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Abstract. Following our previous paper in the radial case, we consider type II blow-up solutions to
the energy-critical focusing wave equation. Let W be the unique radial positive stationary solution
of the equation. Up to the symmetries of the equation, under an appropriate smallness assumption,
any type II blow-up solution is asymptotically a regular solution plus a rescaled Lorentz transform
of W concentrating at the origin.

1. Introduction

Consider the focusing energy-critical wave equation on an interval I (0 € 1),

Pu—Au—u¥N Dy =0, @t x) el xRY,
’ (1.1)

u[l:():u()EHI, OiU =0 = Uy ELZ,
where u is real-valued, N € {3, 4, 5}, L> = L*(R") and.H1 = H'(RV).
The Cauchy problem (1.1) is locally well-posed in H! x L2. This space is invariant
under the scaling of the equation: if u is a solution to (1.1), A > 0 and

iy u(t/r, x/1),

T AN
then u;, is also a solution and ||u; (0) || g1 = lluoll g1, 11915 (O) [ L2 = Il |l 2.
The energy
1 1
Eu(t), du(t)) = Ef(a[u(r,x»zdx + 5/|Vu<t,x>|2dx

N-2
— W/|u(z,x)|2’v/<N*2) dx

T. Duyckaerts: Département de Mathématiques, Institut Galilée, Université Paris 13,
99, avenue Jean-Baptiste Clément, 93430 Villetaneuse, France;
e-mail: duyckaer @math.univ-paris13.fr

F. Merle: Département de mathématiques, Université de Cergy-Pontoise,
Site de Saint Martin, 2, avenue Adolphe Chauvin, 95302 Cergy-Pontoise Cedex, France;
e-mail: frank.merle @u-cergy.fr

C. Kenig: Department of Mathematics, University of Chicago, 5734 University Avenue,
Chicago, IL 60637-1514, USA; e-mail: cek @math.uchicago.edu



1390 Thomas Duyckaerts et al.

and the momentum
/Blu(t,x)Vu(t,x) dx

are independent of ¢ and also invariant under the scaling.

Let T4+ € (0, +o0] be the maximal positive time of definition for the solution u#. The
local well-posedness theory does not rule out type II blow-up, i.e. solutions such that
T+ < oo and

sup ([[ru()7> + [Vu(@)ll75) < oo.
1€[0,T})
Examples of radial type II blow-up solutions of (1.1) were constructed in space dimension
N = 3 by Krieger, Schlag and Tataru [KSTO09]. Let

1

2 -
(1 + N(‘I{/|72))

which is a stationary solution of (1.1). From [KMO8], if u is radial or N = 3,4 and

sup ([Vu®7, + 13u®Il3,) < [VW]2,,
tel0,Ty)
then Ty = 400 and the solution scatters forward in time, and in particular does not blow
up (see Corollary 1.5 below).
The threshold ||VW||%2 is sharp in space dimension 3. Indeed from [KSTO09], for all
no > 0 there exists a radial type II blow-up solution such that

sup ([Vu@)3, + 13u@®)ll7) < IVW]2, + no. (1.2)
1€[0,T})
In our previous article [DKMO09], we considered type II blow-up solutions such that (1.2)
holds. Our main result was the following.
If N = 3, there exists g > 0 such that for any radial solution u of (1.1) such that
Ty (u) = T+ < oo that satisfies (1.2), there exist (vg, v1) € H' x L% a sign ¢y € {£1},
and a smooth positive function A () on (0, T ) such that lim,_. 7, A(#) /(T3 —t) = 0 and,
ast — T+,
w(t), du(t)) — (vo, v1) — <L—Ow<i) 0) — 0 inH'xIL2
’ ’ rOV2 T\ ) ) -1y

In this work we extend the above result to the nonradial case. To state our main result
we need to recall the following family of solutions, obtained as Lorentz transformations
of W:

W, x) W(’” i —>
o(t,x) = —_—X
1 — 2
(x1 — 1£)° BT W
=(1+ , (1.3)
NN —-2)(1—4¢2) N(N -=2)
where ¥ = (x2,...,xy) and —1 < £ < 1. Denote by e; the unit vector (1,0,...,0)

€ RV Then:
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Theorem 1. Assume that N = 3 or N = 5 and let no > 0 be a small parameter. Let u
be a solution of (1.1) such that Ty = T+(u) < oo and

. 2 N -2 2 2
limsup{ IVu(@)l;2 + ——0:u@®l;2 ) = IVWI;2 + no. (1.4)
1€10,T1) 2

Then, after a rotation and a translation of the space R there exist (vg, V1) € H' x L2,
a sign 1o € {£1}, a small real parameter £ and smooth functions x(t) € RN, »(t) > 0,
defined for t € (0, Ty.), such that

(u(1), du(r)) — (vo, v1)

_ b -—x() ) C—x(1)
_ (A(I)N/zl Wz(O, G, ), A(t)N/z(atWZ)(O’ 0 >> — [t = T.]0

in H' x L? and

Py
im 29D _o fim ~®

- 1/4
= fey, {<C . 1.5
=Ty Ty —t =Ty Ty —t °l el = €no (1)

Remark 1.1. Note that using Lorentz transform and a localization argument on the so-
lutions of [KST09], it is possible, for any £ € (—1, +1), to construct a solution of (1.1)
satisfying the conclusion of Theorem 1.

Remark 1.2. The restriction to small dimensions in Theorem 1, due to regularity issues
on the local Cauchy problem for (1.1), can be removed (at least for odd dimensions) using
harmonic analysis methods (see [BCL+09]).

The restriction to odd dimensions is only coming from Proposition 2.7 on the be-
haviour of solutions to the linear wave equation. In dimension 4, our proof shows a weaker
result, namely that there exist (after space rotation) a small parameter £ and sequences
ty = Ty, Ay — 01, x, € R* such

(et (ty A - 20, A2 314 (1 A - ) —— (W (0), & We(0))

weakly in H' x L2.

Remark 1.3. The constant (N — 2)/2 in front of ||8,u||%2 in (1.4) is necessary in non-
radial situations (see also Corollary 1.5 below). For radial data it can be replaced by any
small positive constant (see Corollary 1.5 and Remark 4.16 below).

One important ingredient of the proof of Theorem 1 is the classification of nonradial
solutions that are compact up to modulation under an appropriate smallness assumption:

Theorem 2. Assume N € {3,4,5}. Let u be a nonzero solution of (1.1) with maximal
interval of definition Imax such that there exist functions L(t), x(t) defined for t € Inax
such that

K = {(x@N* ut, x(0)x + x@), \ON28u(t, A(O)x +x(1))) 1 1 € Imax ] (1.6)
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has compact closure in H' x L?. Assume furthermore

sup [|W(r)|2 < 2/|VW|2. 1.7

1€l max

Then Inmax = R and there exist £ € (—1, +1), a rotation R of RN, &0 > 0, Xo € RN and
a sign 1y € {1} such that

0 t Rx)— Xo)
u(t,x) = —Wg(—, —_— . (1.8)
)L(()N—Z)/2 A0 A0

Remark 1.4. The parameter £ and the rotation R in (1.8) are given by the energy and the
conserved momentum of . Namely, under the asumptions of Theorem 2, E (ug, u1) >
EW,0), €| = | [ Vuou1l/E(uo, u), and

. %) Lo W ( t x— X())
w(t,x) = -5z W\ — ——

)»(()N —-2)/2 A0 A0
after a space rotation around the origin chosen so that

f Vuou

le) = —2——.
E(ug, ur)

(1.9)

We next give a corollary to Theorem 2, which corrects [KMO08, Corollary 7.4] (stated
without a proof in [KMOS]) for nonradial solutions. For N = 5, in the nonradial case, the
solutions W, for small £ # 0 give a counterexample to [KMO08, Corollary 7.4], as can be
seen using the first line of Claim 2.5 below.

Corollary 1.5. Assume N € {3, 4, 5}. Let u be a solution of (1.1) which satisfies

N-2
2

lim sup |:||Vu(t)||i2 +

t—>To (1)

||atu(r)||iz} < |IVW|3,. (1.10)

Then T4 (u) = 400 and u scatters forward in time. If u is radial, (1.10) can be replaced
by
limsup [|[Vu(®)||3, < [VWI]3,. (1.11)
t—Ty(u)

A more general version of Corollary 1.5 is given in Corollary 4.14 below.

Remark 1.6. Note that because of the variational estimate (2.9) below, Corollary 1.5 is in
fact a generalization of [KMOS8, Theorem 1.1, i)]. Note also that for N = 3, the statement
is stronger than the one of [KMOS, Corollary 7.4].

Let us also a give a correct version of the second statement in [KMOS, Corollary 7.5].
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Corollary 1.7. Let u be a solution of (1.1) such that Ty (u) < oo and

lim sup ([ Vu() |17, + [3:u(@®)]l3,) < oc.
t—>Ty(u)

Then there exist sequences x, € R3 and 1, — T (u) such that for all R,

N -2
2

lim <|Vu(tn,x)|2 +

=00 Jx—xu|<R

|8,u(tn,x)|2> dx 2/|VW|2dx.

Corollary 1.7 follows from the arguments in [DKMO09, Section 3] (see also the beginning
of Section 3 below) and we will omit its proof.

For more comments about results of the type of Theorem 1, we refer to the intro-
duction of [DKMO9]. Theorem 1 is an analogue for the energy-critical wave equation of
the result of [MROS5] about the mass-critical nonlinear Schrodinger equation. We next list
other previous related works that are also discussed in the introduction of [DKMO9]: for
works about nonlinear wave maps see e.g. [CTZ93, STZ97, Str02, Str03, RS, KSTO08,
ST09, KS09, RR]; for articles about classification of solutions for other equations we
refer for example to [MMO00, MMO1, MMO02, MR04, CF86, MZ07, MZ0S].

Let us give a short sketch of the proof of Theorem 1. This proof is based on a new
strategy which allows us to treat the nonradial case, and also simplifies the proof of the
radial case in [DKMO09].

In a first step (see Subsection 3.1), looking at a minimal element among the non-
scattering profiles associated to sequences (u(r),), d;u(t;)) (where 1, — T.), we get a
sequence t, — T4 such that for some parameters A, x,

(' s 2 - ) 220t - 0)) —— (o, U (112)
t—>T,
weakly in H! x L2, where the solution U of (1.1) with initial condition (Ug, U}) is
compact up to symmetries of (1.1), as in Theorem 2.

The second step of the proof of Theorem 1 is Theorem 2, which implies that U must
be W, up to symmetries. The proof of Theorem 2, postponed to Section 4, is a refinement
of the proof of its radial analogue (see [DKMO09]), which was based on techniques de-
velopped in [DMO08]. To treat the nonradial case we introduce new monotonic quantities
which are nonsymmetric in the space variables. We also prove in §4.2 a more general
version of Corollary 1.5 which is also needed in Section 3. Let us mention that Section 4
is independent of Section 3.

In a third step of the proof (see Subsections 3.3 and 3.4), we show that the weak
convergence (1.12) is indeed a strong convergence in {|x| < Ty — ¢,}. It is here that
Proposition 2.7 on the behaviour of solutions to the linear wave equation is used. We then
conclude using the minimality of the profile associated to #, that this strong convergence
also holds for all times as t — 7.

In addition to the parts of the paper mentioned above, Section 2 is devoted to some
preliminaries about the Cauchy problem, profile decomposition, the solution W,, and
Proposition 2.7 on the localization of the solutions to the linear wave equation. The ap-
pendix concerns modulation theory around W,.
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Notation

In all the paper, we assume N € {3, 4, 5} unless otherwise mentioned. We write a < b
or a = O(b) when the two positive quantities a and b satisfy a < Cb for some large
constant C > 0, and a ~ b whena < b and b < a. We also use the notation a = o(b)
when a/b goes to 0.

2. Preliminaries

2.1. Cauchy problem

The Cauchy problem for equation (1.1) was developed in [Pec84, GSV92, L.S95, SS94,
SS98, Sog95, Kap94]. If I is an interval, we denote

S =L 82 xRY), W) =L xRY).

Let Sp.(#) be the one-parameter group associated to the linear wave equation. By defini-
tion, if (vo, v1) € H! x L? and r € R, then v(r) = S;.(r)(vo, v1) is the solution of

v — Av =0, 2.1)
Vjy=0 = Vo,  OiVs=0 = V1. (2.2)

‘We have
1

NaN sin(t+/—A)vy.

Sp(t)(vg, v1) = cos(tv/ —A)vg +

By Strichartz and Sobolev estimates,

1/2 ~1/2
wlis@ + 10 *vlwe + 105 Zovllwe < CsUlvoll g1 + il 2)-

A solution of (1.1) on an interval I, where 0 € I, is a function u € C°(I, H') such that
du e COI, L?),

1/2 —1/2
J el = lullsgy + 1Dy ulway + 107 Poullwey < oo

satisfying the Duhamel formulation

! sin ((t — s)«/—A)
v=A
We recall that for any initial condition (uq, u1) € H' x L2, there is a unique solution u,

defined on a maximal interval of definition Imax (1) = (T—(u), T+ (u)). Furthermore, u
satisfies the blow-up criterion

(u) YN "Du(s)) ds.

u(t) = Su(t) (o, 1) +f0

Ti(u) <00 = |lullso,1,@w) = +00. (2.3)
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As a consequence, if ||ulls©,7,) < oo, then T} = +o00. Furthermore in this case, the
solution scatters forward in time in H ! x L?: there exists a solution v of the linear equation
(2.1) such that

Jim (lu(@) = v@Ollgr + 19 (@) = dv@)]2) = 0.

Of course an analogous statement holds backward in time also.
If |SL(C)(uo, u)llsgy = & < &1 for some small 81, then u is globally defined and
close to the linear solution with initial condition (g, u1) in the following sense: if A =
1/2
| Dx""SL()(uo, u1)llwry, we have

lu(-) — SLC) Mo, u) sy
+ sup(Jlu(t) — SL(t)(uo, u) |l g1 + 13:u(t) — 3 (SL(t) (o, un))ll 2) < CASHY N2

tel

(2.4)

(see for example [KMOS, proof of Theorem 2.7]).

We next recall the profile decomposition of H. Bahouri and P. Gérard [BG99]. This
paper is written in space dimension N = 3 but the results stated below hold in all dimen-
sions N > 3 (see [Bul09]). See also [BC85] and [Lio85] for the elliptic case and [MV98]
for the Schrodinger equation.

Consider a sequence {(vo,, v1,,)} which is bounded in H' x L% Let {U{ }j=1 bea
sequence of solutions of the linear equation (2.1), with initial data (U, J ,U ij ye H' x L2,
and (Aj n; Xj s tj,0) € (0, +00) x RN xR, j > 1,n € N, be a family of parameters
satisfying the pseudo-orthogonality relation

Aj A tin—1 Xjn —X
j # k = lim < j.n + k,n + |],n k,nl + | j.n k,nl) = to00. (25)
n—=00\ Ak n )\j,n )\j,n )”j,n

We say that {(vo », v1,,)} admits a profile decomposition {ULj Vis AAjns Xjns tjn)j,n Wwhen

J
1 i —tin X—Xj
CMOEDS N—2)/2 Uﬁ( )VM’ Iy M) + W, (1)
i=1 Ajn Jan J.n

: (2.6)

J
1 i —tin X —Xj
Via(x) =) T/zatU{( _— f’") +wi, (),
j=1%jn Ajn Ajn

with

lim limsup ||w; ||s®) = 0,
n—0o0 J—00

where w,{ is the solution of (2.1) with initial conditions (w({_ " wlj )+ Then:
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Proposition 2.1 ([BG99, Bul09]). Ifthe sequence {(vo n, v1.n)} is bounded in the energy
space H' x L?, there always exists a subsequence of {(vo.n, v1.,)} which admits a profile
decomposition. Furthermore,

N-2)/2
n

N/2
wy{(tj,ns Xjn+ )hj,ny)’ )‘j’,{ atw,{(lfj,n’ Xjn+ )‘j,ny)) —0

n—0o0

== (3

weakly in Hy1 X Li, and the following Pythagorean expansions hold for all J > 1:

J 2
2 Jsn J 2
ETFED Uﬁ(r) w15+ on(D),
j=1 J.n H!
J Ry 2
2 Jsn J 2
loral?z =Y atU{( — ) + w172 + on(D),
j=1 j.n L?

J
Eon, vin) =) E(U{ (— f ) U (— f )) + Ewg ,, wi )+ on(1).
j=1 S /1

Notation 2.2. Consider a profile decomposition with profiles Uy and parameters
{Ajn: Xjn: tj,n}, and assume after extraction of a subsequence that #; ,/A; , has a limit
in R U {—o00, +00}. We will denote by {U’} the nonlinear profiles associated with
v/, {=tj,n/Ajn}n), which are the unique solutions of (1.1) such that for large n,

—tjn/Ajn € Imax(U7) and
. —t; - —t:
atU/< ”‘) —atULf< f’”) ) =0.
Ajn Ajn )2

o (o (52) - (572)
n—o00 )\j,n )\j,n

The existence of U/ follows from the local existence for (1.1) if this limit is finite, and
from the existence of wave operators for equation (1.1) if #; , /A; » tends to £oo.

+

H!

By the Strichartz inequalities on the linear problem and the small data Cauchy theory,
if limy, 00 —2j,n/Ajn = 400, then T} (U’) = 400 and

so > T-(U’) = [|U7 |59 +00) < 00 2.7)

an analogous statement holds in the case lim, oo tj,n/Aj 0 = +00.

We will need the following approximation result, which follows from a long time
perturbation theory result for (1.1) and is an adaptation to the focusing case of the result
of Bahouri—Gérard (see the Main Theorem p. 135 in [BG99]). We refer to [BG99] for the
proof in the defocusing case and to [DKMO09, Proposition 2.8] for a sketch of proof.

Proposition 2.3. Let {(vo.n, V1.0)}n be a bounded sequence in H' x L? which admits the
profile decomposition (2.6). Let 6,, € (0, 400). Assume

‘9n - tj,n j . j

—— < T4(U’) and limsup|U’| 4, i, <00. (2.8)

_n T
jsn n—00 S( o T )

Vj>1, Va,
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Let u,, be the solution of (1.1) with initial data (vo ,, v1.n). Then for large n, u,, is defined
on [07 9}’[):

lim sup [lun | 5(0,6,) < 0,
n—oo

and

J
1 Mt —ti, X —X;
_ j jn Jon J J
Vi e[0,6,), un(t, x)= JE_I A(Nfz)/zU ( on Tom ) +w;, (t,x) +r, (, x),
- n

where

gim timsup| 177 50,60+ sup (IVr] (0l 2 + 190 0] 12)] =

J—0o0 te(0,6,)

An analogous statement holds if 6, < 0.

2.2. Elliptic properties of the stationary solution and the solitary wave

We first recall a variational claim from [KMO08]:

Claim 2.4. Letv € H'. Then
IVoll7, < [VWII3, and E(v,0) < E(W, 0)

Iv ”LZE( 0)=NE@,0). (2.9)

\V4 - ==
= 1013 < S

Furthermore, there is a constant ¢ > 0 such that if for some small ¢ > 0, ¢ < ||Vv||i2 <

(%) NP2 IVWI2, — &, then E(v,0) > ce.

Proof. The first part of the claim is shown in [KMO8]. For the second part, write

1 N -2 _
E(,0) = E[|VU|2_2_/|U|2N/(N 2)

N/(N-2)
> —/|Vu|2 —_ SN 2)</|Vv| ) ,

where Cy = (f |[VW|2)~1/N is the best constant in the Sobolev inequality lvllan/(v—2)
< CylIVv]| 2. Lety = [|Vv|?. Then

1 N-2, 5
E@,0) = 2y - —— —_CN N GNIN=D) gy,

)(N‘Mf VW2, and
O

The equation f(y) = 0 has two solutions, y = 0 and y*

N
= (7=
the statement follows from the fact that f/(0) # 0 and f'(y*) # 0
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In the following, we will consider the solitary wave solutions of (1.1), which are obtained
from W by a Lorentz transform

We(t )—W(M —>_<1+ w-t0? [P >(N2)/2

where £ € (—1, 1). We have:

Claim 2.5.

N+ (1—N)e?
Vr,fwwz(m?— +(1_E) /|VW| f(atww)ﬂ

vi, /lVWz(t)l +—/(3zWe(l)) > (1+ >f|VW|

\/——/|VW|2,

1
E(W¢(0), 0, W, (0)) = ﬁE(W’ 0),
4 - .
fVWZ(O)atWZ(O) = _Jl—_—ﬁE(W’ 0)e; = —LE(W(0), 3, W, (0))e;.

Sketch of proof. All statements follow from explicit computations. To get the second line,
notice that by the first line,

N =2
/IVWZ(I)IZ-FT/(azWe(l))z—/IVWIZ
:%[1—\/1—62—%€2}/|VW|2,

1-¢
and use the standard inequality /1 —x <1 — %x - %xz forO0<x < 1. O
We next state a uniqueness result for an asymmetric elliptic equation:

Lemma 2.6. Let f € H'(RV)\ {0} and ¢ € R. Assume

N
A= f+ Y f+IYN 2 =0 (2.10)
j=2
and
/|Vf|2 < 2/ VW2 (2.11)

Then €% < 1 and there exist » > 0, X € RN and a sign = such that

1 x—X
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Proof. Case > = 1. In this case f solves the equation Az f + |f|¥N=2f = 0,
where X = (x3,...,xy) and (for almost every x1) we have f(x1,...) € HI(RN_l),
f(x1,...) € L¥(@®RN-Y), 2* = 2N/(N — 2). Fix such an x; and let F(xa, ..., xy) =
f(x1,x2,...,xn). We will show that F = 0, using the Pohozaev identity in dimension
N —1.

Until the end of this step we write x = (x2,...,xy) and n = N — 1 to simplify
notation. By elliptic regularity F € C%(R"). Furthermore,

3’F OF
axiax]' ax]"

div(x|VF?) =n|VFP? +2)  x;
i

and

2div((x - VF)VF) =2(x - VF)AF +2V(x - VF) - VF
92F OF

= 2(x-VF)|F¥N=2F +2Zx,-m ot 2IVF)?.
ij Lhaad] J

Hence

F?
div(x|VF[?) — 2div((x - VF)VF) = (n — 2)|[VF)? + 2x - v(' 2L )

Let ¢ € CP(R") be such that ¢(x) = 1if [x|] < 1 and ¢(x) = 0if |[x| > 2. Let
@r(x) = ¢(x/R). Then

div(xgr|VF|?) — 2div((x - VF)VFR)

F|*
= (n — 2)¢r|VF|* + 2ppx V(' 2'* ) +x - Vor [VF? = 2(VF - Vor)(x - VF).
Next,
. |F|? |F|* |F|? |F|?
2div| xpp T =2x - Vg > + 2negr > +2¢prx -V > )
Thus,

raks . |F|* |F|> |F|*
20rx -V ETH = 2div| x¢gr > —2x - Vg > — 2negr THE

Note that |x||Veg| is bounded independently of R, and when we integrate in x, the
corresponding terms go to 0 as R — +o0o by our assumption on f. When we integrate
the divergence terms we get 0. Thus, we conclude

2”1 *
(n—z)/|VF|2= Ff|F|2.
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If n = 2 we deduce that F = 0. Otherwise, using Hardy’s inequality and a cut-off, and
multiplying the equation AF + |F|¥N=2F = 0 by F, we see that [ |[VF|> = [ |F|*,

so that
<——(n—2))fIF|

which again gives F' = 0. We have shown that f(x,-) = O for almost every x|, which
shows that f = 0, contradicting our assumption on f.

Case €2 > 1. Assume for example £ > 1. Consider the function
u(t7‘x) = f('xl +Et’x27 ...’.XN),

which solves (1.1) for all time. Note that Vu(0,x) = V f(x) and that 0;u(0, x) =
£0y, f(x), so this is a global in time solution to (1.1) in the energy space. Let ¢ > 0
be given. Find M so large that

0, x)|?
/ <|Vu(0,x)|2 + @Bu(0,x))* + M) dx <e.
|x|=M |x|
By Proposition 2.17 in [KMO08], for all # we have
/ (IVau(t, ) > + [8u(t, x)[*) dx < Ce.
Ix1>3 M+r|

Let K be a compact set of (x2,...,xy) and a < b. If t > 0 is large, then
x1 € (a—Lt,b—4t)and (x2,...,xNy) € K = |x| >0t —

where A is a fixed constant depending on K and (a, b). Pick ¢ so large that £ > %M +
t + A, which is possible since £ > 1. Then

b—{t
f / |Vu(r, x)|>dx < Ce
a—

while Viu(r,x) = Vf(x; + €, x2,...,xy), so the integral equals [ f: IV f(x))?,
which shows, since ¢ > 0 is arbitrary, that f = 0, contradicting again our assumptions.

Case 0> < 1. Let

gx) = f(V1—82x1,x2,...,xN).

Note that [ |Vg|> < [|Vf]*> <2 [|VW|?. Moreover, by (2.10)
Ag+ gl N Pg =0.

By elliptic estimates, one finds that g is C2. Define

g+ =max(g,0), g-=-—min(g,0)=g—g4.
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Then by Kato’s inequality, in the sense of distributions,
Agy +1g41Y N Pg, > 0.
As a consequence
f IVe+l® < / g PN/, 2.12)

Similarly

f Vg_|* < / g |2N/(N=2), (2.13)

/|Vg+|2+f|Vg_|2=/|Vg|2 <2/|VW|2,

we get f |Vgil|? < f [VW |2 for at least one of the signs + or —. To fix ideas, assume
that it is —. The bound (2.13) and Sobolev inequality imply that g_ = 0. Indeed,

f W2N/(N=-2) N/(N=-2)
Ve I < | 1g-PNN=2 < IVg_ |2 .
(f |VW|2)N/(N—2)

Using that by the equation AW = —W2N/(NV=2) [W2N/(N=2) — [\VW|?, we get
either g = O or [ VW > < / |Vg_|?, and the second possibility is ruled out by our
assumption on g_.

This shows that g = g is a nonnegative solution of

Using that

4/(N=2)

Ag + gl g=0,

and by [GNN81], there exist A > 0 and X € R such that

_ 1 W x—X
g(x) - )\(N*Q)/Z )\‘ .

Coming back to f, we get

F) = 1 x1— X1 x2—Xp xy — XN
TAWN-D2T N\ T2 A T

_ 1 W Ox—X
=swon"\" ) .
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2.3. Linear behaviour

Proposition 2.7. Assume that N > 3 is odd. Let ug € H'RY), u; € L2 R") and u" be
the solution to

32ut — Aut =0, (2.14)
uano = uo, atuano =uj. (2.15)

Then
1
Vi >0, f (IVat @, 0 + @t 2, x0)%) dx = 5 f (IVuo()* + u1 (x)?) dx,
[x[>2
or

Vi <0, / (IVu" (2, ) + @u"(t, x))?) dx > %/(quo(x)lz +ui(x)?) dx.
[x|>—1

Recall that % |x|>m(|VuL(t, X))+ (But(t, x))?) dx is a nonincreasing function of ¢ for
t > 0and a noﬁdecreasing function of ¢ for t < O (see e.g. [SS98, p. 12]). Thus the
following limits exist:

1
E™ (uo, =1im—/ Vub(t, x)* + @u"(t, x))?) dx.
oo (U0, u1) Jim > |x|zm(| u(t, x)|° + (Qu"(t, x))7) dx
Then Proposition 2.7 will be a consequence of the following proposition:

Proposition 2.8. Let u" be as in Proposition 2.77. Then
out out _ 1 \V4 2d 1 2d
o, un) + E®% o, un) = = [ [VuoPPdx + 3 [ ufdx.
We next prove Proposition 2.8. First note that we can assume by density that

(ug, u1) € CRY), (2.16)

and then by scaling that
supp(uo, u1) C {|x| < 1}. (2.17)

Let us reduce the problem further, assuming (2.16) and (2.17). Let z; (respectively z») be
the solution to (2.14) with initial condition (u, 0) (respectively (0, #1)). Then

21(=t) = z1(t), z22(=1) = —22(2).

We deduce

/ Vzi(t, x) - Vza(t, x) dx +f Vzi(—t,x) - Vzo(—t,x)dx =0
[x[=]t] [x|=t]
and similarly

/ 0rz1(t, x)0,z2(t, x) dx +/ 9;z1(—t, x)0;z2(—t, x)dx = 0.
[x|=]r]

x| =t
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Developing the equality u* = z; + z, we get, for t > 0,

1

5/ (IVuL(t,x)|2~|—(3;uL(t,x))z)dx+%/ (IVu™(=t, )1* + (Bu"(—t, x))?) dx
[x|>1 |x|>1

=/I (WZI(I’XNZ+(3’Z1(t’x))2)dx+/| (IVza(t, 0)* + (3z2(t, x))?) dx,
x|>t x|t

and thus, letting t — +o0,

EQS (uo, ur) + E%% (uo, uy) = 2E%S (1o, 0) + 2EQ5, (0, uy).

o
The conclusion of Proposition 2.8 will then follow from

Lemma 2.9. Let (ug, u1) € C°(RY) with supp(ug, uy) C {|x| < 1}. Then
1
Eiugo(u(), 0) = Eo_uoto(MO’ 0) — Z/ |VM0|2,
1

ESS,(0,u1) = EXL (0, u1) = Z/ i

We need a preliminary calculus lemma:

Lemma 2.10. Let f € CP(RN), 1 > 0(t large), wy € RN with |wo| = 1 and s € (0, 1).
Then

f F((t + so)wo + ta)tN ™ dw
SN=In{jw+wy|<2/1}

/ F(=( = so)wo + t)tN Vdow + O /1), (2.18)
SN=10{lw—wo|<2/1)

where O is uniform in wy, so.

Proof. We expand the left hand side of (2.18) by chosing coordinates so that the origin
is sowo and wg = ey = (0, ..., 0, 1). Then the set (r + so)wo + tw, where w € SV~1 N
{lo 4+ wg| < 2/t}, is the set of (y1, ..., yn) (in the new coordinates) so that

yN:t_\/t2_y12—---—y12V_l and y12++y]2\]§2

In particular, in this set |yy| < C/t. Using these coordinates to express the surface inte-
gral and replacing by yy = 0 asymptotically, and doing the corresponding argument for
the integral on the right hand side, we obtain the desired result. O

It remains to prove Lemma 2.9 to conclude the proof of Proposition 2.8.

Proof of Lemma 2.9. We prove the first statement, the proof of the second one is similar.
By a well-known formula (see [SS98, p. 43] for instance), the solution z to (2.14) with
data (ug, 0) is given by

3 (1 9\NI2
z2(t,x0) = An—| - — tN_Q/ uo(xp +tw)dw |, (2.19)
ot \ 't 0 SN-1
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where Ay is a constant depending on N. Recalling that ug € C3°({|x| < 1}), we deduce
(by the Huygens principle) that supp z(¢, xo) C {t — 1 <|xo| <t + 1}. For (¢, x¢) in the
support of z, write xg = (f + so)wo, |wp| = 1 and —1 < s¢9 < 1. From the condition on
the support of u(, we find that the preceding surface integrals are over |o + wp| < 2/t,
and thus the area of integration is less than C/tV~! for large 7. From (2.19), we get the
bound |(Vz, 9;z)| < C/t(N_l)/z, for large ¢, and from the condition |w + wo| < 2/1,

Vi2(t, x0) = Ayt M D2 / L Vl@o - VT Rug)(xo + 10) do + OV,
.

dz(t, x0) = Ayt VD2 / (wo - VYNHD 24 (xg + tw) do + O~ N+D/2),
SN—l

where
Oy, UQ.

m — . .
(w-V)"ug = Z a)JI...wijle... i

jell,..,Nym
(See also [Chr86, Kla86].) By Lemma 2.10, if 0 < 59 < 1,

Vez(t, (t + so)wp) = (—=1)V V2V, 22, (1 — 50) (—wp)) + O~ NFTD/2),
dz(t, (t + s0)wo) = (=1)NFTV25,2(¢, (1 — s0)(—wp)) + O~ N+D/2y,

Integrating, we get, for some constant Cy,
/ |Vxz2(t, x0)|* dxo
t<|xg| <1+t
—Cy f / V2t (¢ + s0)wo) Pt + s0)V " dso day
0<so<1 JSN-1
= cyi! / / Va2t (¢t + so)eoo) P dso den + O(1/1)
0<sg<1 JSN-1

— Cyr! f o fs Vel @+ sppon) P dsodan + O(1 /1)
—l=sp= -

= / f IVaz(t, x0)1? dxo + O(1/1).
t—1<|xg|<t J SN-1

Arguing similarly for 0,z, we obtain
/ Vez(t, x0)I* dxo + f 10,2 (2, x0)|* dxo
t—1<|xp|<t t—1<|xg|<t

=f IVxZ(t,XO)Izdxo-l-/ 2t x0)P dxo + O(1/1).
t<|xg|<l+t

t<|xol <1+t

Letting t — 4-o0 and using the conservation of the energy % f |Vuo|? of z, we get

1
2 f Vuol® — ES%, = B9,

which concludes the proof of the first statement of the lemma. O
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2.4. A few identities

We conclude this section by gathering some useful identities for solutions of (1.1), which
follow from straightforward integration by parts. We define the density of energy by

1 1 N -2
e@)(t, ) = Z[Vult, 0 + 2 @Oputt, x))? = == u MV (2.20)

Claim 2.11. Let u be a solution of (1.1), k € {1,...,N}, ¢ € C'(R, x Riv,R) and
® e CI(R; x R)ICV RN, both compactly supported in the space variable. Then

d
E ‘P“atMZ/((a,u)z—|Vu|2—|-|u|2N/(N—2))¢

—quu~ch+/u8,u 01, (2.21)

d 1 N-2 B
E/(paxku du = 3 /(—(8,u)2 +|Vul? — T|u|2N/<N 2)>3xk(p
N
_ Z / QU O U Ay p + / O 1t Ortt Oy, (2.22)
j=1

d 1 N-2
E/Cb - Vudu = 5[(—(8tu)2+ |Vul? — T|u|2N/(N_2)) div ®
N N
_ Z /axkuaxjuaqu>k+2faxku du 9, Dy, (2.23)
jk=1 k=1

j—t/goe(u) = —/V¢~Vu 8;u+f8,(pe(u), (2.24)

where & = (®y, ..., Dy), divd = ), 3y, Or and all the integrals are taken over RN
with respect to the measure dx.

Claim 2.12. Let u be a solution of (1.1) which has compact support in x. Then

d _

» / O = / (@)? — [Vul> + |u PN/ V=2, (2.25)

d 1 N -2 B

E/xk Dyt By = 5/(—@»[)2 1V = S PN 2)) _ /(axku)a
(2.26)

d N N-2

E/x - Vudu = -5 [(am)2 + T(/ [Vu|* — |u|2N/(N_2)>, (2.27)

d

E/xe(u) = —/Vu oru, (2.28)

d2

2 2 2
— \v/ [ ——F . 2.2
dr? ! N -2 /I “ N -2 /(B,u) N -2 (0, 1) (229)
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3. Universality of the blow-up profile

In this section we assume Theorem 2 and Corollary 4.14 and prove Theorem 1. We as-
sume N € {3,4,5}in §3.1 and §3.2, and N € {3, 5} in §3.3 and §3.4. Let u be a solution
of (1.1) that blows up in finite time and which satisfies (1.4). To simplify notation we will
assume

T+ = 1.

From [DKMO09], there exists a nonempty finite set S C RY, called the set of singular
points, such that the solution (u, d;u) has a strong limit in H (RV \ §) x L (RN \ 5)

as t — 1. Furthermore, adapting the proof of [DKMO09, Prop. 3.9], in view of Corollary
1.5 we get

. 2 N=-2 2 2
Vm e S, Ve > 0, limsup [Vu()|= + [;u(@)|” ) = | VW]~
t—1 lx—m|<e 2

By (1.4), there can be only one singular point. We will assume that this singular point is 0.
Denote by (vg, v1) the weak limit as t — 1 of (u(t), d;u) in H' x L2, Note that this limit
is strong away from x = 0. Let v be the solution of (1.1) such that (v, 9,v) };=1 = (vo, v1).
Let

a(t,x) =u(t,x) —v(t, x).

By finite speed of propagation,
suppa C {(t,x) € (T_, 1) x RV : x| < 1 —t}.

Recall also that the following limits exist:

Ey = lilT} E(a(t), 0:a(t)) = E(uo, u1) — E(vo, v1), 3.D
t—

dy = lim/ Va(t)o;a(t) =/ Vuou; —/ Vugug. 3.2)
t—>1 JRrN RN RN

3.1. Compactness of a minimal element

We define the set of large profiles A C H' x L2 as follows: (Ug, Uy) is in A if and only
if the following conditions are both satisfied:

(a) there exist sequences {f,}, {x,}, {A,}, with t, € (0,1),t, — 1,x, € RV, x, €
(0, 4+00), such that

N/2—1 N/2
()\n / a(ty, AnX + Xp), Ay / ora(ty, Anx + xn)) m\ (Uo, Uy)

weakly in H! x L2,
(b) the solution U of (1.1) with initial condition (U, U;) does not scatter in either time
direction, that is,

U1l 2w+ = Ul 2w+n = 00.
L N2 N- 0)

0,T1) L 2 (T-,
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Let us prove:

Proposition 3.1. Let u be as in Theorem 1. There exists (Vy, Vi) € A which is minimal
for the energy, that is,

Y(Up, U1) € A,  EWy, V1) < E(Up, Uy).

Moreover, the solution V of (1.1) with initial condition (Vy, V1) is compact up to modu-
lation.

Proof. Step 1. Let us show that A is not empty. Indeed, we will show that for any se-
quence {t,} € (O, 1)N such that #, — 1, there exists a subsequence of {#,} and sequences
{An}, {x,} such that

2—1 2
(A0 27 @b, 2ax + 300, 20 01t hnx + x)) —— (Uo, Un) € A.

Extracting subsequences if necessary, we may assume that the sequence (a(#,), d;a(t,))
has a profile decomposition {U;'};, {Aj n; Xj.n; tj.n}j.n- Consider the nonlinear profiles U/
associated to this profile decomposition. We will show that exactly one of these nonlinear
profiles does not scatter in any of the time directions, and that all others scatter in both
time directions.

We can write the profile decomposition

J
1 i —tin X —Xj
(i, X) = vt ¥) + Y —=573 UL ( L=, ””) +wy , (%),
oA Ajin o Ajn
J.n
J 1 .

Byu(ty, x) = dyv(tn, X) + Y e éwi(

j=1 j.n

—lin X —Xjn
Ajn Ajn

’

) +wi, (),

and consider it as a profile decomposition for the sequence (u(t,), d;u(t,)), where
(v(t,), d;v(ty)) is (up to an error which is o(1) in H'xL?) interpreted as a profile US with
initial data (vo, v1) and parameters Ao, = 1, %, = 0, x0,, = 0. Note thatas A; , — 0
for all j > 1, the sequence of parameters {Ao ,; X0,n; f0.n}n 1S pseudo-orthogonal to all
sequences {A; »; Xj n; tintn, J = 1, in the sense given by (2.5).

By Proposition 2.3, if all nonlinear profiles scatter forward in time, then u must scatter
forward in time, a contradiction. Fix n and let

T, = g_rg?u,-,nmw )+ i),

where the minimum is taken over all j such that T, (U/) is finite. Consider the quantity

t
T — 1 X — X
Fn(t)zmax/ / U/< L j’")
izl Jo JRrV Ajon Ajn

2(N+1)
N=2" dx dt

N+1~
Ajn

t €[0,T,).
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The fact that at least one of the profiles does not scatter forward in time shows that
F,(t) > 400 ast — T,,. Thus there exists a time 7, € (0, T,,) such that

Fu(ty) = C”VW”iz_’]O’ 3.3)

where the constant C IVWI2,—0 is given by Corollary 4.14. By (3.3) and Proposition 2.3,
L

tn + tn < 1 for large n. Reordering the profiles, assume that the max in the definition of
F,(z,) is attained for j = 1. By the definition of CHVWI\ano’ there exists s, € [0, t;]
L

such that
B,Ul <Sn - tl,n)
)\1,n

oo ()
)"l,n

By Pythagorean expansion and the bound (1.4), all the nonlinear profiles U/, j > 2,

satisfy, for large n,
Ajon

oo (22)
Ajn

Choosing ng small, we deduce by the small data theory that for j > 2, U J scatters in both
time directions and satisfies

VieR, VU075, + 10:U7(0)]7. < Cyno

2
> [VW(2, — 2no.
L2

2 N-2
L2 2

2
< 3no.
L2

2 N-2
+

L2

for some constant Cy > 0 depending only on N. We next show that U does not scat-
ter either forward or backward in time. Indeed, if U! scatters forward in time, then by
Proposition 2.3, u scatters forward in time, a contradiction. On the other hand, if U 1
scatters backward in time, we can use Proposition 2.3 again and the orthogonality of the
parameters to show that

In 2N+1) J ~tjn/Xjn AN+
/ /‘luliN—2 dxdt:Z/ /|U/| N2 dx dt
0 j=1 *(tj.n‘Hn)/)Lj,n
In 72D
—I—/ /|wn| N=2 dxdt + o(1)
0

as n — oo, and thus fol S |u|2N+D/N=2 s finite, a contradiction with the fact that the
maximal time of existence of u is 1. This concludes the proof that U! does not scatter in
any time direction. As a consequence, —t{, /A1 , i1s bounded and we can assume (time
translating the profile U and passing to a subsequence if necessary) that

Hn= 0.

Thus the nonlinear profile U' is exactly the solution of (1.1) with initial conditions
(U, L Ull) and it does not scatter in either time direction. By the definition of U 1

N/2—1 N/2
(A7 altn, M + X100, 200280t R + x1,0)) —— (UG, U})

1,n

weakly in H' x L2, which shows that (Uol, U 11) € A, concluding Step 1.
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Step 2. In this step we show that there exists (Vy, Vi) € A with minimal energy. We first
note that by Claim 2.4, the energy of any element of .4 is nonnegative, so that

Emin = inf{E Uy, Uy) : (Up, U1) € A}

is a nonnegative number.

Note that any element of .4 is the only nonscattering profile of a profile decomposition
as in Step 1. This shows by Proposition 2.3 and Pythagorean expansion that the bound
(1.4) extends to A. More precisely

N -2
2

(U0, U) € A = sup (IIVU(I)IIinr

||3,U<t>||iz) s/|VW|2+no, (34)
t€lmax (U)

where U is the solution of (1.1) with initial data (Uy, Uy).
Consider a sequence {(Up n, U1,,)} of elements of A such that

lim E(UO,ns Ul,n) = Enin-
n—00

After extracting subsequences, one can consider a profile decomposition

J
1 i —tin X —Xj
Uon() = ) —x77 vg( —t f’") + 23, (), (3.5)
=1 Ajn o Ajn
ol i Ztin X = Xjn J
Uta(0) = ) 573 @G VD 525 =25 ) + 2, (). (3.6)
=1 Ajon im o Agn

For all j we denote by V/ the nonlinear profile associated to V,/, {—=tjn/Ajn}n- By the
definition of A, the solution U, of (1.1) with initial data (Up ,, U1,,) does not scatter in
either time direction and satisfies the bound (3.4). A similar argument to Step 1 shows
that there exists only one profile, say V1, which does not scatter in either time direction,
that we can assume ¢ , = 0 for all n, and that all other profiles Vi, J > 2, scatter in both
time directions.

To simplify notation, denote

v=vl v=v0), vi=5VN0).
In particular

N/2—1 N/2
()‘ / UO,n()Ll,nx + xl,n)v )\1’,/, Ul,n()Ll,nx + xl,n)) m\ Vo, V). 3.7

1,n
For all n, as (Up,,, U1 ) is in A, there exist sequences {itk n k> {Vk.n k> {Tk.n}x such that
Tkn € (0, 1), lim ©, =1
k—00

and

N/2—1 N/2
(o™ @ X + V). 1y 900 (s WX + Yen) === Wo, Ura) (3.8)
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weakly in H' x L2 In view of (3.7) and (3.8), we can obtain, via a diagonal extraction
argument (see Step 1 in the proof of Proposition 7.1 in [DKMO09]), sequences {1t }, {yn},
{t,} such that
7, € (0, 1), lim 7, =1
n—oo
and
(M,ﬁm_la(tn, 1+ V), thn 29T, pnx + yn)) —— (Vo V1).
k— o0
Thus (V{, Vll) € A. By the decomposition (3.5), (3.6) and the Pythagorean expansion
properties of the profiles,

J
EU§, U = E(Vo, Vi) + Y E(VI(0), 8,V (0))
j=2

+ E(w ,(0), w{ ,(0)) +0(1) asn — oc.

Using that by Claim 2.4 all the profiles have nonnegative energy, and that E(Uj, U{)
tends to Epi, as n goes to 0o, we obtain Eni, > E(Vy, V1), and thus (as (Vy, Vi) € A)

E(Vo, Vl) = Emin.

Step 3. We next show that the solution V of (1.1) with initial data (Vp, V1) is compact up
to modulation. It is sufficient to show that for all sequences {7, } in the domain of existence
of V, there exist a subsequence of {t,} and sequences {A,}, {x,} such that

()\rjz\]/z_l V(tn, Anx + xp), )\111\]/281“/0m AnX + xn))

converges strongly in H! x L? as n — oo.

Extracting subsequences, we may assume that the sequence {(V (,), 9;V(#,))} has a
profile decomposition {UL] Vi AAjns Xjons tjn}jn. As before, (3.4) and the fact that V' does
not scatter imply that there is only one nonlinear profile (say U') that does not scatter,
and that we can choose t; , = 0. By a diagonal extraction argument and Proposition 2.3,
we have

(U, U}) € A.

By the Pythagorean expansion for the energy,

j . .
Emin = E(V(t2), 8V (tx)) = E(Ug, U) + Y EWUY (~tjn /%), Uj (=tjn/Ajn)
j=2

+ E(w({,n, wlj’n) +o0(l) asn — oo.

Using that E(U}, U 11) > Enin and that all the energies in the expansion are nonnegative,
we conclude by Claim 2.4 that U/ = 0 for all j > 2 and

. J R J _
1im (g, L1+ i, l12) =0.

The proof is complete. O
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Corollary 3.2. Letu be as in Theorem 1. Let t,, — 1 be such that there exists (Vy, V1) € A
with E(Vo, V1) = Emin and A, > 0, x, € RY so that

("2 attn hx 4 50, 20, B0y, dx +x) ——= Vo, V) € A (39)

Then rotating the space variable around the origin, and replacing u by —u if necessary,
there exist Ay, x, such that

(27 atn, Ax + 20, A 2810ty hpx + x0))
—— (We(0,), 8, We(0, %) (3.10)

for some £ € R with
CIVWI7, < 16ng. 3.11)
Furthermore for large n,

2-1 N-2 2
120t o) = We (O, )51+ =51t A ) = 8 We(0. 1172
<2m.  (3.12)
and »
|Eo — E(W, 0)] + |do| < Cny/*, (3.13)

where Ey and dy are the limits of the energy and the momentum of a (see (3.1), (3.2)).

Proof. By Proposition 3.1, the solution V with initial condition (Vj, V1) is compact up to
modulation. By Theorem 2, after a rotation of R" (and possibly changing u to —u), there
exist xo € RY and o > 0 such that

1 - — X0 1 - — X0
(VO’ Vl) = < N/2—1 We (O’ >7 N/2 atWK (O’ ))
Mo Mo [T Ho

Taking A, = poA, and x, = x,, + A,xo we get (3.10).
By (3.10),

2
Va2, = IVWe(0) — A > Valty, hnx 4+ x) 125 + [V We(0)]12, + 04 (D).

Together with the analogous statement on the time derivative of @ and with assumption
(1.4), we find that for large n,

) N -2 ) N/2 2
IVWeO)I72 + =518 WeO)lI72 + IV We(0) = 2 Valtn, hx + 517
N-2 )
+ 5N We0) = 2 Pdhaltn. hnx +x)72 < VWG +2n0. (B.14)
By Claim 2.5,

» (N2 2 A 2
||VW11(0)||L2+T||3zW£(0)||L2— VW] Eg VW7,

and thus (3.14) implies 16m9 > ¢* [|[VW/?, and (3.11), (3.12) follow. The es-
timate (3.13) follows from (3.11), (3.12), and the fact that for small £ we have
|E(W,0) — E(W;(0), 8, W (0)] < Ce2. O
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3.2. A few estimates

Until the end of the proof, we fix a sequence #, as in Corollary 3.2, and we denote

- 1 X — Xp
=a(ty,x) — —>— Wl O, , 3.15
80n(x) a(n -x) )\"11\//271 K( )\’ ) ( )

n

- 1 X — Xp
E1n(x) = dralty, x) — W&Wz <0, 7 ) (3.16)
n

n

By (3.12) we have

limsup( [1VZ0u 125 + 511125 ) < 2n0. (3.17)
n—oo 2
Lemma 3.3. The parameters x, and A,, satisfy
. An
lim =0, (3.18)
n—oo | — th
. 2| 1/4
limsup ——— < Cp," . (3.19)

n—oo n

Proof. Using that |x| < 1 — ¢ on the support of a, we get |x,| < C(1 —1,) and |A,| <
C(1 —1t,) (see [BGIY, pp. 154-155]).
To prove (3.18), we argue by contradiction. Assume (after extraction) that for large n,

An
1—1,

> ¢o > 0. (3.20)

Notice that

_ 1 —1¢ X 1 C
AV G dn ) £0 = ] < Pl L C
An An co co

As Wy (0) is the weak limit of the preceding function, we conclude that |x| < Cq on the
support of Wy (0), a contradiction.

To prove (3.19), denote by e(u) the density of energy defined by (2.20). Using that
u and v are solutions of (1.1) and that suppa C {|x| < 1 — ¢}, we obtain (see (2.24) in
Claim 2.11)

i x(e(u) —e(w))dx = —/(wa,u — Vvo;v) = —dj. (3.21)
dt RN

Furthermore,

'/ x(e(u) —e(v)) dx <Cd-1),
RN

= ‘/ x(e(u) —e(v))dx
lx|<(1=1)
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and thus
lim x(e(u) —e(v))dx = 0.

t—1 JrN

Integrating (3.21) between #, and 1, we get

/ x (e(u) — e())(tn) dx = do(1 — 1), (3.22)
RN
and thus by (3.13),
‘ / x(e(u) — () (ta) dx| < Cg (1 = 1,). (3.23)
RN

Recall that A,]:/ / 271(1(tn, An - +xy,) converges weakly to W, (0) and that u(#,) converges

weakly to v(1) in H' asn — oo. Thus

VW (0)]I7, < limsup [|Va(t)][3

n—oo

= lim sup(| Vau(ta) |72 = 2(Vueta), Vo(t)) 2 + Vo (1)172)

n—oo
= —[IVo(DI7, + limsup [ Vu ()7 .

n—oo

Using this together with the analogous statements on the time derivatives, we see that

(1.4) implies that

N -2
2

N -2
2

IVWe(O)I3, + 18 We Q)17 + IVo(DI* + IB,v(DII* < VW3, + o,
and thus for large 7, using the continuity of v and that, by Claim 2.5, ||VW||i2 <

IVWeO)112, + Y5218, We (0) )2

2,
2 N-—-2 2
o)l + T”atv(tn)an < 2np. (3.24)
Thus (3.23) implies
/RNxe(a)(tn)dx < cny* (1 —1). (3.25)

By (3.15)—(3.17) there exists A > 0 such that for large n,
/ (IVal® + @a)? + |a?N' VD) < Cng < Cngl*.
[x—xu|/An=>A
As a consequence, for large n (using that [x| < 1 — ¢, on the support of a),

/ xe(@)(t)| < Cnl/4(1 = 1y). (3.26)
[x—xn|=Ay




1414 Thomas Duyckaerts et al.

On the other hand,

f xe(a)(ty) =/ (x_xn)e(a)(tn)+xn/ e(a)(ty). (3.27)
[x=xp| <Ay [x—Xn| <Ay [x—xn|<Adn

By (3.18),

lim
n—oo ]l —t,

=0. (3.28)

/ (x — xp)e(a)(ty)
[x—xn | <Ay

Furthermore, using that ng is small, we find by (3.17) that if A is chosen large,

1
liminf/ e(a)(ty) = = E(W¢(0), 3, Wy (0)). 3.29)
n—00 |X—Xn\§A)»,l 2
Combining (3.25)—(3.29) we get the desired estimate (3.19). O

3.3. Strong convergence to the solitary wave for a sequence of times
Until the end of Section 3, we assume N € {3, 5}.

Proposition 3.4. Let {t,} be any sequence as in Corollary 3.2. Then there exists £ €
(=1, 1) such that (rotating again the space variable around the origin and replacing u by
—u if necessary),

lim (A2~ s Anx + x0), 20 20t Anx + x0)) = (We(0), 3, We (0))

n—oo
strongly in H' x L2

Proof. Step 1. Rescaling and application of the linear lemma. We first rescale the solu-
tions. Let

(@) = A=tV u@t, + A =), (1= 1)Y),  (gons &1n) = (81(0), 3;£4(0)),
and
ha(t,y) = (1= t)V 2 Y0ty + (1= t)T, A = 12)Y),  (hon, hin) = (12 (0), -1, (0)).

Then for all n, g, is a solution to (1.1) with maximal time of existence 1, and 4, is a
globally defined solution of (1.1). By (3.15)-(3.17),

1 o
gOn(y) = hOn(y) + N/2—1 W(Z <07 J Y1) + €on (y), (330)
Hn n
1 Y= n
gln(Y):hln(y)+T/281Wl 0, + e (y), (3.31)
Hn n
where .
n Xn 1/4
= O, = 5 S C 3
P =17 =T lyn] = Cny
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Eon = 1 %o (y_)’n) E1p = 1 %o (y_yn)
n M,}zv/%l n o ) n _M,llv/z n —Mn

We argue by contradiction. We must show that (£q,, £1,) tends to 0 in H' x L2, i.e. that
(€on, 1) tends to 0 in H! x L2. Assume (after extraction) that

and

: 2 2
lim (leonll, + letal22) = 81 > 0.
n—>oo

Using that |x| < 1 — ¢, on the support of a, we obtain

lim [Veon > + (€12(1))*] = 0. (3.32)

n—oo |)"Zl

We denote by ¢} (respectively &,) the solution to the linear wave equation (respectively
the nonlinear wave equation) with initial condition (&g, £1,). Applying Proposition 2.7
to 85, we deduce (in view of (3.32)) that for large n, the following holds for all T > 0, or
forall T < O:

/ [Ver (D) + (3re5(1))*] > o (3.33)
Tl <ly—ynl<2+I7] 4

Step 2. Concentration of some energy outside the light cone. In Step 3 we will show that
if (3.33) holds for all T > 0, then for large n,

3\|? 3\\?1 &
Vgn<—) + (3 &n (—)) } > —, (3.34)
/3/4sy—yn 1<3 [ 4 4 16

and if (3.33) holds for all T < 0, then for a small ry > 0 and for large n,

ro

. (3.35)

81
f [(IVgn(t)* + (3rgn(t))*1 > —, where 1, =—
[Tl <ly—yn|=<|zal+10 16 1

n

In this step we show that (3.34) or (3.35) yield a contradiction. If (3.34) holds, then for

large n,
/ v 3+tn 2+ ; 3+z,, 2>3]
u| — + — u| -+ — —.
3 bl g 47 4 “\4 "4 ~ 16

1=,
Lett, =3/4+t,/4 — 1 asn — oo. Then the preceding inequality implies

.l

[(IVu()> + @u(r)))?] > c (3.36)

/2(1t,/,)SXI513(1t,§)
Indeed, by (3.19), and using that 1 — ¢, = (1 — #,)/4, we get, for large n,

§<|x_xn|<3:>3<|x_xn|
47 1—-1t, — R S 4

1/4

<12 = 3—cn5/45%512+cno ,

n

and (3.36) follows if 1 is small.
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If |x| > 1 —1,, then v(t),, x) = u(t,, x), and by (3.36) we obtain, for large n,

81
/ (Vo) * + @v())] = —
201-1))<|x|<13(1—1)) 16°

a contradiction with the fact that (v, 3;v) € CO(R, H' x L?) (and thus the preceding
integral tends to O as n goes to 00).
In the case where (3.35) holds, we obtain, for large n,

81
/. [Vuttn = o) P + @yt — ro)?)dx = -

<bzwml o 1049 - 16’

which yields a contradiction in a similar manner.

Step 3. Nonlinear approximation. It remains to prove (3.34) and (3.35). We will focus on
the proof of (3.34). The proof of (3.35) is similar and we leave the details to the reader.

Let A be a large positive number to be specified later. Recall that ¢, is the solution of
(1.1) with initial condition (&g, €1,). In view of (3.30), (3.31) we get

1 y_)’n
+sn<Aun,y)+on<1> inH', (3.37)

I gn(Aptn, ) = dhn(Attn, y) + —575 8th£< ~ yn)
Iy

n

+ 06 (An, ¥) + 0n(1) in L2 (3.38)

To show this, write a profile decomposition {ULJ }i=3s {Xj.ns Xj.us tj,n}j.n for the sequence
(¢0n, €1n) and notice that the equalities

1 y—y ! 1 i —tin X—Xj
gon(y) = hon(y) + N/z_IWz(O, ”)+Z VAUl ) v
Mn Hon j=3 )‘jn Jon Jon

1 y—y —tin X—Xj
gin(y) = hin(y) + N/za,wz(o . ”)+Z N/za,UL<A_’", A"">+w{,,
n j= = A in Jn Jn

provide a profile decomposition for the sequence (goy,, g1,), Where two additional profiles
Ul and UL2 are given by the solutions of the linear wave equation with initial conditions
(vo, v1) and (W,(0), 9, W,(0)) respectively, and t,! = t,% =0, x,l =0, x,% = Yn, Alp =
1 — ty, A2, = . Applying Proposition 2.3 to both sequences (gop, €1,) and (gon, g1n)
we get (3.37), (3.38). Note that it is also possible to show directly (3.37), (3.38) from a
long-time perturbation result, without relying on profile decomposition.
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Let v € C(‘)"’(RN ) be a radial function such that y¥(x) = 1 for |x| < 1/3 and
¥(x) = 0 for |x| > 2/3. Write (3.37), (3.38) as

(Y Y —¥n 1 Y —n
gn(Aany)—<1 1/f<30>>hn(Aun,y)+w< v )Mg/21W4<A, ™ )

+ €on (y),

y y— 1 y—
3 8n(Aptn, y) = (1 — 1//(-))8rhn(Aun, ») + w(—")—m 0 Wy (A, )
30 Apn Un Mn

+Eln(y),

where as n — oo, in H! x L2,

_ y Y= n 1 Y= n
Eon = W(%)hn(A,un) + (1 - w< ALty ))M,’:’/z‘l W((A, i ) + en(Apy)

+ o(1),

_ - ! -
Fin = xb(;—o)a,hn(Am - (1 - w(yAMy"))T/zath(A, - y") + e (Aptn)
n /"l’l’l n

+ o(1).

Then as n — oo.

Ion — &5 (A ll g1 < len(Aptn) — &5 (Apn) | g1 + \// s IVWe(A, x)|?
|x|=A

+ \// Vot + (1 = t))Apn, 01> +o(1),  (3.39)
| <20(1 1)

and similarly

110 — Brey (Apa) 2 S 18rn (Attn) — 3y (Apn)ll 12 + \// 18 We (A, x)[?
|x[=A/3

+ \// [8;v(t, + (1 — t) Ay, x)12 + 0(1).  (3.40)
Ix]<20(1—1,)

Ast < C n(l)/ 4, we can assume that ¢ is small, and thus, by the explicit expression of Wy,
if A is chosen large enough,

/81
VWe(A, x)|? + / R We(A, x)|?2 < . 3.41
\//Isz/3| (A, x)| \/ |x|zA/3| i We(A, x)] . (3.41)

Furthermore by the small data theory (see (2.4)), if n is large,

v
~ 10000

(Ilen(Apn) = €5 (A3 + 10ien(Aptn) — B8l (Apn)[1 %) (3.42)
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For large n, combining (3.39)—(3.42), we get

_ _ 12 _ o1
(I0n = &5 (Apa) 1 + 11 = el (Amn)}2) " < S5 (3.43)
Furthermore, by the definition of €¢, and £y,
y y— 2 _ _
~ < 1land “1>Z = g,(Au,) =Eon and 9,8, (Aptn) = E1p.
10 Un 3
Using again that 7 is small, and that |y,| < C 77(])/ 4, we get
2 _ _
gAan Sy —=wml =9 = gu(Aun) = €on and 0,8, (Aptn) = €1n. (3.44)

Let g, (respectively 1) be the solution to (1.1) (respectively to the linear wave equation)
with initial data (€¢,, €1,). By (3.43) and the conservation of the energy for the linear
equation,

1/2<«/E

(I5(0) = £5:@ + A1 + 188, (@) = drefo + A7) < 65

(3.45)

By the small data theory (see (2.4)), using that §; < ng, and that ng is small, we get

1/2<x/a

. 3.46
~ 1000 (3.46)

(120 (@) = &5 (@)1, + 19Ea(0) — 385 (0)172)

Combining (3.45) and (3.46) with (3.33) we obtain, takingo = 3/4 — Au, (and v = 3/4

in (3.33)),
/ Ve (3 A ) 0:€, (3 A )
- — Al - — Al
3/4<ly—ynl=3 "\4 " 4 "

for large n. By (3.44) and the finite speed of propagation, we get

3 3 301
gn(—) = 8n<— — A[,Ln> fOfZ — EAH/n =< |y _yl’ll S 87

2

2
)
n 1

>
— 10

4 4
hence (3.34). m]
Corollary 3.5.
Eo = E(W, 0;W;) = Emin, (3.47)
dy = —Egley, (3.48)

where e = (1,0, ...,0) € RV,
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Proof. By definition, Eg = lim;_,{ E(a(t), d;a(t)). The fact that Eg = Epj, follows
from the choice of #, and the strong convergence of the sequence (a(t,), d;a(t,)). To
complete the proof of (3.47), observe that

Eo = lim E(a(ty), 8;a(ty)) = E(We, 3; Wy).
n—o0
The equality (3.48) follows from
do = 1iHOlO/ Va(ty)da(ty) = / VWe(0)9, We(0) = —€ E(Wy, 8 We)ér.
n—

(See Claim 2.5.) ]

3.4. Strong convergence for all times and end of the proof

Lemma 3.6. Let {t/} € (0, )N be any sequence such thatt, — 1 asn — oc. Then there

exist A, x, and a sign % such that
Tim wNa@ W x +xl) =W (0)  inH',
Tim NP e a() A x +x1) = £, We(0)  in L2,

where £ = —dy/ E.

Proof. Consider a profile decomposition {U{'};, {Aj.x; Xj.n; #j.n}.n associated to the se-
quence (a(t)), da(t})). Let {U/} ; be the corresponding nonlinear profiles. Reordering
the profiles, we can assume as usual that all solutions U J, j = 2, scatter forward and
backward in time, that #; , = 0, and that U I does not scatter in either time direction. By
the definition of A, we deduce that U' € A. By the Pythagorean expansion of the energy
and the H! x L? norm we find that for all J,asn — oo,

E(a(t)), da(r))) = E(US, U

J . .
+ Y EWU. U+ E@w],. wi )+ol), (349

j=2
N-2 / i —tin 2 N-=-2 i —tin 2
a2, + = a2 = (HUJ< y > 2 an< ’ ) )
n/ gl ) 14/l 2 ; )\j,n e ) t )\j,n 2
N-2
g 151 + =5 w172 +o(D). (3.50)

By (1.4), (3.50) and Claim 2.4, we deduce that all the energies in (3.49) are positive. By
Corollary 3.5,

lim E(a(t)), da(t))) = Emin < EU", 3,U").
n—oo
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As a consequence, EWU!, 3,U"Y = Epin and for all J > 2,

J
. 2: j j J J
n]Ln;o = E(Uj’ Ulj) + E(wO,n’ wl,n) =0.
J:

By Claim 2.4 again, this shows there are no other nonzero profiles than U ! and that
(wojn, wljn), which does not depend on J > 2, goes to 0 in H! x L% asn — oo.
Using that E(UJ, U 11) = Emin, we can apply Proposition 3.4 to the sequence 1,

which shows that there exists a rotation R of RY (centred at the origin), xg € RY % > 0,
¢ € (—1,1) and a sign = such that

Ul x) = +—w (L r(E220)),
> Ao Ao

By Corollary 3.5, ¢/ = —Ey/dp and

tey = U'R(er),

which shows that R is a rotation with axis (0, €1), and that £ = £'. As a consequence
(using that W, if invariant under this type of rotation),

1 r x—Xxg 1 t X — X0
——W T = Wy _’R )
Aév/z_l l<)»0 A0 ) Aév/z_l ‘ (ko < Ao ))

concluding the proof of Lemma 3.6. O

Corollary 3.7. There exist parameters L(t) and x(t), defined for t € [0, 1), such that

lim (:ON*a, a0y + x(0), AO)N8a(t, A1)y + x(1)))
—
= (We(0), 0, We(0)).  (3.51)

Furthermore,
1/4

At t
O _o ap FOL_

(3.52)
t—01—t¢ te[0,1) 1—1

Proof. By Proposition 3.4, there exists a sequence #, — 1 such that

. . 2—1 2
lim inf (140> aty, hoy +x0) = We(O)ll 1 + 148 *8a(tn, oy +x0) — % We (0) [ 12)

n—00 1>0

0 =0. (353

We show (3.51) by contradiction. Assume that there exist cp > 0 and a sequence 7,, — 1
such that for all n,

. 2—1 2
Am>f0<||xf)v/ a(ta, 0y +x0) — WeO)ll 1 + 140 *8,a(za, oy + x0) — 3 We(0)12)
0

o =cp. (3.54



Blow-up for energy-critical wave 1421

In view of (3.53), using the continuity of the H' x L2- valued map t +— (a(t), 0;a(t)),
we can change the sequence 7, in (3.54) so that 0 < cg < |W¢(0) || g1 + 119; We(0) [l 2. By
Lemma 3.6 we get a contradiction, which shows (3.51). The estimate in (3.52) follows by
Lemma 3.3. m]

To complete the proof of Theorem 1, it remains to show the second equality of (1.5),
which is done in the next lemma:

Lemma 3.8. The translation parameter x(t) of Corollary 3.7 satisfies

. x(1) -
1 = —ley. 3.55
rinl 1—1t “ ( )
Proof. 1t is sufficient to fix a sequence {#,} such that 7, — 1, and show that (3.55) holds
along a subsequence of {#,}.

From (3.22) in the proof of Lemma 3.3, we have

- ./RN x(e(u) — e(v))(tn) dx = do = —Eolé; = —E(W,(0), 3 We(0))e).
n
Using that (v, 9;v) is continuous from R to H'x L% and that a is supported in {|x| <1—t},

we get
1

(/ xe(a)(ty) — / x(e(u) — e(v))(tn)dx> — 0.
1 — 1, \Jrw RN n—>00

Expanding

/ xe(@)(ty) = f (x = x(t))e(@) (i) + x (1) / e@)(t),
RN RN RN

and using (3.51), one can show (3.55). The proof is similar to the end of proof of Lemma
3.3 and we skip it. O

4. Classification of compact solutions

In all this section we assume N € {3, 4, 5}.

Definition 4.1. Let u be a solution of (1.1). We will say that u is compact up to modu-
lation when there ex‘ist functions A(¢), x(t) on Ipax (1) such that K defined by (1.6) has
compact closure in H' x L2

Note that if A(#) and x () exist as in Definition 4.1, we can always replace them by smooth
functions of ¢ (see [KMO6]).

In this section, we show Theorem 2, i.e. that the only solutions that are compact up to
modulation and satisfy the bound (1.7) are (up to the transformations of the equation) the
solutions W,. After a preliminary subsection about modulation parameters around W,, we
show in §4.2 that all compact solutions are globally defined. In §4.3 we show that there
exist two sequences of times (one going to 400, the other to —oo) for which the solution
converges to Wy up to a time dependent modulation. In §4.4 we conclude the proof. In
§4.5, we prove a general version of Corollary 1.5.
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4.1. Modulation around the solitary wave

We first introduce some modulation parameters around W,, adapting the modulation
around W in [DMO08] to the more general case of Wy. The proofs, which are very similar
to the ones of [DMOS8, Appendix A], are sketched in Appendix A. Consider a solution u
of (1.1) such that for some £ € (—1, +1),

E(uo, uy) = E(W,(0), 3 We(0)) and /Vuou1:/VWg(0)8th(0). A.1)

Let dy be defined by

do(t) = / V)P dx+ / @uu(1))? dx— / VWO dx— / @ W02 dx.  (42)

As in the case £ = 0, we have the following trapping property:
Claim 4.2. Let u be a solution such that (4.1) holds.

e Ifdy(0) = O, then there exist Ly > 0, xg € RY and a sign £ such that

t.5) +1 W < rox— xo)

ut,x) = ———Wel —, — |.
)L(()NfZ)/Z )\0 )‘0

e Ifdy(0) > O, then dy(t) > O for all t in the domain of existence of u.

e Ifdi(0) <O, then dy(t) < O for all t in the domain of existence of u.

We refer to Appendix A for the proof of Claim 4.2. The next proposition, which is again
proved in Appendix A, states that, for small dy(¢) it is possible to modulate u so that it
satisfies suitable orthogonality conditions.

Lemma 4.3. Assume (4.1). There exists a small 59 = 80(€) > 0 such that if |d¢(t)| < So
on a time interval I, then there exist C' functions 1(t) > 0, x(t) € RN, a(t) € R, defined
fort € I, and a sign £ such that

AON D24, a()x + x(1) = £(1 4+ a () We (0, x) + £, x),
where f(t, x)= f(t, V1 —4€2x1,x2,...,xy) satisfies

. N-2 .
FEIW 00 W, 0y W, = =W +x - VW in H'(RY),

Furthermore, the following estimates hold for t € I:
lae (@) ~ [IV(a()We(0) + fFO) L2 = IV @Ol L2 + 18:u(t) + €0y, u@)] 12
~ |de (D)1, 4.3)
M @]+ |x' (1) — €é1] + Ale (1)] < Clde (D). 4.4

Here the implicit constants in (4.3) and the constant C in (4.4) might depend on £, but are
independent of u and t.
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4.2. Global existence

In this subsection, we show that all solutions of (1.1) which are compact up to modulation
and satisfy the bound (1.7) are globally defined. We start by showing that solutions that
are compact up to modulation have positive energy.

Lemma 4.4. Let u be a nonzero solution of (1.1) which is compact up to modulation.
Then E(ug, uy) > 0.

Proof. Assume E(ug,u;) < 0. By Claim 2.4, ||Vuo||i2 > ||VW||iz. By [KMOS],
u blows up in finite time in both time directions. We denote by 7+ = T4 (u) the finite
times of existence.

The fact that u is compact up to modulation implies that it is bounded in H' x L2.
Furthermore, by Lemmas 4.7 and 4.8 in [KMO8], A(#) — 0 ast — T4 and there exist
two blow-up points x, x_ € RY such that

supp(u, dpu) C {|lx —xy| < T4 — [} N {lx —x_| < |T- —1]}.
Let
y(t):/ u(t,x)zdx.
RN
Then by (2.29) in Claim 2.12 and the fact that E (ug, u1) <0,

y'(t) = 0. 4.5
Furthermore by Hardy’s inequality and the properties of the support of u,
lim y(¢) = lim y(z) =0. (4.6)
t—Ty t—>T_

By (4.5) and (4.6), y(¢) = O for all ¢, which shows that u = 0, contrary to assumption. O
The main result of this subsection is the following:

Proposition 4.5. Let u be a solution of (1.1) that satisfies (1.7) and such that E (ug, uy)
> 0. Assume that there exist A(t) > 0, x(t) € RN defined fort > 0 such that

K, = {(A(t)N/2—1u(t, AOx + x(0), MON28u(t, M()x +x(1)) 1 1 € [0, Ty (u))}
has compact closure in H' x L2 Then Ty (u) = +o0.

We argue by contradiction, assuming that 7' () is finite. Without loss of generality, one
may assume 74 (u) = 1. As in Remark 1.4, we will assume that [ Vuou; is parallel to
e1 = (1,0, ...,0) and define £ by (1.9).

As seen in the proof of Lemma 4.4, there exists a unique blow-up point (that we will
assume to be x = 0). Moreover, A(f) — Oast — 1 and

suppu(t) C {|x| <1 —1t}.
Furthermore by [BG99, pp. 144—145],
A+ x(@)] = CA —1).
We will need the following result, which is proved in [KMO08, Section 6]:
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Theorem A. Let u satisfy the assumptions of Proposition 4.5. Then there exists a se-
quence {t,} € [0, I)N such that

A,
lim t, =1, lim (”)=0

n— 00 n—oo 1 —t,

A.7)

We divide the proof of Proposition 4.5 into a few lemmas.

Lemma 4.6 (Control of the space translation). Let u be a solution which is compact up
to modulation and such that Ty = 1. Let {t,} € [0, DN be any sequence that satisfies
4.7). Then

£ -
lim x(tn) = —Vej.
n—oo 1 —t,

Proof. Let V() = fxe(u), where e(u) is defined by (2.20). By (1.9) and conservation
of momentum, and identity (2.28) in Claim 2.12,

w(t) = — / Vu(t)o;u(t) = LE(ug, uy)e;. 4.8)
Write
W (1) = x (1) E(uo, u1) + / (x —x(®))e(u). 4.9)
[x|<1-1
Fix ¢ > 0. Using the compactness of K, one may find A, > 0 such that
vVt € [0, 1), / r(u) <e, (4.10)
[x—x(#)[=AeA (1)
where
1
r)(t, x) = [Vut, )* + @u(t, x))* + |uN/ V2 4 WW. (4.11)
X
Then

‘/(x — x(1))e(u)

= V (x = x())e(u) +f (x = x(r))e(u)|,
= ()| <Ae (1) e —x(0)]Z A (1)

and thus, in view of the bound |x(¢)|] < C(1 — t), and the fact that |x] < 1 — ¢ on the

support of u,
/ (x —x(1))e(u)
[x|<1—t

By (4.7), and using that ¢ > 0 is arbitrary, we get, in view of (4.9),

< CAA({) 4+ Ce(l —1).

nlggo‘ T—; (Y (ty) —x(tn)E(uo,m))‘ = 0.
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Using that, by (4.8),

1
W) = —a/ CEuo, u1)dt = —LE g, un)(1 — 1)1,
173

we get the conclusion of the lemma. O
We next show:
Lemma 4.7. Let u and {t,} be as in Lemma 4.6. Then

1
lim
n—oo | — th

1

/ / |9,u(t) + €0, u(t)|* dx dt = 0.

In
Proof. Let

2 o N-2 ,
Zt) =" —=1) | x+£( —1)ey) - Vuoudx + T(Z —1) | uoudx
— ¢ /(xl +£(1 — 1))y, ud;u dx.
Then by Claim 2.12 and using that f Vuoui = —LE (ug, uy)éy, we get
Z'(1) = /(a,u + £0,,u)* dx.

Integrating the preceding equality between 7, and 1, we see that it is sufficient to show
Z(tn)

lim =0. 4.12)

n—oo 1 —t,

‘We first show

Jim —— =0. (4.13)

/ u(ty)ou(ty) dx

Fix ¢ > 0, and let A, satisfy (4.10). Then

1
/u(tn)alu(tn)dx =/ |x — x(t,)|—————u(t,)oru(t,) dx
[x—x ()= AsA(ta) [x — x(t)]

1
+/ [x — x(ty) | ———u(ty)ou(ty) dx,
[x—x ()| <AsA(ta) [x = x ()]

and we get, as in the proof of Lemma 4.6 (and using Hardy’s inequality),

‘/ u(tn)du(ty) dx| < Ce(l — 1) + CAcA(1y).

Using (4.7), and the fact that ¢ is arbitrary in the preceding equality, we get (4.13). We
next show
lim

n—oo ]l —t,

/(x + (1 —ty)er) - Vu(t,)du(ty) dx| = 0. (4.14)
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Fix again ¢ > 0, and A; as in (4.10), and divide the integral between the regions |x —x ()|
< AgA(ty) and |x —x(t,)| = AcA(%;). By (4.10) and again the fact that |x| < 1 — ¢ on the
support of u,

f (x +L(1 = ty)er) - Vulty)du(ty) dx| < C(1 —t,)e.
[x—x(tn)|>AeA(tn)

Furthermore, if |x — x(¢,)| < A\ (t,), then
lx+£(1 _tn)gl| < x—x@)| + |x () +£(1 — tn)gll < Agh(ty) 4 x(t,) +£(1 _tn)gl|,

which shows by Lemma 4.6 that

=0.

lim ‘/ (xc + £(1 = 1,)21) - Vulty)du(ty) dx
[x=x(tn)|<AeA(tn)

1 —t, nmoo

Combining these estimates and using that ¢ > 0 is arbitrary, we get (4.14). To conclude
the proof of (4.12), and thus of the lemma, it remains to show

1
lim /(xl +L(1 — 1)) Oy, u(ty)0;u(ty) dx| = 0. 4.15)
n—oo | — th
The proof of (4.15) is the same as that of (4.14) and therefore we omit it. m]

To show Proposition 4.5 it remains to prove the following proposition:
Proposition 4.8. There is no function u as in Proposition 4.5 such that Ty = 1 and for

some sequence t, — 1,

. 1
lim
n—oo | — th

1
/ /|a,u(t) + 08y, u(r)|* drdx = 0,
In

where £ is defined by (1.9).
Let us first show:

Lemma 4.9. Let u be as in Proposition 4.8. Then £ € (—1, +1),

1
E(ug, u1) = E(We(0), 9; W (0) = ﬁE(W’ 0),
14 -
/VMOM] =/VW5(O)E)¢W@(O) = —\/1—_—£2E(W, 0)6‘].

Proof. Inview of Lemma 4.7, one may show, using the argument of the proof of Corollary
5.3 in [DKMO09], that there exists a sequence {z,,} such that in H U L2,

nli)ngo(k(N_z)/z(t;,)u(t,;, Ap)x + x(t))), AN deu ), Me)x + x(1))) = (U, Uy),
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and the solution U of (1.1) with initial condition (U, Uy) satisfies, for some T €
0, T (U)), ,

/ / 10, U + €0,,UJ> = 0.

0 JRN

U +£3,U =0 in(0,T) x RV, (4.16)

Differentiating with respect to ¢, we get

As a consequence,

AU +|UMYN20 =297 U =0 in (0, T) x RV,
Using that U (0) satisfies (2.10), that by (1.7), [|[VU (0) ||i2 < 2||VW||22, and that U # 0
(the energy of U is positive), we infer by Lemma 2.6 that £> < 1 and that there exist
Xo > 0 and xo € R" such that

Uor) = £ w (0 x_xo)
Ox frd ] S .
P A0

By (4.16), we get

Ui (x) L aw(o —x_xo)
lx = l 9 b

which shows that

1 X — X0
U(t,x) == W((l, )

The conclusion of the lemma follows by conservation of energy and momentum. O

We are now ready to prove Proposition 4.8. Let us mention that this part of the proof
fills a small gap in the paper [DMOS]. Indeed Proposition 2.7 of that paper is a direct
consequence of [KMOS] only in the case of self-similar blow-up. To show that T (u) =
+00 under the general assumption of Proposition 2.7 of [DMO08], one must use Steps 1,
3 and 4 of the proof below (Step 2 is only needed in the case of nonzero momentum).

Recall from §4.1 the definition of dy(¢) and 8g. By §4.1, if |d¢(¢)| < &0, there exist
A1) > 0, x(t) € RN and «(t) such that

AON D241, a)x + x(0) = (1 + a () We(0, x) + f(&, x),
I fllgr + el + 18 + €0y, ull 2 < Clde(0)].

It is easy to see that we can replace the A(7) and x(¢) defining K by thz above .)L(t) and
x(¢) for all ¢ such that |8;(¢)| < 8o, without losing the compactness of K 4 in H' x L2,
which we will do in the remainder of this proof. For these x (¢) and A(¢) we still have

Ve e[0,1), |x@)|+ | )] <C(—1). “4.17)
Let

(N=-2)(N—-1
D) = (N—2)/(x+(1 —t)ley) - Vuou + f./

udu.  (4.18)
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By the conservation of momentum, (2.25) and (2.27) in Claim 2.12, and the fact that
[ Vudu = —LE(ug, ui)ey, we get

(1) = do(t). (4.19)
Step 1. Bound on A(t). Let us show
M) < CA —)lde () N2, (4.20)

If |de(¢)| = b0, the bound follows from (4.17). Let us assume that |dy(¢)| < §g. Then by
§4.1 and the choice of A(¢) and x(¢), we have

3 1 w (o x —x(1) 1 x—x@)
w0 = e \" e ) Tiowat e )

where |[e(®)||g1 < Cld¢(t)|. Using (4.17) and that on the support of u, |x] < 1 —1,
we conclude that u(¢, x) = 0if |[x — x(¢)| = C1(1 — ¢t) for some large constant Cj. In

particular
—x(t
we(0,* x(1)
(L)

/lx—x<z>|zcl(1—t) AN

2
dx

Ve <t7 x_—x(t)>
A1)

a6 \V2
1—t) ’

fxx(mzcl(lz) AN
2

dx < C(de(1))>.

As a consequence

Clde() zf

IVWe(0, y)[*dy > c<
[y|=C1(1—=1)/A(2)

4.21)
hence (4.20). The last inequality in (4.21) follows from the expression (1.3) of W,. Indeed
VW (0, y)| =~ |y|~®™=D for large y and thus flyle VW, (0, y)|2dy ~ A2V for large
A > 0.

Step 2. Let
ye(t) = x(t) + (1 — 1)ey.

In this step we show
e < C(1—0)|de ()" T2V,

We define S(t) by
S(t) = / (x + (1 — &) dx.
]RN

where e(u) is the density of energy defined in (2.20). Then using that u is a solution of
(1.1) such that, by Lemma 4.9,

E(ug, u1) = E(W,0), E(W,0)e,

1 / l
—_— Vupu, = ————
Vi=¢2 Vi—¢2
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by (2.28) in Claim 2.12 we get §’(¢) = 0. Furthermore, as |x| < 1 — ¢ on the support of u,
we get S(¢) — 0ast — 1, which shows that S(¢) is identically 0. As a consequence

W@EWmm)=—/@—x®VW) 4.22)
It remains to show

‘fu—xmkw>sca—wmawﬂm. (4.23)

If |d¢(2)| = 80, where § is given by Lemma 4.3, the bound follows from the fact that u is
supported in the light cone {|x| < 1 — ¢} and from the bound on x (¢) in (4.17).
Assume |dg(t)] < &9. Then by Lemma 4.3, one has

_ 1 0 x —x(t) 1 x —x(t) 404
”“”‘A@W%ﬂm(’xm )+mewa’xm ) @2

_ 1 x —x(1) 1 x —x(t)
oru(t,x) = —A(t)N/z oWy <0, 0 > + A(t)N/zel (t, 0 ), (4.25)

where
le@llz + lleill 2 < Clde(0)]

(the bound on &1 follows from the bound ||3;u + €9y, ull;2 < d¢(2)). Then, developing the
density of energy e(u),

‘/(x — x(1))e(u)

/ (x = x(1))e(u)
le—x()|<C1(1-1)
<

N / (x = x(@)e(Wern),x0) (0, x))‘ + R+ (1= 0lde@)),  (4.26)
[x—x(®)|<C1(1-1)

where we have denoted

W (5, %) L
5, X) = 5, ’
€00, x(1) w22 At)

and

|x — x(1)|
R(t) = —
® /Ix—x(t)|<C|(1—t) NON

v. wolo x —x(t)
t,x Ve ) )\‘(l‘)

5 5 x —x(t)
VIViel® + el (t, 0 )‘dx

s(t, Al xU))‘dx. (4.27)
A1)

X

x — x(1)] x = x(1)
+ we (o,
/;anxhg O f( (1) )

N+2
N-2
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We have used the notation |V;, «v|? = |Vv|? + |9;v|?. The first term in the second line of
(4.26) is 0 by the parity of |W,(0)| and |9; W,(0)|. Let us show

R(1) < Clde)'"/N (1 =), (4.28)
which would conclude this step. We show the bound (4.28) on the first term R in (4.27);

the proof of the bound on the second term is similar. First remark that by the change of
variable y = [x — x(t)|/A(?),

Ri(5) = A(1) Y1V WeO, )| /1926t 0P + ler 1, WP .
¥1=<C1 35

Let A = A(t) > 1 be a parameter and divide the preceding integral between the regions
|y] > A and |y| < A. By Cauchy—Schwarz and using the explicit decay of W, (0, y) as
|y| — oo, we get

A) 91 Ve WeO, 1)1 IVae e, P +le1 (2, »)P dy

A<IyI<Ciig

=ca- t)ldz(rﬂ\/f Ve We0, 12 < C(1 = 0)lde ()| AN,
lyl=A

By Cauchy-Schwarz,

m)/ V1 [ Vi, We (0, ) \/|vxe<r, VI +le1, Y dy < 1(OAlde @)
lyl<min{C1 {75, A}

Taking A = C(1 —t/A(t))*/"N and combining the two bounds with (4.20), we obtain
(4.28), which concludes Step 2.

Step 3. Bound on ®(t). Let us show
D) < C(1—)lde(t)|" TN, (4.29)

As usual, the bound for |d¢(¢)| > §¢g follows from the condition on the support of u and
from the bound |x(#)| < C(1 — t). Let us assume that |d,(t)| < §g. Write

@(1) = (N = 2)ye(1) Vudsu
lx—x(®)|=Ci1(1-1)
(N=2)(N-1)
+(N-2) (x—x(@) -Vuoou+ —— uosu.
[x=x(@)|=Ci1(1-1) 2 [x—x()|<Ci(1-1)
(4.30)
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The first term of (4.30) is bounded by Step 2. To handle the other terms, decompose u as
in (4.24), (4.25). Then

‘/ (x —x(t))Vuosu
lx—x()|<C1(1-1)

x —x(t) x —x(1)
— VWel 0, ———= ) o, W[ 0, ——
+‘]Lﬂngcu1,fx () e( 0) ) ' g( 1) >

where R(t) is defined by (4.27). Noting that the last integral is O by the parity of W,, and
bounding R(t) by (4.28), we get

‘f (x —x())Vuou
x—x@®)|=Cr(1-1)

< CR(t)+C —1)|de(n)?

3

< C(1 = D)|de(0)| TN,

Writing

1
f uoru = / |x — x(t)|————uau,
lx—x(t)|<C (1-1) lx—x(t)|<C1 (1-1) lx —x()]

and using the same argument, we get the bound

‘/ uosu
[x—x(t)|<C1(1-1)

which completes Step 3.

< C(1 = D)|de(0)| TN,

Step 4. End of proof. By (4.29), and then (4.19),

1D (1) < C( —D)lde()"™N < (1 — 1)@ (1) T/V. 4.31)
Thus
1 C|D|
— < —
(1 -8 QTN
Integrating and using that m < 1, we obtain
(1— 1) " < Clao)] ",
and thus ®
t
C| @] > 1. (4.32)
1—1¢

By the proof of Lemma 4.9, there exists a sequence of times 7, — 1 such thatd,(¢,) — 0.
Applying the first inequality of (4.31) to this sequence, we get

. o
Jim $— 19 =0,

which contradicts (4.32). The proof of Proposition 4.8 is complete. O
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4.3. Convergence for a sequence of times

Lemma 4.10. Let u be a solution which is compact up to modulation, globally defined
and satisfies the bound (1.7). Assume after a space rotation around the origin that there
exists £ € R such that

[ Vuouy .
_ S YRR
E(ug, ur)

Then |£] < 1, and there exist t, — +00, g > 0, xo € RN and a sign = such that

im (2.() ™22, M) x A 2 (1)) )N 20y O, 1) x + (1))

i( ! W(Ox_x0> ! aw(ox_xo))
= N_n e s~ ) TN 4 s T .
VDR 0 e i o

in H' x L2,

Note that from Lemma 4.4, the energy of u is > 0, which justifies the definition of £.
Proof. As usual, we may assume that x () and A(¢) are continuous functions of ¢.
Step 1. We show that

tilgrnoo - = 0. (4.33)
The proof is standard (see [KMO8]). We argue by contradiction. By finite speed of prop-
agation, A(¢)/t is bounded for t > 1. If (4.33) does not hold, then there exists a sequence
t, — 400 and a tp € (0, 400) such that

fim M) _ 1 4.34)

n—oo f, T0

Let
wa (s, ) = Mt) N DUty + Aty)s, A(tn)y + x (1))

Then after extraction there exists (wg, wi) € H' x L? such that

lim (wy,(0), 3w, (0)) = (wo, w) in H' x L?.
n—oo

Let w be the solution with initial data (wg, wy). Let us show that w is globally defined.
For this we check that w is compact up to modulation. For s € (T_(w), T4+ (w)), let

uon (¥) = Mtn + 2(1)) V722Ut + Aty)s, Aty + A(t)s)y + x(tq + A(12)9)],
U1 () = Aty 4 A(6)$) N2 Bulty + A(tn)s, Aty + 1(12)8)y + x(ty 4+ A(1)5)].
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Then by the definition o_f K, (ugn, u1,) € K. Thus after extraction, (1, 11,) has a limit
as n — oo which is in K (and thus, by energy conservation, not identically 0). Next note
that

Mt + A(1)s) V22 Mt + (1)s)  x(ty + Atn)s) — x (1)
”O"(”z[ i) } [ Ay (tn) ]

Aty + A(12)5) V2 Aty +0(t)s)  x(ty + Mty)s) — x(ty)
”‘"(y):[ i) } w[ M (tn) }

Using that by continuity of the flow

lim (wy (), drwa(s)) = (w(s), yw(s)) #0 in H' x L2,

we deduce that there exists C(s) > 0 such that for all n,

L _ M +2)9) _ oo xX(tn + Ata)s) — x(1)

< =< = C().
C(s) Altn) A(tn)

After extraction of a subsequence, these two quantities converge to X(s), X(s). As a con-
sequence,
()N w(s, 1)y + 2(5)), () dsw(s, A(s)y + £(5))) € K.

In particular, w is compact up to modulation and satisfies the bound (1.7). By Proposition
4.5, w is globally defined.
Lets, = —t,/A(t,). Then

(Wn (Sns ¥)5 0 Wi (Sns ¥))
= ()" (0, Aty + 2 (@60), 2N 3u (0, 1)y + (1))
and by (4.34),
Jim (wy (sn. ¥), Bwn(sn. ¥)) = (=70, y). dw(=70.y) inH' x L2,
This shows that A(#,,) is bounded, contradicting (4.34). Step 1 is complete.

Step 2. By finite speed of propagation, there exists a constant M > 0 such that

Vi=0, [x()] =M+t (4.35)
In this step we show
1) —tle
lim O el (4.36)
t—+00 t

Fix ¢ > 0. Let r(u) be as in (4.11). Let §. > 0 be such that

\72 / r(u) <e. (4.37)
le—x (1) =A(0)/8:
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In view of Step 1, (4.35) and the continuity of x(¢) and A(¢), there exists fo >> 1 such that
for T > 1y,

sup A(t) < &ét, sup |x(#)| < 3t/2. (4.38)
tel0,7] tel0,7]

Let T > tp and, for ¢t € [0, 7],
Ve (1) = /X(p(X/T)E(u)(t,X)dx,

where ¢(x) = 1 for |x| < 3, ¢(x) = 0 for |x| > 4. Then by (2.24) in Claim 2.11,

\I’;(t) = —/Vuatu—l—(’)(/ r(u)) = LE(ug, u1)31—|—(’)(/ r(u)), 4.39)
[x|>37 |x|>37

where r(u) is defined by (4.11). If ¢ € [0, t], then by (4.38) (and using that ¢ < 3/2),

3
e —xO _ 3t —x(0] _ 37— 57 .

1
>3 o 0
K231 = — T 2 T et C o

and thus by (4.37),
tel0, 7] = ‘/ r(u)(t,x)dx| <e.
[x|>37

Integrating (4.39), we get
W (7) — W, (0) — TLE(ug, up)e)| < Cre. (4.40)

Furthermore,

W, (7) — x(1)Eup, uy) = /(w(f) - x(r))e(u)
= / <x<p<)—c> — x(f))e(u) —x(7) e(u)
[x—x(7)|<A(T) /3¢ T [x—x(T)|=A(1) /8¢

+/ xw(£>e(u)- 4.41)
lx—x(1)|2A(1) /8¢ T

Notice that |x¢(x/7)| < 4t. By (4.37), we bound the third integral on the right hand side

of (4.41) as follows:
X
/ w(—)e(u)
[x—x(0)|=A(2) /8¢ T

By (4.37) and (4.38), the second integral can be estimated by Cet. To bound the first
integral on the right hand side of (4.41), write

< Cer.

x —x(0)| = A@)/8: = |x] < [x(D)| 4+ A(r)/d: = 57/2,
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and thus on the support of the first integral, ¢(x/7) = 1. As a consequence, by (4.38),

‘ f (w(f) - x(r))e(u) )
[x—x(T)|=A(1) /8¢ T

<C
- )
Combining the estimates, we get, in view of (4.40),

< Cer.
£

1 . 1
Zx(@ —ttalEwo, ur) = Ce + ¥ (O)],
and (4.36) follows, using that by dominated convergence,
1
lim —|¥;(0)] =0.
T—>+00 T

Step 3. In this step we show

T
lim —/ /(8,u+£8xlu)2dxdt:O. (4.42)
0

Let R > 0 be a parameter and define
Zr@®) =" —1) | (x —tley) - Vuou ¢ R

—i—T(Z —1) | uoue = -/ (x1 —tL) - Oy udiu @ —x )

(4.43)

where ¢ € Cg°, ¢(x) = 1for |x| < 3, ¢(x) = 0for |x| > 4. From (2.21)—~(2.23) in Claim
2.11, and using that [ Vud,u = —CE (ug, u1)é;, we get

‘Z;?(t) - /(8,u + £0,,u)?

=C / r(u). (4.44)
|x—t€é|>3R

Let ¢ > 0. As in the preceding step, choose &, such that (4.37) holds. In view of Steps 1
and 2, and the continuity of A and x, there exists ty = #o(¢) >> 1 such that for T > 1y,

sup A(t) < eb.T, sup |x(t) —tley| < eT. (4.45)
tel0,T] tel0,T]
Take
T > ty(e), R =¢T.
Then R N
[x —tley| _ Jx —x@)] + ltler —x () _ Selx — x(1)|
R - eT eT - NG

In particular |x — t€é1|/R >3 = |x — x(¢)|/A(t) > 2/8., and thus

/ r(u) <e. (4.46)
|x—t€2|>3R
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Integrating (4.44) betweent = O0andt = T, we get, for T > t9, R = ¢T,

1 T 1
7/ /(8,u+€8x|u)2dxdt < 7(|ZR(T)|+|ZR(0)|)+C8.
0

Using that |Zg(#)|] < CR for all ¢, we get the bound | Zr(0)| + |Zr(T)| < CTe, hence

1 T
lim sup — [ /(a,u + £8,,u)* dx dt < Ce,
T—+o0 T 0

which gives (4.42).

Step 4. End of proof. As in [DKMO9, Proof of Corollary 5.3], we deduce from Step 3
that there exists a sequence {t,} such that , — +o00 and

lim AN 22u(t,, Mt)x +x(ty)) = Uy in H',
n—oo

lim A(t) N 0,u(ty, Mtp)x + x(ty)) = U;  in L2,
n—oo

where the solution U with initial condition (Uy, Uy) satisfies, for some small 7y €
0, T (U)),
;U 4+ £0,, U =0 fort € [0, 1o].

As in the proof of Lemma 4.9, we deduce from Lemma 2.6 that £2 < 1 and (Up, U;) =
+(W,(0), 9 W, (0) up to space rotation, space translation and scaling. ]

4.4. End of proof

Let u be as in Theorem 2. By a standard argument, we can assume that the parameters
A(t) and x(¢) defining K as in (1.6) are, for |d¢(t)| < 8o (with §p given by Lemma 4.3),
the modulation parameters given by Lemma 4.3, and that x(¢) and A(#) are continuous
functions of .

By Lemma 4.10 applied to u and ¢t — u(—t), there exist sequences #, — 400 and
t), — —oo such that

Tim (de(tn)] + Ide (i) =0, (447)
where dy is defined by (4.2). We start by rescaling the solution between ¢, and #,. Let

Ap = max A(f).
telt), ]

Let T, = (t, — t/)/An, and for T € [0, T,,], y € RV, define u,(t, y) by

1 t—t x—x()
u(t,x) = u < n n>, telt, ]
)»;(1N_2)/2 " An An w
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Then

Vt € [05 Tﬂ]a

(@)U, (2, 1 (DY + 30(D)), (1 @)V 28un (2, 1 (T)y + y0 (1)) € K
(4.48)

where by definition, for T € [0, T,],

AT + 1)
An

x(hyt + 1) — x(t))
An ’

Un(t) = , (1) =

Indeed, (4.48) follows from

(N=2)/2 o Y
2OV D21 A(O)x + x(1) = <A}ft)> u,,(t . t,,’ At)x +x)\(t) x(tn))’

and the analogous equality for the time derivative of u. Note that by the choice of u,,,
yu(0) =0 and Vr e[0,7,], 0 < p,(r) <1.
Define

Yo(r) = yn(f) - E"le,
dn(r>=de(xnr+t,;)=/|wn(r>|2+f(a,un<r)>2—/|vwe(0>|2—f|a,wz<0>|2.

We claim:

Lemma 4.11 (Parameter control). There exists a constant C > O such that for all n and
O0<o<t<Ty,:
(@ Iflt —o| < 2un(7), then
l < ‘Mn(f)
C 7 {un(o)

(®) Iflt — ol = (), then

=C,  |Y(@) = Ya(o)] = Cun(o).

ln(0) = pn(T)| + [Yn (o) = Yu ()] SC/ dn(s)|ds.

o

Lemma 4.12 (Virial-type estimate). For all n,

Tn
f |dn(s)|ds < C(l + max IYn(r)I)(Idn(O)I + |dn(T)]) + C|Yu(To)I.
0 7€[0,T;]

Lemma 4.13 (Large time control of the space translation). Let ¢ > 0. Then there exists
a constant C¢ > 0 such that for all n,

Tn
[Yu(Th)| < 8/ ldn(T)ldT + Cs(l + max IYn(r)I)(Idn(Tn)l + |dn (0)]).
0 7€[0,7;]
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Proof of Theorem 2. Let us prove Theorem 2 assuming Lemmas 4.11-4.13. We will use
that by the choice of the sequences {#,} and {z, },

Jim (|d, (0)] + |dn (Tn)]) = 0. (4.49)

Combining Lemma 4.12 and 4.13 (with a small ¢), we get

T,
/ |dn(s)|dssc(1+ max {Y,(1)])(1d )] + I (). (4.50)
0 7€[0,7;]

Step 1. Uniform bound on the modulation parameters. We first show that there exists a
constant C > 0 such that for all n,

max |Y,(7)| <C, min u,(t) > 1/C.
t€[0,T,] 7€[0,T,1

By continuity of Y,,, there exists 6, € [0, T,,] such that |Y,(6,)| = max;¢[0,7,] |Yn (7). If
0, < un(0), then by Lemma 4.11(a),

[Yn(On)] = 1Yn(6n) — Yn(0)] = Cpn(0) < C.

If 6, > 1, (0) then combining (4.50) with Lemma 4.11(b), we get

6,

1Yp (0n)] = [¥Yn(6p) — Y (0)] < C/o ' ldn(s)lds = C(1 + Y (0) D (dn (0)] + dn (TH)1]),

and the boundedness of |Y,,(6,,)| follows from (4.49).
Similarly, let 0/, 6" € [0, T;,] be such that

n’>-n

i (6,) = . r{})ir}]un(f), wn(0)) =  Dnax ]un(f) = 1.

€10, 1n €[0,7,

Then if |6, — 6,/| < u(6,)) = 1, by Lemma 4.11(a) we immediately get £(6;,) > 1/C. On
the other hand, if |0 — 6,/| > 1, we obtain, combining (4.50) with Lemma 4.11(b) and
the uniform boundedness of Y,;,

I (0,) — 11 < C(|dn (0)| + |dn (T0)),
and that 1, (6, is bounded from below by a positive constant follows again from (4.49).

Step 2. End of proof. From Step 1 and (4.50),

T,
/o ldn(s)1ds < C(|dn(0)] + |dn(T)]).

To conclude the proof, we will show that

lim maxdy(0)] = 0. 4.51)

n—0o0 t¢l0,7,

This would imply that
de(0) = dy(—ty/n) —— 0,
n—0o0o

and thus d¢(0) = 0, and Theorem 2 would follow from the first item of Claim 4.2.
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To show (4.51), we argue by contradiction. By the continuity of the flow of (1.1)
in H' x L?, d,(t) is a continuous function of 7. If (4.51) does not hold, there exist
&o € [0, 80/2] and, for large n, t, € [0, T,,] such that

T €[0,7) = ldu(D)] <o, and |dy(Ta)| = &o. (4.52)
Recall the modulation parameter « defined in Lemma 4.3. Let
an(t) =ad,t + t;;)

be the corresponding parameter for the solution u,. Using the modulation estimate of
Lemma 4.3 and Step 1, we get

vrel0 ) o @l <Ol oo,

() —
Integrating between 0 and 7,,, we get
Tn Tn
10 (0) — atn(T)] < c/o (D) dt < c/o (@] dT < C(ldn(O)] + Ida(T)).
By (4.49),

lim o, (0) — an(Ta)| =0,
n—00

contradicting (4.52) since by Lemma 4.3, |«,, (7)| &~ |d, ()|, and d,(0) — O asn — oo.
The proof of (4.51) is complete, concluding the proof of Theorem 2. O

It remains to prove Lemmas 4.11-4.13.

Proof of Lemma 4.13. Fix ¢ > 0, and let
Ry =Ce(1+ max %)),
t€[0,7,]

for some C,; > 0 to be chosen. Let

y - 'L’fgl

W, (1) = Y[Ry, up(t), 0zuy(r), 7] = /RN(y - Tegl)e(”n)(r)(p( R

), (4.53)

where the smooth function ¢ satisfies ¢(x) = 1 if |x| < 1 and ¢(x) = 0 if |x| > 2.

Step 1. Let v be any solution of (1.1) such that

E(vg, v1) = E(W(0), 9;W,(0) and vao U] =fVW@(O) 0 We(0).

To simplify notation, denote dy = 9, and 0; = 8xj if j =1,..., N. Then, fixing R > 0,
we have

%\IJ[R, u(t), o;v(t), t] = A[R, v(2), 0;v(t), t], (4.54)
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where A[R, v(¢), 0;v(¢), t] is of the form

AR v(0), dpu(0), 1= Y /ava w,,( teel)dx

0<i,j<N

l‘ﬁel
Loy (* dx, (4.55)
0<l<N | |

and the smooth functions v;; and v; are supported in |x| > 1. The equality (4.54) follows
from explicit computation and (2.24) in Claim 2.11.

Step 2. Wefix R >0, A > 0and X € RV, Then

ol R 1 Wry—X laWry—X
A Vel el Ve

is independent of 7. Indeed,

1 W T oy—-X\ 1 W Oy—X—r€E1
AN—22"\ AT A T AWN—2 T A )

and the statement follows from the definition of W. For example, the gradient term in the
definition of W gives
y—X -t \|* [y— 1t
A “\r

1
_ — e
2ANfRN(y wté1)
_ ! / vw, (0, =X
T AN S T T

VW, <0,

(3)

which is independent of t.
Combining this with Step 1, we get

VR >0, VA > 0, VX € RV, vr,
Al r 1 Wry—X laWry—X _0
AR VR S AV A VN A e

As a consequence, replacing X byX — tfé; in the preceding equality, we get, by the
definition of W,

VR >0, VA > 0, VX ¢ RV, vr,

AR A(N*2)/2Wé 0, A ’AN/28TW€ O’T ,T|=0. (4.56)

Step 3. Bounds on W, (0) and ¥, (T,). In this step we show that if C, is chosen large,
then for large n,

[V, (0)| < CR,1dy(0)], (4.57)
W (T) — Y (Tn) E(uo, u1)| < CRy|dy(Ty)| + &Y, (Ty)]. (4.58)
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Fix t € {0, T;,}. Then if n is large, |d,(t)| < 80. By Lemma 4.3, one can write (for some
sign %),

B 1 y = Yu(r) — e
Fun(t,y) = n(T)N=2)/2 ‘(O’ Hn(T) )
1 y = Yu(r) — T8é)
- B &n <‘[, (D) ), 4.59)
y = Yu(r) — e
:ta,un(f, y) = ( )N/2 at Wl <O’ an(T) )
y =Y (7) — tle
(.L,)N/281’n (t, I,Ln(‘[) ), (460)
where
len(@l1 + llern (@2 < Clda(o)1 (*.61)

Expanding the expression (4.53) of W, (1), by (4.61), the facts that |y — t€é;| < R, on
the domain of integration and that by the definition of R, |Y,,(7)| < R,, we get

Y, (t) — t£21>

1 y —
v (t)—\III:R , We<0,
‘ n n ,U«EzN_2)/2 In v v
N/za,m(o LSS el),r:H
Un Hn

< C(Ruldn (D] + Ruldn (D)), (4.62)

Recall that Y,,(0) = 0. By the definition of W,, and the parity of W, we obtain

1 y 1 y
V| R,, Wyl 0, , oyWpl 0, ——1],0] =0.
[" 11, (0)N=D/2 ‘( un(0>> RO ‘( un(O)) ]

Hence (4.57) follows. To show (4.58), we must estimate

y = Yn(Tn) - Tnle >
V| R , —WZ(O, ’
[ " () N=2/72 1 (T)
— Y, (T, — T,te
8,We<0, y n(Ty) ntel >’ Tni|

1
wn (T )N/2 n (Th)

1 Yo (Ty
/(z—i—Y (Tn))e( o= —=z7s We (0 Mi)) <z+ ( ))dz
_Y(T)E(uo,u1)+Yn(T)/ ( w7 ( ))(¢<1+Y(T)) 1)dz
1 Z 7+ Y, (Ty)
— 5 W0, — dz,
R ) (G S R

= Yy (To) E(uo, u1) + (I) + (1), (4.63)
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where in the last line we have used that by the parity of Wy,

/ze( ! w (O ‘ ))q)( < )dz 0
TN/ L [ e = V.
MSIN_Z)/Z MUn Rn

By the definition of R, (taking C, > 2), |z 4+ Y,,(T,)| = R, = |z| = R,/2 > C¢/2.
Choosing C; large so that for a large constant C > 0,

/ r(We)(0,x)dx <¢/C (4.64)
[x[=Ce

(where r is defined in (4.11)), we find (using that u,(7,) < 1) that the term () in (4.63)
satisfies
(D] < elYn(Th)l.

By the mean value theorem, there exists ¢ € [0, 1] such that

1 Z Y, (T,) z+ Yy (Ty)
1) = =3 We|l 0, — ) ) —F%— Vo ——— | dz,
a0 /Ze<M§zN_2)/2 f( Mn)) Ry ¢< Ry > :

and we get, again by (4.64),
(LD < elYu(Th)l,

which concludes the proof of (4.58).
Step 4. Bound on the derivative of ¥,. We show that for an appropriate choice of C,,
VT e[0,T,], ¥, (0)] < eldy(r)]. (4.65)

First assume |d,(t)| > &op. Then by the compactness of K and the fact that u, < 1, we

get, if C; is large,
/ r(up) <e¢/C.
ly—tlei|=Ry

Indeed,
ly —t€e1]| = Ry = |y — yu(0)| = Ry/2 > Ce/2 = |y — ya(D)|/ptn () = Ce/2.

The bound (4.65) follows, in this case, by the expression of the derivative of W obtained
in Step 1.

We next assume |d, (7)| < §g. Write u, as in (4.59), (4.60). Expanding the expression
(4.55) of A(R,, u, 0;u, T), we must bound, in view of (4.56), the following terms:

1 y — Y, (1) — tle;
/ NV |V8n|2 + |81,n|2(7—'7 -
\ Mn

y—tlé |2 R, Hh

— Y, (t) — tl?

y = 1@ Tel)‘dy, (4.66)
Mn

1 y — Y, (1) — tle;
f (Ve + sf,n)<r, . dy. (4.67)
ly—7€e1|=R, Mn Mn

X

Vr,x W( (07
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One can choose C, large so that (for a large constant C > 0)
/ (Ve + le1a (@ + Ve y We(0) ) dy < £2/C. (4.68)
[y|=Ces/2

Indeed the‘set of all (¢,(t), €1.»(r)) where n € N and t € [0, T,,] stays in a compact
subset of H! x L2, as can be deduced from (4.48), (4.59) and (4.60).
Using again that |y — 14é1| > R, = |y — yu(¥)|/in > Ce/2, we bound the terms

(4.66) and (4.67) by ¢|d,(t)| by the Cauchy—Schwarz inequality, the bound (4.61) on
(&n, €1,n) and (4.68). Hence (4.65) follows.

Step 5. End of proof. By Step 4,

T,
|Wn(Th) = Wn(0)] < 8/ ldn(T)|dT.
0

Combining this with Step 3, we get

T,

|Yn (T E (uo, u1) < CRy(|dn(0)] + |dn(To)]) + €Y (Tp)] +8f0 ' ldn(T)ldT.

As ¢ is small and E (ug, u1) = E(W;(0), 9, We(0)) > 0 we get, by the definition of R,,,
E(ug, uy) In
|Yn(Tn)|T =< Cs(l + max IYn(f)I>(|dn(0)| + 1dn(T)]) + & ldn ()] d7,
7€(0,7,] 0

which concludes the proof of Lemma 4.13. O

Proof of Lemma 4.12. The proof is very close to the one of Lemma 4.13, and is also a
variant of the proof of Lemma 3.8 of [DMO08], so we only sketch it. We divide it in the
same five steps as the proof of Lemma 4.13. Let

Ry =Co(1+ max ¥,(0)l),
t€[0,T,]

where the large constant Cy > 0 is to be specified later. Define

D, (1) = O[Ry,, un (1), 07u,y(7), 7]

- —tle
=(N-=-2) /(y — tle1)Vu,dzuy, w(%) dy
n

N —2)(N — 1 —Tté
Jr( )( )/unafuncp<y l)dy.
2 Ry

Step 1. By explicit computation (see (2.21) and (2.23) in Claim 2.11), for any solution
v of (1.1) such that E(vo, vi) = E(W¢(0), 3 W,(0)) and [ Vvgv; = [ VW,(0) 3, W,(0)
and for any R,

d
E¢>[R, v(t), o;v(2), t]

= f Vol® + f(amz - / VW) — / 18 We(0)* + BIR, v(®). 3v(1), 1],
where B is of the same type (4.55) as the A of the proof of Lemma 4.13.



1444 Thomas Duyckaerts et al.

Step 2. As in Step 2 of the proof of Lemma 4.13, we notice that for any R > 0, A > 0,
X e RV,

dd)R 1Wry—X 13Wry—X _
A RCETG Vel A v eL A Vel A

and deduce that

1 y-X\ 1 y—X
B\ R, A(N—Z)/ZWZ 0, A ’AN/ZBZWZ O’T ,T|=0.

Step 3. Bound on ®,,(0) and ®,,(T,). We show

[@,(0)] < CRyldn(0)],  |Pn(Tw)| < CRyldn(Tn)| + C1Yy(Tp)l. (4.69)
Let r € {0, T, }. For large n, |d,(t)| < &9. By (4.59)-(4.61),

. y—tle;
(y—tle1)Vuydruyg R

n
—tle —tlé Y, —tleé Y, —tlé
[ Ay (5, IO,y (o, IR (xR
My Mn Hen Ry

< CRyld,(v)|. (4.70)

By the change of variable 7z = y — t€e; — Y, (), we write the term in the second line of
(4.70) as

Y
/ LNVWZ(O, i)afwg (0, i>¢<z+_"(f)) dz
My Hn Hn Ry

+/ Y"(;)vm(o, i)BTWz(O, i)so(M) dz= D)+ D).
m Mn Hn Ry

n

Clearly |(I1)| < |Y,(7)| (in particular (/I) = 0 if T = 0). Furthermore, using the parity
of W,, the mean value theorem, and the bound |Y,(t)| < R,, we obtain

- z z z Z+ Y, (1) 2
o= e 0 (72 -+(5))

Y, (z z Z 2
1nle) / % v,,xwe<0, —)
‘Z|§4Rn :u’n I’Ll’l

Ry
which yields the estimates (4.69) (recalling again that Y, (0) = 0).

=

dz = C|Y, (1)l

Step 4. Bound on ®,(t). Let us show that if C¢ in the definition of R, is large, then
VT €[0,T,), |9,(1) —du(1)] < |dn(T)|/4.
It is sufficient to show

VT € [0, 7], |B[Rn, un(1), drun(v), ]l < |dn(0)]/4. (4.71)
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Let t € [0, T;,]. First assume that |d,, (t)| > §p. Then by definition of B,
|B[Ry, uy(7), 0ruy (), Tl

< / IVttt WP < / 1V, ttn (7, )P,
|)’7IZEI|2Rn

ly—€e1—Ya (D)= L pun ()
where we used the ineqlillities un(t) < 1, 1¥,(r)] < R,/2 and Cy < R,,. From (4.48)
and the compactness of K, we see that, for Cy large,

|B[Ry, un(T), 0cun(7), T]| < 80/4 < |dn(7)|/4.

We next treat the case |d,(t)] < &p. By (4.59)—(4.61) and Step 2, we know that
|B[Ry, upn, 0-uy, T]| is bounded (up to a multiplicative constant) by (4.66) and (4.67),
and the same argument as in Step 4 of the proof of Lemma 4.13 gives (4.71) if the con-
stant Cy in the definition of R, is large enough.

Step 5. End of proof. By Steps 3 and 4,

T,
fo ldn (D) dT < CRy(|dn (0)] + |dn (T1)]) + C1Yu(Th)l,

which concludes the proof of Lemma 4.12 in view of the definition of R,,. O

Sketch of proof of Lemma 4.11. The proof is very close to the proof of Lemma 3.10 in
[DMOS].

We first notice that item (a) follows from (4.48) and the compactness of K (see Step 1
of the proof of [DMO0S8, Lemma 3.10]).

We next show that there exists §; > 0 such that

Vn, YVt € [0, T,], V0,0 € [t —2un(T), T + 2, (T)] N[O, Ty],
|dn (@) = 80 = |du(o)] = d1.

If not, there exists a sequence ny of indices (which might be stationary) and, for each k,
% € [0, T ), 6k, ok € [tk — 2 (k) Tk + 2ty (7)1 N [0, T ] such that

ldn (0] = S0, |dn (00)] < 1/k. 4.72)

After extraction of a subsequence, we can find (Up, Uy) € K such thatin H! x L2,
Jim. (1 (@) N 22U, 0k, tny (01)Y + Vg (00)),

1 OOt (O, iy (01)Y + Y (1)) = (Uo, Un).
By (4.72) and Claim 4.2, (Up, U1) = (£W,(0), £09; W,(0)) up to scaling, space transla-
tion and rotation. Furthermore

Or — oy

O = o +
Mny (Uk)

Mony (0%).
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Ok —ok

As Koy, (o%)

is bounded by (a) we get, by continuity of the flow,
lim |dy, (6)] =0,
k— 00

a contradiction with (4.72).

We next prove (b) if u,(r) < |t —o| < 2u,(r). We distinguish two cases. If for
all 6 in [z, o], |d,(0)| < &0, then (b) follows from the modulation estimate (4.4). On the
other hand, if there exists 8’ € [z, o] such that |d,(8")| > &y, then for all § € [, o],
|y (0)] = 81. By (a),

1Y) = ¥a(0)] < Chtn(x) < C < 55/ dy(s) ds,
1 Jt

and
Hn(0) C [°
| (7) = pn (0] = ‘1 — (1) = C =< —/ dn(s) ds.
Hn (T) 81 Jr
The proof of the general case for (b) then follows by subdividing the interval. O

4.5. Bound of Strichartz norms below the threshold
As a consequence of Theorem 2, we get the following:

Corollary 4.14. Let M be such that 0 < M < f VW |2. Then there exists a constant
Cuy > 0 such that for any solution u of (1.1) defined on an interval I,

N -2
sup(MVu(r)niz + Tnatu(r)niz) <M = lulsa) < Cur.

tel

Furthermore, for all ¢ > 0, there exists a constant Cypy . > 0 such that for any radial
solution u of (1.1) defined on an interval I,

sup(| Vu(®)17, + eldu@®ll7.) < M = |lullsq) < Chre.
tel

Remark 4.15. In the lemma, / does not have to be the maximal interval of existence
Imax of u. The case I = I, under stronger hypothesis (see Remark 1.6) is the object of
[KMO8, Corollary 7.3]. Corollary 4.14 is a generalization of this result.

Remark 4.16. Corollary 1.5 immediately follows from Corollary 4.14 and the blow-up
criterion (2.3). Note that in the radial case, (1.11) implies by conservation of energy that
|0;u(t)|| ;> remains bounded as t — T, and thus (using again (1.11)), that there exists
& > 0 such that

limsup (| V(1)1 + elldu®)]|72) < [VWI[7,,

t— T4 (u)

which shows that the second part of Corollary 4.14 applies.



Blow-up for energy-critical wave 1447

Sketch of proof of Corollary 4.14. Step 1. Contradiction argument. We follow the
scheme of the proof of [KMO08]. For M > 0, denote by (Pys) the property of the corol-
lary. By the small data well-posedness theory, (Pas) holds for small positive M. Let
Mc = sup{M > 0 : (Py) holds}. Because of the solution W, M¢c < [|VW|>. We
must show that M¢c = [ |[VW|2.

We argue by contradiction, assuming

Mc</WVWH

Let {u,} be a sequence of solutions to (1.1), and {/,,} a sequence of intervals such that u,
is defined on I, and

, N-2 s (N
sup( [Vun (D)7, + T||atun(t)||L2 =Mc+—, lim [ulsqu, = +oo.
rel, n n— 00

Taking a smaller I, if necessary, rescaling and translating in time we can assume that I,
is a finite length interval (ay,, b,) with [a,, b,] C Inmax(un), an < 0 < b, and

, N-2 5 1
sup | IVun(Ol72 + —5—0un @), ) < Mc + —, (4.73)
telay,byl 2 n
lim |luylls@,,00 = im |luylls©,p,) = +o0. 4.74)
n—>oo n—oo

Step 2. Existence of a critical element. In this step we show that for any sequence {u,}
satisfying (4.73) and (4.74), there exists a subseguence of {u,}, parameters A, > 0 and
xp € RY and (vo, v;) € H! x L? such that, in H! x L2,

. N-2)/2 N/2

nll)rgo()‘r(l / un (0, Apx + Xxp), Ay / 0un (0, Apx + xn)) = (vo, v1).
Consider a profile decomposition {ULj }i=1> {Ajn: Xjnstjn}jn for the sequence
(1,(0), 9,1, (0)). Let {U/};> be the corresponding nonlinear profiles.

At least one of the profiles is nonzero: otherwise ||u, || s(0,»,) Would not tend to infinity.
We must show that there is only one nonzero profile. If not, we may assume, reordering
the profiles, that for a small &,

&U{<_U”)
Ajn

u(G2)
Aj,n

By the small data theory, we find that for j = 1, 2 and ¢ in the domain of definition of U/,

2 2
> 10g9, j=1,2.

L2

+

L2

. N—=2 .
IVUI @172 + == 13,07 0117 = 2¢0. 4.75)

Let Cy be a large constant to be specified later, depending only on g9 and Cp.—¢,. For n
large, choose 7, € (0, by,) such that

llunlls©,1,,) = Co- (4.76)



1448 Thomas Duyckaerts et al.

Using (4.76), one can show with Proposition 2.3 that for all j such that Ty (U 7y < oo,
for all large n, T,, < T (U’)A;j » + tj ». Taking into account that there are a finite number
of such j, we conclude that for all large n,

T < inf(Te (U Ajn + 1) 4.77)
Jz

(with the convention that the right hand side is infinite if 7 (U J) = 4-00). Define

T, PR
S —sup/ f Uj(T" b X xf’”)
n — )
j Jo JrN Aj.n Ajn

By (4.76) and Proposition 2.3, the sequence {S,} is bounded. We will show

2N+1)
N-2 dxdt
N+1°
Aj i

limsup S, < Cpp—sy» 4.78)

n— oo
where the constant Cy._g, is given by the property (Pu.—s,). Indeed using (4.76),
Proposition 2.3 and the orthogonality of the parameters {A; ,; X »; tj »}, we deduce that
any sequence {o,} of times such that 0 < o, < T, satisfies the following Pythagorean

expansion:
N -2 J (0, —t; 2
. 2 2 n ],n

lim (nwn(an)an + 5 I8 (on)lIg2 - Z VUJ<T> i
j=I1 Jsn L

N-2¢ Aon—tin\|? -

——=Y lavi (=) —1vwl i, - I3;w;] ()13, ) = 0.
)"j,}’l L2 2

j=1

Combining this with (4.73) and (4.75), we get the bound

[t —1; St —t;
Vj, sup <HVUJ <J) oU (J)
1€0,T;] Ajn Ajn

for large n. Thus (4.78) follows from (Pps.—s)-

By the argument in the proof of Lemma 4.9 in [KMO06], using again the orthogonality
of the parameters, we can show that (4.73) and (4.78) imply that there exists a constant C1,
depending only on &g, M¢ and C . —g,, such that

2 +N—2 2
L2 2

)SMc—So
L2

limsup [[ulls©,7,) < C1.
n—>oo
Choosing the constant Cy in (4.76) strictly greater than C; yields a contradiction, which
shows that there is only one nonzero profile, say Ui, in the profile decomposition of
(un(0), 0;u,(0)). Similarly, we can show that the dispersive part (w(l)n, wlln) tends to 0 in
H' x L2 1t remains to show that —11,2/M1,n 1s bounded, which follows from the con-
ditions [|u, ||s,»,) — 0o (which implies that —¢#1 ,,/A; , is bounded from above) and
llenll s(a,,00 = o0 (which implies that it is bounded from below).
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Step 3. Compactness of the critical element and end of proof. Let v be the solution to
(1.1) with initial condition (v, v1), and (T—(v), T4 (v)) its maximal interval of existence.
Then v inherits the following properties from u,,:

2 N -2 2
sup IVv)ll;2 + Tllarv(t)lle < Mc, (4.79)
T_(v)<t<T4(v)

IvllsT_@).,00 = IVlls©, 1) = +00. (4.80)

Indeed, if t € (T_(v), T4+ (v)), then (4.74) shows that 1,,t € (a,, b,) for large n. Since by
perturbation theory,

(o 2ty ot Mg x A30), 2 Opt Ount, dnX20)) ——> (0(@), dv(®)  in H' x L2,
n—oo

we see that (4.79) follows from (4.73).

If (4.80) does not hold, say ||v|ls,7, () < o0, then Ty (v) = +00, and for large n,
Ty (uy) = 400 and [luy |l 50,400) < 21IVI$(0,+00) < 400, contradicting (4.74).

Let us show that v is compact up to modulation. By a standard lifting argument, it is
sufficient to show that for any sequence {¢,}, #, € Imax (v), there exist sequences {A,} and
{x,} and a subsequence of

|G (5% e (o 52)
———l t,, , v\ tu,
AELN—Z)/2 n An A111\r/2 v\ ‘n An

that converges in H' x L2. By (4.79) and (4.80), the sequence {u,} of solutions with
initial data (v(t,), 0;v(t,)) satisfies (4.73) and (4.74) for a suitable choice of a, and b,,.
By Step 2, we get the desired result.

By Claim 2.5 and Theorem 2, the only solution compact up to modulation satisfying
(4.79) with M¢ < f |VW|2 is 0, which concludes the proof.

In the radial case, the proof above works as well, on replacing all constants (N — 2)/2
by ¢, and Theorem 2 by [DKMO09, Theorem 2] which states that the only radial solutions
of (1.1) that are compact up to modulation are (up to scaling and sign change) 0 and W.

O

Appendix A. Modulation theory

In this appendix we show Claim 4.2 and Lemma 4.3. Consider a solution « of (1.1) which
satisfies (4.1).
Ifx = (x1,...,xy) € RV, denote ¥ = (x2, ..., xy) € RV=1. Let

i) = u(t, V1 —€2x,%),
i1(t) = @u)(t,v/1 — 2 x1, %) + (0o, u)(t, /1 — £2x,%).
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By Claim 2.5, we get, in view of (4.1),
E(io(t), @i (1)) = E(W,0), de(t) =1 —62(/|Vﬁ(r>|z+/<ﬁ1<t))2—/|VW|2),
(A.1)

where dy is defined by (4.2). Thus if d¢(0) = 0, we get

/WO)PN/(N*” =/|W|2N/<N*2>, /|Vﬂ(0)|2=/|vvv|2—/|ﬁ1|2,

and the fact that W is a minimizer for the Sobolev inequality shows, as usual, that there
exist xg, Ao and a sign =+ such that

- 1 X — X0 -
1(0) = ik(N_2)/2W ) i1(0) = 0.
0

Coming back to the solution u, we get

1 X — Xo 1 X — X
uy ==+ Wg<0, ), Uy =+——0 W@(O, )
)L(()N72)/2 20 ké\]/z t o

Thus
() =+ 1 W < t x —xo>
u 9 'x = T AT e _7 - 9
k(()N_2)/2 o Ao

which shows the first item of Claim 4.2. The other two items follow by continuity of d ()
with respect to ¢ and the intermediate value theorem.

Let us show Lemma 4.3. Assume that for a small 8¢, |d¢(t)| < 0. Then by (A.1),
[IVa@®)?iscloseto [ VW2, [ 1a@)|?N/ V=2 isclose to [ [W[*N/N=2) ‘and [ |i; (1)|?
is small. In particular, by the characterization of W ([Aub76, Tal76]), u is close to W or
—W after a space translation and a scaling. To fix ideas, we assume that i is close to
W after space translation and scaling. As stated in [DMO0S8, Claim 3.5], by a standard
argument using the implicit function theorem (see [DM09, Claim 3.5] for a proof in a
very similar case), one can show that there exist A(¢), X (¢) such that

1
A N-2/2; ~ { N-2 }
u(t, \(t)x +x(t)) € 10, W, ..., 0 W, x - VW + 3 wi o,

where the orthogonality is understood in H'(R"). Letting

a(t) = (/ ANVt M)x + F(0)) - VW(x)dx) -1,

1
JIVW|?
we obtain

AON D25, 0)x +X(0) = A+ a()W(x) + f(t, x).
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Furthermore,
- N -2
f(@) L spany W, E)XIW,...,BXNW,X-VW—}—TW . (A2)

By the proof of (3.19) in [DMO08, Lemma 3.7], we get the estimates
()] ~ [V@W + P2 ~ VOl 2 + i ()] 2 ~ |de (1)) (A.3)

In [DMO8, (3.19)], (u(t), u1(¢)) is replaced by a couple (u(t), d;u(t)), where u is a solu-
tion to (1.1) such that

E(ug,u;) = E(W,0) and ‘/|Vu(t)|2dx+f(8,u(t))2dx—/lVW|2dx < 8.

However, the fact that u is a solution is not used in the proof of estimates (A.3), where the
time variable is only a parameter. Indeed (A.3) follows from the fact that E (i(¢), i (¢)) =
E(W,0), de(t) is small and f () satisfies the orthogonality conditions (A.2). It remains
to show the estimates (4.4) on the derivatives of the parameters. The proof is very similar
to the one of (3.20) in [DMO08, Lemma 3.7].! We sketch it for the sake of completeness.

Write (¢, x) = A(z)<1\1/72>/2 U, x;ég’)), where
Ut,x) =1 4+a@)W + f. (A.4)
By (A.3),
a2 < Clde(D)]. (A.5)
Furthermore,

£
u(t) = ou(t) + O, (1)
EZ

o

_ N-=2 A U x —X(@) 1 U x —Xx(1)
T T T3 N2 , 2 +)L(N72)/2’ t, A

/

A . x —X(1)
- R (x — X(1)) - VU(t, — )

L 10 ¢ o ufy EoEO
_Wx([)' £, A +M)\N/2 1 I’T'

By (A.4),

AN A +3() = —A’(N—_zU —i—x-VU) +A8,U—i’(z)-VU+L8X U
’ 2 /1= 02 1

= _x’(N—_ZW +x- VW) + AW =% (1) - VW + Lax W+rd,f+g

2 Ji—e ! '

(A.6)

! In the cited paper, the function w(#) is the analogue of our parameter 1/A(z).
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where by definition

N =2 - £ =
g= [—A. <T —i—x-V) —x(l)'V—i-ﬁaxl}(O[W-l-f).

Notice that

8

< C(I)»/I +
L2

>(|a|+ Il g

14
~/ -
X — ﬁ@l >dg(t)

Taking the scalar product of (A.6) in L? with Aoy W, ..., A0y, W, A((% +x- V) W),
AW and using that 3, f is orthogonal in LZ(R™) to all these functions, we obtain, in view
of (A.5),

¢
L -
X — ———e)
V=22
< C(I/V(t)l +

=

IO+ |%(1) — +a®)e ()]

12

< Cdp(t) + C(M/(Z)I + |X'(t) —

2
——c¢1| |de(2).
=)
Assuming that dy(¢) is small enough, which may be obtained by taking a smaller §y, we
obtain
@) -

120 + + M’ ()] < Cde (1),

£
—e
V1 =2
which yields estimates (4.4) taking X (t) = (
Lemma 4.3 is complete.

L_xi1(t), x2(0), ..., xn(t)). The proof of

1-¢2
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