem and the definition of X i’b. Finally by Young’s in-
equality, (4.29) and (4.30) we have the desired estimate.

It remains to show (4.28). We use an argument similar to [18]. For fixed t let § :=
S(t, M, B) # . Then there exists ng € S and hence

IS| <1+l €Z:|ng+1|~M,|t+ (nog+1)?% < MP}|
<14+ |{leZ:|l| <M, 2nol + 12| < MPY).
We have |2nol + 12| = |(I +no)* — nj| < MP if and only if
—CMP + 12 < (I +np)* <n}+CMP.

Hence we need |/| < M to satisfy

—Jni+ CMP <1+ ng </n}+CMPF,
l~|—noz,/n(2)—CM5 or l—l—nof—,/n%—CMﬂ.
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In other words we need to know the size of

[—\/n%—i—CMﬂ, —\/n% — CMﬂ] U [\/n% — CMPB, n(z) +CM/3]

which is of the order of M# /|ng|. Hence since |ng| ~ M we have
S| < 1+ MP71,
which implies (4.28) by taking sup, . O

In what follows we are under the assumption that o; < N Tforall j =1,..., 6. Towards
the end of the proof we remove this assumption. We begin by treating all cases with at
least two high frequencies in the nonderivative terms. All cases in IC, ID, IE, IIB, IIC,
IID, HIB, IIIC, IIID, IVA, IVB, IVC follow from the following lemma applied with the
exponent o set equal to 0.

Lemma 4.11. Assume there arei, j € {1, 2,4, 5} such that N; > le"forO <o <1/6
and Nj ~ N. Then (4.22) can be estimated by N—V12+0o/2 ]_[1-621 ||lw;

”X§’b'
Proof. By Plancherel we see that (4.22) is less than or equal to
> / / N3 Newn, W, TN, W, DN, 0N dx dt.  (4.31)
Nj~N; Ni=N'=o; Ny<N,1<k<6" K /T
Let 0 < B < 1 to be determined below. Assume
o3 < NY. (4.32)

By Cauchy-Schwarz’s inequality, grouping the first three functions in (4.31) in L%l and
the last three in L)ZC, and using (2.3) we see that (4.31) is less than or equal to

6

> N3Ns [ Tlhwwil oy (4.33)

Nj~N; Ni>N1=9;Ny<N i=l1

Note now that by (4.32), wy, is equal to Jgwy, as defined in Lemma 4.10. Then we
have i
lwnsll .1 < CoNy P lwngll o1, 4.34)
X2 X,; 6

Hence by (4.23), (4.34) we deduce that (4.33) is less than or equal to

1 1 1 2 1 1 1
—5t =5t 5Bt 5,3t A, AT
2 2 2 3 2 2 2
) NsNeN; ¥ NS 2PN N SN TN TN
Nj~N; N;>N!=9; Ny <N

X
—~
.:0

I
-

lowll 2 1.
X3

[N}

=.

I
-

1.8 1
5 Z N33+2+N7+N—1+%<
Nj~N; N;>N'=9; Ny <N i

lww 34 )-
.

2
3
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Now we apply Holder’s inequality with » = 3, 7" = 3/2 to sum in N;, N;, Ny (multi-
ply and divide by N j_e with a loss of N€ for each term). For example,

D Mo llgse = D [l (z + 5w, (. npll 2 - (4.35)
NjSN : Nij
Set Y, (nj) := ||{nj)*(r — n]2>wa/. (t, 1))l 12 Then the expression in (4.35) equals

N;<N

_ —3.\2/3 1/3
> NN = NS V)T (S )
Ni<N N;<N

R 1/3

SN X Mt I, )
Nj<N |nj|~N; !

~ N llwjl s

. _l4BLo
Note then that all in all we get at worst a factor of N-st2T2+,
Now assume that

o3 > Nf
Then rewrite (4.31) as
_1 r S
Z //N3N6|c73| 2+wN1wN2|U3|2 WN; WN, WNs WN, dx dt.
Nj~N;N;>N1=9;N <N RJT (4.36)

2, the product of Wy, with the two largest

while the remaining ones in L. Then by (4.23) and

We do Holder by placing |o3|!/?~wy; in L
among wy, , Wy,, Wy,, Wy, in L}%,,
(4.26), we bound (4.36) by

1B 1 6
—1-84 S W I
< ) N3Ny 272 NeN, TN N 2+2+(| [, I %_%_)
Nj~N;N;=N'=7; Ny <N =l X

1 _p 6
N
272 +5+
< > NN (T w2y )
Nj~N:NiZN1= Ny <N i=I X

We want that 8 > o to conclude by Holder the desired inequality with a decay in N. We
now impose that

1 B o B o
AR TS
whence B = 1/6 and provided 0 < o < 1/6 the lemma follows. O

It remains then to treat cases IA, IB, IIA and IITA. Before starting we note the following
support condition that will be used throughout what follows.

Support condition

By (4.15) and (4.16) the triplet (wy,, wy,, Wn;) satisfies n = ny + ny + n3, [nj| < N,
N < |n| <3N and N ~ max(Ny, Na, N3).
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Suppose that, say, max(Ny, N2) < N? for some 0 < 6 < 1. Without any loss of
generality assumen > 0. Then N <n < (n1+ny)+n3 < 2N? + N and hencen = N +k
where 0 < k < 2NY. Next observe that n3 = n — (n +n2) = N + k — (n] + na)
with |k — (n] 4+ n2)| < 4N?, whence n3 = N + O(N?). In other words, whenever
max(Np, Ny) < N? the support « of wy, wN3 is of size O(NQ) Note that we could have just as
well said that the support of wy; is of size O (max(Ny, N>)) in lieu of O(NY).

When we are in this situation we say we have the support condition on wy,. This ar-
gument is symmetric with respect to wy,, wy, or wy;. The exact same analysis holds
for (wN4, Wps, WNg). By abuse of notatlon we still write, for example, Wy, (n3) for
Wn;, (n3) 15 (n3), where I3 is the support of W ~; When the support condition holds.

Remark 4.12. As a consequence of the support condition, estimate (4.23) can be im-
proved. For example if we have the support condition on wy; then

1/6
lwnsll o - S 1310 Nwnsl oy
X3

Case IITA. Note that (i) and (ii) are symmetric with respectto j = 1 and j = 2. So we
only consider (i). Observe also that a priori there is no help from a large o;. Let o, § be
two positive constants to be determined later but such that 1 — o > §.

Subcase 1. Assume Na, Ny, Ns < N'=% N3 < N®and N; ~ N ~ Ng in (4.22). Then
we have the support condition on wy, and wy,. Let us denote by ) __ the sum over the set
of N; < N, 1 < j < 6,suchthat Ny, N¢ ~ N, Nj < N'=° for j =2,4,5and N3 < N°.
By Cauchy—-Schwarz, (2.3), Lemma 4.9 and Remark 4.12 we then conclude that (4.22) is
less than or equal to

2 1 1 1 1
16 x5 =3+t —3F a5+ —3+
Y N3Nemax(Na, N3)/ON{ 37N, 2N 2N 2N

6
x max(Ny, N5)1/6N6 3 (l_[ lwy, || 1 )

02

6
<Y N7 TN max(Na, N3) /SN, 2+N’§+(H lwa, || oy )

~Y
i=1

since N4_(1/2)+N5_(1/2)+ max(Ny, Ns) 176 is bounded. On the other hand the latter expres-
sion is worst possible when max (N>, N3) ~ N3; hence if § < 1/2 we conclude by Holder
as before with a decay of N~1/3N2%/3,

Subcase 2. Assume Na, Ny, Ns < N'=% N3 > N% and N| ~ N ~ Ng in (4.22). We
further subdivide as follows:

Subcase 2a. Assume N, Ny, N5 < N% N3 > N®and Ny ~ N ~ Ng in (4.22). Then
from (4.20) there exists o; = N 1+8  Denote by Z* the sum over the set of N; < N,
1 < j <6,suchthat N, No ~ N, N; < N° for j =2,4,5and N3 > N°.

e Suppose j = 2,4 or5; j = 2 or 4 are symmetric. So we treat first j = 2 and then

Jj = 5. By Plancherel, (4.22) is less than or equal to
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1L
Z //N3N6022 Wy, 0y WN, WN; W, WN; W, dx dt

I+ et N-i-% 3+ -3t
Z N2 N2 ]V1 2 N22 N0+N0+<l_[”wN ” 3 l_)

2

by Cauchy—Schwarz placing wy, Wy, Wy, in L?, azl/szz in L? and Wy, Wy5 in L
From (2.3) and Lemma 4.9 we obtain the desired estimate with decay N /2 so long as
5> 0.

If j = 5 we proceed as above with the same grouping in L? but exchanging the roles
of wy, and wy, for the other L? and one of the L° bounds.

e Suppose j = 3,6 0r 1; j = 3 or 6 are symmetric. So we treat first j = 3 and then
Jj = 1. Proceeding as above from (4.22) we now have

1

1
_7+ R
E *//N3N6a3 S WN,WN,05  WN;WN,WNs WN, dx dt
RJT
< § N2+N2+N,,7§N 2+N0+N 2+N0+(1_[ ”wN ” 2 )

(1/2) Wy, in L? and Wy, Wp; in L

5/2 so long as 6 > 0.

by Cauchy-Schwarz placing wy, wy, Wy, in L%, o
We thus obtain the desired estimate as before with decay N

1/2)—
1

If j = 1 then we group Wy, wy, Wy, in L% o wy, in L? and the other two in

L° to reach the same estimate.

Subcase 2b. Suppose there exists i € {2, 4, 5} such that N; > N? and N; < N? for
Jj #i,and i, j € {2,4, 5} while still N3 2> N%and Ny ~ N ~ Ng in (4.22).

e Suppose i = 2 first. Then we further split the sum over this set into three sums,
S1, $2 and S3 according to whether N? < Ny < N3, Ny ~ N3 or Ny > N3 respectively.
When considering the sums over S or S3 we deduce from (4.20) that there exists o; 2
N1%9 and hence the estimates for S; and S3 follow exactly as those in Subcase 2a.

We then treat S». Since Na ~ N3 and N < N!79, we also have N3 < N!=9_ while
N4, Ns SN 8 Thus we have the support condition on wy, and wy,. Then from (4.22) by
Cauchy—Schwarz, (2.3), Lemma 4.9 and Remark 4.12, grouping wy, wy, Wy, in L? and
Wy, Wps Wy, and (4.23) we have

_2 _1 _1 _1 _1
3 N3Nemax(Na, N3)' /SN, "N, TN, TN NG T
S 6
x max(N, Ny)V/oN (H sl 2oy
i=1 3

L 6

< 3t 1/6 ;=3 ( )

S QNG max(Ne, NN (T el 3oy
S2 i=1 X3

since N4_(1/2)+N5_(1/2)+ max (N4, N5)!/¢ is bounded and N> ~ N3. Summing as usual,

we get the desired estimate with decay N ~(1/9+ regardless of o > 0.
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e Suppose i = 4. Again, we further split the sum over this set into three sums, over
S1, 82 and S3, according now to whether N < Ny € N3, Ny ~ N3yor Ny > N3
respectively. For the sums over S; or S3, from (4.20) we have 0; 2 N 144 and hence the
estimates for S; and S3 follow exactly as those in Subcase 2a.

We then treat S,. Since N4y ~ N3, N3 < N'=9 while Ns, Ns < N3, once again we
have the support condition on wy, and wy,. Proceeding as before we have

_2 1 1 1 1
3" N3Nemax(Na, N3)' N, "N, TN, TN TN T
$

2y
x max(Ny, N5)1/6N6 ’ ( lww; |

I o
—_
>
RN

|

=

|
N—"

1+ 1/6 0 — 24 =3+ =3+t —a4+ 2y
S YN NNy ON TN, TN TN N (

S
14 4 6
SONSNNTH([Thowll 3oy)-
" X3 °2
S» i=1 3

Since N4 ~ N3 and N3 < N'~%, summing as before we have the desired estimate with
decay N~°/3 so long as o > 0.

e Suppose i = 5. We split the sum over this set into three sums, over S, S> and S3,
according to whether N § < N5 « N3, N5 ~ N3 or N5 > Nj respectively. Again for the
sums over S or 3, from (4.20) we have o; 2 N 148 and hence the estimates for S; and
S5 follow exactly as those in Subcase 2a.

We then treat Sy. Since N5 ~ N3, N3 < N7 while Ny, Na < N?, we have the
support condition on wy, and wy,. Proceeding as before we have

—1>
s
=
@ oo
|
Bl—
|
SN—"

_2 _1 _1 _1 _1
> N3Nemax(Na, N3)'/ON, * N, 7N TN NG T

$

_2,
x max(Ng, N5)'/ON, 3 ( lwa, I

=.

—

1)
X3

lowil 31-)

=.

I
<

1 1 1 1 1,1
IR S SRS IR R
SJZN_%Z Ng N3 ONTIEN, TN NG T (
S

RN

1 6
3+, -1
SONTNTH([Thewl 3oy0):
S2 i=1 X3

which gives the desired estimate with the same N~°/3 decay as in the previous case so
long as o > 0.

Subcase 2c. Suppose that there exist at least 7, j € {2,4,5} (i # j) such that N;, N; 2
N® while N3 > N% and N; ~ N ~ Ng in (4.22). Note that N4, N5 < N'=9, which

~

ensures the support condition on wy;.
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e Suppose (i, j) = (4, 5). Proceeding as above and using similar arguments we have
i SO Sy B -
>, NaNoNy TNy TN TN NG 2 max (Ve N9 VONG T ([T w3 y)
il X;

- Z N2+N3+N N, 2+N 2+max(N4,N5)l/6(l_[||wN I 7_7_)’

from which using that Ny, Ns > N° and N3 > N°® we get the desired bound with decay
N1/3738/6 50 long as § > 2/5.

e Suppose (i, j) = (2,5). Once again proceeding as before and using similar argu-
ments we have

S SRS U (VRN (P U _2,
> NaNNy 2N TN TN NG T max(Na, Ns)VON (]_[ ol 2 )
i=1 3
PR B P Y I
S NN NN ([Thowd 340

i=1

using that N > N° and that N4_(1/2)+N5_(1/2)+ max(Ny, N5)!/¢ is worse possible when
N4 < Ns but N5 > N?. Hence we once again obtain the desired estimate with decay
N1/3758/6 50 Jong as § > 2/5.

e Suppose (i, j) = (2,4). This is exactly as in the previous case by exchanging the
roles of 4 and 5.

Subcase 3. Assume there exists at least one i € {2,4,5} such that N; = N l-o
N>, Ny, N5 < N while N3 < N and Ny ~ N ~ Ng in (4.22). This case follows
from Lemma 4.11 with 0 < o < 1/6 as in its statement.

All in all, for Case IITA weneed 2/5 < < 1/2and 0 < o < 1/6.

Remark 4.13. In the proof of the remaining cases, in order to keep the notation lighter,
we will ignore the +¢ appearing in the exponent of the N;’s in (4.23). For example we
simply write Nl._l/ % instead of Nl._(l/ 2t

Case IA. Assume N3 ~ N ~ Ng while Ny, Np, N4, Ns < N in (4.22) and denote as
before by >, the sum over this set. Observe that from (4.17)—(4.21) there exists oj 2N 2,

Subcase 1. Assume in addition Ny, No < N? for some § > 0. We then have the support
condition on Wys;.
e Suppose j = 3 or 6;say j = 3 (j = 61is similar). Then we rewrite (4.22) as follows:

2 _—3t _—
Z //Na3 WN, WN,O 3 1111\/3111/\/4101\/5 Wy, dx dt

< Y NANTINDENS max(Ny, Ny VONS PN NS, ‘1/2(]_[ lwa; | ,_,_)

i=1 X3
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. 1/2)— . . . .
by placing 03( /2 Wy, In Lit, WN, WN;5 WNg 10 LE,, wn, Wy, in L and using the support

condition on wy,. By Holder’s inequality, summing as above, we get the desired estimate
with decay N%0~1/6 50 long as § < 1.

e Suppose j = 1,2,4 or 5. By symmetry (relative to conjugates) j = 1,2,4 are
similar; so suppose j = 1. We rewrite (4.22) as

1y 1
Z*//NZO’] w0 WN,WN; WN,WN; WN, dx dt
R JT
6
2 a7—1 A7—1/2 5,0+ 1/6 A7=2/3 \g—1/2 7704+ A7 —1/2
< Y NANTINT NG max(Ny, Ny VONT PN NN (HHWN"”xf"%’)
i=

by placing 01(1/2)wa1 in L2, WN; W, WNg in L2,, wy, Wy, in LS and using the support
condition on wy,. Once again, by Holder’s inequality, summing as before we get the
desired estimate with decay N%°~1/6 50 long as § < 1.

If j =5, then

1 1
2 _~3%F —_— 2o
Z*/Rv/TN 05 WN WN, WN3;WN,O5  WNs wNdedt

1

2 1 _1 _1,6
N Z* NZN—lN?+N§+ max(Ny, Nz)l/éN3 SN, *Ng >Ny 2(1_[ lwy, ||X%7_%7>
i=1 3

. 1/2)——— . . . .
by placing 05( /2 Wx, in L2, Wy, wa, W, in L2,, wy, wy, in LY and using the support

condition on wy,. Once again, by Holder’s inequality, summing as before we get the
desired estimate with decay N%/9~1/6 5o longas 0 < § < 1.

Subcase 2. Assume either N1 or N is > N%. Suppose N > N?; otherwise exchange the
roles of wy, and wy, below. We no longer rely on the support condition but on the lower
bound on N; as follows.

e Suppose j = 3 or 6; say j = 3 (j = 6 is similar). Then proceeding as before we
rewrite (4.22) as

1 1
2 3+ -
Z*//N 03 7 WN,WN,05 WN,WN,WNs WNg dx dt
RJT
1/2 1/2 12 o172 (1
2 =1 =12 j 0 =172 704 =172 5=
S D NANTINT NN NGNS N (HlleiIIX%,,%)
i=1 3

by placing 63(1/2)wa3 in Lit, WN, WpN; W, in Li,, wy,wy, in LY. By Holder’s inequal-

ity, summing as above, we get the desired estimate with decay N ~%/2 so long as § > 0.
e Suppose j = 1 or 2;say j = 1 (j = 2 is similar). We now write

1 1
2 2t A e TITT
Z*A;/TN 0 ° WN 0] WN,WN;WN,WNs WN, dx dt

6
2ar—1 ar=1/2 x7=1/2 27=1/2 370+ r70+ A7 —1/2
S D NANTIND N NN NG NG (lllle,-IIX%_,%_>
i=1 3
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by placing 01(1/2)7le in L2,,

Holder’s inequality and summing as above, we get the desired estimate with decay N
so long as § > 0.

[ 2 —_— o0 .
Wy, WpN; WN, in LY, wy, Wy, in LY; . Once again, by
-8/2

(1/2)—
0y

e Suppose j = 4. Then proceed as above but place wy, in L%,, WN, WN; WNg

in L%, and wy,wy, in LY.
. . 1/2)— .
e Suppose j = 5. Then once again we proceed as above but now place O’SF =% Ns in
2 —_— . 2 .
L%, wy, Wn, Wh, in L%, and wy,wy, in LY.

Remark 4.14. Matching Subcases 1 and 2 above means —§/2 = §/6 — 1/6, which re-
quires 8 = 1/4 and yields a decay of N~(1/8+,

Case ITA. Part (i) will follow similarly to Case IA while part (ii) to Case IIIA.

Part (i). We are under the assumptions N3 ~ N ~ Ns while N1, Ny, N4, No¢ < N. It
follows from (4.21) that there exists o; 2 N 2. We proceed exactly as in IA exchanging in
each instance the roles of wy, and wy;.

Part (ii). We are under the assumptions N3 ~ N ~ N4 while Ni, N2, Ns, N¢ < N.
We have a priori no help from a large o; at our disposal. We then proceed as in IIIA
above with the role of (N3; wy;) switched with that of (Ne; Wyy), and (N1; wy,) with
(N4; wy,). Hence for o, § > 0 to be determined, in Subcase 1 we are under the assump-
tion Ni, Na, N5 < N179 Ng < N® and N3 ~ N ~ Ny. In Subcase 2 we assume that
Ni, N2, Ns < N1=9 while N¢ > N® and N3 ~ N ~ Na, and further subdivide just as
before into Subcase 2a: N1, N2, N5 < N°® while Ng > N? which implies from (4.19) the
existence of a o pe N1+3: Subcase 2b: there exists i € {1, 2, 5} such that N; > N? and
Nj S Noforj #iandi, je{l,2,5) whilestill N¢ > N° and N3 ~ N ~ Ny in (4.22),
and Subcase 2c: there exist at least 7, j € {1, 2, 5} (i # j) such that N;, N; > N? while
Ne 2, N3 and N3 ~ N ~ Ny in (4.22). Note that N{, N < N'=9 which ensures the
support condition on wy,. Subcase 3: Assume there exists at least one i € {1, 2, 5} such
that N; > N'=9, N>, N1, Ns < N while Ng¢ « N and N3 ~ N ~ N4 in (4.22). This
case follows from Lemma 4.11 with 0 < ¢ < 1/6 as in its statement.

Proceeding then just as in IIIA we deduce the desired estimate with the same decay
in N asinIlTAaslongas2/5 <6 < 1/2and 0 < o < 1/6 as before.

Case IB. We first note that parts (ii), (iii) and (iv) are all symmetric relative to conjuga-
tion; so we only consider (i) and (ii).

Part (i). We are under the assumptions N3 ~ N5 ~ Ng ~ N while N1, N, Ny < N. It
follows from (4.21) that there exists o; 2 N 2,

e Suppose j = 1, 2 or 4. By symmetry it is enough to consider j = 1 and j = 4. To
obtain decay we need to use the support condition. Thus we further subdivide into two
cases.
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Subcase 1. Assume in addition Ni, N» < N for some § > 0. We then have the support
condition on wy,. For j = 1 we have

1

1
2_—at 2T
Z*//N o WN O] WN,WN;WN,WNs W, dx dt
RJT

6
< Z* N2N~] Nl_l/zNz_1/2N3_2/3N5/6N4(1)+N2+N6_1/2 (1_[ lwy, ||X%_y%_>
i=1 3
by placing 01(1/2)_le in L2,, wy, Wy, Wy, in L2, wy,wy; in LY. By Holder’s in-
equality, summing as above, we get the desired estimate with decay N ~1/03/6 50 long as
0<é§< 1.
For j = 4, we place ai/z
proceed similarly.

2

. _— 2 _ o0
wy, in Ly, wy, Wy, Wy, in L%, and wy,wy, in LY; and

Subcase 2. Assume either N1 or Ny is > N°. By symmetry suppose N > N°; otherwise
exchange the roles of wy, and wy, below. We use then the lower bound on N as follows.
For j =1,

1

1
_7+ L
Z*//Nzcrl S wN, 0] WN,WN,WN, WNs W dx dt
RJT
6
S Y NNTINTEN AN NGNS NG A (T lew 5oy )
i=1 X3

. 1/2)- . . . 1 {1
by placing 01( 2 wy, in L2,, wy, Wy, Wy, in L2, wy, Wy, in LS. Hence, by Holder’s

inequality and summing as usual we get the desired estimate with decay N /2 so long
asdé > 0.

For j = 4, we place 051/2)
proceed similarly.

— . 2 _—_ 2 _
wy, in LY, wy, WN; Wag in Ly, and wy,wys in LF and

Remark 4.15. Note that once again, matching Subcases 1 and 2 above means —§/2 =
8/6 — 1/6, which requires § = 1/4 and yields a decay of N~(/8)+,

e Suppose j = 3, 6 or 5. By symmetry relative to conjugation it is enough to consider
Jj = 3. We have

1

1
2,3+ S
Z*//N 03 7 WN,WN,053 WN,WN,WNs W, dx dt
RJT

6
2 A7 =1 AfO+ A0+ A —1/2 A —1/2 3, =172 3 —1)2
< 0 NANTINSENSENS AN NG PN (]_[ lwa, ||X%_%_)
i=1 3
by placing 03(1/2)_11)1\;3 in L2,, wy,Wx; wx, in L2,, wy, wy, in L. Hence, by Holder’s
inequality, summing as usual we get the desired estimate with decay N ~(1/2+,
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Part (ii). We are under the assumptions N3 ~ N4y ~ Ng ~ N while N1, No, Ns < N. It
follows from (4.19) that there exists o; 2 N 2,
e Suppose j = 1,2 0or 5. If j = 1 then

1 1

2 T2t 3~ —
Z*/R[EN o % 0 WNWN,WN;WN,WNs WN, dX dt

6
< Z* N2N71Nl—1/2N3+N3—1/2N4—1/2N§)+N6—1/2(1_[ lwy, ||X%_%_>
i=1 3

by placing 01(1/2)—le in L2,, wy, Wy, Wy, in L2,, wy,wy; in L. Hence, by Holder’s
inequality and summing as usual we get the desired estimate with decay N ~(1/2+,

If j = 2,5 we proceed similarly, keeping wy, Wy, Wy, in L%, and exchanging the
roles of either wy, or wy, with that of wy, above.

e Suppose j = 3,6 or4. If j = 3 then

1 1
2_—2t 2o T
Z*/R/ﬂ‘rN 03 ° WN,WN,05 WN,WN,WN; WNg dx dt

6
2 =1 O N —1/2 = 1/2 =172 004 A —1/2
< D NANTINDTEN NG NN N (Hlle,-llx%,,%J
3

i=1

by placing o1"/? "Wy, in L2,, wy,wn,Wag in L2,, wy, Wy, in L. Hence, by Holder’s
and summing as usual we get the desired estimate with decay N ~(/2+,

If j = 6 we proceed similarly exchanging the roles of wy; and wy, above.
1/2)-
o
4

If j = 4 we place wy, in L2, and group WN, WN; WN, iN L2, to derive the

same conclusion.

We now remove the assumption we made at the beginning of the proof. Suppose that
there is at least one o; > N 7.1t follows from (4.19) and (4.20) that there are two indices
1 <iy #1iy < 6suchthato;,, 04, > N'. Then, by (2.4) and (4.24), we have

~

ns > > /(f > mumunzuwimdndm)
6‘[ T

N<[n|<3N N;<N;i=l1,... =T+T2+T3 n=n|+ny+n3

x ( / > N, [Wns In6l W ds dts) dr
—T=U4+T5+T6 —n=ny+ns+ng

2 — P
Y Yo NN wn, B 2w DO 2

N<|n|<3N N;<N;i=l,...6
1
[T 1
Do N gy wwg g [T el gy

N<|n|<3N N;<N;i=l,...6 J#iLi2

A
=

6
1
< N3t ,
SN Tl 5oy (4.37)
j=1 3
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To treat the remaining terms in (4.9) we first note that these are either higher order
with no derivatives or the same order as the first but with only one derivative term. We
again start by assuming thato; < N 9 for all j. Under this assumption the estimate follows
from the following lemma.

Lemma 4.16 (Remaining terms). There exists § > 0 such that

> > /(/ > |u’)171||m||—wzv3|>
N<|n|<3N N;<N;i=1,..6 VT \YT=T1+02+T3 n=n +ny+n;3
x(/ Y (@] W] m ()| |wN6|) dr SN- ﬁ]‘[ llwl

2_1_,
T=T4+75+7T6 —n=nyq+ns+ng i=1 X33 2
(4.38)
> > /(/ > muu’)ﬁzu—wmumu—wmo
N<|n|<3N N;<N;i=I, 1lTl =S5
i=1"
x(/ G| o] m(ng)] |wN8|) dr SN ﬁ]‘[nw, (e
—T=T6+T7+18 —n=ng+ny+ng i=l1 X3
(4.39)

where the multiplier m satisfies |m(§)| < ().

Proof. Here we will only prove (4.39) since (4.38) is similar but simpler. Without loss
of generality we can assume that Ny ~ N ~ Ng. Fix any 0 < ¢ < 1 and consider the
following cases.

Case 1. Assume that N; S N?,i # 1, 8. Then we have the support condition on wy,
and wy,. By Plancherel, (4.39) is less than or equal to

//NnglwNsz3wN4wN5wN6wN7wN8dxdt
Ni,Ns~N; N;<N°?,i#1,8 'R

s > N llwny w, W 2, [, 05 s g NG 0 2
Ni,Ng~N; N;<N°,i#1,8

s >
Ni,Ng~N; N;<N°®,i#1,8

8
1,0
x max(Né,Nﬂ”ﬁ(]"[ Il ) SNTEEH(T] ||w,~||X%,,%,). (4.40)
i=1 3

i=1

2% max(Na, N3, Ny, Ns) /ONOFNOH N2 N2 N2

Case 2. Assume there exists k # 1, 8 such that Ny > N?. Without loss of generality
k = 4. Then we bound (4.40) as follows:
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> Nllw, w0 12, llw, W s llwe Wns w2
N1,Ng~N; Ny>N° N;<N;i#1,4,8

< > w
Ni,Ng~N; Ns>N°, N;<N;i#1,4,8

8
< 5+
X(Hllwzv,-lle, JswE (1"[||w,|| ) o
=

i=1

—1/25=1/2 —1/2

N0+N0+N

N; 1/2N7—1/2N8—1/2

We now remove the assumption we made before the lemma above. Suppose that there is
at least one 0 > N 9. The term with six factors is handled just as in (4.37). To estimate
the term with eight factors we first observe that as before there are at least two indices
1 <i1 #i» <8suchthato;,o; 2 N?. Next we use Holder’s inequality to bound the left
hand side of (4.39) by

8
> 2 N[Dwwlg s > > Wb I S
N<[n|<3N N;<N;i=I,...8 i=1 N<|n|<3N N;<N;i=1,...8 i=1

by (4.25). Using oy,, 0;, > N° we conclude that the above is

1
> 2 N ww geglowg ey T lowl g,

24
N<|n\<3N Ni<N;i=1,..8 3 X3 i#i1in 3

+1"[||w,|| e
%

i=1

A

5. Construction of weighted Wiener measures

In this section we construct weighted Wiener measures and associated probability spaces
on which we establish well-posedness. To construct these measures we make use of the
conserved quantities £(v) (given in (2.13)) and the L?-norm. As a motivation we re-
call a well known fact in finite-dimensional spaces. Suppose we have a well-posed ODE
v+ = F(y), where F is a divergence-free vector field. Assume G(y) is a constant of
motion such that for reasonable f, f(G(y)) € L! (dy). Then by Liouville’s Theorem,
du(y) =2 —1 f(G(y))dy is, for a suitable normalization constant Z, an invariant proba-
bility measure for the flow map for the ODE.

To construct measures on infinite-dimensional spaces we will consider conserved
quantities of the form exp(—%g (v)). But there is a priori little hope of constructing a
finite measure using this quantity since (a) the nonlinear part of £(v) is not bounded be-
low and (b) the linear part is only nonnegative but not positive definite. To resolve this we
use the conservation of L?-norm and consider instead the conserved quantity

Xitolp<pye” N e s Sy dx
L
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where N (v) is the nonlinear part of the energy, i.e.

/\/'(v)=—llm/ vzﬁxdx—i(/ |v|2dx></ |v|4dx)
2 Jr 4 \JT T
1( 5 _ 1 5\
L= /|v| dx Im/vvxdx +— /|v| dx) ., 6.
7 \JT T 4= \Jr

and B is a (suitably small) constant.
By analogy with the finite-dimensional case we would like to construct the measure
(with v(x) = u(x) +iw(x))

_ _B _B 2 2 »
“dug =27 g pzme” TN e 2 O TT qu (0 dw () .

xeT

This is a purely formal, although suggestive, expression since it is impossible to define
the Lebesgue measure on an infinite-dimensional space as a countably additive measure.
Moreover, it will turn out that f luy|? = oo, u-almost surely.

One uses instead a Gaussian measure as reference measure and the measure p is
constructed in two steps. First one constructs a Gaussian measure p as the limit of the
finite-dimensional measures on R*¥+2 given by

dpn = Zg exp(—g doa+ |n|2)|ﬁn|2> [] danab, (5.2)

n|<N [n|<N

where U,, = a,, + ib,. The construction of such Gaussian measures is a classical subject
(see e.g. Gross [20] and Kuo [29]). For our purpose we will need to realize this measure
as a measure supported on a suitable Banach space. Once this measure p has been con-
structed one constructs the measure & as a measure which is absolutely continuous with
respect to p and whose Radon—Nikodym derivative is

du ~_ _B
o7 U zme T
For this measure to be normalizable it turns out that one needs B to be sufficiently
small. Also the constant 8 in the measure does not play any role in the analysis (although
the cutoff B depends on §) and thus in the sequel we will set § = 1. But note that the
measures for different B are all invariant and they are all mutually singular [20, 29].
First let us recall some facts on Gaussian measures in Hilbert spaces and Banach
spaces. For details see Zhidkov [48], Gross [20] and Kuo [29]. Let n € N and 7 be a
symmetric positive n X n matrix with real entries. The Borel measure p in R" given by

dp(x) = xp(—3 (T 'x, x)pn) dx

1
——— ¢
Q)™ det(T)
is called a (nondegenerate centered) Gaussian measure in R". Note that p(R") = 1.

Now, we consider the analogous definition of the infinite-dimensional (centered)
Gaussian measures. Let H be a real separable Hilbert space and 7 : H — H be a
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linear positive self-adjoint operator (generally unbounded) with eigenvalues {1, },<n and
the corresponding eigenvectors {e, },,cn forming an orthonormal basis of H. We call a set
M C H cylindrical if there exists an integer n > 1 and a Borel set F C R” such that

M={xeH:(x,e1)q,...,{x,en)yg) € F}. 5.3)

Given the operator 7, we denote by A the set of all cylindrical subsets of H; one can
easily verify that A is a field. The centered Gaussian measure in H with correlation
operator T is defined as the additive (but not countably additive in general) measure p
defined on the field A via

n B 1 n 14
p(M) = 2m)™"* [ %; 172 / e 22i=1% N gy, ... dx, for M € Aasin (5.3).
j=1 F (5.4)

The following proposition tells us when this Gaussian measure p is countably additive.

Proposition 5.1. The Gaussian measure p defined in (5.4) is countably additive on the
field A if and only if T is an operator of trace class, i.e., Y ooy in < 00. If the latter
holds, then the minimal o-field M containing the field A of all cylindrical sets is the
Borel o -field on H.

Consider a sequence of finite-dimensional Gaussian measures {p, },,cn defined as follows.
For fixed n € N, let M,, be the set of all cylindrical sets in H of the form (5.3) with this
fixed n and arbitrary Borel sets F C R". Clearly, M,, is a o-field, and setting

n 1 n —1.2
pu(M) = @)™/ |A;”2/ e 2 XM Y dxy - dx,
j=1 F

for M € M,,, we obtain a countably additive measure p,, defined on M,,. Then, one
can extend the measure p, onto the whole Borel o-field M of H by setting p,(A) :=
on(ANspanfeq, ..., e,}) for A € M.% Then we have

Proposition 5.2. Let p in (5.4) be countably additive. Then {py}neN constructed above
converges weakly to p as n — 0o.

For our problem we consider the Gaussian measure p which is the weak limit of the
finite-dimensional Gaussian measures

_ I -
dpy = Zo,}vexp<—5 > <1+|n|2)|vn|2) [ dandb,. (5.5)

[n|<N [n|<N
Let J; := (1 — A)*~!. Then we have

DU+ P B = (v, v) g = (I v, v),
n

6 Note a slight abuse of notation. We use p, to denote a Gaussian measure on span{eq, ..., e;}
as well as its extension on H. A similar comment applies in the following.
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The operator J; : H; — Hj has the set of eigenvalues {(1 + |n|2)“_1}nez and the corre-
sponding eigenvectors {(1 + |n|?)~%/?¢!"*}, <z form an orthonormal basis of H*. Since
Jy is of trace class if and only if s < 1/2, by Proposition 5.1, p is a countably additive
measure on H* for any s < 1/2 (but not for s > 1/2).

Unfortunately, (2.6) is locally well-posed in H*(T) only for s > 1/2 [26]. Instead, we
propose to work in the Fourier—Lebesgue space FL*" (T) defined in (2.2) in view of the
local well-posedness result by Griinrock—Herr [22]. Since FL*" is not a Hilbert space,
we need to construct p as a measure supported on a Banach space.

5.1. General Banach space setting

Let us recall the basic theory of abstract Wiener spaces [29]. Given a real separable Hilbert
space H with norm || - ||, let F denote the set of finite-dimensional orthogonal projections
P of H. Then define acylinder set Eby E = {x € H : Px € F} where P € F and F isa
Borel subset of PH, and let R denote the collection of such cylinder sets. Note that R is
a field but not a o-field. The Gaussian measure p on H is defined by

p(E) = (271)_”/2/ e~ IXIP/2 g
F

for E € R, where n = dimPH and dx is the Lebesgue measure on PH. It is known that
p is finitely additive but not countably additive in R.

Definition 5.3 (Gross [20]). A seminorm ||| - ||| in H is called measurable if for every
e > 0, there exists P, € F such that

p(lIPx]l| > &) <&
for P € F orthogonal to P,.

Any measurable seminorm is weaker than the norm of H, and H is not complete with
respect to ||| -||| unless H is finite-dimensional. Let 3 be the completion of H with respect
to ||| - ||| and denote by i the inclusion map of H into 5. The triple (i, H, B) is called an
abstract Wiener space.

Now, regarding y € B* as an element of H* = H by restriction, we embed 5* in H.
Define the extension of p onto B (still denoted by p) as follows. For a Borel set F C R”,
set

p({x eB: ((X, )’1), ey (xa yn)) € F}) = p({x € H: (<x9 yl)Hv”" <x9 yn)H) € F}),

where y;’s are in B* and (-, -) denotes the natural pairing between B and B*. Let R
denote the collection of cylinder sets {x € B : ((x, y1), ..., (x, yn)) € F}in B.

Proposition 5.4 (Gross [20]). p is countably additive on the o -field generated by R 3.

5.2. Back to our setting

In the present context, we will let H = H L(T) and B = FL*"(T) with 2 < r < oo and
(s — I)r < —1. First we prove the following result.
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Proposition 5.5. Let 2 < r < oo and assume (s — 1)r < —1. Then the seminorm
| - | 75 is measurable. Moreover, we have the following exponential tail estimate: there
exist C > 0 and ¢ > 0 (which both depend on (s, r)) such that, for K > 0,

p(vllFLsr > K) < Ce K. (5.6)

This shows that (i, H, B) = (i, H', FL*") (2 < r < 00) is an abstract Wiener space if
(s — 1)r < —1 and thus the Wiener measure p can be realized as a countably additive
measure supported on FL%" for (s — 1)r < —1. This is hardly surprising since this is
equivalenttoo =s + 1/r — 1/2 < 1/2, and FL*" scale as H®.

The second part of Proposition 5.5 is a consequence of Fernique’s theorem [19] (cf.
Theorem 3.1 of Chapter III in [29]).

Remark 5.6. Proposition 5.5 was essentially proved in [35] in the context of white noise
for the KdV equation. We include here a proof in our DNLS context for completeness.’

It is useful to note that the measure py given in (5.5) can be regarded as the induced
probability measure on C2V+!1 = R*N+2 under the map

® > {g,,/,/1 + |n|2}wSN, (5.7)

where g, (w), |[n| < N, are independent standard complex Gaussian random variables on a
probability space (22, F, P) (i.e. Uy = g/+/1 + |n]?). In a similar manner, we can view
o as the induced probability measure under the map w +— {g,/+/1 + |n|*},cz, where
gn(w) are independent standard complex Gaussian random variables.

For the proof of Proposition 5.5, we first recall the following result.

Lemma 5.7 ([36, Lemma 4.7]). Let {g,} be a sequence of independent standard com-
plex-valued Gaussian random variables. Then, for M dyadic and § < 1/2, we have

2
lim Mzamaxln\~M|gn| _

M—o0 2 nl~m lgnl?
Proof of Proposition 5.5. Let2 <r < ooand (s — 1)r < —1. In view of Definition 5.3,
it suffices to show that for given ¢ > 0, there exists a large My such that

a.s.

1
PPy vl Frsr > €) <é,

where Pﬁo is the projection onto the frequencies |n| > My. Note that if P is a finite-

dimensional projection such that P L Py, then [|Pv|| 7psr < ||P/f/,-0v||].-Lx,r.
In view of (5.7), we assume that v is of the form

Z 8n einx
1+ n?

v(x) = (5.8

where {g,} is as in (5.7).

7 Proposition 5.5 also holds for r < 2 and (s — 1)r < —1, albeit with a different proof (see [1]
for details). For our purposes 2 < r < oo suffices and so we restrict ourselves to that case.
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Let § < 1/2 to be chosen later. Then, by Lemma 5.7 and Egoroff’s theorem, there
exists a set E such that p(E€) < %s and the convergence in Lemma 5.7 is uniform on E,
i.e. we can choose dyadic M large enough such that

1{gn (@) }n|~mll e S
I{gn (@)} ini~mllz2 ~

(5.9)

for all w € E and dyadic M > Mj. In the following, we will work only on E and drop
‘N E” for notational simplicity. However, it should be understood that all the events are
under the intersection with E so that (5.9) holds.

Let {0;};>1 be a sequence of positive numbers such that " o; = 1, and let M; =
M2/ dyadic. Note that oj = C2™ Mo=C M)‘ )‘ for some small 1 > 0O (to be deter-
mined later). Then, from (5.8), we have

o0

Pl Pigyv(@) | Frsr > €) < Z ()~ gn (@) nom; 1y, > 0j6). (5.10)

By interpolation and (5.9),

1) " g Hnnt;

_ _ -2
~ M; "gn b, Ny < MS 1{8n}ni~n; ”Lz 1{&n}ini~m; || o

=2)/r

s—1 g Yint~na; g\ 1-8(r—2

< M; ||{g,,}|,,|NM||L%<_ i <M~ R TP TYA P
”{gn}ln\'ij”L%

Thus, if [{(n)* " gn}inj~a; Iy > oje, then I{gn}ini~ag;ll 2 2 Rj where R := oje M}
witho ;= —s + 1+ 8(r —2)/r. Withr = 2 + 6, we have

—(s—Dr+486 1
= > =
2+6 2

by taking § sufficiently close to 1/2 since —(s — 1)r > 1. Then, by taking A > O suffi-
ciently small, R; = ajij‘?‘ = CsM(}M]‘."_)‘ pe CeM(’}M;I/ZH. By a direct computation
in polar coordinates, we have

1 1
,0(||{gn}\n|~M,~||L,21 ZRj)"’/ e—zlgn 1_[ dgnN/ e ZSZSZ#{‘M"’Mj}—ldS.

B(0.R)) ln|~M;

Note that, in the inequality, we have dropped the implicit constant o (S2#{InI~M;i—1)
a surface measure of the 2#{|n| ~ M;} — 1-dimensional unit sphere, since o (S")
27"/2) F(n/2) < 1. By the change of variable r = M;]/zs, we have s2#{InI~Mj}=2

2M; . .
M)~ M t4M1 Since t > M] 12p R; = CsM(’)\M](.H', we have Mj I = g2MjnM;

NS
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kM1 A4M; W{ln|~Mj}—2 _ 5 M;1? 1s?

and < eéMJ’Q for M) sufficiently large. Thus, s < e? =e4

for s > R;. Hence,

12 _R2 o2 M2 1 2
p{gntin~m;ll 2 Z Rj) < C/ e 1 sds < e K = T CMIMTE (511
R;

From (5.10) and (5.11), we have
> 2 g 1420 oy 14 .2
P PigvllFrsr > &) < D e <O M EDTE < Lg
j=1

by choosing My sufficiently large as long as (s —1)r < —1. Hence, the seminorm ||-|| zzs.r
is measurable for (s — 1)r < —1.

The tail estimate (5.6) is a direct consequence of Fernique’s theorem [29, Theorem
3.11. O

To construct the weighted Wiener measure w let us define
o — 3N @) — p(yN
R() = X{ju,,<B)e ? ., Ry(@):=R@O"), (5.12)
where NV (v) is the nonlinear part of the energy defined in (5.1) and at this stage and for
the remainder of this section vy = Py (v) for some generic function v. In the next section
v" will denote the solution to the FGDNLS (3.1) as in Section 3. We write
Ny (@) :=N@") = Fy(@) + Gy () + Ky (v),

where

1 I
Fy(v) = —EIm/T(vN)zvN vN dx,

GN(v)z—i(/ |vN|2dx></ |vN|4dx),
47 T T
1( N2 NN 1 PR
Ky() = — /|v |“dx Im/v vy dx +— /|v |[“dx | .
T \JT T 4m T

We will construct the measure
du = Z_IR(v)d,o,

for sufficiently small B, as the weak limit of the finite-dimensional weighted Wiener
measures y on R*N*2 given by

_ _ _IN N
duy = ZNIRN(U)d,ON = ZNIX{HUNHngB}e Ny (5.13)

for a suitable normalization Zy.
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Lemma 5.8. (a) The sequence Fy converges in L2(a’,0) to
1
F(v) = ——Im/ V20 Uy dx.
2 T

Moreover, for a < 3/4, there are C, 8 > 0 such that for all M > N > 1 and \ > 0,

p(IFy(v) — Fy()] > 1) < Ce N4

(b) Let p € [2, 00). Then there exist o, C such that forall M > N > 1 and » > 0,
p(IPyvllzomy > 2) < Ce™¥, (5.14)

ol Pyv — PyvllLe(ry > A) < Ce™ N, (5.15)

Proof. Part (a) was proved by Thomann and Tzvetkov in [42, Proposition 3.1] using
Proposition 5.10 below. Note that their proof only uses the fact that v is in the support of
the measure and is independent of the function space v is in.

To prove (b) we first note that forany 2 < p <occand N < M,

P ) < C|| P, , 5.16
IPvvllLeery < Cll Nv||fL%7,3(T) (5.16)

1
| Pnv — PyvllLe(ry < CN—IIPMUH , (5.17)

o 2.3
FL373(T)

where o = (1/p)—. Then use (5.16) and (5.17) in conjunction with (5.6) to conclude the
proof. O

Lemma 5.9. Ky (v) is Cauchy in measure, i.e. for everyy > 0and N < M,
lim  p(|Ky ) — Ky()| > 2y) =0,
N,M—oco

and hence Ky converges in measure to

1 ) _ 1 >\
K(v):;(/TM dx)(lm/qrvvxdx)+m</quvl dx) .

Before the proof we need the following Proposition 5.10 (see Thomann and Tzevtkov
[42] for a proof) and Lemma 5.11 which we prove below.

Proposition 5.10. Letd > 1 and c(ny, ..., n) € C. Let {gn}1<n<a € Nc(0, 1) be com-

plex L* normalized independent Gaussians. For k > 1 set A(k,d) := {(n1,...,nx) €
(,....d¥*:ny < <ng}and
Se@)= > e, ....m)gn (@) ... g (@). (5.18)
Ak,d)

Then foralld > 1 and p > 2,
ISklr@y < VE+1(p — D218kl 12q)-

Let Xy (v) = [ UNW.
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Lemma 5.11. Forany N < M and ¢ > 0 we have

XN < N[0V 1%, 25050 (5.19)
[Xm () — Xn@)llps S ﬁ (5.20)
1Xm() — XnW)lze < clg — 1)# forany q = 2. (5.21)
Proof. To prove (5.19) we use Plancherel and Holder’s inequality to obtain
Xyl < Y Inl 1oV )2
[n|<N
< (X ) (@ ) < NI e

[n|<N [n|<N

To prove (5.20) we start by recalling that vV (», x) = Z|n\5N %‘;)e"“. Then by
Plancherel,

|gn (@)]?
(n)?

2
Xy () = —i Zn|g"(“’)| and Xy(0) - Xy =—i Y. n

2
m=n N<lnl<M

’

and

gn, (@) [*|gn, (@) [?

Xu@) = Xy@PF = Y

i 2 3
=Yyu+Y¥yu+Yyu

N<ini [ nal<M (n1)*(n2)?
(5.22)
where
- (Ign, @)I* = D(Ign, (@)* = 1)
YN,M = niny 5 > ,
N<|niLnal<M (n1)*(n2)
(Ign, @) = 1) + (Ign, (@) — 1)
Yl%’,M = Z niny —2! . ;2 ’
N<Inilnal<M (n1)*(na)
niny
Y/%/ M= Z —o
N<ini [ mal<p 1) {12)
By symmetry Y;%;’ y = 0. We now observe that
13 @) = Xn W)l S 18wl + 175l (529

We now proceed as in [42]. Set G, (w) := |g,(w)|*> — 1 and note that by the independence
of gn(w) (cf. (5.7)),

E[G,(@)Gm(w)] =0 forn # m. (5.24)
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Since
Gn GuyGry Gy,

(n1)2(n2)(n3)*(na)?’

1 2
|YN,M| = Z ninan3ng
N=nyl,|n2l,In3l,Ing|<M

We compute E[|Y11,’ M|2] and by (5.24) the only contributions come from (n; = n3 and
ny = ng), (n] = ny and n3 = n4) and (ny = n3 and n1 = n4) . Hence by symmetry and
using that the fourth moments of the Gaussians g, (w) are bounded we have

2,2

nin 1
1Yy pl2 =E0Yy ,P1<C Y —l2_<_— (525
N<inilal<p (112" N

On the other hand, since

(Gny + Gny)(Gny + Giy)
(n1)(n2)?(n3)%(na)?

2 2
Yy ml™ = Z ninan3ng
N<|nyl,|nal,|n3],|ng| <M

by symmetry it is enough to consider a single term of the form

GG,
(n1)%(n2)*(n3)?(n4)?’

ninyn3ng
N<nyl,|n2|,n3l,|n4| <M

with 1 < j # k < 4, which we set without any loss of generality tobe j = 1,k = 3. We
then have
n%n2n4

1Y¥ 7> =EIYg 1< C _mmns
’ Ns|n1\%|:,|n4|szw (n1)*(n2)?(na)?

by symmetry. From (5.23) and (5.25) we obtain (5.20) as desired.
To prove (5.21) we use (5.22) to define

2 2
S m@P@P

P— J— 2 =
Su.n@) =Xy — XyW)|" = (n1)2(ny)2

N=|ngl,In2|l<M
which fits the framework of (5.18) in Proposition 5.10 with k = 4. Then it follows that
forany p > 2,

1
1SN @llee S (P = DAISun @2 = (= DXIXu @) = Xy @l S (p = D5
(5.27)

On the other hand if we set ¢ = 2p, then by (5.27) we have

1Xu @) = Xy @lize = ISy @12 < (g = s
A NW)|lLe = M,N(V Lr ~ q N1/27

hence (5.21) for g > 4. Finally, Holder’s inequality gives (5.21) for2 < g < 4. O
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Proof of Lemma 5.9. Let us denote My (v) := fT vy |2 dx. Up to absolute constants we
write

PUKM () — Kn()| > 2y) < p(IXu )My (v) — Xn(W)My ()| > 7)
+p(IMy (v)’ — My()*| > ). (5.28)
Then
pUXpu My (v) — Xn(W)My (V)| > y)
= p(IXu(W)—=XNyW)IMp ) > y/2)+p(Mpu)—MyII XN > y/2) = LI+ 1.
Let A > 0O to be determined. Then by (5.19), (5.6) and (5.17) with p = 2, & = (1/2)—,

we have

L < p(Xn(@W)| > 1) +p<|MM<v) — My®)| > grl)

. —2¢e y _ o~ —2e . 1—49 -2
Se cAN +p(”UN_UM||L2 > E)" 1) Se cAN +e L%BN A .

By setting A= N1/3+(28/3)— we have I /S e_CV,BNl/3_(48/3)_.
To estimate I; we first note that

My (v) < |lvll7, < B (5.29)
Then by (5.21) and Chebyshev’s inequality® we have
1
I < p(|XM(v) — Xn()| > ﬁ) Se Ny, (5.30)

To estimate the second term of (5.28), we use (5.29) to obtain
_ 2 81—
p(IMy () = My(0)’| > y) < p(IMy () — My ()| > cpy) < e 7N
by arguing as in the estimate for I; above. O

Lemma 5.12. Ry (v) converges in measure to R(v).

Proof. If |Pyv||;2 < B forall N € N, then |lv|;2 < B. Hence, by continuity from
above, we have, for é§ € (0, 1),

Jim o ({v: xgovy <8y = X2 <81 > 8))

= lim p(Jv™)2 < B)—p(Ivll;2 < B)
N—oo

= (M UoN 1122 = BY) = p(llvl 2 < B) = 0.
N=1

Thus, X{|oN | .o <B) CONVETEeS O X{|uv|| ,<B} in measure. By Lemma 5.8(a), Fy converges
to F in measure, and by Lemma 5.9, Ky converges to K in measure.

8 Cf. Lemma 4.5 in [46].
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Lastly, we consider Gy (v) and show it is Cauchy in measure provided |[v]|;2 < B.
Assume N < M. Then

AnGy(v) — 47 Gy (v)

= (/;T(|vM|2 -~ |vN|2>dx) (fT |vM|4dx> + (/T |vN|2dx) (fTuer‘ — |vN|4>dx>

M N M4 N2 M4 N4
< cpllv™ = v iz lo™ e + 72 v e = o™ s

M_ N M 4 M3 Ny3 \ioM _ N
= Cplllv"™ —v™ 2o s +3Uv T s + v 7D — v 4]

Fix any y > 0; then
14
P47 Gy (v) —4n Gy ()| > y) < p(ﬂv’” — oVl s > E)

)4
+p<(||vM||i4 + V1M — oVl > @>

To treat the first term we write

Y -1V
p(IIvM — N2, > E) < p(HvM —vVp2 > 2 15) + o7 >0

for some A > 0 to be determined. We use (5.15) with « = (1/2)— corresponding to
p =2 and (5.14) to get

_ o 2a71—5 =2
p(Iv™ — vV 2 > cpya™) < e N

and

1/4 —cal/?

p(lvMle > 2% <e

A decay of e=CN""777*” follows by setting A = N@/)=y4/5,
For the second term write

M N M3 N3 14
P(Ilv — v g™l s + llv ||L4)>@)

< o™ —vVa > cpyra™) + oo™l s > ar ) + p([vV |14 > 21 173)

—ex?/3

’

1
< efc’Bysz_)ﬁz +2e
since « = (1/4)— when p = 4 in (5.15). A decay of e=CeN Y2 follows by setting
A= N(3/16)_}/3/4.
Thus, G y (v) converges to G (v) in measure and hence, by composition and multipli-

cation of continuous functions, Ry (v) converges to R(v) in measure. ]

The following proposition shows that the weight R(v) is indeed integrable with respect
to the Wiener measure p.



Invariant weighted Wiener measure and a.s. GWP for DNLS 1319

Proposition 5.13. (a) For sufficiently small B > 0, we have R(v) € Lz(dp). In partic-
ular, the weighted Wiener measure |1 is a probability measure, absolutely continuous
with respect to the Wiener measure p.

(b) We have the following tail estimate: Let 2 <r < oo and (s — 1)r < —1; then there
exists a constant ¢ such that

_ K2
nw(lvll Frsr > K) < ek (5.31)

for sufficiently large K > 0.
(c) The finite-dimensional weighted Wiener measure |y in (5.13) converges weakly to 1.

Proof. (a) By Holder’s inequality, we have
2 —3Im [ (™) 2N vl dx 3
Ry(w)dp(w) < Cp X{jloV |, 2<B)€ * T dp(v)
B (SN dn) 7
X / X(joV )|, 2<BYe dp(v)

_ 1/3
_6 NN
X (f X(joN | o <pye = VOISV d dp(v)> .

It follows from Lemma 3.10 in [3] (see also [30]) that the second factor is finite for
any B > 0, whereas it was shown in [42, Proposition 4.2] that the first factor is finite
for sufficiently small B > 0. For the third factor we proceed as in the proof of [42,
Proposition 4.2]. In what follows we always implicitly assume that |[vy||;2 < B. If we

define

—S My @) Im [0V V dx -

Ay, N = Xy, <By€ v

then we need to show that -~
/0 y2p(Ay.n)dy (5.32)

is convergent uniformly with respect to N for B > 0 small enough. Let Ny = Iny and
assume first that N < Nog < (C/ B3 In y for B small enough. We first observe that

‘MN(U) Im/vN@dx < CB?18, W) || oo (T

‘We also note that

pP(AyN) < P(‘MN(U)Imf vVul dx

> Cln y); (5.33)
combining (5.33) and (5.32) with Proposition 4.1 in [42], we can continue with

_ _C -~ 2
p(Ayn) < p(18: W) llzeery > CB 2 Iny) Se 82" = =C/B°,

and the convergence of (5.32) follows by taking B small enough.
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Assume now that N > Ng = In y. Then we observe that A, y C B, y UC,, y where

T T
B, n :={|XN0(U)|> ) lny}, Cyn :={|XN—XNO(v)|> lny}.

12 12B2
We first observe that from the argument above
— _ 2
p(By n) < pUl0x (") Iy > CB > Iny) Sy~ /%
On the other hand from (5.30) and the fact that N > In y we have
p(CV,N) S e—CBNl/2 Iny < E_CB(ln y)l+1/2 < CB,L]/L7
for any L > 1 and an appropriate constant Cp ; depending on B and L. From this again
the convergence of (5.32) follows.
Hence we see that Ry (v) € L2(dp) for sufficiently small B > 0, independent of N.
Then, by Lemma 5.12 and Fatou’s lemma, we obtain R(v) € L?(dp).

(b) By the Cauchy—Schwarz inequality, we have

/ Kiolrrer =K1 A1 < 1RO 2 (a0l Frsr > KO}

Then (5.31) follows from (5.6).
(c) Let us define

H = U (F:F=G{W_pm,...,0u), G bounded and continuous} . (5.34)
M

Note this is a dense set in L' (FL*", p) with2 < r < coand (s — 1)r < —1.Fix F € H;
then F' depends on M, finitely many modes, for some M. Fix ¢ > 0. Then, for N > M,
we have

V F(v)dun —/F(v) d.u‘ = ‘/ F)(Ry(v) — R(v))dp‘

<

/ F)(Ry(v) — R()) dp'
{IRy(v)—R(v)|<e}

+

/ F@)(Ry(v) — R()) dp’
{IRy(v)—R(v)|>e}

< esup|F|+sup|F|[Ry() — ROl 2¢gp){p IRy (v) — R)| = &)}/,

From the proof of Proposition 5.13, we have || Ry (v) = R(W) |l 2(gp) < IRN ) 12(ap) +
||R(v)||Lz(dp) < C < oo forall N. By Lemma 5.12, p(|Ry(v) — R(v)| > €) — 0O as
n— oo.
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Now, let F be a general bounded continuous function on FL%" with 2 < r < o0
and (s — 1)r < —1. Let Fy denote its restriction to Ey, i.e. Fyy(v) = F(™) where
vM = Pyv. By the Cauchy—Schwarz inequality, we have

‘/F(v) dp — / Fy(v) du‘ = ‘/(F(v) — F")R(v) dp‘

1/2
snR(v)an(dp)(/ |F<v>—F<vM>|2dp) . (5.35)

By continuity of F, given ¢ > 0, there exists § > 0 such that
IPyvllFrer = v — oMl Frer <8 = |F) — FO)| <e.

Then the contribution to (5.35) from {v : ||Pﬁv||]:Ls,r < 8} is at most &[|R(V) [l 12 4p)-

Without loss of generality, assume § < &2. By the measurability of the FL*"-norm (see
Definition 5.3), the contribution to (5.35) from {v : ||P[f/;v||}-Lx,r > §} is at most

2sup |F| - 172

IR 2 ap o (I PigvllFror = 8))
<2sup|F| - [RW) 128" < 25up [F| - IRl 2(gpE

for sufficiently large M. A similar argument can be used to show | [ F(v)duy —
f Fy()dun| < C(f, R)e, independent of N. Hence, uy converges weakly to u. ]

Remark 5.14. A tail estimate similar to (5.31) holds for the finite-dimensional weighted
Wiener measure @y, i.e. we have

_ K2
un (N Frer > K) < e 8 (5.36)
where the constant is independent of N.

Remark 5.15. The measure py is not absolutely continuous with respect to uy but its
restriction to {||vN||Lz < B}, ie., py = Z;,lx{”vzv”szB}pN is absolutely continuous
with respect to w, and from (5.13) we have

dpn
duy

B el IN @Y
= RN =Zy XV, 228162 wY

for a suitable renormalization Z ~. Since N (vN ) does not have a definite sign, Lemma 5.8,
Lemma 5.12 and Proposition 5.13(a) hold for Ry and its corresponding limit R. In par-
ticular, for sufficiently small B, R N € L2(dp) for all N with bound independent of N.
The latter fact will be used in the proof of Proposition 6.2 below.

Remark 5.16. Given any p < 00, one can prove R(v) € L?(dp) for sufficiently small
B < B(p). However, B(p) — 0 as p — o0, i.e. there is no uniform lower bound on the
size of the L2-cutoff. For our purpose, the integrability with p = 2 suffices.
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6. Almost sure well-posedness of FGDNLS and invariance of the measure

In order to prove the global well-posedness of p-almost all solutions of FGDNLS (3.1)
we fix once again s = (2/3)— and r = 3 so that we have at our disposal the local well-
posedness result in FL*", that the measure is supported on FL*", and also the energy
growth estimates in Theorem 4.2 as explained in Remark 4.3.

We first use the almost invariance of the finite-dimensional measure py under the
flow of the truncated equation (3.1) to control the growth of solutions.

Lemma 6.1, For any given T > 0 and ¢ > 0 there exists an integer No = No(T, ¢) and
sets Qn = Qn (e, T) € R*N*2 such that for N > Ny:

@) un(Qy) = 1—e. ~
(b) For any initial condition vév € Qn, FGDNLS (3.1) is well-posed on [T, T and its
solution vN (1) satisfies the bound

N 7\ 1/2
sup ||v" (¢ < | log — .
sup 10N g N( g 5)

Proof. Tt is enough to consider ¢ € [0, T']; the argument for ¢t € [—T, 0] is similar. We set

Cy(K.B) = {w" e R™N*2 V|| _ 5 <K, |w"],2 < B}.

M
FL3 7O~
If the initial condition vév is in Cy (K, B) then FGDNLS (3.1) is locally well-posed

on the time interval of length § ~ K~7 by Theorem 3.2, where y > 0 is indepen-
dent of N. Furthermore, if uy is given by (5.13), then for sufficiently large K we have

un(Cn(K, B)°) < ¢=°K? for some constant ¢ which is independent of N by (5.36).
Let @y () be the flow map of (3.1). We define

Qn = (o) : N (iO®)) € Cy(K, B), j=0.1,....[T/51}.
Note that §~va = U/ET:/S 1Dy, where
Dy = {vg': k = min{j : Dy (j8)(v)) € Cn(K, B)}},

k—1
=[N exinEn & By n oy k) Ch B KY). 6D
=0

One verifies easily that the sets Dy satisfy
Do =Cn(K,B)‘, Dy=Cn(K,B)N®yN(=38)(Dr-1). (6.2)

By Lemma 4.1, the Lebesgue measure du, = [14)<n dandby, is invariant under the
flow @ (¢) (ie. forany f € L'(duQ) wehave [ f o @y dus = [ fduQ).
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Using the energy growth estimate” in Theorem 4.2 and the invariance of the L? norm
m(v) = %Hvlle under @y () (i.e. m o Dy () = m for all ¢; see Remark 3.1) we have,
for any set A ¢ R*V+2,

_ gl
un(Cn(K,B)NA) = ZNI/X{CN(K,B)mA}X{mszngz}e 2677 g,

-1 Eo®(—8)—
=Zy /X{CN(K,B)mA}0¢N(—5)X{m52ﬂ32}e Eoby(==m 4,0,

Ll Eodr(—8)—
- /X{cpN(sch(K,BmA)}e 2EONED=E) gy
—B 8
< CONTE N (DN (8)(Cn (K, B) N A))

< CONTEY (DN (8)(A)). (6.3)

Applying (6.3) to (6.2) with A = ®(—8)(Dk—1) and iteratingin k € {0, ..., [T/5]},
we obtain

c(S)NPK? ke(§)N~P ng—cKz

un(Dg) <e un(Dg_1) <e

and thus

(7/51
un (@) < 7 fONTIRS jmek? < [ﬂe—”’fz ~TKYe K’
k=0

for N > No(T, K). By choosing K ~ (log (T/s))l/z, we have uy (ﬁf\,) < ¢ as desired.
Finally, by construction, we have ||vN(j8)||]:L(2/3>—,3 <K forj=0,...,[T/5]and
by the local theory, we have

12
N
t <2K ~ [log — . O
o?fET o™ )”J-‘L%*'3 - (Og 8>

Combining Lemma 6.1 with the approximation Lemma 3.3 we can now prove a similar
result for the solution of the initial value problem GDNLS (2.6).

Proposition 6.2. For any given T > 0 and ¢ > 0 there exists a set Q (¢, T) such that:

@ nEET)=>1—e
(b) For any initial condition vo € 2(e, T) the initial value problem GDNLS (2.6) is
well-posed on [—T, T] with the bound

TN\ 12
sup [[v(@®)]l _ 2 <<logg> .

e FLi

9 Without loss of generality we assume max (K 6 Kk8) = K8 in Theorem 4.2.
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Proof. Let S~2N = §N(5, T) be the set given in Lemma 6.1 for N > Ny(e, T). This set is
defined in terms of K ~ (log (T/s))l/2 and for that same K we define

Qn 1= Qu(e, T) = {vp € FL3 ™3 lvoll 3y < K. Pyvo € o)

If vg € Qn then by Lemma 6.1 we have

sup || Dy (1) (Pyvo) |l

<2K. 6.4
t<T .7:[‘%7’3 - ( )

On the other hand for vy € Qy the local well-posedness theorem in [22] gives a § > 0
and a solution v(z) of GDNLS (2.6) for |t| < §.

By (3.5) in the proof of Lemma 3.3, with K in place of A, we find that for every
s1<(2/3)—,

19(8) = ¥ Bl s S KNTT5F,
By choosing a larger Ny if necessary, so that [T/8] K N*1~?/3+ « 1 for N > Ny we can
repeat this argument [7 /3] times over the intervals [j§, (j+1)8],j =0, 1,...,[T/5]—1,
to obtain
(8 = NGOl FLns < 1. (6.5)

Then from (6.4) and (6.5) we conclude

T\ /2
o)l rpons < 2K +1~ (log;> ,

and since the right hand side is independent of s; < (2/3)—, we obtained the desired
estimate.
To estimate w(€2p) note first that

2 2 ~
Qy C{vo € FLI ™ tlwoll 3 5 = KJUfuo € FL3™7: Pywg € Q) (6.6)

The first set on the right hand side of (6.6) has u measure less than ¢ by the tail bound
in Proposition 5.13. The set Fy = {vy € FLE3=3 . pyyy € 525'\,} is a cylinder set
and we have Fy N Ey = S~2§V (recall Ey = span{ei”x}|n|sN). Thus p(Fn) = py(Fyn) =
pN(EZfV). On the other hand, recall that 4 < p and that py, the restriction of py to the
ball {||vV ]| 12 < B}, is absolutely continuous with respect to ; (see Remark 5.15). Then
using Cauchy—Schwarz repeatedly we obtain

) 1/2 1/2
n(Fy) = (/R dp) </§ X{|vN|Lsz}de)
N

12 i s
< (/ R2d,o> </ R% dMN) 1y (514
12 ) 4
< ( / dep) < / Ry de) oy @)1 6.7)
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where Ry is as defined in Remark 5.15 and where in the last inequality we have used that
by definition I%IZVRN = Ry.

By relying on Lemma 5.12, Proposition 5.13 and Remark 5.15 we can bound the first
two terms in (6.7) by a constant independent of N. This combined with Lemma 6.1 allows
us to conclude that there exist a constant d > 0 and N (g, T) such that u(Fy) < de for
N > Njp. So for N > max(Nyp, Np), any set Q2(e, T) := Qp(e, T) satisfies the desired
hypothesis. O

Theorem 6.3 (Almost sure global well-posedness). There exists a subset 2 of the space
FLE373 with w(Q) = 0 such that for every vy € 2 the initial value problem GDNLS
(2.6) with initial data vy is globally well-posed.

Proof. Fix an arbitrary T and let ¢ = 27, Using the sets given in Proposition 6.2 we set

QT) := Usz(z—", T).

If v9 € Q(T) then the initial value problem GDNLS (2.6) is well-posed up to time T'.
Since u(2(T)) =1 —-27"1 fqr any i € N, the set Q(7') has full measure.
Finally by taking T := 2/ the set

Q= ﬂ Q2% (6.8)
j

also has full measure and if vo € Q2 then the initial value problem GDNLS (2.6) is globally
well-posed. O

Remark 6.4. We note that by slightly modifying the proof of Theorem 6.3 above we
could also derive a logarithmic bound in time on solutions similar to the one in [3]
and [12].

Now that we have a well-defined flow on the measure space (F L2/3)-3 W), we show
that u is invariant under the flow ®(¢), following the argument in [38].

Theorem 6.5. The measure w is invariant under the flow @ (t).

Proof. Let us consider the measure space (FL*/?73_ 11). We need to show that for any
measurable A we have u(A) = wu(P(—1)(A)) for all # € R. Note that by the group
property of the flow without loss of generality we can assume that |[f| < §. An equivalent
characterization of invariance is that for all F € L'(FL®3=3 1) we have

/F(¢(t)(v))du=/F(v)dM- (6.9)

By an elementary approximation argument it is enough to show (6.9) for F in a dense set
in LY (FL®?/3=3 1) which we choose as in (5.34) to be

H = U{F :F=G{W_p,...,0u), G bounded and continuous}.
M
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For F € H choose an arbitrary ¢ > 0 and assume N > M. By Proposition 5.13, uy
converges weakly to x and thus

‘/qu—/quN

Let ®x(r) be the flow map for FGDNLS (3.1). For s; < (2/3)—, by Lemma
3.3, we deduce that [|®(#)(v) — PN (1) (V)| 5513 converges to O uniformly on {v :

<e. (6.10)

—|—‘/Fo<l>(l)d,u,—/F0¢(l)dMN

. . . ) .
lvll £Lem-3 < K}. Using the tail estimate /LN(||UN||FL(2/3)—,3 > K) < e K" (uni-
formly in N) and the continuity of F in FL*1-3 we obtain

‘/Fo¢(t)duN —/FoCDN(t)duN < 2| Flloce™K" + € < 3¢ 6.11)

for large enough K and N.
Finally using again the tail estimate for i, the invariance of Lebesgue measure under
@ (¢) and the energy estimate given in Theorem 4.2 we obtain

‘/FOCDN(I)dMN_/FdMN

<2 F ek + '/ Fle3EeonC0=8 _1jqpy
ol 2 <K}
FL3T
< 2 + || Flle (e“ON KT 1) < 3e, (6.12)
for sufficiently large N. By combining (6.10)—(6.12) we obtain invariance. O

7. The ungauged DNLS equation

Recall that if u(z, x) is a solution of DNLS (2.1) then w(t,x) = G(u(t, x)) where
G(f)(x) =exp(—iJ(f))f(x) (see (2.5)) is a solution of

Wy — [Wyy — 2m(w)w, = —w?

Wy + %|w|4w —iv(ww —imw)|wl*w  (7.1)

with initial data w(0) = G (u(0)). Furthermore v (¢, x) = w(t, x — 2tm(w)) is a solution

of (2.6) with initial condition v(0) = w(0). If ® () denotes the flow map for GDNLS

(2.6), let ®(¢) denote the flow map of (7.1) and let W (¢) denote the flow map of (2.1).
Clearly we have the relation

UiH) =G lod()oG. (7.2)

To elucidate the relation between ®(¢) and 5(t) let 74 (s) denote the action of the group
of spatial translations on functions, i.e., (o (s)w)(x) = w(x — as). We define a state
dependent translation

T ®w)(x) = (T2m@w) (Hw)(x) = w(x — 2sm(w)).
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Note that the H®, L? and FL*" norms are all invariant under this transformation. Fur-
thermore we have
v(t,x) .= (C'Hw)(t, x).

Since m is preserved under G, I'(s) and both flows W (¢) and 5(0, we have the relation
O() =T)d(1) = DO (1), (7.3)

in particular EIS(t) and I"(#) commute.
Finally if p is a measure on 2 as in Theorem 6.3 and ¢ : 2 — 2 is a measurable
map then we define the measure v = i 0 ™! by

V(A) := (e~ (A) = ulix : p(x) € A}).

for all measurable sets A or equivalently by

/de :/Fogodu
for integrable F.

Consider the measure defined by
v:i=uoG. 7.4

Since the measure p constructed in Proposition 5.13 is invariant under the flow ®(r) we
show that the flow W(¢) for DNLS is well defined v almost surely and that v is invariant
under the flow W (z).

Theorem 7.1 (Almost sure global well-posedness for DNLS). There exists a subset ¥
of the space FLE3=3 with v(Z€) = 0 such that for every ug € X the IVP DNLS (2.1)
with initial data u is globally well-posed.

Proof. Let 2 be the set of full 4 measure given in Theorem 6.3 and let & = G~'(Q).
Note that ¥ is a set of full v measure by (7.4). For vy € Q2 the IVP GDNLS (2.6) with
initial data vy is globally well-posed. Hence since the map G : C([—T, T]; FL*") —
C([-T,T]; FL*") is a homeomorphism if s > 1/2 — 1/r when 2 < r < oo, the IVP
(DNLS) (2.1) with initial data ug = G~!(vp) is also globally well-posed. ]

Finally we show that the measure v is invariant under the flow map of DNLS (2.1).

Theorem 7.2. The measure v = y o G is invariant under the flow W (t).

Proof. First we note that the measure u is invariant under I'(¢). The density of u with re-
spect to p is R(v) (see (5.12)), and it is verified easily that RoI'(¢) = R. Furthermore one
also verifies easily that the finite-dimensional measures py are also invariant under I"(¢).
As a consequence, since p is invariant under ®(7) by Theorem 6.5, u is also invariant
under ®(¢) because of (7.3). Finally v is invariant under W (¢) since by (7.2),

/FW(;)dv:/hG‘l05(z)oGdqu=/FoG—‘o<T>(t)dM

=/FoG_ldu=dev. O
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