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Abstract. We consider periodic minimizers of the Lawrence—Doniach functional, which models
highly anisotropic superconductors with layered structure, in the simultaneous limit as the layer
thickness tends to zero and the Ginzburg—Landau parameter tends to infinity. In particular, we con-
sider the properties of minimizers when the system is subjected to an external magnetic field applied
either tangentially or normally to the superconducting planes. For normally applied fields, our re-
sults show that the resulting “pancake” vortices will be vertically aligned. In horizontal fields we
show that there are two-parameter regimes in which minimizers exhibit very different characteris-
tics. The low-field regime resembles the Ginzburg—Landau model, while the high-field limit gives a
“transparent state” described in the physical literature. To obtain our results we derive sharp match-
ing upper and lower bounds on the global minimizers of the energy.

Keywords. Calculus of variations, elliptic equations and systems, superconductivity, vortices

1. Introduction

In this paper we study minimizers of the Lawrence—Doniach energy functional in certain
asymptotic limits. The Lawrence—Doniach (LD) energy was introduced [LaDo] to model
highly anisotropic superconductors having a layered structure. Unlike the Ginzburg—
Landau (GL) model, which represents a superconductor as a continuous three-dimen-
sional solid, in the LD model the superconductor is idealized as a network of equally
spaced, parallel superconducting planes. We will consider minimizers of the LD energy
under periodic boundary conditions in three dimensions, with applied magnetic fields
which are oriented perpendicularly or parallel to these superconducting planes. We study
various asymptotic limits, with the distance between the planes and the radius of vortices
both tending to zero, for applied magnetic fields which depend on these two parameters.
By introducing periodicity we eliminate boundary pinning effects and concentrate on the
lower critical field, the value Hc¢ of the applied field strength at which vortices appear in
the superconductor, and how the nature of the vortex lattice is determined by the orienta-
tion of the applied field and the relationships between the physical parameters.
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The superconductor occupies an infinite network of parallel planes orthogonal to €3,
with equal spacing s > 0,

P = U Pus Ppi=R% x {ns).

nez

The most general periodic structure on this network fixes three independent vectors, v;,
i = 1,2,3, for which P + kv; = P,i = 1,2,3. However, for our analysis we will
assume that one vector lies along the applied field direction. We make this hypothesis for
simplicity, but we conjecture that all the results below hold without regard to the geometry
of the underlying period domain. Thus, we begin by assuming

U3 = L3es,

and define a fundamental period domain Q@ C R3 by fixing a basis {v;, 2} of vectors in
R? c R3,

Q= (v + vy + 1303 : t;el0,1], j =1,2,3}
When convenient, we will abuse notation and write 7}, U as elements of either R? or R3.
We denote the restriction of each plane P, to Q2 by P,, that is,

Pn:P+(0’OaZn)a Zn = nS, P:Z {t151+t21_52:tj € [07 1]5.]=172}a
n=1,...,N.

On each plane we define a complex-valued order parameter, u, : P, ~ R*> — C.
As in the Ginzburg-Landau model, |u,| = 1 represents the purely superconducting state,
and u,, = 0 the normal state. The superconducting currents interact with a magnetic field,
described by a vector potential A : R — R3viah =V x A.

To write the LD energy we introduce some convenient notation. We denote V' =
(3x, dy) and A" = (A(x,y,2), Ay(x,y,2), Ay = (Ax(x,y,20), Ay(x, y,2)). We
write (u,, A) as a shorthand for ({#,},ez, A). Then the energy in the period domain
2 may be written as

N(s)
1 ) 1
L (un, A) =5 :/ [EW = 1A 4 5 (lunl? = 1)2} dx dy
n=1 P €

N
_1 P A(xy.2)dz)2
+S Z/;) 2)L2S2 |Mn — Up—1€ in—1 ’ dx dy

n=1

1 N
—|——/ |V><A—hex|2dxdydz.
2 Jo

Here, € > 0 represents the reciprocal of the Ginzburg—Landau parameter; we will assume
€ < 1, which is typical for type-II superconducting materials. The constant A > 0 rep-
resents the Josephson penetration depth, and will be assumed to be fixed in this paper.
(Results on th§ large A limit of the LD minimizers may be found in [ABB1, ABB2].) The
applied field hx is a given constant vector, which will in general depend on s or €, and
which we will assume to be either parallel to the planes P, or to the x3-axis throughout.
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Next we must define a space of functions for L’é,x. We say (u,, A) € Hifu, €

HILC(R2; C)foralln € Z, A € HILC(R3; R3), and there exist functions wj € HI%)C(IR3),
Jj = 1,2, 3, such that

u"(x/ + 61) = un(x/)eiwj(x’,zn)’ j=12,neZ,
s N (X)) = Uy (x)e B e 7, (1.1)

Alx +vj)) =AX) +Vo;x), j=1,2,3.

forall x = (x, y, z) = (x, z) € R3. That s, the configuration (u,, A) is Q-periodic up to
gauge transformation. In particular, the gauge invariant quantities

. — . . — i [ A (x,y,2)d
L y) =iy (V' — iADu),  jo(x, y) = — Im{iy u,_ye’ Jot 450D

)

;On(xay)=|un|» hZVXA5

are all Q2-periodic.

An important consequence of periodic boundary conditions is the exact quantization
of the magnetic flux through period planes: see (4.18) in our later discussion of the mini-
mizers in parallel fields.

Perpendicular fields

We first discuss the case where ﬁex is perpendicular to the planes P,. This is the setting in
which the discrete nature of the model is the least apparent. Indeed, in this case we expect
the flux lines to be vertically aligned, penetrating each plane in a stack of “pancake”
vortices ([CI]) which resemble a two-dimensional GL vortex array in each plane.

First we recall the classical three-dimensional Ginzburg—Landau functional, in our
periodic setting. Let Hgr denote the space of functions (¢, A) with ¥ € HI})C (R3), A €
H. (R3; R) for which there exist w; € H2.(R?), j = 1, 2,3, with

Y +7) =)W A +7) = Ax) + Voix), xeR} j=1,23.

Write the Ginzburg—Landau energy as

Ge(y, A) = / L AP+ S = 1% 4 21V x A hLE .
ol?2 4¢€2 2 x
We prove:
Theorem 1.1. Let € > 0 and hey = hi 5 be given.
1. Foranys = L3/N, any minimizer ofﬁés in ‘H is gauge equivalent to (u,, A) with
up(x,y) = up_1(x,y), AW, z+5) =AW, 2),
Ax(x7y7s_Z):Ax(X,ysZ)s Ay(X,)US_Z):Ax(xy}’»Z)» Az(xy)HZ):Oy

forall (x,y) € Pandn € Z.
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2. If (YGL, AgL) are minimizers of G, then
Ge(YoL, AcL) < Ge(uy, A) < Eé,s(un, A)(1 +2s) < Ge(YoL, AgL)(1 + 2s).

3. Ifin addition we assume the applied field hé;( is Hex|In €|, we have

‘Cé g‘(ul‘h A) 1 2
————— = —min[|H H — Hex)].
M Qe 2 panlH ex)’]
Moreover, h/|lne| — Hy in L?, where Hy, = (Hex — 1/2)4 is the minimizer of the
right-hand side above.
4. Ifinstead |In€| < hex < €72, then h/hex — 1 in L*(2) and
L:é Ky (uns A) 1
lim —J_ — =3
€,s—0 |Q|hex In 6\/@
Corollary 1.2. We keep the notation (u,, A) for a minimizer of Eé’ s and (WgL, AgL) for
a minimizer of G¢, and we let h =V x A and hgL, = V x AgL. Then
L h(x,y,2) = (=he(x,y,=2), —hy(x,y,—2), ho(x,y, —2)) and h(x,y,z +5) =

hix,y,s).
2. If hl < €72, then

lim (i - hGL) =0 inLXQ).
s,e—0 ]’léx hé(

Although the vortices will always be vertically aligned, the magnetic field 7 = V x A
will not be x3-invariant. From the Euler—Lagrange equations (see Bauman & Ko [BaK]),
the parallel components /1, hy of the magnetic field are harmonic in the gaps between ad-
jacent superconducting planes, and they satisfy jump conditions at the planes themselves.
We expect that the magnetic flux lines will spread between the planes and be pinched
together near the pancake vortices in each plane, forming hourglass shapes.

We provide the proofs of these results in Section 3.

Farallel fields

Next, we discuss the situation when the applied field is parallel to the planes. For this
part, we assume U; = Ljé;, j = 1,2, 3, where €1, €, €3 is the standard basis for R3, and
By = h!x é is directed along the y-axis. As opposed to the perpendicular (and obliquely
oriented) applied fields, when /ey is parallel to the plane, energy minig]izers (u,, A) will
be two-dimensional: u,, = u,(x,z), A = (Ax(x, 2), A;(x, 7)), with h = h(x, z)e; (this
is proven in Lemma 4.1). In Section 4 we define a two-dimensional reduction H!l of the
space ‘H of periodic functions, with fundamental domain Q = [0, L] x [0, L3], for the
functional £% .

Despite this simplification, the case of parallel fields is the one in which the discrete-
ness of the model is the most evident. The currents which flow in the x z-plane orthogonal
to the magnetic field are extremely anisotropic: horizontal currents run along the planes
(in the x-direction) but not in the gaps between the planes, and vertical z-direction cur-



Lawrence—Doniach model of superconductivity 1829

rents (due to Josephson’s tunneling effect) are measured in the gaps only, and can jump
across the planes, as can the values of the magnetic field (see [ABB1, ABB2, ABS1]
for the Euler-Lagrange equations in this case). Since the order parameters u, are not
defined between the planes, magnetic flux may penetrate parallel to the planes without
loss of superconductivity, and we expect |u,| ~ 1 no matter how large the applied field
and the induced currents are. One may think of the vortex cores as being pinned between
the planes, where they can carry flux without singularity. As a consequence, the usual
Ginzburg-Landau parameter € plays a minor role in this setting, and the size of the vor-
tices is determined by the interlayer spacing, s. We only need the hypothesis that

€ <s/a (1.2)

for some « > 0.

The behavior of minimizers in the parallel setting is determined by the asymptotic
value of the quantity Bexs2. If hexs? < 1, we expect that the mean distance between vor-
tices, which should be on the order of h;(l / 2, is much larger than the interplanar spacing s.
Thus, the discrete nature of the problem can be seen as a small effect and the minimizers
will resemble those of the Ginzburg—Landau model, but with s playing the role of €.

Theorem 1.3. Assume (1.2) and that s*hex < 1, and (u,, A) € H! are minimizers of
LY, and hy = curl A.

€,8’
1. If hex ~ Hex|Ins| for constant Hex > 0, then

LY (un, A 1
im ZesUm A Ym0,
s—0 |Q|(Ins)2 HeRr 2

Moreover, hg/|Ins| — H, in L%, with H, a minimizer of the right-hand side above.
In particular, if Hex < 1/2, then H, = 0.
2. If lIns| < hex < s72, we have
A
nnﬁe’Ln’lA):g and h—s—>l in L.
50 ey In T 2\ Nex
In particular, the lower critical field Hgl equals ;7 [In s| for parallel fields. In fact, when
lIns| < hex < s~2 we show that the energy density of an auxiliary function M (¥, A)
(see [ABS1]) associated to the minimizers converges weakly to a constant multiple of the
Lebesgue measure.

The proof of Theorem 1.3 follows the same steps as the corresponding results for
the two-dimensional Ginzburg—Landau functional (see [AyS, SS]), by means of an up-
per bound derived by constructing a configuration with a dense vortex lattice, and the
vortex ball construction for the lower bound. The discreteness is eliminated by consider-
ing a gauge invariant interpolation of u, to the whole period domain Q and an auxiliary
functional introduced in [ABS1].

When the applied field is very large, the minimizers of [,é‘,s are qualitatively different
from those of the Ginzburg—Landau model. Assuming hexs2 > 1, the distance between
vortex cores is too small to ignore discretization, and indeed we expect vortices to lie in
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every gap between the planes. Roughly, minimizers will have magnetic field & ~ hgx ev-
erywhere and |u, | >~ 1 (a “transparent state”; see Bulaevskii & Clem [BuCm]). Since the
planes are effectively one-dimensional, we may then solve for the phases ¢, u, =~ ¢/9*)
exactly from the vector potential Ay (x, z,). As a result, the first and third terms in L'é’s
roughly vanish, leaving only the Josephson coupling term as the principal contribution to
energy, at order 1/s2. The only complication with this plan is that the explicit solution to
h =V xA = he, ¢, = Ax(x, z,) may not satisfy the Floquet boundary conditions on Q.
As was observed in a different limiting regime in [ABB1, ABB2], to obtain the minimum
of energy among all periodic configurations, it is necessary to slightly modify either the
horizontal period L; or the value of hgx in order that the natural period of minimizers be
commensurate with the imposed period:

hex € —Z, (1.3)

where N is the number of superconducting planes in the period domain Q. Since hex >
572 ~ N2, this demands a vanishingly small correction to either /ey or L.
To state our results we make the following definitions:

N
P, 2) =D ()| Xy 21 (D),
n=1
N
Je(x,2) = (iun(x), ”;, —iAx(x, Zn))X(znfl,zn](Z)-

n=1

(1.4)

In some sense, p measures the superconducting density, and J, the horizontal currents,
extended to the entire bulk. The interpolating function W used in the previous regime
cannot be easily related to the energy density, as the control on the error terms in the
finite differences in x is lost in this highly oscillatory limit. We prove:

Theorem 1.4. Let (u,, A) € H be minimizers of £i‘,s with s2hex > 1 and € < s. We
have

ol _ 0] n? _
— +ols 3 < LE (U, A) < S—2(1+2—L%)+0(s 2). (1.5)

Moreover, if in addition we assume that L1, hex are chosen such that (1.3) holds, then
lim 5% L2 (un, A) = |0,
s—0 ’

p—1, sJ, —> 0 stronglyin L?
sllhs — hexll g2 = sIIV X A = hex|l 2 — 0.

From the above we conclude that, to highest order in s~L the magnetic field associated to
minimizers coincides with the applied field, A¢x, yet the mean density of superconducting
electrons does not diminish with increasing h.x. The leading contribution to the energy
comes from the Josephson coupling term in the energy, the energy of horizontal currents
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and of the magnetic field being of lower order in the expansion. As a consequence, the
Lawrence-Doniach model has no upper critical field in this asymptotic regime in the
parallel setting: ng = H& = 00. That is, the minimizers for /ex 3> s~2 are never given
by the normal solution, u, = 0, since p — 1in L2,

The relation (1.3) was also crucial to the results in [ABB1]. In that paper a different
limit is considered, that of the coupling constant A — oo with €, shex fixed. Nevertheless,
(1.3) arises in a similar way, with the applied field and interlayer spacing s selecting
a natural frequency of oscillation in x. If the artificially imposed period L; is not an
exact multiple of the natural frequency 2w N /L3hex then the vortex lattice structure is
frustrated, with a leading order energy cost. Since the periodic problem is intended to
simulate the “bulk” properties of a very large material, it seems natural to preserve the
condition (1.3) by allowing for a modification in the given period L;. Note that for any
fixed value L; which we might prescribe as a period, we may choose L| € 27N /Lzhex
with |f,1 — L1 €2nN/L3hex = 27rs/(s2hex) = o(s), and thus the change in the period
domain is imperceptible even with respect to the vanishingly small distance s between
the planes.

We believe that the transparent state described in the second part of Theorem 1.4
should resemble the minimizers in the limit A — oo as studied in [ABB1, ABB2]. To see
the more detailed structure of minimizers, a sharper evaluation of the Josephson term is
necessary, perhaps after some rescaling in s, as a sort of second I'-limit of the functional.

Finally, the case where s2hey is bounded above and below fits neither of these descrip-
tions. In this case, we would expect that the vortices are separated by a finite number of
planes, and so the discretization cannot be ignored, yet the external field should not yet
penetrate the gaps completely. Other methods will be required to analyze this regime.

2. Preliminary results

In order to assert the existence of energy minimizers we must fix a gauge in which the
Lawrence-Doniach energy is coercive. We include some details for completeness, as the
three-dimensional periodic problem has not been treated in many papers.

For a constant vector field i = (Ex R Ey, EZ) we choose our representative,

- 1= . 1 - - - - - _
A= Eh XX = E(Zhy — yhy, xh; — zhy, yhy — xhy). 2.1

We then say (u,, A) € H, ifu, € HILC(RZ; C)foralln € Z, A € HIIOC(R3; R3), and
there exists a constant vector h € R3 such that

A=A+ Ay, divAdg=0, A¢F+17)=A0F), j=1,23 %R
(' + 1)) = up @) AT =12 ¥ eR: neZ, 2.2)
Ung N (F) = u, (F)e AT 3R e 7,

where A is associated to % as in (2.1). Note that (u,, A) € H, satisfy (1.1) with wj xX) =
—ARX) - ;.
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Lemma 2.1. (a) For any (u,, A) € H there exists y € Hl%m (R3) such that
(e A4+ Vy) € H,.

Moreover, the constant vector h is the average value of V x A in Q.
(b) There exists a constant Coy = Co(2) such that for any (u,, A) € Hs,

”A”H](Q) < CollV x A||L2(Q)- (2.3)

Proof. First assume (u,, A) € H. Let h= |§2|’1 fQ h, the (componentwise) average of
h =V x A over the period 2. Now let ¢ be the solution of the periodic problem
—AYy=h—h iR
YEHT) =y @E) inR3 j=1,23,

|v=o.

By standard elliptic theory, v exists and is unique, ¥ € H2, and there exists a constant
Ci1 = C1(f2) such that

||¢||H2(Q) < Cillh — E”L2(Q) <C ||h||L2(g2)~ (2.4)

Since A—A+V X ¥ is curl-free, it is the gradient of a function y and thus A+Vxy =
A+ Vy Welet A=A+ Vyandu = uexp(iy). Since H is gauge invariant we have
(t, A) € H, and therefore the existence of functions @;, j = 1, 2, 3, such that

iy (X 4 T)) = i, ()% =12, n e,
iy (X)) = liy (X)) - pe 7,

Ax +v) = A(x) + Voj(x), j=1,2,3.

From the last identity and the fact that A + V x ¢ with ¥ periodic we deduce that
Va;(x) = Al + vj) — ‘A(x) and so wj(x) = %(E x vj) - x + ¢j, where ¢; € R. We may
make ¢; = 0 by a further gauge transformation: Let f(x) be the linear function on R3
such that f(v;) = —cj, j = 1,2, 3, and define v = i exp(if), B = A + V f. Note that
V f is a constant vector.

Then (v, B) € H. Moreover B is of the form A + Ao, where A9 = V x Y+ Vfis
divergence-free and periodic. Finally

vp(x" 4+ V) = v,,(x/)ei”j(x/’z’l), j=1,2nez,
Uy (8) = 0y (e e 7,

B(x +vj)) =Bx)+vy;(x), j=12,3,

where

. 1 — 1 — —
yj=a)j—cj=E(hxvj)'xz—z(hxx)'vj=—A(x)-vj.
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Therefore (v, B) € H. and is gauge equivalent to (u, A). This proves part (a) of the
lemma. _

Part (b) follows from the decomposition of A = A+ A( above and the elliptic estimate
(2.4). O

Given the estimate (2.3) the existence of minimizers for £ | in M. follows from the direct
method in the calculus of variations.

Proposition 2.2. For any s, € > 0 the minimum of Eé’ ; is attained in H. Moreover, the
minimizer satisfies |u,| < 1 for all (x, y) € R and n € Z.

The Euler—Lagrange equations and regularity for solutions is treated in [BaK], where the
Lawrence—Doniach system is studied under natural boundary conditions on a bounded
domain 2. It is straightforward to check that the regularity of solutions stated in Theorem
4.6 there holds in the case of entire solutions as well, i.e. when = R3, and thus in our
setting.

Remark 2.3. The estimate |u,| < 1 clearly holds for minimizers of the Lawrence—
Doniach energy in H, since it is easy to check that replacing u, by u,/|u,| whenever
|u,| > 1 reduces the energy. It is also true for solutions, following the proof of [BaK]
which carries over to the case of periodic boundary conditions. This property is men-
tioned in [DGP] for the periodic Ginzburg-Landau model as a straightforward extension
of the result for the Ginzburg—Landau model with natural boundary conditions.

Finally, we note that analogous spaces for the Ginzburg-Landau functional in the
three-dimensional periodic setting may be defined as in (1.1), (2.2). For instance, the
Floquet boundary conditions may be stated as

{u(£+ﬁj) —u(@e ™, j=1,2,3, 05

AG+7) = A@) + V), j=1,2.3,

forw; € HL.(R*R), j =1,2,3.

3. Applied field orthogonal to the planes

We assume now that
- 1=
hex = hg; €3.

Our goal is to show that energy minimization chooses an s-periodic configuration in z,
that is, the vortices are vertically aligned and have identical profiles in each plane and
gap.

To prove Theorem 1.1 we introduce a functional defined on only one superconducting
planar domain P and in half of a gap, TT = P x [0, s/2]. We consider configurations
which are periodic with respect to the plane P, and free in z. Later on, the minimizers in
the entire gap will be obtained by reflection. We denote by HllOC .. the space of functions
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which are in H'([—R, R]? x [0, s/2]) for every R > 1. Then we define the space H ™ to
consist of those pairs (v, A) with v € Hl})c (R%;C) and A € Hl1 such that there exist

oc+
w1, wr € HX | with

loc+

v + 7)) = v, A +01) = A(x) 4 Vor (x),
v(x' + ) = v(x)e' 2, A(x +p) = A(x) + Voo (x),

forall x' € R2, x € RZ x [0, 5/2]. We define a functional F+ for (v, A) € H™,
1 1
Fr(v, A) = 5/ ~|(V =i A'(x, y, ) + — (Jo]* = D? |dx dy
2 P 2 462

1 N
+-/ IV x A — hex|*dxdydz. (3.1
2 Jre

As we did for the fully periodic problem we define a subspace H which fixes a
Coulomb-type gauge in #*. Given a constant /1, € R, let

Z—hz( 0)
- 2 y,X, .

We say (v, A) € Hf ifv € HILC(RZ; C)and A € HILCJF are such that there exists a
constant /1, € R so that (recall 13 = L3é3)
AX)=A+Ag, divAg=0, A¢(X+7;) =40 inTt, j=1,2,
A-e3=0 on{z=0}U{z=1s/2}, (3.2)
—i AT

v(x' 4+ 7)) = v(x)e j=12 x eR%

Lemma 3.1. (a) Forany (v, A) € H there exists y € H2 (™) such that
(Ueiy(‘,Zn), A+ V)/) c H:‘

(b) There exists a constant Cq such that for any (u,, A) € H},

IAl g1y < CollV X All 27+
Proof. The proof follows the same lines as that of Lemma 2.1, except that v should solve
—AY =h—h3és inR?x [0,s5/2],
YE+T) =y inR, j=12,
Y1 =y =0 ifxz3=0o0rx3 =s/2,
Y3

—— =0 ifx3=0o0rx3 =s/2,
0x3

/ Y3 = 0.
Px[0,5/2]
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This is essentially a mixed periodic and Dirichlet problem for 1, 1, and a mixed pe-
riodic and Neumann problem for 3; see the appendix of [BBO] for a general theory of
existence and uniqueness for such problems. In this case the geometry of the problem is
simple, and existence is a straightforward application of the Riesz representation theorem
in the space of H'! vector fields with /; = 1> = 0 on the lateral boundaries of the strip
and periodic in x, y. As before, we set Ag = V x ¢ and note that Ag-v = £V x /-3 =0
on the lateral boundaries by the Dirichlet condition. The rest of the proof is exactly as in
Lemma 2.1 and is omitted. O

The space H; fixes a Coulomb gauge for A, and hence the existence of minimizers
(vt, AT) € HT of F* follows from the direct method by gauge transforming a mini-
mizing sequence so that it lies in ", and yields a minimizer which is in H;. By the
regularity theory proved by Bauman & Ko for the Lawrence—Doniach system we have
vt smoothon P, AT € C1¥(T™), and in fact (note that AhT = 0 in the interior of 771),
AT is smooth on P x (0, 5/2].

We now show that the minimizers of F on H™ may be reflected to obtain (symmet-
ric) energy minimizers in each (full) gap. To see this, we define a space H ™ of configura-
tions in the lower half-gap, T~ = P x [—s/2, 0]. The analogous functional F~ (v, A) is
defined as in (3.1), with the integral now over 7 ~. Again, the minimizer of F'~ over H~
is attained. In fact, for any (v, A) € H*, define (7, A) in7T~ by v =wvand

A('x7 Yy, Z):(A)C(-xa Yy, _Z),Ay(.x, Yy, —Z),—AZ(.X, Yy, _Z))’ zZ € [_S/27 0] (33)
It is easy to see that (v, A) € H~. Moreover, we have

ﬁ(-xv y» Z) = v X AN(-x’ )’7 Z) = (_hx(xv )77 _Z)’ _hy(xv )’7 _Z)’ hz(xs )’7 _Z))v
ze[—s/2,0],

and hence

IV x A(x,y,2) = hex|> = [V x A — hEk|1? = |ho? + |hy|? + b, — b
= |V X A(x, y, —2) — hex .

In particular, F~ (3, A) = FT (v, A), and therefore

[:= min FT(v,A)= min F (v, A).
(v,A)eH+ (v,A)eH~

Next, we use the minimizers of F* as building blocks for a configuration (,, A). Let
(vF, A*) € H be a minimizer of F*. By the above remarks, (v, A*) € H, (with A+
constructed as in (3.3)) are minimizers of F'~. Moreover, by odd/even symmetry and the
boundary condition of (3.2), we note that the extension A defined by

AT (x,y,z) for(x,y,z)eTT,

AA)C, ,2) = ~
(VD =N Ay 2) for (v, y,2) € T
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is continuous across the plane P, and therefore A e H[}er(P x [—s/2,5/2]; R?). We
remark that A . 1s odd in z, and hence

s/2
f A.dz=0. (3.4)
—s5/2

Continuing, the symmetries of A permit us to extend Atoall of R? as an s-periodic H'!
(in fact, continuous) function A* in z,

A*(x,y,z+ns) = A(x, y,2), (x,y)e P, ze[-s/2,5/2], n € Z.

From our observation (3.4) we conclude that

Zn
[ Afdz=0, Vn. (3.5)
2

n—1

We also define u); = vt for all planes n = 0,..., N(s) — 1. It is easy to see that
(u;, A*) € H.

The configuration (1), A*) € H gives us an upper bound on the Lawrence—Doniach
energy. Indeed, notice that since u); = u}, for all n, m and by (3.5) the Josephson interac-
tion term is identically zero,

-jin

A*(x,y.2)dz
W, y) —up_ (x, y)e' T .y, dz

=0, Vix,y)eP,n=1,...,N(s). (3.6)
Therefore, the energy of this configuration exactly decouples into N (s) copies of F
and F~, and this gives the upper bound

N(s)
min L8 < L7, A = 3 (FF G, ATC, 2= ns) + F7 G, ATC, o2 = ns))
* n=1

=2N(s) I.

‘We now show that the Lawrence—Doniach energy is also bounded below by this same
quantity. Indeed, for any configuration (u,, A) € H, the restriction to each half-gap T+
gives an element of #*. We then observe that

N(s)
Léﬁs(un, A) > Z (F+(un, A(,-,z—ns))+ F (u,, ACG, -,z — ns))) >2N(s)I.

n=1

Therefore, miny Eé’ s =2N(s)I = Eé’ J(uk, A%). In particular, the configuration (u}, A*)
with vertically aligned vortices is a global minimizer of Lé’s for all values of the parame-
ters.

Now we claim that any minimizer (u,, A) of Ei"s is gauge equivalent to one of the
above form, with vertically aligned vortices and with the desired symmetries. First, af-
ter a gauge transformation, we may assume (u,, A) € H,, thus in particular from the
regularity result in [BaK, Theorem 4.6], we have A, € leoc(R3)- Then, the tightness of
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the upper and lower bounds on the energy imposes two conclusions. First, the Josephson
coupling term must vanish, and hence (3.6) holds for any minimizer (u,, A). By making
the gauge transformation with ¢(x, y,z) = — foz A;(x,y, 7)) dz’—which is in Hl%;c as
noted above—we may assume our minimizer satisfies

Uy =uy—1 =:u forallmeZ, A;(x,y,z)=0.

In particular, the vortices are vertically aligned, and the currents are identical in each
superconducting plane. To arrive at a second conclusion from the energy identity, define

Af(x, v,2) = Ax,y,z+ns)|rx, neZ,

the restriction of the minimizing potential A to a half-gap around P,. Then (u, Af) € Hf,
and minimizes F* for each n € Z. Thus, we observe that A also minimizes the func-
tional f¥(B) = F*(u, B) among B obeying the conditions (3.2), with given u = u,,.
Since f*(B) is quadratic and coercive on such B, the minimizer is unique, and thus A,jf
is the same for each n € Z, that is, A(x, y, z +s) = A(x, y, z) in this gauge. To recover
the other symmetries of the minimizer, we again define the reflection A as in (3.3). As
above, we see that f~(A) = f1(A) uniquely attains the minimum value among vec-
tor potentials obeying (3.2). Thus, A = A in the strip z € [—s/2, 0]. In particular, the
magnetic field satisfies

h(-xv Y, Z) = (_hx(xs Yy, _Z)v _hy(xs Yy, _Z)v hz(x» Y, _Z))s Z € [_S/27 O]

This completes the proof of part 1 of Theorem 1.1.

Next we compare the energy of minimizers of Ei"s with those of the Ginzburg—Landau
model. Assume (Y¥gL, AgL) is a Q-periodic minimizer of the Ginzburg—Landau func-
tional with vertical applied field,

= Lw—i 2, Lo 2o by ptape
Gg(w,m-fg[zw AW+ s (P = D2 31— ke ]

on the space HgL incorporating the Floquet boundary conditions (see (2.5)). The mini-
mizers in this geometry are two-dimensional, that is, they are gauge equivalent to VgL =
VGL(x, y), AGL = Ag (x, ). Choosing this special gauge, we define a test configuration
for Lawrence-Doniach, i, = ¥gL(x,y),n =1,..., N, and A= AgL. We then clearly
have

min £}, < L} (in, A) = Ge(YoL, AcL), 3.7)

valid for all s, € > 0.

To produce a matching lower bound, let (u,, A) € H, be minimizers of ﬁ?y ;- By the
preceding analysis and after a gauge transformation, u, = u,_1 = u for each n. In each
gap we define

—i [7" Az (x,y,2)dd
K

W(x,y,z) =u(x,ye Zn—1 <2 < 2y
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By (3.5), the exponent vanishes at each plane z = z,,, and so W is continuous across the
planes. Furthermore, the configuration (¥, A) € HgL satisfies Floquet boundary condi-
tions on the solid domain €2 (with the same w; as u,). Clearly we have

13, — i A, (x, y, )| =

For the other derivatives we calculate

// |3y — i Ax(x, y, )W //
Zn—1 -l
/‘/;n 1
=‘/P/Z‘nl
5(1+s)// 13y —iAy(x, Y, zn))u|2+(1+s_l)s// [/ hidzl
PJz,_ in—1 Zn—1
:(l+s)// |(3x—iAx(X,y7Zn))u|2+2Sf/ hf
P Iz P

An analogous estimate holds for (dy —iA,)W, in terms of the L? norm of A, in the gap.
Summing over the gaps we have

Zn
/ BAdz

— 1Ay (xyz))u—lu/ [0;Ax ]dz

2

Zn
(B — iA(x, y 2 + i / hyde
V4

f|(v iA (x,y, )V < (1+9)s / (V' — i A )uy|? +2s/(h2+h2)

n=1

As each of these terms on the right-hand side appear in the Lawrence—Doniach energy,
we arrive at

Ge(YGL, AGL) < Ge(W, A) < (1 +25)LL (un, A) < (14 25)Gc(Y6L, AL)  (3.8)

via (3.7). This proves part 2 of Theorem 1.1.
To verify part 3, we assume hl = HJ-|1ne| From Aydi [AyS] (see also [ABS2]
for the three-dimensional setting), in this regime the energy of periodic GL minimizers

satisfies G. (oL, AcL) |
e(YGL, AGL 142
_——— = —[|H H—-H .
I lalmer  — an A+ )]
Since (3.8) holds uniformly in €, we conclude that
LF (g, A) 1 .
—_— = —[|H H - H .
A Qe mn U+ )]

Moreover, still from [AyS] or [ABS2], there is convergence of curl A/|In €| to the mini-
mizer H, of the right-hand side. We conclude that, in the simultaneous limit €, s — 0,
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the two models give rise to the same lower critical field Hcy = Hé‘_l = %|1ne|, meaning
more precisely that if H;; < 1/2 then H, = 0 while if Hzx > 1/2 then H, # 0.

Next consider hé;( with |ln€| K hé( &« €72, Since the minimizers of G, are two-
dimensional, we may apply Theorem 8.1 of [SS] which gives the asymptotic limit of
minimizers of the Ginzburg-Landau functional in this regime. Again using the estimate
(3.8) we obtain part 4 of Theorem 1.1.

This concludes the proof of Theorem 1.1. The statements in Corollary 1.2 follow
immediately. O

4. Applied field parallel to the planes

We recall that in this part, we assume v; = Ljej, j = 1,2, 3, where €1, €2, €3 is the
standard basis for R3, and we consider applied fields parallel to the planes,

Eex = hex 52- (4-1)

We first observe that for parallel fields the problem of minimizing Eé‘,‘y reduces to a two-
dimensional one. Indeed, define the two-dimensional LD energy of v, = v,(x), B =
(Bx(x» Z)v BZ(-xv Z)) as

Norhir 1
L3 (vn, B) = sZ/O [Euax —iBy(x,z0))val* + Eavnﬂ - 1)2} dx
n=1

N Ly 1 ifln B
(x,2)dz |2
+s ——|v, — vy_1e -l dx
[ srzgaln e |
1 rLs pLi )
—i——/ / |0, By — 0xB; — hex|“dx dz.
2Jo Jo

Lemma 4.1. Assume €, s > 0 are fixed, and ﬁex = hex@ is any fixed parallel external
field. If (u,, A) € H is a minimizer of Lé‘,s then it is gauge equivalent to (v,, B) € H
with v, = v,(x), B = (By, 0, B;)(x, 2) a minimizer ofﬁé‘jSZD.

Proof. Let (u,, A) be minimizers of EQ’S (for s, € fixed and Eex satisfying (4.1) also
fixed). If Ay, h; = 0 and (3y — iAy)u, = O then (u,, A) is gauge equivalent to some
(vn, B) as above. Indeed, we may always choose a gauge in which A, = 0.

Assume for contradiction that this is not the case. Given y € R, we write u, =
un(-, y), AY = (Ax(-, 0, *), A;(-, y, -)). Then, noting that

Ly C s 1
ﬁé,s(un,m:/ LQ;SD(ui,,AUdH—Zf |(ay—iAy)un|2+—/(h§+h§>,
0 24~ Jp 2 Ja

we deduce that

Ly
f LR, Ay dy < L} (uy. A)
0
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with strict inequality. Thus there exists yo such that
LaLl:2P ', AY) < LL (up, A),
We have, writing v, = u;°, B = A,

LyL23P(vy, B) < LF(uy, A) = min £} .
On the other hand we may let v, (x, y) = v, (x) and B(x, v,2) = (By(x,2),0, B;(x, 2)).
Then

Y Aos B 1.2D Y
min £ o < L (U, B) = Lo L5 (v, B) < min L g,

hence a contradiction. O

In the remainder of the paper we denote Eég D — Eé‘,s for simplicity.

As was noted in [ABS1], in a purely two-dimensional setting the anisotropy A may
be removed by an appropriate change of variables. This is not the case in the fully three-
dimensional setting, where anisotropy plays an essential role in the geometry of minimiz-
ers: see [ABS2]. Here we make the simple rescaling,

f=x/h, i=z A =MAy, A,=A..

Then, for any configuration (u,, A) € H(Q), we have (i, A) € H([0, Li/A] x [0, L3])
with

LD, (in, A5 [0, L1/A] % [0, L3]; Mhex) = ALDE ((tn, A O hey).

In the following we may then suppose A = 1, and adjust our results for the general case
accordingly.

We now distinguish two different parameter regimes, corresponding to two very dif-
ferent behaviors for minimizers.

Case s%hexy < 1

In this case, the distance between vortices is h;(I/ 2 >> s, the interlayer spacing, and we
will see that the vortices resemble Ginzburg—Landau vortices to leading order but with the
role of € replaced by s. In this regime we will prove Theorem 1.3 from the introduction.
We begin by deriving an upper bound for the energy of minimizers. This upper bound
is a modification of the more standard upper bound for periodic two-dimensional config-
uration for the 2D Ginzburg—Landau energy. We provide some details for the standard
case since we will need to modify slightly the construction and also obtain more precise
estimates. Similar constructions can be found in earlier papers (see for example Section 3
in [AyS] or Proposition 8.1 of [SS] for item 2 of Proposition 4.2 below). Here we present
a proof that includes both the cases where hex = Hex|In €| and where |In €| < hex < €72
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An upper bound construction via Ginzburg—Landau

We begin by constructing a periodic two-dimensional configuration which gives a good
highest-order approximation to the Ginzburg—Landau energy,

1 . 2 1 2 2 1 2 =2
Ge(v, A) = SIV—=iA)]"+ (" = D"+ (VX A — hex)” p dx,
0 2 4e 2

forv e HIIOC(RZ; C), A e HILC(RZ; R?) satisfying two-dimensional Floquet boundary

conditions with respect to the unit square Q = [0, 112,

{v@ +8) =v@dD, =12 42)

AX +¢) = AQX) + Vo;(X), j=1,2,
for w; € leOC (R?), Jj = 1, 2. The choice of period domain Q = [0, 11? is made for sim-
plicity, and any other parallelogram may be substituted with identical result for | Q| ™! Ge.

We refer to Proposition 8.1 in [SS] for the modification needed to handle a general do-
main 2.

Proposition 4.2. Assume that € > 0 and hex < € 2.
1. If hex = Hex|ln€| for constant Hex > 0, then for any given constant H € R there
exists a configuration (uc, A¢) satisfying (4.2) such that

Gelte, Ae) < %[|H| + (H — Hex)*1lIn€l* + o(Jln€l?). (4.3)

2. If lIn€| < hex < €72, then there exists a configuration (uc, A¢) satisfying (4.2) such
that

1 1
Ge(te, Ae) < =hex 111(—) + O (hex).
2 €/ hex

Proof. Let K = [—1/2, 1/2]%, and consider the solution of the boundary-value problem

—Af =2n(6p—1) inK,
df=0 ondk,

p
fozo.

By standard elliptic theory the solution exists and is unique, and f(x) + In |x| is smooth
in K \ {0}, where we let x = X. As a result we have

1 1
/ —|Vf|2dx:nln(—)+0(l)
K\B,(0) 2 r

as r — 0. Note that f is even in both directions, and hence it may be extended periodi-
cally to all R?.

4.4)
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We now construct our configuration. First, we choose a pptential B withVx B =27.
To fix ideas, let B(x1, x2) = m(—x2, x1). Then define v = ¢/? in R? \ Z? by

Vé1 =V f+B
This is well-defined, since for any closed curve y C R2 \ 72, y = dw,

/(VLf‘I'B)'dE:/VX(VLf-i-B):/(—Af+2n)62nZ.
14 [} w

Now we rescale and truncate (v, B) to create a test configuration with the correct
leading order energy. Choose a smooth cut-off p, € C*°(K),

0, [x|=mn,

X) =
Pn(x) !1’ x| > 21,
and extend p,, to R? periodically. Then, for 0 < € < § define

e s(x) = [pe/svl(x/8),  As(x) =8"" B(x/9). 4.5

In order that (u. s, As) be gauge periodic with respect to Q we require that §~' € Z, a
condition which will be met by approximation (since we will always take hex — 00).
Assuming this compatibility condition on §, we then calculate

(V —iAs)ucs(x) =8~ (V =i B)[pessvl(y),
where y = x/§, and
V x As(x) =82V x B(y) =278 2.
We then have

f IV x As — hex|*> = 5—2/ [V x B — 8%hex|* = 5—4/ IV x B — 8%hex)?
0 Q1/s K

= 27872 — hex|% (4.6)

where Q1,5 = [0, 1/8]2.
Next, we have

1 ) 1
/Q[EI(V — iAp)ues|* + E(we,aﬁ —~ 1)1
:5—2/ LV —iap? s + o (uesP — 172
05 2 €,8 462 €,

1 1
o2 - 2 2 2|2
=4 A[—zazl(V—ZB)(pe/av)l +—4€2(|pe/5| -1 ]3 dy

1 1 82
53_2/ —|V¢1—B|2+a—2f [—IVp 512+ — (p? —1)2}
K\Bess 2 Boc/s\Beys 2 €/ 4e2 \e/d

1
<672 / SIVFIP + 0672 =672 In(d/e) + 0672
K\B¢s 2
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Putting the above estimate and (4.6) together we obtain the upper bound
-2 1 -2 _ 2 -2
Ge(ues, As) <md “In(8/€) + 2|2n8 hex|“ 4+ O(577). 4.7

To conclude we must choose § appropriately for each case. In case hex = Hex|lne|,
given any constant H, we choose & so that §~! € Z is the closest integer to /H|[In €[/27.
In particular, we then have [2787% — hex| = |H|In€| — hex| + O(1/8), and hence the
upper bound (4.7) implies

1
Gelu, A) < S[H|+ (H — Hex)?llnel? + O(llne|In[Ine]).

In case hex > |In€], we instead make & —1 ¢ Z the closest integer to v/hex/2m. In that
case

f IV x As — hex|> = 0(1),
[¢)

and (4.7) now yields

1 1
Ge(u, A) < zhexIn ——= + O(hex). o
2 €/hex

We plan to obtain the upper bound for the Lawrence—Doniach energy using the configura-
tion constructed above, with Ginzburg—Landau parameter n = s /0 (with 0 = o (s) to be
chosen below,) giving a periodic vortex lattice with lattice spacing O (8) = O (h;/ 2) and
vortices of core size O(n). In principle, the minimizer of the Lawrence—Doniach func-
tional should roughly resemble this configuration, but with u, discretized to take values
only on the superconducting planes. Here is where the details of the model play a subtle
role. Indeed, if a row of vortices lies across a plane P,, the contribution to the Lawrence—
Doniach energy will be much larger than desired, on the order of s2/o2€? per vortex.
A much smaller energy will be obtained by fitting the rows of vortices between adjacent
planes, so that the order parameter u, never vanishes on the planes P,. Unfortunately, the
intervortex distance § may not be an exact multiple of the interplanar distance s, and so
we will need to make a small perturbation in the periodic vortex lattice so as to locate the
vortices between the planes where they normally should be observed.

Lemma 4.3. Let n > 0, hex be as in Proposition 4.2, and assume n < s. There exists a
configuration (is 5, As,s) such that the set

Zsns =zt |ilg5(x, 2)| < 1 for some x € [0, 1]}
consists 0f8_1 strips and is contained in Uflvzl[(n +1/2)s —n, (n+ 1/2)s + nl, and

SUH| + (H — Ho)MlInn? + o(lInn|?) if hex < Hex|Innl,

Gy iy,s, Ass) < : -
1o As) {%hexln(#@)[wo(m i1y < hex < 172
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Proof. We return to the construction in the proof of Proposition 4.2. Choose two bands,
Et =[-1/2,1/2] x [1/8,3/8], E~ =[—1/2,1/2] x [-3/8,—1/8] C Q.

Since f(x) (defined in (4.4)) is smooth in E*, we may conclude |V f(x)| < C for
x € E*, with constant C. Following the construction in the proof we replicate E* U E~
periodically to form a series of horizontal strips in R?, and rescale by § ! to obtain a set
of horizontal strips of width /4. Restricting to the basic period domain Q, we obtain a
set E5 consisting of 28! horizontal strips, each of width §/4,

6—1
Es = | J(E;, VES,).
m=1

Ey,,={(x,2) € Q:{n—38/8 <z =¢m—26/8},
Eyy ={(x.2) € Q& +8/8 <2 < & +38/8),

where &, = (m+1/2), m=1, ..., 8~1, the z-coordinate of the vortex locations in the
construction of u,. Using the scaling and cut-off (4.5) we conclude that

(V —iAy)uy,| < Cs™! (4.8)

for all (x, z) € Es.

We now describe how to move the row of vortices located at z = ¢, so that they be
located exactly at the midpoint between adjacent pairs of planes. For each m, we identify
the planes which lie around the vortex row: choose n such that z,—1 < &, < z,. If &y
lies below (respectively, above) the midpoint between the planes z = z,—1 and z = z,,,
we slightly expand (resp., contract) the strip Ej, below the row, and slightly contract

(resp., expand) the strip E;m above the row, so as to move the row ¢, to the midpoint

z = %(zn_l + z,,). Since the distance between the rows is § > s, the distortion is small,
and the change in energy will be neglibible.

Following this plan, for each m we choose 1, € (—s/2,s/2] so that &, + t,, =
(n 4+ 1/2)s. Define a piecewise linear transformation Cva’fa (x, z) which maps each strip
{¢m — 8/2 <z < &y + 8/2} to itself, as follows:

(x,2) if¢n —68/2<2=<¢n—08/4—5,
Qs(x,2) = (x, 24+ 1ty) ifln—8/4+s<z2=<{u+8/4—5,
(x,2) if gy +6/4+5s <z2<&n+38/2,

and ¢;’f 5 is linear (in z, identity in x) in the transition regions. Next, define 55 : O — Q
to agree with ®{"; in each horizontal strip of height é. In this way, ®; s is piecewise C l
and since it is the identity along the top edges of Q (and independent of x throughout) it
extends periodically to R2. Now, let W5 = <I>; é. By the construction, we note that ®; s
is invertible, and both | D®; s| = |det DD, 5| < 2, |DW; 5| = |det D, | < 2.

We then define our modified configuration, (i, s, AS’,;),

is5(x,2) = uy(Ws 5(x,2)),  Ags = V54,
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where we treat A, as a 1-form. Since W s is a rigid motion except for the 26! strips
of width 2s (where the linear deformation takes place), the energy of (i s, As,g) is un-
changed except for these strips. These transition strips are contained within the set Ej
above, and therefore the energy density in these strips is uniformly bounded by C8~2, by
(4.8). Thus, the difference in energy satisfies

|Gn(“n9 An) Gn(us 8 s8)| <2-267 ! -C§™ -2 CS\/ Nex hex = 0(1)hex.
Thus, the claim is established. O

We now prove our upper bound on the Lawrence—Doniach energy:

Proposition 4.4. For any H € R, there exists (vs,n, Bs) satisfying (1.1) with

SUH|+ (H — He)*llns|? + o(|Ins[?)  if hex < HexlIns|,

—Le (s, By) <
10| s Ws.n: Bs) Shex In(—— F)[1+0(1)] iflns K hex K572

Proof. Define o sothat ]| < Ino < In——= F which is possible under the hypothesis
s2hex < 1. Then, we apply Lemma 4.3 with n = s /0 to get (u, A) satisfying the bounds

2 2 .
SH|+ (H = Ho)Hn 2" +o(|In £]7)  if hex < HexlIn £,
Gy(u, A) < )
Thex In(57=)11 + o(1)] ifn 2 < hey < %,
§[|H| +(H - Hex)2]|lns|2 + 0(|1n5|2) if hex < Hex|Ins|,
<
= | 2hexIn(s7=) 1+ o(D)] ifins < hex < 572,

and whose vortices lie in the set U,I,V:1[(” +1/2)s —n, (n+ 1/2)s + n].

The general idea is to use the mean-value theorem and periodicity to choose a ver-
tical translation of (u#, A) which when restricted to the planes P, gives the same energy
for Lawrence—Doniach. However, we must exclude translations which move the rows of
vortices to within distance n of planes P,. We define the set of “good” translations,

T ={te[-s/2,5/2) : |lu| =1forall (x,z,) € P,andn=1,..., N}
=[—s/24+5s/0,5/2 —5/0),
for which none of the vortex balls cross the planes. Having chosen o > 1, the excluded
translations are very small compared with the layer spacing s, and will not contribute to

the energy estimate we obtain.
Applying Fubini’s theorem with

2
o

=10 —iAnul* + =1 = |u*)?,
2s



1846 Stan Alama et al.

we observe that there exists #, € T so that

s/2 Nl
2)dxdz = sint+t)dx |d
/Qf(x z)dx dz v/t——s/2<,;/0 S, zn+1) x) t
N 1
z »Znt 1) dx ) dt
J () s

N 1 N 1
> ITIZ/O Jx oz +t)dx = (I—G_I)SZ/O f(x zn + 1) dx.
n=1 n=1

Define vy ,(x) = u(x, z, + t) and B (x, z) = A(x, z + t). Since t, € T, it follows that
|vs.n(x)| = 1 for all n, x, and hence

N 1
. 1
s; /0 [|(ax — Bl 5 (1 - |vs,n|2>2} dx

N 1 2
. o
=sn§:1/0 [|(ax —zBs,x)vs,n|2+2—sz(1 — |vs,n|2>2} dx

02
(1 —I—o(l))/ [|(ax —iAul* + (1 — |u|2)2] dxdz. (4.9)
0 2s

IA

On the other hand, dropping the subscript €,

P [ Boz(xds!

on T+t
Uy — Up—1€ 1 Zn i (it g N
7 = —/ 3, (u(x, g)el " Axhdzy g
s s Zn—1+t
Zntt . rzn+
— l/ (azu _ l'AZu)elle tAz(x,Z/)dZ/ dZ
s Zn—1+t

Thus, using Cauchy—Schwarz and summing,

N 1 z
1 . rin ’ /
Z/ {—2|v,, oy ey Bz |2}dx 5/ 10, —iAul?dxdz.  (4.10)
n=170 S Q
From (4.9) and (4.10) we deduce that L¢ (vs ., Bs) < G,(u, A)(1 4+ o(1)). m]

Lower bounds

We will use the tools developed in [ABS1] to derive lower bounds for the energy in this
regime. Let (u,, A) be minimizers of L. ;. We introduce an interpolated order parameter
by letting, for z € (z,—1, 2n),

in — Zun,l(x)ei /Z:’_l AZ(X’Z/)dZ/]ei fzzn Az(x,z’)dz’.

Y(x,z):= [Zlﬁun(x) +
“4.11)
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We again note that W satisfies the Floquet boundary conditions (2.5) (now with j = 1,2
only).

As in [ABS1], we have the following comparison bounds between terms in L g
and Gy:

Lemma 4.5. Assume (u,, A) are minimizers of Le s, and V is defined as in (4.11). Then

/ (V —iA)W |2 dxdz
0

N 1 .
. 1 i <n "47 s ’ d /
ssZ/ {|(ax—zAx(x,zn>)un|2+s—2|un gy S A E |2}dx
n=1 0
+ 0o(Le s (un, A)), (4.12)

1
/Qs—z(l — ¥ ?dxdz

< Sﬁ: 2 /1(1 — |unH%dx + 1 /l‘u sy A“(x’z/)dz/lzdx (4.13)
= Z ) 0 n 242 0 n n—1 . .
Proof. Many of the computations are unchanged from [ABS1]. Estimate (4.13) follows
exactly as in Lemma 4.2 of [ABS1]. An explicit calculation shows

. 1 . —Zn A, ,/d/
(0 = 140, D)Wx, ) = g — sy Tt D],

It remains to estimate the x-derivative term. Here we use an observation which is specific
to the parallel case, in which the problem is two-dimensional. The Euler-Lagrange equa-
tions for L ; in this case (see [ABS1]) imply that the magnetic field h(x, z) = hy(x, z) =
0;Ax — 0xA; is constant in z in each of the gaps between the planes:

h(e,2) =h" @), 21 <2<z
With this simplification, and letting r = (z — z,—1)/s, we may calculate

|3y — i Ax(x, 2)) ¥

| A2

= [0y — i Ap(x. 2ty + (1 — 1)e' (O — i A (s 2n1)itn1

. i [ -(x,7)d7
st (U= 1) B ) [ty — g A2

S A2 de

fzn

Zn—1

(O —iAx(x, anl))unfl‘2
A, (x,z’)dz’] |2

< (4P|t — i A, 2t + (1 = 1)e'

+ 1+ y71)|st(1 —1) h(”)(x)[un — un_lei
<1+ V){l|(3x — i A (x, Z)unl? + (1 = D]y — i Ax(x, Zn—l))un—llz}

. A, (x,7)d7 |2

1 1 j [
Uy 28 )y e P , (4.14)
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with ¥ > 0 (to be determined), and where we have used Jensen’s inequality to estimate
the square of the convex combination in the last line. We now choose

y =shex < 1,

and show that, with this choice, the last line is negligible. We use (h("))2 < 2h§X +
2(h'"™ — hey)? and estimate the last line for each summand. First, we note

N Zi
_ i [ AL (x.7)dZ
SZ/ (+y l)szhgx‘un_un—lelfznq :(x.2)dz ’2
n= Qn
) ifIr o A(xZ)dD 2
B Y BRI O S
n=170n

N .
1 i A(x,Z)dZ 2
= 2(52hex)s E / S_2|un —Up—1€ f””l |
n=1 Qn

=< 2Szhex Chex In = 0(£e,s(un: A)),

§2hex

which is indeed a term of smaller order of energy. Finally, we calculate

- i [ ’ ’
2 f (14 D520 — he) 2|y — 1y o 2
n

N
<s Zf (1+y7 D4 [h(x, 2) — hex]?
n=1 On

2, 1.2 _ 4 1
<8(s°hex)” s |h hex| < —ChexIn —— 2
o hex hex

Putting these two estimates together, we integrate (4.14) to obtain
f (@ — i Ax(r, )W
<s Z , 0+ {1 — A0, 2))unl® + (1= D@y — i Ay (¥, 2o 1)ttn—1 17}

1
+ 0<Chex In —— 7 )
ex

<s2/ |3y — i Ay (x, 2n))ttn|? +0<hexln 2hex>

using the periodicity in n and the definition of y = s2hex < 1. This proves (4.12). O
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As the Lawrence—Doniach energy is roughly but not exactly bounded below by the Ginz-
burg-Landau energy of the interpolation W, we need to introduce a modified functional
as in [ABS1],

MS(\IJa A? Q)

1 1
(4.15)

We recall that & comes from our hypothesis € < s/«. From Lemma 4.4 of [ABS1]
we have, for energy minimizers (u,, A),

1
£e,s (n, A) > M;(¥, A) + 0<hex In T) (4.16)
§Nex

When hey < Cllns|¥ « s~! for some k > 0, we may derive a lower bound on the

energy via the ball-construction method [Sa], [Je]:

Proposition 4.6. Choose any k,l > 0. Assume that hex < C |1ns|k, Les(uy, A) <

Cllns|* and W is defined as in (4.11). Then, for any small enough s, there exists a fi-
nite collection B = {B;};cs of disjoint closed balls such that:

1. r(B) = |Ins|™!, where r(B) denotes the sum of the radii of the balls in B.
2. {xeQ:|[1— ||| = Ins|™'} € Ue; Bi-
3. Withd; = deg(V, 0B;), i € I, there is a constant C such that

MW, A, B;)) > nd;(|lns| — C In|Ins]).

Proof. From the hypotheses and the lower bounds in Lemma 4.5 we immediately deduce
the following bound for the classical Ginzburg-Landau energy (but with parameter s!):

Gs(¥, A) < 4L s(un, A) < Cllns|F.

In particular (see for instance Proposition 4.8 of [SS]) there exists a collection of closed
disjoint vortex balls, By = {Blp }lier, such that item 2 is satisfied and r¢ := r(By) <
Cs|lns|™ with m = k4 2I. Then from Proposition 4.8 of [ABS1] there exists a collection
B of balls of total radius = |Ins| ™! (s being small enough so that [Ins|~! > Cs|Ins|™)
and such that the union of the balls in 3 contains the balls in By. Moreover, if B; € BB and
v = W/|V| then

R R 1
/ [I(V — i A)v|* + (curl A)?]dx dy > 2n|dl~|<ln L —>, 4.17)
Bi\Bo ro 2

where d; is the degree of v on dB;. Using the fact that outside By we have |W| >
1 — |Ins|~!, we obtain

WAV — iAW) > (1 —2[Ins| )|V — i Ad)]?

on Q \ By. Together with (4.15) and replacing r and rq by their values in (4.17) yields the
desired result. m]
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Among other things, Proposition 4.6 gives a sense of what it means for the configuration
(un, A) to have vortices, since the discrete nature of the planes allows circulation of su-
percurrents along and between the planes without the vanishing of any of the u,. As in
the periodic Ginzburg-Landau model (see [ABS1, ABS2]) we may also use the Floquet
boundary conditions to connect the total degree of vortices, ) _; d;, with the magnetic flux

through the cross-section Q,
/h:erZdi. (4.18)
Q i

Indeed, since there are only finitely many vortex balls for any fixed s, by translating the
period square Q if necessary, we may guarantee that none of the balls in B intersect 3 Q.
Thus, |¥| > 1/2 on d Q and the total degree may be calculated by integration of the phase
of ® = |®|e!? along d Q. Using the Floquet conditions (2.5), we observe that V¢ and A
satisfy the same relations with respect to the auxiliary functions w1, >, and hence

1 1 1
Zdizdeg(\IJ,BQ)z—/ Vo tds = — A-rds:—/h,
7 2 90 2 90 2 0

by Stokes’ Theorem. The claim is thus established.
We are now ready to give the lower bound for minimizers of the Lawrence—Doniach
functional in case hey is of the order of [Ins|:

Proposition 4.7. Assume hex = Hex |Ins| for constant H, and € < s/a for a > 0
constant. If (u,, A) are minimizers of Le¢ s in H, then for all s > 0 sufficiently small,

15( A)>1/h+1/(h hew)? + o(|Ins|?)
— ns = = = — Nex n .
o] 7 21/o 2 Jo ¢ oHme

Proof. From (4.16) it suffices to prove the estimate for M (W, A) with ¥ given by (4.11).
By Lemma 4.4 we may apply Proposition 4.6 with (say) r = |Ins| ™! to obtain for each
small s > 0 a family B = {B;} of balls and degrees d; = deg(W, 9 B;) such that the three
conclusions of Proposition 4.6 hold. In particular, we have the lower estimate inside the
balls,

1 1 o
f [5|W|2|W|2+r2|vxA|2+5(1—|\v|2><|V|\P|| +s—2(1—|W|2>2>}

i Bi

IIns|(1 —o(1)),

1
> di(|lns| - Cln|ins|) > E‘fgh
i

where we have used (4.18) to connect the total degree to the total magnetic flux through Q.
Note that by the upper bound on the energy and the choice of r = [Ins|~!°, we have

r2/ (V x A)? < 2r2/ ((V x A —hex)® +h2) = o(1).
U[ Bi 0
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Thus, we obtain

M (W, A)

1 1 o
z/ [§|W|2|W|2+r2|v><A|2+§<1—|W|2>(|V|\IJ|| +s—2(1—|w|2)2)
l 1
+5(V x A—hex)2] +o(1)
1
|1ns|+§/(V>< A —he)? +o(Ins|?).  (4.19)
0

; Bi
I
>—\| h
21Jo O

We may now resolve the minimization problem for parallel applied fields of magnitude
hex = Hex|Ins|. After normalizing the magnetic fields 7y = V x A by letting

Hg = hg/|Ins]|,

and applying the upper bound (4.3), we conclude that H; — Hex is uniformly bounded
in L2 and hence a subsequence H;, — H, is weakly convergent. Passing to the limit
using the upper bound (4.3) and (4.19) we have

S(H) = LA+ (1~ Hog?) 2 tim g £ )
2 0 10l n s

Zz@ﬂ/m

which holds for every constant H € R. Note that the right-hand side is strictly convex,
and thus it may be bounded below by replacing H, by its average value over the square Q,
H, =|0|™! /, 0 H,. Choosing the constant H to minimize the left-hand expression, we
have

/ (H, — Hex)] (4.20)

min ®(H) > —[|ﬁ*| + (Hs — Hex)*1 = ®(H.,).
HeR 2

By the strict convexity of ® : R — R we conclude that H, minimizes ®, and since
there is equality in (4.20) we further conclude that H, = H, is constant and minimizes
®. A simple calculation shows that this minimum is given by H, = 0if 0 < Hex < 1/2
and Hy, = Hex — 1/2 if Hex > 1/2. Thus, in physicist’s terms, to highest order in s
the lower critical field in the parallel case is Hc1 = %|lns|. This concludes the proof of
Theorem 1.3 in the case hex = O(]Ins|).

We now consider the case [Ins| < hex < s~ 2. For strong applied fields the vortex
ball construction may not be applied directly, and we require a different approach, as in
Chapter 8 of [SS].

Proposition 4.8. Assume |Ins| < hex < 572, (uy, A) minimizes Le s, and ¥ is given as
in (4.11). Then, for every constant K > 0, there exists A with 1 K A K 1/s and Bx > 0
such that for every ball B;& = B(y, A‘l) we have, as s — 0,

1

,8K| ’\I
M, (U, A; BNy > — L p
( » 2 ! (s\/ﬂ

)(1 —o(D)),

and Bg — 1 as K — oo.
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Proof. We provide a sketch, as the steps follow those in Proposition 8.2 of [SS]. Without
loss, we take the center of the ball to be the origin, y = 0. First, for any fixed positive A
we rescale, W; (Ax) = W(x), AA;(Ax) = A(x), s’ = As, and ., = hexA 2. Introducing
a rescaled energy, we have

M (¥, A; B}) = MY, (W;, Ay BY)

1
— _/I{MFWMWZ + A% (curl Ay — kL )?
BO

2
1 2 o
—(1— 1w |vVIv —— (1 =¥}
+2( | xl)[! || +(s,)2( [W517)
As in (8.16) of [SS], it is possible to choose A such that
h. = K|ns'| l<r st s <1 In ! ~ |Ins’| 4.21)
ex ’ ’ I S\/E . .

Thus, in the new coordinates we return to the small-field case above, in which the vortex
ball construction is valid, and we seek to show that, as s’ — 0,

Bl
M5, A B > ﬂ’dz 0|h/ex|lns/|(1 —o(1)) (4.22)

for some Bx > 0. We may assume that, for some constant C > 0,
M(U3, A; By) < Clhyy)?,

for otherwise (4.22) certainly holds for any constant Sg.

The next step is to bound M? (¥, A;; B}) from below by the minimum of M in
H 1(B(;) (that is, with natural boundary conditions on dB!, rather than periodic). This
follows the analogous argument for the Ginzburg-Landau functional, using the ball con-
struction (Theorem 4.6) and weak convergence of the rescaled fields and currents outside
of the vortex balls, as in the proof of item 1 of Theorem 7.1 in [SS]. The crucial ob-
servation is that outside of the vortex balls, M, agrees with Ginzburg—Landau (with s
replacing €) to highest order, and so the same lower bound may be obtained:

My (¥, Ay; B
fim inf s (Y2 422 Bo)

> min E ,
K (h)? = min Ex (1)

with

_ [lell 1 2 2
Eg(p) = K + E/B(;[lwlu' + |y — 1171,

defined for measures u € H —1 where h u solves

—Ahy b=, hlyg = 1.
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The minimizers correspond to the solutions of an obstacle problem, and for the ball an
explicit solution is given in (7.15) of [SS]. In particular,

1 1
nEg>—(1—— ,
min K_2K< 2K>|wK|

with coincidence set wg — Bé as K — oo. Using the relations (4.21), we obtain (4.22)
with Bx = (1 — 5% )lwk|/IBL] — 1as K — oo. O

We may now complete the proof of the second part of Theorem 1.3. Consider the energy
density associated to M (W, A) as a measure,

d 1
dvsz—xl{|\If|2|<vA)\If|2+§<1—|nIf|2)(IVM|2+f—2(1—|w|2)2>+<h—hex)2}.

n—e
ex s hex

By the upper bound (Lemma 4.4), vy is a bounded family and along a subsequence con-
verges weakly in the sense of measures, v; — v. Proceeding as in [SS], given any open
set U, integrating the lower bound (from Proposition 4.8) over the centers y € U we
obtain
M(¥, A;U) _ U

hex In _s\/IhZ -2
Consequently, v > %dx, and from the upper bound we must have equality. This proves
the first assertion of item 2. To conclude, note that

liminf vy (U) = lim inf
s—0 s—0

lhs/hex — 112, < M(W, A)/h% — 0

1

since In
S+/hex

K hex.

Case s%hex > 1

In case s2hex > 1 the minimizers of the Lawrence—Doniach functional in a parallel ap-
plied field behave quite differently from those of the Ginzburg-Landau model. As we will
see, there is no “upper critical field” at which superconductivity is diminished and eventu-
ally extinguished, but instead a “transparent phase” in which the applied field penetrates
the sample completely with no apparent loss of superconductivity in the planes.

It will be convenient to permit some variation in the period domain, Q = [0, L] X
[0, L3], and in fact we will see that energy minimization reveals a subtle relationship
between the period and the applied field Aex.

We assume throughout that (u,,, A) € H are minimizers of L. ;. Recall the definitions
of p, Jy from (1.4) in the introduction,

N
P(.2) =Y un () Xy 21 (25
n=1

N
Je(x,2) = ) ([ (), ), = i Ay (X, 20)) Xz .21 (2)-
n=1
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In some sense, p measures the superconducting density, and J, the horizontal currents,
extended to the entire bulk. The interpolating function W used in the previous regime
cannot be easily related to the energy density, as the control on the error terms in the
finite differences in x is lost in this highly oscillatory limit.

Proof of Theorem 1.4. We first recall some facts about fixing a gauge in  in the parallel
field setting. For a constant field & € R, we fix the representative vector potential,

A=A A) = —(z, —x). (4.23)

As in (2.1), (2.2) we say (u,, A) € H, if u, € lOC(JR C)foralln € Z, A €

RZ; R?), and there exists a constant number € R so that
loc

A=A+A, divA=0 Ax+L;,2)=AK,2)=Axz+1),

—ihz,L1/2 (4.24)

Un(x + L1) = up(x)e tngn (X) = uy ()32 e 7,

Since by Green’s theorem we must have f 0 curl A = 0, it follows that the constant % is the

mean value of & = curl A over the period domain Q. By Lemma 2.1, for any configuration
(iin, A) € H there exists A € HJ_ so that (u, A) = (i), A + Vi) € H,.
Furthermore, from (2.3) we conclude that there exists a constant C with

1Al 1) < Collcurl Afl 120, (4.25)
for any (up, A) € H..

Upper bound. We obtain an upper bound on the energy by choosing a configuration
(vp, A) with A = %E(z, —x), h constant, and v, = €/?* with ¢, (x) = %Zznx, n e Z.
Note that with this choice, v, — iAy(x,z,)v, = 0. A simple calculation shows that
(v, h) € My provided hsLy € 2n 7. Hence, recalling that sN = L3,

1 L b _ 1
minLes < — Y / 2[1—COS(hSX)]dX+—IQI(h—hex)2——|Q|+—|Ql(h hex)?.
H 2s =170 2

By minimizing the right-hand side over & € %Z we obtain the upper bound in the
generic case,

2
min Loy < |Q| +1 min |01k ~ hex)? < 9] (1 + ”—) Fos7Y).  (4.26)
Zh sLy Z 2 1

*
1

Of course, in the special case where hex € SZT”lZ, the sharper bound prevails,

IQI

minLe s < —- 4 o(s 72)
H

*

Lower bound. We next derive a lower bound on minimizers (u;, A) € Hs. The ideais to
try to mimic the test function in the upper bound as closely as possible. Decompose A =
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A + A as above with A = %hex(—z, x) and define a family of phases ¢, (x) = %hexznx,
n € Z. Now define _
vy = upe .

We observe that
[vn] = |unl, |U;, - iAAx(x, )| = |u; —iAx(x, Zp)uyl, (4.27)
(ittn. 1)y — 1A (X, 20)ttn) = (iU, V) — i A (X, 20)Vp). (4.28)

n

In terms of v, and A, we have

N oeLigg . 1
Les(n, A) = s;/0 <5|v,; — i A (x, Zo)val® + @uvnﬁ - 1)2>

1 N

Ly 1 R
+5;/0 Un —vnlexp{id>n(x>}|2+5/Qh2, (4.29)

where / := curl A and
in
D, (x) := —hexsx +/ A;(x,2)dz.
Zn—1
The Josephson coupling term will provide the desired lower bound. We expand it:
P2 = Jvnl + |vn-1® — 2Re{vaTp—re )
=2~ (1= o) = (I = [va-1*) = 2RefvaUp—re ")
2 2
s 4e g
=2~ o[ = Jual) + (1= Joa-11)] = 5 — 2Re{vuTuzie '),
8e2 52

applying the inequality x < 8x2 + 1/48 with § = s2/8¢? to bound x = 1 — |v,|>. It
follows that

N o oeLigg . 1
Le s, A) > S;/o (5|vn — i Ay (x, Z)vn|* + @uvnﬂ - 1>2>

1 1 A N b Re{v,v,—1e %}
—dx+- | h*— — L (430
+s2/0 72 x—i-Z/Q S,;/O 2 ( )

We use integration by parts to estimate the last term, which is the only potentially negative
one:

Ly Ly . rzn ~
I —i [7 A, dzv ;
/ UpUp—1€ i =/ [vnvn,le LrH 2 ]elhexsx dx
0 0

1

hexsS

1 Ly , - Zn N i
- / U Un—1 + V¥, — iV, 0] / O0xA;dz e P dx.
hexs Jo Zn_1

vy — vp—1e

I L
[vhUn—te 1<I>,,]01
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It follows, using |v,| < 1 from Proposition 2.2 and the equality

n

Zn R n R . . .
/ Az dz = / (h+0;Ax) = Ax(zn) — Az(20—1) +/ h,
Zn—1

Zn—1 Zn—1

1 L A A w
/ <|U;, _le(van)Un|+|U;z_1 — Ay (X, Zp—1)VUu—1l +/ |h|dZ> dx.
0 Zn

hexs .

In particular,

L ‘ 2 LiT /v — i Ay (x, zn)unl? 8
v o re | <« 2 +/ n Al Lt [
-/0 nont - hexs3 0 |:< 8 hgxsﬁ

v — i A (X, 2 1) Un—1]? 8 1 [ .
+<| no1 = A )P . 6)+<—/ WPz + — 6)}1);.
8 his 4/, hz.s

n—1

1
§2

Together with (4.30) we find

N L |
ﬁe,swn,A)st/ 5 dx
0

n=1

Nt —iA v |?
+SZ/ |:| h T x (X, Zp) vyl
0

n=1 4

1/ ny { 2L3 16L1L3 sL3 }
+-f h"— + + .
4 Jo hexs3 — h2s®  hZs©

1
+520 - |vn|2>2} dx

The expression in braces is o(1/s%), using the fact that hexs? = o(1) and s = o(1).
Then, with no assumption on /ey, L1 we obtain (1.5), while if hex € %Z, then the

matching upper bound L¢ s (u,, A) < |Q] /s2 +o(1 /sz) holds and therefore, using (4.27)
and the notation (1.4),

1 1
/Q (Jf + a0 =D+ S0 - hex)z) =o0(s7?).

This concludes the proof of Theorem 1.4. O
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