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Abstract. All continuous Minkowski valuations which are compatible with the special linear group
are completely classified. One consequence of these classifications is a new characterization of the
projection body operator.

1. Introduction

Ever since they played a critical role in Dehn’s solution of Hilbert’s Third Problem, val-
uations have been a central focus in convex geometric analysis (see, e.g., [34,50,51]). In
addition to the ongoing research concerning scalar-valued valuations on convex sets (see,
e.g.,[14,8,11,15,20,33,36,40,41]), the study of valuations headed mainly in two differ-
ent directions during the last years. First, a theory of valuations which are defined on much
more general objects than convex sets emerged (see, e.g., [5-7,9, 10, 12-14,31,32,63]).
Second, valuations with values other than scalars have been characterized (see, e.g.,
[24-26, 29, 30, 35, 37-39, 56-58]). In particular, Ludwig [35, 37-39] developed a the-
ory of body-valued valuations which are compatible with the whole general linear group
(see also [24-26,58]). She thereby obtained simple characterizations of basic geometric
operators. Recently, her results led to strengthenings and generalizations of several affine
isoperimetric and Sobolev inequalities [27,28,47,48]. All proofs of such characterizations
heavily rely on the assumption of homogeneity.

A central question in the subject has long been: Are the homogeneity assumptions
necessitated only by the techniques used in the proofs? This is the first paper to indicate
that this indeed may be the case.

Let K" denote the set of convex bodies in R” (i.e., non-empty compact convex subsets
of R") and write K} for the convex bodies containing the origin. We will view K" as
equipped with the Hausdorff metric. The Minkowski sum K + L of two convex bodies
K, L € K" is the usual vector sum of K and L. A Minkowski valuation is a map Z :
K — (K&, +) such that

Z(KUL +Z(KNL)=ZK +ZL
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whenever the union of K, L € K is again convex. A map Z : K? — K is said to be
SL(n) contravariant if

Z(¢pK)=¢'ZK forevery ¢ € SL(n) and K € KJ.

Here, ¢~ denotes the inverse of the transpose of ¢. One of the main results in this paper
shows that for n > 3 there exists (up to scalar multiples) a unique continuous SL(n)
contravariant Minkowski valuation.

Theorem 1. A map Z : K — (K7, +) is a continuous SL(n) contravariant Minkowski
valuation if and only if there exists a non-negative constant ¢ such that

ZK =cIIK foreveryK € K.

The projection body T1K of K is defined via its support function (see Section 2 for details)
by
hrig ) = vol,—1(Klu®),  wes",

where vol,,_; denotes (n — 1)-dimensional volume and K |uJ- denotes the image of the
orthogonal projection of K onto the subspace orthogonal to u.

Under the additional assumption of homogeneity in Theorem 1, a characterization
of the projection body operator was previously given by Ludwig [38]. Projection bod-
ies were introduced by Minkowski at the turn of the previous century and have since
become a central notion in convex geometry. They also arise naturally in a number of
different areas such as Minkowski geometry, geometric tomography, symbolic dynamics,
and Sobolev inequalities (see, e.g., [17,21,27,45,61,62,66]).

AmapZ: K} — K is said to be SL(n) covariant if

Z(pK) =¢ZK forevery ¢ € SL(n) and K € K.
We also establish the following characterization for n > 3.

Theorem 2. A map Z : K, — (K&, +) is a continuous SL(n) covariant Minkowski
valuation if and only if there exist non-negative constants ci, . .., c4 such that

ZK =c1K +c2(—K) + a3y K + cal' (—K)  forevery K € K.

The asymmetric centroid body I'+ K of K is the convex body whose support function is
given by

hr, g (u) = / (u-x)ydx, ueS" .
K

Here, integration is with respect to Lebesgue measure and (u#-x) 4 denotes the positive part
of the standard Euclidean product of # and x. Note that the definition of the centroid body
given above differs from the classical one by a dilation since it is not volume-normalized.

The identity and the centroid body operator were characterized by Ludwig [38] as
SL(n) covariant Minkowski valuations which are positively homogeneous. For symmetric
bodies, centroid bodies are a classical concept which goes back to Dupin. A decade ago, a
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study of their symmetric analogs was begun (see, e.g., [16,42,49]) within the L, Brunn—
Minkowski theory (see, e.g., [16,17,19,23,24,26-28,37,38,42-45,49,54,59,60,64,65]).
They became objects of interest in asymptotic geometric analysis (see, e.g., [18,19,53]),
information theory (see, e.g., [46]), and even the theory of stable distributions (see, e.g.,
[52]).

In fact, we will prove more general characterizations of Minkowski valuations than
those of Theorems 1 and 2. These results (see Section 3) deal with Minkowski valuations
which are either defined on polytopes and are not necessarily continuous on the whole
domain, or their images do not have to contain the origin.

2. Notation and preliminaries

For quick later reference we develop some notation and basic facts about convex bodies.
General references for the theory of convex bodies are provided by the books of Gardner
[21], Gruber [22], Schneider [55], and Thompson [62].

We write R for the set of positive real numbers. The positive and negative parts of a
real number a are defined by

(a)+ = max{a,0} and (a)- = max{—a,0}.
Critical for us will be the solution to Cauchy’s functional equation

Ja+y) =+ fO). ey

Let f : R — R be a function which satisfies (1) for all x, y € R but is not linear. It is
well known that the graph of such a function is a dense subset of R2. Every f : R, — R
which satisfies (1) only for positive real numbers can be extended (as an odd function)
to a function which satisfies (1) for all x, y € R. We therefore obtain the following. If
f : Ry — Ris bounded from below on some non-empty open interval I C R, then

Ja+y)=fO+f)Vx,yeRy = fx) =xf(1) Vx € Ry. @

The letter n will always denote an integer greater than one. Our setting will be Eu-
clidean n-space R”. We write V for Lebesgue measure on R”. The standard basis vectors
of R" are denoted by ey, ..., e,. We write xy, ..., x, for the coordinates of a vector
x € R" with respect to the standard basis. The standard Euclidean inner product of two
vectors x, y € R” is denoted by x - y. Write || - || for the norm induced by this inner
product and let S”~! denote the Euclidean unit sphere, i.e. the set {x € R" : | x| = 1}.
For a unit vector u € "', we write u" for its orthogonal complement. The linear and
convex hull are denoted by lin and conv, respectively. As usual, we write GL(n) for the
general linear group and SL(n) for the special linear group.

A convex body is a non-empty compact convex subset of R". We write K" for the
set of convex bodies in R"” and denote by K]} the subset of convex bodies containing
the origin. The dimension of a convex body is denoted by dim. Convex polytopes in R"
are denoted by P" and we write P, for the convex polytopes containing the origin. Two
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special polytopes will be used frequently. First, a line segment is the convex hull of two
distinct points in R”. The line segment joining distinct points x, y € R" is denoted by

[x, y] = conv{x, y}.
Second, the n-dimensional standard simplex T" € PJ is given by
T" = conv{o, ey, ..., en}.

A convex body K C K" is uniquely determined by its support function hg : R" — R,
where hg (x) = max{x -y : y € K} for each x € R". Note that support functions are
sublinear, i.e. for all x, y € R" and A > 0 we have

hg(Ax) = Ahg(x) and hg(x+y) < hg(x)+hg(y). 3

In other words, support functions are positively homogeneous of degree one and subad-
ditive. Conversely, every sublinear function is the support function of a unique convex
body. The sublinearity of support functions implies that they are continuous and uniquely
determined by their values on the unit sphere $"~!.

Next, let us collect three basic properties of support functions. For K, L € K" and
non-negative numbers a and b we have

hak+b, = ahg +bhy. 4

Moreover, if K € K" and ¢ € GL(n) then

hgx =hk o' (5)
Suppose that K € K" is contained in lin{ey, ..., ex}. Then
hx(x) = hg(xier +---+xper), xR (6)

We need the precise form of support functions of line segments and the standard
simplex. The support function of the line segment [0, v] joining the origin and a non-zero
point v € R" is given by

hip(x) = (x-v)y, xeR" (7
For the support function of the n-dimensional simplex 7" we have
hpn(6) = max{(¥D) 4., (K)4), x € R™. ®)

The set X" will be viewed as equipped with the Hausdorff metric. The latter can be
defined for K, L € K" by

8(K,L)= sup |hg)—hr(u)|.

uesSn—1

Note that the set P} of polytopes containing the origin is a dense subset of /C}}.
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Associated with each convex body K € K" is a Borel measure, Sk, on S*~! called
the surface area measure of K. It is defined as the unique finite Borel measure on §"~!
such that for all L € K",

f hpdSg = lim VK +eL) - VIK) )
Sil*

e—07t &

The surface area measure of a polytope is a discrete measure which is concentrated on the
outer unit normals of its facets. Moreover, if u € $"~! is an outer unit normal of a facet
of P € P", then Sp({u}) equals the (n — 1)-dimensional volume of this facet.
Surface area measures are weakly continuous with respect to the Hausdorff metric,
i.e., if (K;);en is a sequence of bodies in /" then
lim K; = K = lim Sk, = Sk, weakly. (10)
1—> 00

1—>00

For convex bodies K, L € K" with convex union K U L we have

SkuL + SknL = Sk + St. (1D
Moreover, if A > 0 and K € K", then
Spk = A" 1Sk, (12)

Support functions of projection bodies can be expressed by surface area measures.
Indeed, for K € K" one has

hnK(u):/ (- v) 1 dSk (v), ue s
sn—

This representation together with (9)—(12) shows that IT : K — K is a continuous
SL(n) contravariant Minkowski valuation which is positively homogeneous of degree
n—1.

Let Q" be a subset of K. Amap Z : Q" — (G, +) with values in an abelian semi-
group is called a valuation if

Z(IPUQ)+Z(PNQ)=ZP+7ZQ whenever P,Q,PUQ,PNQ e Q"

If the semigroup (G, +) is a subsemigroup of (K", +), then Z is called a Minkowski
valuation. A map Z : Q" — K" is said to be SL(n) co- or contravariant if either
Z(@pQ) = ¢Z Q for every ¢ € SL(n) and Q € Q", or Z(¢p Q) = ¢~ Z Q for every
¢ € SL(n) and Q € Q".

In the remaining part of this section we will construct several Minkowski valuations
which are different from the projection body operator and the asymmetric centroid body
operator. Suppose that P € P?. We define N,(P) as the set of all outer unit normals
of facets of P containing the origin. Equivalently, for a unit vector u € $"~!' we have
ueN,(P)ifandonlyifu-x <Oforallx € Pand PN ut is (n — 1)-dimensional. Let
I, : P} — K7 be defined by

hnap(u)zf (u-v)ydSp(v), ueS" L.
No(P)
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The operator I1, was defined by Ludwig [38]. It follows directly from (12) that IT, is
positively homogeneous of degree n — 1. For the reader’s convenience we collect other
basic properties in the following lemma.

Lemma 1. The map I1, : P} — K is an SL(n) contravariant valuation.

Proof. For P € P! define a finite Borel measure p p on the sphere by

dup = xN,(P)dSp,

where x denotes the characteristic function. Note that w p is a discrete measure with finite
support. In fact, it is concentrated on the outer unit normals of facets of P which contain
the origin. Clearly we have

hn,,P(M)Z/S_](M'U)erMP(U), we s, (13)

Let P, Q € P! with PUQ € P. Note that N, (P UQ)UN,(PN Q) = N, (P)UNL(Q).
This together with the valuation property (11) implies that for every v € §"~1,

meuo({v) +upno({v)) = pp({v}) + no({v).

Since all measures which are involved in the last equation are discrete, we actually have
wpug + pno = wp + . This together with the representation (13) proves that IT,, is
a valuation.

In order to establish the contravariance of I, suppose that P € P and ¢ € SL(n).
Write (x) = x/||x|| for x € R" \ {o} and denote by (¢) : "1 — §"~! the map with
(p)(v) = (¢p~"v) for each v € sn1 Clearly, (¢) is a continuous bijection. For every
v e §" ! we have

lp~ vlISp({v}) = Spp({{@)()}) and v e No(P) & (9)(v) € No(¢pP).

Write (¢)up for the image measure of up with respect to (¢). Thus

(@)up((v)) = ¢ vlngp({v}) foreveryve "'

Since all measures involved in the last equality are discrete with finite support we ac-
tually have dugp = ||¢" - || ~'d(#)up. Representation (13) therefore yields hm,pp =
hm,p o ¢~!. From (5) we deduce the SL(n) contravariance of I1,,. m]

We finish our discussion of the operators IT and IT, by two simple formulas. Since the
volume of the n-dimensional standard simplex equals 1/n!, the above interpretation of
surface area measures for polytopes yields

hnrn (x1e1 + x2e2) = [(x1 +x2)+ + (x1)— + (x2)-1], (14)

1
(n—1)!
as well as

1
hr,rn(x1e1 + x2e2) = ————[(x1)- + (x2)-1]. (15)
n—1)!
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Let K € K". The symmetric centroid body T'K of K is defined by
hrK(u)=/ lu-x|dx, wueS
K

It is easily seen that 'K = I't K + I't.(—K). The moment vector m(K) of K is given by

hm) (W) :/ u-xdx, ueS"

K

Note that the moment vector is indeed an element of R”. Up to normalization, m(K) is
equal to the centroid of K. Clearly, both I', m : X" — (K", +) are continuous SL(n)
covariant Minkowski valuations.

Finally, let P € 7302 and denote by &,(P) the set of all edges of P containing the
origin. We define an operator E : P2 — P2 by

{o}, Eo(P) =1,
gp_ ) 2F &(P)={F}, P =F,
| F E(P)={F}, P#F,

Fi+ F, &(P)={F, F2}.

Note that E : Pg — (IC(Z), +) is an SL(2) covariant Minkowski valuation.

3. Classification results for Minkowski valuations

Throughout this section let n > 3. In what follows, we state several classifications which
are similar to those given in the introduction but hold under weaker assumptions.

3.1. Contravariant Minkowski valuations

Let us begin with a result on SL(n) contravariant Minkowski valuations which are not
necessarily continuous.

Theorem 3. IfZ : P — (K}, +) is an SL(n) contravariant Minkowski valuation, then
there exist constants c1, ¢p, c3 with ¢c; > 0 and ¢1 + ¢2 + ¢3 > 0 such that

hzp =cihnop + Czhnap + C3hng(_p) for every P € Pg (16)

We remark that there exist constants ¢y, ¢z, and ¢3 such that ¢; or c¢3 is negative but
Z : P — (K2, +) defined by (16) is an SL(n) contravariant Minkowski valuation.
Under the assumption of continuity, we have the following characterization of Minkowski
valuations whose images do not have to contain the origin a priori.

Theorem 4. A map Z : K} — (K", +) is a continuous SL(n) contravariant Minkowski
valuation if and only if there exists a non-negative constant ¢ such that

ZK =cIIK forevery K € K.
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3.2. Covariant Minkowski valuations
For Minkowski valuations defined on polytopes we will prove the following.

Theorem 5. AmapZ : P} — (K%, +) is an SL(n) covariant Minkowski valuation which
is continuous at the line segment [0, e1] if and only if there exist non-negative constants
Cl,...,Cq4 such that

ZP =ciP+cy(—P)+c3l P+ cal'y (—P) forevery P € P..

Finally, the next result characterizes all continuous SL(r) covariant Minkowski valuations
whose range is K.

Theorem 6. A map Z : K} — (K", +) is a continuous SL(n) covariant Minkowski val-
uation if and only if there exist non-negative constants ci, . .., c3 and a constant c4 € R
such that

ZK =c1K +c2(—K)+ a3TK +cam(K)  forevery K € K.

4. Reduction to simplices

The aim of this section is to show that SL(n) co- or contravariant Minkowski valuations
are actually determined by their values on dilates of the standard simplex.

Let P € P" be n-dimensional. A finite set Tp of n-dimensional simplices is called a
triangulation of P if the union of all simplices in Tp equals P and no two simplices in-
tersect in a set of dimension n. Suppose that x € P. A starring of P at x is a triangulation
such that each simplex in 7p has a vertex at x.

If P € P" is an n-dimensional polytope and x € P, then it is well-known that there
exists a starring of P at x. Indeed, for n = 1 this is trivial. Suppose that it is true for (n—1)-
dimensional polytopes and denote by Fj, j = 1, ..., k, the facets of an n-dimensional
polytope P. We choose starrings T, of F; for those facets which do not contain the given
point x. Thus the convex hulls of x and the (n — 1)-dimensional simplices in ij define
the desired starring.

A real valued valuation z : P} — (R, +) is called simple if convex polytopes of
dimension less than n are mapped to zero. The following result is a special case of [24,
Lemma 3.2]. For the sake of completeness we give its proof here.

Lemma2. Let z : P! — (R, +) be a simple valuation. If z(S) = 0 for every n-
dimensional simplex S having one vertex at the origin, then z(P) = 0 for every P € P.

Proof. By what we have seen above, every P € P} has a starring at o. Therefore, it
suffices to prove that for an n-dimensional polytope P € P}, the condition

P=PU---UP, Pl,...,PkePg, dim(P; N P;) <n fori # j

implies
k
72(P) = ZZ(P,-). 17)

i=1
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We proceed by induction on k. For k = 1 this is trivial. Assume that k > 2 and sup-
pose that it is true for at most k — 1 polytopes. Without loss of generality assume that
dim P; = n.

We can suppose that P; has at least one facet F; containing the origin such that
P Nint (lin F{)* # @. Here, int (lin F1)" denotes the interior of the halfspace deter-
mined by lin F; which does not contain Pj. For if no such facet exists, then P; = P,
implying dim P; < n fori = 2, ..., k, and (17) would obviously holds by the simplicity
of z.

Let Hy, ..., H; denote the linear hulls of those facets Fj, ..., F; of P; which contain
the origin and satisfy

PNintH' #0 (18)
fori = 1,...,1, where int Hl.+ denotes the interior of the halfspace determined by H;
which does not contain P;. Form = 1,...,landi =1, ...,k set PO =p, Pl.0 = P,
and define
P’”:PﬂHl_ﬂ---ﬁH,; and P =PNH N---NH,.
Note that for eachm = 1, ..., [ there exists a point p” such that

p"e P" I nintH 19)

Indeed, for m = 1 this directly follows from (18). For m > 1 choose a point x in the
relative interior of the facet Fy, = Py N Hy,. Then x € intH; foralli =1,...,m — 1.
By (18) we know that there exists a p € P N int H,. Clearly, the set [x, p] \ {x} is
contained in P Nint H,. Moreover, points of this set which are sufficiently close to x are
contained in int H; N --- Nint H,__,. This proves (19).

Next, we are going to prove that forallm =1, ...,1,

k
2(P) = 2(P™) + Y _[2(P) — 2(P")]. (20)

i=1
To this end fix m and set
+ -1 4 -1
Pt =p"'nHS and P"T=P"'NnH.

First, we want to prove
pmt=prtu.uptt @1

Note that since P+ = P/ " U ... U P/*" it is actually enough to show that P;"" " C
sz’Jr U-.-u P,;"’f Let x € le’+ = Pl”’*1 N H,,. From (19) we infer that the set
[x, p™]\ {x} has to be contained in sz’+ U.--U Pkm’+. Thus there exists i € {2, ..., k}
such that points of [x, p™]\ {x} sufficiently close to x are contained in Pim’+. The closed-
ness of Pl.m’+ concludes the proof of (21).
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Now (21), the induction assumption, and the simplicity of z prove
k k

k
z(P™1) = ZZ(Pim’Jr) = ZZ(Pim’+) = Z[Z(Pim_l) —2(PM)].
i=2 i=1 i=1

By the valuation property of z and its simplicity we therefore obtain

k
2(P"71) = 2(P") 4 2P ) = 2(P") + ) Ja(B D) —2(B) (22)
i=1
For m = 1 this is precisely (20). Let 1 < m < [ and assume that (20) holds for m —1. Then
inserting (22) in this equation immediately shows that (20) also holds for m. Inductively
we have thus proved (20) forallm =1, ...,1.
Since Pll = P! we have dim Pl.l <nfori =2,...,k, and hence

k
z(Py = Z z(P)).
i=1
Inserting this in (20) for m = [ proves (17). ]

Lemma3. Fori = 1,...,k, let ¢c; € R and suppose that Z; : P — (K", +) are
Minkowski valuations. If Z;’s are either all SL(n) covariant or all SL(n) contravariant

and
k

Zcihzi(ﬂ") =0 foreverys >0, (23)
i=1

then

k
Zcihzip =0 forevery P €P).
i=1
Proof. Letx € R" and defineamap z: P — (R, +) by

k
2(P) =) cihz,p(x).
i=1

From (4) we deduce that z is a valuation. Let S be an n-dimensional simplex with one
vertex at the origin. Note that there exists a ¢ € SL(n) and a positive number s such
that ¢ (sT") = S. Since Z;’s are assumed to be either all SL(n) covariant or all SL(n)
contravariant, we infer from (5) and (23) that z(S) = 0.

Let0 < k < n and S’ be a k-dimensional simplex with one vertex at the origin. There
exists a (k 4+ 1)-dimensional simplex S with one vertex at the origin and a hyperplane H
such that SN H* and S N H~ are both k-dimensional simplices with one vertex at the
origin and S’ = § N H. As before, H* denote the two halfspaces determined by H. The
valuation property of z implies

2()+z(8)=zSNH) +z(SNH).

Since z vanishes on n-dimensional simplices with one vertex at the origin, an obvious
induction argument shows that z vanishes on all simplices with one vertex at the origin.
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By induction on the dimension k, we will now show that z vanishes on k-dimensional
polytopes. For k = 0 this obviously follows from the results of the last paragraph. Assume
that z vanishes on k-dimensional polytopes and let P € P, be (k 4 1)-dimensional. Set
H = lin P and write 7 : R¥*! — H for an arbitrary but fixed linear bijection. Then
7: 7{’}”rl — (R, +) defined by z(Q) = z(r Q) is a simple valuation which vanishes on
(k + 1)-dimensional simplices with one vertex at the origin. Lemma 2 shows that Z = 0.
Hence also z(P) = 0. |

5. Functional equations

Throughout this section let A € (0,1) and p,q € R. Suppose that functions g, & :
(0, 1) — Ry are given. We define two families of linear maps on R" by

P ger = (1—Aer+rez, Prge1=e1, @rger =gAN)e for3 <k <nifn>3,
and
Yaner = (1=Ner+rex, Yanpea=er, Yanex =hA)ex for3 <k <nifn>3.

If g and & are constantly 1 we set ¢y = ¢y, and ¥y = Y p.
The aim of this section is to deduce properties of functions f : R4 x R" — R which
satisfy at least one of the following three functional equations. The first one is

f(s,x) = AP f(sh9, ) %) + (1= WP fs(1 =7, 9} ). 24

The second one is just the special case of (24) where g and & are constantly 1. It can be
written as

fls,0) =27 f(s2?, ¢50) + (1 = 0P f(s(1 =17, yix). (25)

The third one reads

F(s,%) = AP F(sA, @5 %) + (1 — WP F(s(1— )7, 95 x). (26)

The statement that f : Ry x R” — R satisfies (24) on A C R” has to be understood as
follows: There exist p, g € R and functions g, & : (0, 1) — R such that (24) holds for
allx € (0,1),s € R4, and x € A. Similarly, f is said to satisfy (25) or (26) on A C R”
if there exist p, ¢ € R such that (25), respectively (26), holds for all € (0, 1), s € Ry,
and x € A.

5.1. Homogeneity

Let us start by showing that a function which solves (25) at certain points is positively
homogeneous in its first argument.
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Lemma 4. Letn > 3. Iffor some q # O the function f : Ry xR" — R satisfies equation
(25) at the points ez and the functions f(-, e3) and f (-, —e3) are bounded from below
on some non-empty open intervals I+ C Ry and I_ C Ry, respectively, then

f(s,e3) =sU"Pf(1 e3) and  f(s, —e3) = sUP9f(1, —e3)

for every s > Q.
Proof. Note that e3 is a fixpoint of both ¢} and ¥} . From (25) we see that

f(s,e3) = AP f(sA?, e3) + (1 = V)P f(s(1 = 1), e3) 27
forevery s > Oand A € (0, 1). Define g : Ry — R by
g(s) = f(s?,e3) fors > 0.
Then, for every s > 0 and A € (0, 1), equation (27) reads
g(s'/1) = AP g(s"0) + (1 — M)Pg(s/4(1 — 1)). (28)
Let x and y be arbitrary positive real numbers. Set
s=(x+y)? and A=xx+y) .
If we insert these particular values of s and A in (28), then we have, for all x, y > 0,
x+Pgx+y) =xPgx)+y"gy).

Thus the function ¢ +— t”g(t) solves Cauchy’s functional equation (1) on R, and, by as-
sumption, there exists a non-empty open interval / C R4 where this function is bounded
from below. We infer from (2) that 1”7 g(¢r) = tg(1) and hence

g() =1'""g(1).
Finally, the definition of g immediately yields
fGs.e3) = g5/ = 517 g(1) = 51PN f (1, e3).
Replacing e3 by —e3 in the above derivation concludes the proof of the lemma. O

Corollary 1. Let n > 3. Assume that for some q % O the function f : Ry x R" — R
satisfies equation (25) at the points Le3, the functions f (-, e3) and f (-, —e3) are bounded
from below on some non-empty open intervals I, C Ry and I_ C Ry, respectively, and

f(s,me3) = f(s,e3) and f(s,—me3) = f(s, —e3) (29)

forall s > 0 and w € SL(n) induced by a permutation matrix. Then foralli = 1,...,n
and every s > 0,

fGoe)=sUPIf e) and f(s,—e) =sTP/f(1, —e).
Proof. Leti € {1,...,n}. Since n > 3, there exists 7 € SL(n) which is induced by a
permutation matrix and satisfies ¢; = mwe3. From our assumption (29) and Lemma 4 we
deduce

f(s,e) = f(s,me3) = f(s,e3) = s1Pf (1, e3) = sU7P/f(1, ).

The argument for —e; is similar. O
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5.2. Uniqueness

In this subsection we deduce that, under certain circumstances, solutions to the equations
(25) and (26) are uniquely determined by their values on a 2-dimensional subspace.

Lemmas5. Letn > 3 and f : Ry x R" — R be a function which is continuous in its
second argument and satisfies (25) on Ry x R". Assume moreover that

fls,mx) = f(s,x) (30)
for all (s, x) € Ry x R" and each w € SL(n) induced by a permutation matrix. If
f(s,x) =0 forevery (s, x) € Ry x lin{ey, e},

then
f(s,x) =0 forevery (s,x) € R, x R".

Proof. Let2 < j < n. Using an induction argument, it suffices to show that

f(s,x) =0 forevery (s,x) € Ry x linfey, ..., e} (€19
implies
f(s,x) =0 forevery (s,x) € Ry x linfey, ..., ej11}. (32)
Assume that (31) holds. The invariance property (30) then implies
f(s,x) =0 forevery (s,x) € Ry xlin{es,...,ejy1} (33)
and
f(s,x) =0 forevery (s, x) € Ry x lin{ey,e3,...,€j11}. (34)
Let x € linfey, ..., ej11}. Suppose that 0 < x1/x2 < 1 and set A = x1/x3. Then
Wton = @y = - 2, 0
A 1= A Y 1—1_)L 1—)\,2_’

(w;’x)i = (q&; ;’x),» =0, i=j4+2,...,n.
Note that (25) gives
f(s, A_’x) = /\”f(s)ﬂ,qbf\ A_tx) + (I =P f(s0 =117, x)

By (33) we conclude from this equality that f(s(1 — 1)?,x) = O for all s > 0. Hence
(32) holds for 0 < x; < x3 and for x; < x; < O.
If0 < (x1 —x2)/x1 < 1, then set A = (x1 — x2)/x1. Thus
; X1+ sz =0,
i=j+2,...,n.

(¢, )2 = (Y30, 'x)2 = —
(95, )i = ()¢ '%)i =0,

Since by (25) we have
s, x) =P f(sA?, x) + (1 = V)P f(s(1 — 1), ¥, " x),

relation (34) proves (32) for 0 < x < x7 and for x; < x2 < 0.
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For x1, xo # 0 and sgn(x1) # sgn(x») set A = x1/(x1 — x2). Then A € (0, 1) and
(9ix)2 = @x)i = (W01 = (Wix); =0, i=j+2,...,n.

As before we conclude that (32) holds for x; < 0, x; > 0 and for x; > 0, xo < 0. The
assumed continuity of f in the second argument concludes the proof. O

Next, let us establish a similar result for functions satisfying (26).

Lemma 6. Letn > 3 and f : Ry x R" — R be a function which is continuous in its
second argument and satisfies (26) on Ry x R". Assume moreover that

fs,mx) = f(s,x) (35)
forall (s, x) € Ry x R" and each w € SL(n) induced by a permutation matrix. If
f(s,x) =0 forevery (s,x) € Ry x lin{ey, ez},

then
f(s,x) =0 forevery (s, x) € Ry x R".

Proof. We proceed as in the proof of the previous lemma. Let 2 < j < n. Using an
induction argument, it suffices to show that

f(s,x) =0 forevery (s,x) € Ry xlin{ey, ..., ¢;} 36)

implies
f(s,x) =0 forevery (s,x) € Ry x linfey,...,ej11}. (37)
Assume that (36) holds. The invariance property (35) implies

f(s,x) =0 forevery (s, x) € Ry x lin{ez, ..., ej11} (38)
and
f(s,x) =0 forevery (s, x) € Ry x lin{ey, e3,...,ej11}. 39)
Assume that x € lin{ey, ..., ej41}. If x1 and x; are not both zero and sgn(x1) = sgn(x2),
then 0 < xp/(x1 4+ x2) < 1. Set A = x2/(x1 + x3). Thus
- 1—A
(¢, X1 =x1 — x2 =0,
W 'x)y = — GI +x=0
p X2 =N 2 =0,
@, ' =W % =0, i=j+2,....n
Note that (26) gives

Flo.x) = 529,80 + (1= )P f(s(1 =17, 95 0).

By (38) and (39) we therefore conclude that f (s, x) = O for all s > 0. Hence (37) holds
forx; > 0, x» > O and for x; <0, x <O.
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Suppose that 0 < —xp/x1 < 1. Let A = —x3/x1. Then

)2 = (5 ' Pax)2 =0,
Wx)i = @, ' Yax)i =0, i=j+2,...,n

Note that (26) gives
Fs,x) = AP f(sA9, ¢ gnx) + (1 — WP f(s(1 — D)9, x).

By (39) we therefore conclude from this equality that f(s(1 — A)?,x) = O forall s > 0.
Hence (37) holds for 0 < —x» < x1 and for x; < —xp < O.
If 0 < (x1 + x2)/x2 < 1, then set . = (x1 + x2)/x>. Thus

(@)1 = (W '¢ax)1 =0,
@) = (W 'ax)i =0, i=j+2,....n.
From (26) and (38) we deduce as before that (37) holds for 0 < x; < —x» and for

—x2 < x1 < 0. The continuity of f in the second argument concludes the proof. O

5.3. Representations

The following result solves the functional equation (24) on a subspace.

Lemma 7. Suppose that f : Ry x R" — R is positively homogeneous of degree one in
the second argument and satisfies (24) on Ry x R™. If there exists an r € R such that for
all s > 0 and x € {£ey, ez},

fGs,x)=s"f(,x), (40)
then for x1 > x3 > 0,

—prg NPT 14p+r
fs,x1e1 +x2e2) = (x1 —x) P79 () P — TP £ (s, e),

—p— I+p+r I+p+r
fs, —x1e1 — x2e2) = (x1 — x2) P70 T = x, TP f (s, —e);
for xo > x1 > 0,

—p—rg, N+ptr 14 p+r
fs,xier +x2e2) = (x2 — x) P79, P — 5 TP £ (s, €0),

—-p— I+p+r 1+p+r
fs, —x1e1 — x2e2) = (x3 — x1) P70y, P — x TP f (s, —en);
and for x1, xo > 0,

pra, 1 1
f(s, —x1e1 +x2e2) = (x1 +x2) P70y TP f (s, e0) 4 x, TP f (5, —en)),

—p— 1 T 1
f(s,x1e1 — x2e2) = (x1 +22) P71 P f (s, e0) + 1, P f (s, —e2)).
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Proof. Let A € (0, 1). The functional equation (24) evaluated at e; together with the
assumed homogeneity of degree one gives

f(s,e) =17 f(s29, e1 4 (1 — Mea) + (1 — )P f(s(1 = 1), e1) (4D
forall s > 0. Lett > 0. Choose s = tA~9 in (41) to arrive at
fer+ 0 =1e) =1 fer" e) — (L= LR 40 = 0 e]  (42)
for every ¢ > 0. Thus (40) and equation (42) evaluated at r = 1 yield

fltoer+ A =ne) =t A P[FA 9, e1) — (1= D)2 LRI = )7, en)]
=1 f(1,e1 4+ (1 — Mey).

This and (40) show that we can rewrite (41) as
fls et 4 (1= Aex) =177 — (1 = W)HTPHD) f (s, e1). (43)

Let x; > xo > Oand set A = 1 — x2/x;. Since f is homogeneous of degree one in
the second component we obtain

f(s,x1e1 + x2e2) = x1f(s,e1 + (1 —X)ez)
= x1(1 = x2/x1) P79 (1 — (x2/x) TP £ (5, 1)

e 1 1
= (x1 —x2) P (TP — TP £ (s, e).
Replacing e; and e by —ej and —e, respectively, in the above derivation shows
—p— 14+p+rg 1+p+rq
fs, —x1er — xze2) = (x1 —x2) "7 (x, — X, ) f (s, —er)

for x; > xp > 0.
Let0 < A < 1. The functional equation (24) evaluated at e, together with the assumed
homogeneity of degree one gives

f(s.e2) =1TPf(sh? ) + (1= 1P f(s(1 = )7, ke + €2) (44)
forall s > 0. Lett > 0. Choose s = t(1 — 1)~ in (44) to get
[ rer+e) =0 =NPLfE(A =079 e) = AFPFRI(1 =07, e)]  (45)
for every ¢t > 0. Thus (40) and equation (45) evaluated at t = 1 yield

ftrer+e) =1"(1=)PIF((A =179 e) = AP ORI = 1), e2)]
=t"f(1, re; + e2).

This and (40) show that we can rewrite (44) as

fls,her +e) = (1= 2)7P79(1 = A FPH9) f (s, e9). (46)
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Let xo > x1 > 0 and set A = x1/x3. By homogeneity we obtain

f(s,x1e1 + x2e2) = x2f(s, Ae1 + €2)
= xa(1 — x1/x2) P71 — (x1/x2) TPHT) £ (s, €2)

—p— I+p+r I+p+r
= (2 —x) P, — TP £ (s, 0).
Replacing e; and e; by —e; and —ey, respectively, in the above derivation shows
—p— I+p+rq I+p+rq
fs, —xier —x2e2) = (x2 —x) 7" (x, — X ) f (s, —e2)

for x, > x; > 0.
Let A € (0, 1). The functional equation (24) evaluated at —ie; + (1 — X)e, together
with the homogeneity of degree one gives

fls—her + (1 —hyex) = PO f (s, —e) + (L =) TP f(s, ). (47)
Suppose that both x| and x; are positive and set A = x1/(x] + x2). By homogeneity,
(s, —xier +x2e2) = (x1 +x2) f (s, —Aer + (1 — A)e2)
= 1+ 2P0y T f (s ) 1 T f (5 —en)).

Replacing e; and ex by —e; and —ey, respectively, in the above derivation shows

—prg, 1 1
f(s, x1e1 — x2e2) = (x1 +x2)7 " rq(xl+p+rqf(& er) +X2+p+rqf(S, —e2)). o

6. The contravariant case

6.1. Preliminaries

Let us first show that SL(n) contravariant operators map (n — 1)-dimensional simplices
to line segments.

Lemma 8. Letn > 3, letZ : P)) — K" be SL(n) contravariant, and set T =T"nN ef‘.
Then there exists a non-negative constant a with

Z(sT)) = as" [—ey, e1] for every s > 0. (48)
Proof. For arbitrary s > 0 and 2 < k < n, let ¢ € SL(n) be the map defined by
ey = e +sex and e =e¢;, i=2,...n.

Note that for x € R" we have (¢~ 'x); = x; — sxi. Clearly, T’ = T'. If x € ZT',
then the contravariance of Z implies that also ¢ 'x € ZT’. Since Z T’ is bounded, we
conclude that xo = --- = x,, = 0. Thus there exist a, b € R such that —a < b and
ZT' = [—aey, be1]. Define ¢ € SL(n) by

ve| = —e;, VYer=e3, VYe3s=e, VYe=e¢, i=4,...,niftn>3.
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Since ¥ T’ = T’, the SL(n) contravariance of Z implies
[—aei,be]] =ZT =y ' ZT = [—bey,aeq],
and hence a = b. Finally, for s > 0, define 7 € SL(n) by
te; =s'"""e, tej=se;, i=2,...,n.

Note that t7’ = sT’ and T (a[—ey, €1]) = as" [—e1, e;]. The SL(n) contravariance
of Z therefore concludes the proof of the lemma. O

Assume that Z : P — (K", +) is an SL(n) contravariant Minkowski valuation and let
A € (0, 1). Now, we are going to derive a functional equation for the support function
of Z. This equation is closely related to those treated in Section 5 and will be frequently
used. Denote by H, the hyperplane through o with normal vector Le; — (1 — X)e; and set
T’ = T" N e Note that

(sT™) N H =s¢, T", (sT") N H =synT" and (sT") N Hy, = s T,
So the valuation property of Z implies
Z(GT") + Z(spT') = Z(sp T") + Z(s Y T").
The SL(n) contravariance of Z therefore gives

Z(sT™) + 2"  Z(s2 /" T
=Mt Z( ATy (1= YT Z(s (1 - YT, (49)

Let p € SL(n) be defined by pe; = ez, pea = —eq, and pep = e; for k > 3. Hence p
is the counterclockwise rotation by an angle of 7 /2 in the plane spanned by the first two
canonical basis vectors. For g(A) = A and 2(A) = 1 — A we obtain

pd; o7 =27, and oy o7 = (1= ) . (50)

LetZ : P! — K" be defined by 72K =pZK. By (49) we deduce

Z(sT™) 4+ 2"y (22T
==ty ZsAVM T £ (1= DYy Zs (1 = YT, (51

After these preparations we are in a position to prove our first main result.
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6.2. The crucial classification

In this subsection we establish a theorem which has all the main results on contravariant
valuations stated in Sections 1 and 3 as consequences.

Theorem 7. Let n > 3. Suppose that Z : P — (K", +) is an SL(n) contravariant
Minkowski valuation such that the two functions

s > hzirmy(e3) and s+ hzerny(—e3), s >0,

are bounded from below on some non-empty open intervals Iy C Ry and I_ C Ry,
respectively. Then there exist constants cy, ¢z, ¢z with ¢y > 0 and ¢1 + ¢3 + ¢3 > 0 such
that

hzp =cihnop + Cz/’lnop + C3hno(_p) for every P € 'P:)l

Proof. Define a function f : Ry x R” — R by
f(ss )C) = hZ(sT”)('x) - hZ(sT’)(x)’

where as before ZK = pZ K and T’ = T" N ef-. Obviously we have ¥, T’ = T'. By (50)
this implies that
(1 =My W Z(s (1 = YT = Z(sT).

Hence we infer from (51) that f satisfies (24) for p =1/n — 1l andg = 1/n, i.e.
flx) =2l gl )+ (=0T s =Yyl
But f is positively homogeneous of degree one in x, and hence
fls.ez) = 21" fsAMM Eges) + (1= fs(1 = )", £yfes).

In other words, the function f satisfies (25) at the points +e3. Let s > 0. By Lemma 8§
there exists a non-negative constant a such that

hay (X)) = as" xa|, s>0. (52)

Z(sT’

This and the assumed boundedness of the functions s > hz7n)(Fe3) show that f(-, e3)
and f (-, —e3) are bounded from below on some non-empty open intervals 7, C R, and
I_ C Ry, respectively. So Lemma 4 implies

fGs,e3)=5"""f(1,e3) and f(s,—e3) = "7 f(1, —e3).
Since hz(sT,)(eg) = 0 by (52), we obtain
hy oy (€3) = f(s,€3) = 5" f(1,e3) = 5"y (e3).

Similarly, we deduce that hz(sTn)(—e3) = s”‘lhzT,, (—e3). Since both e3 and —ej3 are
fixpoints of p, we infer from (5) that

hzstmy(e3) = s" 'hzrn(es) and  hzirm(—e3) = 5" hzn(—e3).
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The SL(n) contravariance of Z proves
hzstmy(wx) = hzirny(x), x € R", (53)
for every map w € SL(n) which is induced by a permutation matrix. Hence
hzsTny(x) = s"Vhypa(x) forevery x € {£eq, tes).
Since p’{te;, +er} = {+e;, ey}, we infer from (5) that for every x € {%eq, *ez},
hy gy (00) = hzisrny (') = 8" hzpn (') = 5" hyp (20). (54)
The equality (52) therefore implies

fs,€2) = hyquy(€2) —as" " = 5" Mhypa(e2) —al =" f (1, e2).

Replacing e; by —e» in the above derivation proves f (s, —ez) = sl f({, —ep). More-

over, since f(s, xe;) = hZ(ST,,)(:I:el) by (52), we deduce from (54) that f(s,e;) =

s"1f(1,e1) and f(s, —e;) = 5"~ ' f(1, —ey). An application of Lemma 7 for p =
1/n—1,9 =1/n,and r = n — 1 shows that for x; > x» > 0,

f(s, x1e1 + x2e2) = (x1 — x2) f (5, €1),
f(s, —x1e1 — x2e2) = (x1 — x2) f (5, —e1);

forx, > x1 > 0,

f(s,x1e1 + x2e2) = (x2 — x1) f (5, €2),
f(s, —x1e1 — x2e2) = (x2 — x1) f (5, —e€2);

and for x1, xo > 0,

f(s, —x1e1 + x2e2) = x2f (s, €2) + x1 f (5, —e1),
f(s, x1e1 — x2e2) = x1 f (s, e1) +x2f (s, —e2).

The positive homogeneity of the functions f (-, £e;), i = 1, 2, and the fact that
hzsny(x1€1 4 x202) = f(s, —x2e1 + x1€2) + as" x|
proves, for x; > x2 > 0,

hztm(x1e1 — x2e2) = s" ' [x1(f (1, e2) + @) — x2f (1, e2)],
hyzsTny(—x1€1 + x202) = s" ' [x1 (f(1, —e2) +a) — x2 (1, —e2)];
for x, > x; > 0,

hzsny(x1€1 — x2e2) = s" " x1(a — f(1,e1) +x2f(1, e,
hzstny(—x1€1 + x2e2) = s"x1(a — f(1, —e1)) + x2f (1, —e)];
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and for x1, xp > 0,
hzstny(x1e1 + x2e2) = s"[xi(a + f(1, €2) + x2 £ (1, —e)],
hzismy(—xie1 — x2e2) = 8" '[x1(a + f(1, —e2)) + x2.f (1, en)].
Define a map ¢ € SL(n) with
dper =e3, Qerx=e1, Pez=ey, ¢ei=¢;, i=4,...,nifn > 3.

Then ¢T" = T", and the contravariance of Z proves hzrn(e1) = hzn(e2) as well as
hzrn(—e1) = hzrn(—e2). Thus by the definition of f, (52), the definition of Z, and (5)
we arrive at
f(,e1) = hypa(er) = hzrn(p'er) = hzrn(—e2) = hzrn(—e1) = hyp,(—e€2)
= f(17 _82) +a.

Similarly, by replacing e; and e; by —e; and —e», respectively, in the above derivation
one sees that f(1, —ey) = f(1, e2) + a. Define constants

ci=m—DIfA, e2) + f(1, —e2) +al,

2 =—m—D!f(1,e),

c3=—(n—D!If(1,—er).
Using formulas (14) and (15) as well as the positive homogeneity of degree n — 1 of the
operators IT and I, we see that
hz(sTny(x) = crthnsrry (x)+c2hmn, s7r) (X) +c3hn, st (x),  x € linfer, e2}.  (55)

Forall s > 0 and x € R" we have

n—1

hzsty(x) = as"™|x1| = cihnery(x) + c2hn, 1) (X) + c3h, (—s7) (X).

Hence, by (49), the function g : Ry x R"” — R defined by
8(s, x) = hz(sn)(x) — cihrr? (X) — c2hm, (s77) (X) — €3h1,(—sT7) (X)

satisfies (26). From (53), (55), and the SL(n) contravariance of the operators IT and I1,
we see that g satisfies the conditions of Lemma 6. Thus the equality (55) actually holds
for all x € R". Lemma 3 implies that

hzp = cihnp + c2hn,p + c3hn,-py forall P € P). (56)

Note that by the definition of the constants ¢y, c3, and c3 and the non-negativity of a we
have c;+c2+c3 = a(n—1)! > 0. Let P € P/ be chosen such that the origin is an interior
point of P. Thus hz p = c1hpp and we conclude that ¢ p is a support function. From
(3) we infer

0 <cilhnp(x) + hnp(y) —hnp(x +y)] forallx,y e R".

In particular, if we take P = [—1, 1], x = e, and y = —ey, then we get ¢c; > 0. O
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6.3. Proofs of the main theorems

Using the previous result, we are now in a position to establish all theorems on SL(n)
contravariant Minkowski valuations stated in Sections 1 and 3.

Proof of Theorem 4. Assume that Z : K — K" is a continuous SL(n) contravariant
Minkowski valuation. The continuity of Z implies that the two functions

S — hz(xrn)(ey,) and s — /’lz(srn)(—ey,), s > 0,

are continuous. Hence they are bounded from below on some non-empty open intervals
I+ C Ry and 71— C Ry, respectively. Theorem 7 shows that there exist a non-negative
constant ¢ as well as constants ¢y, ¢3 € R with

hz p = cithnp + c2hn,p + c3hn,—py forevery P € P,.

Since Z and IT are continuous but IT, is not continuous at polytopes containing the origin
on their boundaries, we have hzp = cihnp for every P € P;. The continuity of Z
and IT as well as the fact that P/ is a dense subset of K} prove hz g = cihnk for every
K e K. |

Proof of Theorem 3. Let s > 0. Since the origin is contained in Z(sT"), we have
hzstry = 0. Hence the functions hzs7n)(£e3) are bounded from below on R, . By
Theorem 7 there exist a non-negative constant ¢; as well as constants ¢3, c3 € R with
c1+cy+c3>0and

hz p = cithnp + c2hn,p + c3hn,—py forevery P € P,. O

Proof of Theorem 1. Theorem 1 is an immediate consequence of Theorem 4. m]

7. The covariant case

7.1. Preliminaries

Let us collect some basic facts about covariant operators. The following statement is an
immediate consequence of the definition of covariance and (5).

Lemma9. Letn >3, 1 <k <n. Fori =1,...,mlet ¢; € R and suppose that Z; :
P — (K", +) are SL(n) covariant maps. If Y i~ cihz, p = O for every k-dimensional
convex polytope P € P! which is contained inlin{ey, ..., ex}, then Y i~ cihz,p = 0 for

every k-dimensional convex polytope P € P..
The next lemma is due to Ludwig [38]. For completeness we include a proof.

Lemma 10. Letn > 3. IfZ : P} — K" is SL(n) covariant, then Z P C lin P for every
PePl.
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Proof. The statement is trivial if P is n-dimensional. Next, assume that dim P = 0.
Hence P = {o}. Define ¢ € SL(n) by

per =2e1, der=2"ler, der=er, 3<k<n.

Clearly, P = P and so the covariance of Z together with (5) and the fact that support
functions are positively homogeneous of degree one yields

hz p(e1) = hzgp(e1) = hyzp(e1) = hzp(@'er) = 2hz p(er).

Hence hz p(e;) = 0. For each unit vector u € $"~! it is possible to find a rotation
v € SL(n) such that u = ve;. This, (5), the covariance of Z, and the obvious equality
?' P = P imply

hzp(u) = hzp(Pe1) = hyrzp(e1) = hzgip(er) = hzp(er) =0.

By homogeneity we conclude that iz p = 0. This proves Z P = {o} and therefore settles
the O-dimensional case.

Finally, assume that 0 < dim P = k < n and, without loss of generality, that P C
lin{eq, ..., ex}. For arbitrary s > 0, let ¢ € SL(n) be defined by

gei =e;, i=1,....k, and o¢e; =sei_y+e, i=k-+1,...,n.

Clearly, p P = P.If x € Z P, then the covariance of Z implies that also ¢x € Z P. Since
Z P is bounded and s can be arbitrarily large we conclude that x4 = --- =x, =0. O

Corollary 2. Suppose thatn > 3 and Z : P — K" is SL(n) covariant. If 0 < k < n
and P € lin{ey, ..., e}, then

Z(sP)=sZP foranys > 0. 57
If 1l <k <nand P C linfey, ..., e}, then
Z(p;P)=¢,ZP and Z Y P)=y,ZP forallx e (0,1). (58)

Proof. For s > 0 define ¢ € SL(n) by

¢e; =sei, i=1,...,n—1, and ¢e, = s17e,.
Clearly, P = s P. Lemma 10 shows that also ¢ Z P = s Z P. From the SL(n) covariance
of Z we deduce (57).
The SL(n) covariance of Z together with (57) proves that Z(¢p P) = ¢ Z P for every
P C lin{ey, ..., ex} and all invertible linear transformations ¢ with positive determinant
which fix lin{ey, ..., e;}. Hence (58) holds. ]

Assume thatZ : P — (K", 4) is an SL(n) covariant Minkowski valuation. Now, we are
going to derive some functional equations for support functions of Z. These equations are
closely related to those treated in Section 5 and will be often used. Let s > 0, A € (0, 1),
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and denote by H, the hyperplane passing through o with normal vector Ae; — (1 — X)es.
Then

(T N H =spT", (T N H =synT" and (sT") N Hy = s¢p.T,
where T/ = T" N ef-. So the valuation property of Z implies
Z(sT") + Z(sppT') = Z(sp.T") + Z(syn T"). (59)
The SL(n) covariance of Z therefore gives
Z(sT™) + 17"y Z(sA /" T
=2V Z(sA VT + (1= 07" ZGs (1 = WVITT. (60)
So from (4) and (5) we obtain
hzTmy (x) + )‘_l/nhZ(sAl/”T’)((ﬁix)
= 17" ha gy @52 + (1= 07y g (UEx). (61)

The SL(n) covariant Minkowski valuation Z : P} — (K", 4) gives rise to the following

valuation Z. For n > 3and I < k < n we can define, by Lemma 10, a map 7 : Pf —
(K*, +) by

ZP = m(Z(m; ' P)),
where 7y : lin{ey, ..., ex} — R¥ denotes the projection of a vector to its first k coor-
dinates with respect to the standard basis. Note that 7y is a linear bijection. It is eas-

ily seen that Z is in fact an SL(k) covariant Minkowski valuation. Furthermore, for
P C lin{ey, ..., ex} we infer from (6) and Lemma 10 that

hzp(x) = hz(ﬂkp)(rrk(xlel + -4 xker)), x eR (62)
Moreover, Corollary 2 shows that for P € 79(],‘,
Z($rP) = ZP and  Z(Ys P) = Y, ZP, (63)

as well as
Z(sP) = sZP (64)

for any s > 0. In particular, from (4), (5), (§9), and (63) we get

hiy oty () By (@3.) = ey ($30) + iy i (5.2). (65)
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7.2. The crucial classification

In this subsection we establish a theorem which has all the main results on covariant
valuations stated in Sections 1 and 3 as consequences. We start by clarifying the behavior
of SL(n) covariant Minkowski valuations on lower dimensional sets.

Lemma 11. Suppose thatn > 3 and Z : P} — (K", +) is an SL(n) covariant Minkow-
ski valuation which is continuous at the line segment [0, e1]. Then there exist non-negative
constants c1 and ¢y such that for every convex polytope P € P! of dimension less than n
one has

ZP =c1P+c(—P).

Proof. From Lemma 10 we know that there exist constants ¢ and ¢, such that —¢; < ¢
and Z[o, e1] = [—czeq, c1e1]. By (4) it suffices to prove that ¢1, ¢c; > 0 and

hzp —cthp —coh—_p =0 forevery P € P with dim P < n. (66)

We prove (66) by induction on dimension. If dim P = 0, then Z P = {0} by Lemma 10
and hence (66) obviously holds. It easily follows from (7) that

hi—cyey,cre] = C1hio,e1] + C2h—[0,¢)]-

Hence, by the definition of ¢; and c;, equation (66) also holds for the segment [o, e1].
Next, let P be a line segment of the form [0, x] for some non-zero x € R”. Let 9 € SL(n)
be a rotation with x = ||x||#e;. Then the covariance of Z, (57), (5), and the already
established equality (66) for [o, e1] give

hzio.x) = X 1hz[o,e,100" = Ix[(c1ho,e,1FC2R—[0,e,1)00" = C1hox]+C2h—[ox].  (67)

More generally, let P € P/ be of the form P = [—ax, bx] for some non-zero x € R"
and positive constants a and b. The valuation property, the fact that Z{o} = {0} (which
follows from Lemma 10), and (67) give

hzp = hz[o,—ax] + hz[o.px] = c1hp + c2h_p.

Thus (66) holds for 1-dimensional bodies.

Let 2 < k < n — 1 and assume that (66) holds for (k — 1)-dimensional bodies. As
before, define Z : ’Pg — (KK, +) by 7P = rrk(Z(nk_lP)). Recall that Z is an SL(k)
covariant Minkowski valuation. Note that Z is also continuous at the line segment [o, e1].
Moreover, since we assume that (66) holds for (k — 1)-dimensional polytopes, we have

hyp—cthp —cah_p =0 forevery P € P¥ with dim P < k. (68)
Define a function f : Ry x RF — R by
F(5.3) = i () = ethgpie(x) = eah_u (2).
Let ¢ be a linear map with

pe1 =er, ¢er=e1, ¢ej=¢; ifk>3and3 <j <k
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Clearly we have ¢ = ¢ and ¢TA" = Tk Reicall that n > 3 and k < n. The SL(n)
covariance of Z therefore implies Z(¢ Tk ) = ¢ZT" and we deduce from (5) that

f,er)=f(l,e2) and f(I,—e1) = f(I, —e2). (69)
From (64) and (4) one immediately deduces
f(s,x)=sf(1,x) forevery (s,x) € Ry x Rk, (70)

Note that equation (65) holds in dimension k for Z c1 times the identity as well as ¢; times
the reflection at the origin. Subtracting the respective equalities and using (68) therefore
gives, for all (s, x) € Ry x R,

f(s.x) = f(s, ¢5x) + f(s, ¥ x). (71)

Thus f satisfies the functional equation (25) for p = g = 0. By appealing to (70) we can
apply Lemma 7 for r = 1 and conclude that for x; > x; > 0,

f(s,x1e1 +x2e2) = s(x1 —x2) f(1, e1),
f(s, —x1e1 — x2e2) = s(x1 — x2) f (1, —ey);
for x; > x; > O,
f(s,x1e1 +x2e2) = 5s(x2 — x1) f(1, €2),
f(s, —x1e1 — x2e2) = s(x2 — x1) f(1, —e2);

and for x1, xo > 0,

f(s, —x1e1 + x2e2) = s[x2 f(1,e2) +x1 f(1, —ey)],
f(s,x1e1 — x2e2) = s[x1 f(1,e1) + x2f (1, —e2)].
Define constants
a= f(l,er) and b= f(1, —ey).

Using these definitions, the symmetry relation (69), and the continuity of f, it is readily
verified that for all x{, xp € R,

(A, x1e1 + x2e0) = a[2max{(x1) 4, (x2)+} — (x1)+ — (x2)4]
+b[2max{(x)—, (x2)-} — (xp)— — (x2)_1.

Relations (7), (8), and the definition of E (Sec. 2) imply, for x € lin{ey, e2},
f(l, x) = ZahTz (x) + th,Tz(x) - ahE TZ(X) - bhE(sz)(x).

Assume first that k£ = 2. By the definition of f, (70), and the homogeneity of E we
have

hZ(STZ) = (za + C])hSTZ + (Zb + CZ)h—STZ - ahE(st) — bhE(—STZ)'
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From Lemma 3 we therefore know that for all P € P2,
th = Qa+c1)hp + 2b+c2)h_p — ahgp — bhg—p). (72)

For sufficiently small ¢ > 0 define P, € 733 as P, = [0, e;] —ee1 + e[—en, e2]. Note that

limy_, o P; = [0, e1]. From (72) we infer by the continuity of 7 at [0, e1] and the fact that
for every ¢ the origin is an interior point of Py that

€1 = hygy @) = lim hyp (en) = lim (2a+ephp,(en) + 2b+c2)h—p,(en)

=2a+c.

This shows that a = 0. By performing the same computation but for —e; instead of ey,
one obtains b = 0. Thus iy, = cihp + c2h—p. From (62), we obtain hzp = cihp +
coh_p forall P C lin{ey, e»}. Now Lemma 9 proves that (66) holds for all 2-dimensional
polytopes.

Assume now that k > 3. Since +e3 are fixpoints of both ¢, and ¥, equation (71)
immediately shows that f (s, e3) = 0 for all s > 0. Define ¢ € SL(k) by

el =er, QPer=e3, Pez=e|, ¢eg=¢ ford<I<kiftk > 3.
Since ¢! T* = T* we deduce from (5) and the covariance of 7 that

f(s,e1) = f(s, pe3) = hy i (@e3) — cihgpi(es) — cah_ri(pes)
= hyriy(€3) — c1hgpr(e3) — cah_spi(e3) = f(s,e3) =0.

If we replace in the last argument e and e3 by —e; and —e3, respectively, then we see
that f(s, —e;) = 0. From (69) we conclude that also f(s, £e;) = O for all s > 0.
Thus f(s,x) = 0 for every x € lin{e, ez}. Since f(s,mx) = f(s,x) for every m €
SL(k) which is induced by a permutation matrix, Lemma 5 implies that f (s, x) = 0 for
every x € R¥. Hence hy sy = C1hgri + cah i for all positive s. From Lemma 3 we
therefore know that hz p= cithp + cph_p. As above, one deduces that (66) holds for all
k-dimensional polytopes.

It remains to show that the constants ¢; and ¢ are non-negative. By (66), cihp +
c2h_ p has to be a support function for each P € P with dimension less than n. We infer
from (3) that

0<cilhpx)+hp(y) —hp(x+y)+calh_px)+h_p(y) —h_px +y)]

for all x, y € R”. Evaluate this inequality at the 2-dimensional standard simplex T2 =
conv{o, e1, ez}, x = ey, and y = e;. Then (6) and (8) immediately imply that ¢c; > 0.
Similarly, by looking at P = —T2, x = ey, and y = e, one sees that also ¢; > 0. O

We are now in a position to establish the main classification for SL(n) covariant Minkow-
ski valuations.
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Theorem 8. Let n > 3. Suppose that Z : P — (K", +) is an SL(n) covariant Min-
kowski valuation which is continuous at the line segment [0, e1] and such that the two
functions

s+ hzirmy(e3s) and s+ hzerny(—e3), s >0,

are bounded from below on some non-empty open intervals I, C Ry and I- C Ry, re-
spectively. Then there exist non-negative constants ci and cy as well as constants c3, c4 €
R such that

hzp = cihp + coh_p + c3hr p + cahr, (—py forevery P € P,.
Proof. Let cq and ¢, be the constants from Lemma 11. For (s, x) € Ry x R” set
f (s, x) = hzrny(x) — crhgrn (x) — c2h_gn (x).

By assumption, the functions f (-, e3) and f(-, —e3) are bounded from below on some
non-empty open intervals Iy C Ry and /- C Ry, respectively. Note that for every
7 € SL(n) which is induced by a permutation matrix we have

f(s,mx) = f(s,x). (73)

Equation (61) is true for Z, ¢ times the identity as well as ¢, times the reflection at the
origin. Subtracting the respective equalities and using Lemma 11 therefore gives

Fls,x) =27V fsam gy + (1= )7V f(s(1— )Yyl

From Corollary 1 we deduce that f(s, +e;) = s"T! f(1, e;). An application of Lem-
ma7for p=—1/n,q =1/n,andr = n + 1 yields for x; > x > 0,

f(s,x1e1 + x2e2) = (x1 +x2) f (5, €1),
f(s, —x1e1 — x2e2) = (x1 +x2) f (5, —e1);
for x; > x; > 0,
f(s,x1e1 +x2e2) = (x1 +x2) f (5, €2),
f(s, —x1e1 — x2e2) = (x1 +x2) f (5, —e2);
and for x1, xo > 0,
f(s,—x1e1 +x2e2) = (x1 +x2) " (X3 £ (s, €2) + X7 f (s, —e1)),
f(s,x1e1 — x2e2) = (x1 + x2) " (x] £ (5, €1) + X3 f (s, —e2)).

Being the sum of continuous functions, f is continuous in x for each fixed s. This conti-
nuity at xe; + xe; immediately shows

f(s.er) = f(s,ex) and f(s, —e1) = f(s, —e2).
Define constants c¢3 and c4 by

cs=m+DIf(l,er) and cs= (n+ DIF(L, —er).
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An elementary calculation proves
f (s, x1e1 + x2e2) = c3hr, (sTn)(X1€1 + X2€2) + Cahr, (—sTny(X1€1 + X2€2).

By what we already proved, the function f satisfies the assumptions of Lemma 5, as also
does c3hr, (sTm)(x) + cahr, (—sTn)(x). Applying Lemma 5 to the difference of these two
functions shows

f(s,x) = c3hr, (s7n)(x) + cahr, (—sny(x)  forevery x € R".
The definition of f gives
hz(sTry = Ccthstn + coh_s7n + c3hr+(gny + cahpe(—gpny  foralls > 0.
From Lemma 3 we therefore know that

hzp =cihp +ch_p + c3hr,p + c4hr, (—p). a

7.3. Proofs of the main theorems
Using the results of the previous subsection, we are now in a position to establish all the-
orems on SL(n) covariant Minkowski valuations stated in Sections 1 and 3.

Proof of Theorem 6. Clearly, the identity, the reflection at the origin, and the asymmetric
centroid body operator are continuous SL(#n) covariant Minkowski valuations. Assume
that Z : K — K" is a continuous SL(n) covariant Minkowski valuation. The continuity
of Z implies that the two functions

s+ hzerry(ez) and s+ hzirny(—e3), s >0,

are continuous. Hence they are bounded from below on some non-empty open intervals
I+ C Ry and I- C R4, respectively. Theorem 8 together with the continuity of Z and
the fact that P} is a dense subset of X)) show that there exist non-negative constants c|
and c; as well as constants 3, ¢4 € R with

hzk = cithk + coh_kx + C3hr,x + Cahr, (—x) forevery K € K.
Set c3 = (¢3 + ¢4)/2 and ¢4 = (C3 — ¢4)/2. Then it is easy to see that
C3hr, k + Cahr, (—k) = c3hrk + c4hmk).-
Consequently,
hzk = cthx + coh_g + cahrg + cahmxy forall K € KC).

It remains to show that c3 is non-negative. Suppose that K is origin-symmetric. Then
m(K) = o and the positive homogeneity of the symmetric centroid body operator implies
that

s hywky = s"[cthk + cah_k]+ c3hrg  foralls > 0.
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Thus for every positive s, the function s " [c1hg + coh—g 1+ c3hrk is a support function
and hence is sublinear. The pointwise limit of sublinear functions is sublinear. So if s
tends to infinity we deduce that c3hrg is sublinear, i.e.

0 <c3lhirg(x) + hrx(y) —hrx(x +y)] forallx,y e R".

In particular, for K = [—1, 1]*, x = e1, and y = —ey, it follows that ¢3 > 0. ]

Proof of Theorem 5. Let s > 0. Since the origin is contained in Z(sT"), we have hzTn)
> 0. Hence the functions hz,7n)(Ze3) are bounded from below on R. By Theorem 8
there exist non-negative constants ¢y and ¢; as well as constants c3, ¢4 € R with

hzp =cithp +cyh_p + C3hr+p + C4hr+(_p) for every P € 'Pg.

It remains to show that the constants c¢3 and c4 are non-negative. Let s > 0. Since the
origin is contained in Z(s7"), evaluating the last equation at s7" and e gives

0 < hzmy(er) = scihrn(er) + " eshr, n(er).

Since hr, 7= (e1) > 0, taking the limits — oo in0 < s™"c|+c3hr, 7= (e1) proves cz3 > 0.
Similarly, by looking at —e; instead of e, we get ¢4 > 0. O

Proof of Theorem 2. Theorem 2 is an immediate consequence of Theorem 5 and the
denseness of the set P in KJ. O
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