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Abstract. We study the extension problem for germs of holomorphic isometries f : (D; xg) —
(£2; f(xg)) up to normalizing constants between bounded domains in Euclidean spaces equipped
with the Bergman metrics ds%) on D and dssz2 on 2. Our main focus is on boundary extension for
pairs of bounded domains (D, £2) such that the Bergman kernel K p(z, w) extends meromorphi-
cally in (z, W) to a neighborhood of D x D, and such that the analogous statement holds true for
the Bergman kernel Kq(¢, £) on Q. Assuming that (D; ds%) and (92; dsszz) are complete Kihler
manifolds, we prove that the germ of f extends to a proper holomorphic isometric embedding such
that Graph(f) extends to a complex-analytic subvariety on some neigborhood of D x . In the
event that the Bergman kernel K p(z, w) extends to a rational function of (z, w) and the analogue
holds true for the Bergman kernel Kq (¢, &), we show that Graph( f) extends to an affine-algebraic
variety. Our results apply in particular to pairs (D, 2) of bounded symmetric domains in their
Harish-Chandra realizations. When D is the complex unit ball B" of dimension n > 2, we obtain a
new rigidity result which guarantees the total geodesy of the map under certain conditions. On the
other hand, we construct examples of holomorphic isometries of the unit disk into polydisks which
are not totally geodesic, answering in the negative a conjecture of Clozel-Ullmo’s.

Let X be a simply connected complex manifold equipped with a real-analytic Kihler met-
ric g. By the seminal work of Calabi’s ([Ca], 1953), every germ of holomorphic isometry
of (X, g) into the projective space (IP’N , dsgs), 1 < N < o0, equipped with the Fubini—
Study metric extends to a holomorphic isometry on (X, g).

In the current article we study the extension problem for germs of holomorphic isome-
tries f : (D; x0) — (£2; f(x0)) up to normalizing constants between bounded domains
in Euclidean spaces equipped with the Bergman metrics ds%) on D and dsg2 on Q. Our
basic extension results are of two types: extension results of the germ Graph(f) C D x Q
at (xo, f(x0)) to a complex-analytic subvariety S of D x €2, and extension results on §
beyond the boundary of D x 2 under certain assumptions. We call the former type in-
terior extension results and the latter type boundary extension results. Interior extension
follows from the work of Calabi [Ca] (cf. Remarks after the proof of Theorem 2.1.1).
Our main focus will be on boundary extension for pairs of bounded domains (D, 2) such
that the Bergman kernel K p(z, w) extends meromorphically in (z, w) to a neighborhood
of D x D, and such that the analogous statement holds true for the Bergman kernel

N. Mok: The University of Hong Kong, Pokfulam Road, Hong Kong; e-mail: nmok @hku.hk
Mathematics Subject Classification (2010): 32D15, 32M15, 32Q15



1618 Ngaiming Mok

Kq(¢, &) on Q. Examples include pairs (D, 2) of bounded symmetric domains in their
Harish-Chandra realizations. The special case where D is the unit disk A, €2 is a polydisk
AP and f : (A, )Ldsi; 0) — (, dsé; 0) is a germ of holomorphic isometry in which
the normalizing constant A is a positive integer g, was studied by Clozel-Ullmo ([CU],
2003) in connection to a problem in arithmetic dynamics. For such a germ of map they
established a real-analytic functional identity arising from equating potential functions of
Kihler metrics, and deduced as a consequence that the germ of subvariety Graph(f) at
(0,0) in A x A? extends algebraically to C x C”. In their case the germ of holomorphic
map f arises from an algebraic correspondence on some finite-volume quotient of the unit
disk, and, exploiting the action of the underlying lattice I" on an extension of Graph( f) to
A x AP, they proved that f must be totally geodesic, but conjectured ([CU, Conjecture
2.2, p. 52]) thatin fact any f : (A, qui; 0) — (AP, dsip; 0) is totally geodesic.

To start with, we consider the case of f : (D, Adsp;0) — (L, dsé; 0) between
bounded complete circular domains with base points at 0. Generalizing the real-analytic
functional identity expressed in terms of Bergman kernels, by polarization we obtain an
infinite number of holomorphic identities, and the first question is to determine whether
these identities are sufficiently non-degenerate to force analytic continuation. While ex-
amples show that in general this is not the case, we resolve the difficulty by studying de-
formations of simultaneous solutions of the holomorphic functional equations, and force
analytic continuation by showing that, in the event that there are non-trivial deformations
of simultaneous solutions to these equations, the germ of holomorphic isometry must take
values in linear sections of the canonical image of the domain in the infinite-dimensional
projective space P>°, where the linear sections correspond to zeros of certain square-
integrable holomorphic functions which are in some sense extremal with respect to the
Bergman metric. For a bounded complete circular domain G € C™ with Bergman ker-
nel K¢ (z, w), the domains of definition of Kp ., := Kg(z, w) grow to C" as w shrinks
to 0. Using this we prove the analytic continuation of Graph(f) C D x 2 to a complex-
analytic subvariety S* in the Euclidean space. In the special case of bounded symmetric
domains in their Harish-Chandra realizations, we prove the following stronger result.

Theorem 1.3.1. Let D € C" and Q@ € CN be bounded symmetric domains in their
Harish-Chandra realizations. Let A be any positive real number and f : (D, Ads%; 0) —»
(L2, dsé; 0) be a germ of holomorphic isometry at 0 € D. Then the germ Graph(f) at
(0, 0) extends to an affine-algebraic subvariety S* € C" x CN such that S := S*N(Dx Q)
is the graph of a proper holomorphic isometric embedding F : D — Q extending the
germ of holomorphic map f.

Bounded symmetric domains provide a first source of holomorphic isometries up to nor-
malizing constants. A holomorphic totally geodesic embedding F : D — 2 between
bounded symmetric domains is a holomorphic isometry with respect to the Bergman
metric up to a rational normalizing constant whenever D is irreducible. In terms of Borel
embeddings, F extends algebraically to a holomorphic map between the dual Hermitian
symmetric manifolds of the compact type, thus to rational maps on Euclidean spaces when
D € C"and Q € CV are bounded symmetric domains in their Harish-Chandra realiza-
tions. At the same time, holomorphic totally geodesic embeddings of bounded symmetric
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domains into homogeneous disk bundles over them give examples of holomorphic isome-
tries with any prescribed normalizing isometric real constant A > 1. On the other hand we
produce examples of holomorphic isometric embeddings of the Poincaré disk into certain
bounded symmetric domains €2 which are not totally geodesic. More precisely, we prove
(cf. (3.2) for the meaning of ‘congruence’)

Theorem 3.2.1. For every positive integer p > 1 there exists a holomorphic isometric
embedding F : (A, dsi) — (AP, dsi,,), F = (I, ..., F)y), where each component Fy,
1 < k < p, is non-constant, such that F is not totally geodesic. In particular, Con-
jecture 2.2 of Clozel-Ullmo [CU] is false. Furthermore, for p > 3 there exists a real-
analytic 1-parameter family of mutually incongruent holomorphic isometric embeddings
Fy: (A, ds3) — (AP, ds%,), t e R

It is in general an interesting problem to construct non-standard holomorphic isometric
embeddings of the Poincaré disk A into bounded domains €2, including the case where 2
is a bounded symmetric domain. For the special case where €2 is the polydisk A”, p > 2,
the classification problem has been posed, but only very partial results are known (Ng
[Ng]), including a complete classification for p = 2, 3. As a further example we also
give an explicit construction of a non-trivial (proper) holomorphic isometric embedding
F : A — H3 of the Poincaré disk into the Siegel upper half-plane H3 of genus 3. We
will show that the latter is distinguishable from a holomorphic isometry into a polydisk
by checking that the branch points of F do not lie on the Shilov boundary Sh(#3) and in-
voking results of Ng [Ng]. It is also interesting to find domains D other than the Poincaré
disk admitting non-standard holomorphic isometric embeddings into some bounded do-
main 2. Restricted to the case where both D and €2 are assumed to be bounded symmetric
domains, the main interest lies in D = B", n > 2. For a discussion of this and related
problems cf. the survey article Mok [MKkS5, §5].

Our study of extensions of germs of holomorphic isometries generalizes to those be-
tween arbitrary bounded domains. Interior extension holds true unconditionally, while
boundary extension holds true under certain conditions on Bergman kernels, as given by

Theorem 2.1.2 (main part). Let D € C" and Q@ € CV be bounded domains. Let xo € D,
Yo € Q, A be a positive real number and f : (D, kdslz); x0) — (2, dsszz; yo0) be a germ of
holomorphic isometry. Suppose furthermore that the Bergman kernel K p(z, w) extends
as a meromorphic function of (z, W) to a neighborhood of D x D and Kq (¢, &) extends
as a meromorphic function of (¢, &) to a neighborhood of Q x Q. Then there exists a
neighborhood D* of D and a neighborhood Q* of Q such that the germ of Graph(f) C
D x Q at (xo, yo) extends to an irreducible complex-analytic subvariety S* of D x QF.

Theorem 2.1.2 further generalizes to relatively compact domains on complex manifolds
provided that the domains admit Bergman metrics and the canonical maps on them are
embeddings (cf. 2.2).

Holomorphic isometries between bounded domains are meaningful for the study of
holomorphic functions on such domains. As an illustration a bona fide holomorphic iso-
metric embedding F : (D, dslz)) — (L2, dsé) between bounded circular domains star-
shaped with respect to 0, with F(0) = 0, is induced by a Hilbert space isomorphism
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w : H*(D) — H?(Q) onto the orthogonal complement of the Hilbert subspace E C
H?(Q) consisting of the functions vanishing on Z := F(D), yielding for holomorphic
functions square-integrable on Z (with respect to the measure induced from D) norm-
preserving holomorphic extensions to 2 square-integrable with respect to the Lebesgue
measure.

1. Extension of germs of holomorphic isometries with respect to the Bergman
metric on bounded complete circular domains

1.1. Extension of germs of holomorphic isometries via holomorphic functional equations

In connection to a problem in arithmetic dynamics, Clozel-Ullmo [CU] considered a
germ of holomorphic isometry f : (A, qui; 0) — (A, dsi; 0)? from the unit disk A
into a polydisk, where ¢g is a positive integer. (Here and in what follows, for a bounded
domain D, ds% stands for the Bergman metric.) They obtained a real-analytic func-
tional identity arising from Kihler potentials, and proceeded from there to prove that
Graph( f) extends to an affine-algebraic subvariety. In higher dimensions the method
of [CU] is difficult to generalize directly. In Mok [Mk3] we considered the analogous
problem for the complex unit ball B”. There, by polarization we obtained instead a con-
tinuous family of holomorphic functional identities, and we solved the problem for B”,
n > 2, by forcing analytic continuation by means of these identities. Here we formulate
the starting point of our argument more generally for germs of holomorphic isometries
between bounded complete circular domains, allowing at the same time the normalizing
constant A to be any positive real number. Recall that a circular domain D C C" is a
domain invariant under the action of the circle group S! given by ® : S! x D — D,
@ (', z) = ¢z, 6 € R. The domain D is complete if and only if 0 € D. For a bounded
complete circular domain D € C” and for 6 € R, the Bergman kernel Kp (-, -) satisfies
Kp(e'?z, e®w) = Kp(z, w), so that Kp(z, 0) = Kp(e'?z, 0), implying that K p(z, 0) is
a (positive) constant.

Proposition 1.1.1. Let D € C" and Q@ € CV be bounded complete circular domains.
Denote by dslzj, resp. dsgz, the Bergman metric on D, resp. 2, and by K p, resp. Kq, the
Bergman kernel on D, resp. Q2. Let A be any positive real number and f : (D, Ads2D; 0) —
(2, dsé; 0) be a germ of holomorphic isometry at O € D. Then there exists some real
number A > 0 such that for z, w € D sufficiently close to 0 we have

Ko(f (@), f(2)) =A-Kp(z,2)", and hence

Ko(f(@), fw) = A-Kp(z, w)*, where Kp(z, w)" = e*leko@w),
in which log denotes the principal branch of logarithm.
Proof. Following the argument of Clozel-Ullmo [CU], we have from the hypothesis

V=1080log Ka(f(2), f(z)) = Av/—10010og Kp(z, 2),

1
log Ko(f(2), f(z)) = Alog Kp(z, z) + Re(yr) M
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for some holomorphic function 1. Consider the Taylor expansion of log Kp(z, z) in
Zly.--52n and 27, . .., Z,. For a multi-index I = (iy,...,i,) with iy, ..., i, > 0, we
write z = z’ll -z and |I| = i + --- + i,. By the invariance of the Bergman kernel
under the circle group action (e“g, Z) — ez, 0 € R, the coefficient of z/z/ is zero
whenever |I| # |J|. The analogue is also true for the complete circular domain €2. Since
f(0) = 0, it follows by substitution that in the Taylor expansion of log Ko (f(z), f(2))
at 0, the coefficients of terms of pure type z! and z/ must vanish for any I = (i1, ..., i,),
i1,...,1, > 0, such that at least one of the indices ix, 1 < k < n, is non-zero. On the
other hand, the Taylor expansion of 2Re(v/) = 1 + ¥ at 0 consists precisely of terms of
pure type, and it follows by comparing the two sides of (1) that Re(y) must be a (real)
constant.
We now introduce holomorphic functional identities by polarization, viz.,

log Ko(f(2), f(w)) =AlogKp(z,w) +a+ H(z, w),

where a is a real constant and

Hzwy= Y Hy'w/
(1LE0.0)

is holomorphic in z and anti-holomorphic in w. Recall that Kp (0, 0) and K¢ (0, 0) are
real and ‘log’ stands for the principal branch of the logarithm. Restricting to the diagonal
{z = w} we have H(z,2) = 0,1, >/ ;20,0 H7z'z7 = 0, so that H;57 = 0 for all
(I, J) # (0,0), hence H(z, w) = 0 where defined, yielding

log Ko(f(z), f(w)) = Alog Kp(z, w) +a, hence
Ko(f(2), f(w)) = A- Kp(z, w)*,

where A := ¢® and Kp(z, w)* = e*102Kp@w) 45 desired. ]

For the application of Proposition 1.1.1 to extension problems, we recall first of all the
following well-known fact about the Bergman kernel on a complete circular domain.

Lemma 1.1.1. Let D € C" be a complete circular domain and denote by Kp(z, w) the
Bergman kernel on D. Suppose r is a real number, 0 < r < 1, so that r D C D. Then for
z€ D and w € rD we have Kp(z, w) = Kp(rz, w/r). In particular, for every w € r D
the holomorphic function Kp ,(z) := Kp(z,w) = Kp(rz,w/r) == Kp w/;r(rz) of
z € D extends holomorphically to (1/r)D when we define Kp ,(2) := Kp w/r(rz) for
z€ (1/r)D.

Proof. From the invariance of D under the circle group action (¢%, z) — €'z we have
Kp(z,w)= ) azz'w’.
=17
Observing that (rz)!(w/r)! = 2w’ whenever [I| = |J|, we have Kp(z, w) =

Kp(rz,w/r) for z € D and w € rD. Fixing wg € rD, Kp(rz, wo/r) is defined for



1622 Ngaiming Mok

z € (1/r)D. Hence, Kp ,(z) = Kp(rz, wp/r) extends holomorphically from D to
(1/r)D, as desired. ]

For r > 0 we write D, := B"(0;r). Choose ¢ > 0 such that f : (D,)Lds%;O) —
(2, dsé; 0) is represented by a holomorphic embedding defined on D,, and such that
moreover Kp(z, w) and Kqo(f(z), f(w)) are non-zero whenever z, w € D,. For nota-
tional convenience later on, we will also require that e < 1. Similarly for p > 0 we write
Q, := BN (0; p). Choose & such that 0 < 8 < 1 and Qs, € L.

In Mok [Mk3] we studied germs of holomorphic isometries f from the unit ball
B",n > 2, to its Cartesian products in the case where the normalizing constant is a
positive integer g. There, making use of the explicit form of the holomorphic functional
identities arising from equating potential functions, we extended Graph(f) to an affine-
algebraic subvariety. To prove an analogue for the general case we encounter first of all
the problem that the associated functional identities are in general not sufficiently ‘non-
degenerate’ to force analytic continuation. We overcome difficulties arising from such
degenerate situations by imposing additional constraints to cut down the set of simulta-
neous solutions to the functional equations. Recall that Kp(z,0) = C > 0. Let D* € C"
be a neighborhood of D. By Lemma 1.1.1, there exists € satisfying 0 < €y < e such
that for any w € D¢, = B"(0; €p), Kp(z, w) is defined for z € DF (by analytic exten-
sion of Kp (-) = Kp(-, w)), and Re(K p(z, w)) > O for any (z, w) € D* x D,. Then
Kp(z, w)* = e*1oekn@w) g defined for (z, w) € D* x D,. We will further assume
that f(D¢,) € €25,. Suppose now 0 < € < €. Instead of a germ of map, the symbol f
will sometimes stand for the map f : (D, Ads%)|D€) — (R, dsé). Thus, Kp(z, w)* is
defined on D* x D, as a function holomorphic in (z, w). Writing Kq(0,0) =: C’ and
A := C'C™*, we have

Proposition 1.1.2. For each w € D, let V,y, C D x Q be the set of all (z,¢) € D x Q
such that

Ly) Ko, f(w) =A-Kp(z, w)*.

Define V. = ﬂweDe Vw. Suppose dim;, rz))(Ve N ({z} x Q)) = 1 for a general point
z € De. Then there exists a family of holomorphic functions he € H*(Q), a € A, such
that

Graph(f) C D¢ x E, where E := ﬂ Zero(hy),

oA

and dim;, r(;))(Ve N ({z} x E)) = 0 for a general point z € Dk.

By a general point on a complex manifold we mean the complement of a nowhere dense
complex-analytic subvariety. By the Identity Theorem for holomorphic functions, Ve C
D x Q is independent of € > 0, and we will write V in place of V.. We say that the
system of functional equations (I,), w € D, is sufficiently non-degenerate whenever any
irreducible branch of V containing Graph( f) must be of dimension n = dim(Graph(f)).

Proof of Proposition 1.1.2. Graph(f) C D, x 2 is by definition contained in V. By
hypothesis, dim;, r;))(V N ({z} x 2)) =: g > 1 at a general point z € D, (hence
actually at any point z € D, by upper semicontinuity of the fiber dimension). Fix a



Extension of germs of holomorphic isometries with respect to the Bergman metric 1623

Stein neighborhood ¢ of 0 in 2 such that f(Ds,) C . (We may take for instance
Qo = BN (0; 8p).) Let Zc C VN (D, x Q) be an irreducible complex-analytic subvariety
of D x ¢ containing Graph( f) such that dim;, 7(;))(Ze N ({2} x ©20)) = 1 for a general
point z € D.. The subvariety Z, C V may be obtained by an inductive procedure, as
follows. If ¢ = 1, it suffices to take Z, to be an irreducible component of V N (D¢ x 0)
containing Graph(f). If ¢ > 1, choose any x; € V N (D x Qp) lying outside the
subvariety Graph(f) C V N (D¢ x Qp). Since V N (D¢ x 29) is Stein, there exists a

holomorphic function g1 on V N (De X Q20) such that g1|Grapn(r) = 0 and g1(x1) # 0. We

now define Z§"+q_l) C VN (D¢ x Qo) to be an irreducible component of the zero set

Zero(g1) C VN (D¢ x Qp) of g1 containing Graph( f). If ¢ = 2 we take Z, := Zénﬂ). If

g > 2 we proceed further with V N (D, x Q) replaced by Z" 777V x| replaced by x> €

Zén+qfl> ZénJrqfl

— Graph( f) to find g» holomorphic on ) such that g2|Grapn(r) = 0 and

g2(x2) # 0. Proceeding inductively we reach Z, := Zé"'H) such that Z, C D, x Q2 is an
irreducible subvariety containing Graph( f) and such that dim;, 7(;))(Ze N ({z} x 2)) =1
at a general point z € De. ~

Write v : Z, — Z. for the normalizegion of Z.. Since the singular set of Z, is of
codimension > 2, and v~ !(Graph(f)) C Z. is of pure codimension 1, a general point p
of any irreducible branch B of v—! (Graph(f)) is a smooth point of Z.. We may choose p
to be also a smooth point of B such that v|p : B — Graph(f) is a local biholomorphism
at p. Write p := v(p), p = (20, f(20)) € De x 2, and denote by 7p : D x Q — D
the canonical projection. Choose a neighborhood W of p in Z, and a neighborhood U
of zg in D¢ such that 7p o v|wnp : W N B — U is a biholomorphism which extends to a
biholomorphism o : W — U x A when U is identified with U x {0}. (A neighborhood
is always understood to be connected.) Write v(io "Nz, 1) = (h(z, 1), g(z, 1)). Since h
is a holomorphic submersion at (zg, 0), it remains a holomorphic submersion at (z, t)
sufficiently close to (zp, 0), and without loss of generality we may choose W, U and v
such that h(z,t) = z. Fort € A, write f;(z) = g(z,t). We have

Ko(fi(2), f(w)) = A Kp(z, w)*
such that fy(z) = f(z). Assume that ;Tkkﬁ(z)L:O = 0 for k < £ and n(f(z)) =

%f; (2) |t=0 # (. Let (hj)?io be an orthonormal basis of H2(2). We have

Ka(fi@), fw) =Y hj(fi@)h;(fw)) = A - Kp(z, w)* (D
J

for every ¢. Hence, differentiating both sides of (1) ¢ times against ¢ and noting that the
right-hand side is independent of ¢, we have

14

0
372 Kalfi(2), f(w))

0, ie.,

t=0

) T A — —
Za—; at’;‘ @b (Fw) =0, e, Y dhja(f@N(Fw)=0. ()
i,J ! J
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Denote by H the separable Hilbert space of square-integrable sequences of complex num-
bers. Let ® : Q — H be defined by

@) = (ho(8), h1(©), ...

By the choice of €, f isinjective on D¢, hence f|y : U — €2 is a holomorphic embedding
onto a locally closed complex submanifold X. In terms of the Hermitian inner product
(-, -) on the Hilbert space H, the identity (2) is given by

(de(m(f(2)), @(f(w)) =0,

where n(f(z)) is interpreted as a vector field along ¥ and d® () as a vector field along
& := ®(X) C H. In other words, we have a non-trivial holomorphic vector field along &
which is orthogonal to the linear span of ®(f(w)) as w ranges over D.. We may assume
n(f(zo0)) # 0. Let hg be chosen so that |2 (f(z0))| attains its maximum value at & = hg
among all & € HZ(Q) of unit norm. Choose h1 L hg such that |dh(n(f(zo)))| attains its
maximum value at # = k1 among all 1 € H?(2) of unit norm and orthogonal to 4. Then,
for any & such that i L hg and h L hy we have h(f(z0)) = 0 and dh(n(f(z0))) = O.
Thus, completing (hg, 1) to any orthonormal basis (hg, A1, ...) of H2(), for all w
in D, we derive from (2) that

dho(n(f (zo))ho(f (w)) + dh1(n(f(z0)))h1(f(w)) = 0. 3)

Substituting w = zg, h1(f(z0)) = 0 and ho(f(z0)) # O imply that dho(n(f(z0))) = O.
Since |dh((n(f(z0)))| attains its maximum among & L ho of unit norm at h = hy,
we must have dh1(n(f(z0))) # 0, and it follows from (3) that & (f(w)) = 0. Writing
(x0, x1, ...) for a point in H we conclude that ®(f(U)) lies in a hyperplane section
which is the zero set of a continuous linear functional on H, given by

Q(f(U)) C {x1 =0} CH.

Note that the function , = 1 4, is defined on all of 2. Consider all deformations f;(z) =
g(t, z) on some domain U C D, defined as above, and denote by A the set of indices «
for all functions &, thus obtained. Define £ := {h, € H 2(Q) o€ A} and denote by
E C Q the common zero set of all h, € £. Thus ®(E) C H s a (closed) linear section of
® (2) containing E. Now consider the functional equations (I,), w € D¢, together with
a restriction on the indeterminate ¢, given by

Ko(. f(w) =A-Kp@z.w), ¢€E.
For the proof of Proposition 1.1.2 it remains to prove that

(f)  dimg (VN ({z} x E)) =0

for a general point z € D.. Suppose otherwise. Repeating the same argument as above,
we obtain a holomorphic 1-parameter family { f;};ca, fo = f, defined on some domain
U C D¢ such that f; takes values in E, thereby deriving the existence of a holomorphic
vector field n along ¥ = f(U) and h| € &£ such that dh{(n(f(z0))) # O for a general
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point zo € U. By definition 4] must vanish identically on E, hence k1 (f;(z)) = O for
z € U and fort € A. Now, differentiating the latter identity £ times against ¢ we conclude
that dh1(n(f(z0))) = 0O, contradicting the choice of /1. Thus, we have established () by
contradiction, proving Proposition 1.1.2. O

Example (functional equations are not sufficiently non-degenerate). The following ex-
ample shows that the situation where the system of holomorphic functional equations
are not sufficiently ‘non-degenerate’ does occur. In other words, the example is one for
which dim;, £;))(VN({z} x2)) > 1.Let N > n > 1 be integers and consider the totally
geodesic holomorphic isometric embedding f : (B", 2 ds3.) — (BY,ds%,) given
by f(z) = (z,0) for z = (z1, .. ., z). In this case the holomorphic functional equations
relating Bergman kernels are given by

N+1
Kpn (g, f(w)) = A Kpn(z, w) 1
for some A > 0. Denoting by (-,~) the Euclidean Hermitian inner product, we have
Kpn(z, w) = cm(l — (z, W)~ ™*D for some constant ¢,, > 0. We thus have

N+1

2 —A( - ) (1)
(=& @, onpN+ "\ —(my*'/)

Substituting (z, w) = (0,0) and ¢ = £(0) = 0 we have cy = Acs ™/ For
sufficiently small and z € B", the functional equation (1) on ¢ is equivalent to

1= (¢, (w,0) =1-(z,w) 2

for ¢ sufficiently close to (z, 0). Clearly ¢ = f(z) = (z, 0), which describes the image of
the holomorphic isometry, satisfies the functional equations (2). However, when (z, w) is
fixed and we put ¢ = (z, 7’), where 7’ € CN—" is arbitrary, (2) remains satisfied. In fact,
these ¢ give all possible simultaneous solutions to (2), and we have

V={z¢) eB" xB":¢=(z,7), 7 eC’ ™},

hence dim;, 7(;))(VN({z} x B¥)) = N—n > 1. Infinitesimal variations 1 of simultaneous
solutions f;(z) = (z, g(2)), go(z) =0, to (3) are of the form

N

d
n(f@)=n@E0= Y a@——

{=n+1 a{[

where a¢(z) are holomorphic functions in z defined on some non-empty open subset
U C B". Here the fiber of the canonical projection = : V — B" over a general
point z € B" can be cut down to an isolated point when we impose the conditions
lng1l = -+ = ¢y = 0, which in fact corresponds to cutting BY by zero sets of ex-
tremal functions maximizing the derivatives in the direction 9/9¢¢, n +1 < £ < N, at
(z,0) € BY.
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In the proof of Proposition 1.1.2, in the case where (I,), w € D, are not sufficiently
non-degenerate, we have to consider extremal functions i € £. Since these functions will
play a crucial role in extension problems in the rest of the article, we will now prove
a number of their basic properties. Recall the initial choice of €g > 0 as specified in
the paragraph preceding Proposition 1.1.2. The set £ C H?(R2) of extremal functions
depends on the choice of € > 0,0 < € < ¢y . We will write £(¢), A(€), E(¢) to indicate
this dependence, and from now on write £ = £(eg), E = E(€g) and regard f as being
defined on Dy,.

Note that each i € £(¢) is of the form £ in the notation of the proof of Proposition
1.1.2. More precisely, given a holomorphic 1-parameter family { f;};ca defined on a do-
main U C D, obtained as a deformation of fi = f|y of simultaneous solutions of the
holomorphic functional equations (I,,), by differentiation we obtain a holomorphic vec-
tor field 5 defined along ¥ = f(U) C €2, and, for each zo € U we have an & which is
determined by 1 and by the choice of zg. We write hy = h;; ;,. We are going to relate i
to the Bergman kernel K on €2, thereby extending its domain of definition by means of
properties of Bergman kernels on complete circular domains as given in Lemma 1.1.1.

Recall that hg € H 2(Q) has been chosen such that, among all & € H 2(Q) of unit
norm, the maximum of |/2( f (zo))| is attained at 4 = ho. Moreover, h; € H?(2) has been
chosen such that, among all h € H 2(Q) of unit norm and orthogonal to /¢, the maximum
of |[dh(n(f(z0)))| is attained at & = hy. Both hg and h; = h,, ;, are uniquely determined
only up to a scalar constant of modulus 1. We have

Lemma 1.1.2. The extremal function hy = hy, , € £ can be expressed in terms of the
Bergman kernel Kq as

n(f o Ka(f(20): €) = (3n(szo)ho)ho(©)

3
hi(¢) = =
In(fonh

Furthermore, if we choose the unique hy = hy, 5, such that dhy(n) # 0 is (real and)
positive, then, with the vector field n along & C Q being fixed and hy = hy, ; depending
on the base point z € U C D¢, hy () varies real-analytically in (z, ¢).

Here in 07 (z0)) K (f(20), &), the notation n(f(z0)) signifies the (1, 0)-tangent vector

(n(f(z0)), 0) at (f(z0),&) € Q x R, and 9y f(zy))0 means Iy (o) ho(f (z0)), etc. We
will call iy = h;; 5, a normalized extremal function to mean that dhy(n) is positive.

Proof of Lemma 1.1.2. Complete (hg, h;) to an orthonormal basis (hg, h1,...) of
H? (£2). From the expansion of K¢ in terms of the chosen orthonormal basis, for ¢, § € €,

Kq(2,8) = ho(0)ho(§) +hi(Q)hi(§) +--- . (D

Note that Kq(§,¢) = Kq(¢, &). Substituting ¢ = f(zp) in (1) and using the fact that
hj(f(z0)) = 0 whenever j > 1, we deduce

Ka(f(20),8) = ho(f(z0)ho(§),
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so that
Kol f(z0)

h = —
® = G

expressing kg in terms of f and K. Furthermore, differentiating both sides of (1) against
1n(f(z0)) and using the fact that dh;((n(f(z0))) = 0 whenever j > 2 we have

2

In(raonKa(f(z0), &) = By(£0)ho)hoE) + @ycregnhi)h1 (), 3)

so that

I on Ka(f(20), £) — (3n(reonho)ho(§)

In(f @t
where we replace £ in (3) by ¢ in (4), proving the first half of Lemma 1.1.2.
For the proof of the last statement of Lemma 1.1.2, we may also fix the choice of kg
by requiring h¢(z) to be (real and) positive. By the formulas (2) and (4) it suffices to
check that ho(f(z)) (with a hidden dependence of Ao on z) and dh (1) = 0,7 () h1 both
depend real-analytically on z. Now from Kq(f(z), f(z)) = |ho(f @)? (by (2)) and
the normalization that s (f(z)) is positive it follows that 4o(f (2)) = vKa(f @), f2)
depends real-analytically on z. On the other hand from (1) by differentiation against n
in the ¢ variable and then against 77 in the £ variable and evaluating at (f(z), f(2)) it
follows that |9, r(z))h1 |> can be expressed as a real-analytic function of z, noting that
hj(f(z)) = dhj(f(z)) = 0 whenever j > 2 so that h3, h3, ... do not enter into the
formula for |3, f(z))/1]%, and 3y ())h1 varies real-analytically in z by our normalization
that 9, r(z))h1 is real and positive, proving Lemma 1.1.2. O

hi(§) = 4)

For the tangent bundle m : T — 2 we denote by T{z C Tg the subset of non-zero
tangent vectors. In general, for t € T, we have the notion of an extremal function adapted
to 7, meaning an element h; € H 2(SZ) of unit norm such that dh(t) attains maximal
modulus at h = h; among all & € HZ2() of unit norm satisfying h(w(t)) = 0. Such an
hy is unique up to multiplication by a scalar of unit modulus. As above, we can fix A
by requiring that dh () is real and positive, and we call h, € H?*(Q) the normalized
extremal function adapted to t € T{,. For a real-analytic manifold X, we will say that
a mapping B : X — H2(Q) is separately real-analytic to mean that $B(x)(Zo) is real-
analytic in x € X for any o € 2. Obviously the Identity Theorem holds true for ‘B
in the sense that 8 = 0 whenever B vanishes on a non-empty open subset U C X.
Denote by $ : T, — H?($2) the mapping defined by $)(r) = k. and denote its image
by X(Q2) C H 2(Q). From the formula for & implicit in Lemma 1.1.2, the mapping
h:Q x T, — Cdefined by h(¢, r) = h(¢) is holomorphic in ¢ and real-analytic in
(¢, 1), thus § : T — H2(Q) is separately real-analytic.

For the further study of extremal functions sy, @ € A(€), and extension problems on
their common zero sets, it is convenient to give a variation of the description of E(¢) C €,
0 < € < €p. Recall that ¢ C 2 is a Stein neighborhood of 0, and Z, C V N (D¢ x Qp)
denotes an irreducible subvariety containing Graph( f) and consisting of solutions (z, ¢)
of functional equations (I,), w € De, such that dim;, r(;))(Ze N ({z} x )) = 1 fora
general point z € D.. For the normalization v : Z, — Z,, the extremal functions /g,
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a € A(e), were constructed using Tpov : Z — D¢, where mp : D x Q — D and (later
on) mo : D x Q — 2 denote the canonical projections. Write y = mp o v. Denote by
E(Z¢) C E(e) the subset of extremal functions thus obtained through Z. and by E(Z,) C
2 their common zero set. Write I'(¢) for the set of all such y : ZG — D, and denote
by [Z.] the member in I'(¢) corresponding to the latter map. Then E(¢) = (J{E(Z)
[ZeT(e)and E(e) = ({E(Ze) : [Z] € T'(e)}. The choice of the extremal functions
he € E(Z¢) depends on the choice of one of the finitely many irreducible components B;
of v_l(Graph(f|DE)). We denote by £(Z, Bj) C £(Z.) those arising from B}, and by
E(Z., Bj) C  the set of common zeros of £(Z, B;). Clearly E(Z.) = ﬂj E(Z, Bj).
We are ready to prove

Lemma 1.1.3. For0 < e; < €] < €9 we have E(e2) C E(€1). Moreover, supposing that
Q' D Q is a domain such that every h € E(e1) U E(€2) extends holomorphically to Q'
and denoting by E'(¢;) C @/, i = 1, 2, the common zero set of the extended functions h’'
on Q' of h € £(¢;), we have E'(e3) C E'(e1).

Proof. 'We continue with some generalities on E(Z,, B), where 0 < € < €p, and B = B;

is one of the 1ITedu01ble branches of v—! (Graph(f|p,)). Since Bisa hypersurface in the
normal complex space Ze, for some hypersurface H C Ze such that Smg(Ze) C H and
B ¢ H,any p € B — H is a non-singular point of B and y = 7p o v is a submersion
at p. Denote by 77 the tangent sheaf of Zc and by /* C T7_ the relative tangent sheaf

of y : Z — De. Since B is Stein, there is u € I'(B, F), u # 0. Write ¢ = g ov. In
particular, for p € B — H, the fiber §(p) := v “Ly(p) of y : Zc = D, is smooth at
P € Sy (p)- Suppose the restriction of ¢ — f(y (p)) to §y(p) vanishes exactly to the order
¢ — 1 at a general point of B — H. Let X be a holomorphic vector field defined on some
non-empty open set V. C Z. — H tangent to fibers §, (p) such that X|pny = ulpnv.
Since ¢ — f(y(p)) vanishes on §y(p) to the order £ — 1 at p, X%p(p) is independent
of the choice of X € I'(V, F) extending w|pny. Thus, there exists 0 € I'(B — H, (’)N)
such that o |pny = X’3<p|3m/ for any such choices of V and X € I'(V, F). Since F is of
rank 1, foro’ € I'(B — H, ON) arising from any non-trivial section 1’ € I'(B, F), we
must have ' = Au for some non-trivial meromorphic function A on B, hence o’ = Ao
onB—H.

Forp e B— H,ando € I'(B — H, ON) as above, o (p) can be interpreted as an
element 7(p) € Ty, = C¥. We thus have a holomorphic map 7 : B— H —Zero(c) —
T}, and hence a separately real-analytic map 2 : B — H — Zero(o) — X(Q) C H 2(Q)
given by 2l(p) = h¢(p) = b(-, T(p)). Let E° C 2 be the common zero set of the extremal
functions {A(p) : p € B— H —Zero(o)}. For o’ = A%c as in the last paragraph, denoting
by A : B— H —Zero(c') — X(2) the analogue of 2, the two extremal functions 2’ (p)
and 2((p) are non-zero multiples of each other for p belonging to the dense open subset
B — H — Zero(c) — Zero(c’) C B, hence a priori the two closed subsets E?, E” CQ
are the same. In other words, E® depends only on the rank-1 coherent subsheaf / C 77 .

Consider any holomorphic deformation {f;};cp over U C D, constructed from
(Z¢, B) as in the proof of Proposition 1.1.2. There exists by construction W C B such
that v|w : W — U is a biholomorphism, so that, writing y (p) = z for p € W, at a gen-
eral point 7 € U we have n(f(z)) = A(z)7(p) for some A(z) € C*. By Lemma 1.1.2 and
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by the Identity Theorem for real-analytic functions, the common zero set of the extremal
functions £, ;, z € U, agrees with E°. Hence, E° = E(Z, B).

We proceed now to prove E(e;) C E(e1) whenever 0 < € < €1 < ¢p. For
[Z¢,] € T'(e1), write [Z, |D€2] € I'(ey) for the member obtained by restricting y :

Zey = De 1o Do, ie, Y0p-i(p,,) - Yy N(De,) — De,. Let B’ be an irreducible
branch of v_l(Graph( fl Dez))’ and B be that of v—!(Graph(f] D, )) containing B’. Tak-
ing o € I'(B — H, OV) as above (replacing € by €; and hence o by o7), we have
E(Ze,, B) = E°' and E(Z,Ip,, B’) = E%2, where o is the restriction of o1 to B’ — H.
By Lemma 1.1.2 and the Identity Theorem we have E2 = E°!, hence E(Z, |D52, B =
E(Z¢,, B). Finally, E(e2) C E(e;) follows from E(€) = ({E(Z¢) : [Z¢] € T'(¢€)} and
E(Z) = ; E(Ze, Bj). Exactly the same argument gives the other statement in Lemma
1.1.3 when any & € £(e1) U E(e7) extends to Q' D 2, as desired. O

We are now ready to prove

Theorem 1.1.1. Let D € C" and Q@ € CV be bounded complete circular domains.
Denote by ds%, resp. dsszz, the Bergman metric on D, resp. Q2. Let A be any positive real
number and f : (D, de2D; 0) — (2, a’sé; 0) be a germ of holomorphic isometry. Then
there exists an irreducible complex-analytic subvariety S° C C" x CN of dimension n
which contains the germ of Graph(f) at (0, 0).

Proof. Choose a > 1 such that D @ a D, = B"(0; aep). Let now €’ > 0 be such that
ae’ < €. By Lemma 1.1.1, Kp|px D, extends holomorphically as a function of (z, w)
to D¢, x Do when we define

Kp(az,w) := Kp(z, aw) (D

for w € D¢ . In particular, for each w € D, the function Kp ,(z) = Kp(z, w) ex-
tends holomorphically from D to B"(0; a€p). Recall for w € D, we have the functional
equation

@) Ko, f(w) =A Kp(z, w). (2)

To proceed we make use of the proof of Proposition 1.1.2 and the notation adopted there.

Case 1: the functional equations are sufficiently non-degenerate. Consider first of all the
case where (I,), w € D, are sufficiently non-degenerate. On D¢, x D¢, the function
log K p(z, w) is well-defined and on the right-hand side of (2) the expression K p(z, w)*
:= ¢*102Kp@w) i holomorphic in (z, W), hence by (1) the same holds true for (z, w) €
aD¢, x D¢, noting that D € a D, = B"(0; a€p). Recall that V,, C D x Q is the set
of all (z,¢) € D x Q satisfying (Iy), w € D, and that V = [ {V,, : w € D¢} (noting
that 0 < €’ < €p). Recall that 0 < 8o < 1 and f(D¢,) € Qs, € Q2 (cf. first and second
paragraphs after Lemma 1.1.1). Choose now 8 > 1 such that Q € BQ;, = BN (0; Bbo)
and let 6 > 0 be such that 8§ < &p. Then, by Lemma 1.1.1, Kq(¢, £) is defined by
extension for ¢ € BQs, and & € Qs. Hence, for w € D, the functional equation (2) is
defined for (z, {) € a D¢, x BS2s,. The set of all solutions (z, {) € aD¢, x B2, gives a
subvariety V' C D¢, x B2, such that V' N (D x Q) = V.
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Let k > 1 be any positive integer. The function K p ,,(z) can be extended holomorphi-
cally from D to B"(0; k) = Dy whenever |w| < k_leg (< €p). Likewise, letting £ > 1
be any positive integer, the function Kq ¢(¢) can be extended holomorphically from 2 to
BN (0; £) = Q¢ whenever |£| < & := E‘lé‘g (< 80). By the continuity of f at 0, for each
£ > 1 there exists k(£) such that f(Dg,) C 25, for ey := k(ﬂ)_leg. We will choose k(£)
to be strictly increasing as £ — co. From the argument in the last paragraph we have irre-
ducible subvarieties V(tI C Dy gy x €2 such that Vf N (D x ) =V for ¢ sufficiently large
and such that for ¢/ > £ > 1 we must have Vzﬁ, N (Dgey X ) = Vf, by the Identity The-

orem for holomorphic functions. Since k(¢) — oo as £ — oo, writing vi.= Ue>1 Vﬁ,
we have obtained a subvariety V# < C" x CV such that V¥ N (D x Q) = V and
Vin (Dgey x ¢) = Vf for each positive integer £. When the system of functional equa-
tions (I), w € D, is sufficiently non-degenerate, it suffices to take S% to be the irre-
ducible component of 172 containing Graph( f), so that dim(S*) = n = dim(Graph( f)),
and % € C" x CV extends Graph(f) as a subvariety.

Case 2: the functional equations are not sufficiently non-degenerate. For 0 < € < ¢
we define g(e) = €M) : 0 < B < €}, and write E(e) C  for the common zero
set of g(e). Thus, E(e) = (WE(B) : 0 < B < €}. Obviously, E(e) D E(eo) whenever
0 < € < €. By Lemma 1.1.3, we have E(e;) C E(e1) whenever 0 < €3 < €1 < €,
hence E(e) C E(eo). Thus E(e) = E(eo) := E whenever 0 < ¢ < €.

From Proposition 1.1.2, for 0 < € < €9 we have Graph(f) C VN (D x E(¢)), hence
Graph(f) Cc VN (D x E). Recall that there exists an increasing sequence k(£), 1 <
£ < oo, of positive integers such that f(De,) C 2, for ey := k(@)_leg and §p = 8_18(2).
By Lemma 1.1.2, any h, € g(ég) is definable on €2y, with common zero set on 2, to be
denoted by Ez C €. By Lemma 1.1.3 (cf. last paragraph), | J, Eg = E' c CVisa
subvariety such that E'NQ = E. Define now T* := ViN (C" x I’f\u) D Graph( f). Then
the unique irreducible component S* of T* containing Graph(f) extends the latter as a
subvariety, as desired. O

1.2. Holomorphic isometric embeddings defined by extensions of germs of graphs

Let f : (D, )\ds%); 0) — (2, dsé; 0) be a germ of holomorphic isometry at O between
bounded complete circular domains, with f(0) = 0, and S C D x Q be the extension
of Graph(f) to D x € as a complex-analytic subvariety. For the study of properties of
S we will need the following well-known lemma resulting from the Cauchy—Schwarz
inequality.

Lemma 1.2.1. Let G be a bounded domain and denote by K (z, w) its Bergman kernel.
Then for any z, w € G we have |Kg(z, w)|2 < Kg(z, 2)Kg(w, w). Moreover, equality
holds if and only if z = w.

Proof. Let (g; )j?'io be an orthonormal basis of the Hilbert space H*(G) of square-inte-
grable holomorphic functions on G. Then Kg(z, w) = Zj.io gj(2)gj(w), and the in-
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equality |Kg(z, w)|2 < Kg(z, 2) Kg(w, w) results from the Cauchy—Schwarz inequality
for the Hilbert space H of square-integrable sequences of complex numbers. Writing
W (z) = (g0(2), g2(2), - .. ), equality holds if and only if ¥(z) = aW(w) for some com-
plex number «. From the reproducing property of K¢ (z, w) this is the case if and only if
g(z) = ag(w) for any g € H?(G), which obviously holds true if and only if z = w. O

Under some mild conditions we have a sharpened result on interior extension.

Theorem 1.2.1. Let D and Q be bounded complete circular domains, A be any positive
real number, and f : (D, Ads%; 0) — (2, dsé; 0) be a germ of holomorphic isometry.
Then Graph(f) C D x Q extends to a complex-analytic subvariety S C D x Q which is
the graph of a holomorphic isometry F : (D’, )Lds%hy) — (2, dsszz)for some connected
open subset D' C D containing D.. Suppose ¢q(¢) := Kq(¢, ¢) is an exhaustion func-
tion on Q. Then D = D' and F : (D, AdszD) — (Q, dsé) is a holomorphic isometry. If
furthermore ¢p(2) := Kp(z, 2) is an exhaustion function on D, then F is proper.

Proof. By Theorem 1.1.1, Graph( f) extends analytically to an irreducible subvariety S C
D xQ.Letpp : S — D and pg : S — Q be the canonical projections. By definition the
real-analytic identity (1) A07, (ds%) = p& (dsé) holds true on Graph( f), hence on Reg(S)
by analytic continuation. We claim that for any p € D, the fiber ), := pgl (p) is O-
dimensional. Suppose otherwise. Let @, be a positive-dimensional fiber and (p, ) € @,
be a smooth point belonging to an irreducible branch of positive dimension. Let n =
(', n"") be a non-zero real vector tangent to ®, at (p, q). Then " = 0,7n” # 0. Thus,
pp(dsp) (1, m) = 0 while pg(dsg)(n, n) = dsg(",n") > 0.1f (p, q) € Reg(S), then
we have reached a contradiction since (1) holds true on Reg(S).

In general, let Z C Opxg be the ideal sheaf of S C D x @, and let F C O(Tpxals)
be the coherent sheaf on S whose stalk at s € S consists of all £ € O;(Tpxq)
such that §f = O for every f € Z;. Then there exists & € F(p 4 such that
Re&(p, q) = n. Thus, writing & = (&', &), by analytic continuation the germ of function
Ap}“)dslz) (Re&’,Re&’) — ,ozgdssz2 (Re&”,Re&”) at (p, g) vanishes, which is a contradiction
since Re&'(p,q) =n' =0and Re&”(p,q) =n" #0.

Denote by B C S the subvariety over which pp fails to be a local biholomorphism.
Then S — B is locally the graph of a holomorphic isometry between open subsets of D
and €2 with respect to restrictions of the Kéhler metrics Ad s%) and dsé. Since pp : S = D
is a local biholomorphism at a general point and its fibers are O-dimensional, it is an open
map. We claim that pp : S — D is injective. Suppose otherwise. By the openness of pp,
there exists x € D and two distinct points yj, y» € 2 such that (x, y1), (x, y2) € S — B.
Thus, there exist some simply connected neighborhoods U of x and Wi, resp. Wa, of
(x, y1), resp. (x, y2), such that pplw, : Wi = U and pplw, : Wo = U are biholo-
morphisms. For z € U andi = 1,2 we describe W; as the graph of f; : U — €,
which is a holomorphic isometry with respect to kds%,m and dsgzz. Recall that Kp(z, 0)
is a positive constant C. By Lemma 1.1.1, shrinking €y > 0 if necessary we may as-
sume that Re Kp(z, w) > O for any (z, w) € D x De,, so that Kp(z, w)* is de-
fined as a function holomorphic in (z, w) for (z, w) € D x Dg,. By Proposition 1.1.2
Ko(f(2), f(w)) —A-Kp(z, w)* = 0forz,w e D¢,. Thus, by analytic continuation
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Kao(y, f(w)) —A- Kp(x, w)* = 0 holds true for w € D¢, and for any (x,y) € S. In
particular, we have

KoO1, f(w)) = A Kp(x, w)* = Koy, f(w)).

Since x € U is arbitrary, we conclude that

Kao(f1(2), f(w)) = Ka(f2(2), f(w)) )

for any (z, w) € U x Dg,. Fix an arbitrary point z € U. Consider ¥ : 2 — C defined
by V(&) = Ka(€, f1(2) — Ka(, f2(2)). Define furthermore s : S — C by s(x, y) =
¥ (y) for (x,y) € S. By (1) we have s(w, f(w)) = 0 whenever w € D,. From the
irreducibility of S, we deduce by analytic continuation that s = 0 on S. In particular,
substituting (x, y) = (z, fi(z)) € S — B,i = 1,2, we conclude from s(z, f1(z)) =
s(z, f2(z)) = O that

Ka(f1(2), 1(2) = Ka(f1(2), [2(2),  Ka(f2(2), f1(2) = Ka(f2(2), f2(2))
for any z € U. Thus, K (f1(z), f2(z)) is real and we have

Ka(f1(2), f2(2)) = Ka(f1(2), f1(z)) = Ka(f2(2), f2(2)). 2

From Lemma 1.1.2 we have

IKa(f1(2), f2@)IF < Ka(f1(2), fi)Ka(f2(2), f2(2)

and equality holds if and only if f1(z) = f2(z). Thus, (2) implies that fi(z) = fa2(z) for
z € U, proving that each fiber of pp : S — D consists of at most one point. Hence,
S is the graph of some holomorphic map F : D’ —  defined on some neighborhood
D' C D of 0 containing De,. To prove that F is injective let z1,z2 € D’ be such that
F(z1) = F(z2). Forw € D,

Kp(zi, w)* = A7 Kq(F(21), f(w)) = A7 Ko(F (z2), f(w)) = Kp(z2, w)*.  (3)
Since Kp(z,0) = A is positive, (3) implies that for some ¢ sufficiently small, 0 < € < €,
Kp(z1, w) = Kp(z2, w)

whenever w € D, hence for any w € D by the Identity Theorem. By the reproducing
property of Kp(z, w), h(z1) = h(zp) for any h € HZ(D), hence z; = 2z, i.e., F is
injective.

Assume now ¢ (¢) 1= Kq(¢, ¢) is an exhaustion function. Suppose D’ C D and let
p € 3D’ N D. From the functional equations (I,,), w € D¢, we have Ko (F(2), F(2)) =
A - Kp(z, z)*. Since Kq(¢, ¢) is an exhaustion function of ¢, any limit point (p, g) of
points (z, F(z)) as z approaches p must liein D x Q,i.e.,q € Q. Since S C D x Qisa
subvariety, in particular closed, it follows that (p, g) € S, so that S is the graph of some
holomorphic map in a neighborhood of (p, g) € S, so that p € D’, a plain contradiction.
We conclude that D’ = D, i.e., F : D — € is a global holomorphic isometry.
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Finally, assume ¢p(z) = Kp(z,z) is an exhaustion function. Then, for any dis-
crete sequence of points (zm)sfzo on D, Kp(zm, zm) must diverge to oo as n — 00.
Hence, Ko(F (zp), F(zm)) = A - Kp(zm, zm)* must also diverge to oo, implying that
(F (z,,l));jf’:0 is discrete. As a consequence, F : D —  must be proper, as desired. ]

Remarks. For bounded complete circular domains D and D>, a biholomorphism & :
(D1; 0) — (D>, 0) must be linear, by a result of H. Cartan’s (cf. Mok [Mk2, Chap. 4, §2,
Thm. 1]). Thus, the exhaustive property of ¢p(z) is a property of (D; 0) independent of
its realization as a bounded complete circular domain marked at 0.

From the proof of Theorem 1.2.1 we deduce

Corollary 1.2.1. In the notation of the proof of Theorem 1.1.1, let % c C" x CN be
the irreducible component of VE N (C" x E*) containing Graph( f). Suppose the function
va = Kq(¢, ¢) is an exhaustion function on Q2. Then STN(D x Q) is irreducible. In other
words, denoting by S the irreducible component of V N (D x E ) containing Graph( f),
we have SN (D x Q) = S.

Proof. By Theorem 1.2.1, S is the graph of F : (D, AdszD) — (2, dsé). Suppose over
some non-empty open subset U C D x  there are two branches of S* N (D x Q)
described by (z, f1(z)) and (z, f2(z)), where f; : U — ,i = 1,2, are holomorphic
maps. The argument of analytic continuation leading to the identities Kq (f1(z), f2(2)) =
Kao(f1(2), f1(2)) = Kq(f2(2), f2(2)) remains valid. To conclude it suffices to note that
the argument using the Cauchy—Schwarz inequality on ®(€2) C H, which gives fi(z) =
Jf>(2) once the identities are established, remains applicable since both fi(z) and f>(z)
lie on 2. m}

As will be seen in 3.2, there exist non-standard holomorphic isometric embeddings of the
Poincaré disk into polydisks. In such an example Graph( f) extends to an affine-algebraic
variety S, but S* is no longer the graph of a ‘univalent’ map.

1.3. Holomorphic isometric embeddings between bounded symmetric domains

In 2003, Clozel-Ullmo proved an extension theorem for germs of holomorphic isometries
up to integral normalizing constants from the unit disk into the polydisk equipped with the
Bergman metric, showing that any such germ of map extends to a holomorphic isomet-
ric immersion on the unit disk and that moreover its graph extends to an affine-algebraic
variety. This was a crucial step in the proof of the total geodesy of such germs of holo-
morphic isometries arising from some special algebraic correspondences in [CU]. (For a
discussion on methods of analytic continuation in relation to [CU], cf. Mok [MKS, (2.2)
and §4].) For germs of holomorphic isometries between bounded symmetric domains in
general, applications of Theorem 1.1.1 and Theorem 1.2.1 and their proofs yield

Theorem 1.3.1. Let D € C" and Q@ € CN be bounded symmetric domains in their
Harish-Chandra realizations. Let A be any positive real number and f : (D, )»ds%); 0) —»
(2, dsé; 0) be a germ of holomorphic isometry at 0 € D. Then the germ Graph(f) at
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(0, 0) extends to an affine-algebraic subvariety S* € C" xCN such that S := S*N(Dx Q)
is the graph of a proper holomorphic isometric embedding F : (D, )\ds%)) — (L, dsé).

For the proof of Theorem 1.3.1 we will make use of specific forms of Bergman kernels
on bounded symmetric domains as given by the following well-known lemma.

Lemma 1.3.1. Let G € C™ be an irreducible bounded symmetric domain in its Harish-
Chandra realization, and denote by Kg(z, w) its Bergman kernel. Then Kg(z, w) =
1/Q¢c(z, w), where Q¢ is a polynomial in (z1, ..., Zm, W1, ..., Wy ) Such that QG (z, 2)
> 0on Gand Qg(z,z) =0 forz € 9G.

We have more precisely Qg (z, w) = hg(z, w)P¢, where hg(z, w) is some polynomial
in (z1,...,2m, W1, ..., Wy) and pg is a positive integer depending on G. The polyno-
mial hg(z, w) in (z, w) is characterized by the property (1) to be specified below (cf.
Faraut-Koranyi [FK, pp. 76-77]). Denote by r the rank of G as a bounded symmetric
domain. The isotropy subgroup K of Auty(G) acts as a group of G-preserving unitary
transformations on the Euclidean space C™. Using Harish-Chandra coordinates, for each
maximal polydisk P = A" on G passing through 0O there exists y € K such that y (P)
is the unit polydisk IT = A" x {0}. Each z € G is contained in a maximal polydisk
P C G, hence there exists ¥y € K such that y(z) = (ai,...,a,;0) € II. For some
positive constant ag the polynomial i (z, w) in (z, w) is characterized by the property
) hg(z,2) = ag(1l — |a1|2) X oo x (1 — |ar|2). As examples, in the case of type-I
domains DII,) ¢ In the complex Euclidean space M (p, ¢) of p-by-g matrices with complex

entries defined by D}, . :={Z € M(p,q) : I — Z'Z > 0}, the Bergman kernel is given
by KD; . (Z, W) =ap4 -det(I — WIZ)_(’”‘q) for some positive constant o, 4 (cf. Mok
[Mk2, Chap. 4, p. 80 ff.] for this and other classical domains).

Proof of Theorem 1.3.1. Recall the functional equations (I,), w € D, in Proposition
1.1.2, arising from a germ of holomorphic isometry f : (D, Ads%; 0) — (2, dsé; 0),
where f is assumed to be defined on D¢, = B"(0; €g) € C". It may happen a priori that
the normalizing constant A is irrational (cf. Proposition 3.1.2). The functions ¢p(z) =
Kp(z,2) and ¢q(¢) = Kq(¢, ¢) are exhaustion functions by Lemma 1.3.1. Thus, by
Theorem 1.2.1, f extends to a proper holomorphic map F : (D, )\ds%)) — (R, dsgz) such
that Graph(F) C D x  extends to a complex-analytic subvariety S* ¢ C" x CV. By
the fine structure of the boundary of bounded symmetric domains in their Harish-Chandra
realizations (cf. Wolf [Wo]), there is a decomposition of d D into a finite union of orbits
under Auty(D). The set Reg(d D) of regular points of d D is a locally closed real-analytic
submanifold of C" which is dense in d D. The preceding discussion holds analogously for
the bounded symmetric domain Q € C¥ in its Harish-Chandra realization.

We claim that . must be a rational number. Since Graph(F') extends to a subvariety
§* C C" x CN, for a general point b € Reg(d D), there is a neighborhood Uy, of b in C"
and a holomorphic map F b U, — CN such that F b|me p agrees with F|y,np. We have

Ko(F’(2), F’(z)) = A - Kp(z, 2)*
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for z, w € U, N D. By Lemma 1.3.1 we have

A-Qa(F’(2), F’(z)) = Qp(z, )" (1)

for z € UyN D. Write pp(z) = —hp(z,z) on C" and po () = —hq(Z, £) on CV. On Uy
the function o (z) = ,OQ(Fb(Z)) is real-analytic. We have 0 < O on U, N D and 0 = 0 on
Up N dD. The function pp, resp. pg, vanishes to order 1 along Reg(d D), resp. Reg(9€2).
Letting £ > 1 be the vanishing order of o along U, N 92, by equating vanishing orders on
both sides of (1) we conclude that {pg = App, hence A = ¢pq/pp is a rational number,
as claimed.

Write now A = p/q, where p and g are positive integers. We adopt the notation in
the proof of Theorem 1.1.1. There we have a subvariety V¥ ¢ C" x CV, a subvariety
E® c CN such that T* = VEn (C" x Eﬁ) contains Graph(f), T* is irreducible and
of dimension n at a general point of Graph(f), and S C C" x CV is the unique irre-
ducible component of T* containing Graph(f). In the current situation where A = p/q
is rational, let W¥ be the set of common solutions (z, Z) on C" x C¥ to the equa-
tions Kq(¢, f(w)? = A - Kp(z, w)” as w ranges over some D¢, = B"(0; €p). Then
V# C WF and the germs of V¥ and W* at (0, 0) agree with each other. By Lemma 1.3.1,
the functions Kp . (z) = Kp(z, w) and Kq ¢ = Kq(¢, &) are rational functions, hence
WE c C" x CV is affine-algebraic. The subvariety E=E (ep) C 2 is defined by ex-
tremal functions {hq}eeap), 0 < B < €, and E=EnNQ. By the formula in Lemma
1.1.2 expressing hy = hy,z, in terms of K, it follows that each A is a rational function.
Thus E = H N § for some affine- algebraic variety H C CN. Finally, % is equivalently
the irreducible component of W% N (C" x H ) containing Graph( f), hence also affine-
algebraic, as desired. O

When D is the unit disk A, and F : (A, kdsi) — (2, dsé) is a holomorphic isometry,
by Theorem 1.3.1, F is a proper holomorphic isometric embedding, and S := Graph(F)
extends as a subvariety to an affine-algebraic subvariety S c C x CV. It follows in
particular that F : A —  extends to a continuous mapping F* : A — Q. For a
general point b € dA, there is a neighborhood Uy, of b on C such that F|y,na extends
holomorphically to U,. When the latter fails to be the case, b will be called a singular
point of F, and we will say that b lies over the branch point F’(b) € 9S.

Germs of holomorphic isometries up to normalizing constants between bounded sym-
metric domains equipped with the Bergman metric may fail to be totally geodesic (cf.
3.2 and 3.3). In view of such examples we pose the question of finding conditions un-
der which germs of holomorphic isometries are necessarily totally geodesic. In the case
where the domain is irreducible and of rank > 2, as observed by Clozel-Ullmo [CU],
total geodesy follows from the proof of Hermitian metric rigidity of Mok [Mk1, Mk2].
Mok [Mk3] proved an analogue on algebraic extension for germs of holomorphic isome-
tries up to integral normalizing constants from an n-ball to a product of n-balls under a
certain non-degeneracy assumption, showing in the case of n > 2 that any such map must
necessarily be totally geodesic by applying Alexander’s Theorem [Al]. Using Theorem
1.3.1, the latter result can be improved by removing the non-degeneracy assumption and
by allowing the normalizing constant X to be a priori any positive real number. Regarding
the characterization of totally geodesic maps among holomorphic isometries we now have
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Theorem 1.3.2. Let D € C" and Q € CV be bounded symmetric domains, ) > 0, and
f (D, )Lds%); 0) — (2, dsé; 0) be a germ of holomorphic isometry. Then f extends to
a totally geodesic holomorphic embedding F : (D, Ads%)) — (R, dsé)

(a) whenever each irreducible component of D is of rank > 2;
(b) whenever D is of rank 1 and dimension > 2, ie., D = B",n > 2, and Q is a
Cartesian product of copies of B".

Proof. (a) The zeros of holomorphic bisectional curvature are preserved by a holomor-
phic isometry. Thus, whenever R _ = 0, we have R%® _ =0and lows |2 =R% _—
aall aals aals
Ro?ﬁéf = 0. When D is irreducible and of rank > 2 the partial vanishing oo; = 0 is
enough to imply o = 0, by Mok [Mk1, proof of Corollary to Theorem 3’, p. 138 ff.] (cf.
also Clozel-Ullmo [CU, §3]). Assume now that D is reducible, D = D x --- x Dy,
k > 2, and each irreducible component D;, 1 < i < k, is of rank > 2. Fix x € D. For

Ni, ’71/' € T, (D) tangent to the i-th direct factor we have 0yn, = 0. On the other hand,

if n; € Tx(D) is tangent to the j-th direct factor and i # j, then Rvgmnjn*j = 0, and we
2 _ pQ _ pD _ _ L — —
deduce by |loy,,; 1= = R — Ry = 0 that oy, = 0. From o, = 0oy, =0

we conclude that o 0 on D, proving that f : (D, Ads%); 0) — (Q, dsé; 0) is totally
geodesic.

(b) The statement for the germ of map f : (B", )Ldsé,,; 0) — ((B")P, ds?Bn)p; 0) was
established in Mok [Mk3] under the assumptions that (i) the normalizing constant X is a
positive integer, and that (ii) writing f = (f1,..., fp), fi : B* — B",for1 <i < p,
each f; is of maximal rank at some point. When the normalizing constant A > 0 is an
arbitrary positive real number, results of the current article apply. In fact, by Theorem
1.3.1, Graph( f) extends as an affine-algebraic variety. The final argument in [Mk3] using
Alexander’s Theorem remains valid to show that f is totally geodesic, as follows. The
functional identities as in Proposition 1.1.1 apply and we have in particular the identity

p
[Ta—=1s1»=a—1z1»* )
i=1

analogous to Mok [Mk3, proof of Theorem (3.1)]. Pick b € d B" where f extends holo-
morphically to a neighborhood U, of b in C". From (1) one of the factors 1 — | fi||2,
1 <i < p, must vanish on 0 B". We may take i = p. Since n > 2 and f), is obviously
nonconstant, Alexander’s Theorem (stated below) applies to force f, to extend to a bi-

holomorphism F, : B" — B”". Since f,(0) = 0 we must have | f,(z)|| = ||z]|, hence
by (1) we have ]_[f:ll(l — £ = (1 = lzI»*", and (b) follows by induction, as
desired. ]

Theorem (Alexander [Al]). Let B" € C" be the complex unit ball of dimension n > 2.
Let b € 0B", Up be a connected open neighborhood of b in C", and f : U, — C" be
a non-constant holomorphic map such that f(Up N dB™) C dB". Then there exists an
automorphism F : B" — B" such that F|y,np» = f|u,np".
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2. Generalizations of extension results for bounded domains and for complex
manifolds

2.1. Extension of germs of holomorphic isometries for bounded domains

We have considered the extension problem for bounded complete circular domains on
germs of holomorphic isometries f at 0, where f(0) = 0. Here we generalize the re-
sults to holomorphic isometries f : (D; Ads%); x0) = (2, dssz-z; f(x0)) between arbitrary
bounded domains.

Theorem 2.1.1. Let D € C" and @ € CV be bounded domains. Let xo € D, X be
a positive real number, and [ : (D, kds%; x0) — (L, dsé; f(x0)) be a germ of holo-
morphic isometry. Then the germ of complex-analytic subvariety Graph( f) at (xo, f (x0))
extends to an irreducible complex-analytic subvariety S C D x Q which is the graph of
a holomorphic isometric embedding F : (D’, )\ds%|Dr) — (2, dsszz) defined on some
neighborhood D’ of xo in D. If (2, dsé) is complete as a Kihler manifold, then D' = D,
so that the germ of holomorphic isometric immersion f extends to a holomorphic isomet-
ric embedding F : (D, )»ds%) — (2, dsé).

In what follows for €, § > O sufficiently small we will write D, := B"(xg; €) € D and
Q5 := BN (x0; 8) € Q. The germ of holomorphic map f : (D; xg) — (; f(xo)) will
be taken to be defined on some D, €y > 0 being sufficiently small and fixed.

Proof of Theorem 2.1.1. With some minor differences Theorem 1.2.1 deals with the spe-
cial case where D € C" and © € CV are complete circular domains, xo = 0, and
f(x0) = 0. In the proof there we made use of the circle group action. With reference
to the proof given there and in the same notation, we examine what is needed on the
coordinates (z;) and (;) for the proof to work. We have

log Ko(f(z), f(2)) = Alog Kp(z, z) + Re(y), (D

where ¥ is a holomorphic function on De,. The pluriharmonic function Re(1/) is shown
to be a constant by the observations that for |I| # |J|, (a) the coefficient of z/z/ in
log K p(z, z) is always 0; and (b) the coefficient of ¢ in log Kq(¢, ¢) is always 0. By
(b), substituting ¢ = f(z) satisfying f(0) = 0, we conclude that the coefficient of z! (and
hence of z7) in log Ko(f(z), f(z)) is always O whenever I = (iy, ..., i,) iS non-zero.
Using (a) and (b) and comparing the two sides of (1) it follows that ¥ must be a constant.

The observations (a) and (b) hold true because of the invariance of the Bergman ker-
nels under the circle group action at 0. But, in order to conclude that v is a constant, it
is sufficient that whenever I = (i1, ..., i,) is non-zero, (a') the coefficient of (z — xg)’
in log Kp(z, z) is always 0; and (b") the coefficient of (¢ — f(xo))l in log Kq(¢,¢) is
always 0. Such coordinates do not always exist. However, in place of using log K p(z, z),
resp. log Kq(¢, ¢), we can first remove pluriharmonic functions from the potential func-
tions before comparing the two sides in the functional equations. For (a’) and (b’) to
hold true it suffices that we choose a potential function at xo for the Bergman metric
which is a convergent sum of £|6|> for a countable number of holomorphic functions 6
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on D vanishing at xp, and an analogous potential function at yy := f(xg). For this pur-
pose let (sg, s1, ...) be an orthonormal basis of H 2(D) adapted to xq so that s; (xg) = 0
for i > 1. Then the Bergman kernel Kp is given by Kp(z,z) = |s0|2K’D (z, 2), where
Kp(z,2) =14+ Zizl |s; /so|%. Expanding in power series on some neighborhood of x,
the function log K (z, z) is the convergent sum of a countable number of functions of the
form |6y |?, where each 6y is a holomorphic function vanishing at xo. Choose now anal-
ogously an orthonormal basis (rg, 71, ...) of H 2(Q) adapted to yg so that r;(yg) = 0 for
every j > 1, and write in a similar way Ko (¢, {) = |r0|2K£2 (¢, ¢). Again, on some neigh-
borhood of yg the function log K, (¢, ¢) is the convergent sum of a countable number of
functions of the form =|x,|?, where each x; is a holomorphic function on 2 vanishing
at yo. Noting that log |so|2, resp. log |ro|?, is a pluriharmonic function on a neighborhood
of xo, resp. yo, the hypothesis that f : (D, xop) — (€2, yo) is a holomorphic isometry up
to a normalizing constant gives rise to

V=10831log Ka(f(z), f(z)) = Av/—133log K p(z, 2),

2
log Ko (f(2), f(2)) = A1og Kp(z, 2) + Re(y), @

where v/’ is a germ of holomorphic function at xg. Thus, we have log K éz( f), f(2) =
Yo £l(xe o /)@, where (x¢ o f)(x0) = xe(f(x0)) = xe(yo) = 0. Expanding in
power series at xo and observing that 2Re(y/") = ¥ 4 ¥ is a sum of terms of pure type,
it follows that in fact the pluriharmonic function Re(v’) vanishes identically, giving

log Ko(f(2), f(2)) = Alog Kp(z, 2). 3)

From K, (z, z) we define the function K, (z, w) holomorphic in z and anti-holomorphic
in w such that one recovers the original definition by restricting to z = w. The same
applies to K, (¢, £). Writing the extremal functions so € H%(D) and ry € H*(Q) as

50(2) = Kp(z, xo) ro(z) = Ka(g, yo)
VKb (o, x0) VEKa(o, )’

from Ky (z, w) = Kpzw) 4nq Ko, 8) = Ka@.H e have

50(2)s0(w) ro(§)ro(§)
, Kp(z, w)Kp(xo, x0) , Ka(¢, &) Ka(yo, yo)
K s = s K LE) = . 4
D) = e kpmo w20 T ko ka0 e
Observe from (4) that
Kp(z,x0) =1, K&, o) = 1. &)

Let (h; )j?’io be an orthonormal basis of H2($2) and write h} = hj/ro. Define ® : Q@ — H
by
@(5) = (ho(§), h1(£), .. ).
We also write
Q)

() = (p@). 1 @): ) = o
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Each component 4, of @’ is meromorphic on € and may in general have poles. However,
since ro(yo) # 0, without loss of generality we will assume that f(D¢,) C €25, where
ro has no zeros on Qs,, so that ' o f is holomorphic on D,. We are going to prove the
extendibility of Graph(f) to S C D x 2 as a complex-analytic subvariety by imposing
first of all the following simplifying assumption on the Bergman kernel K p(z, w):

(8) The holomorphic function K p(z, xg) of z does not have any zero on D.

Assuming (), the function K b(z, w) is holomorphic in (z, w) on D x D.Let G € D
be an open neighborhood of D_60 Since K},(z, x0) = 1 by (5), from the continuity of
K/D (z, w), for some € satisfying 0 < € < ¢y we must have Re(K/D(z, w)) > 0 whenever
(z,w) € G x De. Thus, for (z, w) € G x D, the function log K, (z, w) is well-defined
and holomorphic in (z, w) for the principal branch log of the natural logarithm, so that
(Kp(z, w))* = exp(ilog K},(z, w)) is defined and holomorphic in (z, w) there. Con-
sider

Ly Ko, f(w) = (Kp(z,w)*, we D,

restricted to (z,¢) € G x €2, and denote by Vg C G x 2 the set of common solutions
to (I,), w € De. By polarizing (3) and exponentiating, it follows that (I,,) is satisfied by
¢ = f(2) for w € D.. Suppose connected open subsets G and G’ are chosen such that
D. € G € G' € D and ¢, € are chosen so that 0 < € < € < €y and Re(K,(z, w)) > 0
whenever (z, w) € G x D¢ or (z, w) € G’ X D.. Then Vg N (G x Q) = Vg by the
Identity Theorem for holomorphic functions. Choose a sequence (G);2, of connected
open subsets of D such that D, € --- € Gy € Gg41 € --- € D and Uk>1 Gy =D,
and a corresponding strictly decreasing sequence of positive numbers (ek),‘:il_ converging
to 0 such that Re(K’D (z, w)) > 0 whenever (z, w) € Gy x D¢, for some integer k > 1.
Then the union V = [ J;~; Vg, is a subvariety of D x Q.

Let U C De,, and let {fi(2)} fort € A and z € U be a holomorphic 1-parameter
family of solutions to the functional equations (I,,), w € D, given by

Ko(fi(2), f(w) = (Kp(z, w)*,  w e D, (©6)

as w ranges over D.. Write ¥ := f(U) C Q and & := ®'(¥) C H. Again, let £
be the first positive integer such that % fi (Z)| ;o 18 not identically zero on U. Then,
as in the proof of Proposition 1.1.2, differentiating the identities (6) against ¢ exactly ¢
times and evaluating at t = 0 we obtain a holomorphic vector field n(f(z)) on ¥ and a
corresponding holomorphic vector field along d®’(n) along &’ satisfying

(d'(n(f(2))), @'(f(w))) =0.

Write

Ko, 8) = Q¢ §) (ho(D)ho(§) + h1(§)h1(E) +---)

1
—K -
ro(¢)ro(§) ro(¢)ro(§)
= ho(O)hy(E) +h (OB E) +--- .
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Choose now the orthonormal basis (hg, ki1, ...) of H*(Q) adapted to a point zg on U
and 7(f(zo)) as in the proof of Proposition 1.1.2, so that /;(z9) = O whenever j > 1,
and dh;j(n(f(z0))) = 0 whenever j > 2. Clearly, we also have h; (zo) = 0 whenever
Jj >1,and dh;. ((n(f(z0))) = 0 whenever j > 2. By the analogues of (2)—(4) in the proof
of Lemma 1.1.2, applied instead to (h;- )J?io’ we conclude that h’l( f(w)) = 0 and hence

hi(f(w)) = 0 for any w € De. Defining £ C H%(Q) to consist of h; = hy,z, from
infinitesimal variations of solutions to (I,;), and E C 2 to consist of common zeros of
hy € & (cf. the proof of Proposition 1.1.2), the irreducible component S of V N (D x E)
containing Graph( f) gives an extension of Graph(f) to a subvariety of D x Q.

In the absence of () there is the problem of making sense of the identity (3) and
its polarization, formally written log Ks/z(f(z), f(w)) = rlog K’D (z, w), both sides of
which can only be understood as multi-valued functions when the domain of definition
of f : D¢, — S is enlarged. Recall that for z, w € D we write Kp ,(z) = Kp(z, w)
and likewise for (¢, &) € Q we write Kq £(¢) = Kq(¢, §). For each w € D, denote by
®y € D x 2 the complex-analytic subvariety given by

Op = ((Zero(KD,xO) UZero(Kp,w)) X Q) U (D X (Zero(Kq, f(xg)) UZCI'O(KQ’J‘(U))))).

Given a relatively compact subdomain in D x  — ©,, we will consider functional equa-
tions (J,,) which are well-defined on the subdomain provided that w is sufficiently close
to xo, where the requirement of proximity of w to xo depends on the subdomain chosen.

Let G € D — Zero(Kp,x) and O € Q — Zero(Kq, r(x,)) be arbitrary relatively
compact subdomains. Observe that for € > 0 sufficiently small, K,(z, w) is holomorphic
in (z, w) for (z, w) € G x D, and we have K},(z, x9) = 1 for z € D — Zero(Kp ).
Likewise for § > 0 sufficiently small, K, (¢, ) is holomorphic in (¢, &) for (¢,&) €
O x Qs, and we have Ké(;, f(x0)) = 1for¢ € Q — Zero(Kq, r(xy))- Hence, for some
€ = €(G,0) < ¢ we have Re(K,(z, w)) > 0 and Re(K(¢, f(w))) > 0 whenever
w € D¢ and (z,¢) € G x O. Let W be the set of common solutions (z,¢) € G x O to
the functional equations

@) logKq(, f(w) =AlogKp(z,w), we De,
where log stands for the principal branch of logarithm. W contains Graph(f) and the

germs of Wi and V; at a general point of Graph( f) agree with each other. Using (4) we
have the following equivalent family of functional equations:

Ka(¢, f(w))
w)  HE G w) =1
Jw) (z, & w) Og<KQ(§» fxo)Ka(f (xo), f(w)))

Kp(z, w)
— Mlog +a=0, weDe,
Kp(z, x0)Kp(xo, w)

where a = log Ko (f (xo), f(x0)) — Alog Kp(xo, x0). Thus Hy(z,¢) := H(z,¢; w)isa
holomorphic function on G x O. Note that H(z, ¢; w) depends anti-holomorphically on
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w € De.For 1l <i <nand w € D, consider now the new equations (L{U) defined by
differentiating the equations (J), given by

L) L) := =0,

where by definition an (z,¢) = 3}1_ H(z, ¢; w). More explicitly we have

J

g Yili pE Ko 8, o (w) Z, 1 5eKa(f (), )] o o (w)
Tw) Ka(C, ) Ka(f (o). f(w)
2 Kp(z,w)  7=Kp(xo, w)
— a2 . =0,
< Kp(z, w) Kp(xo, w) )

which shows that each qu(z, £), a priori only defined on G x O, extends meromorphi-
cally to D x €2, a crucial fact in what follows. To proceed we need the following obvious
lemma.

Lemma 2.1.1. Let U C C™ be a domain and E C U be the common zero set of a real-
analytic family {¢; 1 t = (t1,...,t;) € (=1, 1)*} of holomorphic functions paramemzed
by an open cube (—1, 1)* C RY Write ¥ (z, t) := ¢;(2), and define v, ;(z) := at (z 1).
Then E is the common zero set of oo and of {Y;: 1t € (—1,1)°, 1 <i <s}.

Returning to Theorem 2.1.1, for w € D, consider the real-analytic family of holomor-
phic functions Hy,(z, ¢) := H(z, ¢; w) on D x 2 as being parametrized by the real 2n-
dimensional parameter space D, in the variables (Re(w;), Im(w;)), 1 <i < n. Observe
the crucial fact that Hy,(z, ) = 0 when w = Xxp, so that in the application of Lemma
2.1.1 the function ¢ there is the zero function, leaving us with only the first derivatives
of Hy(z, ¢) against w. Since H,, varies anti-holomorphically in w, to apply Lemma 2.1.1
above it suffices to take the first derivatives against w;, 1 < i < n, i.e., to consider
L’ (z,¢) = %Z“’ (z, ¢). Recall that for (z, ¢) € G x O the functional equation (J,,) for
w € D is well-defined. More generally, let (G¢)2, be a sequence of subdomains of
D —Zero(Kp,x,) suchthat G| € G2 € --- € D and Uk>1 Gy = D —Zero(Kp y,), and
likewise let (Ok),fil be a sequence of subdomains of —Zero(K Q, f(xo)) such that O €
Oy €--- € Qand ;o O = Q —Zero(Kgq, f(xy))- Then there exists a strictly decreas-
ing sequence (€;)7° 2= Of positive numbers converging to 0 such that Re(K (z,w)) >0
whenever (z, w) € Gy x D¢, for some k > 1, and Re(K ¢, f(w))) > 0 whenever
(w, ¢) € D¢, x O for some k > 1. Thus, given z € G, Hy(z, ¢) is defined whenever
(w, £) € D¢, x Ok. Define now the subvariety W C (D x Q) — Oy, resp. V' C D x Q,
by (Ju), resp. (L), as follows:

W :={(z,0) € (D x Q) — Oy : Hy(z, ) = 0 for all w sufficiently close to xp},
Vii={(z,¢) e DxQ: L (z,¢) =0forallw € D, 1 <i <n).

Thus, V'’ is the common solution set of (Lfy), w e D.,1 <i < n,i.e., the intersection
of the zero sets of the meromorphic functions L! (z,¢) on D x Q. By Lemma 2.1.1,
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W agrees with V' N ((D x Q) — ©y,), hence Graph(f) C V’. In terms of exhaustion
sequences as explained above, for k > 1 and for (z,¢) € G x O we consider only
the functional equations for H,,(z, ¢) for w € Dg,. If we denote by Wy C G x O
the intersection of the zero sets of H,,(z, ) as w ranges over D, , then Wi N (G X
Or) = Wy, for k > 1 by the Identity Theorem for (anti-)holomorphic functions, and we
have W = ;> Wk.

Using V' in place of V (as in the case with the additional assumption (f)) and the same
extremal functions A, € &, with common zero set E C €2, the irreducible component S
of T := V' N (D x E) containing Graph( f) gives the desired analytic continuation of
Graph(f) to a subvariety of D x . To prove that S is the graph of some holomorphic
isometry F : (D/, Adslz)|D/) — (L2, dsgz), by the arguments of Theorem 1.2.1 and using
the identities (3) above, for two branches f1(z), f>(z) of the analytic continuation of f
over some subdomain of D, we have

Ko(f1(2), f1(2) = Kq(f1(2), £2(2)) = Ko(f2(2), f2(2)). )

Since Kq(¢, &) = WK&({, £), we conclude from (7) that

IKa(f1@), @) = Ka(f1(2), i)Ka(f2(2), f()). ®)

Write @ : Q@ — H for the canonical map defined in terms of any orthonormal basis of
H?*(S). By the Cauchy—Schwarz inequality, it follows from (8) that for some non-zero
complex number ¢ we have

P(f1(z)) = c@(f2(2)), sothat fi1(z) = f2(2).

Consequently, the argument § = Graph(F) for some F : (D’, Ads%m) — (2, dsé)
works verbatim as in the proof of Theorem 1.2.1. The proof of injectivity of F is also
the same. Finally, supposing that (€2, dsé) is complete as a Kéhler manifold, we have to
prove that D' = D. Suppose otherwise, i.e., D' C D.Letr € 9D'NDand y : [0,1] — D
be a smooth curve such that y (0) = xg and y (1) = r. Among ¢ € [0, 1] let 7y be the first
element such that y (z9) ¢ D’ and write p = y (o). Since F : (D', Ads%) — (R, dsé)
is a holomorphic isometry, restricting to y[0, fy) we see that F'(y (¢)) converges to some
point g € 2 as ¢ increases to fp. Since S C D x Q is closed we must have (p, g) € S,
contradicting the statement that p ¢ D’.

Remarks. Theorem 2.1.1 can be deduced from Calabi [Ca]. Using the canonical em-
bedding Vg : G — P(H 2(G)"), by the existence and uniqueness theorems of [Ca] one
can analytically continue holomorphic isometries along paths. Global extension can be
deduced using the diastasis § as defined and developed in [Ca], noting that §p(z, xo) =
log K'(z, z). For a proof of interior extension using [Ca] we refer the reader to Mok
[MKS, (2.3)]. [Ca] does not however apply to boundary extension, since dG essentially
disappears under W. Here interior extension is presented as a natural intermediate out-
come of our direct method which at the same time yields boundary extension.
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For boundary extension results on bounded domains we have

Theorem 2.1.2. Let D € C" and Q@ € CV be bounded domains. Let xo € D, A be
a positive real number and f : (D, )»ds%); x0) — (R, dsé; f(x0)) be a germ of holo-
morphic isometry. Suppose furthermore that the Bergman kernel K p(z, w) extends as a
meromorphic function of (z, W) to a neighborhood of D x D and Ko/(¢, £) extends as a
meromorphic function of (¢, €) to a neighborhood of Q x Q. Then there exist a neighbor-
hood D* of D and a neighborhood QF of Q2 such that the germ of Graph(f) C D x
at (xo, f(xo)) extends to an irreducible complex-analytic subvariety st of D* x QF. If
(%2, dsszz) is complete as a Kdihler manifold, then S := S* N (D x Q) is the graph of a
holomorphic isometric embedding F : (D, )»dsZD) — (2, dsé). If furthermore (D, ds%)
is complete, then F : D — S is proper.

Proof. We refer to the proof of Theorem 2.1.1 and use the same notation. Under the
present hypothesis the domain of definition of the equations defining V' C D x £, viz.,
the functional equations (L{U) for w € D, and for 1 < i < n, can be extended from
D x Q to D* x QF. Denote by V'* the common solution set of the extension of the
functional equations (Lﬁu) thus defined. On the other hand, from the formula for 7; =
ha = hy 7, o € A, given in (2) and (4) in the proof of Lemma 1.1.2, under the present

assumption, each &, can be extended from € to QF as a meromorphic function hg Recall
that E C  is the common zero set of 4, @ € A. Defining E* to be the common zero
set of the meromorphic functions k%, @ € A, on QF, and writing S° C DF x Q for the
irreducible component of V'*N(D® x E¥) containing Graph( f), we infer that S* furnishes
an extension of Graph( f) from D x Q2 to Difx Qfand S N(Dx Q) =S = Graph( f), by
the proof of Corollary 1.2.1. By Theorem 2.1.1, S C D x 2 is the graph of a holomorphic
isometric embedding F : (D, Ads?) — (2, ds3).

It remains to prove that F : D — €2 is proper whenever (D, dszD) is complete.
Suppose otherwise; then there exists b := (p,y) € S* — S such that p € 3D and
y € Q. Let W be a neighborhood of (p, y) on §% such that W C D x ©, and denote by
o W— Wa desingularization of W. Let n = (xl, yl) € W N Graph(F) and denote by
e W the unique point lying over (xg, y1). Let b € W be any point such that ,o(b) =b.
Let y : [0,1] — W be any smooth curve on W such that y(0) = 77 and y(1) = b.
Define y; : [0,1] — Dfand y, : [0, 1] — Q by y;(t) = 7 (p(y (1)), i = 1,2, where
71 : D*xQ — DFand p : D* xQ — Q are the canonical projections. Let 0 < > < 1 be
the first point such that y; (") € 3D and write x” := " (t") € 3D and y* := » (") € Q.
Then y1ljo) : [0,1°] — D* joins y1(0) = x1 to x* with y;1(t) € D forO <t <.
On the other hand, 2| 7 : [0, 7 ] = Q joins y2(0) = yj to y»(1") = y”. Since y is
smooth, y2|[o vy is of finite length. Clearly F(y1(f)) = y2(t) whenever 0 < < 1", Since
F is an isometry, 1| ,») must be of finite length with respect to the Bergman metric
ds%). However, y1|[g ) is a smooth curve joining x| € D to x” € 3D, and hence y; l10.)
must be of infinite length on the complete Kihler manifold (D, dslzj). This contradiction
proves that F' : D — €2 is proper, and the proof is complete. O

Remarks. In Theorem 1.1.1 we deal with boundary extension for germs of holomorphic
isometries f : (D, )»ds%); 0) — (L2, dsé; 0) between bounded complete circular domains



1644 Ngaiming Mok

with base points at 0. For arbitrary base points xo € D and yp = f(x9) € 2, Theorem
2.1.2 applies provided that tD C D and tQ2 C €2 whenever 0 < ¢ < 1. To see this, by
Lemma 1.1.1, Kp ,,(z) = Kp(z, w) extends holomorphically to some neighborhood D*
of D whenever w is sufficiently close to xo, and the analogue holds true for Kgq, () =
Kq (¢, &) whenever £ is sufficiently close to yp, so that Theorem 2.1.2 is applicable.

2.2. Generalizations to relatively compact subdomains of complex manifolds

We consider more general extensions of germs of holomorphic isometries on complex
manifolds equipped with Bergman metrics. First of all, we introduce some terminology.

Definition 2.2.1. Let X be a complex manifold and denote by wy its canonical line
bundle. Suppose the Hilbert space H2(X, wx) of square-integrable holomorphic n-forms
on X has no base points, and denote by Kx (z, w) the Bergman kernel form on X. Regard-
ing Kx(z, z) as a Hermitian metric & on the anti-canonical line bundle w%, we denote by
Bx > 0 the curvature form of the dual metric 2* on wy, and write dsgf for the correspond-
ing semi-Kéhler metric on X. We say that (X, d s)zf) is a Bergman manifold whenever dsg(
is positive definite. If furthermore the canonical map Wy : X — P(H*(X, wx)*) is an
embedding, we call (X, dsi) a canonically embeddable Bergman manifold.

For a bounded domain D € C", we have Kp(z, w) = Kp(z, w)(%a’zl A dwl) Ao A
(%dz" A dw™). Our extension results generalize to canonically embeddable Bergman
manifolds, including bounded domains on Stein manifolds:

Theorem 2.2.1. Let D and 2 be canonically embeddable Bergman manifolds. Let D € M
(resp. 2 € Q) be a realization of D (resp. Q2) as a relatively compact domain on a com-
plex manifold M (resp. Q) such that the Bergman kernel form Kp(z, w) (resp. Kq(¢, §))
extends meromorphically in (z, w) to M x D (resp. in (¢, &) to O x Q). Then the analogue
of Theorem 2.1.2 holds true with M replacing D* and Q replacing QF.

Proof. Let u be a square-integrable holomorphic n-form on D such that p(xp) 7# 0, and

v be a square-integrable holomorphic N-form on €2 such that v(f(xp)) # 0. For m > 0,
2

write €, = («/ —1 }m so that €,,a A > 0 for any (m, 0)-covector « on an m-dimensional

complex manifold. Define KbD(z, w) on D x D, resp. K?Z(g“, &) on Q x 2, by

Kp(z, w) = Kz, w)(en(@) Ap@), Ko, &) = Ko, E)(env(@) A v(E)).

Using KZ(z, w), resp. K%({, £), in place of K}, (z, w), resp. K (¢, §), Theorems 2.1.1
and 2.1.2 generalize as follows. Let o € H 2(D, wp) be such that the (n, n)-vector
€,0(x0) A o(xp) is maximized among square-integrable holomorphic n-forms of unit
norm by o = op. Then o (x¢9) = 0 for any o L op. Complete o to an orthonormal basis
(0i)72, of H2(D, wp). Choosing u = o9, we have

00 2

K?)(z,z) = Z

i=0

2 00
_+Z

i=1

0i(z)
00(z)

0i(2)
00(z)
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Similarly let (ri)l‘?io be an orthonormal basis of H2(R2, wq) adapted to yo = f(xp) de-
fined in exactly the same way. Choosing v = 1, we have

b L&) % (@) [
K@ 0 =2 | o] =1 2o

Then KbD(z, w), resp. Kfz(g, £), plays the role of K, (z, w), resp. K¢, (¢, £), in Theorem
2.1.1, and by the analogues of (2) and (3) in the proof of Theorem 2.1.1 we have

V=1931log K)(f(2), £(2)) = A/—133log K’ (2, 2),
log Ko (f(2), f(2) = Alog K (2. 2),
and the proofs there carry over with minor modifications to yield Theorem 2.2.1. O

Remarks. For a bounded symmetric domain G C N embedded in its compact dual N
by the Borel embedding, K¢ (z, w) extends meromorphically in (z, w) to N (cf. Lemma
1.3.1). Thus, Theorem 2.2.1 implies Theorem 1.3.1.

3. Examples of holomorphic isometries with respect to the Bergman metric

3.1. Totally geodesic examples on bounded symmetric domains

The first examples of non-equidimensional holomorphic isometric embeddings f :
D — € up to normalizing constants with respect to the Bergman metric are given by
holomorphic totally geodesic embeddings from an irreducible bounded symmetric do-
main into any bounded symmetric domain, such as the embedding of the Poincaré disk
into the complex unit ball B”, n > 2, given by f(z) = (z,0), or the diagonal map into
the polydisk A", n > 2, given by f,,(z) = (2, ..., z). More generally, if €2 is a bounded
symmetric domain of rank r > 1, then, up to automorphisms of €2, there are exactly r
such maps, obtained from a maximal polydisk P C Q, where P = A", and f : A — Q
is given by composing the diagonal map f; : A — AX with the standard embedding
Afx{0)cA"ZPCQ1<k<r.

Totally geodesic holomorphic embeddings f : D — 2 from irreducible bounded
symmetric domains into bounded symmetric domains have been classified by Satake
[Sa] and Ihara [Th]. As higher-dimensional examples write M (p, q) for the complex vec-
tor space of p-by-g matrices with complex entries, and recall that the domain D;,’ g C

M (p, q) consists of matrices Z satisfying I — Z'7Z > 0. Let M,(n) C M(n,n), resp.
M;(n) C M(n, n), be the complex vector subspace consisting of skew-symmetric, resp.
symmetric, matrices. Define DI! := D,Im N M,(n) and DI := D,Il’n N M(n). Then
D},’q € M(p, q), resp. D,IlI € M,(n), resp. D,IlII € M (n), are classical symmetric do-
mains of type I, resp. II, resp. IIl, in their Harish-Chandra realizations, and the inclusions
DI D,Im and DI C D,Iw are totally geodesic. They extend to holomorphic embed-

dings M,(n) C M(n,n) and Mg(n) C M(n,n). More generally, using the characteriza-
tion of totally geodesic submanifolds on a Riemannian symmetric manifold in terms of
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Lie triple systems (cf. Helgason [He, §7, p. 224 {f.]), the Borel embedding between dual
pairs of Hermitian symmetric spaces, and Harish-Chandra coordinates (cf. Wolf [Wo]),
we have the following summary of basic facts for which the proof is omitted.

Proposition 3.1.1. Let (D, h) and (2, g) be Hermitian symmetric manifolds of the non-
compact type and denote by (M, h.), resp. (Q, &), the compact dual of D, resp. <.
Identify D and Q as bounded symmetric domains D € C", Q € CV in their Harish-
Chandra realizations, so that D € C" ¢ M and Q@ € CN c Q, where D C M and
Q C Q are given by the Borel embedding. Let F : D — (2, g) be a holomorphic to-
tally geodesic embedding. Then F extends to a holomorphic totally geodesic embedding
D : M — (Q, g). As a consequence, Graph(F) C D x 2 extends to a complex submani-
fold S C M x Q. When D is irreducible, F is a holomorphic isometry up to a normalizing
constant. If F(0) = 0, then F is the restriction of a linear map A : C" — CV.

Let D € C" be an irreducible bounded symmetric domain in its Harish-Chandra realiza-
tion. Denote by 7 : L — D the anti-canonical line bundle on D. Writing (z1, ..., 2,)
for the Harish-Chandra coordinates on D, for r € C the n-vector t% Ao A %
at any z € D is identified with (z, t), giving a trivialization L = D x C. The ac-
tion of Aut(D) on D induces an action on L, and # : L — D is equipped with an
Aut(D)-invariant Hermitian metric /. Thus, given any z € D and y € Aut(D) we have
f*(%» : -/\%) = Jy(z)~%/\- : A% where J, (z) = det(dy (z)) is the Jacobian de-
terminant of y, and the action of Aut(D) on L is given by ®(y)(z, 1) = (y(2), J, (2) - 1).
On L we have the open subset 2 C L consisting of all n-vectors n of length < 1 with
respect to h. By the Schwarz Lemma, the volume form of the Bergman metric ds%)
is bounded from below by a constant multiple of the Euclidean volume form, so that
Q C D x A(R) € C"*! for some R > 0, A(R) being the disk of radius R centered
at 0. Let now « be a positive real number. We define L* := D x C set-theoretically to be
the same as L, but regard 7 : L* — D as being equipped with the Hermitian metric 7%,
where, writing e for the basis of L = D x C corresponding to D x {1}, and writing e* for
the basis of L* = D x C corresponding to D x {1}, we have [|e%|[« = |le||}. We define
Qq C L to consist of vectors 7 of length < 1 with respect to hy, Qo € C"*!. Thus,
Qq C L is the unit disk bundle of 7 : L* — D with respect to a Hermitian metric of
strictly negative curvature on L* = D x C, so that every boundary point b € 92y — 9D
is strictly pseudoconvex (D being identified with D x {0}). With this set-up we prove

Proposition 3.1.2. Leta > O and f : D — S be the embedding given by f(z) =
(z,0). Then f : (D, Ads%) — (Qq, dséa) is a totally geodesic holomorphic isometric

embedding for . = 1 + «a. Furthermore, (2, dsgza) is a complete Kdhler manifold.

Proof. Since D is simply connected, for y € Aut(D) a holomorphic logarithm log J, (z)
can be defined for the Jacobian determinant J,(z) = det(dy(z)), and the mapping
Y, (z,n) = (y(z),exp(alog J,(z)) defines an automorphism of w : L* — D asa
holomorphic line bundle which preserves the Hermitian metric #%. Identify D as the zero
section of 7 : L* — D and denote by H C Aut(£2,) the subgroup which leaves D
invariant as a set. Since H acts transitively on D C L* by means of W,,, y € Aut(D), the
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restriction of the Bergman kernel 2, to D can be computed from a single point, giving
Ko, ((z.0). (z,0) = |det(dy (0))|>** Kq, (0, 0), (1)
where y is an automorphism of D such that y (0) = z. On the other hand,
Kp(z, 2) = |det(dy (0))| >K p(0, 0). 2
Comparing (1) and (2) we conclude that
K, ((z,0), (z,0) = o - Kp(z, )" (3)

for ¢q > 0. Writing ¢p(z) := Kp(z, 2) and ¢q,({) = Kq, (¢, ¢), from (3) we deduce

V-1 8510g¢Qa|D =l4+a)v-—1 8510gg00, ie.,
frdsgy, = (1+a)dsp,

as desired. Since D C  is the fixed point set of the circle group S! acting by
€% (z,1)) > (z,€%%), D C Qq is totally geodesic with respect to dséa. It remains to
prove that (24, dséa) is complete, for which it suffices to show that, given any sequence
(xj)j?‘:’] of points approaching b € 9, d(0, x;) must diverge to co as j — oo. Let
x € Qg be any point and y : [0, 1] — £, be a piecewise C'-curve joining 0 to x. Then
moy :[0,1] - D is apiecewise Cl-curve joining 0 to w(x) € D. Denote by dp (-, -),
resp. dg,, (-, -), the distance function for the Kahler manifold (D, dszD), resp. (g, dséa).
For a complex manifold X we denote by «x its Carathéodory pseudo-metric, which is an
Aut(X)-invariant continuous complex Finsler pseudo-metric, and by 8x (-, -) the pseudo-
distance function of (X, xx). When X is a bounded domain, xx is a metric, and §x (-, -)
is a distance function. Since D is homogeneous, any two Aut(D)-invariant continuous
complex Finsler metrics are equivalent to each other, in particular §p (-, ) > ¢ - dp(-, -)
for some constant ¢ > 0. By the distance-decreasing property of the Carathéodory metric,
Sp(m(x),0) < 8g,(x,0). Since the Bergman metric on any bounded domain dominates
the Carathéodory metric, dg, (x,0) > g, (x,0) > §p(w(x),0) > ¢ - dp(mw(x),0). Let

(x; ngo? be a discrete sequence on 2, converging to b € 9D C 9€2y. Then dg, (xj,0) >

¢-dp(m(x;),0) — oo since (D, ds%) is complete. On the other hand, if b € 92, — 9D,
then b is a smooth strictly pseudoconvex boundary point of €2,. By a standard localization
argument, dq, (x;, 0) — oo as j — o0, and dg, (x;, 0) > dq, (xj, 0) — o0, proving that
(Ry, dséa) is complete, as desired. ]

3.2. Examples of holomorphic isometric embeddings of the Poincaré disk into the
polydisk

Motivated by Clozel-Ullmo [CU], our first aim was to study germs of holomorphic isome-
tries f : (D; 0) — (£2; 0) between bounded symmetric domains. In particular, in relation
to the case where D is the unit disk A and €2 is the polydisk A?, it was conjectured in
[CU, Conjecture 2.2] that for any positive integer g, every germ of holomorphic isometry
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(A, qui; 0) — (AP, dsi,,; 0) is necessarily totally geodesic. We can a priori allow
the normalizing (positive) real constant A to be arbitrary. By Theorem 1.3.1, f necessarily
extends to a proper holomorphic embedding F : A — AP whose graph extends to an
irreducible affine-algebraic subvariety S* C C x CP. It follows readily that A is neces-
sarily a positive integer ¢. (This can be seen by comparing Bergman kernels via a local
holomorphic extension F° across a general boundary point bedA.)

Let D and €2 be bounded symmetric domains, and F, F' : D — € be holomorphic
maps. We say that /" and F are congruent whenever there exists ¢ € Aut(D) and ¢ €
Aut(2) such that F = ¢ o F o ¢, and incongruent otherwise. Concerning holomorphic
isometric embeddings F : (A, qui) — (AP, dsi,,), we have

Theorem 3.2.1. For every positive integer p > 1 there exists a holomorphic isometric
embedding F : (A, dsi) — (AP, dsip), F = (F1,..., Fp), where each component
Fr,1 < k < p, is nonconstant, such that F is not totally geodesic. In particular, Con-
Jjecture 2.2 of Clozel-Ullmo [CU] is false. Furthermore, for p > 3 there exists a real-
analytic 1-parameter family of mutually incongruent holomorphic isometric embeddings
Fr: (A, ds%) — (AP, ds},), t e R

We start with an example of a holomorphic isometric embedding of the Poincaré disk into
the bi-disk. The unit disk is conformally equivalent to the upper half-plane . For r € H,
T = pe'?, where p > 0,0 < ¢ < 7, write /T = \/ﬁe”ﬁ/z. Then we have

dt®dt
2(Im )2

sian curvature —1, and H? with the product metric. Then the proper holomorphic map
f:H — H? given by f(t) = (JT,i/T) is a holomorphic isometric embedding.

Proof. Let wyy, resp. w42, be the Kihler forms of the chosen canonical Kihler metrics
on H, resp. H2 Writing T = s +it, /T = « + iB, where s, , & and B are real, we have

wy = \/—_185(—210gt) = «/—_1%,
fFwgp = —24/=1083(log(Im(y/7)) + log(Im(i/7)))
= —2+/—109log(Im(x/7) - Im(i /7)),
Im(y/7) - Im(iv/7) = B = %Im((w2 — BY) +2iap) = %Im(f) = %

fraogp = —24/=1080log(t/2) = V/—183(~2logt) = wy.

Lemma 3.2.1. Equip H with the Poincaré metric ds%{ = 2Re of constant Gaus-

In other words, f : (H, ds%_l) — (H, ds%{) x (H, ds%_l) is a holomorphic isometry. It is
an embedding since the function /7 is already injective on H. O

For t € 1, T = pe'?, and an integer p > 2, write T/? = p!/P¢!¢/P_ Then we have

Proposition 3.2.1. Let p > 2 be a positive integer and y = €"/P. Then the proper
holomorphic mapping f : (H, ds?Z_L) — (H, ds%_t)” defined by

f@) = @VP oy PPy

is a holomorphic isometric embedding.
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Proof. Write /P =rel? 0 <0 < w/p.Thus, r? = p, pf = ¢, and, for0 <k < p—1,
Im(y*7!/P) = r-Im(e’*7/P+9)) Let 74 be the standard coordinate of the k-th direct factor
of H?, and write t;, = sy + i1y with sg, #; real. Then to prove the proposition it suffices to
check that f*(logt; + - -- +logt,) = a;, + logt for some constant a;,. Now

p—1

f*(logt + -+ +logt,) = log( [ ] Im(e“™/7+9)) + plog
k=0

P ke
=log<1_[ sin<—+9)) + log p. O
p

k=0
Writing ¢ = Im(7) = psing = p sin(p0), it remains to verify the following identity.

Lemma 3.2.2. Let p > 2 be a positive integer. Then the trigonometric identity

N &4 . (p—Dm .
sinfsinf —+6 ) ---sin| ———— +6 | = ¢, sin(p0)
p P

holds true for some positive constant cp.

Proof. Both sides of the displayed equation are trigonometric polynomials with exactly
the same zero sets in 6 consisting only of simple zeros. Hence, they must agree for some
nonzero constant cp, which is positive by substitution of some 6 € (0, /p). O

Proof of Theorem 3.2.1. The p-th root map as in Proposition 3.2.1 gives via the Cayley
transform a holomorphic isometry f, : (A, dsi) — (AP, dsi »). Here for the domain
disk we use the Cayley transform ¢ : H — A given by z = «(r) = (v —i)/(t + i),
and likewise the same map for each component of the target polydisk A”. This gives ex-
amples proving the first half of Theorem 3.2.1. We have f,(0) = 0, and f), is singular
exactly at two points 1, —1 € 9 A on the boundary circle, with images f,(1) = (1,..., 1)
and f,(=1) = (—1,..., —1). An example of a real-analytic 1-parameter family of holo-
morphic isometries F; : (A, dsi) — (AP, dsip) which are mutually incongruent to
each other can be constructed from f,_; and f> as follows. Write f>(z) = (x(z), B(2)),
fr—1(@) = (1(2), ..., ¥p—1(2)), and let ¢ € Aut(A) be an arbitrary automorphism. De-
fineh : A — AP by h(z) := (a(p(y1(2))), Ble(1(2)), ¥2(2), - - -, ¥p—1(2)). Then h =
gofp—1, where g : AP~ — APisgivenby g(z1, ..., 2p—1)=(f2(0(z1)); 22, . . -, Zp-2)-
Thus, g and hence h are holomorphic isometries with respect to Bergman metrics. Ob-
serve that y;(z), which corresponds to taking the p-th root in the coordinate t = s + it
of the upper half-plane H (cf. Proposition 3.2.1), maps the lower semi-circle S! :=
{e'? © —m < 6 < 0} bijectively onto itself. (Note that the positive s-axis is mapped
viaz = 1(r) = (t —i)/(r + i) to SL since (1) = —i.) Given any two distinct points
a,b e S, we can choose ¢ € Aut(A) such that ¢(y1(a)) = 1 and ¢(y1(b)) = —1. Then,
noting that in fact each component yx, 1 < k < p—1,0f f_1 : A — AP~ can be
analytically continued to no neighborhood of either 1 or —1, 4 is singular precisely at the
four distinct points 1, —1, a, b. If we fix a and let b vary, we get holomorphic isometries
hp (A, dsi) — (A”,dsi,,) depending on b. For by # b;, hjp, cannot be congruent
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to hy, since the two sets {1, —1, a, b1} and {1, —1, a, b>} cannot be transformed to each
other by any automorphism of A. Letting b vary on a connected component of S! — {a},
we thus obtain a real-analytic 1-parameter family of mutually incongruent holomorphic
isometries F; : (A, dspa) — (AP, dsip), as desired. O

3.3. An example of holomorphic isometric embedding of the unit disk into a Siegel upper
half-plane

In this section we construct an example of a holomorphic isometric embedding from the
Poincaré disk into some Siegel upper half-plane which does not arise from the examples
given in 3.2. For a positive integer g, recall that M;(g) stands for the vector space of
symmetric g-by-g complex matrices, and H, C M, (g) for the Siegel upper half-plane of
genus g, Hg :={T € M;(g) : ImT > 0}. We have

Proposition 3.3.1. For { = el p > 0,0 < ¢ < m, n a positive integer, we write
V= pl/nei®/" Then the holomorphic mapping G : H — My (3) defined by

eﬂi/6T2/3 ﬁe—ni/6rl/3 0
G(r) = | 2 Ti/071/3 i 0
0 0 erri/3.L.1/3

maps H into H3, and G : (H, 2ds72_1) — (H3, ds72_[3) is a holomorphic isometry.

Proof. Write t'/3 = o 4+ iB. We have T = (o + if)> = (& — 3ap?) + i(3a?B — B).
In particular, Im(t) = 3a?8 — B2 = BBa? — B2). Note that T € # if and only if
0< Arg(r1/3) <m/3,ie,0< B < «/ga. ‘We compute

. 3
STi/622/3 <\/7_ + %)((QZ — B%) +2iep), hence

Im(e”i/612/3) — %(az _ 132) + \/gaﬂ’

V3013 ﬁ(ﬁ

i V6 V2
-5 B -5
2 2 2

)(a +iB), hence Im(v/2¢™"/0¢1/3) =

. 1 3 . 3
B3 = (E + %i)(a +iB), hence Im(¢™/3¢1/3) = \/7_05 + é

2
Thus,

Lo = +V3ap - 0
det(Im G) = det Log _ Lq 1 0

0 0 NPV

= (—28%+ 2\/5043)(?01 + g) =B(W3a—B)(V3a+p) =BBa> - %) =Imr.
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Write A := B/a, 0 < A < /3. From the above, the determinant of the upper 2-by-2
matrix of Im G is positive. To check positivity of Im G it suffices to note that the entry

%(oz2 - ,32) + «/gaﬁ = %(1 + )»(\/_ — A)) is positive whenever 0 < A < V3. Noting
that the Bergman kernel of 7{3 is of the form c(det(Im T))~* we have

G*wy, = —4v/—109 log(det(Im G(1))) = —4+/—133 log(Im7) = 2w,

proving that G : (H, 2ds72_l) — (H3, ds?z_h) is a holomorphic isometry, as desired. O

Recall the cube-root map p3 : H — H x H x H. Realizing the latter as a totally geodesic
complex submanifold in H3 via a standard embedding ¢ : H x ‘H x ‘H — Hj3 where the
image consists precisely of all diagonal matrices in H3, we have a holomorphic isometry
F:=10p3:(H, 2ds72_t) — (H3, ds%_h). Note that ¢ : H x H x H — H3 is a holomor-
phic isometric embedding with respect to the Bergman metric with normalizing constant
A = 2. For the holomorphic isometry G : ‘H — H3, a priori it is not evident that F
and G are incongruent to each other. They can however be distinguished by examining
the nature of the branch points on 3. More precisely, we have

Proposition 3.3.2. The two holomorphic isometric embeddings F, G : (H, st%_[) —
(H3, ds%_la), F := 1 o p3, are not congruent to each other. In fact, for any holomorphic
isometric embedding h : H — H x H x H, and for H := ¢ o h, the two holomorphic
embeddings G, H : (H, 2ds72_l) — (H3, ds72{3) are incongruent to each other.

Proof. Regard H x H x H as an open subset of P! x P! x P! and likewise the Siegel upper
half-plane H3 canonically (via the Borel embedding) as an open subset of the compact
dual M of H3. The map F : H — H3 has two branch points on 9(H x H x H), viz. 0
and a point at infinity, both of which lie on the Shilov boundary of H x H x H and hence
on the Shilov boundary Sh(#3) of H3. The branch point at infinity corresponds to the
point 0 on the boundary of the image of F:=-F (r)~!. Likewise the map G : H — H3

000
has two branch points on dH3, viz., the point F(0) = [8 (i) 8] and the branch point at

infinity correspond to the branch point [(8) g §] of the map G := —G(t)~!. The finite part
of Sh(#H3) consists precisely of the real (symmetric) matrices lying on d7{3. Thus the two
branch points of G on 93 do not belong to the Shilov boundary, which implies that F'
and G are incongruent to each other.

For the general case of H = ¢ o & in place of F, according to [Ng, Theorem 8.1],
the set of all holomorphic isometries & : H — H x H x H up to normalizing constants
are completely determined. In particular, when the normalizing constant is A = 1, & is
either congruent to the cube-root map 03, or to (0 (/7), i+/T), where p : H — H x H is
a holomorphic map congruent to the square-root map p,. The map p is singular exactly
at two distinct points by, by € dH U {oo}. If H = 1 o h and G are congruent as maps
from H to H3, then we must have {b, bo} = {0, oo}, and in this case p = ¥ o u, where
w(@) = (VT,i/7), and ¥ € Aut(H x H). In this case H is congruent to the map
S(r) = (14, icV/4 itY/?). The latter S has exactly two branch points, the point 0 and
an infinite point corresponding to the branch point O of the map S:H —> ‘H3 defined
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by §(t) =—S() L. In particular, both branch points of H lie on Sh(#3), implying that
G, H : H — H3 are not congruent to each other. O

4. Bona fide holomorphic isometries between complete circular domains

4.1. From holomorphic isometries to norm-preserving extensions of square-integrable
holomorphic functions

In this section we explore the meaning of holomorphic isometries in a special case, viz.,
bona fide holomorphic isometries between bounded complete circular domains. Here a
holomorphic mapping between two Bergman manifolds is said to be a bona fide isometry
if it is an isometry with respect to the Bergman metric, i.e., the normalizing constant is
A = 1. We will show that they lead to norm-preserving extensions of square-integrable
functions which can be expressed explicitly in terms of the Bergman kernel.

For a Hilbert space H we denote by H* its dual space. For any vector subspace S C H
we denote by S the orthogonal complement of S in H, and by SA™  H* the annihilator
of § consisting of continuous linear functionals on H vanishing on S.

For a bounded Euclidean domain G, we write U : G < P(H?*(G)*) for the canon-
ical embedding on G, G* C P(H?(G)*) for its image W (G), to be called the canonical
image. For z € G, we denote by 7 € H 2(G)* the continuous linear function on H2(G)
given by Z(f) = f(z) for any f € H?(G). Fixing an orthonormal basis (hi):2, and
denoting by H the Hilbert space of square-integrable sequences of complex numbers, we
also write ®;(z) = (ho(z), h1(z),...) € H, and write V5 (z) = [Pg(2)] € P(H).

Lemma 4.1.1. G7 c P(H*(G)*) is topologically linearly non-degenerate, i.e., denot-
ing by Span(G") C P(H%(G)*) the projective linear span of G*, we have Span(G") =
P(H?(G)*) for its topological closure.

Proof. Let (ag, a1, .. .) be a square-integrable sequence of complex numbers orthogonal
to the image of ®¢. Then, writing h := aghg + ath; + --- € H?(G) we have h(z) = 0
for every z € G, which is absurd unless a; = 0 for 0 < i < o0, as desired. O

Let now D € C" and Q@ € CV be bounded complete circular domains. Suppose F :
D — Q is a bona fide holomorphic isometric embedding with respect to the Bergman
metric. Identifying D, resp. €, with its canonical image D? C P(H?*(D)*), resp. Q" C
P(H2(Q)*), F: D —> Q corresponds to a holomorphic isometry F’ : D' — Q. Since
D' ¢ P(H*(D)*) and Q" c P(H?(2)*) are topologically linearly non-degenerate, by
Calabi [Ca], F* is induced by some linear isometry ® : H2(D)* — H?()*. Identifying
a Hilbert space with its dual by a conjugate linear map, ® is equivalently given by a
linear isometry u : H 2(D) — H?*(Q) onto a Hilbert subspace. In the case at hand, we
determine u in terms of the Bergman kernels, as follows.

Theorem 4.1.1. Let D € C" and Q € CN be complete circular domains, and assume
that tD C Dand tQ C Qfor0 <t < 1. Let F : (D,ds%) — (Q,dsé) be a
holomorphic isometric embedding with F (0) = 0. Write Z := F (D) C , and denote by
F~':Z — Dtheinverse of F : D — Z. Define J := {g € H*(Q) : g|z = 0}. Then, for
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the canonical embedding Wq : Q — P(H?*(Q)*), we have Span(¥q(Z)) = P(JA™).
Moreover, the holomorphic isometry F is induced by a linear isometry ju : H>(D) —
H2(Q) such that ((s)|z = s o F_lforanys € HZ(D) and E :=Imp = Jt.

We write Kp (z) := Kp(z, w) and Kq £(¢) := Kq(¢,§). For J C H?(2) we have

Lemma 4.1.2. For the Hilbert subspace J C H?*(Q) consisting of square-integrable
holomorphic functions vanishing on Z, we have J+ = Span({Kq,; : ¢ € Z}).

Proof. By the reproducing property of Kq, we have h(¢) = fQ Kq(Z,&)h(E)dV (&) for
any h € H Z(Q), where dV denotes the Euclidean volume form. Thus, for any ¢ € €,
h(¢) = 0 whenever h 1 Kq , hence h € J whenever h L Kq , for every ¢ € Z.
It follows that J- is the minimal Hilbert subspace of H?(2) containing K @,¢ for each
¢ € Z,i.e., the topological closure of the linear span of {Kq ¢ : { € Z}, as desired. O

Proof of Theorem 4.1.1. Without loss of generality we may assume that both D € C" and
Q & CV are of Euclidean volume 1, so that Kp(z,0) = 1 forz € D and Kq(¢,0) = 1
for ¢ € Q. By Proposition 1.1.1, Kq(F(z), F(w)) = Kp(z, w) for any z, w € D. By the
reproducing property of K p(z, w), for s € H>(D) we have

s(z) = / Kp(z, w)s(w)dV(w),
D
where dV denotes the Euclidean volume form. For 0 < ¢ < 1 and s € H2(D) define

me ($)() =/DKQ(§, F(tw))s(w)dV (w), (D

noting that for 0 < ¢ < 1 the right-hand side is well-defined since in fact tD € D, so that
Kq(Z, F(tw)) is bounded as a function of w € D, and we have u;(s) € H?() since
K@, Fw)ll g2(g) is uniformly bounded for w € D. On the other hand, the right-hand
side of (1) is a priori undefined when t = 1 since the holomorphic function ¢(w) :=
Ko(F(w), ¢) is not known to be in H2(D). We are going to show nonetheless that,
ast — 17, us H*(D) — H2(Q) converges weakly to some linear isometry wu :
H?*(D) — H?*(Q).Fors € H*(D) and 0 < t < 1, write h; = 11,(s). Then

1113

= /D (/D <f9 Ka(Fw), OKalt. F(’“’/”d””)““”>dww/))mdvm).
2)

Since 12 C €2, by Lemma 1.1.1 it follows that Kq(¢,§) extends holomorphically in
(¢, &) to some neighborhood of  x 2. Hence Kq (¢, F(tw)) is uniformly bounded on
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Q x D, which justifies the change of order of integration by Fubini’s theorem in (2). By
the reproducing property of Kq(Z, &) applied to 0(¢) := Kq(¢, F(tw'))) on , we have

/QKQ(F(tw),;“)KQ({, F(tw')dV () 2/;2KQ(F(ZW)»§)9(§)CJV(§)
=0(F(tw)) = Kq(F(@w), FGtw")).
Thus,

/Q lhe(©)12dV (¢) = /D ( /D Ksz(F(ruo,F(tw’))s(w/)dV(w/))de(w)
=f <f KD(tw,tw/)s(w/)dV(w/)>de(w)
D D
=/ </ KD(tzw,w’)s(w’)dV(w’)>de(w)
D D

= / s w)s(w) dV (w). 3)
D

By exactly the same arguments, for 0 < 1, £, < 1 we have
(g (9), 1y (9)) 2y = fQ hiy (D) (0)dV () = fD s(tiaw)s(w) dV (w),
ity () = ey ()32 gy = /D (s(tfw) + s(Bw) = 2s(t12w)s (W) dV (w).

Asty, tp — 17, the function &;, ;,(s) : s(t}w) +s(t3w) — 2s(t1w) tends to 0 in H2(D),
hence || 141, (s) — s, ($) | g2(q) converges to 0. As a consequence, the weak limit 4 of i, :
H*(D) — H*(Q) exists. By (3), [i(s) [l g2y = lIsll g2(py- i-e.. o - H*(D) - H*(Q) is
a Hilbert space isomorphism onto some Hilbert subspace £ C H?(£2), which we proceed
to identify. From the definition of 1; for 0 < ¢ < 1in (2), u;(s) is a limit in H>($2) of
linear combinations of Kq () as w ranges over D. Now f € H 2(Q) is orthogonal to
Imu, =: E; C H?*(Q) whenever it vanishes at every point of F(tw), w € D (cf. proof
of Lemma 4.1.2). Since J = {f € H*(Q) : flz =0},for0 <t < 1 we have J C E}',
and hence J C E- when one passes to the limitas r — 17, i.e., E C J*. From (1) and
the reproducing property of K p(z, w), for ¢ € Q2 and w € D we have

1 (Kpw)(©) = /D Kp(w, w)Ka(F(w'), 0)) dV (w')

= Kq(F(1w), §) = Kq(¢, F(tw)) = Kq, Faw) ().

Hence,
w(Kpw) = lim u;(Kpy) = lim Kq rew) = Ko, Fw)-
t—>1— t—>1—

As a result, E contains Span({Kq ¢ : ¢ € Z}), which is precisely Jt. Thus, E D J*
and hence E = J+. Recall that for z € D,Z € H*(D)* is identified with ®p(z), and
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similarly for ¢ € Q,7 € H2(Q)* is identified with ®(¢). Denoting by v : E — H2(D)
the inverse isomorphism of ;1 : H*(D) — E, for the adjoint operator v* : H*(D)* — E*
we have

V(@) (Ka.rw) = 2(Kpw) = Kp(z.w) = Ka(F(2). F(w)) = F2)(Ka, Fw).

which gives ® : H?>(D)* — H?*()* inducing the holomorphic isometry F% : D¥ — QFf
when we define ©(L)(f) = 0 for any A € H>(D)* and f € J. Then ©(H2(D)*) is
precisely JA™, and Span(F#(D%)) = P(©(H?(D)*)) = P(JA™). Finally, for0 < 1 < 1,

Mz(S)(F(Z))=fDKQ(F(Z),F(tw))S(w)dV(w)=/DKD(Z,tw)S(w)dV(w)

= f Kp(tz, w)s(w)dV(w) = s(tz),
D

p()(FR) = lm p(s)(F(2)) = lim s(12) = s(2),

hence 11(s)|z = s o F~!, completing the proof of Theorem 4.1.1. O
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