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Abstract. Let i be a probability measure on [0, 1] which is invariant and ergodic for 7, (x) =
ax mod 1,and 0 < dim < 1. Let f be a local diffeomorphism on some open set. We show that if
E CRand (fu)|g ~ nlg, then f'(x) € {a” : r € Q} at u-a.e. point x € f_lE. In particular,
if g is a piecewise analytic map preserving w then there is an open g-invariant set U containing
supp p such that g|y is piecewise linear with slopes which are rational powers of a.

In a similar vein, for u as above, if b is another integer and a, b are not powers of a common
integer, and if v is a Tp,-invariant measure, then f 1 L v for all local diffeomorphisms f of class c2.
This generalizes the Rudolph—Johnson Theorem and shows that measure rigidity of 7, T} is a
property not of the structure of the abelian action, but rather of their smooth conjugacy classes: if
U,V are maps of R/Z which are C 2-conjugate to Ty, Tp then they have no common measure of
positive dimension that is ergodic for both.

Keywords. Measure rigidity, invariant measure, interval map, fractal geometry, geometric measure
theory, scenery flow

1. Introduction

1.1. Background

The motivating problem of this paper is to understand, for “structured” Borel probability
measures whose support is a Cantor set on R, which transformations can map one measure
to another, in whole or in part, and how the structure of the measures determines this.
More precisely, writing fu for the measure fu(A) = u(f —1A), we ask what one can
say about maps f for which fu is non-singular with respect u, or with respect to some
other measure v. The expectation is that highly structured measures should be preserved
by a small number of maps whose structure reflects that of the measure.

There are a few elementary things one can say. Since any two non-atomic probability
measures on R can be mapped to each other by a continuous function, one must impose
some regularity assumption for the question to make sense. In this paper we consider dif-
feomorphisms of the line, and denote the set of such maps by diff(R). Write diff*(R) for
the set of diffeomorphisms of class C k. Also, there are some trivial cases of measures i
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such that u, fu are non-singular for many f € diff(R), namely if x© has a Lebesgue
component or atoms. One must therefore consider measures without such components.
Recall that the local dimension of a measure p at x is the limit

1 B,
D) — tim 22 B )
r—0 logr

where B, (x) is the ball of radius » around x. In general the local dimension may not exist
but it exists in the cases which will interest us. We will work with measures of interme-
diate dimension, meaning that 0 < D(u,x) < 1 at p-a.e. x. This rules out Lebesgue
component, and also any zero-dimensional component, including atoms.

In this work we consider probability measures which are invariant under the maps
T, : [0, 1] — [0, 1] defined for integers a > 2 by

T,x =ax mod 1,

i.e. measures such that 7, # = . We sometimes view T, as a map of the torus R/Z. We
note that there is a very rich supply of T,-invariant measures, including some self-similar
measures but also many (most) which are not.

For T,-invariant measures most work to date has focused on their behavior for maps
which are related to the group structure of R/Z, i.e. when f is one of the maps 7}
(an endomorphism of R/Z) or translation by an element of R/Z. The principal result
for endomorphisms is the measure rigidity theorem of Rudolph [18] and Johnson [10].
Write a ~ b if a, b are powers of a common integer, i.e. a = ¢ and b = ¢™ for some
¢, k, m € N, and otherwise write a ~ b. The Rudolph—Johnson Theorem states that if w is
a T,-invariant measure whose ergodic components all have entropy strictly between 0 and
log a, then it is not preserved by T}, for any b ~ a. The result can be slightly improved, us-
ing a later result of Rudolph—Johnson [12], to conclude that u L v for every Tj-invariant
measure v of intermediate dimension. To date this is essentially the best result towards
Furstenberg’s x2,x3 conjecture, which predicts that there should be no non-atomic mea-
sures except Lebesgue which are jointly invariant under 7, and T}, for a ~ b. For a survey
of related algebraic conjectures and results see [14]. There are also strong rigidity results
for smooth actions of Z¢ and R?: see e.g. Kalinin, Katok and Hertz [13].

For translations we are aware only of the work of Host [8]. Define u to be conservative
for a subgroup A € R/Z if for every set A with (A) > O there is some 0 # r € A
such that u(A N (A + r)) > 0. For the groups A = Z[1/b] of b-adic rationals when
gcd(a, b) = 1, or for the cyclic subgroup generated by an element r € R/Z such that
{T}'r}nen is dense in R/Z, Host showed, using methods of harmonic analysis, that the
only conservative T,-invariant measure is Lebesgue measure. Note that these results do
not require any assumption about the dimension of the measure, but also they do not
directly relate to our question, since they do not say anything about preservation of u
under a particular rotation.

In another direction, the question we are interested in has been studied in the frac-
tal geometry literature for rather general functions f, e.g. C! or bi-Lipschitz, but for re-
stricted classes of measures such as self-similar measures on attractors of iterated function
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systems. In situations like these it has been shown that measures arising from different
parameters are mutually singular, and cannot be easily deformed into each other (see for
example [3]). Related results for certain classes of Cantor sets are known (see for instance
[2, 1, 20]).

1.2. Statement of results

Write © ~ v and u L v to indicate that the measures are equivalent or singular, respec-
tively, and let w|g denote the restricted measure u|g(A) = u(A N E). Thus u, v are
non-singular if and only if x| ~ v|g for some set E with v(E) > 0.

Theorem 1.1. Let y be a T,-ergodic measure of intermediate dimension. Then there
exists n € N such that if f € diff(R) and (fu)|g ~ wlg, then

f'(x) e {+d"" k€ Z} forp-ae. x € fT'E.

More generally, if v is another T,-ergodic measure and (f (1)|g ~ V|g then there exists
t € R such that

fl(x)ef{tt-d" keZ} forp-aexe f'E.

While we have stated the result for diffeomorphisms of R, the result is of a local nature
and immediately applies to partially defined or piecewise diffeomorphisms.

Theorem 1.1 is close to optimal. One clearly cannot hope to get information about f
except on the support of | . On the other hand, a 7 -invariant measure  is also invariant
for Tyn for every n € N and sometimes also for n = 1/m when a'/” e N. Thus one
cannot expect that some intrinsic property of p will encode a, and the best one can hope
for is a power of a. The ergodicity assumption is necessary also: for example fix a 75-
invariant measure u of intermediate dimension and form v = % n+ %T3 u, which is
also T»-invariant. It is easy to see that there is a piecewise linear map f with fv, v non-
singular, and with slopes 2 and 3 on sets of positive v-measure.

We do not know whether it can happen in the theorem that a'/” is not an integer. We
also do not know whether a version of the theorem is true under Lipschitz (rather than
differentiability) conditions on f.

Under mild additional assumptions, Theorem 1.1 implies that very few maps can pre-
serve a T,-ergodic measure of intermediate dimension.

Corollary 1.2. Let u and n be as in the theorem.. Then every piecewise analytic map of
[0, 1] which preserves | is piecewise linear on an open set U containing the support of
w and on U has slopes of the form +a*/", k € N,

Corollary 1.3. If u is a T,-ergodic measure on R/Z which has intermediate dimension
and is globally supported, then every C'-map which preserves ju has the form T, for an
integer a’ ~ a.
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Easy examples show that there can be piecewise linear maps other than 7, which pre-
serve [, for example one can easily construct them by hand for the uniform measure on
the middle third Cantor set (i.e. Hausdortf measure at the appropriate dimension, normal-
ized to mass 1), which is T3-invariant.

As a special case of the above we recover the Rudolph—Johnson Theorem [18, 10].
One may speculate that Theorem 1.1 holds without the entropy assumption, but proving
this would imply the full x2,x3 conjecture.

Our methods also allow us to generalize the Rudolph—Johnson Theorem in other
ways:

Theorem 1.4. Ifa ~ b and |1, v are respectively T,- and Ty-ergodic measures of inter-
mediate dimension, then fu L v for every f € diff>(R).

We can eliminate the ergodicity and regularity assumptions under some (rather weak)
additional hypotheses, for example no ergodicity is needed if f is affine, or when f €
diff(R) but the ergodic components of v under 7; do not have spectrum of the form
n/loga.

An interesting consequence of the theorem above is that the measure rigidity phe-
nomenon in the Rudolph—Johnson Theorem is not a consequence of properties of the
abelian action generated by T, and T}, but rather of the smooth conjugacy classes of the
individual maps 7, Tj:

Corollary 1.5. Let a ~ b and let f, g be self-maps of R/Z which are (separately)
C?-conjugate to T,, Ty, respectively. Then there is no measure of positive Hausdorff di-
mension which is ergodic for both f and g, except possibly one which is equivalent to
Lebesgue, and this occurs precisely when the conjugating maps differ by a rotation.

Note that for f, g as above there will generally be no invariant measures at all, but it is
hard to verify this for any particular pair of conjugates. It is known that if f, g commute
then they are simultaneously C%-conjugate to T, T; [11], and then Corollary 1.5 follows
from the Rudolph—Johnson Theorem.

After this paper was completed P. Shmerkin suggested another approach which proves
Theorem 1.4 for f € diff(R) and non-ergodic measures, but which does not give any
version of Theorem 1.1. This will appear elsewhere.

1.3. Methods

To arrive at these results we study measures on R? through the dynamics of the 1-
parameter, measure-valued family obtained by “zooming in” on typical points for the
measure. These families are called sceneries, and for the measures we are considering
they behave like generic orbits in an appropriate dynamical system. Many variants of the
notion of a scenery have appeared in the fractal geometry literature (see e.g. Bedford and
Fisher [1]), and have been used as a technical tool in the study of T},-invariant measures,
in disguised form in Furstenberg’s paper [4] and more recently in [7]. Our definition of
the scenery flow follows that of Gavish [5]. A systematic study of this notion and related
ones can be found in [6].
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Briefly, we show that for a 7,-invariant measure the sceneries equidistribute for an
ergodic flow whose pure point spectrum contains a rational multiple of 1/loga, and the
remaining spectrum comes from the original dynamics of 7. Since these flows are as-
sociated to measures in a geometric way, they are invariants of the measure under the
application of differentiable, locally bijective maps. Furthermore, the flows derived at
different points of a T,-invariant measure may exhibit different phases with respect to
eigenvalues of the form n/log a, and applying a smooth map shifts the phase by the loga-
rithm of the derivative. The behavior of these phases underlies the proof of Theorems 1.1
and 1.4.

This method of proof gives a concrete necessary condition for a measure p to be
a smooth image of a T,-invariant measure, namely the spectrum of the associated flow
must contain a rational multiple of loga. In a sense, this explains how u “encodes” the
arithmetic class of the dynamics which generated it.

1.4. Related questions

We end this introduction with some open questions. Let us begin by pointing out a con-
nection between Theorem 1.4 and another conjecture of Furstenberg [4]: If X, Y < [0, 1]
are closed and invariant, respectively, under T, and T} for a ~ b, then for every affine
map f(x) = ux + v,

dim(X N fY) < max{0,dim X + dimY — 1}.

This says that all affine images of Y should intersect X in as small a set as possible. The-
orem 1.4 gives an analog of this for measures, though of course singularity of measures
implies nothing about the intersection of their topological supports. On the other hand,
note that Theorem 1.4 has content even when both u, v are globally supported.

Returning to the x2, x3 conjecture, the topological version was proved by Fursten-
berg with no entropy assumptions: any closed infinite subset of [0, 1] which is invariant
under T,, T}, for a ~ b is the entire interval. One may similarly ask for topological ver-
sions of our results:

Problem 1.6. Suppose A < [0, 1] is an infinite, proper closed Tj-invariant subset. If
f € diff' (R) preserves A, must | f/(x)| be in {a” : r € Q} for all non-isolated x € A?

Problem 1.7. Let a ~ b and let f, g be maps of R/Z which are (separately) conju-
gate, respectively, to T, Tp. If the conjugating maps are sufficiently smooth, can we con-
clude that there are no infinite, closed proper subsets of R/Z which are jointly f- and
g-invariant?

We do not have answers except when for some s > 0 the s-dimensional Hausdorff mea-
sure is positive and finite on A. Then one can apply our results to this measure.

In another direction, there is a strengthening of the Rudolph—Johnson Theorem due
Host [8], which asserts that for gcd(a, b) = 1, if u is T,-invariant of intermediate dimen-
sion, then p-a.e. point x equidistributes for Lebesgue measure under the action of T (in
this case x is said to be normal in base b). It is natural to ask whether the same is true
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when the measure is distorted by a nice enough map. Let us formulate this question in the
simplest and most plausible case:

Problem 1.8. Let 1 be a T,-invariant measure and of intermediate dimension, and
ged(a,b) = 1.If f(x) =ux +v,u #0,is f u-a.e. point normal in base b?

Finally, it is very likely that analogs of Theorems 1.1 and 1.4 hold for more general
interval maps and in higher-dimensional settings, for instance for measures on the torus
which are invariant under hyperbolic automorphisms under suitable assumptions. How-
ever, in neither case does it appear that our methods apply directly.

1.5. Organization

In Section 2 we define the scenery flow in more detail, state without proof our results
about its spectral properties, and deduce the main results. The remaining proofs are given
in Section 3. We assume familiarity with basic notions in ergodic theory, recalling some
definitions as we go; for an introduction see [19]. For background on geometric measure
theory see [16].

2. Main elements of the proofs

In this section we give our main definitions and technical results, and derive the main
theorems from them. The remaining proofs are provided in the next section.

2.1. The scenery flow

Let M = My, denote the space of Radon measures on Rd, endowed with the weak
topology. We use the term measure for Radon measures on R?, and denote measures
by w, v, o, T etc. We reserve the term distribution for Borel probability measures on M,
which we denote by P, Q, R etc. The space of distributions carries a measurable structure
defined by declaring the map u +— ©(A) to be measurable for all Borel sets A C M.
Write A for Lebesgue measure and §, for the point mass at z, which is a measure when
z € R? and a distribution when z € M. Let supp 1 denote the ropological support of
a measure, that is, the complement of the union of all open sets of p-measure zero. We
write ~ for equivalence of measures or distributions, and also write z ~ u to indicate that
z is distributed according to u; the intended meaning will be clear from the context.
For x € R? let U, : RY — R denote the translation map

Us(y) =y —x,
and for r € Rlet S; : R? — R? denote the scaling map
Si(x) = e'x.

Note the exponential time scale, which makes S = (S;);cRr into an action of the additive
group R on R¥. These operations induce maps on M: for u € M we have U, ju(A) =
((A + x) and S;u(A) = u(e™ A).
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Let i +— u" denote the operation of normalizing a measure to have unit mass on
[—1, 1] and restricting it to this cube, i.e.

O

" Mli=1,17¢-

1
T (=1, 119)

Let
M = {Probability measures on R supported on [—1, 114}

and define S;” : M"” — M" by
S = (Siw)”

so that S” = (SFl )r>0 1s a semigroup acting on the set of y € M" with 0 € supp . This
is a Borel subset of M, and the action is Borel, though not continuous (it is discontinuous
at measures which give positive mass to the boundary of [—1, 1]9).

Definition 2.1. Let u € M and x € supp u. The scenery of u at x is the orbit of Uy u
under ", i.e. the one-parameter family

ey =87 (Ugp), te€RT,

In other words, the scenery is what one sees when ‘“zooming in” to p at x, restricting
and normalizing the measure as we go.

In order to discuss the limiting behavior of the scenery, note that M- may be iden-
tified with the weak-* compact set of probability measures on [—1, 1]¢. Thus we may
speak of convergence of distributions on M".

Definition 2.2. A measure @ € M generates a distribution P at x € supp p if the
scenery (ix:)r>0 equidistributes for P, that is, if the uniform measure on the path

(tx,t)o<i<T converges weak-* to P as T — oo. Equivalently, for every f € C (MD),

1 T
lim — dt = dP.
Timw T /0 S r) /f

In this case (MD, P, SD) is called the scenery flow of u at x.

For a discussion of the properties of distributions generated in this way see [6]. We
mention a few basic facts. First, if there is a positive p-measure of points at which p
generates some distribution (which may vary from point to point), then p-a.e. one of the
distributions is S~ -invariant." Second, standard density arguments show that if v < s
then a v-typical point generates a distribution for v if and only if it does for u, and in this
case the distributions are the same. This applies in particular when v = u|4.

The following simple observation is a key ingredient in our arguments. Let diff (R)
C diff(R) denote the subgroup of orientation preserving maps.

I Note that S7 acts discontinuously, so this is not a complete triviality.
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Lemma 2.3. Let u € M(R), x € suppu and f € diffi(R). Then after a time-shift of
s = log f'(x) the sceneries iy, and (f)f ), are asymptotic, i.e.

lim (px,r — (F ) fo)i—s) =0 (weak-*).
11— 00

In particular | generates P at x if and only if fu generates P at f(x).

The proof is immediate from the fact that, locally, f acts like S; near x.

The assumption that f preserve orientation is necessary for the conclusion that the
scenery flows are the same, but if f is orientation reversing then the scenery flows are
isomorphic to measure preserving flows by way of the map induced on M" from x >
—x. We omit the details. More generally, a similar lemma holds in R? but then one must
also account for skewing of the image.

2.2. The scenery flow of T,-invariant measures and its spectral properties

Next we describe the scenery flow of a T, -invariant measure and, more generally, products
of such measures. Recall that the diagonal action of 7, on [0, 114 is given by T,(x) =
(Tyx1, ..., Tyxg). A product of T,-invariant measures is invariant under the diagonal
action.

We require two more standard constructions, which we recall briefly. First, the nat-
ural extension of an ergodic system (€2, v, T) is an invertible ergodic system (S~2, v, T)
factoring onto (€2, v, T') and characterized by the property that every factor map from an
invertible system to (2, v, T') factors through (€2, V, T). The natural extension may be
realized as the inverse limit of the diagram of factor maps

s (@ T) S (@ T) S (@0, T).

See also Section 3.
Second, the #p-suspension of the discrete time system (€2, v, T') is the flow defined on

Q x [0, 1] by
Ty(w,5) = (T[‘””/’O]w, {s :r d }to)
0

where [r] and {r} are the integer and fractional parts of r, respectively. This flow preserves

1
the product measure v x ;=4 |[0.1)-

Proposition 2.4. Let i1, ..., g be T -invariant measures and (1 = X?:l Wwi. Then u

generates an sH -ergodic distribution P, at a.e. point x, and the system M, P, sY)
arises as a factor of the logb-suspension of the ergodic component u™® of x in
([0, 11%, , T,). In particular Py depends only on the ergodic component u™) of x. Fur-
thermore, if £) has intermediate dimension then Py is supported on measures of inter-
mediate dimension.

The construction and analysis are carried out in detail in Sections 3.1-3.4.



Geometric rigidity of xm invariant measures 1547

Write e(t) = exp(2mit). Recall that ¢ € R is an eigenvalue of an ergodic measure
preserving system (2, B, v, T) if there is a complex function ¢ € L? such that g o T =
e(a)@, and « is an eigenvalue of a measure preserving flow (2, B, v, (T})ser) if there is a
function ¢ € L? such that g o T; = e(at)g for all 1 € R. Such ¢ are called eigenfunctions,
and for ergodic transformations and flows they a.s. have constant modulus, which we shall
always assume has been normalized to 1. We denote the set of eigenvalues by X, with
subscripts to indicate the system in question.

Theorem 2.5. Let w be Ty-invariant with intermediate entropy. Let X« denote the

spectrum of the ergodic component ©® of ([0, 11, u, T,) to which x belongs. Let P
be the distribution generated at x, and X p, the spectrum of (MD, P, S D). Then there is

an n € N such that

n

)y Z.

7ZC Xp C —— v U —
loga ~— P"_loga ) loga

The proof is given in Section 3.6. Note that in the theorem one cannot assume that n = 1
since if w is T,-invariant then for every n it is also T« -invariant, since Tyn = T}
Let us show how this theorem implies one of our main results:

Proof of Theorem 1.4 under spectral assumptions. Suppose f € diff' and p, v are re-
spectively T,, Tp-invariant, have intermediate entropy, and the ergodic components of v
do not have pure point spectrum of the form n/loga, n € Z. By the theorem above the
scenery flows generated a.e. by u have pure point spectrum of this form. If fu £ v then
by Lemma 2.3, with positive p-probability, the scenery flow generated by u at x is iso-
morphic to the one generated by v at f(x). These possibilities are incompatible. O

2.3. The distribution of phases

More refined information can be obtained from the distribution of phases of the eigen-
functions of the scenery flow. That is, for a T,-ergodic measure and typical points x, y,
we may consider the sceneries at x and y and compare the relative phase of the eigenfunc-
tions corresponding to ¢ = k/log a. There is a technical problem with this idea, since the
eigenfunctions are defined only a.e. for the scenery flow distribution, and not necessar-
ily on any of the measures of the scenery itself. To overcome this, one can consider the
joining of the scenery flow generated at the two points.

Recall that a joining of S -invariant distributions Pj, P is a distribution P on
M x M" which projects to P; on the i-th coordinate, and which is invariant under
the diagonal flow Ne given by SF (w,v) = (StD/L, S,D v). When P;, P, are ergodic, the
ergodic components of a joining of Pj, P, are also joinings of Pi, P,. A P-joining is a
joining of P with itself.

Let © be a measure generating an ergodic distribution P, at x. Note that there is
a bijective correspondence between pairs (o, 7) € /\/l‘lj X MID and product measures

OXTE MZD , and that the set of product measures is closed in M"~ x M" . Therefore the
accumulation points of the sceneries of u x u are product measures, and if ;& x y generates
a scenery flow it is supported on product measures. Furthermore, if n x p generates
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a scenery flow Py, at (x,y), one may verify that, making the identification between
product measures and pairs, Py y is a joining of the scenery flows Py, Py generated by u
at x and y. Note that by Proposition 2.4, if u is T,-invariant then u x @ indeed generates
sceneries a.e.

Let P be an S” -invariant and ergodic distribution with an eigenvalue « and corre-
sponding eigenfunction ¢. Then the function py : M” x M"” — C defined by

p(o)
()

pot (07 7:) =
is a.e. invariant on any ergodic P-joining, since

9(S, o) _ elan)p(o) _
p(SP1)  elanp(t)

Pa(Si'0. 8 1) = Pa(0, 7).
Therefore if R is a P-joining then p, is constant on a.e. ergodic component of R, and if
R is ergodic then we may define

Pa(R) = R-a.s. value of py (-, -).

Let u generate some distribution P at a.e. point and assume that ;t x p generates an
ergodic P-joining Py y at u x p-a.e. (x, y). Fix a u-typical xo so that Py, y is defined for
p-a.e. y and for such y let

Pa (i, X0, ¥) = pa(Pyy,y).

Definition 2.6. Let u be a measure which a.e. generates P, and such that p x  generates
an ergodic distribution at a.e. point. Let « € X p. For a pu-typical point xo the phase
measure 0y = 6, (1L, xo) is the push-forward of y under the map y +— pq (11, x0, y).

Under the further assumption that © x @ X u generates an ergodic distribution at
a.e. point, the dependence of the phase measure on xg is very mild. Indeed, if we choose
another point x; then, by considering the threefold joining Q generated by i x 1 x p at
(x0, ¥, x1) we find that, writing (o1, 02, 03) for a Q-typical element,

p(o3) _ ¢(o3) ¢lo1) _
p(02) @) ¢lor)
where ¢ = p, (11, x1, xo) does not depend on y. Thus p, (i, xg, -) depends on x¢ only up
to a rotation, and the measures 6, (14, xo) and 6, (u, x1) are rotations of one another. Since

we shall be interested in properties which are independent of rotation, we often suppress
the dependence on xp and write 6, ().

pa(,u«axh)’): C'Pa(M,XO,Y)7

Theorem 2.7. Let 1 be a T,-invariant measure of intermediate entropy whose ergodic
components a.s. generate the same distribution P. Let o € Xp and 0y = 0y (1) . Then

1) Ifa € Zp\ (1/loga)Q then 6, is Lebesgue measure.
(i) Ifa € Zp N (1/loga)Q then 64 is singular with respect to Lebesgue measure.
(i) Ifax € Tp N (1/loga)Z and  is ergodic then 0, consists of a single atom.

This is proved in Section 3.7.
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We do not know how large the phase measure can be for non-ergodic p. With our
methods we can go a little further and show that dim 6, (1) < 1 —dim p, where dim is the
lower Hausdorff dimension of p. On the other hand, starting with a 7,,-ergodic measure p
with & = n/loga in the spectrum of the scenery flow, the measure v = Y ;2 27Ty
is again T,-invariant and its phase measure consists of atoms at e(logb/loga), b € N.
We suspect that the phase measure is always atomic or at least of dimension zero, but we
have not resolved this.

We next examine how the phase distribution changes when a smooth map is applied
to a measure. First, suppose that i is a measure satisfying the conditions in Definition 2.6
and the discussion following it. In particular for © x p-a.e. (x, y) the scenery (ux; %
Wy, 1)r=0 equidistributes for some P-joining Py . Now let s € R and consider the family
(Mx,r X [y, r+s)r=0, in which we have shifted the second component by SSD . This family
equidistributes for the P-joining Q = (id x S? ) Py, obtained as the push-forward of Py y
through the map (o, 7) — (o, SE 7). For @ € Zp and corresponding eigenfunction ¢,
let (o, T) be a Py y-typical pair such that (o, S;j 7) is Q-typical. Then

p(0)
e(as)p(r)
Together with Lemma 2.3, this leads to the following result:

Pa(Q) = pulo, S;'1) = = e(—as) - pa(0,7) = e(—as) - pa(Py.y).

Proposition 2.8. Let u be a T,-invariant measure of intermediate dimension which a.e.
generates a distribution P, leto € Xp andlet | € diff! (R). Then 6 ( f ) is well defined,
and, fixing a p-typical xo, is given up to rotation by

Ou(f1) = /82(—0{logf’(y))~p¢,(PxO_y) du(y).

The discussion above proves the proposition when f preserves orientation. An obvious
modification of the statement and proof is needed when f is orientation reversing. See
the remark after Lemma 2.3.

2.4. Proof of the main results

Proof of Theorem 1.1. Let u, v be T,-ergodic measures of intermediate dimension. Sup-
pose f € diffl(]R) and fulg ~ v|g for some set E with v(E) > 0. Then 6, (fu|g) and
0, (v|E) are equivalent for every « € X p. Choosingn € Nand o = n/loga € Xp, as we
may by Theorem 2.5, it follows from Theorem 2.7 that 6, (v) is a point mass. Therefore
0, (f 1| g) is a point mass, and by Proposition 2.8 this implies that e(« - log f/(-)) is u-a.s.
constant on f~!E, giving the result.

In the case v = p we have fulp < ulg o0 0 (fulg) <K 64(1), and since both
consist of a single atom we have equality. Hence e(« - log f/(-)) = 1 at p-a.e. point of
flE, so f/|f_1E is y1-a.e. an integer power of a!/". O

Before proving the next theorems we require one more technical result:

2 This requires a short argument since § 5 is not continuous, but we omit it.
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Proposition 2.9. Let u be a T,-invariant measure of intermediate entropy generating P,
and o € X p N (1/loga)Z. Suppose one of the following holds:

(i) wisergodicand f € diff?(R),
@i1) f is affine.

Then 6, (f 1) is singular with respect to Lebesgue measure.

Proof. 1In the first case 6, (i, xo) consists of a single atom (Theorem 2.7), and p, (xo, -) is
independent of y. Then by Proposition 2.8, up to rotation, 6, (f 1) is the image of p under
g : x > e(f'(x)). Since f € C? we have f’ € C! and in particular f’, and hence g,
is Lipschitz. Since px has intermediate dimension, it is singular with respect to Lebesgue
measure, so this is also true of gu, as desired.

In the second case f(x) = ux + v and we need only consider the case u # 0. Since
f'(x) does not depend on x, we find by Proposition 2.8 that 8, ( f 1) is a rotation of 6, (i)
by e(logu), and so, since 6, is singular by Theorem 2.7, so is 6, (f 10). O

Proof of Theorem 1.4 and variants. Let u be a T,-invariant measure and v a Tp-invariant
measure, both of intermediate entropy. Suppose that f € diff>(R) and that (f )|z ~ v|Eg
for some E with v(E) > 0. Then 6, (fu|g) is equivalent to 6, (v|g) for all «, and it
suffices to show that this is impossible.

Assume that p is ergodic, let P denote the distribution generated by w, and choose
a € Xp N (1/loga)Z, which is possible by Theorem 3.13. Then by Proposition 2.9,
Oy (f 1) is singular with respect to Lebesgue measure, while by Theorem 2.7, 6, (v) is
absolutely continuous. Thus the two are not equivalent. Note that for this argument we
did not require ergodicity of v.

Assume instead that f is affine (but u, v need not be ergodic). We first disintegrate u
according to the partition of [0, 1] determined by the level sets of x — Py, where Py is
the distribution generated by p at x. Since P, depends only on 1), this is a coarsening
of the ergodic decomposition. Decompose v similarly. By Lemma 2.3, f respects these
partitions, so it suffices to prove the result for the corresponding conditional measures,
which in the case of u are T,-invariant, and Tj-invariant in the case of v. Hence we may
assume from the start that ;, v generate a single distribution P a.e. The result now follows
as above from the second part of Proposition 2.9.

The case of C'-maps when p, v satisfy some spectral assumptions was sketched after
Theorem 2.5. O

Proof of Corollary 1.5. Suppose ¢f¢~' = T, and ygy ! =T}, for o, ¢ € diff>(R/Z).
Let i be a common ergodic measure of positive dimension. The measures ou, Y u are
invariant, respectively, for T, and T, and the dimension hypothesis implies that they have
no ergodic component of entropy zero. Now ¢~ ' (pu) = Y and Yo~ € diff>(R/Z),
so Theorem 1.4 implies that ¢ is Lebesgue. Therefore ¢~ () is a Tj-invariant mea-
sure equivalent to Lebesgue, so it must be Lebesgue measure as well, and so ¢! pre-
serves Lebesgue measure. The only diffeomorphism on R/7Z with this property is a rota-
tion. O
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3. Construction and properties of the scenery flow

Throughout this section we fix an integer b > 1 and a non-atomic probability measure p
on [0, 1] which is invariant under Tp. We write [u; v) = [u, v) N Z, and similarly [u; v]
etc. Our conventionis N = {1,2,3...}.

3.1. The extended scenery flow

For the moment fix the dimension d = 1 and consider measures on R. We use * to denote
the operation of normalizing a measure on [—1, 114, that is, if 7 is a Radon measure on
R4 and t([—1, 1]) > 0, then
* = —1 T
([—1,1]

Thus t” = t*[_1.1}. Let M* C M denote the set of measures giving unit mass to
[—1, 1]. Write S} : M* — M* for the partially defined map

St = (S0

Thus S* = (S;);er is a measurable flow on the Borel subset of measures u € M* with 0
in their support.

While working with $* is more natural than with § S, we used the latter in the def-
inition of the scenery flow because P(M*) does not carry a nice topology with which
to define equidistribution of S*-orbits. However there is a simple way to move between
invariant distributions of the two flows. First, one may verify that T — 7" is a factor map
from the measurable flow (M*, %) to the semi-flow (M, §7), i.e. SF W) = (Sl*,u)[J ,
and so an S*-invariant distribution Q is pushed via i — u" to an S”-invariant distri-
bution P = Q" called the restricted version of Q. Conversely, if P is a an S -invariant
distribution then there is a unique S*-invariant distribution Q on M*, called the extended
version of P, satisfying Q" = P. The extended version may be obtained as the inverse
limit of the diagram
VIR VeI N Ve
(so dynamically Q is the natural extension of P). Indeed, starting from a left-infinite
sequence (..., —3, h—1, Ho) With S'fI i+1 = [;, there is a unique measure po, € M*
such that 4o [[—pn p7] = S, i—n, and the induced distribution Q on these measures is seen
to be S*-invariant and satisfy O~ = P.

‘We shall usually not make the distinction between the extended and restricted versions
of these flows. We note for later use that they have the same pure point spectrum.

3.2. Construction of the discrete scenery flow

In this section we construct a flow associated to a Tp-invariant measure, and study its
properties. Let Q@ = Q5 = {0,...,b — I}Z, and denote the shift map on 2 by T, i.e.
(Tw); = wi+1. We write w; for the subsequence (w;)ic;.
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Let & : Q — [0, b~*] denote the map

S =) b o

i=k+1

In particular we write
& = &o.

which is the base-b coding map taking w € € to the point x € [0, 1] whose base-b
expansion is O.wjw» ... (note that this map is everywhere uncountable-to-one since it
discards the non-positive coordinates of w).

Every non-atomic Tp-invariant measure w lifts to a unique 7-invariant measure it on
Q such that I = p; the system (i, T') is a realization of the natural extension of (i, Tp).
For x € [0, 1] we denote by 1™ the ergodic component of x in u, and write i) for the
unique ergodic component of 7 which maps under &j to 1*). We also write ) for the
ergodic component of w € Q.

We next construct amap 7 : @ - M, o — [, which is defined a.e. for every T-
invariant measure on 2. Let u be a Tp-invariant measure. Given a left-infinite sequence
W(—oc0:k] €10,...,b — 130K Jet (- | ®(—o0:k]) be the probability measure obtained
by conditioning 1t on the set {n € Q : N—oo:k] = ®(—oo;k]}- Note that this set can
be identified, using &, with [0, b~*]. Define the measure M |lo—co:k)) on [0, bk by
pushing these conditional measures forward through &, i.e.

(- | @ooik) = BET ) | 0ooik)-

Note that this definition depends only on the ergodic component i’ , rather than the pair
(I, w).
For any measurable A C [0, b‘k] we have the relation

(A | O ook)) = & - (A + by | 0 ook—17)

k

where ¢, = 1/u(wrlwp”,) (this constant is chosen so that equality holds for A =

[0, b_k]). More generally, for k < m and A C [0, b~™+1], we have

A o) =™ (A4 D bon | o o) M
k<i<m
where ckm = ck+b. Lem,

It follows that the sequence of measures (i, x € M defined for k£ < 0 by

[o)0]
[ k(A) = &0 M(A + Y b
Pl

w(—oo,k]> @)
agree as k — —oo on the increasing sequence of intervals

(& (@), @) +b7 == 3 b, Y bl +b7]

i=k+1 i=k+1
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and vanish outside of them. Therefore, as k — —oo the measures 1, x converge to a
Radon measure which we denote

U = lim g k. (3)

k——o00

Recall that a measure on R has exact dimension « if its local dimension exists a.e. and
is a.e. equal to .

Theorem 3.1. For every Tp-invariant measure [, the following hold:

(i) u™ can be represented as

p = / (U—g(@) 1) ljo, 11 A (@)
and in particular
u= /(Ufé(w)llvw)ho,]]d dji(w).

(ii) The map w* : w — W intertwines the actions of T and Sf;g b L€

* * %k
Slogblu“a) = Hrg-

In particular, the distribution

P, = ™
is Sl’gg p-invariant, and the map
7% (Q, 7Y, T) — (M*, P, Sg))
is a factor map of discrete-time systems.
(i) Wy has exact dimension h(ﬁ(w)) /log b.

Proof. From equation (2) we see that for k£ < 0,

0
Ho k(A= E0@) = n(A+ Y b7or | oo
i=k+1
which, from equation (1), implies
Ho(A = &o(@)) = (A | ©(-o0,01)-
Integrating over w ~ ™) or over w ~ [ gives (i).
Note that 0 € supp u and (i) implies
1
KUTw(A) = Cwa(gt“) )

for some constant c,, independent of A. Thus by (4), the map w > wu is defined ji-a.e.
and intertwines the shift 7' and the scaling map Sl”(‘)g B 1€

* * ok
Slogb“w = H1g

This establishes (ii) (the later statements in that part follow from the first).
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Let
[wy...opl=NeEQ ... =w1...0,}
denote the cylinder set corresponding to a finite sequence wj ...w,. A variant of the

Shannon-McMillan-Breiman theorem (actually, a direct application of the ergodic theo-
rem and the definition of entropy) states that for fi-a.e. w,

.1 ~ ~
lim —logfi([o1, . .., 0a] | @(—oc:0) = h(E™).
n—-oon
As a consequence for ji-a.e. w the measure T = p(-|w—o0,01) has exact dimension

h(E)/logb, i.e.

log 7(B,(x)) _ h(E')
m -

= at T-a.e. point x
N0 logr log b

(what is obvious is that this limit holds when, instead of B, (x), we consider the mass of
b-adic intervals containing x, since these correspond to cylinder sets; the version above
follows using e.g. [17, Theorem 15.3]). The same argument also holds for p(-|®(—eo,k])
and for any k < 0, hence for p, r, and gives the result for . This proves (iii). m]

As a special case of the last part of the theorem, we remark that when (1) = 0 all the
conditional measures [ (-|w(—co,k]) consist of a single atom, and consequently ., = Jo.
Likewise, when I is A* it is easy to verify that u, = A* for ji-a.e. . In these cases the
flows P, are trivial, consisting of point masses at the S*-fixed points §p or 1*.

3.3. Convergence of the scenery to the scenery flow

We now turn to the sceneries of Tj-invariant measures and their relation to the flow con-
structed above. We continue to work in dimension d = 1 and with the notation of the
previous section. In particular u is a Tp-invariant measure and jt, P, are as in Theorem
3.1. For p-typical x let

1
sz/ Sl*longxdt'
0

Note that by Proposition 2.4, Py is Sf;g p-invariant and ergodic.

Let us introduce another sequence of measures u;) ¢ on [0, b~ by
o0 .
foa ) =0 (g7 (a4 Y b)),
i=k+1
This is the same as the definition of ji,, x except we have not conditioned on w(—eg k-

Proposition 3.2. limy_, o ), , = pe weak-* on any compact set in R.



Geometric rigidity of xm invariant measures 1555

Proof. Let (-|wpk+1:00)) denote the conditional measure [ on sequences 7 € €2 given
the “future” N[x41;00) = @W[k+1:00)- Then

/L;),k :///«n,kdﬁ(mw[kJrl;oo))

= /(Mn,k_ﬂn)dﬁ(mw[k-i-l;oo)) + /Mn dﬁ(ﬁl‘”[k-ﬁ—l;oo))

The second term in the last expression is a measure-valued martingale in the variable w
with respect to the filtration F; € Fr—1 C ---, where Fj is the o-algebra generated by
coordinates k + 1,k + 2, .... Since these algebras generate the Borel algebra on €2, the
term on the right converges ji-a.e. to uy, as k — —oo.

In order to deal with the first term on the right, note that if we integrate against any
compactly supported function f on R, for k > ko(w) the measures 1ty and py; —co
will agree on the support of f, and so the integral will vanish. Hence the first term also
converges to 0 weak-* on any compact set. O

Corollary 3.3. limk%,oo(,u;)’k)D = (o) in the weak-* sense for fi-a.e. w.

For the next step we rely on a classical ergodic theorem due to Maker:

Theorem 3.4 (Maker, [15]). Let (2, v, T) be a measure preserving system. Let F, be
measurable functions with sup,, |Fy| € L' and suppose that F, — F a.e. Then

1 N
5 Z T"F, — E(F | )

n=1

a.e., where & is the o -algebra of T -invariant sets.

Proposition 3.5. For p-a.e. x,

N
ngnoo N };71: 8“x,n10gh - Px'

Proof. Define F(w) = & )0 and Fi(w) =48 AL From the corollary we know that
w,—k 10}

F; — F a.s. and these distribution-valued functions are uniformly bounded in the space
of distributions on P(M"). Thus by Maker’s theorem,

N
% Z Fi(T*w) — E(F | €)

n=1

p-a.e. One verifies from the definitions that
O
Wik ) = Kxklogk

for x = &y(w). The proposition follows, since E(6 ()0 | €) = Fx. O
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Proposition 3.6. u generates P, at p-a.e. x. In particular, the scenery flow generated
by n at x depends only on the ergodic component of x and arises as a factor of the
log b-suspension of (Q, 1™, T).

O

Proof. The first statement follows by applying the operator fol S, log b dt to the limit in the

proposition above. For the second statement, note that from the definition of P, it follows
immediately that Py is S*-invariant and ergodic, ancl that (M*, P,, S*) is a factor of the
log b-suspension of the discrete time system (M™*, Py, Sl’gg ) Since the latter is a factor

of (2, ™, T') by Theorem 3.1, the proof is complete. O

3.4. The multidimensional case

We now turn to the higher-dimensional setting. Let % denote the normalization operation

we = m w and define the associated objects as in Section 3.1.

Let w1, ..., ug be Tp-invariant measures and write 4 = @ X --+ X g, Which is
a measure on [0, 1]¢ invariant under the diagonal map Tp(x) = (Tpx1, ..., Tpxg). The
measure [l = 1 X -+ X g on ¢ = ({0, ..., b — 1}%)Z is the natural extension of j.

We may define maps & : Q¢ — [0, b=%]? by applying & coordinatewise and define a
map o — [, € M, using the same procedure as in dimension d = 1.

Let ¢; denote projection to the i-th coordinate. Let 7* and 7;* denote the maps
o > pg, and n > (u;); respectively.

Proposition 3.7. Let w1, ..., ug be Ty-invariant measures on [0, 1], let @ = xflzl Wi,
and let w — [y, be as above. Then:

(1) The analogs of Theorem 3.1 and Proposition 3.6 hold.
(D) po = X (i) -
(i) If n generates Fx at x € [0, 119 and Wi generates E,y at y, and we identify prod-
uct measures with d-tuples of measures, then the following diagram of factor maps
commutes:

0

o l%

(10, 10, 75", 1) ——= (M. Py, Siyg)

(10, 11, 70, T) " (M9, Py, S5,y

Proof. The proof of (i) is the same as in the 1-dimensional case.

For (ii), note that the space of product measures on R? is closed and each Mx.r 1S
a product measure, so the scenery flow of a product measure is supported on product
measures. Hence by (i), u,, is a product measure.

In order to see that u,, = ><l‘.’=1 Mi > let Q be the Sf(‘)g p-invariant distribution on pairs
of measures obtained by pushing forward i through the map o — ((u 1)21 , i), and let

Q. be the push-forward of i) by the same map, so that Q = f O, dji(x). We wish to
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show that Q-a.e. pair (7, v1 X - - - X Vg) satisfies T = vy, so we must show that for u-a.e. x
this holds for Q,. To see this, consider for u-typical x € [0, 1]¢ the sequence

(Tn, vn) = ((UDx;,nloghs Kxnlogh)s n=1,2,...,

and repeat the proof of Proposition 3.6 to conclude that % 2111\1:1 8(zy.vy) — Qx. Since
the relationship t, = 71 (v,) holds for all n and this is a closed condition, it also holds for
the limiting distribution Q, .

Finally, the commutativity of the diagram is a direct result of the relationship (1;),,
=7 (). a

3.5. Eigenvalues and ergodicity of flows

We briefly present some technical facts about flows and their spectrum and ergodicity
properties. For the sake of economy we present the discussion for an invariant distribu-
tion P on (M*, §%).

A function f € L?(P) is generally defined only P-a.e. and hence for typical v it
is defined at S;v for only Lebesgue-a.e. t. The next lemma says that a function which
behaves like an eigenfunction at a.e. point along a.e. orbit may be modified on a set of
measure zero to become an eigenfunction.

Lemma 3.8. Let ¢ € L>(P) and suppose that for every t € R we have Sio = e(at)p
P-a.e. Then there exists ¢ € L*>(P) which, for P-a.e. v, satisfies SFo(v) = e(at)p(v) for
everyt € R, and ¢ = ¢ a.e.

Proof. Define g(v) = [} e(—an)e(S*v)dt. O

Usually, the ergodic decomposition of a measure is defined only in an a.e. sense. For the
decomposition of P with respect to S;‘) we can give a more canonical description. We say
that an S;‘; -invariant distribution Q is an ergodic component of P (with respect to S;g) if

it is ergodic for S and fol Sy 1Qdt = P.Note thatif P = [ Q, dP(v) is an abstract er-

godic decomposition of P with respect to S, then P = J( fol it Qv dt) dP(v), and each
of the inner integrals is S*-invariant. Therefore, ergodicity of P implies that for P-a.e. v
the inner integral is P, so Q, is an ergodic component. Hence ergodic components exist.

Lemma 3.9. If Q and Q' are ergodic components for Sy, then Sy, Q' = Q for some

r € [0, 1. In particular, the representation of P as fol Sl"(‘),l Q dt does not depend (up to a
translation modulo 1 of the parameter space) on the ergodic component Q.

Proof. Since fol S;f)_tht and fol S;S,t Q' dt are both ergodic decompositions of P, by
uniqueness of the ergodic decomposition we see that for a.e. t € [0, 1] there is an s €
[0, 1] with S} , O = S;;.SQ’. Thenforr =s —t(orr =1+s —1tifs < 1), we have
0= S;’(‘) (s—1) Q’. The second statement is immediate from the first. m]
Lemma 3.10. Let Q be an ergodic component of P with respect to S;f). Then either

Q=P,ie S;‘; is ergodic, or there is a largest n € N such that Q is invariant under S;g/n.
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Proof. Consider the map g : R/Z — P(M) given by ¢(¢t) = S,’(‘),,Q, which is well
defined since Sy O = Q. Let A € R/Z denote the set of periods of g, that is, r € A
if g(t +r) = q(t) for t € R/Z, or equivalently, g(r) = ¢(0). Since g is measurable
with respect to Lebesgue measure, either A is discrete or A = R/Z. In the latter case,
P = fR/Zq(Z)dt = ¢g(0) = Q. In the former case A has the form {k/n : 0 < k < n} for
some 7, and this is the n we are looking for. O

Lemma 3.11. For ty > 0 the following are equivalent:

(1) 1/tp € Zp.
(ii) For some (equivalently every) ergodic component Q of S;'(‘),
isomorphic to the to-suspension of (M*, Q, Si).
(iii) Sy is not ergodic, and its ergodic components are not preserved under S;g /n for any
nelN

the flow (M*, P, §*) is

Proof (sketch). (1)=-(ii): If ¢ is an eigenfunction for 1/¢y then one may verify that the
ergodic components of Sy are precisely the conditional distributions of P on the level sets
of ¢. Fixing an ergodic component Q supported on a level set ¢! (e(s)) let r : M* —
[0, p) be the P-a.e. defined function such that e(r (v)/fy) = @(v)/e(s), so for Q-a.e. v
and 0 < t < o we have r(S;v) = ¢t. Then v — (Sjr(v)v, ¢(v)) is an isomorphism of
(M*, P, §*) and the fo-suspension of (M*, Q, Sy).

(i1)=(iii): Trivial since e.g. the subset of M™* corresponding to M* x [0, #p/2) in the
suspension is S;g-invariant, but not S;(‘) ,-invariant for any 1 # n € N.

(iii)=(i): By the previous lemma we find that the action of $* on the ergodic compo-
nents for Sy is isomorphic to [0, 7o) with addition modulo 79. As P-a.e. point belongs to
a well defined ergodic component, this gives an eigenfunction with eigenvalue 1/79. O

From part (ii) and the proof of the implication (i)=>(ii), we have:

Corollary 3.12. Let 1/ty € X p with associated eigenfunction ¢, and suppose that Q, Q'
are ergodic components for S;g. Then g is almost surely constant for each of the distribu-
tions Q, Q, with a.s. value denoted ¢(Q), ¢(Q"), respectively, and Q = S* Q’, where

to-r
r € [0, 11 is such that e¥™" = ¢(Q)/p(Q"). i

3.6. The spectrum of (M*, Py, S*)

In this section we prove Theorem 2.5. Let u be Tj,-ergodic with entropy strictly between 0
and log b. Recall the construction and notation from Section 3.2: specifically (€2, &, T) is
the natural extension of ([0, 1], u, Tp), the image of it under w — i, is the Sl’;g p-ergodic
distribution P (it does not depend on x or w, as it did in previous sections, because u
and & are now ergodic), and P = fol S;"10g b
of .

Recall that the lower Hausdorff dimension of a measure t is

P dt is the distribution of the scenery flow

dimt = inf{dim A : T(A) > 0}.

We note that if T has exact dimension « then dim t = « as well.
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It is simple to verify that T <« t’ implies dim7 > dim 7’ and, more generally, if a
measure T can be written as T = f 7;do (i), then dim 7 > essinfj~, dim7;. Thus if f is
amap then ft = [ f1;do (i), and a similar bound applies.

We are out to show that

1
Z<¥p € —3% »nU o 7.
loga 1 oga " loga
The right hand inclusion follows from the fact that (M*, P, §*) is a factor of the log b-
suspension of ([0, 1], i, Tp). To establish the left hand inclusion it suffices to prove the
following theorem.

Theorem 3.13. There exists ann € N such that n/loga € Zax,p,s%).

Proof. Since P is an ergodic component of P with respect to S by Lemmas 3.10

loga’
and 3.11 it suffices to show that P is not S*-invariant. Suppose that it were S*-invariant.
We claim that this implies that  is Lebesgue measure, contradicting the assumption of
intermediate dimension.

To this end, choose an integer d such that ddimu > 1 and Write w* for the d-

fold convolution of p, which is the image of the d-fold product >< | 4 under the map
fx) = Zl 1 Xi. We first show that w*4 has dimension 1. Recall that by Theorem 3.1,

M=/U—s<w)del7(w)-

Since P is S*-invariant, there is a function &(x, t) € [0, 1] such that

1
= // (U—g(w,n)Stogbla) 10,11 dt (). )
0
This gives a similar representation of the product measure: write t = (¢{, ..., t7) and u?
for uniform measure on [0, l]d, and likewise write w = (a)l, e, a)d) and ﬁd = ch_l: | .

Then

d
X U_ i 40 S i du t d ).
5 /Q /[0 o 2 (W Syasie Do) du o) a7 @

Therefore, using the comments preceding the proposition,

di_m;t*d essinf f( x (U_ £, zl)St, logbliwt)|[0 1])

w'\’lid t~ud

Since f is linear and £ (o', t') € [0, 1], the above is

> essinf d1mf<><(S,10gb,uw)| 1,1]>

o~nd, t~ud
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because each of the previous measures is absolutely continuous with respect to the corre-
sponding measure above. Writing f;(x) = ) _ #;x;, we have, by another absolute-continu-
ity argument,

d
> essmf(ess infdim (( X )‘ ))
i \ S ot )| oy

Finally, for fixed typical w we have

d1m >< uw, = Zdlmuwl > 1
i=1

so the inner ess inf (over r ~ u?) in the previous expression is 1 by the following version
of Mastrand’s classical theorem on projections of measures.

Theorem 3.14 (Hunt—Kaloshin [9]). Let o be an exact-dimensional probability measure
on RY with dim v = a. Then for Lebesgue-a.e. (11, ..., tq) € R, the image of o under
X = Zflzl tix; is exact-dimensional and has dimension min{1, dimo}.

Thus, we have shown that u*d has dimension 1. Next, note that convolution in R/Z is ob-
tained by taking the convolution in R modulo 1. Since this is a countable-to-1 local isom-
etry R — R/Z, it does not change dimension, so the d-th convolution of u in R/Z has
dimension 1. Since this convolved measure is also Tj-invariant, it is exact-dimensional,
and hence its exact dimension is 1, and it must be Lebesgue measure because this is the
only measure of dimension 1 invariant under/Tb\.Finally, by examining the Fourier co-

efficients and using the elementary relation (u*d)(k) = ﬁ(k)d, we conclude that pu is
Lebesgue measure. This is the desired contradiction. O

3.7. The phase

Let  be a Tp-invariant measure of intermediate dimension generating a.e. the same (nec-
essarily S*-ergodic) distribution P. As usual we denote by Py the distribution generated
by w at x and by Py , the distribution generated by u x w at (x, y), and by P and Py y
the distributions obtained from gt and it x it as in Theorem 3.1.

Throughout this section « € Xp and ¢ is the corresponding eigenvalue. Recall that
the phase po (Py y) is the almost sure value of ¢(0)/¢(7) for o x T ~ Py y, which is the
same as for o x T ~ Py y. Therefore for ;1 x p-typical (x, y) and corresponding typical
(w,n) € 2 x Q,

o)
pup)

pa(Px,y) =

Fixing a pu-typical xo, the phase measure 6, = 6, (i, xo) is the push-forward of u via
¥y = pa(Py,,y). Thus, for wy corresponding to xp, we find that 6, (1, xo) is the push-
forward of & through the map n — (p(uj)o)/go(u;).

Proposition 3.15. If L € Xp \ (1/logb)Q then 60, is Lebesgue measure.
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Proof. n+— <p(,u§) is an eigenfunction for the system (€2, i, T') with eigenvalue A log b.
Since A log b is irrational, the distribution of (p(uf,) is uniform on the circle, so the same
is true for ¢ (1, ) /¢ (113), and the conclusion follows. O

Proposition 3.16. If a =n/(mlogb) € X aqx p s+ and u is ergodic then 0y is uniform
measure on a rotation of the m-th roots of unity. In particular if m = 1 then 6, consists
of a single atom.

Proof. n +— ¢(M;) is an eigenfunction of (2, it, T) with eigenvalue (logbh)ax = n/m.
The distribution of (p(u;) for n ~ @ is just the distribution of this eigenfunction,
which is uniform on a rotation of the m-th roots of unity. Therefore the same is true
for (g /@ (), n ~ L, proving the proposition. O
Now we turn to the non-ergodic case. For z = e(¢) with t € [0, 1) let us denote L(z)
=t/a.

Lemma 3.17. The distribution of 1, o ~ [i, is the same as the distribution of Sz(z)v,
v, 2) ~ ﬁxo X Oy, where 6, = 04 (1, x0).

Proof. Write for brevity

and consider the map Q — M* x {|z| = 1} defined by
w (SiL(p(w))M:)’ P(w)),

It suffices to show that this map takes [ to P x 6y, and for this we must show that (a) the
second component of the image measure is 6, and (b) conditioned on the value of the
second component, the distribution of the first component is Py,.

For (a), fix x ~ . Then for i™-a.e. w the value of p(w) = (i) /9(1ng,) 1s
pa(FxO,x), because, by definition, ,uj)o x ¥ is a typical element of ﬁx,xo; and this is the

same as pg ( Py, x), because Py, = fol St* Fxo,x dt. The distribution of pg (P, ) for
X ~ u is by definition equal to 6.

Next, conditioned on the value p(w) = §0(,U«Z)O) Je(u}k) we know by Corollary 3.12

logb

that $* L) Fx = Fx0~ This proves the lemma. ]

Proposition 3.18. If o € Xp N (1/logb)Q then 6, is singular with respect to Lebesgue
measure.

Proof. Our strategy is similar to the proof of Theorem 3.13. Choose an integer d with
d -dimpu > 1; we show that if 6, were absolutely continuous with respect to Lebesgue
measure then this would imply that dim z*? = 1, which would contradict the intermediate
entropy of u, as in Theorem 3.13.

We aim to show that dim 1*¢ = 1. By Theorem 3.1 we have

w= /(Us(www)l[o,l]dﬁ(w)-
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Write = (0!, ..., »%) and i¢ = xl‘.l:1 . Let f(x) = ZLI x;. Then

d ~,
dim p*? = dimf(/ _Xl(Ug(wi),uwi)l[O,]]dﬂ/d(w))
i=

v

d
inf di (( Ug(,i [)) )
ess1~I‘11 dim f i>:<1 ()Mo 0.1

o~

d
essinfdim (( X l)‘ )
w~fd dim f 2 e )

where in the last equality we used linearity of f. Writing v = (vi,...,vq), 2 =
(z1,...,zq) and P<, 95 for the d-fold product measures, we can apply the previous
lemma to get

v

= essinf di_mf((x ST ’)‘[71‘110’)'

v~Py, L 1~04

Setting f;(x) = Zl_l e'ix; and L(z) = (L(z1), ..., L(zq)), we obtain

d .
> essinf dim f_p (( v’)‘ )
v~ Py L t~04 ANV [~b.b)4

Now with vy, ..., vg fixed typical measures for FXO we know that xle Vil[_p pje has
exact dimension d dim i > 1. Also, since L is a piecewise smooth map, if 6, were abso-
lutely continuous then the distribution of L(z) for z ~ Qd would be absolutely continuous
with respect to d-dimensional Lebesgue measure. Hence, applying Marstrand’s theorem
again, we find that for P”f) a.e. choice of v the dimension in the expression above is 1, so
the essential infimum is 1. This completes the proof. O
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