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Abstract. In [22], it was proved that as long as the integrand has certain properties, the correspond-
ing It0 integral can be written as a (parameterized) Lebesgue integral (or Bochner integral). In this
paper, we show that such a question can be answered in a more positive and refined way. To do this,
we need to characterize the dual of the Banach space of some vector-valued stochastic processes
having different integrability with respect to the time variable and the probability measure. The
latter can be regarded as a variant of the classical Riesz Representation Theorem, and therefore it
will be useful in studying other problems. Some remarkable consequences are presented as well,
including a reasonable definition of exact controllability for stochastic differential equations and a
condition which implies a Black—Scholes market to be complete.

Keywords. It0 integral, Lebesgue integral, Bochner integral, range inclusion, Riesz-type Repre-
sentation Theorem

1. Introduction

Let (2, F, F, P) be a complete filtered probability space with ' = {F;};>0, on which a
one-dimensional standard Brownian motion {W (¢)};>0 is defined so that FF is its natural
filtration augmented by all the P-null sets. Let H be a Banach space with the norm | - |z
and with the dual space H*. For any p € [1, 00), let L’]’__T (2; H) be the set of all Fr-
measurable (H-valued) random variables & : 2 — H such that E|§|’Ifl < 00. Next, for
any p,q € [1, 00), put

Lf;(Q; L1(0,T; H)) = {go [0, T x Q22— H ‘ ¢(+) is F-progressively measurable and

T plq
E(/ lo()1% dt) < OO},
0
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Lﬂq,(O, T;LP(Q; H)) = [(p ([0, T]xQ— H | @(-) is F-progressively measurable and

T
f Elp()|7)*7 di < o}.
0

In an obvious way, we may also define (for 1 < p, g < 00)

LP(Q; L90,T; H)), Ly(; L=, T; H)), LF(Q; L®0,T; H)),
L0, T5 LP(Q H)),  LE(O, T3 L(Q; H)), L0, T5 L(Q; H)).

It is clear that
L{(Q: LP(0,T; H)) = LE(O, T; LP(Q: H)) = LE(O,T: H), 1< p <oo.

Also, by Minkowski’s inequality,

LE(Q; L9(0, T; H)) € LL(0, T; LP(Q; H)), 1<p<gq <oo, w1
LI, T; LP(Q; H)) € LE(Q; L0, T; H)), 1<qg<p=< '
In particular,
LEO, T; LP(Q; H)) € LE(Q; L'(0,T; H)), 1< p < oo. (1.2)

We now introduce two linear operators
I: LIIF(Q; L%, T; H)) > L}_-T (2; H) (when H is a Hilbert space),

T
H(co):fo c()dW(t), V¢() e Lh(Q; L*0,T; H)),

and
L: Ly, T; H) — Ly (2 H),

T
Lu()) = / u(t)dt, Vu(.)e L]i«(O, T; H).
0

We call I and L the It6 integral operator and the Lebesgue integral operator, respectively.
It is clear that

I(LE(Q; L*(0, T; H))) € L’]7_-T(Q; H), Vpe[l,o0) (when H is a Hilbert space),
L(Lg(2; L0, T; H))) € L (2 H), Vp €[l 00).

(1.3)

The first inclusion in (1.3) can be refined (when H is a Hilbert space). Indeed, for any

& e Lg_-T (2; H) (with p € [1, 00)), E[§ | F;] is an H-valued continuous L”-martingale.

Hence, by the Martingale Representation Theorem ([11]), there exists a unique ¢(-) €

L%(Q; L2(0, T; H)) (called the Malliavin derivative ([17]) of & and sometimes denoted
by D.&) such that

t
E[¢ | Fi] = Eg +/ (s)dW(s), Vtel0,T].
0
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In particular, by taking + = T in the above, we see that

T
E:EE—{-/O Z(s)dW(s).

Therefore, in the case that H is a Hilbert space, the first inclusion in (1.3) can be refined
to
L% (@ H) = H & [I(L{(; L*(0, T; H)))], (1.4)

where “@” stands for direct sum. Now, for the second inclusion in (1.3), we have the
following simple result.

Proposition 1.1. Let H be a Hilbert space and p € [1, 00). Then

L";T (S H)

L(LE(Q; L0, T; H))) = L’}T (Q; H), (1.5)

. .
where G L H)

stands for the closure of G in L;-T (2 H).
Proof. Forany ¢ € Lg_-T (RQ; H), let
) =E[g|F], t€][0,T]

Then &£(-) is an H-valued L”-martingale. By the Martingale Representation Theorem and
the Burkholder—Davis—Gundy inequality, we have

T p/2
El&@t) — ¢If < C]E(/ |DS§|2ds) -0 ast—T.
t

Now, for any 6 > 0, let

T -6
us(t) = ¥I[T—6,T](I)» te[0,T].

Then us(-) € LE(S; L0, T; H)) N L (0, T; LP(Q; H)) € LE(Q; L1(0, T; H)), and

P
—EIE(T —8)—¢|” -0 asd — 0,

T
]EV us(t)ydt — ¢
0

proving the proposition. O

Remark 1.2. From the proof of Proposition 1.1, it is easy to see that we have proved the
following result stronger than (1.5):

LY. (Q:H) L% (H)

L(LE(Q; L0, T; H))) 77 =L(L¥O, T; LP(Q H))) 7 = L% (2 H).
From Proposition 1.1, it is seen that we do not expect to have a refinement for the

Lebesgue integral operator IL similar to (1.4). Instead, it is very natural for us to pose the

following problem:
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Problem (E). Is the following true:
L(LE(Q; L'(0, T3 H))) = Lh (@ H) ? (1.6)

Note that the above is equivalent to the following: When is the range of the operator
L: Lg(Q; LY(0,T; H)) - Lg-T (2; H) closed? An interesting problem closely related
to the above, taking into account (1.4), reads as follows.

Problem (R). Under what additional conditions on ¢(-) € LH?(Q; L%(0, T; H)), is there
au(-) € LE(Q; LY(0, T; H)) such that

T T
/ c@)dW () = / u®)dt as.? (1.7)
0 0

For convenience, any u(-) € LH’;(Q; L0, T; H)) satisfying (1.7) is called a repre-
sentor of ¢(-). Since the It6 integral in the usual sense can only be defined on Hilbert
spaces, we pose Problem (R) for the case that H is a Hilbert space. It is clear that when
u(-) is a representor of ¢(-), so is u(-) + v(-) as long as fOT v(t)dt = 0, almost surely.
Therefore, if {(-) admits one representor, it admits infinitely many representors. Problem
(R) with H = R was posed and studied in [22]. Various integrability conditions were
imposed on ¢ (+) so that it admits a representor. Let us now briefly recall several relevant
results from [22], which will give us some feeling about the representation (1.7). To this
end, we define

()= —— f O awa [0.7)
ST fy @opre T TSR

for ¢ € [0, 1). The following is a summary of the relevant results presented in [22].

Theorem 1.3. (i) Let p > 1. Forany ¢(-) € Lg(Q; L%(0, T; R)),

uo(-) = /0 f(—i)t dw (1) € U LE(S: L0, T — &; R)),

e>0

and (1.7) holds with u(-) = ug(-) in the following sense:

T—¢ T
/ uo(t)dt — / c()ydwi(r)
0 0

(ii) Suppose ¢(-) € LL(0, T; L*(S; R)) is such that
T K 2 1/2
/ [/ IEIéﬂﬁa’t] ds < 0.
o LJo (T —1)?

uo(-) = / ;ﬂdW(t) € L1, T; R),
0 —1

and (1.7) holds with u(-) = ug(-).

p

lim E =0.
e—0

Then
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(iii) Suppose ¢(-) € L]IF(O, T; R) is such that for some § > 0,
T E 2
[ EOr ,
o (T —1)°
Then

() € LA(Q; L0, T; R)), Va e 1-41 N0, 11, g e | 1 2
u . . . _ = .
o F k] ’ ’ k) o 2 aq ’ 7q i 72 1n(8, 1) k)

and

11 [ 2
yelLlo,T:R A 1—=———,—)N[0, 1], ,—.
ua()e ]F( k] k] )a ae( qaq> [ k] ] qe_ Z—mm(S,]))
Moreover, (1.7) holds with u(-) = uq(-).
@iv) Suppose ¢(-) € Lg(O, T; R) for some p > 2. Then

» q 11 1 2p
ug(-) € Lp(2; LY(0, T; R)), Vae §’§+; n[o,1], g € Lm .

Moreover, (1.7) holds with u(-) = uq(-).

The above shows that there are many ¢ (-) € Lﬁ(Q; L?(0, T; R)) such that one can find a
corresponding representor u(-).

Note that although Problem (R) is posed for the case where H is a Hilbert space,
Problem (E) can be posed for a general Banach space since Itd’s integral is not involved
here. The main purpose of this paper is to give a positive answer to Problem (E) when H
is a Banach space with H* having the Radon—Nikodym property. Our result seems to be a
little surprising in some sense, and it refines the results of [22] on Problem (R). More pre-
cisely, when the answer to Problem (E) is positive, any ¢ () € Lg(Q; L%0, T: H)) (when
H is a Hilbert space) admits a representor u(-) € L]IEZ(Q; L'(0, T; H)), without assuming
further integrability conditions on ¢ (). This means that an Itd integral on a given (fixed)
interval can be represented by a (parameterized) Bochner integral on that interval. We
should emphasize here that any representor u(-) of {(-) € LH’;(Q; L%(0, T; H)) depends
on T, in general. In other words, it will be more appropriate to write

T T
/ @) dw) = f u(t, Tydt as. (1.8)
0 0
Hence, by allowing the upper limit to change, we should have
s S
/ c(@)dw(r) :/ u(t,s)dt, Vsel0,T], as. (1.9)
0 0

According to Theorem 1.3, when ¢ (-) satisfies certain (better) integrability conditions, we
can find a representor of the form

u(t,s) = =% /t ‘O iwe)., 0<t<s<T
Ve ne ly Gopre T BEIEEEE



1800 Qi Lii et al.

for some o € [0, 1). Clearly, such an s — u(t, s) is smooth in s € (¢, T]. Therefore it
is natural to further ask the following question, without assuming the better integrability
conditions on ¢ (-).

Problem (C). Does any ¢(-) € L]IF’ (S L2(0, T; H)) have a representor u(t, s) which is
continuous with respect to the variable s?

We will also show that the answer to Problem (C) is positive. Note that, since the Itd
integral s f(; ¢(t)dW(t) is at most Holder continuous up to order 1/2, generally,
one cannot expect the differentiability of s + u(z, s) (given in (1.9)). Nevertheless, it is
natural to expect that s +— u(z, s) is Holder continuous up to order 1/2. But we do not
have a proof for this yet.

Remark 1.4. The fact that u(-) in (1.8) depends on T tells us that the positive answer to
Problem (E) does not mean that It integrals can be completely replaced by (parameter-
ized) Bochner integrals.

The rest of this paper is organized as follows. In Section 2, as a preliminary result,
we establish a Riesz-type Representation Theorem for the dual of the Banach space
Lf\/l(X 1; L9(X2; H)) (see Subsection 2.1 for its definition). An interesting byproduct
in this section is a characterization of the dual space of both Lf;(Q; L41(0,T; H)) and
Lﬂq;(O, T; LP(2; H)), which will be useful in some problems in stochastic distributed
parameter control systems and/or stochastic partial differential equations. Section 3 ad-
dresses Problems (E) and (R). Section 4 is devoted to answering Problem (C), for which
the key tool is the continuous selection theorem of [15]. In Section 5, we present two
remarkable consequences of our positive solution to Problem (E), one of which is related
to a reasonable formulation of exact controllability for stochastic differential equations,
and the other is a condition guaranteeing that a Black—Scholes market is complete.

2. The dual of L (X1; LY(X2; H))
As a key preliminary to answering Problem (E), we need to characterize the dual space of
Lg(Q; L9(0,T; H)) and L%(O, T; LP(2; H)). We will go a little further by considering

the dual of Lﬁv{ (X1; L1(X5; H)), to be defined below. It seems to us that this result is of
independent interest.

2.1. Statement of the result

Let (X1, M1, 1) and (X2, M>, uy) be finite measure spaces. Let M be a sub-o-field of
M1 ® M, (the o-field generated by M| x M>), and forany 1 < p, g < oo, let

Lf\/l(Xl; L1(Xy: H)) = {(p X x Xy, > H ‘ ¢(-) is M-measurable and

r/q
/(f pr(x1,xz)|'§1duz) dm<00}.
x, \Ux,
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Likewise, let

L%(X1; LY(X2: H)) = {(p X1 x X, — H ‘ ¢(+) is M-measurable and
1/q
ess sup </ |<P(X1,x2)|31 dﬂz) < OO},
x1€X1 X>
Lf\/l(Xl; L®(X,; H)) = {(p : X1 x Xo — H | ¢(-) is M-measurable and

/ esssup | (x1, x2) |y dpt < 00},
X

1 0€X

L% (X1; L®(X2; H)) = {(p : X1 x X» = H | ¢() is M-measurable and
esssup  |o(x1, x|y < oo}
(x1,x2)€X1 %X X2
We denote
L (X1 x X3 H) = LY (X1; LP(X2; H)), 1< p <oo.

Also, for any f e Li/l(Xl; L9(X»; H)) (1 < p,q < 00), we denote

p/q 1/p
= A q
||f||p,q;H = ”f”LfM(Xl;L‘i(Xz;H)) = [/)(1 (/Xz |f(X1,X2)|H dMZ) dﬂli| .

The definitions of || fllco,q, a4, | f1Ip,c0,# and || f1lco,00,# are obvious. Let

I llp;a = W fllp,psa, 1= p=<o0.
The definition of Lz\A(Xz; LP(X1; H)) (1 < p, g < o0) is similar. By Holder’s inequal-
ity and Minkowski’s inequality, we have the following inclusions:

LR (X1 L9(Xa; H)) € L(X1: L (X2 H)), 1<r<p<oo, 1<s<gq<=o0,
2.1

and (compare with (1.1)—(1.2))
L (X15 L9(X; H)) € L% ((X2; LP(X1; H)), 1< p<gq<oo,
LA (X1; L9(Xo; H)) D LY (X2 LP(X1; H)), 1<g<p<oo

Next, for any p € [1, 0o], denote

p/(p—1), 1<p<oo,
P=11, p =00,

00, p=1

The definition of ¢’ € [1, oo] for g € [1, oo] is similar.
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Let (X, X, n) be a finite measure space and B a Banach space. We recall that B is said
to have the Radon—Nikodym property with respect to (X, X, ) if, for every countably
additive vector measure v on (X, X) with values in B which has bounded variation and
is absolutely continuous with respect to u, there is a pu-(Bochner) integrable function
g : X — B such that

v(E):/gdu, VE € X.
E

The Banach space B is said to have the Radon—Nikodym property if B has the Radon—
Nikodym property with respect to every finite measure space. It is known that spaces
with the Radon—Nikodym property include reflexive spaces, in particular, Hilbert spaces
(e.g. [7D).

We have the following result.

Lemma 2.1. Let H be a Banach space, (X1, M1, 1) and (X2, Ma, uy) be finite mea-
sure spaces, M be a sub-o -field of M1 @ Mo, and let 1 < p,q < oco. Then H* has the
Radon—Nikodym property with respect to (X1 X Xo, M, w1 X uy) if and only if for any
F e Lﬁ\/t (X1; L1(Xy; H))*, there exists a unique g € Lf\//[ (X1 Lq/(Xz; H™)) such that

F(f) :/X . (f (1, x2), g0, X)) e dpn dpa, Y € LY (X15 LU(X2; H)),

and
”F”LI/’\A(XI;L‘I(XZ;H))* = ||g||p’,q’,H*- (2.2)

Due to the above result, we make the following identification (for the case that H* has
the Radon—Nikodym property with respect to (X1 x X, M, u1 x u2)):

LA (X15 L9(Xa: H)* = LA (X1; LY (X HY), 1< p,q < oo.

The above is a Riesz-type Representation Theorem for the dual of LPM (X1; L1(Xo; H)).
It seems to us that Lemma 2.1 should be a known result but we have not found an exact
reference. Therefore, for the reader’s convenience, we provide a detailed proof in the
next three subsections. As a corollary of Lemma 2.1, we will characterize the dual of
LfF’(Q; L9(0,T; H)) and L%(O, T; L?(2; H)) in the last subsection.

The main idea for the proof of Lemma 2.1 is similar to that of the relevant result in [4,
Appendix B, pp. 375-376] (see also [7, Theorem 1, Chapter IV, pp. 98-99]). However,
Lemma 2.1 does not follow from the main result in [4, Appendix B] because the latter
considered only the special case that p = g and H = R, for which, by Fubini’s Theorem,
one can reduce the problem to the case with one measure on the product space. Also,
Lemma 2.1 does not seem to be a corollary of [7, Theorem 1, Chapter IV, pp. 98-99]
because of the very fact that our M is an “interconnecting” sub-o-field of the o-field
generated by M x Mo.
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2.2. Proof of the necessity in Lemma 2.1 for H = R

As a key step in proving Lemma 2.1, in this subsection we show first the “only if” part of
this lemma for the special case H = R.

For any g € Lf\//l(Xl; Lq/(Xg; R)), define F : Lj’\/I(Xl; L9(X;; R)) - R by

Fg(f) =/X B @1, x)g@n, x)durdua,  Vf € LY (X1; L9(X2; R)).
1x X3

By the linearity of the integral, g > Fj is a linear map. It follows from Holder’s inequal-
ity that
|Fe(DI < I lpgrlglyqr Y€ LL (X1 LY(X2; R)).

Hence F, € Lf\/((Xl; L9(X3; R))* and
1Fellir, xi:eacepmyy = 18lp g B 3

Therefore, g — Fj is a linear nonexpanding map. Now, we show that this map is surjec-
tive and is an isometry.

To show the surjectivity of g — Fg, take any F € Lf\/l(Xl; L9(X,; R))*. Since for
any A € M, I5 € L} ,(X1: L9(X5: R)), we may define

V(A) = F(1sy), VYAeM.

Then v is a totally finite signed measure on (X| x Xy, M), and v << 1 X wo. By the
Radon-Nikodym Theorem, there is an M-measurable map g € L}\A (X1 x X5; R) such
that

V(A) = / gduirdps, YAeM,
A

ie.,

F(IA)Zf gladurdps, VAeM.
X1><X2
Consequently, for any M-measurable simple function f,
F(f) :/ Sx1, x2)g(xr, x2) dpwy dpa.
X1xXp

Select a sequence {A,}7°; C M such that

o0
AnCAm n=12.. (uxu)(Xx X0\ [J4.) =0,

n=1

and g is bounded on each A,,. For any n > 1, note that

S fx1, x2)g(x1, x2)14, (x1, x2) dju1 dus
XIXXZ
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is a bounded linear functional on Lj’\/l(X 1; LY(X7; R)) which agrees with F on all M-
measurable simple functions which vanish off A,. It follows that

F(fla,) = / fela, dprdpy,  Vf e L% (X1; LY(X2; R)). (2.4)
X1 xXp

Since gl,, is bounded, one sees that g4, € Lh (Xl, LY (X2; R)). We claim that g €
M(Xl ’ Lq (XZ, R))? and

”g”p’,q’;R =< ”F”Lf\/[(Xl?Lq(XZ;R))*' (25)
To show this, we distinguish four cases.

Case 1: p,g € (1, 00). Choose

/ p/q/ 1 ’ !/
a(/ 1817 14, sz) g9 (seng)1a, if / 1817 14, dua # 0,
Xo X2

S
0, if / 1817 1, dpa = 0,
X2
where
, P'/qd 1/p'—1
a= [f (/ g7 14, duz) dm] .
X \/X,
Then

r/q 1/p
I fllp.g = [fx ( Iflq duz) d/u]
1
, r'fa'-bg plq 1/p
{/X [ aq( Iglq Ia, duz) gl @ D1y, d,uz} dm}
1
(r'/a'=Dp , plq 1/p
a{ [( Iglq Iy, duz) (/ 1g|? 1a, duz) :|dm}
Xy X2
, p'la 1/p
=a{/ (/ lgl? IAnduz) dul} =1
X1 \J X

Taking the above f in (2.4), we find that

F(f) 2/ fela, duzdp
x, /X,

, plg-1
ZG/ [/ (/ IquIAndm) IquIAndltz}dm
x, L/x, \Ux,
, Pl , 'l 1/p'
=a/ <f |g|q1AndM2> du1=[[ (/ |g|qIAndM2) dul}
x, \Ux, x, \Ux,

= llgla, ”p’,q’;R’
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which gives
lgla,llp q:r = ”F”wa(Xl;L‘l(Xz;R))*'
Letting n — 00, by making use of Fatou’s Lemma, one deduces (2.5).

Case2: p = 1,1 < g < oco. In this case, we first take p € (1, 00), and take f as in
Case 1. Then

1/q rlq 1/p ,
||f||1,q:/X</X Ifl"duz) dmf[/x (/X Ifl”duz) dm} (XD
1 2 1 2

=mxp"7.
Consequently,

”gIA,, ”p’,q’;R = F(f) = ”F”L}\A(Xl;L‘I(Xz;]R))*”f”l»q
1 /
= ”F||LLM(X|;Lq(Xz;R))*“l(Xl) ”.

Letting n — oo and then p — 1 (which means p’ — 00), we obtain

llglloo,g’; R < “F”L}M(XUL’!(Xz;R))*’
which is (2.5) for p = 1.

Case3: 1 < p < 00, g = 1. In this case, we first take g € (1, 00), and take f as in
Case 1. Then

p I/p
||f||p,1;R=[/X (/X Ifldm) dm}

rlq 1/p e/ e
< [/ (/ [f1? duz) dm} (X)) = pua (X))
x; \Ux,

Hence,

lgTa,llprq® = FCO = NN oxpsnt e 1 ptim
=< ||F||L’j’w(xl;Ll(xz;R))*MZ(Xl)l/q
Letting n — oo and then ¢ — 1 (which means ¢’ — ©0), we obtain

”g”p’,oo;R =< ”F”Lfvl(XliLl(Xz;R))*’

which is (2.5) forg = 1.
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Case 4: p = g = 1. In this case, we still first let p, g € (1, 00), and take f as in Case 1
with ¢ = r. Then

|If||1,1=/ f \fldus du
X, /X,

r/q 1/p s e’
5[/ (f Ifl"duz> dm} 1 (XDYP i (X) V4
x, \Ux,

= i (XDYP pa(X9) V4.
Consequently,
Igla, llp gk = F(f) < ||F||L5M(X|;L1(X2;R))*||f||1,1
< IFIL o ey 1 XDV 2 (XD V4
Letting n — oo and then p, g — 1 (which means p’, ¢’ — 00), we obtain

”g”oo;]R =< ”F”LM(X];LI(Xz;R))*’
which is (2.5) for p, g = 1.

Finally, (2.3) means that F, € (Lj’vt(Xl; L9(X>; R)))* and since F and F, coincides
on a dense subset of Lﬁ/l(Xlg L%(X>;R)), one has F' = F,. Also, (2.2) follows easily
from (2.3) and (2.5).

2.3. Proof of the necessity in Lemma 2.1 for the general case

We are now in a position to prove the “only if”” part of Lemma 2.1 for the general case.
The proof is divided into two steps.

Step 1. We show that Lf\//t (Xq; L1 ' (X2; H™)) is isometrically isomorphic to a subspace H
of LT (X1; LY(Xa: H))*.

For any given g € Lj)\//l (X1; Lq,(Xz; H™)), define a linear functional F¢ on the space
Lf\/l(Xl; L1(X5; H)) as follows:

Fo(f) = /X (f (1, x2), g1, x2)) e dpndpa,  Vf € LY (X15 L(X2; H)).
1 XAX2

Then, by means of the Holder inequality and similar to (2.3), we conclude that F, belongs
to Lf\/l (X1; L9(X,; H))*, and

”Fg”LPM(Xl;L‘f(Xz;H))* =< ”g”p’q’;H*- (2.6)

Therefore the norm of Fy is not greater than ||g|| 74/, g+. Define

H=(F,|geLl,(Xi: LY (X2: HY))).
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It remains to prove the reverse of inequality (2.6). Clearly, without loss of generality,
we may assume that g #~ 0.

Suppose first that g = > 72| hiIg, where h¥ is a sequence in H* and {E;}%2 is a
countable partition of X x X, by members of M with (u; x u2)(E;) > 0 for all i.
Since we have shown that wa(Xl i L1(Xo; R)* = Lf\//[ (X1; LY (X2; R)) (in Subsection
2.2) and noting that 0 < |g|g* € Lf\//l(Xl; L"/(Xg; R)), for any ¢ > O there exists a
nonnegative function ¢ € Lfvl(X 1; L9(X>; R)) such that

0 < lgllpy < 1. ||g||p/q/;m—esf \glio dpr dpsa.
X1><X2

Further, choose h; € H with |h;|g = 1 such that
\hilux —e/llelha < hi(hi),
and define

o0
f= ¢hilg, € L} (X1; LY(Xy: H)).
i=1

Then || fllp.q.# = ll@llp,q <1, and we have

o0
/ (f(x1,x2), g(x1, X2)) 1+ d 1 dpua =f © Y (hi b g g g, dp dps
X1 xX2 X1xX2 =
>0 e
> / <PZ <|hT|H* - —>IE,~ duidus
X1XX2 i=1 ”(p”l,l
&
zf gl ditr dius — —/ pdprdps > gl e — 2¢.
X]XX2 ”(p”l,l X1><X2

This gives
IFellzr, oxy;na 0 mys = 181pqrsm
and therefore
”Fg”LfM(X“L‘I(Xz;H))* = ||g||p/q/;H*’
whenever g € Lj’\//[(Xl; Lq,(Xz; H*™)) is countably valued.
For the general case, we choose a sequence {g,,}j:‘;l C L%(Xl; Lq/(Xz; H™)) such
that each g, is countably valued and

Tim ign — glly.qnne =0, @7

‘We have obtained
I F, n ||L1;\,1(X1;L"(X2;H))* = |lgn ”p’,q’;H*v
and by virtue of (2.6),

| Fy, — Fg”L'pM(XléLq(Xz;H))* = ||F, n_g”Lf\/[(Xl;Lq(XZ;H))* <llgn — g||p’,q’;H*~



1808 Qi Lii et al.

Therefore, noting (2.7), we end up with
WFellr oxi;racemys = B0 N Fe,llLr xy;n0 (s >

= nli)ngo ”gn”p’q’,H* = ”g”p’q’;H*-

Hence we conclude that Lf\//l(Xl; L‘I/(Xz; H™)) is isometrically isomorphic to H.

Step 2. We show that the subspace H is equal to Lj’vl(XI; L9(X»; H))*.
To this end, for F € L} (X1; LY (X2; H))*, we define

G(E)(h) = F(hlg), VYE e M, he H.
From
|F(hIE)| = ”F”L.l/’\/l(xl;Lq(xz;H))*”hIE”p,q,H = ”F”LPM(xl;Lq(xz;H))*|h|H||1E||p,qv

we see that G : M — H™ and it is countably additive. Let Eq, ..., E, (n € N) be a
partition of X| x X, by members of M with (u; x u2)(E;) > Oforall 1 <i < n. Then
G(E;) € H*. Define

Gy (h) =ReG(E)(h), G%,(h) =ImG(E)(h), VheH.

Clearly, |G(E;)|g* < |G}Ei |+ + |G2E’_ | =. Noting that both GlE,- and G%i are real func-
tionals, we see that, for any ¢ > 0, one can find h,l and hl2 in the closed unit ball of H
such that

& &
|G lue = 5~ <ReG(EN(R), |G lne = o < ImGE) D).

It follows that

n n n
Y IG(E)|us —& <Re Y G(E)(h}) +1m Y G(Ei)(h})
i=1 i=1 i=1
n n
=ReF<Zh}IEi>+ImF(Zh%IEi>
i=1 i=1
DIUTE NS DA N
;h’ Eillp.g. — Eillp.g.
n
2 e
i=1

1 1
=< 2||F||LPM(X];Lq(X2;H))*H1(Xl) /p,U«Z(XZ) /q.

=< ||F||L1/’\A(X1;L’1(X2;H))*<

= 20F W xy;eox0: 1) P

Hence |G (X1 X X2)|g* < ooand G is a (4] X up)-continuous vector-valued measure of
bounded variation. Since H* has the Radon—-Nikodym property with respect to (X X X2,
M, 1 X w2), there exists a Bochner integrable g : X1 x X, — H* such that

G(E) =/ gdurdpy, VE e M.
E
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Clearly, if f € wa (X1; L9(X4; H)) is a simple function, then
F(f)= / (f(x1,x2), g(x1, x2)) . = d 1 d .
X1 xXo

Select an expanding sequence {E,,}"io:1 in M such that Uﬁil E, = X| x X, and such

that g is bounded on each E,. Fixing np € N and noting that the linear functional

fE (-, g(x1, x2)) . 5+ dpu1 duy is a bounded linear functional on Lj'vl(XI; L9(X»; H))
no

which agrees with F on all simple functions supported on Ej,, it follows that

F(fIEg,,) 2[ (f(x1, x2), g(x1, x2) I, ) 1,1+ d iy dpna,
X] ><X2

Vf e Ll (X1 LY(X2: H)).  (2.8)
Further, since gIEnO is bounded, one has gIEnO € Lj’\//t(Xl; Lq/(Xz; H™*)) and

”gIEnO ”p’,q’;H* = ”F”LPM(Xl;L‘I(XQ;H))*' 2.9)

Since inequality (2.9) holds for each ng, by the Monotone Convergence Theorem, we
conclude that g € Lj’vl(Xl; L9 (Xp; HY)).
Finally, for any f € Lf\/l(Xl; L9(X»; H)), it follows from (2.8) that

F(f) = lim (f(x1,x2), g(x1, x2)IE, g g dpr d
n— XIXXZ

:/;( . (f(x1,x2), g(x1, x2)) g+ d iy dpy = Fo(f).

This means that F = F,. Hence wa(X 1; L1(X7; H))* coincides with the linear space
LY (X1: LY (Xo: HY)).

2.4. Proof of the sufficiency in Lemma 2.1

In order to complete the proof of Lemma 2.1, it remains to prove its “if”” part, which is
the main concern in this subsection.

Let G : M — H*bea (u; X up)-continuous vector measure of bounded variation.
We want to show that there exists a g € L}\/{ (X1; L'(X2; H*)) such that

G(E):/ gduidua, VE e M. (2.10)
E

Firstly, we show that if Eg € M has a positive (i1 X p2)-measure, then G has a Bochner
integrable Radon—Nikodym derivative on an M-measurable set B satisfying B C Eq and
(1 x u2)(B) > 0.

Denote by |G| the variation of G, which is a scalar measure (see [7, Definition 4 and
Proposition 9 of Chapter 1, pp. 2-3]). It is easy to see that |G| is a (i1 X p(2)-continuous
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R*-valued measure. Applying the Radon-Nikodym Theorem (to |G| and 1 x p3), one
can find an M-measurable subset B of Eg and a positive integer k such that |G|(A) <
k(py x up)(A) forall A € M with A C B. Define a linear functional £ on the subspace S
of simple functions in L’ (X1, LY(X2, H)) as follows:

0(f) =Yy G(E NB)x),
i=1

where

n
f=ZXiIE,~, xi€H, 1<i<n,
izl

with {E; | 1 <i < n} being a partition of X; x X». It follows that

1 1 G(E,NB
() =|)  G(E: N B)(xi) =‘Z ( L (a1 % u2)(E: 0 Byx)
i=1 i=1

(1 x u2)(E; N B)
n

<Y k(1 x @) (Ei N B)xi| < KILFI 21 o, 00 1)
i=1

< kit XDV XDV f |2 x,00 00 m)-

Therefore ¢ is a bounded linear functional on S. By the Hahn—Banach Theorem, it has
a bounded linear extension to Lj’vl(X 1, L1(X>, H)) (the extension is still denoted by ¢).

Hence there exists a g € Lﬁ\,/l (X1, Lq,(Xz, H™)) such that

E(f)=f (f, & H,u*duy duy, erLj’Vl(Xl,L‘I(Xz,H)).
X]XXZ
We have

G(EN B)(x) = €(xIg) = / (., 8)muedurdps, VxeH, E € M.
E

Since g € L%(Xl, Lq/(Xz, H*™)) is Bochner integrable, we see that

G(EN B)(x) = (/Egd,ul d,uz)(x), Vx € H, E € M.

Consequently,

G(EﬂB):fgdmdle, VE € M. @2.11)
E

Noting that B € M, and therefore replacing E in (2.11) by E N B, we see that

G(ENB) = / gdprdpy, VYE e M.
ENB
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Now by the Exhaustion Lemma ([7, p. 70]), there exist a sequence {An};’l":1 of disjoint
members of M such that UZOZI A, = X1 x X, and a sequence {g, ;’lozl of Bochner

integrable functions on X; x X5 such that

G(EN Ay) = f gndprdps, YE eM,neN.
ENA,

Define g : X1 x X, — H* by g(x1, x2) = gn(x1, x2) if (x1, x2) € A,. Itis obvious that
g'is (1 x up)-measurable. Moreover, for each E € M and all m € N,

m
G(EﬂnL:JlAn> =/E§1U;n=| A dpydps.

Consequently,
G(E) = lim / Z’IU'” 4 dpurduy, VYE e M.
m—>oo Jp n=14n
For h € H**, the variation of |G (h)| satisfies

IG(MI(X1 x X2) > lim [(h, &) s e 1 g 4, A1 d o,

i
m—o0 Jx v x,

Hence by the Monotone Convergence Theorem, (h, g) g+, i+ € LY ((X1: L'(X2: R)) for
eachh € H* . If E € M and h € H**, from the Dominated Convergence Theorem we
have

(h, G(E)) = p+ = lim (h, &Y= =T yr_ 4, i1 dpz

m—00 Jx v X,

=/ (h, @Y e g+ dpy dus.
X1><X2

Therefore g is Pettis integrable and its Pettis integral P- | XX, gduy duy equals G(E)
for each E € M. Since |G|(X1 x X») is finite, fX1><X2 |§|H*IU:7:| A, dirdpy <
|G|(X1 x X5) for all m € N. By the Monotone Convergence Theorem, |g|g+ €
L}\A(X 1; L'(X5; R)). Hence g is Bochner integrable. Since the Pettis and Bochner in-
tegrals coincide whenever they coexist, we obtain (2.10), proving the Radon—Nikodym
property of H* with respect to (X1 x Xp, M, i1 X uz).

2.5. A corollary of Lemma 2.1
We now give an interesting corollary of Lemma 2.1. We first state the following.

Lemma 2.2. Let

M={AeB[0,TI® Fr | t > I4(t, ) is F-progressively measurable}.
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Then M is a sub-o-field of B[0, T]1 ® Fr. Moreover, a process ¢ : [0,T] x Q — H is
F-progressively measurable if and only if it is M-measurable.

According to Lemmas 2.1 and 2.2, we have the following interesting corollary, whose
proof is straightforward.

Corollary 2.3. Let 0 < s < T and suppose H* has the Radon—Nikodym property with
respect to ([0, T1x 2, M, m xP) (where m is the Lebesgue measure). Then the following
identities hold:

LE(; L9, 53 H))* = LE (2 LY (0, 55 H*)),

/ , 1 <p,g<o0.
LEO, 55 LP(Q; H))* = L (0,53 LP (2 HY)),

This Riesz-type Representation Theorem will be very useful below.

Remark 2.4. It is easy to see that the conclusions in both Lemma 2.2 and Corollary 2.3
hold for any given filtration F (i.e., not necessarily for the natural filtration generated by
the Brownian motion {W (¢)};>0), and also if one replaces the F-progressive measurability
by any other measurability requirement, for example, adapted, optional, predictable, etc.

We refer to [14] for an application of Corollary 2.3 in the study of null controllability
of forward stochastic heat equations with one control. We will give more applications of
this result in our forthcoming papers.

3. Answers to Problems (E) and (R)

In this section, we return to our complete filtered probability space (€2, F, F, P) and give
answers to Problems (E) and (R).

For any p € [1,00) and 0 < s < T, define an operator L : Lg(Q; LY0,s; H)) —
LY (2 H) by

s
L (u(-)) =/ u(ydt, Yu(-) € LE(Q; L0, s; H)).
0
Concerning Problem (E), noting that L]{;(O, s; LP(Q; H)) C Lg(Q; LY0, s; H)), we
give the following positive answer (which is a little stronger than the desired (1.6)):
Theorem 3.1. If H* has the Radon—Nikodym property, then
Ly (Lg(0, s; LP(Q; H))) = LY (2 H). 3.1

Moreover, for each ¢ (-, s) € L.l;- (2; H), thereisa c(-,s) € LI{?(O, s; LP(2; H)) such
that

{Mg(-,s)) =¢(.5), (3.2)

lsC,s) ||L1117(0,S;Lp(g2;1-1)) < leoC, S)HL]%(O,S;LP(Q;H))'

(In general, the above (-, s) is NOT unique.)
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The result in Theorem 3.1 turns out to be sharp for p € (1, c0). Indeed, we have the
following result of negative nature.

Theorem 3.2. Forany p € (1, 00) and any r € (1, 00],
LS(L]%(O, s; LP(Q; H))) C L;-Y(Q; H).

Remark 3.3. (1) In [6, VI, 68, pp. 130-131] and [8], some Radon—Nikodym type the-
orems were established for real-valued or vector-valued processes with finite variation.
However, it seems that none of these results could be applied to prove Theorem 3.1.

(2) Thanks to Remark 2.4, the conclusion in Theorem 3.1 holds for any given filtra-
tion F; and one may replace the F-progressive measurability by any other measurability
requirement.

(3) We believe that (3.1) is sharp in the sense that, for any r € (1, 00] and any p €
[1, oc],

r . . p .
{ Ls (L0, 51 LP(Q; H))) G L% (9 H), a3

Ly (L (S L7(0, 55 H))) G LY (@ H).

Theorem 3.2 shows that the first conclusion in (3.3) is true for p € (1, 00), and that,
noting (1.1), the second conclusion in (3.3) is true for p € (1, 7] N (1, co). The general
case is under our investigation. Note that the above can also be written as

Ly (U L5@: L9, 5: H)) € LY (@ H).
g>1

As a consequence of Theorem 3.1, our answer to Problem (R) is as follows:

Corollary 3.4. If H is a Hilbert space, then for any p € [1, 00), one can find a constant
C > 0 such that for any ¢ (-) € LY(S; L2(0, T; H)), there is a u(-) € LL(0, T; LP(Q; H))
so that equality (1.7) holds and

||M(')||L[%T(O’T;L]7(Q;H)) = C”C(')||Lg(Q;L2(0,T;H))~

Remark 3.5. By Remark 3.3(2), it is easy to see that the conclusion in Corollary 3.4 also
holds for adapted, optional or predictable stochastic processes.

Corollary 3.4 shows the existence of the representation of It6 integrals by Lebesgue/
Bochner integrals. The corollary follows easily from Theorem 3.1 by applying the well-
known result that any Hilbert space has the Radon—-Nikodym property (e.g., [7]) and also
using the Burkholder—Davis—Gundy inequality for vector-valued stochastic processes (see
[5, Theorem 5.4] and [16, Corollary 3.11]).

The rest of this section is devoted to proving Theorems 3.1-3.2. For this, besides
Corollary 2.3, we need the following result concerning range inclusion for operators,
which can be found in [19, Lemma 4.13, pp. 94-95 and Theorem 4.15, p. 97], for example.



1814 Qi Lii et al.

Lemma 3.6. Suppose Bx and Bz are the open unit balls in Banach spaces X and Z,
respectively. Let L : X — Z be a bounded linear operator whose range is denoted by
R(L), and whose adjoint operator is denoted by L* : Z* — X*. Then the following two
conclusions hold:

(i) If R(L) = Z, then there is a constant C > 0 such that

Iz*llz+ < CIL*z"[Ix+, Vz" e Z". (34
(1) If (3.4) holds for some constant C > 0, then

Bz C CL(Bx) = {CLx | x € Bx}.

Remark 3.7. (1) Clearly, by Lemma 3.6, we see that R(L) = Z if and only if (3.4) holds
for some constant C > 0. But this lemma goes a little further than this. Indeed, the second
conclusion of the lemma provides a “quantitative” characterization Bz C CL(By), which
is more delicate than R(L) = Z. We shall use this result essentially when we answer
Problem (C) in the next section.

(2) One should compare Lemma 3.6 with the following general range inclusion result
(e.g., [13, Lemma 2.4 in Chap. 7]): Let X, Y and Z be Banach spaces with X being
reflexive, and let F : Y — Z and G : X — Z be bounded linear operators. Then

|F*z*|yx < C|G*7*|x+, YZ* € Z*, for some constant C > 0 < R(F) € R(G).
(3.5)
As shown in [1], the equivalence (3.5) may fail when X is not reflexive. Nevertheless,
when F is surjective (in particular when ¥ = Z and F = I, the identity operator, the
case considered in Lemma 3.6), this equivalence remains true (even without the reflexivity
assumption for X) (see [20, Theorem 1.2 and Remark 1.3]). We refer to [21] for further
range inclusion results.
Further, we need the following property of Wiener integrals, a special case of Itd
integrals with deterministic integrands (e.g., [12, Theorem 2.3.4 in Chapter 2, p. 11]).

Lemma 3.8. For each0 < a < b < T and f € L*(a,b) (which is a deterministic
function, i.e., it does not depend on w € ), the Wiener integral fab f@&)dw () is a
Gaussian random variable with mean O and variance f: |f (t)l2 dt.

We are now in a position to prove Theorems 3.1-3.2.

Proof of Theorem 3.1. It suffices to show (3.2). Since L]]F(O, s; LP(Q; H)) C
LH’;(Q; L'(0, s; H)) (algebraically and topologically), the restriction of the operator

Ly : LE(Q; L0, s; H)) — L% (@ H)

to L]%,(O, s; LP(2; H)) is a bounded linear operator from L]%(O, s; LP(2; H)) to
L%(Q; H) (for simplicity, we still denote it by IL;). By Lemma 3.6(ii) and Corollary
2.3, by a simple scaling, we see that the desired result (3.2) is a consequence of

* P . *
”L_yn”[‘]%o(()’s;[‘p’(Q;H*)) 2 ||77||L§%(Q’H*)v V?’] e L«Fv (97 H ) (36)
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In order to prove (3.6), let us first find the adjoint operator L} of L. For any u(-) €
Li(0,s; LP(Q; H)), and n € L;Y(sz; H)* = L%(Q; H*), we have

(Lﬂt,n):E(/ u(t)dt, n) :/ E(u(t),n)H,H*dl‘
0 H,H* 0
_ /0 E(), Eln | FiDa.ne dt = (u, Lin),

which leads to the following representation of the adjoint operator LL}:

{JL;‘ : Lg-; (Q; H*) — L]};(O, 53 LP(2; H))* = Lg>(0, s; LY (Q; H*)), 3.7)

L)1) =Elp| Fl, €051, 1 € L% (@ HY).
Now, we let p > 1. Making use of (3.7), we find that

* P/ l/p’
MLl L 0,002 ey = | 9P EJEDn | 1|7y ]

tel0,s]

’ 1 / / /
> [E|El | F1[5.]"7 = [Elg1” 177 = 19,5 g 7oy

Therefore, (3.6) holds for p > 1.
Next, for p = 1, we have

ILgnll e ;1o (0.5: 1)) = esssup sup [E[n | Fi]l

we  tel0,s]
> esssup [E[n | F]|g+ = esssup [n(@)|r+ = [nllLg @:a7)-
we e s
This implies that our conclusion also holds for p = 1. O

Proof of Theorem 3.2. Noting (2.1), it suffices to prove Theorem 3.2 for r € (1, 00).
Towards a contradiction, assume that

]Ls( 70,53 LP(Q; H))) = L%(Q; H) forsome p,r € (1, ). (3.8)

Since L5(0, s; LP (2 H)) € L(0,s; LP(Q; H)) € LE(Q; L1(0, s; H)) (algebraically
and topologically), the restriction of the operator

Ly : LE(2; L'(0, 5; H)) — L% (Q; H)

to LfF(O, s; LP(S2; H)) is again a bounded linear operator from LH’;(O, s; LP(Q2; H)) to
L;_-j (2; H) (for simplicity, still denoted by Ly). Similar to (3.7), the representation of the
adjoint operator L} is given as follows:

Ly : L (R HY) — Ly (0,53 L7 (@ HY)),

; (3.9)
Lim(®) =Eln| Fl, 1t €[0,s5], n € L%k (2 HY).
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By (3.8), using Lemma 3.6(i) and Corollary 2.3, we conclude that there exists a con-
stant C > 0 such that for any n € L[7 (Q; H"),

< CIIL§ Ly (3.10)

Iy . pey = 0517 (@ H")’

where r’ =r/(r — 1).
Fix any xo € H* satisfying |xo|gz+ = 1 (which is independent of the time variable ¢
and the sample point w). Consider a sequence {1, },- | of random variables defined by

N
N :/ " dW(t)xg, neN.
0

It is obvious that n, € L% (2; H*) for any n € N. By Lemma 3.8, the integral

. . . . . 2ns _
f(‘; " dW(t) is a Gaussian random variable with mean O and variance & o L Hence,

5 pqL/p o 4 _n? 1/p'
[]Ef e AW (1) } =[ _ ]
0

e2ns | dx
(€ — )m

00 /o215 _ ] I’/2|x|p 1/p
-|L(5) f’x}
oo n
1/p’
(\/_/ |x|17 - dx 1/ (3.11)

Now, by (3.11), it is easy to see that
P /v
[ = [elf evawee]

N
— nt
”n"“L?é(Q;Hﬂ_[EVO " dW (t)xo

1 foo | |]7/ _x2 d l/p/ 62713‘ - 1 (3 12)
=\|—= x|t e X . .
VT s n

Using (3.11) again, we have

e"t dW(t)

’

s p'ar’/p 1/r
||E[77n | ft]”LﬂF/(O,S;LP,(Q;H*)) = {/0 |:IE i| dt}
t p'ar'/p 1/r'
/ nt dW () ] dt}
0
1 00 , 1/p | onr 1 r 1/r
(6 o) o
T J oo n
1 /1 [~ A N Ve
< —<—/ |x|? e dx) </ e””dt)
n\J7 J_x 0

AR U I VPt ns
5_<—/ |x|Pe—X2dx) . (3.13)

(nr/)l/r

t
/ e"TdW (t)xo
0
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From (3.12) and (3.13), it follows that
. ”E[T}n | ft]”Lﬁ;(O,S;L”,(Q;H*)) . e
lim < lim - =0.
=00 ”nn”Lp/ (Q:H") n— 00 (nr/)l/r /e2ns —1
75 (8%

ns

This, combined with (3.9), gives

%
WSl 0,50 @)

lim =0,
w0 Tl g
which contradicts inequality (3.10). This completes the proof of Theorem 3.2. O

4. Answer to Problem (C)

In this section we give a positive answer to Problem (C). Theorem 3.1 tells us that any 1t6
integral [j ¢ (1) dW () with ¢(-) € LE(; L*(0, T; H)) admits a (parameterized) Boch-
ner integral representation, i.e. we can find a representor u(-, s) € L]%(O, s; LP(2; H))
(which is of course NOT unique) such that

fsg‘(t)dW(t)=/Su(t,s)dt, Vs € [0, T1. 4.1)
0 0

Put Z = L]IF(O, T; LP(2; H)). We now show that one can choose a u(-, s), which is
continuous in Z with respect to s, such that (4.1) holds. More precisely, we have the
following result:

Theorem 4.1. For any given {(-) € L§ (Q; L2(0, T; H)), define a (set-valued) mapping
F:[0,T] — 2% by

s N
F(s) = {’7(',3) €Z ‘ / n(t,s)dt =/ @) dw(t), and n(t,s) =0, Vt > s},
0 0
Vs €[0, T]. 4.2)
Then F has a continuous selection f.

Remark 4.2. If we choose u(-, s) to be the above f(s), then u(-, s) is the desired process
(for (4.1)), which is continuous in Z with respect to s.

Before proving Theorem 4.1, we recall the following useful preliminary results.

Lemma 4.3. Let X and Y be two topological spaces. Then, for any set-valued mapping
¢ : X — 2Y, the following two statements are equivalent:

(i) The map ¢ is lower semicontinuous, i.e., for any open subset V of Y, the set {x € X |
¢(x) NV # B} is open in X;
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() Ifx € X,y € ¢(x), and V is a neighborhood of y in Y, then there exists a neighbor-
hood U of x in X such that for every x’ € U, there existsay' € ¢(x')NV.

Lemma 4.4 ([15, Theorem 3.2")). The following properties of a Ti-space are equivalent:

(1) X is paracompact (i.e., any open cover of X admits a locally finite open refinement,
which is the case if X is compact or is a metric space).

(i) If Y is a Banach space, then every lower semicontinuous mapping F : X — 2¥
such that F(x) is a nonempty, closed, convex subset of Y for any x € X, admits a
continuous selection, i.e., there exists a continuous mapping f : X — Y such that
f(x) € F(x) forany x € X.

We can now give a proof of Theorem 4.1.

Proof of Theorem 4.1. The main idea is to use Lemma 4.4. It is obvious that [0, T'] is a
T1-space and is paracompact. Hence we need only prove that F'(s) is a nonempty, closed,
convex subset of Z for any s € [0, T] and F is lower semicontinuous. By Theorem 3.1,
we see that F'(s) is nonempty. Also, it is very easy to check that F(s) is a convex subset
of Z and is closed in Z.

It remains to show that F is lower semicontinuous. Fix any s € [0, T], any (-, s) €
F (s), and any neighborhood V of n(-, s) in Z. Clearly, there exists a § > 0 such that

Vi={zO) e Z[lz() =nC.s)llz <8 CV.
We claim that there exists an ¢ > 0 such that for any r satisfying |r — s| < ¢,
Frynvy #0. (4.3)
This will yield the lower semicontinuity of F(-). To prove our claim, we first make use
of the Burkholder—Davis—Gundy inequality for vector-valued stochastic process (see [5,

Theorem 5.4] and [16, Corollary 3.11]) to get
p s r/2
}sCEL/|an@dﬂ -
H r

4.4
Choose an increasing sequence {rk},fil suchthat0 <r; <rp <-.-- — s5.Since {(:) €
Lf;(Q; L2(0, T; H)), by the Dominated Convergence Theorem we have

h
E / £ dW (1)

/ gty dW (1)

p
< E[ sup
H

r<h<s

s p/2 T p/2
lim E[/ 1z (013 dt] = lim E[/ I 511215 dt:| =0.
k—o00 % k—o00 0

Hence,
s p/2 s r/2
limE[/ |§(t)|%,dt} < lim IE[/ Ic(t)li,dt] —o0. 4.5)
r—s r k— 00 X

Therefore, it follows from (4.4) that there exists an €1 > 0 such that forany 0 < s — r
<el,

< §8/3. 4.6)
LPE (S:H)

Hf‘aodwa>
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On the other hand, by the Holder inequality and using the Dominated Convergence The-
orem, similar to the proof of (4.5), we see that there exists an &5 > 0 (which may depend
on s) such that forany 0 < s — r < &3,

/‘ n(t,s)dt

Put 3 = min{ey, &2}. From (4.6)—(4.7) and noting that [ n(t, s)dt = [ (1) dW (1), we
conclude that for any r with0 < s —r < €3,

H /rn(t,S)dt - /r§(t)dW(t)
0 0

N N
5/ In(t. )1l 2. (Q;H)dr=/ [Eln, )|51"/7 dt < 8/3.
r S r

LY (S H)
7 4.7

L% (H)
< /n(t,s)dt—/ n(t,s)dt
0 0 LY (s H)
+H/ E(t)dW(t)—/ g(t)dW (1)
0 0 L% (H)
< 28/3. (4.3)

By the second conclusion in Theorem 3.1 and (4.8), we see that there is a ¢(-,r) €
1 . .
Ly(0,r; LP(S2; H)) such that [[¢ (-, r)||L11F(0,r;Lp(Q;H)) < 26/3, and

/r¢>(t, rydt = /r @)y dw) — /r n(t,s)dt.
0 0 0

Puto(-,r) = Ij0,11¢ (-, r) + Ij0,,n (-, s). It is obvious that o(-, ) € F(r), and

S
”n('as)_g(-,r)“L]%‘,(()’S;LP(Q,H)) = / [E|77([»S)|1;1]1/p dt+”¢("r)”Lﬁ,(O,r;LP(Q;H)) < 4.
r

Therefore, for any 0 < s — r < &3, we have o(-,r) € Vi, which gives (4.3). By a
similar argument, one can show that there exists an ¢4 > 0 such that (4.3) holds for any
0 < r —s < &4. Choosing ¢ = min{e3, €4}, we see that (4.3) holds for any |r — s| < ¢.
By Lemma 4.3, we know that F : [0, T] — Z is lower semicontinuous.

Finally, thanks to Lemma 4.4, we conclude that there exists a continuous selection f
of F. ]

5. Two illustrative applications

In this section, we give two simple applications of our Theorems 3.1-3.2. More interesting
and sophisticated applications will be presented in our forthcoming publications.
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5.1. Application to the controllability problem

Consider a one-dimensional controlled stochastic differential equation
dx(@) =[bx(@) +u()]dt +odW(t), 5.1

with b and o being given constants. We say that system (5.1) is exactly controllable if for
any xo € Rand x7 € Lp]_-T (2; R), there exists a control u(-) € Lg (Q: L'(0, T; R)) such
that the corresponding solution x (-) satisfies x(0) = x¢ and x(7') = xr. By the variation
of constants formula, we have

x(T) = ebTxo + /

T T
eb(T_’)u(t) dt + / LT g dw(t).
0 0

Thus, exact controllability is equivalent to
T T
Xr — ebTxo —/ LT =0g dw(t) = / eb(T_’)u(t) dt. 5.2)
0 0

Since x7 € Lg_-T (£2; R), there exists a unique £ (-) € Lg(Q; L?(0, T; R)) such that

T
xr = Exy +/ c(t) dW (1)
0

Hence, to ensure (5.2), it suffices to have

T T
Exy — ?Txo + / [£(t) — "TDo1dW (1) = / LT Dy(r) dt,
0 0
which is guaranteed by Theorem 3.1. This means that (5.1) is exactly controllable.

On the other hand, surprisingly, in virtue of [18, Theorem 3.1], it is clear that system
(5.1) is NOT exactly controllable if one restricts the admissible controls u(-) to be in
L%(Q; L2(0, T; R))! Moreover, by Theorem 3.2, we see that system (5.1) is NOT exactly
controllable either if one uses admissible controls u(-) in L%F(Q; L9(0, T; R)) for any
q € (1, oo]. This leads to a corrected formulation for the exact controllability of stochastic
differential equations, as presented below.

A little more generally, we can consider the following multi-dimensional controlled
linear stochastic differential equation:

dy(t) = [Ay(t) + Bu(t)]dt + [Cy(t) + Du(t)]dW (), 0<t<T, (53)
y(0) = yo € R, '

where A, C € R"™" and B, D € R™™™ (n, m € N) are matrices. Various controllability
issues for system (5.3) were studied, say, in [2, 3, 10, 18] and the references cited therein.
Note however that, unlike the classical deterministic case, as far as we know, there exist
no universally accepted notions of controllability in the stochastic setting so far. Inspired
by the main results of this paper, we introduce the following definition.
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Definition 5.1. System (5.3) is said to be exactly controllable if for any yy € R" and
yr € Lp]_-T (2; R™), there exists a control u(-) € Lg(Q; L'(0, T; R™)) such that Du(-) €

Lg(Q; L2(0, T; R™)) and the corresponding solution y(-) of (5.3) satisfies y(T) = yr.

We need Du(-) € Lg(Q; Lz(O, T; R™)) in the above definition because it appears

in the Itd integral fOT[Cy(t) + Du(t)]dW (¢). It is clear that, for the controllability of
deterministic linear (time-invariant) ordinal differential equations, there is no difference
between the controllability by using L' (in time) control and by using L (or even analytic
in time) control. However, our analysis above indicates that things are completely differ-
ent in the stochastic setting. A detailed study of the controllability for system (5.3) (in the
sense of Definition 5.1) seems to deviate from the theme of this paper, and therefore we
shall address this topic in our forthcoming works.

Mimicking the above, we can also consider the more general case where the spaces R"
and R™ in system (5.3) and Definition 5.1 are replaced respectively by two Hilbert spaces
Hj and H;, and the matrices A, B, C and D therein are replaced by suitable linear (maybe
unbounded) operators. Definitely, such an extension will open the door to a systematic
study of exact controllability of stochastic partial differential equations. This is actually
one of the original motivations for the current paper. We hope that the results of this paper
indeed pave the way to a better understanding of controllability problems for infinite-
dimensional stochastic control systems.

5.2. Application to a Black—Scholes model
Consider a Black—Scholes market model

dxo(t) =rXo(t) dt,
dx(t)t) =bX(@)dt +oX(t)dW (1),

with r, b, o being constants. Under conditions of self-financing, and no transaction costs,
the investor’s wealth process Y (-) satisfies the equation

dY(t) = [rY (@) + (b — 1) Z())dt + o Z(t) AW (1),

where Z(¢) is the amount invested in the stock. For convenience, a European contingent
claim with payoff at the maturity 7 being & € Lp]_-T (£2; R) is identified with £&. Any such
& is said to be replicatable if there exists a trading strategy Z(-) such that for some Yy
(the price of the contingent claim at ¢+ = 0), one has

Y0) =Yy, Y(T)=E¢.

In other words, a contingent claim £ is replicatable if and only if the following backward
stochastic differential equation (BSDE, for short) admits an adapted solution (Y (-), Z(-)):

dY(t) =[rY(t) + (b —r)Z(D)]dt + 6 Z@)dW (), te[0,T],
Y(T) = &.
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In this case, Y (¢) is the price of the contingent claim at time 7. See [9] and [23] for some
relevant details. Now, let us look at an extreme case,

b—r>0, o=0. 64

In this case, & is replicatable if and only if the following BSDE admits an adapted solution
Y (), Z()):

dy@)=[rY@®)+ b —-r)Z(@)]dt, te]0,T],

Y(T)=¢&.

Similar to the above subsection, we see that the above equation admits an adapted solution
(Y (), Z(-)), which means that £ is replicatable. Further, since £ is arbitrary, this also
means that the market with conditions (5.4) is complete! This is a little surprising since
o = 0 in the market model. Some further study along these lines will be carried out in
our future publications.
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