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Abstract. We establish the spectral gap property for dense subgroups of SU(d) (d > 2), generated
by finitely many elements with algebraic entries; this result was announced in [BG3]. The method
of proof differs, in several crucial aspects, from that used in [BG] in the case of SU(2).

0. Introduction and outline

For k > 2 let g1, ..., gk be a finite set of elements in G = SU(d) (d > 2). We associate
with them an averaging (or Hecke) operator zg, ... ¢, taking L2(SU(d)) into L2(SU(d)):

k
Zgtme S ) = ) (f(g70) + £(g] ' x).

=1

We denote by supp(z) the set {g1, ..., g, gl_l, ey gk_l} and by I'; the group generated
by supp(z). Itis clear that zg, . ¢, is self-adjoint and that the constant function is an eigen-
function of z with eigenvalue Ao(z) = 2k. Let A1(zg,,... ) denote the supremum of the
eigenvalues of z on the orthogonal complement of the constant functions in L?(SU(d)).
We say that z has a spectral gap if

M (Zgy. ) < 2k.

It is common to, alternatively, refer to the situation described above by saying that the
spectral gap property holds for T,.

In this paper we generalize the result on the spectral gap for finitely generated sub-
groups of SU(2), established in [BG], to dense subgroups of SU(d) (d > 2), generated
by finitely many elements with algebraic entries.

Theorem 1. Assume that {g1, ..., g} C SU() N Matdxd(@), and that the group gen-
erated by g1, ..., g is Zariski dense' in SLy(C). Then the associated Hecke operator
Zg,,...gx has a spectral gap.
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Various applications of such a spectral gap result (to, among other things, the Banach—
Ruziewicz problem, the theory of quasi-crystals, and the question, arising in the theory of
quantum computation, of whether a “‘computationally universal” set is necessarily “effi-
ciently universal”) are discussed in [BG].

It should be pointed out, however, that the method of proof in the present paper differs,
in several crucial aspects, from the one given in [BG] in the case of SU(2).

In [BG], the proof of the spectral gap proceeded by, first, establishing a “product
theorem” for general subsets of SU(2). Both the statement and the proof of the latter
result is not unrelated to the product theorem in SL,(p), established by Helfgott [H]
(and generalized to groups of higher rank by Breuillard, Green and Tao [BGT] and by
Pyber and Szabé [PS]?); a key ingredient in the proof of the pertinent product theorem
in the aforementioned papers is the exact size of intersections of “multiplicatively stable”
subsets of the group with maximal tori.

In contrast, the approach we follow in the present paper is akin to the one in [BGI,
BG2], and is based, crucially, on multi-scale arguments (available for groups defined over
C or Z/p"Z), and Lie algebra point of view.? The salient features of this approach can
be encapsulated as follows: (a) first, using “tools from arithmetic combinatorics”, we
construct in the “approximate group” (see [Tao], [BG], [BG1, BG2] for background) an
“approximately one-dimensional structure” in a suitable neighborhood of the identity;
(b) subsequently, this structure serves as the main building block to recover the full Lie
algebra; (c) certain “escape” (from hyperplanes) issues, coming into play in (b), are ad-
dressed, using, in an essential way, the theory of random matrix products.

In connection with (c), it should be pointed out, that, whereas in [BG2] the “classical”
theory of random matrix products (see, for example, [BL]) for Zariski dense subgroups
of SLy (as developed by, among others, Furstenberg [F], Goldsheid—Guivarc’h [GG],
Goldsheid—Margulis [GM], Guivarc’h—Raugi [GR], and Guivarc’h [G]) was directly ap-
plicable, in the present SU(d) setting nontrivial difficulties arise, due to the absence of
proximal (in the obvious sense) elements, necessitating the use of non-Archimedean lo-
cal fields and exterior powers of the Lie algebra (cf. [A]).

It is our expectation that the method of proof of the spectral gap result developed in
the present paper in the context of SU(d) should also be applicable to other continuous
semisimple Lie groups; we intend to pursue this in a forthcoming paper.

The main ingredient from arithmetic combinatorics, alluded to in (a) above, is an
extension of the “discretized ring theorem” (see [B1, B2] ) from R to C (see Proposition 2
at the end of the Introduction), and, crucially, to Cartesian products C4. This extension
is obtained in §1-§8: parts of the argument are closely related to [B2]. We remark, that,
in this part of the argument, several steps are presented in a somewhat greater generality
than what is, strictly speaking, necessary for the purposes of this paper.

2 Mention should be made, too, of the groundbreaking work of Hrushovski [Hr], and of the work
of Breuillard and Green [BrGr] on the classification of approximate subgroups of the unitary group,
yielding an elegant and far-reaching generalization of Jordan’s theorem [J].

31t might be worth remarking, that, in the stressed crucial reliance on multi-scale and Lie algebra
structures, this approach is reminiscent of the Solovay—Kitaev algorithm in quantum computation
[DN].
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Returning to the proof of the spectral gap result in SU(d), let us conclude this intro-
duction by giving a rough summary of the various steps in the argument.
As mentioned above, the overall approach is akin to the one used in [BG1, BG2]. Let

1 k
V= i;(ag,. +8,-1) (0.1)

be the probability measure supported on the generators g, ..., gx. Denoting by Ps an
approximate identity on G = SU(d), and taking § — 0, our first objective is to prove
that, for T > 0 (some fixed small constant), we can ensure that

VO % Pslloe < 877 0.2)

for £ < C(t)log(1/8). Here v® is the £-fold convolution power of v. This is achieved by
iterating an “L>-flattening lemma” (see Lemma 10.7 in §10) which is the main technical
step in this part of the argument. First, an application (originating in [BGO0], and by now
standard) of the noncommutative Balog—Szemerédi—Gowers lemma (proved in [Tao]) re-
duces the matter to the study of “approximate groups” H C G. Note that these objects are
defined combinatorially, and, a priori, have no algebraic structure. Our goal is to show,
roughly speaking, that if H is a -approximate group such that v© (H) is “large” (where
£ ~ log(1/4)), then H has to be “almost all” of G, “up to §-approximation”. This will,
then, provide the desired contradiction.

The first step in our program is to produce in H a large set of elements that are
“approximately diagonal” (in a suitable basis). The key idea underlying the proof in this
step originates in the work of Helfgott [H]. Let us point out, however, that, in contrast
to [H], and to the subsequent papers pertaining to the product theorems in SL;(p) and
other finite simple groups ([BGT], [GH], [PS]), the precise size of our diagonal set is not
important. The construction of this almost diagonal set appears in §9. The fact that the
generators g1, . .., gk have algebraic entries plays a role here, but not the assumption on
the Zariski density of (g1, ..., gk)-

The relevant statement is Proposition 9 in §9. It should be stressed, that, compared
with [BG1, BG2] (and, also, with [BGT], [PS]), a significant difference is that we do not
rely on regular elements to produce the almost diagonal set, and Proposition 9 provides
such a construction in a greater generality.

The “almost diagonal” set of matrices is processed further using the discretized ring
theorem in C?, resulting in our main building block: a structured, “essentially one-dimen-
sional” set in the Lie algebra. A further amplification requires addressing certain “escape”
issues that depend on the assumption of Zariski density. Thus, in §11, we establish the
crucial “L>-flattening lemma” for convolution powers, conditional on the “escape from
hyperplane” assumption (x), which is addressed in §12 for d = 3 and §14 in the general
case.

Similarly to the approach originating in [BG1, BG2], proving the escape property
relies on the theory of random matrix products. Recall that the two main assumptions
in this theory are proximality and strong irreducibility. In contrast to the case of Zariski
dense subgroups of SL;(R), elements in SU(d) are obviously not expanding in the usual
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sense, and the application of the theory of random matrix products requires considering
non-Archimedean places (here, again, we use the fact that the elements g1, ..., g are
algebraic) and, also, representations on wedge products of the adjoint representation (see
§12, 13, 14). A treatment of random matrix product theory in the context of general local
fields may be found in the recent paper of Aoun [A].

Once (0.2) is established, the final step in the proof of the spectral gap requires ap-
plication of basic results pertaining to the representation theory of SU(d). One way to
proceed (as was done in [BG]) is to use the idea, originating in the work of Sarnak and
Xue [SX], of exploiting “high multiplicity” of nontrivial eigenvalues (which follows from
“high dimensionality” of nontrivial irreducible representations); in the continuous setting
of a compact group this idea was implemented in [GJS] by summing over the suitably cho-
sen range of representations, and then applying Poisson summation. In §10, we follow a
different route, which, is, in a sense, more “geometric” (cf. [BY]). First, a new argument
for d = 2 is given. Next, using SU(2)-subgroups in SU(d), the general case is treated
(this type of argument was used earlier in the work of Burger and Sarnak [BS]). One of
the ingredients in this part of the argument is a convolution principle, stated in Lemma
10.35, which appears to be a rather basic result, of independent interest, pertaining to the
harmonic analysis on the unitary group.

The paper is divided into two parts. In the second part (§9-§14), Theorem 1 is proved,
following the steps summarized above. The first part (§1-§8) is “purely combinatorial”,
culminating in Propositions 2, 6 and 7, that are needed for the SU(d) analysis. The first
part is closely related to the proof of the discretized ring theorem in R, presented in
[B2]; the generalization to the higher dimensional setting necessitates reproducing several
technical portions from that paper.

The counterpart in C of the main theorem from [B2] can be stated as follows.

Proposition 2. Given 0 < 0 < 2 and k,k’ > 0, p > 0, there are &g, ), 1 > 0 such
that the following holds.
Let A C CN B(0, 1) satisfy

8.1) N(A,$8) =877 (8§ small enough),
(8.2) N(ANB(z,1),8) <t“N(A,8) ifs <t <80 andz e C.

Let uu be a probability measure on C N B(0, 1) such that
(8.3) w(B(z, 1) <1 if§ <t < 8% andz e C.

Let 71, 7o € C satisfy

(8.4) 8 < |z1| ~ |z2| < 1 and |Im(z1/22)| > p.

Then one of the following holds:

(8.5) N(A+ A,8) >8774,
(8.6) N(A+bA,8) > 87974 for some b € supp i,
(8.7) N(A+z1A,8) + N(A+22A,68) > § 7741,
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Part 1: Generalizing the discretized ring theorem

The aim in what follows is to establish higher dimensional analogues of the discretized
sum/product theory from [B2], in particular, for subsets of C and C¢.

1. Basic notation and assumptions

Let § = 27 (m large) and A C [0, 1] be a collection of 8-separated points in R?
(alternatively we could take for A a union of é-intervals). Assume

Al =5° (1.1)

for some fixed 0 < 0 < d (| | denotes ‘cardinality’ in (1.1) but may also be used for
Lebesgue measure if appropriate).

By a size p interval, we mean a d-dimensional box I—[;l=l la;, a; + pl.

For B ¢ R% and r > 0, we denote by N (B, r) the corresponding metrical entropy
number.

We assume A satisfies the following nonconcentration property:

[ANT| < p“|A| if8 < p < 6% and I is a size p interval (1.2)

for some k > 0 and g9 = g9(0) > 0 small enough.

Let u be a distribution on £(RY, RY) (the space of linear maps on RY) satisfying
certain assumptions to be specified (see Theorem 1 in §7). Our aim is to show that for
some &1 > 0 (depending on the parameters), we have

N(A+A,8) >8°7% or N(A+bA,8) >8 7% forsomeb c€suppu. (1.3)
Let T be a large constant (depending on the parameters and to be specified) and
m = Tmj. (1.4)

We also consider a dyadic partition into intervals

d
L = [ [iki2™, (ki + D27"[ where 0 <k <2" and n > 0.
i=1

We call 1, x a27"-interval.

2. Initial regularization of the set

We extract from A a large subset with a ‘tree structure’. This construction is independent
of assumptions (1.2), (1.3).
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We introduce a subset Ay C A, asubset S C {I,...,m}and for s € S a dyadic
integer 2 < Ry < 2d(ns=sT) where sT < ng < (s + DT — 4, with the following
properties.

(2.1) If s & S and I is a 27T -interval, then there is at most one 2~¢+D7 interval J C I
such that J N A| # (. Take Ry = 1 and ny = sT in this case.

(22) If s € S and I is a 2~ -interval with I N A; # @, then the number of 27"-
intervals J C I such that J N Ay # 0 is R; and each such J-interval contains a
single 2~6+D7 _interval J/ intersecting A1. Hence also

Ry ~ N(AN1,2-6+DTy (2.3)

Moreover, there is a pair of 27" -intervals Ji, J C I such that J1 N A} # 0,
JoN A # 0 and
2.27" < dist(Jy, o) < 10277, 2.4)

(2.5) A1l = [Iieg Rs > (T~ HM|A| > 7o +oe /T,

The construction is straightforward. We start at the bottom of the tree, considering for
each 2~("1=DT _interval I such that I N A # ¢ the number of 2717 -intervals J C I
with J N A # . If their number is less than 103d, fix one such 2~ T -interval J = J 7.

If their number is larger than 1037, introduce the largest integer (depending on 7)

m — DT <n<mT -4
for which there is a pair of 27 -intervals Jy, Jo C I with J1NA # @, J,N A # () and
227" < dist(Jy, Jr) < 10-27".
It is easily seen that from our definition of 7,
NANL2™) ~NANIL 2™,

Define R to be the dyadic integer such that the number of 27 "-intervals J C I with
J N A # (is between R and 2R. Thus

NANIL 2™y~ R < 2d0=m=DT)

Obviously the integers # and R (depending on ) take at most 7 values. We may therefore
clearly introduce a subset A”1~D < A with

[AM=D| > cT72|A] (2.6)
satisfying one of the following alternatives:

(2.7) If I is an 2~ =DT jnterval, then there is at most one 217 -interval J C I with
JNA| #@. Inthiscase,m; — 1 € S.

(2.8) If I is a 27T -interval with I N A| # @, then (2.2) holds for some n = N, —1 and
R = Ry, —1. Inthis case,m; — 1 € S.
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Next, repeat the construction for the set A1~ considering 21 ~27 _intervals I
with 7 N A=D = ¢ and 270" =DT gubintervals J C I. We obtain A1~ as the
intersection of A™1~1 and a collection of 2~ "1—DT _intervals; moreover

A= > 72| AMm=D) (2.9)

and A" ~2) satisfies either (2.1) or (2.2) with s = m; — 2, for some (m; — 2)T <
Nmi—2 < (m1 — DT —4and Ry, o < 240m-2=(m=271)
By construction
AmM=D A= Am=D g

if 1 is a 2~(m=DT jnterval intersecting A= Hence properties (2.1), (2.2) at level
m1 — 1 remain preserved.
The continuation of the process is clear. We obtain

ADAMTD 5 Am=2 5 5 A0 5 AGTD 55 4D

where
A > cT72|AY), (2.10)

and
AN =A9nN1

if I is a 2757 -interval intersecting A®~1 . Hence A“~D keeps the properties of A®) at
scales 27" forn > sT.

Let A; = AW, Iteration of (2.10) gives (2.5).

Denote S = {51 < --- < s;}. For each ¢ € {0, 1}/, we will introduce an element
x. € A1 C A.

Since 51 € S, it follows from (2.2) that there is a pair of 271 -intervals Iy, I inter-
secting A1 such that

2-27"1 < dist(lp, Iy) < 10-27"s1, (2.11)

Denote by Ij C Iy and I] C I; the 27527 _intervals intersecting A;. Again by (2.2), there
are pairs Io o, 1p,1 C I(/) and I 0, 1,1 C I{ of 272 -intervals satisfying

227" < dist(log, Io1) < 10-27"2, (2.12)

2.2 < dist(I1,0, I1,1) < 10-27"2, (2.12")
Continuing the construction, we eventually obtain 25T intervals I, = Iey,....c, for
(c1,...,¢;) € {0,1} such that I. N Ay # @ and with the property that if ¢; =
Clyeii o =0 coq # C;_H, then

2. 27 < dist(l, 1) < 10 - 27"+, (2.13)

Take
xcel.NA; force{0,1). (2.14)
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Fix some 8 > 0 (to be specified) and define
Si={l<s=<my; (s+ 1T —ng > BT} (2.15)

(the porous levels). Obviously S; D {1,...,m}\ S.
Let sy < --- < sy be an enumeration of the elements of Sj.
Let &7 > 0 (to be specified) and assume first that

1 > eamy, (2.16)

which we refer to as the porous case. The amplification in this situation can be performed
exactly as in the d = 1 case. The argument is repeated in the next sections.
Ift; < eymy, then |S| > (1 — &2)m at most levels s; € S, and (2.13) implies

2.27T < 25T dis(I,, I) < 10-2~U=AT (2.17)

ifci=c),....,cco1=c,_;and c; # .
This is the nonporous case and requires a different argument.

3. The porous case (bunching together of levels)

Let S ={S; < -+ <&} and assume (2.16).

We construct from A a new system of sets By,
at each level.

Denote by By,, 1 < k; < K| = ]_[SSYl R;, the collection of nonempty intersections
Aj; N I, where I is a 27" -interval. By (2.1), (2.2), for each By, there is at most one
2=+ DT interval J such that ) # A; N J = By,. Hence (reducing |A;| by a factor c,)
we may assume

(3.1) diam By, < 2~ (s1+DT
(32) dist(Bkl, Bki) > 27(Sl+1*ﬂ)T lfkl 7& ki

k; (J < 1) with a ‘porosity property’

,,,,,

Fixing ki, let Bgx,, 1 < ko < I1

sections By, N I where I is a 27 "2 -interval. Again, each By, k, is contained in a single
22407 jnterval and

(33) Bkl = Usz[(z Bkl,
(3.4) diam Bk1k2 < 2_(S2+1)T,

s <s<s, Rs = K2, be the collection of nonempty inter-

and we may ensure
(3.5) dist(B, ks Bi i) > 2-@H=AT for (ky, ko) # (k] kb).

Continuing, we obtain a system Bk],...,kj (1 <k < K;, j < t1) with the following
properties:

(3.6) | Uyt <x, Bl = C7|A] > C™™Ay],
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(3.8) diamBklw)kj < 2_Tﬂ)»j,

.....

where we denoted
Aj =27 WH=AT, (3.10)

Next we introduce a new system Cy,, ¢, (1 <€s < Lgand 1 <s < 1). Define

T2/3

M = 27" (3.11)

and let
10 <Dez,, (3.12)

to be specified.
We consider the system By,
minimum such that

ki constructed above. Starting from #1, let r; € Z4 be

.....

Ky - Ky, > MTTL (3.13)
We distinguish two cases.
If r; < 103, identify levels 11 — rq, ..., t] to a single one, with branching
Ly, =Ky Ky—p, > M (3.14)
The sets Cy, ..., ¢, are By,...., ki, » hence

(3.15) diamCzl,...,e,2 < OnMi,
(3.16) dist(Cy,, ¢ o) > un i L£T,

1 R

where u;,, = A;, and

o, =2 > mPth (3.17)
assuming, if (3.11) holds,

T > 10'%D/p)>. (3.18)

If r; > 103, identify levels 11 — rq, ..., # —r1/100 + 1 to a single one, with branching

M +1
Ly, =Ky Koy 10041 > 57— > M= /100+D) M%”
Krl—r|/100 ce K[|

(3.19)
(from definition of 7). In order to ensure proper separation, reduce the sets By, ... ki1 /100

to their subset

By (3.8), (3.9), the mutual distance between those sets is at least Ay, /100 = Hr,»
while their diameter is at most A;, = oy, (s, With

B
o, = 21017 > pyPrtD (3.20)

(by (3.18)).
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We have reduced the size of Aj by at most a factor Ky, /100 - - - Ky, < M7/100+1 <
Mn/%

Next, repeat (if possible) the procedure, starting from level #; — r| to obtain a level
t —ry —rp,etc.

If at some level ¢’ = t; — r; — rp — - -+ we cannot continue the process, it means that
Ki- Ky < M0 < 2TPn < omT (g 57717 (3.21)
Hence
3.6) —1/3 ___ (2.5) —1/3
AN = By g, | > 87 TCm Ay S 82T A (3.22)

where [ is some 27T -interval.

Recall the nonconcentration assumption (1.2). It follows from (3.22) that either 27T
> 860 = 2o T op $2T71° _ p=syTk Hence
t < sy < max(eomy, kT~ Y¥m)) < %ml (3.23)
assuming
g0 <&/2 and T3 < %KSQ. (3.24)
Since by (2.16), t; > &, this will ensure that 1’ < %tl and hence
rn+rn+=H—-1t > %tl > %821’}11. (3.25)

Consequently, we replaced By,
the following properties:

(326) CZ],..A,ZS,l - UESLS CZ],...,ZS,E C A’

.......... ¢, (1 <5 <tp) with

(3.27) dist(Cryntys Cop ) = s B (U1, €0) 7 (€ ),
(3.28) diam Cy,,.. ¢, < 055, Where 27T > oy > §1/2,
(3.29) 1, (Ls Aoy /Py > M0+ = pymi where
99 1
V=Wml(r1+r2+~-)>§82, (3.30)

(3.31) |C¢ = UelsLl Ce, | > M—%(r1+r2+..-)cfm1|Al| - M_t%om'|A|.
The sets Cy are subsets of the discrete set A.

In what follows, it will be convenient to replace our discrete sets by unions of size-6
intervals, defining

A = {x e R; dist(x, A) < §/2} (3.32)
and similarly, for £ = ({1, ..., {y),
Cp = {x € R; dist(x, Cp) < §/2}. (3.33)
Hence
|A'| =8]A] =5'77, (3.34)
IC7 = 81Cql (3.35)

(using | | to denote both measure and cardinality).
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4. Porous case (amplification)
Assume a probability measure p on £(RY, R?) and «” > 0 satisfy the following condi-
tions:

(4.1) |16l = 1if b € supp u,
(4.2) given a unit vector v € R? and a vector w € R?, we have u[b; |bv — w| < p]
< cp¥ forall§d < p < 1.

We denote by E = E;, the p-expectation. Our aim is to estimate from below the
equality
|Cy + Cyl +E[ICy + bCyl1.
Let us first show that we may replace the b-distribution so as to ensure moreover the
property
(4.3) bis invertible and ||b~"|| < 3 for b € supp p.

This is seen as follows. Consider the map
bi> 12 -1+b)=b

and the image distribution p’ of . Clearly (4.2) still holds and (4.3) is now satisfied. Also

ICs + Cy\°
/ / / / / / / / / / /
ICly +b'Chl < |Cly+ Cly+ Cly+ Cly + Cjy + bC| S <W Cly + bC|
and hence .
Cy+C
E'[IC, +b'Cyl1 S (W) E[|C)y + bC 1. (%)

Thus it will suffice to establish a lower bound on E[|C éb +bC t/b |] under assumptions (2.1)—
(2.3).
Recalling (3.29), denote

1/D

My =Ls Aoy (1<s<n) 4.4
satisfying
19}
[TMs > mrm. (4.5)
s=1
We choose the parameter D to satisfy
D > 10/«’. (4.6)

Starting from s = 1, we have C:b = <L, Cél, where the Cgl are contained in
intervals of size o1 and separation > (1.
Thus
/ ’ l ’
Cy+bCy = | (i, +bC))).
4<Ly
<Ly
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Partition [0, 1]¢ into intervals I, of size n > 1 where 7 is chosen such that

M, ngxl{ﬁl < Ly; Cp Ny # W = {1 < L1; Cp, NI # B} 4.7

For each o denote

Eo={1 = Li; C; NIy #¥} and Dy = | J C}, CIu+ B0, 0o1)).
Ele&y

Then
Cpy +bCjy € | J(Da + bDy)
o

and from the preceding

IC)y +bCyl > ¢ |Dy + bDy). (4.8)
o
Fixing o, we have
Dy +bDo = (] (C}, +bC)) 4.9)
E|€(€a :
K/IESO
and certainly
|Dy + bDg| > ¢ max Z |Cy, +bC), | > < Z IC) +bCl,|.  (4.10)
te& ! 1 M, A ! 1
1 0@1650[ @lega,ﬁlég()

On the other hand, fixing & € Cy, we have |&; — &y| > u for £ # ¢ and
Cy + bCy C & + b&py + B(0, 201 11). 4.11)
Therefore the sets in (4.9) will be mutually disjoint if
k“?é% |5k + b&xr) — (5¢ + b&p)| > 4o . (4.12)
K€€

Here condition (4.2) comes into play.
Note that if k" = ¢/, then |&§ — &¢| > w1 > o1, so that we may assume k' # £
Fixk, £ € & and k' # €' € &) and denote v = (& — &p)/|&x — &p|. Tt follows from
(4.3) that the p-measure of the b’s for which
’ & — &

bv+ ——| < 4o

&k — &el

is at most C of . Hence (4.12) holds for b outside a set of p-measure at most

Cl& 1€ Pof < CMtof < of? (4.13)
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by (4.4), (4.5). For such b, we get

|Dg + bDg| = Z ICy, +bCy . (4.14)
Z]Ego( !
6’1650

From (4.10), (4.14), it follows that

|Dy + bDy| > Z 0,0, B)ICy, +bC//1| (4.15)
1€y
5/1650

where Pey.e, takes values in {1, ¢/M1} and by (4.13),

2
wlgg, o # 11 < o2, (4.16)
Summing over « (4.8), (4.15) imply
ICh+bChl>c > e, (D)Cy, +bCy | (4.17)
Z|SL],Z/1€(€0 !

with ¢, ) as above.

Next, restrict (€1, £}) to the set {1 < €1 < L1} x ({1 <€} < L1} \ &) and repeat the
construction. Note that if (¢, E’l) is restricted to a product set F x F’, we partition into
intervals I, of size n > w1 such that

My = max (€, € F; €}, NI, # 0} v max |{€ € F; Cjy 0 I # B)|
o o 1
and obtained as either a set & = {{1 € F; Cél NIy # Pyoraset& = {€) € F

C 2, N Iy # ¥}. Because of assumption (4.3), both cases may be treated similarly.
1
Exhausting the set {1 < £; < L1} x {1 < E’l < Ly} in~ L{/M steps, we get

M,

! / ! /

ICly + bC| >CL_e (Z :L 01,6, B, +bCy | (4.18)
1, IS 1

with @, ¢ satisfying (4.13). Equivalently

/ / / /
C)y +bC| > K ;L Ve, (DICY, +bCy | (4.19)
1,6 =L

with 1/%’@/1 taking values in {cM1/L1,c/L1} and

ulWe, o # cMi/Lil < oy %, (4.20)
Therefore
’ M ’ /M
Ellog ¢, 1> (1—of /2)(1och—‘) +ol/? (log Li> >log XL @21
1 1 1
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We assume here a 221 /2, which will be fulfilled if

10

(since oy < 27AT).
Repeat with the sets

Cél+bC’,1= U (Cél,eﬁbc/;,e;)

0.6,<Ly
to obtain
IChy +bCy 1> D Ve ety 0, (DICY, 4, +5Chy | (4.23)
0.8
where again
Exflog Ve, ey:01.0,1 > log< L 1/2) (4.24)

Iteration clearly provides the minorization

Cj +bCyl > Z Ve, @)Yyttt DICy, .. 0 +bC/,lMl;2|
£y,...0
T zé
= ZWI ¢ ¥571Cu. ) (4.25)

7

where by (4.21), (4.24), etc.

Ellogy,, , 1+Ellogw, , ., o4~ 12 M}
X[wfl,l’ll/fﬂl,fz;i/l,ﬂ/z"‘]ze 1:¢) 16236765 > 7 (4.26)
s=1 §
Therefore
2 n v
E[|C) + bCj[] > (]_[ M,/ ) Y 1Ch e, > METIC]. (4.27)
s=1 Ul
Recalling (), it follows that if u satisfies (4.1) and (4.2),
)+ Clyl + E[IC)y + bCyl1 > MTI™|C)|. (4.28)

Therefore, by (3.31), (3.30),

N(A+A,8) +E[N(A+DA, 8] > M%m1|c¢| > MEm| A
> s-wel 4. (4.29)
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5. Nonporous case (1)

Assume |S;| < gym and denote
S'={,....m}I\S§ CS 5.1

satisfying
t'=1S" > (1 —e)m (5.2)

and (217)ifr e 3 ={l <t <1; 5, €S}t = |S).

For notational simplicity, we identify S’ with {1,...,m;}. Recalling the system
{xc}cefo, 1y of points from A introduced in (2.14) and (2.17), our starting point is a system
{xc}ce{o,l}ml C A such that if cl1 = C/l, e, Cg = C;, Cs+1 # C;-&-l’ then

2.276HDT |y, — x| < 10.276F1=AT, 5.3)

Denote J = [ 372" "A7 ] and k = k(T) € Z...
We construct in the k-fold sumset kA of A, fors =1, ..., m, points

Ot NS jr<d <y <] (5.4)
with the following properties:
(5.5) |y oy < L y—sT
Yitseosds s+1 — Yitoees Js 10d ’

(5.6) 27T <y o= ¥ < 12T
(5.7) for fixed ji, ..., js, we have (setting yy = 0 for s = 0)

. —To—sT
I Djtsemisr = Vitroords) = Jst1 Wit = Vjrs i) < 4772770

Thus (5.7) means that the points (yj,..... j.j.1)1<j,1<J lie approximately on some
line segment emanating from y;, ;. and of length between 2757 =AT and 2757

yjls~~'>jx»js+l

j, will be of the form

,,,,,

Vityojs = Xe®) + 200+ X (5.8)

=0fors’ > s.

for certain ¢V, ..., c® ¢ {0, 1}t such that D= = cilf)

s/
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Define dV, ..., d%® e {0, 1}™ by

o _ O e
ds, =cy if s’ <,
© _

ds+1 - 1’

dP =0 ifs'>s+1
From (5.3), foreach ¢ =1, ...k,

1
2-6HDT |x.0 — x40] < — 2T, 5.9)

10dJ

Taking k = k(T) sufficiently large (logk(T) ~ T), we may clearly specify a subset
L=y <---<ly}C{l,...,k}suchthatforall £ € L,

X0y — Xg0 — n2~6HDTy| < 275737 (5.10)

for some unit vector v € R? and some 1 < n < 287

Define
Vitvofsnd = Z Xe + Z X0 - (5.11)
Cg(ly,....45) Lty ...t}
Hence (5.5), (5.6) follow from (5.8), (5.11) and (5.9).
By (5.10),

Viteosdsed = Vitveensds = Fgep = Xee) + -+ (X — X )

:jnzf(b"i’l)TU_}_ 0(j27ST73T)’

implying (5.7).

6. Nonporous case (2)

We make the following further assumption on the distribution p of b € L(R?, R?).
(6.1) There is a function 8(p) — 0 for p — 0 such that if v, w are unit vectors in R?
then
ulb; (bv, w)| < p] < 6(p).

Strictly speaking, all we require is that for some p > O,

max ul[b; |{(bv, w)| < p] <6 (6.2)

lv|=1=|w]|

with 6 sufficiently small.
Fix a constant
g3 >0 (6.3)

(to be specified).
Property (6.2) will be used in the following
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Lemma 6.4. Let vy,...,vy € RY be unit vectors and ,0_12_T < Ny...,nqg < 1/J.
Define
P={jnuv;1<j<J} fori=1,...,d.
Then
]E[ min x—y| < 2_T] <e 6.5
x#yeby P1+--+bg Py | yl 3 ( )
where T refers to the d-fold product measure p ® - - @ p = 4.
Proof. Write
d
bIP 4t bgP =Y jmibiuis 1< i < 7.
i=1

We need to ensure that for | ji| + - 4+ |jqs| =0,
ljtmbivy + -+ janabaval > 277 (6.6)

It suffices to impose the conditions

lbivi] > p,
diSt(l?zvz, [b1v1]) > p, ©6.7)
dist(l;dvd, [b1v1, ..., bg—1v4-1]) > p.
By (6.2), clearly
wDPl(by, ..., bg); (6.7) fails] < dO < &3
for appropriate 6. This proves the lemma. O

Let {yj,,...j;} be the systems obtained in §5 satisfying (5.5)-(5.7). We denote ¥ =

,,,,,

{yil’---».irrll} and lea---a‘l'x = {y]] 1-"’jS’j.Y+]1"~vjml } By (55)’
1 —sT
les---vj_y - B yj| ..... o0 = 79 2 . (6.8)

Denoting by [E the expectation with respect to 1), we establish a lower bound on
E[N®BY + -+ -+ bgY, 8)]

following an argument similar to that used in §4.
From (5.7), (6.5), the expectation for the points b Y + -+ by Y@ to be at least
1 1

2-T apartis > 1 — &3 (we use here that |y; — jy1| < 4=T). Hence, by (6.8),

NBLY + - +bgY,8) < @b, ..., bg) Z N(blyjfl>+-~-+bdyjl<d>,a) (6.9)
1<j{" <1
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where ¢(b) € {1, J %} and E[p = 1] > 1 — &3. Thus
E[log¢] > e3log J ¢ = —log J9%. (6.10)

Similarly

N(blY/fu +~~-+de/.1<d>,5)

> @ jl<d>(b) Z N(blyjfl),jz“)+"'+de/’fd),./’z(d)’8) (6.11)

.....

1<ji" <7

with
Ellogp,a) w]> —log Jaes, (6.12)
1 ool

Iterating, we obtain

NO Y1+ +baYy,8) > Z <P(b)¢jl(1) jf‘”(b)gojf”,jz“),...,jf‘”,jéd)(b)'"

Jo @ (6.13)

where J@ = (jl(i), ey j,gl)), and the expectation of the summands in (6.13) is at least

Ellogp]+E[loge (1) ()14
Iy > Jesdmi (6.14)

e
Hence
E[N(B1Y + - - - + bgY, §)] > Jim—esdmi o [cp(U=AT(A=e3)dm, (6.15)
Recalling that in §5 we identified S” with {1, ..., m1} and (5.2), (6.5) gives
g g
E[N(b1A + -+ bgA, §)] > [c2! AT (=€) I =es)dm
- 8—(1—13)(1—82)(1—83)(1—C/T)d (6.16)

where A is the sumset kA D Y.
Again from the sumset inequalities

. . d k 1
N+t bid ) = [[[N@A+5ia D] oy (6.17)
i=1
it follows by (6.16) that for some b € supp u,
N(A +bA, 8) > |A|'"rasg—t(1=AI—e(=e3)(1=c/T)
S §fa—r(I=p—e(=e)(1=c/T)| 5| (6.18)

Recalling the hypothesis in Lemma 6.4, we assume

27T < p. (6.19)
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7. Summary

Recall the parameters

o (1.1, kg0 (1.2), T (14, er (1.3), e (2.16),
K (4.2), k85, 0,p (62), g3 (6.3),

and the conditions (3.18), (3.24), (4.6), (4.22), (6.19).
In view of (6.18), take

B=e =¢e3=10"2(1—0/d) (7.1)

(recall that 0 < 0 < d) and assume in (1.2) that

1
€0 < 5551~ o/d). (7.2)

In (6.2), p depends on €3, hence on 1 — o /d. From (3.18), (3.24), (4.6), (6.19), we impose
on T the condition

T > 103’3 +10(ker) 3 L 7.3
2)7 + i ng (7.3)

taking
-3
1
T ~ 102°<1 — %) <x—3 + ()73 +log —). (7.4)
P

Recall also that k = k(T"), logk ~ T.

From (4.29), (6.18), it follows that
N(A+A,8) + N(A+bA,8) > min@~ 02T sla—r(-A-e(=e)(=c/T)y |4
> §7T(@RK ) 4 (7.5)

for some b € supp p.
We proved the following

Proposition 1. Let A C [0, 119 and N(A,8) = 8—° for some fixed 0 < o < d. Assume

for some k > 0,

(7.6) N(AN1,8) <38 N(A,8)ifé <8 <é%andl C R? a size 81-interval (where
g0 = 555 (1 — o/d)).

Let further p be a probability measure on L(R?, R?) satisfying

(7.7) bl < 1 forb € supp i,
(7.8) there is k' > 0 such that

max ullbv —w| < 8] > ¢8  fors <8 <1,
v,weR9
lv|=1
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(7.9) there is p > 0 such that

1
bv, ——(1—a/d).
ymax ull(bv, w)l < pl < qo0a (1= o/d)

Then there is some b € supp [ such that
NA+A8+NA+DAS >87F, (7.10)

where T = 1(0, k, k', p) > 0.

Assume uy,...,u, € L(R? R?) are such that ||u;]| < 1 and for any unit vectors
v, W € Rd,
max |[{usv, w)| > p (7.11)
1<s<r

(note that r may be restricted to some r(d, p)).
Let J = J(d,o) € Z4 be sufficiently large and let u; be the normalized image
measure on £(R?, R?) under the map

(s ev s Jr) > b= j1ur + -+ -+ jru, 1=js = J).

Ifv,w e RY, |v| =1 = |w| and 7 is a scalar, we have, assuming |(u v, w)| > p,

willt +bv - wl < p/2]

=77 3 < Ja It e w) 4 e w)] < p/2)] < 1/
jz,...,jr

Let o on L(RY, RY) satisfy (7.7), (7.8). Then the image measure px of o ® 1 under the
map (b, b') — b + b’ will clearly satisfy both (7.8), (7.9).
Thus one has

Proposition 1/, Let A C [0, 1]‘1 and N(A,8) = 6§77 for some 0 < o < d. Assume A
has the nonconcentration property (1.6). Let . be a probability measure on L(RY, RY)
satisfying (1.7), (1.8). Let further uy, ..., u, € LRY, RY) with |lug|| < 1 and p > 0 be
such that

min  max |{usv, w)| > p. (7.12)
lul=1=Jv| s

Then either
N(A+A,8) >6°9T7,

or
N(A+DbA,8) >8°"° forsomeb € supp u,

or
N(A+usA,8) >8°"" forsomes=1,...,r,

where T = t(0, k, k', p) > 0.
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8. Discretized ring theorem in C

Using Proposition 1/, we prove the following

Proposition 2. Given 0 < o < 2and k, k' > 0, p > 0, there are 50,56, g1 > 0 such
that the following holds. Let A C C N B(0, 1) satisfy

8.1) N(A,$8) =877 (8§ small enough),
(8.2) N(ANB(z,1),8) <t“N(A,8)ifs§ <t <80 andz e C.

Let . be a probability measure on C N B(0, 1) such that

(8.3) /L(B(Z, t)) <t ifé <t < 8% and 7 € C.

Let 71, 72 € C satisfy

(84) 8% < |z1| ~ |z2| < 1 and |Im(z1/22)| > p.

Then one of the following holds:

(8.5) N(A+A,8) =87 77°%,

(8.6) N(A+bA,8) > 87978 for some b € supp K,

(8.7) N(A+z1A,8) + N(A+22A,68) > § 7781

This may be seen as the extension to C of the main result from [B2].

Proof. We identify C with R? viewing complex multiplication by z = x + iy as
(x _y> € L(R?, RY).
y x

Condition (8.3) has to be upgraded to (7.8) (i.e. removing the restriction ¢t < 856). We
proceed as follows. Define

fo = inf{r > §; max u(B(z, 1)) > t%"/}
Z

obtained for z = b say. It follows from (8.3) that 7y > 8¢0. Denote

= 1B, 1)
u(B(b, 1))
From the definition of #y, it follows that if §/f) < ¢t < 1 and z € C then
(t19) 2~ i

— =2, 8.8
wWBh.o) 5

In particular, there are b’, b”" € B(b, tg) N supp 1 such that |6’ — b”| > cty.

Let wuy be the image measure of w; under the map z +— bz,,;_bb/,. Clearly supp ua C
B(0, C), and from (8.8),

n1(B(z, t1)) <

sup u2(B(z, 1)) < 267 fors! "% <1 < 1,
z
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hence L
supp, u2(B(z, 1)) < 2t4*  ford <t < 1. 8.9

Regarding (7.12), we take u; = 1, up = z1/z2. From (8.4),

max<|ImZ|,

z .
Im—lz)Zp if |z] =1,
22

which gives (7.2).
By Proposition 1’, either (8.5) or one of (8.10), (8.11) below holds:

(8.10) There is some b € supp u such that

b—b e
N[A+——FA,8)>877".
b — b

Then
N —bB)YA+ (b —b)A,8) > [ —b'|9677 T > 570 THdey 5 g=0—1/2
for &(, small enough. From the sumset inequalities
N(A+DbA,8) >8°""/%  forsome b € supp u.
(8.11) N(A + ;—TA, 8) > 87777, implying

N(z1A + 224A,96) > §dep—o—t o §70—T/2

and
N(A+21A,8) + N(A + 224, 8) > § 7 7/4,

This proves Proposition 2. O

Iteration of Proposition 2 gives

Corollary 3. Given o,«, k', p, &1 > 0, there are &, 8’0 > 0 and some r € Z4 such that
the following holds. Let § > 0 be small enough. Let A, B C CN B(0, 1) satisfy

(8.12) N(A,8) =679,
(8.13) N(ANB(z,1),8) <t*N(A,d) for§ <t <8 andz € C,
(8.14) there is a probability measure w on B such that

w(B(z, 1)) < < ifé <t < 8% and 7 € C,

(8.15) there are by, by, by € B such that

/ by —b
lbo — by| ~ |bo — ba| ~ 850 and [Im ~— 1| > p.
by — by
Then there are elements z1, ...,z obtained as products of at most r elements from B

such that
N@ZIA+ - +2,A,8) > 5 2Fe1, (8.16)
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Recall the following result from [B2, Theorem 6 and its proof].

Proposition 4. Let u be a probability measure on [0, 1] satisfying, for some constants
k>0, C,

u(l) < Cp* iflisap-interval, § < p < 1 (8.17)
(8 is assumed to be small enough). Then for some s = s(k, C) € Z, the set sA®) —sA®),

where A = supp i and sA) is the s-fold sumset of the s-fold product set A®) of A, is
S-dense in [0, 1].

Note that in the conclusion of Proposition 4, we may clearly replace § by any given power
of § (as a consequence of the statement).

Proposition 5. Given «, 1 > 0, there are g > 0 and s € Zy such that the following
holds for § > 0 small enough. Let A C CN B(0, 1) satisfy

N(ANB(z,1),8) <t“N(A,9) (8.18)

forallz € Cand § <t < 8. Then there is a line segment T C C of size at least §°!
such that each point in T is 8-close to an element from sA®) — sA®).

Again in the conclusion, § may be replaced by any fixed power of §.

Proof. We may clearly assume 1 € A, replacing A by %A with z € A the element of

largest norm. Denote by A sets of elements obtained from A by (boundedly many) sums
of products.
Using Proposition 4, it is easily seen that it suffices to obtain a segment 7' C C of size
at least §°2 such that
NANTs, 8) > s 1+ (8.19)

where Ts denotes the §-neighborhood of T and &3 = e3(g1).
Following the proof of Proposition 2, we start by specifying some point zop € A and
8% <ty < 1 suchthatforall § <t < #yand z € C,

N(AN B(z,1),8) < (t/10)/>N(A N B(zo, to), 8). (8.20)

By translation, we may assume zop = 0. Performing another rescaling, we obtain a
8-separated set A C B(0, 1) such that

(821) 0 € A, 1€ A,
(8.22) |AN B(z,1)| < t“/?|A|if§ <t <candz € C.

Define next
|n] = max |Imz| (8.23)
z€A
and let
z1=tH+ineA. (8.24)

If |n| > ¢, we may apply Corollary 3 with A = B since (8.15) holds with 86 = 0,
p = 0(1) (take bg = 0, by = 1, by = z1). From (8.16), N(A, 8) > §2tez implying
(8.19) for some segment 7 C C.
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Assume n = o(1). Let v be the image measure (on [0, 1]) of IrlTll A under the map

z > Re z. It follows from (8.22), (8.23) that
(8.25) v(I) < p*/3if I c Risa p-interval, n < p < c.

We apply Proposition 4 to v (with & replaced by 7), concluding that supp v and hence

Re A can be made n-dense in [0, 1].
Hence, by (8.23), this implies that

[0,1]1 C A+ B(0, Kn)

for some constant K.

(8.26)

In order to fulfill condition (8.15), we proceed as follows. Take z», z3 € A such that

[Im z5|, [Im z3| < K7,
|IRezo — 10Kt | < Kn,
10Kn < |[Reza —Rez3| < 11Kn

(which is possible by (8.26)).

[ ]
.7 10K z;
VAR RN
// / AN
- / S
s / ~
- ~
’ / ~
pa / ~
n el / ~
-, / ~
// /
7 ¢
e 22
-,

(8.27)
(8.28)
(8.29)

If welet by = 2K z1, b1 = 22, by = z3, then (8.15) clearly holds with p = O (1) and

775886

for some ¢, > 0.

(8.30)

We distinguish two cases. If &, in (8.30) is small enough, we may again apply Corol-
lary 3 and conclude as in the case n = o(1). Otherwise, we proceed as follows. Denote

24 = 10Kz1 — 22,
Ai={z€A; 0<Rez <1, [Imz| < Kn},
Ay = 74A1.
By (8.26),
[0,1]1 C Ay + B(0, K1),
Ay C z4[0, 11 + B(0, 20K *n?),
2410, 11 C As + B(0, 20K *n?).

(8.31)

(8.32)
(8.33)

(8.34)
(8.35)
(8.36)
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One easily verifies that
R={z=x+iy; 0<x=<1,0<y<n}
CAl+Ar+{z=x+iy;0<x<en, 0<y<cn’)CA+CnR. (837
In particular, there is some z5 € A such that Re z5 ~ nand Imzs ~ 772. From (8.37), also
RCA+zsR (8.38)
and hence, multiplying both sides of (8.38) by z5,
zsR C A+ Z3R,
RC A+ 2R (8.39)
After a few iterations, we conclude that
[0, 11 C A+ B(0, ) (8.40)
and in particular (8.19) holds. This completes the proof of Proposition 5. O

Proposition 6. Given o > 0, there are C(c) > 0 and s < s(o) € Zy such that for
8 > 0 small enough the following holds. Let A C CN B(0, 1) and

N(A,8) > 87°. (8.41)

Then there is a line segment T C C of size 8” with 0 < y < C(o) such that each point
in T is 8V 1/2-close to an element of sA®) — sA®).

Proof. Assume A consists of §-separated points. Take 79 > & minimum such that for
some zg € A,
|AN B(zo, 10)] = £J*|Al. (8.42)

Since obviously |A N B(zg, to)| < (t9/8)2, it follows that

to > 8207, (8.43)

From the definition of ¢,
AN B(z,1)| < 21)°/?|A| ifs <t <tpandz € C. (8.44)
Also, there is z; € A such that |79 — z1| = fg. Define
A = (21 —20) " (A = 20) N B(O, 19)). (8.45)
From (8.42), (8.44),if /19 <t < land z € C,
|A1 N Bz, 1)| < AN B(zo + (21 — 20)2. t0)| < 211)?*|A] < @)% A1].  (8.46)

By (8.43),
A1 N B(z,1)| < t*|A;| fors <t <1 (8.47)
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and

=1 5 (8.48)

(note that A consists of §-separated points).
Apply Proposition 5 to A with «k = o/(4—0),e1 = 1/2 (59 = 0) to obtain a
segment T of size §'/2 such that

T c sAY —5AY 4+ B(0, 8) (8.49)

with s = s(0) € Z. From (8.45) the rescaling of T} by a factor 7 gives a segment 7' of
size 81/215 = 87 for which, by (8.49),

T CsA® —sA® 1 B(0, 135). (8.50)

This proves Proposition 6. O

Remark. From the statement of Proposition 6, it also follows that for any given integer
r € Zy, assuming (8.41), there is a segment 7" C C of size 8 such that each point of T
is 871" -close to an element from sA®) — sA®) where y = y (o, r) and s = s(o, r).

There is the following Cartesian version of Proposition 6 for C? equipped with its
product ring structure. This is the result we need for our SU(d)-analysis (see Corol-
lary 10).

Proposition 7. Let A C C¢ N B(0, 1) satisfy
N(A,8) >87° (8.51)
for some 0 < o < d. Then there is a unit vector & € C9 such that
[0,87]E C sA® —sA® 4+ B(0, 87T (8.52)

forsome0 <y <C(d,o)ands € Z4, s < s(d, o).

Proof. We proceed by induction on the dimension d. From Proposition 6 and the Remark,
the statement holds for d = 1.
Next, assume it holds up to dimension d. Let A ¢ C¢+! 0 B(0, 1) and

N(A,8) >68° (8.53)

for some o > 0.

We will denote again by A sets of the form sA®) — sA®) for varying s. If I C
{1,...,d + 1}, m; stands for the coordinate restriction.

Rearranging the coordinates, we may assume that B = m(y .. 4)(A) satisfies

N(B,8) > 5~ @51 = §7/2, (8.54)
From the induction hypothesis, there is a unit vector £ € Ccd = le1, ..., eq] such that

(0,871 c sB®) —sBY 4+ B(0, 8"t (8.55)
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forsome 0 <y < y(0),s € Z4+, s < s(d, o). Hence we may introduce a function
¢:[0,8"]— A (8.56)

satisfying
701,10 (x) — xE| < 87 for0<x <68, (8.57)

We will distinguish several cases.

Case 1: N(mg41(0([0,87])), 820%Y)) < §71/2 Then there are elements x1, x5 € [0, §7]
with [x; — x2| = 87F1/2 such that |41 (¢(x1) — ¢(x2))| < 820+Y) Hence, from (8.57),
for0 <x < §7,

P()[(x1) — 9(x2)] = (xq1,_ay(9(x1) — 9(x2)) - £,0)
+ 0™ |p(x1) — p(x2)| + 820F7))
=x Mg + 0@ (8.58)

where 871 = |p1__a1(@(x1) — @(x2))| ~ |x1 — x2| 2 87 T/2 and &' = §771(€, 0), a unit
vector in C4*!, Therefore

[0, 87+11E" € A+ B(0, 87Tt (8.59)
Case 2: N (7441(¢([0, 871)), 820+7)) > §=1/2 In particular, S = 741 (A) satisfies
N(S. 82(1+y)) < 5712
and an application of the d = 1 result gives a segment J C Cey of size §71 such that
J C S+ B, ", (8.60)

Case 2.1: Assume ¢ is approximately linear in the sense that for all x, y with x + y €
[0,67],
lp(x +y) — p(x) — ()] < 872 (8.61)
Takem = [8~/*]and 1; = L87 (1 < j < m). Clearly (8.61) implies that
o(t) = o(t) + @(tj—1) + 0" T12) = jo(r) + 087 T1/%). (8.62)

Therefore _
{jo(); 1 <j <m}C A+ B84, (8.63)

Note that 87 1/4 ~ |1 < |p(t)| < 84 Let & = o(t1)/]p(t1)] € CIHL.
It follows from (8.63) that

[0, A" € A+ B(0,8'*)) (8.64)
with & = ()8~ 1/4.
Case 2.2: Assume there are x, y € [0, §V] with x + y € [0, §7] such that

lo(x +y) — o(x) — o(y)| > §¥+1/2, (8.65)
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Denoting ¢ = ¢p(x +y) — @o(x) — ¢(y) € A, it follows from (8.57) that

¢l S8, (8.66)

.....

hence
|Cag1] > 8712, (8.67)

Taking r € Z (an integer to be specified), write

ADEAD0,80,,5 + 0@ )

D (0,85,,0) + 0@ ) gy et
(8.60)

= (0,51 J) + O(ILa1]"8 ) (8.68)

using (8.66), (8.67) and taking r large enough. Again (8.68) provides a segment [0, 872]¢’
with 872 = |£441]78"1, contained in A + B(0, §72+1).

In summary, we certainly obtain a unit vector &’ € C4+1 guch that for some 0 < y
Cd, o),

' <

[0, 871" C A + B(0, 87" t1/% (8.69)

(as there is only a §'/% gain in (8.64)). Since the same statement holds with § replaced

by 8* (note that then & in (8.41) needs to be replaced by o/4), we have proved (8.52)
in C4+1, |

Corollary 8. Denote by C¢ ~ A C Maty,q(C) the diagonal matrices. Assume A C
Matg x4 (C) satisfies

(8.70) A C B(0, 1),
(8.71) N(A,d8) > 679,
(8.72) dist(x, A) < § forx € A.

Then there is £ € A with ||&|| = 1 such that
(8.73) [0,8%)E C s’A®) — ’A®) 4 B(0, §4TF)
where 0 <a < c(d,0), B >c(d,0) >0ands,s' € Zy withs,s' < s(d, o).

Proof. From (8.71), also N(A, 8'79/24) > §=9/2 Let k e Z to be specified and

5 = sk—0/2d)

Clearly
N(A, 877 < T maxN(ANB(y, 8.8,
s
0<t<k

It follows that there is a subset A; C A and 84‘_1 < 87 < 1 such that

(8.74) diam A < &,

(8.75) N(Ay,818) > §7°/%* > 5fﬂ/2'



A spectral gap theorem in SU(d)

1483

By (8.72), for each x € A, there is x’ € A with |[x — x| < §; the set B = {x; x € Ay}

still satisfies (8.74), (8.75). Take ¢ € Bp and denote

1
B = 5(31 -).

Hence

(8.77) B C AN B, 1),
(8.78) N(B,81) > 8",

(8.79) if x € B, then dist(x, Al(;zf‘l) <2%.

Apply Proposition 7 to B C C¢. This gives a unit vector £ € A such that
(0,871 € sB® —sB® + B(0,8,"7)

for some y < y(d,o) and s € Z4 withs < s(d, o).
From (8.74), (8.79),

dist(x, (A] — A1) /85) < 258/8, forx € BY
and hence
sB® —sB®  875(s’AW — 5'AW)) + B(0, ¢,8/82).
From (8.80), (8.81),

[0, 878516 C s'A®) —s'A® + B(0, 8] 1785 4 ¢,8857").

Note that by definition of &1,

8
g < SO’/Zd < 811+y

provided
k>2d(1+y(d, o).

Hence (8.73) holds with §% = 5{85 and 8 = %(1 —0/2d).

(8.76)

(8.80)

(8.81)

(8.82)

(8.83)

Remark. We also note that the element & € A ~ C¢ belongs to the algebra generated

by {x' —y'; x,y € A} c C%.

Part II: Analysis on the unitary group

We now return to Theorem 1 and carry out the program sketched in the Introduction.

9. Construction of near-diagonal elements

The main results from this section are formulated in Proposition 9 and Corollary 10.
Letg > 2 and g1, ..., g4 be fixed algebraic elements in U(d) which freely generate

the free group Fy. LetI" = (g1, ..., g4)-
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Denote by W, the set of elements of I that may be obtained as a word of length < ¢
in {g1, gl_l, ces &g gq_l}. Thus Wy C Wy41. The following properties hold:

9.1) [We| ~ (2 — 1),

(9.2) there is a constant C; > 0 such that ||x — 1] > Cl_‘Z for x € Wy \ {1}. (This is a
noncommutative diophantine property, introduced in [GJS] and used in connection
with the spectral gap theorem in [BG]).

More generally, if P(x1,...,x,) is a polynomial with integer coefficients and vari-
ables x; € Matyy4(C), then

(9.3) if x1, ..., x, € Wy, either P(xj,...,x,) = Oor |P(xq,...,x)| > C~¢ where C
depends on I' and the degree of P.

For § > 0, define
Wes = {x € Wg; [lx — 1] <8}

One may cover U(d) by at most (c/ 8)2"2 balls B, of size §/2 and take « such that | B, N
Wepal 2 52d2|We/2|- Then (By N We2) ™' (By N Wej2) € W5 and by (9.1),
94) |Wes| 2 627 (2q — Y2,

The key idea underlying the proof of the following result originates in the work of
Helfgott [H].

Lemma 9.5. Assume A C U(d), by,...,b, € Wypand § > 0 with £ < log(1/§), such
that

(9.6) N(A,8) >87°,
(9.7) span A C span(by, ..., b,),

where “span” refers to the linear span in Matgx4(C). Then there are i € {1,...,r},
aeA A CAUATTUbL b, ... b by ' )Y (the s-fold product set) and 8 > 0
such that

(9.8) 8€ < 8; < 8 (where C = C(IN)),
9.9) seZy, s <s(T,0),

(9.10) the elements of Ay are 81-separated and |Ay| > 8§/,
9.11) |lxab; ' —ab; x| < &) forx € Ay.
Proof. We may assume that by, ..., b, are linearly independent in Matg4(C). Consider

the map
¢ :span(by, ..., b)) = C" 1 x > (Trxb],..., Trxb)).

Clearly, by (9.3),

o™ Il ~ I(Tebib<ij<r 17" S Idetl(bibP)i<ij<r )l S C5F 9.12)
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Let A’ C A be a §-separated set with |A’| > §%, By (9.12),
lp(x) —@(y)] > C5°6  forx #yin A',
and hence, forsomei =1, ...,r,
N(TrA'b; ', C548) > 679/, (9.13)

Take A” C A’ such that

9.14) |A”| > 8~°/7,
(9.15) |Trab; ' — Tra'b]'| > C; '8 fora # ain A”.

Denote by
Ay =(AUAT U bbb b W

the s-fold product set and let
8§ =Cy'. (9.16)

Since ¢ < log(1/8), trivially N (A, 81) < (1/81)24° < (1/8)24*(1+102C2) Hence, there
is some s € Zy with
logs < 4rd*o ' (1 +1og Cy) (9.17)

such that
N(Aas11y, 81) < 877/ N(A;, 81). (9.18)

For a € A”, consider the restricted conjugacy classes
C, = {xabi_lx_l; x € Ag} C Axsio.
By (9.15), dist(C,, Cyr) > 81 fora # a’ in A” and hence there is @ € A” such that
N(Ca,81) < N(Asp2, 81877 < N (A, 8187/ 9.19)

(invoking (9.14), (9.18)).

Consider the map A; — C, : x — zabi_lx_l. It follows from (9.19) that there is
some xo € Ay and a subset 4 C A with the following properties:

(9.20) the elements of A are §;-separated and |A| > 8§/,
9.21) ||xabl._1x — xoabi_lxoﬂ < 81 forx € A.

Hence the set A| = x; ! A satisfies (9.11). This proves the lemma. ]
Our aim is to prove the following
Claim (x). Given § > 0, there are 0 < 81 < § and a subset A C Wy such that

(9.22) £ ~log(1/6) ~ log(1/61),
(9.23) the elements of A are §1-separated and |A| > 87,



1486 J. Bourgain, A. Gamburd

(9.24) in an appropriate orthonormal basis
dist(x, A) < 61,
where, as before, C? ~ A C Matyq(C).

More generally, the same statement (with essentially the same proof) holds if Wy is re-
placed by a large subset H C W, namely log|H| ~ £ (see the discussion preceding
Proposition 9).

Compared with [BG2], it should be noted that the construction of the almost diagonal
set A does not use regular elements and this makes the argument a bit more complicated.
On the other hand, Proposition 9 below gives a more general result of some independent
interest.

Assume (x) fails for some (sufficiently small) §. By induction on 1 < d; < d, we
then establish the following statement.

(xx) If log(1/81) ~ log(1/6), there is an element x € Wy 5, with £ < Clog(1/8) such
that x has at least dy distinct eigenvalues.

Next, we show that (xx) for d; = d implies (), hence obtaining a contradiction.

Proof of (xx)=>(%). Take x € Wy s, log(1/6) < £ < Clog(1/§) with d distinct eigen-
values A1, ..., A4. Since by (9.3),

[T = 2* ~ IRes(Py. P))| > C*

i#]
where P, denotes the characteristic polynomial of x, it follows that
i — Al > Cy8 forl<i#j<d. (9.25)

Take L > ¢, L ~ ¢ and L /¢ sufficiently large (according to the argument that follows).
Assume
span(Wr, 2s) = span(Wr2,5,) (9.26)

where
81 =(2C3) ¢ <. (9.27)

Take by, ...,b, € Wi,z 5 such that (9.26) = span(b|, ..., b;). Note that b; = bix €
Wi 24e,8+8 C Wi 25 and by, ..., b, are linearly independent. Hence, by (9.26),

span(by, ..., by) = span(Wp 2s). (9.28)
Apply Lemma 9.5 with A = Wy 5, and § = CfL (cf. (9.2)). By (9.4),

2
|Wrj2s, | 2879 (2 — DHE/* > 353

if L > 8d2(log C3)L. Hence we may take o > 1/(101log Cy).
From the lemma, we obtaini = 1,...,7r,a € Wr,25 and Ay C Wy 255 C WL
such that for some Cl_L > 8 > CI_CL:

(9.29) the elements of A are §-separated and |A1| > 3L/16r
(9.30) llyab; ' —ab;'y|l < & fory € Ay.
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Note that & = ab;] = ax_l(b;)_l = x4+ 0(5)) so that the eigenvalues of &
satisfy essentially the same separation property (9.25). Choosing an orthonormal basis
that makes & diagonal, it follows from (9.30) and (9.25) that the off-diagonal elements
of y € A; are bounded by 8,Ct = §3. Take a subset A C A; of 83-separated elements,

|A] > C;2d2€|A1| > 3L/20r > §7¢ (assuming L > 100rd*(log C3)¢). Hence A satisfies
(%) (with £ = sL and §; = §3).
Next, assume that (9.26) fails, thus
dim span(Wp 5) > dimspan(Wpr 2 s,).

Replace L by L/2 and § by §1/2 and repeat the argument.
After at most d? steps (and assuming L /¢ large enough), we reach the same conclu-
sion. This proves the implication (sx)=>(x). ]

Proof of (xx) (assuming (x) fails). For di = 1, the statement is trivial. For di = 2, we
may argue as follows. If 7' is a commutative subgroup of GL;(C), then

WeNT| < ¢ (9.31)

(using the fact that commutative subgroups of F,, the free group on g elements, are
cyclic).
Hence, if £ > clog(1/81), it follows from (9.4), (9.31) that

Wes, € {z1; z€C, |z| =1}

and hence Wy 5, contains an element with at least two distinct eigenvalues.

We now turn to the inductive step. Assume (k) holds for 2 < d; < d. We follow
the proof of (#x)=(x). Take x € W, 5, < clog(1/8), with d; distinct eigenvalues
Al ..., Ag,, hence satisfying
(9.32) A —Aj| > Cy for 1 <i # j < d).

Repeating the reasoning following (9.26) (with the same notation), we obtain some & €
Wi 028,45, 1€ — x| = O(81) and A; C Wy 245 such that

(9.33) the elements of A; are §;-separated and |A{| > 8, €,
(9.34) [ly§ —&yll < d2fory € Ay,

where log(1/8;) ~ Land C¢ < L < C'¢.
Take a subset Ay C A1A1_l C Wo satisfying

(9.35) Ay C B(L, €379,
(9.36) the elements of A; are §3 = C32Z82-separated and
A2l > €3 Ay > 1412 > 85
Obviously from (9.34) we have
(9.37) [ly& — &yll < 262 fory € Aa.

If & has at least d1 + 1 distinct eigenvalues, we are done.
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Hence, assume & has only d; distinct eigenvalues A, ”")‘Ztl‘ Since || — x| <
81 = (2C3)7¢, it follows from (9.32) that {), ...,)»211} is an O(81)-perturbation of
{A_l, e, )L;ll} and in particular

1
M EC;Z forl <i#j<d. (9.38)
Diagonalize £ in a basis e}, ..., e, and write {1, ...,n} = Uf‘zl I; where
ge; = rye; fori € I. (9.39)
We denote by R; the restrictionto I C {1, ..., n}.

It follows from (9.38), (9.37) that

ly —y'll < Ciés (9.40)
where
dy dy
Y =@ RiyR;, =P i (9.41)
s=1 s=1

Fors = 1,...,dy, lety, = Uy Py, Py = ((y)*y})!/?, be the polar decomposition of y,.
Since by (9.40),

1) s — 1,1l S €382, (9.42)
it follows that
ly; = Usll S C382. (9.43)
We distinguish two cases.
(i) Assume thatforally € A ands =1,...,d,
dist(y;, {z1y,; z € C}) < 83. (9.44)

From (9.40), y is an O (§3)-perturbation of a diagonal matrix. Hence A satisfies (x)
(with £ = 2sL, §; = §3), a contradiction.
(i) Lety € Apands =1, ...,d; (say s = 1) such that
dist(yi, {z1;; z € C}) = 63. (9.45)
Hence, by (9.43),
1
dist(Uy, {z1},; z € C}) > 583 (9.46)

and U; has at least two eigenvalues that are %53-separated.
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Take for s = 1,...,d; abasis {¢]'; i € I} of [¢]; i € I;] diagonalizing Uy. If
Use! = pje] for i €Iy (9.47)
we have

11— il < 1y = Usl| 0 17, — Yl 4+ 0(C382) < 11—yl + ly — ¥'ll + O(C582)

< 3+ 0(Cis) <205 (9.48)
(9.35)
(9.40)
and
(& - (@®sUs)) () = uirie!  fori € I. (9.49)

By assumption, we may take w1, 2, {1, 2} C I, such that

1
[ — p2| > 533- (9.50)

From (9.38), (9.48), we have for i1 € I, i € I,, 51 # 52,
i A — i, Al Yoot _gc2 s Lo (9.51)
iy K1 iy 52 > 2 3 3 > 3 3 :

In view of (9.50), (9.51), £(,Uy) has at least d| + 1 eigenvalues that are %83 apart.
Consider the element £y € W(Q’S+1)L+[’331+5 C WZ(s+1)L,28' Since by (9.40), (9.43)

we have ||Ey — E(@;Uy)|| < C§62 and §3 = C_%Zé}z, also £y has at least d; + 1 distinct

eigenvalues. Hence (*x) holds for d; + 1. ]

This completes the proof of (x).

We also need the following extension. Assume H C Wy, 1€ H = H —1 such that
log|H| ~ ¢. (9.52)

The s-fold product set H®) obviously satisfies H®) ¢ Wy,.
On the other hand, from Razborov’s product theorem in the free group (see [R])

|H-H-H|>|H>® (¢>0). (9.53)

Hence, for o < log2/log 3,
|HO| > |H|*. (9.54)

(Note that any statement of the form log |H®)|/log |H| — oo as s — oo suffices for our
purpose.)

Replacing the sets Wyr, £/ < £, by product sets H®), a straightforward adaptation of
previous analysis permits us to obtain again a set A ¢ H, for some s, satisfying (9.23)
and (9.24). This gives
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Proposition 9. Let g1, ..., g, be algebraic elements in U(d) (q > 2) generating a free
group. Take H C Wy(g1, ..., &q¢), £ sufficiently large, such that
log |H| ~ £. (9.55)

Thereis A C H® (s < C) and § > 0 such that

(9.56) log(1/8) ~ ¢,
(9.57) the elements of A are §-separated and |A| > §~¢,
(9.58) in an appropriate orthonormal basis,

dist(x, A) <8 forx € A. (9.59)

Corollary 10. Let g1,...,8, € SU(d) (g = 2) be algebraic and free. Let H C
We(g1, ..., &q), £ large enough, be such that

(9.60) log|H| ~ ¢.

Then there are 59 > § > 0 with

(9.61) log(1/89) ~ log(1/8) ~ £

and § = (§ij)1<i,j<a With

(9.62) &ji = &j, & =0and €] =1

such that the following holds. Let n € L(C%), ||n|| < 8 and t € [0, 8y]. Then

|1+ 0> gmiites @ ep — x| < 85" il 9.63)
oy

forsomex € (HU{1+n, (1 +1)~ '), s < C and where y > 0 is a fixed constant.

Proof. First apply Proposition 9 to H. We obtain A ¢ H®", sy < C and §; > 0,
£ ~ log(1/81) such that the elements of A are §;-separated,

log |[A] ~ £ (9.64)
and (after a base change)
dist(x, A) < é; forx € A. (9.65)

Denote by V the vector space Myx4(C) for x € SU(d) and consider the adjoint represen-
tation oy, px (2) = xlzx, acting unitarily on V.
We will apply Corollary 8 to the set

A= {pe; x € A} C U(V). (9.66)
To each x € A, associate
x'= ini ei®e €A,

for which, by (9.65),
lx —x'|| < é1. (9.67)
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Since detx = 1, it follows that

‘1_H|xii| f‘l_nxii L (9.68)
and

I—lxil| S8 (1<i<d. (9.69)
Also

lox — prll < 81 (9.70)
where p,» € Ay = {diagonal elements of Mat(V)}.
For x, y € A, we have
d—1 d—1
e = pyll ~ max |22 — 2} > max | S0
i#i X Y i X Tl vii

2 max x& = yé — 0@ (by (9.68)).

Hence, if [|oxr — oy || < 81, thereare k; € {0, 1,...,d — 1} (1 <i < d) such that

Hy - Xi:e(%)xii(ei ®e;)

Since the elements of A are §-separated, we may find a subset A1 C A such that |A1|~|A]|
and

<51

lox — pyll > C8;  forx,y e Ay,

hence, by (9.70),
lox —pyll > 81 forx,y e Aj.

It follows that
N(A, &) 2 Al > 51_6.

Thus A satisfies (8.70)—(8.72) with § replaced by §;.
By Corollary 8, we obtain & = (&;;) € Ay with [|§]| = 1 such that (8.73) holds.
Thus for 7 € [0, 8], there is M € s’ A®) — ¢ AG) such that

[ > Gz @ ep - M| <55+ ©.71)

forall z € V with ||z| < 1.

Moreover (by the Remark following Corollary 8), & belongs to the algebra generated
by {px — py; x,y € A}. Since p,» € Ay has diagonal elements x;; /x;;, it follows that
&i =0.

Also

(ox(ei ®ej),ei ®ej) = (px(ej ®ei), ej Q e;)
for x € U(d), hence

(M(ei @ej), ei @ej) = (M(ej Qei), ej Qej).
Therefore we may take & with &;; = 5 in (9.71).
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Note that A®) = Pas and pyn = {xInpx; x € AW},
If |In|l < &, it follows that

!

s 2s’
Myp+1=[]0+x"mxa) [] (—x7"nx0) + 0GInl)

a=I1 a=s"+1
s 2s’

=[x +mxe [ xa'A+n) " 5 + 0GINN)
a=1 a=s'+1

for some x4 € A®). Hence
My+ 1€ HU{L+7, 1+~ H> @D 4 B, Cs|nl)
and there is x in a product set of H U {1 4+ 5, (1 + 1)~} such that
(Mn+1—x| < 8lnll 9.72)

Taking z = /|7l in (9.71), it follows that
|14 03 6mites @ e — x| S 85Il + sl 9.73)

Take 6 < 8‘1)[+’3. We obtain (9.63) with 89 = 8}, y = B/a. This proves Corollary 10. O

10. Expansion in SU(d) (1)

Let g1,...,8r € G = SU(d) be algebraic elements and assume I' = (g1, ..., g) 1S
Zariski dense in G. Denote

1 k
V= ;(5&. +8,1). (10.1)

which is a symmetric probability measure on G.
Our aim is to establish a spectral gap, i.e.

If vla <A=&l fl2  for f € L§(G). (10.2)

Invoking a result of Breuillard and Gelander [BrGe], we may assume that k = 2 and
{g1, g2} generate the free group F5.
Note that G is d; = d* — 1-dimensional over R.

For § > 0 denote
_ 1says

s = B(1.0) (10.3)

an approximate identity.
As we show below, (10.2) is a consequence of the following main proposition.
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Proposition 11. For any given t > 0, there is a positive integer £ < C(t)log(1/8) such
that
v % Pslloo < 87F (10.4)

where V'Y = v x - - . % v denotes the {-fold convolution.
———
¢

Note that (10.4) may be replaced by the a priori weaker statement
VO % Psllp < 877 (10.5)
Indeed, since Ps < C(Ps * Ps), one has, forx € G,
W29 % Py)(x) < CO@ % Py, (019 5 Py)) < 0@ % P33

where (t,-1 /)(») = f(yx).
Note that since {g1, g2} are algebraic and free, one gets trivially

[v© % Pyl < 8§~ 2+6 (10.6)

for some 6 > 0. Proposition 11 will therefore follow from a bounded number of applica-
tions of

Lemma 10.7 (L>-flattening lemma). Given y > 0, there is k > 0 such that for each
8 > 0 small enough and € ~ log(1/6), if

VO % Pyl > 677 (10.8)
then

V@0 % Pslly < 8 v ©  Ps|la. (10.9)

We use | | to denote either the Haar measure on G or the cardinality of a discrete set.
Denote u = v® % P and assume (10.9) fails, i.e.

s ella > 8%l (10.10)

From a noncommutative version of the BSG theorem due to Tao [Tao, Thm. 5.4], we
obtain a subset H of G, H a union of §-balls, and a discrete set X C G with the following
properties:

(10.11) H=H",

(10.12) HHH Cc H XN X.H,

(10.13) |X]| < 8%,

(10.14) pn(aH) > 8°F for some a € G,

(10.15) |H| < §7.

Properties (10.11)—-(10.13) mean that H is an ‘approximate group’. Note that (10.12),
(10.13), (10.15) imply

(10.16) |H®| <(s) 89~ |H| < 8¥~ for any given s € Zy
where H®) stands for the s-fold product set.
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For notational simplicity, let H” denote product sets H ) for unspecified (but bounded)
NS Z+.

The proof of Lemma 7, and hence of Proposition 11, will be completed by showing
that there is no approximate group H satisfying (10.14), (10.15).

This is the same approach as in [BG] for SU(2). But, as discussed in the introduction,
the argument used here differs from that of [BG], and is analogous to [BG2] on expansion
in SLy(p").

We first show how to derive (10.2) from Proposition 11.

In [BG] treating G = SU(2), we relied on extension in [GJS] of the Sarnak—Xue
technique, based on suitable averaging of characters of the irreducible representations on
spaces of homogeneous polynomials. The argument presented below gives an alternative
approach that is perhaps more geometric and ‘general’ in the sense of being applicable to
other groups.

We will reduce the problem to a convolution property on the group G (Lemma 10.35
below). The relevant inequality will then be established first for G = SU(2) and next in
general for G = SU(d), using SU(2)-embeddings.

Let G = SU(d) and denote (p, f)(x) = f(xg) acting on L%(G). Letting v be the
discrete, symmetric probability measure (10.1), we have to establish (10.2). Assume to
the contrary that

lf*xvl>1—¢ (10.18)

where f € L3(G), || fll. = 1.

We introduce a Littlewood—Paley decomposition on G (which is a standard construc-
tion in harmonic analysis: see, for example, Chapter 4 in [S]).

For f € L>(G),0 <8 < 1, let

(f * Ps)(x) = ][ fxg)dg (10.19)
B(1,8)
with Ps introduced in (10.13) and f denoting the average, and denote

A1f=(f*P271)—/;;f,

Apf = (f % Py—k) — (f % Py-xt1) fork > 2. (10.20)
Thus we have the decomposition
f=Y Auf (10.21,)
k>1

satisfying the square function property

(i) i = e(Tiai) (10.22)

Since pg (f * Ps) = (pg f) * Ps, it follows that Ay f % v = Ag(f *v). Hence, by (10.22),
forallf € Z,

1/2
1702~ (3 Icae) v @I3) (10.23)

k>1
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Note that from the Zariski-density assumption for I', no elements of L%(G) \ {0} are
I'-invariant. Hence

(10.24) f — 0 (weakly) if f € L2(G) with || fl = 1 satisfies (10.18) with & — 0.

Therefore we may assume

f=> Af (10.25)

k>kg

where kg = ko(e) - oo ase — 0.
Let £y € {2} be fixed and sufficiently large (to be specified). From (10.18), (10.22),
(10.23) and (10.25), taking & small enough we have

Ifx v > (1 —e)f > 1/2

and

Yo Af x5 > e A1 (10.26)

k>kg k>ko

with ¢ independent of £(. Therefore there is some k > kg such that

A
_ A (10.27)
1Ak f 2
satisfies
| F % v, > c. (10.28)
Take ¢ ~ k (to be specified). From (10.28),
[ F 0D, > ¢t (10.29)
Let § = 47X Then, by (10.27), F ~ F « Py and (10.29) implies
|F % plla > ¢t (10.30)
where © = pod) 4 py.
Fix T > 0. If we take .
Lol > C(1)log 3
hence CiOk
¢ - COF (10.31)
)
Proposition 11 gives
litlloo <877, (10.32)
Rewrite (10.30) as
2
/ ‘/ F(xg)u(g)dg| dx > Cze’
GlJG
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and hence by (10.32),

8—21’ /
G

dg

/ Fxg)FOO) dx
G

=11,

Denoting Fj(x) = F(x~1), it follows from (10.33) that

/ F(xh ') F(x)dx|u(g)u(h)dgdh > ¢**.  (10.33)
G

| Fi % Fllp > ¢?6%7 > §C@/tot+2T, (10.34)
In order to obtain a contradiction, it will therefore suffice to apply

Lemma 10.35. Given ¢ > 0, there is ¢ > 0 such that if §; > 0 is small enough and
Fi, Fy € L*(G) satisfy | Fill2 < 1, | F2ll2 < 1 and

| F2 % Psll2 < 8, (10.36)

then
| F1 % Fally < 87 . (10.37)

Indeed, by (10.27), F satisfies (10.36) with 8§ = 27%/2 say and (10.37) contradicts
(10.34) by taking first T small enough and then £ large enough.
Returning to Lemma 10.35 for G = SU(d), note that it obviously fails for d = 1.
We will first establish the lemma for G = SU(2) and then derive the statement for
G =SU@W),d > 2.

Proof of Lemma 10.35 for G = SU(2). Denoting by T the convolution operator by F>
acting on L?(G), we have to prove that

IT| < &5 . (10.38)

It suffices to verify (10.38) for the action of T in the irreducible unitary representations of
SU(2), that is, on the spaces W,, = [zkw”_k; 0 < k < n] of homogeneous polynomials
on the unit sphere of C. From the theory of induced representations (Frobenius’ theorem)
applied to the diagonal subgroup D = {Ry = (ezgm e,g,m ); 0 < 6 < 1}, we see that
the IUR of G are contained in one of the following two representations pg, 01 (depending

on n being even or odd).

(i) po is acting by right translation on the subspace V) of L?(G) of functions that are left
invariant under the action of D. Thus f € Vp if f(x) = f(Rpx) and f factors over
D\ G ~ §2. Equivalently, py may be seen as the representation of SO(3) on L?(S?)
by rotation.

(ii) p; is acting by right translation on the subspace V; of L?(G) of functions satisfying

F(Rox) = € f(x). (10.39)
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To establish (10.38), we need to show that
ITIv,ll <8 and [Ty, | <. (10.40)

We consider the action on Vj (the case of Vj is analogous).
Let f € Vi, || fll2 = 1. We have to prove that || f * F>]2 < ST/. In view of (10.36),
we can assume that
| f * Psylla < &2 (10.41)

with 8, = 8¢, Write

7518 = | [ / f(xyfl)f(xyg_l)dX}F(yl)F(yz) avdy = | [ fo07Gdx
GxGLJG G 2
Squaring again and using that f € Vi, it follows that
ITAIS < [ PTG T ) dx daidy
GxGxG
1
= [ [ TR TG0 S Rexiy) dx dxidy de
GxGxG JO
1
Z/ S f(y) f(x1)|:/ f(R9x1x_1R9y)d9:| dxdx|dy
GxGxG 0
and
1 2
i1 < | H | rworardo) ax=[ s, figax (1042)
Gl Jo 2 D\G
where we denoted '
S, f(x) = / f(RgzR_px) d6. (10.43)
0
For z = (ﬂe’,iw “riw ), s # 0, the operator S, acting on L2(G) is smoothing, since
(RgzR—p; 0 < 0 < 1) = G. In fact, geometrically if we identify G with the unit sphere
in C? through the map g = (;’} _1_}”) — (l'j, ), S, is obtained by a circular average with

circle of radius s centered at (/2 ) in the plane spanned by (=) and ().

In view of (10.41), we obtain (10.42) < 85 and hence || T £, < 6<°/%. This proves
(10.40).
Next we treat the general case, using the result for d = 2.

Proof of Lemma 10.35 for G = SU(d),d > 2. Take a subgroup H of G, H =~ SU(2),
considering for instance the embedding SU(2) — SU(d) : h — Ziz,/'zl hij e; ®e;. Write

||F1*F2||1=/‘/ Fl(g)Fz(g_lx)dg‘dx
G|IJG

-AL,

/ F (hg)Fz(glh]yx)dh‘ dyi| dx dg. (10.44)
H
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Fixing x, g € G, introduce the following functions ¢1, ¢» on H:

o1(0) = Fi(yg), ) = Fa(g 'yx), (10.45)

for which the expression [ ] in (10.44) becomes

/H‘/le(h)tpz(h_ly)dh‘dyz||</71*<P2||L1(H)~

In order to reach the conclusion by applying Lemma 10.35 on H, it will suffice to bound
llo1 * P52||L2(H) < 8;1, for some §, > &1, log(1/82) ~ log(1/81), in the mean over
x, g € G (cf. (10.44)). Thus what is needed is an estimate of the form

JoJeJs

2
dydxdg < 5,

][ Fa(g 'yiyx) dy
By (1,62)

hence 5
/ / ][ Fx(g1yg) dy| dgidga < &5 (10.46)
GJG By (1,67)
Here By (1,81) ={y € H; ||[1 — y| <1}
Rewrite (10.46) as
/ / ][ Fa(22) Fa(g1g; '82) dy dg1 dgo. (10.47)
G JG JBy(1,28)

Fix y € Bu(1,282), |1 — y|| > 8 (the contribution of || 1 — y|| < &5 to (10.47) is at most
0(53)). We obtain

f f Fx(8)F2(xg) n(dx) dg (10.48)
where 7 is the image measure ®[Ag] under the map
d=d,:G—>G:gr> gyg . (10.49)
Next, writing 7, for the image of 1 under x — x~!, we have
2 2
048 < [ ‘ [ Fategynan| de < [ ‘ | Fateey (enran)| ds.
and similarly, for r € Z,,
2
a0as < [ ‘ [ Fate e ds (10.50)

where ) = 5% - % n (r-fold convolution).
Returning to ®, diagonalize y = (eé)g egg ), 85 < 0] < 28,. Hence

d(y) =1+ibgvg™" + 0% (10.51)
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where v = ¢1 ® ¢1 — 2 ® 3 € su(d) and
D(g) ' D(e)P(g3) " - D(gar) = 1+ib(—givgy  +gvgy -+ g2vgy, )+ 067
For r = r(d) large enough, the map

(81,82, -+, 82) > —g1vgy ' +gavgy ' — -+ gorvgs,!

gives a smooth density on su(d). Hence (1%n,)"” is a smooth density on B(1, C|0|) C G
(with derivative estimates in terms of 1/|6| < 1/83).

Recall that F; satisfies || F2 * Ps,[l2 < (Sf. Taking for 8, an appropriate power of §y,
from the preceding we get

(10.50) = [[(n * n)") % Foll
< I * 0" % Ps)) % Falla + 08185 %)
< 1% 0PI Ps, % Falla + 0(518;2) < 8 + 0(818,%) < &5

This proves (10.46) and Lemma 10.35. O

11. Expansion in SU(d) (2)

It remains to show that there is no approximate group H satisfying (10.11)—(10.15).
Since H is a union of §-balls, (10.14) is equivalent to

vO@aH) > 8. (11.1)
Recall that £ ~ log(1/§). Writing, for k < £,

vO@aH) = v P @)w® xaH),
X

it follows from (11.1) that for some x € G,
v® (xaH) > §°F

and hence
v (H.H) > §°F. (11.2)

In particular, recalling Kesten’s bound [K] for random walks on F3,

k
|H.HNWi| > 2 if 28 > (1/8)°F. (11.3)

Denote by V C Mat;4(C) the real vector space of anti-Hermitian matrices of zero trace
(i.e. the Lie algebra of G = SU(d )), which is irreducible under the adjoint representation
of G and hence of its Zariski dense subgroup I".

We make the following assumption on v.
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Assumption (x). There is @ > 0 such that for a proper subspace L of V and k large
enough, one has the estimate

v®[g e G, g7 Lg = L] < e, (11.4)
Leta € V \ {0} and 2¢ > (1/8)°F. Consider the increasing subspaces L of V defined by
L, = span[a],
Ly = span[gilLsg; g€ HHNW].

Taking s such that Lgy| = Ly = L, we find that g‘ng = L forg € H.HN Wy and
(11.2), (11.4) imply that L = V. Since (H.H N W;)®) c H? N Wy, we proved that
under (%), if a € V \ {0} and L is a proper subspace of V, then, for 2k > (1/8)O+, there
is g € H' N Wy such that g~lag ¢ L.

Equivalently, if a, b € V \ {0}, there is g € H' N W}, such that

Trg lagh* # 0. (11.5)

Recalling that g1, g are algebraic, (11.5) implies the following quantitative statement
as a consequence of the effective Nullstellensatz (see Theorem 5.1 in [BY] and the com-
ment on its generalization to polynomials with coefficients in the ring of integers in a
fixed number field K, [K : Q] < 00).

Lemma 11.6. Assume (x). If 28 > (1/8)°F and a,b € V \ {0}, there is g € H' N Wy
such that
ITrg~'agh*| = C™*|al| |b]| (11.7)

where C is some constant depending on the generators g1, g2 of T.
Next, apply Corollary 10 to H.H N Wy and 2% > (1/8)%+. We obtain

eV, &=0 (<j<d. [£l=1 (11.8)
such that for §o > §; > 0, log(1/8p) ~ log(1/81) ~ k,

dist(l 1 Ejmije ®e¢p), H/) <5 In] (11.9)

whenever 1 +1n € H', ||In|l < & and r € [0, §o].
Note that n + n* = 0(||77||2) and Trn = 0(||77||2) and hence there is an element
a € V such that |n — a| < 81lInll. Thus from (11.9),

dist(l 13 Ejaye ®ep), H/) <8Il fort € [0, 8]. (11.10)

1

We may further replace in (11.10) a by any conjugate g~ 'ag for g € H'. Take kg ~

log(1/89) and small enough to ensure that
c*o > 52 (11.11)

where C is the constant from Lemma 11.6.
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Applying Lemma 11.6 with a as above and b = i€ € V (where i = &ji) gives some
g € H' N Wy, such that

> C7|n. (11.12)

max (s ag)ij&ij| > (s agyist
, .

Let ¢ € V with ||¢|| = 1 be defined by normalization of ((g_lag),-jéij)lgi,jfd. Clearly,
from (11.10) and the preceding,

) B (11.11)
dist(1 + 12, H') < 8,7 Il fort € [0.80C™nl1 D " 10,8, yl1. (11.13)

Again from Lemma 11.6, there are g1, ..., g4, € H'N Wi, (d1 = d? — 1) such that
det(g; 'cgs 1 <5 <dpl > €. (11.14)

Since in (11.13) we may replace ¢ by conjugates g ~'¢g with ¢ € H', it easily follows
from (11.14) that
dist(1 + 1V, H') < 8,7 In|

for
t €10.80CT 011 > 10, 8" 111, (11.15)

Hence, we proved (redefining 8o and y)

Lemma 11.16. Let 1 +n € H', ||n|| < 8. Then
dist(1+ 1V, H') < 8" Il fort € [0, Solnll]. (11.17)

Fix a small constant ¢ and let k = [¢ log(1/8)]. Thus §g = §%, §; = §°! witheg ~ &1 ~ ¢
in Lemma 11.16.
The final step consists in using Lemma 11.16 to derive a contradiction on (10.16), i.e.

|H'| <87~ (11.18)

Fix anelement g = 1411 € H.HN W, N B(1, 81), g1 # 1, which by (11.3) is possible
for k1 < (1/dy)log(1/81). It follows that

8 < Imll =1 < 8. (11.19)
From (11.17),
dist(1 + 1V, H') < 8,"r,  fort € [0, 8o1]. (11.20)
1+y/2
3o

Hence, for any t, € [ t1, 8ot1], H' contains some element 1 + 1 with ||n|| ~ 1.
Applying again Lemma 11.16 shows that

dist(1+1V, H') < 8,71, fort € [0, 812, (11.21)

and therefore H' contains elements 1 4 5 with ||5|| =~ t3 for any #3 € [(Séﬂ// 2t2, dot2] and

hence any 3 € [(Séaﬂ//z)t], 831‘1].
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After r steps, we see that H’ contains elements 1 + n with ||n|| ~ ¢ for any ¢ €
[86(1+y/2)t1, Sot1]. Taking r = [2/y] + 1, it follows that H' contains elements 1 + n
where ||n|| ~ t, for any ¢ € [3, §yt1].

Another application of Lemma 11.16 implies that

dist(1+1tV, H') < 8yt fort €0, 8] (11.22)
where
8 =opt. (11.23)
‘We claim that
GNB(,8)C H'. (11.24)

Then
|H'| > 5;’1 S §E0r(+HD+Cends

contradicting (11.18) for & small enough.

Proof of (11.24). Take go € G N B(1, ). Then gg = 1 + no and there is ag € V such

that [lag — noll < 8%. By (11.22), dist(1 + ag, H') < 82)/82 and we take 1| € H’ such that
lgohy " =11l = ligo — hull S 85 + 8382 S 862 (11.25)

Next, write g1 = goh;' = 1+ i1 and take aj € V with [lay — mi|| < llar||>. By (11.22),
dist(1 + a1, H') < 5(’)’ lla1 |l and we obtain hy € H’ such that

1, — 2
ligohy 'hy ' — 11l = llgr — hall S llarll* + 85 laill < 857 82 (11.26)

Since H' is a union of §-balls, a few iterations give the desired conclusion.
This completes the proof of the spectral gap, conditional on Assumption ().

12. Proof of Assumption (x) for d = 3

Assume H C T" and L a nontrivial subspace of V = su(d) satisfying

(12.1) vO(H) > ek,
(12.2) g7'Lg =Lforg e H,

where in (12.1) we assume ¢ is a sufficiently small constant (depending on I' and v)
and k is large. Our purpose is to get a contradiction for d = 3. This will illustrate the
method in the simplest case. The argument in the general case is given in §14. Essential
use is made of the theory of random matrix products as developed by Furstenberg and
Guivarch. A treatment of this theory in the setting of general local fields appears in [A].

Recall that ' C SU(k), where k is the algebraic closure of Q. We will consider V
and L as vector spaces over k, hence V = {g € Maty«q(k); Trg = 0}.
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(1) Exploiting the theory of random matrix products requires proximal elements. Fol-
lowing the approach of Tits [Tits] (see also [G]), proximal elements in a suitable setting
may be produced by passing to an appropriate local field.

Fix go € I' with eigenvalues (A;)1< ;<4 such that not all quotients A; /A are roots of
unity. If A;/A;s is not root of unity, there is a local field k C K, such that v(A;/A;) # 1.
Hence

o)) 1=j=d}f =2

For d = 3, either
v(A1) > v(A2) > v(A3) (12.3)

or
v(A) = v(A2) > v(A3) (12.4)

@Gif v(x1) > v(X2) = v(A3), replace go by go_l).

Denote by p the adjoint representation on V.

If (12.3) holds, the representation p|I" on V ® K, has pg, as proximal element and
since it is totally irreducible (by the Zariski-density assumption), random matrix product
theory implies that (12.1), (12.2) are not compatible for £ > 0 small enough.

Thus we may assume that the situation (12.3) cannot be realized for any g € I'.

(i1) Consider the representation of I on /\2(V ® K,), which we also denote p.
If e1, es, e3 diagonalizes g, goe; = Aie; (1 <i < 3), the eigenvector

E=(e3Qe) N(e3Re) (12.5)

of pg, has dominant eigenvalue )»% / )»?, by (12.4).
Denote

S = spamy [pg(§); g € T'], (12.6)

a subspace of /\2 V. The restriction of p to S is totally irreducible. Otherwise, there
would be a proper subspace S of S which is invariant under a finite index subgroup I'y
or I'. Hence S; ® C would be invariant for pg, g € [} = Zariski closure of I'y. Since
I' = SLy(C) and I'; is a finite index subgroup of T, it follows that I'; = SL4(C). In
particular Sy is I'-invariant, hence S| = S. Also

S ® C = spang[p,(£); g € SLy(O)]. (12.7)

Since p restricted to S ® K, has a proximal element, it follows again from random matrix
product theory and (12.1) that

S =span[p,(n); g € H] foranyn e S\ {0}. (12.8)

We used here that the probabilistic estimates depend on v but not on the vector 7.
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(iii) The space /\2 V decomposes as
NV=NLONL'@UALH=6806,0W (12.9)

and by (12.2), each of the components is invariant under p, for g € H. Take an element
g1 € H such that not all quotients of its eigenvalues are roots of unity (this is certainly
possible, since log |H N Wy| ~ k). Arguing as in (i) and since case (12.3) was ruled out,
we are in the situation (12.4) (in some local field K,,). Consider the representation on
/\2(V ® Ky) as in (ii). Note that if X is a subspace of /\2 V invariant under pg, , then
its eigenvector (e§ ® €}) A (e5 ® €5) with top exponent will either be orthogonal to X or
belong to X ® K, hence to X.

Therefore, considering the decomposition (12.9), it follows that (¢ ® €}) A (€5 ® €5)
= 1 belongs to one of the spaces G, S, or 2. Also, by (12.7), S contains any element
of the form (x ® y) A (x ® z) withx, v,z € k3 and (x,y) = 0 = (x,z). In particular
n € S and it follows from (12.8) that S is contained in one of the spaces &1, G, or 20.

There are now three cases to consider.

Casel: S C /\2 L. Since( x @ Y) AN (x®7z) € /\2 L forall x, v,z € k> with (x, y) =
0 = (x, z), it follows that x ® y € L whenever x,y € k> and (x, y) = 0. Therefore
L =V, acontradiction.

CaselIl: S C /\2 L. The same argument as in Case I applies.

CaseIIl: S ¢ L A L+. Note thatifa,b € Vanda Ab € L A L™, then L and L' each
contain a nontrivial linear combination of a and b.

Assume dim L < dim L+, hence dim L < 4. Considering the sectors (x @ y) A (x ® z)
€ L A L, it follows from the preceding that for each x € k3, there is some x” # 0 with
{(x, x") = 0 such that

x®x eL. (12.10)

Our next aim is to show that (12.10) forces dim L > 5, hence again a contradiction.
Consider the real algebraic variety

Q={(x,y)eCxC (x,y)=0andx®y € L ® C} (12.11)

(an intersection of quadrics).
By (12.10), we may introduce a real-analytic function ¢ : O — C3\ {0}, O c C3
some open set, such that for all x € O,

(12.12) (x, ¢(x)) =0,
(12.13) x @ p(x) e L® C.

We distinguish two further cases.

(a) ¢ has 2-dim range (over C). If Img C [ey, ez], then necessarily, for x = xje; +
Xx2e2 + x3e3, p(x) is parallel to —xpe1 + X1e2 by (12.12), implying

(x1€1 + x2e2 + x3€3) @ (—X2e; + X1€2) e L C (12.14)

for all x € O and hence for all x € C3.
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Since the functions x2, x2, x x>, Xx1x3, xpx3 are linearly independent,
10 %2
e1®e,erQe,e1 Qe —exRer,e3Re,e3Re; €L
and dim L > 5.

(b) ¢ has 3-dim range. We may clearly find elements x1, x2, x3, x4, x5 € O such
that for each triplet {i, j, k} C {l1,2,3,4,5} of distinct integers, each of the systems
{xi, xj, xx} and {@(x;), ¢(x;), ¢(xx)} consists of linearly independent vectors.

We claim that {x; ® ¢(x;); i = 1, ..., 5} are linearly independent, which can be seen
as follows. Fix an index i = 1. From our assumptions, there is T € ﬁ((C3, C3) such that
Txy;=Tx3=0and (Tx,p(x1)) #0, (Tx1, p(x4)) =0 = (Tx1, ¢(x5)). Hence

(Tx2, p(x2)) = 0= (Tx3, p(x3))
and writing
X4 = agx1 + baxo + cax3, x5 = asxy + bsxp + c5x3,

we get
(Txs, p(x4)) = as({Tx1, p(xs)) = 0= (Txs, p(x5)).
This completes the proof of the main theorem for SU(3).

13. Lemmas on linear independence

Lemma 13.1. Let 1 < k < d and ¢1, ..., ¢r be continuous complex, linearly indepen-
dent functions on C¢. Then

k—1
dim[x;@j(x); 1 <i <dand1 < j <k]> k(d — T) (13.2)
where x;;(x) are viewed as functions on ce.
Proof. The proof is by induction on d. Denote by e1, ..., ¢4 the unit vector basis of C¥.
Take k; < k. Since ¢y, ..., ¢, are linearly independent functions, there are &1, ..., &,
€ C4 such
detp;(§i) <), j7<k; # 0. (13.3)
By a linear transformation, we may assume that &1, ..., &, € [ei,..., e ] and hence

€0j|[el,...,ek]] (1 < j < ky) are linearly independent.
We distinguish two cases.

Case 1: k = d. Taking k; = d — 1, we can assume that @;|(¢,,....e, (1 < j <d —1) are
linearly independent. Denote x" = xjey + --- + x/,_,eq_1.

From the induction hypothesis, there is a subset 2 C {(7, j); 1 <1i, j <d — 1} such
that |Q2| > d(d — 1)/2 and (x/¢;(x"))(i, j)eq are linearly independent functions of x’. We
claim that

(xi@j (X)), Hrea U (xa@j (x)1<j<d
are linearly independent, which will imply that dim[x;¢;(x)] > d(d — 1)/2 + d.
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Suppose the claim fails. Then there is a nontrivial linear combination
d
D aixigi(x) + Y agjxagj(x) = 0.
(i,))eQ j=l1
Setting x4 = 0, we get

Z aijxjgj(x') =0, hence a;j=0 for(i,j) e Q.
i,))eQ

Therefore x4 Z;l: 1 adje;(x) = 0 and Z?:l aqje;(x) = 0, since the ¢; are continuous.
Hence, also a4; = 0, a contradiction.

Case 2: k < d. Take k1 = k and argue as above to obtain

. k—1 k—1

This proves the lemma. O

Remark. The assumption that the ¢; are continuous in Lemma 13.1 cannot be dropped.
Take, for instance, a basis ey, ..., e; and define

pjlej) =1, @jx)=0 ifx #e;.
Since x;p; = 8;j¢;, dim[x;@;; 1 <i,j <d]=d.

Lemmal34. Let1 <k <d—-1landg¢ : O — Ggy, O C C? some open set, a
continuous map satisfying ¢(x) C [x1+. Then

dim[x @ p(x); x € O] > (k+ 1)d — 1. (13.5)
Proof. One may clearly choose a subspace E of C? such that dim E = d — k + 1 and

(13.6) dim[p(x)NE] =1,
(13.7) Projprp(x) = E*,

for x € O. Hence
dim[x ® ¢(x)] > dim[x ® (p(x) N E)] + dim[x ® Prre(x)] = (13.8) +d(k — 1).

Introduce a continuous function ¥ : O — C¢ \ {0} such that ¥/(x) € ¢(x) N E, hence
(x, ¥ (x)) = 0. Since clearly dim[vr, ..., ¥4] > 2, application of Lemma 13.1 with
k = 2 gives

(13.8) > dim[x ® ¥ (x)] > 2k — 1

This proves Lemma 13.4.
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14. Assumption (x) (general case)

Following the preceding analysis for d = 3, we may introduce the set D of all (dy,d-) €
{1,...,d — 1}2 for which there is g € I and a local field K, such that the exponents of
g may be ordered as

v(AD) = =v(a,) > v 41) = - > v(hg—a_41) = - = v(ha) (14.1)

where dy,d_ < d, as we assume v(};) (1 <i <d) arenotall equal andd; +d_ <d.
Fixing a configuration (d4, d_) € D, we obtain a proximal representation by consid-
ering the extension of the adjoint representation to the exterior power

AP (V ® K,) (14.2)

where D = dd_. The proximal vector is given by

E= AN (e®e¢) (14.3)
1<i<ds4
d—d_<j<d
in a suitable orthonormal basis {ey, . .., es}; the eigenvalue is (11/A4)".
Denote
S = spani[pg(§); g € T, (14.4)

a subspace of /\D V. Again from Zariski density of " in SL;(C),
S ® C = spanc[pg(§); g € GLy(O)] (14.5)

and I" acts strongly irreducibly on S.
From random matrix product theory, also

S =span[p,(n7); g € H] foranyn e S\ {0} (14.6)

provided H satisfies
v (H) > ek (14.7)

with k large enough and ¢ small enough.
Assume we are given a nontrivial subspace L of V satisfying

pg(L)y=L forgeH. (14.8)
The space /\D V decomposes as the direct sum
APOL A NP LE (14.9)

where Dy + D1 = D. Note also that since L was obtained as complexification of a
subspace of su(d), we have L = L*.

Taking some element g € H which has the property that its eigenvalue quotients
are not all roots of unity and considering an appropriate valuation, we obtain some type
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(d+,d-) € S with expanding vector n € /\D V of the type (14.3). Note that we may

always assume that d, > d_ since g may be replaced by g~ '.

Since the components of the decomposition (14.9) are g-invariant, we conclude that
ne NPOL A NP LL (14.10)
for some Dgy, D1 with D = Do + D;. By (14.6),
Sc AP LANP L. (14.11)

We also note that from (14.5), S ® C contains any element of the form

N (i ®y) (14.12)
1<i<dy
1<j=d-
where {x1,...,x4,, 1, ..., yqs_} are orthogonal vectors in cd (for the Hermitian inner

product).
By (14.11), it follows that L (respectively L+) will contain Dy (respectively Di)
linearly independent elements from

spanly; ® yj; 1 <i<dy, 1 <j<d_] (14.13)

Note that if D1 = 0, then obviously L contains (14.13) and hence any element x ® y with
(x,y) =0.Thus L =V = {x € Maty44(C); Trx = 0} would be trivial.

Hence we assume Dg, D; > 1.

It follows from (14.13) that, given orthogonal subspaces E, E_ of C4, dim E, =
diy,dmE_=d_,

dm(LN(EL Q E_)) + dim(LL N(E+® E_)) =dm(E;+ ® E_). (14.14)
Hence
dim Proj; (E+ ® E_) +dimProj; 1. (E4 ® E_) =dim(E+ ® E_). (14.15)

Denoting Fo = Proj; (E+ ® E_), F1 =Proj; 1 (E+ @ E_),clearly E; ® E_ C Fy+ F)
and (14.15) implies E+ ® E_ = Fy + F). Therefore

Proj, (Ey ® E.)) CE{®E_, Proj, . (E;®E_)CE,QE_. (14.16)
Next, let x, y € C?\ {0}, (x, y) = 0. From (14.16),
Proj,(x®y) € () (E4 ® EL) =S,y C V. (14.17)
XEE+

yeE_

Assume dy, d_ > 2.
We claim that Sy y = [x ® y]. Forif T € S, ,, we have

ImT C ﬂE_, (14.18)
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where E_ ranges over all d_-dimensional subspaces of [x]* such that y € E_. Since
dy >2wehaved_ <d —1and (14.18) = [y].
Similarly, since T* € (E- ® E4), it follows that

xeEy,yeE_
(KerT)t =ImT* C [x].

Hence T € [x ® y], proving the claim.
Thus
Proj; * ®y) e [x®y] and Proj;.(x®y) € [x ®y],
implying that
x®yelL ifProj,(x®y)#0, (14.19)

and similarly for LL.

Fixing orthogonal vectors e, ¢’ € C? \ {0}, either Proj; (e ® ¢’) # 0 or Proj; 1 (e ® ¢’)
# 0. If Proj; (e ® ¢') # 0, clearly Proj; (x ® y) #O0forx e U,y € U, {x, y) = 0, with
U (resp. U’) some neighborhood of e (resp ¢’). From (14.19),

UeUHNV CL, (14.20)

which is easily seen to imply that V = L, a contradiction.

It remains to consider the case d+ = 1 (and similarly d_ = 1).
Taking E; = [x], x € C?\ {0}, it follows from (14.14) that given any subspace
E_ of [x]* with dim E_ = d_, there is a decomposition E_ = Wy + W; such that

x® Wy C L,x ®W; C LL. Therefore clearly, for given x € cd \ {0},
dim(L N (x ® [x]M) +dim( LN (xr @ [x]1) =d — 1. (14.21)

Specifying ko = dim(L N (x ® [x]1)), k; = dim(L' N (x ® [x]1)) for x restricted to
some open subset O C C%, Lemma 13.4 in §13 implies

dimL > (ko+1)d —1 and dimL* > (k; + 1d — 1,
and hence, by (14.21),
d*—1>(d+ d -2,

giving a contradiction and completing the proof of the main theorem.
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