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Abstract. In the recent literature, the phenomenon of phase separation for binary mixtures of
Bose—Einstein condensates is understood, from the mathematical point of view, as governed by
the asymptotic limit of the stationary Gross—Pitaevskii system

—Au+u? +ﬂuv2 = AU,
—Av+13 +/3u2v = uv,
w,ve HH(Q), u.v>0,

as the interspecies scattering length 8 goes to 4-o00. For this system we consider the associated en-
ergy functionals Jg, B € 0, +00), with L2-mass constraints, whose limit Joo (as § — +00) is
strongly irregular. For such functionals, we construct multiple critical points via a common min-
imax structure, and prove convergence of critical levels and optimal sets. Moreover we study the
asymptotics of the critical points.

1. Introduction

1.1. Motivations

We are interested in the nonlinear Schrodinger system
—Au+ud+ ,3uv2 = Au,
—Av+v3+ ﬂu2v = uv, (1)
U,v € HOI(Q), u,v >0,

with © a smooth bounded domain in RY, N = 2,3, and A, W, B positive parameters,

which arises in several physical contexts such as Bose—Einstein condensation in two hy-
perfine spin states (for all the physical aspects we refer, e.g., to [14, 6] and references
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therein). In our case, the cubic nonlinearities u3, v3 have a positive sign, which in the
literature is called the defocusing case (in opposition to the focusing one, with negative
sign). For different choices of the parameters in (1), existence of solutions for this type of
system has been widely studied, both for the cases of £ bounded and for the whole RV
([1, 16, 8, 12] among others). We study solutions of (1) as nonnegative critical points of
the coercive energy functional

1 1
Jg(u, v) = —/(qu|2+|Vv|2)dx+—/(u4+v4)dx+é/ u*v* dx
2 Ja 4 Jq 2 Ja
constrained to the manifold
M= {(u,v) € Hy (Q) x Hy () :f u dx =f vidx = 1},
Q Q

so that A and p in (1) are understood as Lagrange multipliers. This constraint represents
the standard mass conservation law.

Besides the existence of ground states, because of the invariance of Jg and M under
the Z, action (u, v) — (v, u) we expect multiple critical points of minimax type for
each 8. We are mainly interested in the behavior of such solutions as 8 — +oc. In the
context of Bose—Einstein condensation, this models the phenomenon of phase separation
(segregation) that occurs between the two different states. From the mathematical point of
view, this asymptotic study of solutions has been attracting growing attention [20, 21, 19,
3,10, 5, 13, 11, 18]. In contrast, here we analyze the asymptotics of the whole minimax
structure.

While convergence of minimizers is well understood in the framework of singularly
perturbed equations, this is not the case for minimax critical points. To illustrate this
problem, let us consider the pointwise limit of Jg as B goes to infinity. It is the extended
real valued functional defined (on M) as

Joo(u, v) = sup Jg(u, v) =

Jo(u,v) when [ wvtdx =0,
B>0

+00 otherwise.

Actually, this functional turns out to be also the I'-limit of Jg (for the definition of I'-
convergence we refer, for instance, to the book by Braides [2]). In this framework, while
it is immediate to check the convergence of the minima of Jg on M to minima of J, it
is not even obvious what should be understood as a critical point of J, (because of its
strong irregularity). Also in the case when a notion of critical point is established for the
limiting functional, there need not be convergence: Jerrard and Sternberg [9, Remark 4.5]
exhibit an example of a family { f°} of functions I"'-converging to f, in which a sequence
of critical points of f¢ does not converge to a critical point of f .

Similarly to [9], we tackle the problem from an abstract point of view (see Section 2).
In fact, we consider a general family of functionals, depending on a parameter S, and its
I"-limit. These functionals share the basic property of being lower semicontinuous (with
respect to a suitable topology) and nondecreasing with respect to 8. After the introduction
of a common minimax class, we provide a notion of critical point in connection with a
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choice of decreasing flows. The main problem is that, in our application, the limit of
the gradient flows as 8 — +o00 need not itself be a continuous decreasing flow for the
limiting functional (such limits were studied in [4] for the related heat equation). This
prevents us from applying the recent theory of I'-convergence of gradient flows developed
in [15]. We stress that, for this reason, we do not assume any relation between the flows
for B < oo and the limit flow.

To construct the flow for 8 = +o00, we start from the observation that, in our applica-
tion, the limit problem has a richer structure. Let us consider the equation

—Aw+wd=rwt —pw”,  we H (), )

which is related to the functional Jo, in the case u - v = 0, as follows:
* * 1 2 1 4
Joo(u,v) = J*(u —v), where J (w)= = [Vw|“dx +- [ wdx (3)
2 Ja 4 Jo

(with [(w™)? = [o(w™)? = 1). A first suggestion for studying this relation comes
from the analysis of ground state solutions: as (3) shows, if (40, Vso) 1S @ minimizer of
Joo in M, then w = Uy — Voo is a ground state of J* (with the appropriate constraint).
Hence, by the Lagrange multipliers theorem, w solves (2). This suggests understanding
the critical points of J, constrained to M as pairs (4, v) such thatu - v =0and u — v
satisfies equation (2). As a matter of fact, we will establish, also for minimax critical
points, a relation between suitable solutions (ug, vg) of (1), for B large, and the pairs1
(wT, w™), where w solves (2) (for suitable A, ). Other results in the same direction have
been obtained for radial functions in the recent papers [20, 19] for nonminimal solutions,
whereas, up to our knowledge, there are no results concerning nonradial, excited states.

1.2. A class of minimax problems

To proceed with the exposition of our main results, we need to introduce a suitable mini-
max framework which is admissible for the whole family of functionals. We are inspired
by a recent work by Dancer, Wei and Weth [8], where infinitely many critical levels are
found, in the focusing case, by exploiting the Krasnosel’skil genus technique (see, for
instance, the book by Struwe [17]) associated with the invariance of the problem when
interchanging the roles of u and v.

In carrying out our asymptotic analysis, we shall take advantage of a strong compact-
ness property that goes beyond the usual Palais—Smale condition; to this end we are led
to develop a genus theory in L2-topology. This is the main reason why we are addressing
here the defocusing case: in the focusing one, indeed, the fact that the associated Nehari
manifold is not L2-closed seems to prevent an analogous analysis. Let us consider the
involution

o H)(Q) x H}(Q) — H) (Q) x H)(Q), (u,v) > o(u,v)=(v,u),

' Here, as usual, w* (x) = max{zxw(x), 0} denote the positive and negative parts of a function w.
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and the class of sets

A C M : Aisclosed in the L?-topology,
Fo= u,v)€eA=u>0,v=>0,
oc(A)=A

(observe that M is L%-closed and that o(M) = M). We can define the Krasnosel’skif
L?-genus in Fy in the following way.

Definition 1.1. Let A € Fy. The L?-genus of A, denoted by y2(A), is defined as

m € N : there exists f : A — R \ {0} such that
y2(A) = inf f is continuous in the L2-topology and
f(o(u,v)) =—f(u,v) forevery (u,v) € A

If no f as above exists, then y»(A) = 400, while y»(¥J) = 0. The set of subsets with
L2-genus at least k will be denoted by

Fr=1{A € Fo: »2(A) > k}.
Under the previous notation we define, for 0 < 8 < +o0, the (candidate) critical levels

k .
cg = inf sup Jg(u,v). “4)
p AeFy (u,v)€A P

In order to simplify notation, for 8 < oo we introduce a map Sg such that system (1) can
be rewritten as

—Au+u® + Buv? —
Sg(u, v; A, u) = <—Av+v3 +ﬂu2U—MU> o
u,ve Hy(Q), wu,v>0.

When B < +00, the (candidate) critical set is defined in the standard way:

(u,v) eM :u,v >0,
IC];; = Jg(u,v) = cg, and
there exist A, u such that Sg(u, v; A, u) = (0, 0)

Coming to the limiting problem, for the reasons given before, we define the critical set as

(u,v)yeM :u,v >0,
K]éo = Joo(u, v) = c’éo, and
there exist A, i such that u — v solves (2)

Our first main result states existence of critical points and of optimal sets, in the following
sense.

Theorem 1.2. Letk € NT and 0 < B < 400 be fixed. Then:

1. IC];; is nonempty and compact (with respect to the Hol-topology);
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2. there exist A]E € Fi and (ug, vg) € AIE N IC];} such that

cl/_f, = n}ﬁx Jg = J,g(u];;, v/]_f;).
B

As in the usual genus theory, one can also prove that if cg is the same for different k’s,

then the genus of IC]E is large. This, together with suitable conditions which allow avoiding
fixed points of o (namely S large enough, see Lemma 3.4), provides the existence of many
distinct critical points of Jg.

1.3. Limits as B — 400

Since the same variational argument applies to both the S-finite and the limiting case, the
next step is to compare the limiting behavior of the variational structure as 8 — +oo
with the actual behavior at § = +00. When k = 1, the critical points introduced above
correspond to minimal energy solutions; in this case we have

Theorem 1.3. Let (ug,vg) € M, for B € (0, +00), be a minimizer of Jg constrained
to M. Then, up to subsequences, (ug, vg) converges strongly in H N CO 10 (oo, Voo),
a minimizer of Joo constrained to M. Moreover us, — Voo Solves (2).

We shall obtain a proof of this result, as a byproduct of a more general one, at the end of
Section 4. For k > 2 we prove the convergence of both the critical levels and the optimal
sets (in the sense of Theorem 1.2).

Theorem 1.4. Let k € N7 be fixed. As B — +00 we have
L. cg — ck;
2. if Aﬁ is any optimal set for cgn, and B, — +oo, then the set limsup, Aﬁ is optimal

for C]éo (the limit is understood in the Lz-sense).

It is worth noticing that, in general, the convergence of the critical levels is a delicate fact
(for instance, it remains an open problem in [12]). As previously mentioned, up to now
there existed results in this direction that concerned only the radial case (in this case the
nodal sets of the limiting equation are easier to handle). Concerning the convergence of
the critical sets, we obtain the following relation.

Theorem 1.5. Let

(u, v) : there are sequences (un, v,) € M, nonnegative, and B, — —+00 with
ik — (Uy, vy) = (u,v) in L2,
* Jg, (n, vy) — c];o, and
Sg, (tn, vy) — (0,0) in L?

Then KCk 0 ICK, is not empty.

This result can be better understood in the formulation below. It makes use of the uniform
Holder bounds obtained in [13], providing that the L?-convergences in the definitions of
lim supg IC'E, and ICﬁ are in fact strong in H' N €%,
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Corollary 1.6. For every integer k there exist pairs (Uso, Voo), (Aoos Moo) Satisfying
—A(Uoo — Vo) + (oo — Uoo)3 + Aoolloo — MooVoo = 0,
at level c’éo, and (sub)sequences (ug, vg), (hg, kp), (Ag, ug) satisfying

—Aug + u% +,3uﬂv§ — Agug = hg,
—Avg + vg + ,Bulzgvﬁ — ngvg = kg,
ug,vg € H()l(Q), u,v >0,

such that (Ag, Lg) —> (Aoo, Hoo)s
(hg kg) — (0,0)in L*> and (ug,vg) — (oo, Voo) in H' N CO,

with) <o <1ifN=2and0 <a < 1/2if N =3.

We address the open question of finding under which conditions a solution of (2) is the
limit of a sequence of solutions of (1).

The paper is structured as follows. In Section 2 we present an abstract framework
of variational type; we introduce a family of functionals enjoying suitable properties and
perform an asymptotic analysis. Section 3 is devoted to fitting (1) into the abstract setting;
this immediately provides the convergence of the critical levels and of the optimal sets.
Finally, in Section 4, we conclude the proof of the main results: we address existence and
asymptotics of the critical points, leaving to Section 5 the technical details about the flows
used in the deformation lemmas.

Note added in proof. The authors point out that the results contained in the recent article by
E. N. Dancer, K. Wang and Z. Zhang [7] allow a substantial improvement of the statement of Corol-
lary 1.6 of the present article. Indeed, it is proved there that all H!-bounded families of solutions
to (1) do indeed converge to a limiting profile (#so, Vo) satisfying the first equation in Corollary
1.6. This highly nontrivial fact implies that the forcing terms (g, kg) can be assumed to vanish
identically.

Notation. In the following, |u||®> = [, |Vu|*dx, lu|), = [, u” dx (sometimes it will
also denote the vectorial norm). We will refer to the topology induced on HO1 () x HO1 ()
by the L2(2) x L?(£2) norm as the L>-topology (and we shall denote by (-, -)», dist, the
associated scalar product and distance respectively). On the other hand, we will call the
usual topology on HO1 (2) x HOl (£2) the Hol-topology. Finally, recall that, for a sequence
(A,), of sets,

x € limsup A, <« for some ny — +oo there exist x,, € A,, such that x,, — x.2

n

2 This is the limit superior in the framework of the Kuratowski convergence.
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2. Topological setting of a class of minimax principles

In this section we will introduce an abstract setting of minimax type in order to obtain
critical values (in a suitable sense) of a given functional. Our aim is to consider a class
of functionals, each fitting in this setting, and to perform an asymptotic analysis of the
variational structure. The asymptotic convergence requires some additional compactness,
in the form of assumptions (F2), (F2') below. Later on, when applying these results, this
will be achieved by means of weakening the topology; the price to pay will be a loss of
regularity of the functional involved. For this reason, in contrast to the usual variational
schemes, our main task is to work with functionals that are only lower semicontinuous.

Let (M, dist) be a metric space and let us consider a set of subsets of M, F C M,
Given a lower semicontinuous functional J : M — R U {+o00}, we define the minimax
level

¢ = inf sup J(x),

AeF xXeA
and make the following assumptions:

(F1) every A € Fisclosed in M ;
(F2) there exists ¢’ > c¢ such that for any given (A,), C F with A, C M¢ for every n,
we have limsup, A, € F,

where )
M ={xeM:Jx) <)
Moreover from now on we will suppose that ¢ € R, which in particular implies that

F # Wand ¥ ¢ F. A first consequence of the compactness assumption (F2) is the
existence of an optimal set of the minimax procedure.

Proposition 2.1. Let J : M — RU{+00} be a lower semicontinuous functional, assume
(F2) and suppose moreover that ¢ € R. Then there exists A € F such that supg J = c.
In this situation, we will say that A is optimal for J at c.

Proof. Foreveryn € Nlet A, € F be such that

supJ <c+1/n

Ap
and consider A := lim sup, A,. On one hand A € F by assumption (F2), which provides
sup; J > c. On the other hand, by the definition of lim sup, for any x € A there exists
a sequence (x,)n, X, € Aj,, such that, up to a subsequence, x,, — x. But the lower
semicontinuity implies

J(x) < liminf J (x,) < lim inf(sup J) <c,
n n An

and the proposition follows by taking the supremum over x € A. O

Due to the lack of regularity of the functional it is not obvious what should be understood
as a critical set. We will give a very general definition of critical set at level ¢ by means
of a “deformation”, defined in some sublevel of J, under which the functional decreases.
To this end we consider, for some ¢’ > ¢, amap 7 : M — M such that
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(n1) n(A) € F whenever A € F, A ¢ M¢;
(12) J(n(x)) < J(x) for every x € M.

We define the critical set of J (relative to ) at level ¢ as
Ke={xeM:Jx)=Jnkx)) =c}

(notice that x € M€ and hence n(x) is well defined). We remark that the definition
depends on the choice of 5. In a quite standard way, some more compactness is needed in
the form of a Palais—Smale type assumption.

Definition 2.2. We say that the pair (J, n) satisfies (PS),. if for any given sequence (x,)»
C M such that J(x,) — ¢, J(n(x,)) — c, there exists x € K, such that, up to a
subsequence, x,, — X (as above, 1(x,) is well defined for n sufficiently large).

Remark 2.3. Incidentally we observe that if in (PS). one would require x to be also the
limit of n(x,) (we do not assume this in this section, but it will turn out to be true in
the subsequent application), then /. would coincide with the set of fixed points of 1 at
level c, providing an alternative—-probably more intuitive—definition of “critical set”
(relative to n).

As usual, (PS), immediately implies the compactness of k.. This assumption also
implies the fact that every optimal set for J at level ¢ (recall Proposition 2.1) intersects .
(which in particular is nonempty). More precisely

Theorem 2.4. Let J : M — R U {400} be a lower semicontinuous functional, assume
(F1) and (F2), and let i : M > M bea map such that (n1) and (n2) hold. Suppose
moreover that (J, n) satisfy (PS). and that ¢ € R. Thus for every A € F such that
supy J = c there exists X € A N K. In particular, K. is nonempty.

Proof. Let A € F be such that sup, J = ¢ (which exists by Proposition 2.1). By as-
sumptions (1) and (n2), n(A) € F and SUp;(a) J < c, hence sup,4) J = c. Thus we
can find a sequence (x,), C A such that J((x,)) — c. By using assumption (12) again,
we infer

¢ = J(xn) = J((xn)) — ¢,

and therefore (up to a subsequence) x, — x € K. by (PS).. On the other hand, since
A € F, assumption (F1) implies that x € A, which concludes the proof. O

Let us now turn to the asymptotic analysis. First of all we introduce a family of func-
tionals parameterized by 8 € (0, +00), Jg : M — R U {400}, each of which is lower
semicontinuous and moreover

() Jp, (x) < Jg,(x) for every x € M whenever 0 < 1 < fr < +00.

In such a framework we define the limit functional

Joo(x) := sup Jg(x).
B>0
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Lemma 2.5. For every x,, x € M such that x,, — x and 8, — 400,

Joo(x) < liminf Jg, (x,).
n

In particular, Joo is lower semicontinuous, and Jg I'-converges to Jo.
Proof. For every fixed 8 < +o0,
Jg(x) < liminf Jg(x,) < liminf Jg, (x,) < liminf Joo(x,)
n n n
(we used the fact that Jg is lower semicontinuous and that Jg < Jg, for n sufficiently
large). By taking the supremum over 8 the lemma follows. O
Consequently, for 0 < 8 < +o00, we define the minimax levels
cg = inf sup Jg(x).
P AeF XEE ﬂ( )

Remark 2.6. Assumption (J) clearly yields
B1 < P2 < +00 = cp = Cp, < Coo

This suggests that any constant greater than c is a suitable common bound for all the
functionals. Hence we replace (F2) with

(F2') for any given (A,), C F such that, for some 8, A,, C M;""H for every n, we
have limsup,, A, € F,

where )
b ={reM:Jpx) <}

Our first main result is the convergence of both the critical levels and the optimal sets (see
Proposition 2.1).

Theorem 2.7. Let Jg : M — R U {+00} (0 < B < 400) be a family of lower semi-
continuous functionals satisfying (J), and let Jo be as before. Moreover suppose that
assumption (F2') holds, and that cg € R forevery 0 < B < +00. Then

1. for every 0 < B < +oo0 there exists an optimal set for Jg at cg;

2. cg = Co as B —> +00;

3. if Ay € Fis optimal for Jg, at cg, and B, — —+00, then Ay, = limsup, A, is
optimal for J, at cso.

Proof. The first item is a direct consequence of Proposition 2.1. Now by Remark 2.6
we know that cg is monotone in 8 and that limcg < coo < +00 by assumption. Let
B, An, Axo be as in the statement. We have sup A, Ip < supy, Jp, < Coos therefore
A, C{Jpg, = coo + 1} and assumption (F2') provides Ay, € F. Now for every X € Ao
there exists a (sub)sequence x,, — x with x, € A,. By Lemma 2.5 we have

Joo(®) < liminf Jg, (x,) < lim inf(sup Jﬁn) = limcp, < coo-
n n An n

By taking the supremum for X € A (and recalling A, € F), the theorem follows. O
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Next we turn to the study of the corresponding critical sets, by introducing a family of
maps 1g : MIC;"H — M;O"H satisfying

(n1)g ng(A) € F whenever A € F, A C Mgw-H;
m2)p Jg(ng(x)) < Jg(x), forevery x € M}C;"H.

Just as before, we define, for every 0 < < 400,
Kp = /Ccﬂ ={x e M:Jg(x) = Jg(ng(x)) = cp}. (6)
As a straightforward consequence of Theorem 2.4, the following holds.

Theorem 2.8. Let Jg : M — R U {+00} (0 < B < +00) be a family of lower semi-
continuous functionals satisfying (J), and let Jo be as before. Suppose that (F1), (F2')
hold, and that, for every 0 < B < +00, cg € R and the maps ng : MERTL 5 pfCot]
satisfy (n1)g and (n2)g. Suppose moreover that the pair (Jg, ng) satisfies (PS)c,;- Then
every optimal set for Jg at cg intersects K g, which in particular is nonempty (f < 400).

It is now natural to wonder what is the relation between lim sup Kg and Koo. The desired
result would be their equality, which could be obtained under some suitable relations
between the deformations ng and 1. However, as we mentioned in the introduction, in
our application such relations do not seem to hold. Instead we will assume a uniform
Palais—Smale type condition, which will lead us to consider a slightly larger set than
lim sup Kg. Let us assume that the following holds:

(UPS) if the sequences (x,), C M and (B,), C RT are such that 8, — oo and
Jg,(xn) = Coos I, (N, (Xn)) = Coo, then there exists x € M such that, up to a
subsequence, x, — X and g, (x,) = X

(again, since Jg, (X;) — Coo, N, (xn) is well defined for large n). It is worth pointing out
explicitly the two main differences between (PS) and (UPS), apart from the dependence
on B. On one hand, in the latter we do not obtain x € Ky—see Remark 2.10 below. On
the other hand, in (UPS) we require not only x, but also ng, (x,) to converge, and the limit
to be the same (to enlighten this choice, see also Remark 2.3). Condition (UPS) suggests
the definition of the set

x € M : there exist sequences (x,), C M, (8,), C RT such that
Xn —> X, By = +00,
Jg, (xn) = Coo, and
J/S,, (77;3,1 (X1)) = Coo

Cy =

Remark 2.9. If (x,), is a uniform Palais—Smale sequence in the sense of (UPS), then
(up to a subsequence) x;, — x € Cy.

Remark 2.10. By Theorem 2.7, it is immediate that

limsup Kg C Cs.
B——+o00

Finally if x € C, then, by Lemma 2.5, J5(x) < co. Observe that the inequality may be
strict (nonetheless, the following theorem will imply that for some point equality holds).
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Our final result is the following.

Theorem 2.11. Under the assumptions of Theorem 2.8, suppose moreover that (UPS)
holds. Then

CoN Koo # 0.

More precisely, for every (Ap), C F, with A, optimal for Jg, at cg,, and B, — +00,
there exists X € Cy N Koo N limsup,, Ap,.

Proof. Let A, be as in the statement, and take B, = ng,(A,), which is also optimal
for Jg, at cg, by assumptions (71)g,, (72)g,. Theorem 2.7 then shows that lim sup,, B, =:
By € F is optimal for J, at ¢, that is, there exists

Y € Boo N Ko
By definition, up to a subsequence, there exists x, € A, such that ng, (x,) — y. Then
assumption (12)g, together with Lemma 2.5 provides

Coo = Joo(F) < lim inf Jg, (ng, (x)) < liminf Jp, (x,) < lirrln(s;;p Jﬁn) =limcp, = Coo.

In particular this implies that (x,), is a Palais—Smale sequence in the sense of assumption
(UPS); by using Remark 2.9 we infer that (again up to a subsequence)

X, — X € limsup A, N Cy.
n

But (UPS) also implies ng, (x,) — X and hence x = y, which concludes the proof. m]

3. Convergence of minimax levels

The rest of the paper is devoted to applying (and refining) the results obtained in the
previous section to the problem discussed in the introduction. In order to apply the abstract
results of Section 2 we need to introduce M, F and g for the present case. In this section
we deal with the asymptotics of the minimax levels and prove Theorem 1.4. The proof of
the remaining results, and in particular the construction of the deformations, will be the
object of the subsequent sections. Since the proof is independent of k, from now on we
assume that k € NT is fixed (and will often be omitted).
We define

M = {(u,v) € Hy(Q) x Hy(Q) :u,v = 0in Q, [uly = vy =1},
dist? ((u1, v1), (2, v2)) = U1 — ua2l3 + v — 213,

and
1 1
Jp(u,v) = —<||u||2+||v||2)+—/<u4+v4>dx+§/ v dx
2 4 Jo 2 Jo
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for 0 < B < +o00. Notice that the limiting functional (as introduced in Section 2) coin-
cides with the one defined in the introduction, i.e.,

Jo(u, v) when wvtdx =0,
Joo(u, v) = sup Jg(u, v) = fQ
B>0 +00 otherwise.

Moreover we set
F=F.={A € Fy:y(A) >k} (asinDefinition 1.1),

which implies that the critical values cg introduced in Section 2 coincide with the val-
ues cg defined in the introduction.

Remark 3.1. We stress that for any given ¢’ € Rand 0 < B < oo the set
¢ ={w.v) e M: Jpu,v) <)

is L2-compact. This is a consequence of the coercivity of the functional together with the
Sobolev embedding theorem. This motivates our decision of working with this topology.

We start by presenting some properties of the L?-genus (recall Definition 1.1).

Proposition 3.2. (i) Take A € Fy and let S~ be the standard (k — 1)-sphere in R¥.
If there exists an L*-homeomorphism ¥ : S¥~1 — A satisfying ¥ (—x) = o (¥ (x))
then y»(A) = k.

(i) Consider A € Fy and letn : A — M be an L*-continuous, o-equivariant and
sign-preserving map. Then n(A) € Fi.

(iii) If A € Fy is an L*-compact set, then there exists a 8 > 0 such that® y»(Ns(A)) =
ya(A).

(iv) Let (Ap)nen be a sequence in Fy and let X be an L*-compact subset of M such that
A, C X. Then limsup A, € Fi.

Proof. The proofs of the first three properties are similar to the ones of the usual genus,
and therefore we omit them (see for example [17, Proposition 5.4]). As for (iv), let A,
and X be as above. By the definition of lim sup it is straightforward to check that the set
limsup,, A, belongs to Fy, and that it is L2-compact. We now claim that for every § > 0
there exists ng € N such that

A, C Ns(limsup A,) forn > no,

which together with (iii) yields the desired result. Suppose that our claim is false. Then
there exist 8§ > 0, ny — +oo and (ttny,, Uny) € Ay, such that (uy,, v,,) ¢ Ny(limsup A,).
But since X is sequentially compact, there exists a (u, v) € X C M such that, up to a
subsequence, (i, , vy, ) — (u, v). Hence (u, v) € limsup A,, a contradiction. O

3 Here Ns(A) = {(u,v) € M : disty((u, v), A) < 8}.
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Lemma 3.3. For every B finite, 0 < cg < coo < +00.

Proof. The proof relies on the fact that, given any k € N, we can construct a set Gy € Fo
with y»(Gy) = k. Here we use some ideas of [8, Proposition 4.3]. Indeed, consider k
functions ¢y, ..., ¢ € HOl (£2) such that ¢; - ¢; = O a.e. for any i # j, with qbiJr, ¢, #0.
Define

voSU S M, () (E(Zti¢i)+,§(2t,~¢,~)_),

where
2 _ 1 _ 1 2 1 _ 1
I gt O t1e 13’ I tidd™15 Ot 13

and Gy = ¥ (S 1). It is easy to verify that Gy € Fp. Since ¥ is an L?-homeomorphism
between S¥~! and Gy, and o(W(t,...,t)) = ¥ (-1, ..., —tx), Proposition 3.2(i) pro-
vides that y2(Gy) = k. Since (4, v) € G implies u - v = 0, it follows that

Coo < sup Joo < +00.
Gy

Finally, Remark 2.6 allows us to conclude the proof. O
We are already in a position to prove the convergence of the minimax levels.

Proof of Theorem 1.4. This is a direct consequence of Theorem 2.7. Let us check its
hypotheses. Under the above definitions, assumption (J) easily holds. For every 0 <
B < 400, cg € R (by Lemma 3.3), and moreover (F2') holds (by recalling Remark
3.1, Proposition 3.2(iv) and by using the fact that ¢ € R). Finally let us check that
each Jg is a lower semicontinuous functional in (M, dist), for 0 < B < +o00. Indeed,
let (u,, vy), (u, v) be couples of HOl functions such that dist((u,, v,), (&, v)) — 0. If
liminf,, Jg(u,, va) = 400 then there is nothing to prove; otherwise, by passing to a sub-
sequence that achieves the lim inf, we find that || («,, v,)| is bounded. Thus, again up to
a subsequence, (u,, v,) weakly converges (in H(}), and, by uniqueness, the weak limit is
(u, v). Then we can conclude by using the weak lower semicontinuity of || - || (and the
weak continuity of the other terms in Jg). O

Let us conclude this section by recalling that, if 8 is sufficiently large, we can exclude the
presence of fixed points of o in the set ICIE. As in the usual genus theory, this ensures that

if two (or more) critical values coincide, then IC’}; contains an infinite number of elements.

Lemma 3.4. Letk € N be fixed. There exists a (finite) number B(k) > 0, depending only
on k, such that, for every B(k) < f < 400,

ic’gm{(u,u) e M}y =4.
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Proof. When B8 = +o0 the assertion holds true with no limitations on 8, since Jx (1, 1)
< +oo implies # = 0, and (0, 0) ¢ M. For § < +00 let us consider the problem

1 1 2
inf  Jg(u,v) = inf (||u||2+ﬂ/ u4dx> > inf Lﬁ(/ uzdx>
(.u)eM lue=1 2 Ja lula=1 2[2] \Jq

1+
Co21Q
Taking into account Lemma 3.3, the assertion of the lemma is proved once
1
Lﬂ > Clccm'
2|2
But this is true if we take 8 > B(k) = 2|Qcpe. O

4. Existence and asymptotics of the critical points

In this section we prove the remaining results stated in the introduction. To this end we
shall define suitable deformations 74, which will allow us to apply the abstract results of
Section 2 that concern the critical sets—namely Theorems 2.8 and 2.11. Afterwards, we
will establish the equivalence between the critical sets defined in the introduction and the
ones of Section 2.

As already mentioned, we need to choose different deformations for our purposes, for
the cases B < 400 and B = +oo. Let us start with the definition of ng for § < +o0
(here B is fixed). The desired map will make use of the parabolic flow associated to Jg
on M. First we need to fix a relation between (A, ) and (u, v).

Remark 4.1. If (4, v) € M satisfies system (5) then, by testing the equations with # and
v respectively, one immediately obtains

Vul> +u* + puv?) d
A=Au,v) = fQ(' ul - puvr)dx = (|Vu|2+u4+,8u2v2)dx,
fQuzdx Q
(IVu|? + v* + Bu?v?) dx
o= st = 1207 fa =/(|Vv|2+v4+/3u2v2)dx.
Jov?dx Q

Motivated by the previous remark and by the definition of Sg (see (5)), we write, with
some abuse of notation,

Sp(u, v) = Sg(u, v; Au, v), u(u, v)), @)
with A, u as above. Then, for (u, v) € M, we consider the initial value problem with
unknowns U (x, t), V(x, 1),

3l‘(Uv V) = _Sﬂ(U7 V)?
Ux,0) =u(x), V(x,0 =vx).

We have the following existence result.
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Lemma 4.2. For every (u,v) € M;""H problem (8) has exactly one solution

(U@), V(1)) € C((0, +00); L*(22) x L*(2)) N C([0, +00); Hy () x Hy ().
Moreover, for everyt > 0, [(U(t), V()2 = 1 and

d
777U @), V(1) = —|SpU 1), V()3 <0.
We postpone to Section 5 the proofs of this result and of the subsequent properties.

Proposition 4.3. Using the notation of Lemma 4.2, the following properties hold:
G U@)=0,V(@) =0, for every (u,v) € M%“’H andt > 0;
Coot1

(ii) for every fixed t > 0 the map (u,v) — (U(t), V(t)) is L2-continu0usfr0m ./\/lﬂ
into itself;
(iii) for (u,v) € MG and 5.t € [0, +00),

dist((U (s), V()), U @), V1)) < |t =s"|TpU (s), V() = U @), V()] /2.
All the previous results allow us to define an appropriate deformation, along with some
key properties.

Proposition 4.4. Define, under the above notation,
np s MG > METL ) o g, v) = (U, V(D).

Then ng satisfies assumptions (n1)g and (n2)g.
Proof. Lemma 4.2 implies that

Jp(mp(u,v)) = Jpg(U(1), V(1)) = Jp(U(0), V(0)) = Jg(u, v)

for every (u, v), which is exactly assumption (12)g. This together with Proposition 4.3(i)
also implies that, as stated, ng (M;"OH) - MIC;OH. Moreover we observe that ng is o-

equivariant (by the uniqueness of the initial value problem (8)) and that it is L2-continuous
(Proposition 4.3(ii)). Thus Proposition 3.2(ii) applies, yielding ng(A) € Fj. Since A is
L?-compact in M (indeed it is a closed subset of the L2-compact set M%OOH), it follows

that ng(A) is closed, and therefore assumption (n1)g holds. m]

Before moving to the infinite case, let us prove the validity of a Palais—Smale type con-
dition. It will be the key ingredient in showing that (Jg, ng) satisfies (PS)cﬁ according to
Definition 2.2.

Lemma 4.5. Let (u,, v,) € M be such that, as n — +00,
Jg(un, vy) — ¢ and [Sg(un, vu)l2 — 0

for some ¢ > 0. Then there exists (u,v) € M N (HX(Q) x HX(Q)) such that, up to a
subsequence,

(un, vp) — (u, v) strongly in H(; and Sg(u,v) =0.
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Proof. Since Jg(u,,v,) — c, we immediately infer the existence of (i, v) € M such
that (u,, v,) — (i, v) weakly in H], up to a subsequence. Let us first prove the strong

Hol—convergence. From the fact that |Sg(uy, v,)l2 — 0 and that u, — u is L2%-bounded,
we deduce

(Sp(ttn, V), (n—it, 0)) = f [Vitn -V (n —i0) + (1t +Bitn vy — At , Vp)ity) (ty —it)] dx
Q

— 0.

This, together with

3 2 _
= |un + ﬂuﬂvn — AUy, Vp)upl2lun — itl2

‘/ (“,3, + ,Ban,% — Mg, vo)uy) (uy — u)dx
Q

< Clup —ulz = 0,

implies that fQ Vu, - V(u, — i) — 0, yielding the desired convergence. The fact that
v, — v can be proved in a similar way.
Now we pass to the proof of the last part of the statement. A first observation is that

| Aunl3 + | Aval3
2 3 2 2 3 2 2
= 2|Sﬁ(uns Un)|2+2|un +/3ann — Aluy, vn)un|2+2|Un +ﬁunvn — Uy, Un)vn|2 <C,

which yields the weak H2-convergence u, — ii, v, — ¥ (up to a subsequence). As a

consequence, (Sg(un, vn), (¢, ¥))2 — (Sp(it, V), (¢, ¥)) for any given (¢, V) € L2
On the other hand, |Sg(uy, v;)|2 — 0 provides that

(Sp(un, vn), (@, ¥))2 — 0,

thus Sg(u, v) = 0 and the lemma is proved. m]

Let us turn to the definition of the deformation 7.,. The main difficulty in this direction
is that J is finite if and only if uv = 0, thus any flux we wish to use must preserve the
disjointness of supports. As we said in the introduction, here the criticality condition will
be given by equation (2). In order to overcome the lack of regularity due to the presence
of the positive/negative parts in the equation, we will use a suitable gradient flow, instead
of a parabolic flow. More precisely we define

Seo : H) () — H{ ()
to be the gradient of the functional J*(w) (see equation (3)), constrained to the set

Jowh? = [o(w™)? = 1. If £ denotes the inverse of —A with Dirichlet boundary
conditions, then we will prove in Section 5 the following result.
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Lemma 4.6. Let Ry, Ry > 0 be fixed. For every w € HOl (2) such that
w2, w2 = Ry and |lwl < Ry

there exist unique x = A(w), i = p(w) such that
Seo(w) = w4 L(w — Aw™ + aw7).

Moreover, X and [i are Lipschitz continuous in w with respect to the L*-topology, with
Lipschitz constants only depending on R, R».

For every (u,v) € Mg%OH we consider the initial value problem (with unknown W =
W, x))
W = =S (W),

W (., 1) € Hy(Q), €))
W(x,0) = u(x) —v(x),
and prove existence and regularity of the solution.

Lemma 4.7. For every (u, v) € Mg%"“ problem (9) has exactly one solution

W (1) € C1((0, +00); HL(£2)) N C([0, +00); Hi (Q)).

Moreover, for every t, (Wt (1), W= (1)) € ./\/lf,%"+l and

d
EJOO(WJF(t), W™(1) = — 1S (W () |> < 0.

Again, the proof of this result can be found in Section 5, together with the proof of the
following properties.

Proposition 4.8. Using the notation of Lemma 4.7, the following properties hold:

() for every fixed t > 0 the map (u,v) — (WH(t), W= (1)) is L*>-continuous from

ot into itself:

(i) for (u,v) € ./\/lf,%"—H and s, t € [0, 400) we have®
dist(WF(s), W=(5)), (WF (1), W (1))
< Cslt — 51" Joc(WT(5), W(5)) — Joo(WT(2), W™ (1))|'/%.

Similarly to the case of g finite, the previous properties allow one to define a suitable
deformation (we omit the proof since it is similar to the case of § finite).

Proposition 4.9. Define, under the above notation,
Moot M = MEHL @ v) > oo, v) = (WHD), W (D).

Then noo satisfies assumptions (n1)so and (12)cc.

4 Here C s is the Sobolev constant of the embedding H& — L2,
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Turning to the Palais—Smale condition, here is a preliminary result.
Lemma 4.10. Let (uy, vy) € M be such that, as n — +o0,

Joo(ttn, Up) = oo and  |[Soo(ttn — vp)|| — 0.
Then there exists w € H& (S2) such that, up to a subsequence,

U, — v, — W strongly in HO1 and Syo(w) = 0.

Proof. Let (w1, wy) be such that, up to subsequences, u, — w; and v, — wy in Hé ().
Since Joo (U, vy) < 00, we have u, - v, = 0 and therefore also w; - wy = 0. Denote
w, = U, — v, and w = w; — wy, so that

Soo(ttn = va) = wy + (=)~ (w, — Awp)w; + A(w,)w,).
Let us prove the HO1 -convergence. First observe that w,, — w is bounded in Hol, which
implies that — A (w, — w) is H~!-bounded. Now since | Soo (i, — vy)|| — O we obtain
(=80, = B): Saclts = v)hgor = [ (V- V= @) + i, — 0

Q

— AW w, (wy — W) + f(w,)w, (W, — ) dx — 0.

This, together with the fact that

‘ | (i, = ) = Zean = @) + it (0, ) do
Q
< wy = Aw)wy + fwy)wy 2w, — wly — 0
gives fQ Vw, - V(w, — w) — 0, which yields the H(} -convergence of wy, to w.
It remains to show that Soo(w) = 0. Now, w,, — w in HO1 implies that wﬁ -

):(w,,)wn+ — i(wy)w,, is bounded in L2, which, together with the fact that (-A)lisa
compact operator from L%($2) to H& (2) provides, up to a subsequence, the convergence

(=) (Wi =X wp)w, —(w)wy) = (—A) @ —R@)wT+Ha@)yw ") in Hy ().

Hence also Seo (4, — vp) = Soo(w) in Hé (£2), which concludes the proof. ]

We are ready to show that the deformations we have defined satisfy the remaining abstract
properties required in Section 2.

Proposition 4.11. For every 0 < B < +00, the pair (Jg, ng) satisfies (PS)., (according
to Definition 2.2).
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Proof. Let first 8 < oo. Let (uy,, v,) C M be a Palais—Smale sequence in the sense of
Definition 2.2, that is, Jg(un, v,) — cg and Jg(ng(un, v,)) — cg. Let then (i, v) € M
be such that, up to a subsequence, (u,, v,) — (&, V) in L?. Define (Un (@), V,,(t)) as the
solution of (8) with initial datum (u,, v,) (recall that then ng (u,, v,) = (U, (1), V,,(1))).
By applying Proposition 4.3(iii) with (s, ) = (0, 1) we obtain

dist((un, vn), 0 (tn, 1)) < g, va) — Jg (g n, v2))|V/* = 0,

which, together with the L2—continuity of ng, yields (i, v) = ng(u, v). It only remains to
show that Jg (i1, v) = cg. Notice that

1
/(; |S/3(Un(t)v Vn(l))lgdt = ]ﬁ(uns Up) — Jﬁ(ﬂﬁ(un, vp)) — 0

(by Lemma 4.2) and hence, for almost every ¢, [Sg(U, (1), V,,(¢))]2 — 0 (up to a sub-
sequence). Moreover, Jg being a decreasing functional under the heat flux, we have
Jg(Uy(t), V,i(t)) — cp. Now Lemma 4.5 applies providing the existence of (u, v) € M
such that (U, (1), V,(t)) = (u, v) in H], and in particular Jg(u, v) = cg. Finally the use
of Proposition 4.3(iii) with (s, r) = (0, #) allows us to conclude that (u, v) = (u, v), and
the proof is complete.

The case § = +o00 can be treated similarly, by replacing (U(t), V(t)) with
(WH(@), W= (1)) and |Sgl2 with || Seo . O

A uniform Palais—Smale condition also holds, in the sense of assumption (UPS). The
proof is very similar to the one of Proposition 4.11, and hence we omit it.

Proposition 4.12. Assumption (UPS) holds.

The properties collected in this section show that Theorems 2.8 and 2.11 apply to this
framework. Thus we are in a position to conclude the proofs of the results stated in the
introduction.

End of the proof of Theorem 1.2. As Theorem 2.8 holds, the last thing we have to check
is that the critical set g (according to (6)) coincides with the one defined in the intro-
duction. Again, we only present a proof in the case § < 4o0c. We have to show that
Jg(u,v) = Jg(U(1), V(1)) if and only if Sg(u, v) = 0. But this readily follows from the
fact that, for ¢t € [0, 1],

1
dist((u, v), (U @), V(1)* < /0 ISg(U (1), V(D) 3dT = Jg(u, v) — Jp(U (1), V(1)),

once one observes that, by uniqueness, (U (¢), V(1)) = (u, v) if and only if Sg(u, v) = 0.
Finally, the H'-compactness of K comes directly from Lemmas 4.5 and 4.10. O

End of the proof of Theorem 1.5. As Theorem 2.11 holds, the result is proved once we
show that C, C K,. To this end, let (1, v) € C, and let, by definition, (u,, v,) € M be
such that (u,, v,) = (u,v) in L2, Jg, (U, vy) — coo and Jg, (U, (1), V(1)) — coo- By
arguing exactly as in the proof of Proposition 4.11, we infer the existence of a0 <t <1
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such that (Up(2), Va (1)) — (u,v), Jg,(Un(2), Va(1)) — coo and |Sg, (Up (1), V,i (1)) |2
— 0. Therefore (u, v) € K. m]

Proof of Corollary 1.6. The only thing left to prove is that, given any (u,, v,) € M and
Bn — o0 such that (u,, v,) — (i, ¥) in L? with Jg, (Un, V) = coo and |Sg, (i, vy)|2
— 0, then in fact (u,,v,) — (u,v) in H!' n % We shall prove that the sequence
(ty, vy) is uniformly bounded in the L°-norm. This, together with the fact that, by as-
sumption,
—Aug +uj + Pupgvy — hpug =hg — 0  inL?
—Avﬁ—i—vg—i—ﬂu%vﬁ —upgvg =kg — 0 in L2,

allows us to apply Theorem 1.4 of [13], which provides the desired result.
Since Jg, (y, Vy) = Coo, We infer the existence of Amax, max € R such that, up to a
subsequence,

(tn, V) = (i, D) in Hy, A, Vn) < Amaxs A(n, Un) < fhmax, V1.

In order to prove uniform bounds in the L°°-norm, we shall apply a Brezis—Kato type
argument to the sequence (u,, v,). Suppose u, € L2+2(Q) for some 8 > 0; we can test
with u!+? the inequality

—Auy < AUy, vo)uy + hy,

obtaining

1+36 148/2, 2 / 248 / 145
—_— v dx < Muy, d h dx.
<1+a/z)2/g' A A L

Hence, by Sobolev embedding we have’
1
1+8/2)277
lunlo+3s < [Cf—( /i) ] [A(un,vn)f uﬁ”der/ hault dx]753.
1446 Q Q

Now apply the Holder inequality to the right hand side; provided fQ M5+25 dx > 1, we
have

2448 1/2 2445 1448 246
YORES / W2 dx < Anan| 1V 28, and / Bt dx < [ alun 235,
Q Q

hence, since |h, |2 — 0, we have proved the existence of a constant C, not depending on
n and §, such that

1
(148/2)2 2+
[tnlo+3s < Cf—/ [t 12425
1+6

Now iterate, letting

S()=2, 2+425(k+1)=6+38k), hence 8(k) > (3/2)F L.

5> Here C s denotes the Sobolev constant of the embedding H(} < LS.
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If there exist infinite values § (k) such that fQ uﬁ”a(k) dx < 1,the L*°-estimate is trivially
proved; otherwise the previous estimates hold for §(k) sufficiently large providing, for
every p > 1,

1

o0 2
(1+8(k)/2)2 ] 75®
nlp < C/+| | C——— nl6-
|” |p = ) 1[ 1 5(/() ] |” |6

The last inequality provides the desired L°-estimate since it is easy to verify that

> 1 (14 8(k)/2)* . k-1
;mlog[CW}<m it §(k) > (3/2)F 1.

The same calculations clearly hold for v,,. O

We conclude by giving a proof of Theorem 1.3 as a particular case of the theory we
developed (although, as we mentioned, it is possible to give a more elementary proof of
this result).

Proof of Theorem 1.3. The key remark in this framework is that, in fact, for every 0 <
B < +00 we can write
1 .
cg = inf Jg(u,v).
B (u,v)eM ﬂ( )

More precisely,
(ug, vg) achieves c}g = Apg = {(ug,vg), (vg, ug)} is an optimal set for Jg4 at cé.

Now, the L2-convergence of the minima follows by the convergence of the optimal sets
(Theorem 1.4), while the H' N C%%-convergence is obtained as in the previous proof. 0O

5. Construction of the flows

Proof of Lemma 4.2. In order to prove local existence, we want to apply Theorem 2(b) of
[22], to which we refer for further details. Let us rewrite the problem as

w = Aw + F(w),

where w = (U, V), w’ = 9,(U, V), A is understood in the vectorial sense and F contains
all the remaining terms. Using the notation of [22] we set E = LZ(Q) X LZ(Q) and
Er = HO1 () x HO1 (). We find that ¢’ is an analytic semigroup both on E and on E,
satisfying®

1/2

le'®woll < Cr=12|wgl,  for every wy € E,

6 By using for example the expansion in eigenfunctions of —A in H& one can easily obtain the
required inequality with C = (2e)~1/2,
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so that (2.1) in [22] holds with a = 1/2. Moreover, since all the terms in F are of
polynomial type, it is easy to see that ' : Er — E is locally Lipschitz continuous, and

|F(wo) — F(z0)l2 < €(r)llwo — zoll, ~ with £(r) = O(rP) as r — o0,

whenever ||wo|| < r, ||z0l] < r (for example, arguing as in Lemma 5.4, this estimate
holds for p = 4). Now, choosing b = 1/(2p) < a, it is immediate to check that

tr) = 0=,

thus (2.3) in [22] is also satisfied. In order to apply Theorem 2(b), the last assumption
we need to verify is that, for every wg € HO1 (which is our regularity assumption for the
initial data in (8)),

b etA

limsup ||¢ woll = 0;

tl0
but this follows on recalling that ||’ wq|| < ||wo||.” Therefore Theorem 2(b) and Corol-
lary 2.1(b),(c) in [22] apply, yielding the existence of a (unique) maximal solution of (8)

(U@, V() € C'((0, Tmax); L*(22) x L2(2)) N C([0, Tmax); Hy () x Hy (),

with the property that if Tryax < 400 then ||(U, V)| — +oocast — T,

Now we want to prove that (U (¢), V(¢)) € M in its interval of definition. To this end
let us consider the C!-function

p(t) =/ U%(x, 1) dx,
Q

which is continuous at # = 0. By a straightforward calculation one can see that it satisfies
the initial value problem

{ p'(t) =a®)(p®) — 1),

p(0) =1,
where a(t) = 2A(U(¢), V(t)) is a continuous function. Since this problem admits only
one solution, it follows that p(#) = 1 in [0, Tmax) (and an analogous result holds for

V (t)). Finally, by integrating by parts (by standard regularity, (U (¢), V (¢)) belongs to H>
for > 0) and by using the fact that [, UU; dx = [, V'V; dx = 0, one can easily obtain

d
—Jﬁ(U(l),V(t))=/Q(Uz,Vz)~Sﬁ(U, V)dx = —|Sp(U, V)|5 < 0.

dt

This implies
U @), V)I* < 20U @), V() < 2Jp(u, v) < +00 (10)
for every ¢ < Tmax, Which provides Tipax = +00. ]

7 Again, one can obtain this inequality by expanding in eigenfunctions.



Convergence of minimax structures and continuation of critical points 1267

Remark 5.1. Given (u#,v) € M let (U, V) be the corresponding solution of (8). By
taking into consideration inequality (10) we see that the quantities ||[(U(¢), V()
[(U@®), V()lp (with p < 6), A(U(t), V(¢)) and (U (¢), V (¢)) are bounded by constants
which only depend on Jg(u, v) (in particular, they are independent of #).

Lemma 5.2. Let ¢ € C([0, T]; L3*(Q)) and let U € C'((0, T1; L>(2)) N C([0, T1;
HO1 (2)) be a solution of

aU — AU =c(x,)U, U(,t) € H(}(Q), U(x,0)>0.

Then U(x,t) > 0 for everyt.

Proof. Sincec: [0,T] — L3/? we can write lc(x,t)| < k+4ci(x,t), where k is constant
and |c1|32 < 1/ Cé (here Cg denotes the Sobolev constant of the embedding HO1 () —
LO()). Let

1
p(1) = —/ U™ (x, 1) dx.
2 Ja
We see that p € C'((0, T1) N C([0, T1) and p(0) = 0; moreover,
o) = —/ U 0,Udx = —/ (U™AU + ¢(x, DU 1?) dx
Q Q

—UT P+ kU3 + leil3p2lUT 12 < (=1 + Cileils)IlU ™ 1? + kU3
2kp(t).

Thus we deduce that p(r) < ¢*p(0) and the lemma follows. m]

=
=

Lemma 5.3. Let w € C'((0, +00); L*(Q) x L*(Q)) N C([0, +00); HJ () x H} ()
be a solution of

oow — Aw = F(w),
{ w(0) = wy, an
where there exists a positive constant C such that
1
/ F(w)'wdx§§||w||2+C|w|% foreveryt > 0. (12)
Q

Then there exists a constant C(t) such that

lw®)l2 = C(@)|wol2.
Proof. Let

E@) = %/sz(t)dx.

A straightforward computation yields
1
E'(t) = —/ |Vw|? dx +/ F(w) -wdx < —§||w||2 + Clw|3 < 2CE(1),
Q Q

from which we obtain E (1) < ¢*C'E(0), concluding the proof. O
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Lemma 5.4. Fori = 1, 2 take (u;, v;) € M and let (U;(t), V;(t)) be the corresponding
solution of (8). There exists a constant C, only depending on max; Jg(u;, v;), such that,
for everyt:

Lo AU1(1), Vi) = M(Ua(1), Va(1)| < C([UL(1) — U2 + [V1(2) = Va(0)]2);
2. [uUr(), Vi(1)) — n(U2(0), V2(0)| = C(|[Vi(@) = Va@Oll + |U1(2) = U2(0)[2).

Proof. We prove only the first inequality, since the second one is analogous. We have
IA(U1, V1) — AUz, V2)|

§/||VU1|2—|VU2|2|dx+/ |Uf‘—U§|dx+ﬂ/ \URVZ — U3 V3| dx

Q Q Q

5/ VU 4+ VU,| |VU; —VU2|dx+/(U12+U22)|U1 + Uy | |Uy — Uyl dx
Q Q

—i—,B/ U12|V1+V2||V1—V2|dx+,3/ VU + Us| |Uy — Us| dx
Q Q

< |IUy + Ua|| |Uy = Uall + (U} + UD(Uy + U2)2|Uy — Uala
+ UL (VL + V2) 2|V — Valo + |BVE (UL + Ua)2|U; — Uala,

from which we can conclude the proof by recalling Remark 5.1 and Poincaré’s inequality.
]

Corollary 5.5. Fori = 1,2 consider (u;, v;) € M and let (U;(t), V;(t)) be the corre-
sponding solution of (8). There exists a constant C = C(t), depending on t (and also on
max; Jg(u;, v;)) such that

[(U1(@), Vi) — (U2(2), Va()]2 < C(@0) (1, v1) — (u2, v2)l2.

Proof. We want to apply Lemma 5.3 to w = (w1, wp) = (U1 —U,, V1 — V). Subtracting
the equations for (Uy, Vi) and (Ua, V») we end up with a system like (11), thus we only
need to check that

p_ (U3 UL+ BV = UV 42U VDU = AU, V) U
Vs = VP + BUZV2 — UV + (Ui, VD) Vi — u(Ua, V2) V2

satisfies (12). To make the calculation easier, we split F into four terms, after adding and
subtracting some suitable quantities. The first term is

F (U} + UiUs + Up)ywy
1= )
(VE+ViVa+ VHws
for which we obtain, by recalling Remark 5.1,
/ Fi(w) - wdx < |UiUz[3lwilelwilz + [Vi Valz|walelwzl2
Q

< C(Jlwill [wil2 + lJwall [w2]2)

< Llwi I + lwal®) + C' (w13 + [wal3)



Convergence of minimax structures and continuation of critical points 1269

(where in the last step we have used Young’s inequality). The second term is

P Ui (Vi + Vo)ws + Viw,
2= )
iUy + Ux)wy + U22w2

which immediately gives, by reasoning in the same way as above,

f Fx(w) - wdx < B(1U (Vi + V) slwalglwn 2 + V2 lslwi s wil2
. +|V1(U1+U2)I3IUJ1|6|w2|2+|U22|3|w2I6|w2I2)
ClllwilI(lwilz + [wal2) + llwall(Jwil2 + [w2]2)]
3wl + w2 ll®) + C" (w13 + [wal3).

IA

IA

The third term is

Py = (X(Ul, Vw

i 2
M(Uly V])w2> B for which /;2 F3(U)) wdx < C|w|2

(where we used Remark 5.1) again. Finally, the last term is

Fy = <()»(U1, Vi) — AUz, Vz))Uz)
(U, V1) = u Uz, Vo))V )’

which can be treated by using Lemma 5.4. We obtain
[ Fstw) - wax < QUi = 001+ 0O = Vel [ [zl
Q Q

+C(IVi(t) = Va@)ll + U1 (1) — Uz(t)lz)/ |Vawy| dx
Q
< 2w 1? + w2l + €' (w13 + [wal3).

Therefore F = F| + F> + F3 + Fy satisfies (12), and hence Lemma 5.3 yields the desired
result. D

Proof of Proposition 4.3. Properties (i) and (ii) have been proved in Lemma 5.2 and
Corollary 5.5 respectively; let us prove (iii). This is a direct consequence of the estimate
on the derivative of Jg given in Lemma 4.2. In fact,

dist((U (), V(5)), (U(1), V(1)) =

t
/ 0 (U(7), V(r))dr

2

p 1/2
< |r—s|1/2</ |Sﬂ(U(r),V(r))|§dr)

=1t = s|"2lJpU s), V() = JpU @), V()]
O
We now turn to the construction of the flux 7.
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Proof of Lemma 4.6. By definition, Sy is the projection of the gradient of J* at w on the
tangential space of the manifold {w € HO1 () : (wh, w™) € M} at w, thus

Soo(w) = w + Lw? — ALwt + aLw™,

where the coefficients A, /i are such that JowT Seo(w)dx = o w™ Seo(w) dx = 0, that
is,

( JowtLwtdx — [qwTLw™ dx) (X) _ ( Jow + LoPHwT dx )

—Jow LwTdx  [qw Lw dx i — Jow + Lw?)w™ dx

Denoting by A the coefficient matrix, we compute®

2
detA = (/ |V£w+|2dx) (/ |V£w|2dx) - (/ VLwt  VLw™ dx) >0,
Q Q Q

by the Holder inequality, and det A = 0 if and only if aVLw™ + bVLw™ = 0, for some
a, b not both zero. But this would imply that the Hé (Q)-function L(aw™ + bw™) would
have an identically zero gradient and therefore aw™ + bw™ = 0, in contradiction with
the fact that, by assumption, lawt + bw’|§ > (a2 + bz)R]z. Thus the L2-continuous
function det A is strictly positive on the L?-compact set {w : |[w¥|r > Ry, |w| < Ra},
i.e. it is larger than a strictly positive constant (only depending on Rj, R»). This provides
(existence, uniqueness and) an explicit expression of X(w) and L(w) for any w satisfying
the previous assumptions. The regularity of these functions comes from such explicit ex-
pressions, once one notices that they are both products of Lipschitz continuous functions
(and therefore bounded when ||lw| < R3). Just as an example, we prove the Lipschitz
continuity of the term |, o wt Lw? dx. We have’

’/ wfﬁwf dx — / w;rﬁwg dx
Q Q

< / |wfr — w;r|£w% dx +/ w;r|£(wf — w§)|dx
Q Q

< Clwy —wilalwila + [wy lo/sILw; — w3)le

< CR3|wy — w2l + CRa2|w} — w3le/s

< CR3|wi — wala.

All the other terms can be treated the same way. O

Remark 5.6. By reasoning as at the end of the previous proof, it can be proved that,
whenever wi, wy belong to the set

{we Hy(Q): w2 = Ry, [w] < Ry},
there exists a constant L, only depending on R, R, such that

|Soo (1) = Soo(w2)|2 < Liwy — w22, [[Seo(w1) — Seo(w2)[| = Llwy — w2].

8 By using the identity [, fLgdx = [o VLf - VLgdx.
9 Remember that, by standard elliptic regularity results, both £ : L? > LZand £: L5 — L
are continuous.
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Proof of Lemma 4.7. Letus fix 0 < Ry < 1 and R% > 2(cxo + 1). By Remark 5.6
we know that —S,, as a map from HOl (2) into itself, is HO1 -Lipschitz continuous on the
set mentioned there, with Lipschitz constant only depending on R;, R;; hence we infer
existence (and uniqueness) of a maximal solution of the Cauchy problem, defined on
[0, Tmax)- Moreover, for any ¢ € (0, Tipax), we have

d
—|WE@)3 = 12/ WEW, dx = :FZ/ WESo(W)dx =0
dt Q Q

(by Lemma 4.6), and

d d 1 1
—Jee(Wr @), W (1)) = — —|IVW|? —W4d=/—AW W3HW, d
dtoo( (3] () dt/Q(zl |+4 )x Q( + W)W, dx

= f —AW + LWHW, dx
Q

- / V(Sse (W) + LOW — AW™)) - V(= Sae (W) dx
Q

= —||Sac(W(0)]%.

Thus, for any r € (0, Tmax), We obtain |[WE(@), = 1 > Ry and |[W(®)|> <
20 (WT (@), W™ (1)) < 2J00(u,v) < R%. In particular this implies Tax = +00, con-
cluding the proof. O

Proof of Proposition 4.8. (i) Consider (u1, v1), (42, v3) € MZ%OH and let Wy (z), Wa(¢)

be the corresponding solutions of (9). We notice first of all that Remark 5.6 applies, pro-
viding the existence of L = L(cso) such that

d 2 2
E|Wl(t) — Wa()l3 < 2LIW: () — Wa(1)l3,

which implies
IW1(1) — Wa ()3 < 21 |W1(0) — Wa(0) 5.

Therefore

dist? (Wi (0), W) (1), (W5 (0), Wy (1)) < |Wi (1) — Wa() 13
< HW1(0) — W2 (0) 13

<2e*M (juy — v1 3 + uz — va23). u!
(i1) Notice first that

dist? (W (s), W™ (), (WH (@), W™ (1)) < |[W(s) — W(r)]3.
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Now, Lemma 4.7 yields

and

[W(s) = WD)z = Cs[|W(s) = W)|| = Cs

t
/ 0 W(r)dr

t 1/2
Scsll—sll/2</ ||SOO<W<r>)||2dr)

= Cslt — 5" 1T (W (), W (5)) — Joa(WT (1), W™ (0))]'/2,

the two inequalities together conclude the proof.
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