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Abstract. We study the interaction of (slowly modulated) high frequency waves for multi-dimen-
sional nonlinear Schrodinger equations with gauge invariant power-law nonlinearities and non-
local perturbations. The model includes the Davey—Stewartson system in its elliptic-elliptic and
hyperbolic-elliptic variants. Our analysis reveals a new localization phenomenon for nonlocal per-
turbations in the high frequency regime and allows us to infer strong instability results on the
Cauchy problem in negative order Sobolev spaces, where we prove norm inflation with infinite
loss of regularity by a constructive approach.

1. Introduction

1.1. Motivation

The Davey—Stewartson system (DS) provides a canonical description of the dynamics of
weakly nonlinear two-dimensional waves interacting with a mean-field y (¢, x1, x2) € R;
see [18] for more details. In the following we shall consider

: i + 3(ndy, + )Y = O, x + uly DY,

(DS)
(07 + %) x = A, 1Y%,

where (x1,x2) = x € R2, ¢ € R, and A, u € R are some given parameters. In addition,
the choice n = %1 distinguishes between the so-called elliptic-elliptic and the hyperbolic-
elliptic variants of the DS system (see [18]). Clearly, the DS system with n = +1 and
A = 0 simplifies to the cubic nonlinear Schrodinger equation (NLS), which we consider
more generally in the d-dimensional case

0y + 3¢ = uly Py, xeR%
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The cubic NLS equation is a canonical model for weakly nonlinear wave propagation in
dispersive media and has numerous applications in nonlinear optics, quantum superflu-
ids, or the description of water waves (cf. [18]). We shall allow for more general, gauge
invariant, nonlinearities and consider

09 + 380 = uly 'y, xeR (NLS)

where v € N* = N\ {0}. For such equations, one usually distinguishes between focusing
w < 0 and defocusing i > 0 nonlinearities. The sign of u has a huge impact on the
issue of global well-posedness, since it is well known (cf. [18] for a broad review) that
for u < O finite-time blow-up of solutions may occur for d > 2, more specifically:

Hm VY (t, )l 2@ey =00, T* < +oo.
t—>T*

Thus, in general we cannot expect global well-posedness to hold in, say, H!(R?). On the
other hand, one might ask about the possibility that even local (in time) well-posedness
fails. To be more precise, we recall the following definition:

Definition 1.1 (from [14]). Let o, s € R. The Cauchy problem for (1.6) is well posed
from H*(R?) to H? (R?) if, for all bounded subset B C H*(R?), there exist 7 > 0
and a Banach space X7 continuously embedded in C([0, T]; H 7 (R%)) such that for all
¢ € H*(RY), (1.6) has a unique solution ¥ € X7 with Y;=0 = ¢, and the mapping
@ — ¢ is continuous from (B, || - ||gs) to C([0, T]; H® (R9Y).

Remark 1.2. The introduction of X7 is due to the fact that in several known cases,
uniqueness is not established in C ([0, T']; H° (R%)), but in a smaller space. Typically, for
dispersive equations, one often has to consider X7 = C([0, T]; H® (Rd)) N LP([0,T];
W4 (R%)), for some suitable pair (p, g).

The negation of the above definition is called a lack of well-posedness or instability. In
order to gain a rough idea why instability occurs, we consider the Cauchy problem for
(NLS) with initial data ¥ € H*(R?). Under the assumption v € N*, the nonlinearity is
smooth, and thus local well-posedness (from H*(R?) to H*(R?)) holds for sufficiently
large s (s > d/2 does the job). On the other hand, one should note that (NLS) is invariant
under the Galilean transformations,

U, x) s VTP 2y w e RY,

which leave the L2(R?) norm invariant. In addition, solutions to (NLS) are invariant under
the scaling transformation

vt x) > ATV /A% x/A), A > 0.

Denoting the critical exponent s. by

N X

1
- -, (1.1)
v
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this scaling is easily seen to leave the homogeneous Sobolev space H*(R?) invariant
and thus we heuristically expect local well-posedness to hold only in H*(R?) with s >
max{s,, 0}. The reason for this being that for s < max{s., 0} and sufficiently large A > 0
we can use the scaling symmetry of (NLS) to relate the norm of large solutions at time
t > 0 to the norm of small solutions at some time * < ¢. In other words, the difference
between two solutions will immediately become very large in H*(R?), even if they are
close to each other initially.

For the cubic NLS equation we have s, = 0 if d = 2, and thus instability should
occur for Yo € H® (Rz) with s < 0. Moreover, we expect the same behavior to be true
also for the DS system, since (DS) can be written in the form of an NLS with nonlocal
perturbation, i.e.

10y 4+ 30} + o)V = AE([Y )Y + puly Py,  x eR% (1.2)
Here the operator E acting as a Fourier multiplier on |/|? is defined via

33

P, f®), (1,8 =¢cR? (1.3)

E(HE) =

where fdenotes the Fourier transform of f, defined as

1

(FHE) = fE) = iR

/ Fx)e ™ dx. (1.4)
Rd

With this definition, we have F~'g = Fg, with § = g(— -). Note that the nonlocal term
in (1.2) scales like the nonlinearity in the cubic NLS equation, since the kernel

35

e L®(R?) (1.5)
£ +E7

K@E) =

is homogeneous of degree zero. We therefore expect instability of the DS system in
Sobolev spaces of negative order. It will be one of the main tasks of this work to rig-
orously prove this type of instability, which can be seen as a negative result, complement-
ing the well-posedness theorems of [12] (see also [11]). To this end, we shall rely on the
framework of weakly nonlinear geometric optics (WNLGO), developed in [5] for NLS.
We shall henceforth study, as a first step, the interaction of highly oscillatory waves within
(1.2) and describe the possible (nonlinear) resonances between them. In our opinion this
is interesting in itself since it generalizes the results of [5] and reveals a new localization
property for nonlocal operators in the high frequency regime. Moreover, we shall see that
possible resonances heavily depend on the choice of n = +£1.

In order to treat the DS system and the NLS equation simultaneously, we shall from
now on consider the following NLS type model:

iV + A0 = AE(Y Py + uly|?y, (0, x) = Yo(x), (1.6)
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with x € RY, A, w € R, and v € N* and a generalized dispersion of the form
d
A, :=ana§j, n = 1, (1.7)
j=1

Furthermore, we generalize the operator E given in (1.3) by imposing the following as-
sumption:

Assumption 1.3. The operator E is given by
E(f)=Kxf KeS®),
where K is homogeneous of degree zero, and continuous away from the origin.

Remark 1.4. For A = 0 and nonuniform signs of the 7;’s, equation (1.6) simplifies to the
so-called hyperbolic NLS, which arises, for example, in the description of surface-gravity
waves on deep water (cf. [18]).

1.2. Weakly nonlinear geometric optics

We aim to understand the interaction of high frequency waves within solutions to (1.6).
To this end, we consider the following model:

2
iso,u’ + %Anus = eAE(uf Pt + el P uf, uf0,x) =ufx).  (1.8)

where 0 < ¢ < 1 denotes a small semi-classical parameter. The singular limiting regime
where ¢ — 0 yields the high frequency asymptotics for (1.6) in a weakly nonlinear scaling
(note that ¢ appears in front of the nonlinearities). The latter is known to be critical as far
as geometric optics is concerned (see [4]).

As in [5], we shall assume that (1.8) is subject to initial data given by a superposition
of g-oscillatory plane waves, i.e.

ug(x) = Zaj(x)ei’“-/‘x/s, (1.9)

Jj€do

where for some index set Jo € N we are given initial wave vectors «; € R4 with corre-
sponding smooth, rapidly decaying amplitudes o; € S (R?; C). Since, in general, we can
allow for countably many «;’s, we shall impose the following summability condition:

Assumption 1.5. The initial amplitudes satisfy

- _
S k@l pine + > Al pin2 < +o00,
jedy Jj€do

where (k;) := (1 + |x;[})1/2.
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This condition will become clear in Section 4, where we justify multiphase weakly non-
linear geometric optics using the framework of Wiener algebras.

The initial condition (1.9) induces high frequency oscillations within the solution of
(1.8). The first main result of this work concerns the approximation of the exact solu-
tion u® of (1.8) by (possibly countably many) slowly modulated plane waves.

Theorem 1.6. Letrd > 1, ,,u € R and v € N* and let E satisfy Assumption 1.3.
Consider initial data of the form (1.9) with k; € 74 and aj € S(RY; C) satisfying As-
sumption 1.5. Then there exist T > 0, and C, g9 > O, such that for all ¢ € 10, o], there
exists a unique solution u® € C([0, T]; L N L2) to (1.8)—(1.9). It can be approximated
by
sup [|u®(t, ) — gy (¢, Ml o2ty —> O if A £ 0,
1€[0,T] e—>0

sup [lu®(t, ) — ugp (t, Ml poon2mey < Ce if A =0.
1€[0,T]

Here, the approximate solution u®_ € C([0, T]; L N L?) is given by

£
app

Uapp 1, X) = 2% (1, x)e! %0/,
JE€

where the amplitudes a; € C([0,T]; L N L2(R%)) solve the system (2.16) and the
phases ¢; are given by

d
! 2
¢j(t,x)=/cj-x—§ E MK g-
=1

In addition the index set J C N can be determined from Joy by following the approach
outlined in Sections 2.1.1 and 2.2.1.

Remark 1.7. The assumption «; € 74 is introduced to avoid small divisor problems.
This aspect is discussed in more detail in [5]. Following the strategy of [5], we could state
a more general result here. We have chosen not to do so, for the sake of readability.

In general we have Jy € J, due to possible resonances, i.e. the creation of new (charac-
teristic) oscillatory phases ¢; not originating from the given initial data but solely due to
nonlinear interactions. The above theorem generalizes the results of [5], in three different
directions:

1. The approximation result is extended to L> N L (in [5] we only proved an approxi-
mation in L),

2. We allow for nonelliptic Schrodinger operators corresponding to nonuniform sign for
the n;’s. This yields a resonance structure which is different from the elliptic case
(see Section 2.2). In particular, one should note that ford = 2, 7y = —n and «; =
(k, k) € R?, the corresponding phase ¢; simplifies to ¢; (x) = k(x1 + x2), describing
g-oscillations which do not propagate in time.
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3. In comparison to [S] we can now take into account the nonlocal Fourier multiplier E.
This operator, roughly speaking, behaves like a local nonlinearity in the limit ¢ — 0
(see Section 2.2.2). The behavior is therefore qualitatively different from earlier re-
sults given in [13], where it has been proven that for (slightly more regular) integral
kernels K such that (£) K (§) € L°° no new resonant phase can be created by E, in con-
trast to our work. Notice that the present work suggests that the same conclusion also
holds for the Schrodinger—Poisson system (on R?, d > 3, so K &) =cq/lt |2), even
though in that case, the kernel does not satisfy the above assumption; see Remark 2.10
below for more details.

Remark 1.8. Finally, we underscore that Theorem 1.6 includes other NLS type models
with nonlocal perturbations than DS, provided the corresponding kernel K is homoge-
neous of degree zero and continuous away from the origin. A particular example is given
by the Gross—Pitaevskii equation for dipolar quantum gases, i.e.

i) + 3AY = ply Py + 4K « Y)Y, xR, (DGP)
where the interaction kernel K is given by
1 —3cos?6
Kx)=—>"""7 (1.10)
|x|3

Here, & = 0(x) stands for the angle between x € R3 and a given dipole axis n € R3,
with |n| = 1. In other words 0 is defined via cos@ = n - x/|x|. In this case, we compute
(see [6]), for & € R3\ {0},

K& =22n)?(3cos?© — 1)

where © stands for the angle between & and the dipole axis. The model (DGP) has been
introduced in [21] in order to describe (superfluid) Bose—Finstein condensates of parti-
cles with large magnetic dipole moments. Note that for our analysis, we neglect possible
external potentials V (x), usually present in physical experiments. In this context, rescal-
ing (DGP) and studying the asymptotics as ¢ — 0 correspond to the classical limit of
quantum mechanics.

1.3. Instability and norm inflation

The insight gained in the proof of Theorem 1.6 will allow us to infer instability results of
the Cauchy problem corresponding to (1.6). Let us note that the first rigorous result on
the lack of well-posedness for the Cauchy problem of (NLS) in negative order Sobolev
spaces can be traced back to [14], where the focusing case in d = 1 was studied. This
result was then generalized to d > 1 in [7], where the lack of well-posedness for (NLS)
from H*(R?) to H*(R?), has been proved for all s < O (regardless of the sign of the
nonlinearity). A general approach to prove instability was given in [3], where the authors
studied the quadratic NLS. Applying their abstract result [3, Proposition 1] to the models
considered above, we prove a lack of well-posedness from H* (RY to H® (R?) for all
o €R.
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Proposition 1.9. Forall s < 0 and o € R, the Cauchy problem for (NLS), with d > 2,
v € N* and n # 0 is ill-posed from H*(R?) to H® (R?). The same holds true for the
Cauchy problem of (DS), provided A + 2;u # 0, and for the one of (DGP), provided
(, w) # (0, 0).

Remark 1.10. Our result excludes the case A + 2u = 0, which corresponds to the sit-
uation in which the DS system is known to be completely integrable (see e.g. [1]). The
algebraic structure of the equation is indeed very peculiar because of the existence of a
Lax pair.

The proof of Proposition 1.9 is outlined in Appendix A, following the ideas of [3].
Note, however, that this approach is not constructive as it relies on the norm inflation for
the first Picard iterate. As we shall see in Section 6, weakly nonlinear geometric optics in-
deed allows us to infer a stronger result than the one stated above, namely norm inflation.
To this end, let us recall that in [5], weakly nonlinear geometric optics was used to prove
instability results for NLS equations on T¢. There, we used initial data corresponding
to two nonzero amplitudes o, o (one of which carried no e-oscillation). By proving a
transfer of energy (inspired by the ideas from [7] and [8]) from high to low frequencies
(i.e. the zero frequency in fact) we were able to deduce instability. In the present work
we shall start from three nonzero initial modes, which, via nonlinear interactions, will be
shown to generate the zero mode. This phenomenon is geometrically possible as soon as
a multidimensional framework is considered. From this fact we shall infer norm inflation.
The price to pay in this approach via WNLGO is an unnatural condition on the initial
Sobolev space:

Theorem 1.11. Consider either (NLS) with d > 2, u # 0 and v € N* (DS) with
A+ 2u # 0, or (DGP) with (A, ) # (0,0). We can find a sequence of initial data
(@n)neN € S(Rd): with

- — 0,
lpall =100 @y ——=
and t, — 0 such that the solutions Y, with Yry1—0 = @ satisfy

1Y @) || o (re — % Vo € R.

Unlike the approach used in [3], in the proof of Theorem 1.11, we construct explicitly the
sequence (¢),eN, as well as an approximation of (), en (Which can be deduced from
WNLGO). Note, however, that we require d > 2, since our proof demands a multidi-
mensional setting. Also, the reason why we restrict ourselves to (NLS), (DS) and (DGP)
in the above instability results is that we do not exhibit adequate initial data for (1.6)
in its full generality. In [7], norm inflation for (NLS) was shown from H® to H*, under
the assumption s < —d /2. Theorem 1.11 improves this previous result in three different
aspects:

1. We consider a more general NLS type model, including nonlocal perturbations (in
particular the DS system).

2. The range of s is larger, since we assume s < —1/(2v), in a setting where we always
have 1/(2v) < d/2 (recall that d > 2 by assumption).
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3. The target space is larger: all the Sobolev norms become unbounded at the same
time.

Remark 1.12. In the case 0 < s < s,, the norm inflation result proved in [7] was im-
proved to a loss of regularity result in [2, 19], after [15] in the case of the wave equation
(roughly speaking, one proves norm inflation from H® to H? with ¢ > og for some
o0 < s). In the periodic setting x € T¢, instability results (from H*(T¢) to H° (T%) for
all 0 € R) were proved in [8] in the case d = 1, and then generalized to the case d > 1
in [5] (however, the phenomenon proved there is just instability, not norm inflation). Fi-
nally, we also like to mention the beautiful result by Molinet [16] in the case x € T and
v = 1, and the recent result by Panthee [17] which shows that the flow map for the BBM
equation fails to be continuous at the origin from H*(R) to D’(R) for all s < 0.

Our last result concerns the (generalized) NLS equation only, i.e. (1.6) with A = 0,
where we can prove norm inflation for a larger range of Sobolev indices.

Theorem 1.13. Letd >2,ve N*, un e R*, A =0, ands < —1/(1 4+ 2v). We can find a
sequence of initial data ¢, € S(R?) with

Ienll s ety ——> 0
and t, — 0 such that the solutions yr, to (1.6) with Y ;=0 = @, satisfy

”'ﬁn(tn)”HG(Rd) m —+00, Vo € R.

Remark 1.14. We believe that the restriction s < —1/(1 4 2v) is only due to our ap-
proach, and we expect the result to hold under the mere assumption s < 0. Note that for
A = 0 and nonuniform signs of the n;’s in A, the above result concerns the hyperbolic
NLS.

To conclude this section, we point out that negative order Sobolev spaces may go
against intuition. In Section 5 we shall study an asymptotic regime (for ¢ — 0) where
the nonlinearity is “naturally” negligible at leading order in, say, L> N L, but fails to be
negligible in some negative order Sobolev spaces. This strange behavior of negative order
Sobolev spaces is further illustrated by very basic examples given in Appendix B.

Notation. Let (A®)g<<1 and (Y¥)g<.<1 be two families of positive real numbers.
o We write A® < Y? if limsup,_,q A®/T? =0.

o We write A® < T¢if limsup,_, g A®/Y® < oo.

o We write A® &~ T*? (same order of magnitude) if A® < T¢ and T < A°.

2. Interaction of high frequency waves in NLS type models

In this section we shall study the interaction of high frequency waves for the generalized
NLS type equation (1.6). To this end, we shall first recall some results from [5], where
the usual case of NLS with elliptic dispersion is treated.
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2.1. Geometric optics for elliptic NLS

We consider the equation
£2
igduf + EAMS = eulu®)?’u’, xeRY, (2.1)

withd > 1, © € R and v € N*. The initial data is supposed to be given by a superposition
of highly oscillatory plane waves, i.e.

u®0,x) = Z aj(x)ei"f'x/s, (2.2)
Jj€dbo
where for some index set Jo € N we are given initial wave vectors

Do ={«x; | j € Jo}

and smooth, rapidly decaying amplitudes « = (o) € S (R?). We seek an approximation
of the exact solution u? in the following form:

u®(t, x) e (£, X) = Y aj(t, x)e! % I/e (2.3)
jeJ

As we shall see in the next subsection, the characteristic phases ¢; will be completely
determined by the set of of relevant wave vectors:

®={kj|je )2 o,

In order to prove an approximation of the form (2.3), there are essentially four steps
needed:

1. Derivation of the set ®.

2. Derivation of the amplitude equations, determining the a;’s.
3. Construction of the approximate solution.

4. Justification of the approximation.

In this section, we address the first two steps only. The last two are dealt with in Sections 3
and 4, respectively.

2.1.1. Characteristic phases. Plugging the approximation (2.3) into (2.1), and compar-
ing equal powers of &, we find that the leading order term is of order O(¢?). It can be
made identically zero, if for all j € J

dej + 51Ve;|* = 0. 2.4)

This eikonal equation determines the characteristic phases ¢; (¢, x) € R, resulting in the
approximation (2.3). In view of (2.2), the eikonal equation is supplemented with initial
data ¢; (0, x) = k; - x, from which we can compute explicitly

$i(t,x) = kj - x — %|K,»|2. 2.5)
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Next, let («¢,, ..., k¢,,,,) be a set of given wave vectors. The corresponding nonlinear
interaction in [uf|?"u? is then given by

- [ By — by +tbiy, e
ag,dy, . .. ag,, e 1" t2u)/E,

The resulting phase ¢ = ¢, — ¢¢, + - - - + @¢,, ., satisfies the eikonal equation (2.4), and
thus needs to be taken into account in our approximation, if there exists x € R such that

2v+1 2v+1
DDy =k and Y (=D kg |F = ] (2.6)
k=1 k=1

With «; = k, a phase ¢; of the form (2.5) is then said to be generated through a resonant
interaction between the phases (¢¢, )1<k<2v+1-

This yields the following algorithm to construct the set ® from ®(: Starting from the
initial (at most countable) set @9 = {«; | j € Jo}, we obtain a first generation ®; = {«; |
j € J1} D ®¢ (with J1 D Jp) by adding to & all points k € R? satisfying (2.6) for some
{Pe1s .-, beyy, 3 C Po. By arecursive scheme, we are ledtoaset ® = {k; | j € J}
which is (at most countable and) stable under the resonance condition (2.6).

Remark 2.1. It is worth noting that ® is a subset of the group generated by @ (in
(R4, 4)). In particular, if &y C Z4, then &  Z¢.

It turns out that we do not need a precise description of the resonances to prove norm
inflation stated in Theorem 1.11 or Theorem 1.13. However, in the case of a cubic non-
linearity v = 1, all possible resonances can be easily described geometrically by the
following lemma ([10, 5]). To this end, we denote for j € J, the set of all resonances by

2v+1 2v+1
=] ) e P Y D ey =k > (D e P = 1
k=1 k=1

Lemma 2.2. Letv=1,d > 2,and j, k,£,m € J. Then (ki, k¢, k) € Ij precisely when
the endpoints of the vectors Ky, k¢, Km, Kj form four corners of a nondegenerate rectangle
with k¢ and k; opposing each other, or when this quadruplet corresponds to one of the
Sollowing two degenerate cases: (ki = Kj, km = K¢) or (K = K¢, Km = Kj).

Example 2.3. The proof of norm inflation will be based upon the following case. Let
®o = (k1 = (1,0,...,0), ko =(1,1,0,...,0), k3 =(0,1,0,...,00} cRY. (27

The above lemma shows that for the cubic nonlinearity (v = 1), the set of relevant phases
is simply
@ = Pg U {kg = Oga}.

One and only one phase is created by resonant interaction: the zero phase. For higher order
nonlinearities (v > 1), we alsohave 0 € ® (since 0 = —k1+kp —k3+ (k1 —K1+- - - —K1)).
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2.1.2. The amplitudes system. Continuing the formal WKB approach, the O(e") term
yields, after projection onto characteristic oscillations ¢/% /¢, a system of transport equa-
tions

oraj +kj-Vaj = —ipn Z ag gy ... Agy, s Ajji=0 = O, 2.8)
(L1seesloyr1) €l

with the convention a; = 0if j ¢ Jo. As claimed above, it is not necessary to understand
the resonant sets fully to prove Theorem 1.11 or Theorem 1.13. The following lemma will
suffice:

Lemma 2.4. Letv € N*, u € R* and d > 2. Assume ®y is given by (2.7). There exist
ar, o0, 3 € S(RY) such that if we set ko = Oga, (2.8) implies

8taO|t=O # 0.

For instance, this is soif o] = ar = a3 # 0.

Proof. Assume o] = ap = a3 = «. Equation (2.8) yields

. _ . 2
draoi=0 = —ipt Z g Ay, .. 0y, = —ipnC O, d)|a| " a.
(1,-...l2v4 )€l

Then, C(v,d) > 1,since (1,2,3,1,1,...,1) € I. O

This lemma shows that even though the zero mode is absent at time ¢ = 0, it appears
instantaneously for a suitable choice of the initial amplitudes o1, a2, «v3. This is one of
the keys in the proof of the results presented in Section 1.3.

Remark 2.5. This result fails to be true in the one-dimensional cubic case d = v =
1, and in a situation where one starts with only two (nontrivial) modes (d, v > 1, but

#{j € Jo | aj # 0} < 2). In both cases no new resonant mode can be created through the
nonlinear interaction (see [5]).

2.2. Geometric optics for the DS system

In order to apply our method to the DS system (1.2), we first have to understand the
resonance structure for n = —1 (a case where A, is a hyperbolic operator). We shall, as
a first step, neglect the action of the nonlocal term E and instead consider

2
ied,u’ + %(naﬁl + 02t = eplutPuf,  x € R (2.9)

subject to oscillatory initial data of the form (2.2).
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2.2.1. Characteristic phases and resonances. We follow the same steps as in Sec-
tion 2.1.1 and determine the characteristic phases via

% + 504 9)° + (00, =0, 0, x) =« -x. (2.10)

Denoting ¥k = (p, q), the solution of this equation is given by
$j(1,x) = px1+qx2 = §(q* +np?). @11
In the case n = —1 we see that if initially k = (£p, £p), then ¢(¢,x) = k - x is

independent of time.

In order to understand possible resonances due to the cubic nonlinearity, we simply
notice that, if some phases ¢, ¢, and ¢, are given by (2.11) (with x equal to «i, k¢ and
km, respectively), then the combination ¢ = ¢ — ¢¢ + ¢y, again solves (2.10) if, and only
if, it is of the form given by (2.11), with k¥ = (p, ¢) € R? satisfying

K=ki—Ke+kme q°+npt=qf —qt +aqi+npi—pi+ph).  (212)

Thus, the same iterative procedure as in Section 2.1.1 allows us to build from a given
(at most countable) set of wave-vectors @9 = {k; | j € Jo} in R2, a new set & =
{«j | j € J}, closed under the resonance condition (2.12). Again, it is worth noting that
® is a subset of the group generated by @ (in (R?, +)). In particular, if &y C Z2, then
® C 7Z?. We consequently alter the definition of the resonance set I; given above and
denote, for all j € J,

I ={(k.t.m) € I | kj = ki —Ke+km. q7 +1P} = i —q; +qm+ (i — Py + Pa)}-

The case n = 1 has already been discussed in Section 2.1.1. To understand better
the nonelliptic case n = —1 we first note that (2.12) is equivalently fulfilled by («x — «,
K¢ — K, km — k), as can easily be checked by a direct computation. Thus it is enough to
understand the case where the zero mode x = (0, 0) is created. In this case the resonance
condition (2.12) is equivalent to

K¢ = Kk + Kk, With kg, &y, satisfying  qrgm = prpm-
This leads to the following statement:

Lemma 2.6. Letn = —1, and j, k,£,m € J. Then (ki, k¢, km) € 1; precisely when
(kx = Kkj, km = k¢), or (kx = K¢, Km = Kj), or when the endpoints of the vectors kj,
Kk, K¢, km form four corners of a nondegenerate parallelogram, with iy and k; opposing
each other, and such that (k — k¢)/|kk — ke¢| and (kpm — k¢) [ |km — k¢| are symmetric with
respect to the first bisector.

The resonance condition is different from the elliptic case n = +1 (Lemma 2.2, based
on the completion of rectangles). In particular resonances for n = +1 are not necessarily
also resonances for n = —1 and vice versa, as illustrated by the examples below. The
common feature of the two cases is that it takes at least three different phases to create a
new one via the cubic nonlinearity.
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Example 2.7. Letk;r = (2, 1), k&, = (1, 2) and x, = (3, 3). Then the origin is obtained
by cubic resonance in the hyperbolic case n = —1, while no new phase results of the
interaction of these three phases in the elliptic case.

Example 2.8. On the other hand, if xx = (0, 0), k, = (1, 1) and k,, = (0, 2), we obtain
kx — k¢ + ki = (—1, 1): in the elliptic case n = +1, this is resonance, while it is not in
the case n = —1.

Example 2.9. With the approach we have in mind to prove Theorem 1.11, let ¢ be
given by (2.7). As in the elliptic case, ® = P U {Op2} is obtained by cubic resonance
when n = —1.

2.2.2. Oscillatory structure of the nonlocal term. In order to proceed further, we need to
take into account the Fourier multiplier £ defined in (1.3). The corresponding nonlinearity
is given by

F(ui, u5, uy) = Euiuy)us.

Having in mind (2.3) the point is to understand the rapid oscillations of
F(dkeid)k/s, ageid)l/e, amei¢m/8)’

with ¢y, ¢¢ and ¢, satisfying (2.11). The phase ¢,, obviously factors out and so do
the oscillations in time, since they are not affected by the action of E. In view of the
discussion on resonances, we must understand the high frequency oscillations of

E(arape™™'?), where K =Ky — ky.

If k = 0, there is no rapid oscillation, and we can directly resume the argument of the
case £ = Id. If k # 0, we denote b = aray and write

1
(2m)?

1 ) R
= (27_[—8)2‘/]1%2 ‘4{2 el(xfy)'(ffk)/sK(é_)b(y) dy de.

e—ik~x/8E(akaeeiK~x/s) —

[, [ e R@e 0 by dy as
R2 JR2

where we have used the fact that the function X is 0-homogeneous. Denote by 7¢(x) the
above integral. Applying formally the stationary phase formula yields

I°(n) ~ K(0b) = K — ka0 (x).

This formal argument suggests that the nonlocal operator indeed acts like a cubic non-
linearity when ¢ — 0, and reveals a formula for the corresponding amplitude system.
A rigorous proof for this argument will be given later in Section 4. For the moment, we
shall proceed formally by plugging the ansatz (2.3) into

2
isou® + %(na§1 +02)uf = eAE(uf Pt +eplufPuf,  xeREL (213)
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The terms of order O(?) are zero since all the @;’s are characteristic. For the O(e") term,
we project onto characteristic oscillations to obtain the following system of (nonlocal)
transport equations:

draj + (pjdy, + qjdx)a; = —ir Y E(lacl*)a;
telJ
—iA Z I/(\(Kk — K¢)araean
(k,L,m)el;
O£k
—ip Z Axarap, (2.14)
(k,£,m)el;

subject to initial data a; (0, x) = a; (x).

Remark 2.10. The above computation suggests that if KisM -homogeneous with M <0,
then the second line in (2.14) vanishes in the limit & > 0, since ¢~M can be factored out.
This argument is made rigorous in §4.1. If in addition there is no local nonlinearity, i.e.
u = 0, then (2.14) takes the form

oraj +kj - Vyaj = —iA Z E(|ag|2)aj.
teJ

Then the modulus of a; is constant along the characteristic curves, along which the above
equation is of the form (3; + &; - V)a; = a; x iR, so (3; + «; - V)|a;|*> = 0. In par-
ticular, no mode is created in this case, a situation to be compared with the framework
of [13], where the assumptions made on K are of a different kind. An important exam-
ple where this remark applies is the Schrédinger—Poisson system (d > 3), for which
M = —2. We therefore strongly believe that also in this case one can prove a result anal-
ogous to Theorem 1.6 (with an error rate O(¢), since the second line in (2.14) becomes
O™y = O(?), and we will see in Section 4.2 that nonresonant phases generate an er-
ror of order O(¢)). However, we expect that the functional setting has to be slightly mod-
ified, since the Wiener algebra framework (used to prove Theorem 1.6) may no longer be
convenient due to K g L,

Similar to Lemma 2.4, with ®¢ as in (2.7), we can find the corresponding initial data
o, 0, a3 in S (Rz), such that the zero mode appears instantaneously, provided that
A4+2u #0.

Lemma 2.11. Let n = £1. Assume ®g is given by (2.7), and set ko = Opa2. The following
are equivalent:

i) 24+2u #0.
(ii) There exist ai, ar, a3 € S(R?) such that (2.14) implies 0rap;=o # 0.

When A + 2u # 0, a1, oz, a3 are admissible if and only if there is x € R2 such that
ar(x)az(x)az(x) # 0.
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Proof. For this choice of @, setting ko =0, we have Iy #{. Since the only (k, £, m) € I
corresponding to possibly nonzero products o orpor, # O are (1,2, 3) and (3,2, 1), we
have, from (2.14),

dao),_, = —i()»(l?(lq —12) + K (k3 — 12)) + 2u)a1dr03
= —i (MK (e3) + K (1)) + 2p)c10203.

Now, since p1p3 + nq1g3 = 0, one easily checks the identity K (k3) + K (k1) = 1 and
thus

0rao),_, = —i(A + 2u)ajar03.

The lemma follows. O
Remark 2.12. In the case A + 2 = 0 (integrable case), one can prove by induction
that 9/"ag;;=0 = O for all m € N. Thus, the zero mode does not appear, at least if we
consider a smooth (analytic) setting. Note that this aspect is not attributed to our initial
choice ®@¢. If A + 2 = 0, the zero mode cannot appear, regardless of the precise form
of ®@¢. Indeed, grouping the sets of three phases creating the zero mode (with of course
ap = 0), we may assume that we consider only three initial phases: the point is to notice
that if k1 — k2 + k3 = 0, we still have

drag|,_, = —i(?»(f(\(ﬂ) + K@) + 2u)a@r0s,

and we conclude as in the proof of Lemma 2.11.

2.3. Possible generalizations

As far as geometric optics is concerned (i.e. determining the resonances and deriving the
corresponding amplitude system), the above analysis can be reproduced without modifi-
cation (except notations) in the case of

2
&
igdu® + ?Anu’; = eA(K * [uf?)u’ + peluf|Pu®, xeRY veN, (2.15)

provided K (&) is homogeneous of degree zero and continuous away from the origin. In
this case, the characteristic phases are given by

d
t
— . 2
¢j(ts x) = Kj X — E Z’?ZK]‘,@
(=1

and the corresponding system of transport equations reads
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d
oaj + Z NeKj g - Oy dj = —iA Z E(ag,ay, ... ayg,,)a;
=1 (€1,eenslay)e T,
(L1,eesloy, J)EL
—iA Z K(kj = Ky )@y - - - Apy,
L1seeslovi1) €L Loy 1 £
—in Z ag,dp, ... ay, s (2.16)

(L1seesloyi1)€l;

where we denote E(f) = K % f and

L=A{(l, ..., 1) € I 1@y = dp, — b, + -+ Pinyi )

The only point one has to check so as to derive instability results from the geometric
optics result is that there exist initial data c; such that d;ap # 0. When A = 0, the same
proof as for Lemma 2.4 yields

Lemma 2.13. Letv e N*, A =0, u € R* and d > 2. Assume Oy is given by (2.7). There
exist a1, o, a3 € S(RY) such that if we set ko = Oga, (2.16) implies

drap|i=o # 0.
For instance, this is so if a1 = oy = a3z # 0.

We can also take the nonlocal term into account, at least for the cubic nonlinearity and
standard “elliptic” Schrodinger operator. In the case of dimension d = 2, for all ¢ € R,
introduce

E={LeCES0) | VeEeS!, LE™) =c—LE), S'={&]1E] =1},

with the natural identification R> ~ C. There is a one-to-one correspondence, through
L +— M, where '
Vo eR, M@®) =L —c/2,

between &, and the space of continuous functions on R, having the “anti” (57 /2)-period-
icity symmetry M (6 + 7 /2) = —M (). Lemma 2.11 is a particular case of:

Lemma 2.14. Consider K € S (R?) such that K e L™ (R%) is homogeneous of de-
gree 0, and continuous away from the origin, but not constant on R4 \ {0}. Let v = 1, and
A, e R with A # 0. Set kg = Opa.

1. In the case d > 3, there exist k1, kp, k3 € R4 \ {0} and a1, o, a3 € S(Rd) such that,
with ®g = {k1, k2, k3}, (2.16) implies d;ap;=0 7 0.
2. Inthe case d = 2, the following are equivalent:
@) K ¢ Eaup.
(ii) There exist k1, k2, k3 € R2\ {0} and a1, o, a3 € S(R?) such that, with &y =
{k1, k2, K3}, (2.16) implies d;a0;1=0 # 0.

Furthermore, in the cases where d;ao);=o 7 0 is possible, o1, az, a3 are admissible if and
only if there is x € R? such that o (a2 (x)az(x) # 0.
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Proof. Finding 1, k2, k3 € R\ {0} generating kg = 0 by resonance amounts to find-
ing two nonzero and mutually orthogonal vectors, k1 and «3; k2 is then determined
when forming the rectangle (ko, k1, k2, k3). Once such vectors are chosen, since the
only (k, €, m) € Iy corresponding to possibly nonzero products axoec, are (1,2, 3)
and (3, 2, 1), we have, from (2.14),

dag),_y = —i (MK (k1 — 12) + K (k3 — 12)) + 2 )1 @223

This yields d;ap|,_, # O if and only if we are able to find two nonzero and mutually
orthogonal vectors k (= k] — k) and k' (= k3 — k7) such that I?(K) + I?(K’) # —2u/A
(and in this case, the choice for a1, >, a3 is clear).

In dimension d = 2, the possibility of finding such «, k' is equivalent to requiring
K ¢ & 2.

In dimension d > 3, suppose that for all choice of nonzero and mutually orthogonal «
and «’, the restriction of K to the circle S! centered at the origin, in the plane defined by
{x, '}, belongs to &, with ¢ = —2u /2. Choosing a direction orthogonal to both « and «’
defines the “north pole” of an §2 sphere with the above circle as equator. Then, the value
of K at this pole must be ¢ — K («), as well as ¢ — K ("), which implies K (') = K («),
and since K(k') = ¢ — K(x), we find that K is constant (equal to ¢/2), and thus a
contradiction. O
This setting entails the case of the Gross—Pitaevskii equation for dipolar quantum gases
(DGP), for which d = 3. One can also easily generalize this result to higher-order non-
linearities (v > 1), at least in dimension d > 3. Combining nonelliptic Schrodinger
operators with higher-order nonlinearities and nonlocal perturbations would lead to more
tedious computations and we henceforth do not go into any further detail.

3. Construction of the exact and approximate solutions

3.1. Analytical framework
We first need to introduce the Wiener algebra framework similarly to what is used in [5].
Definition 3.1 (Wiener algebra). We define
WRY) = (f € SRE:C) I fllw == 1 Fll L1 ey < +00).
The space W enjoys the following elementary properties (see [9, 5]):

1. W is a Banach space, continuously embedded into L (R?).
2. W is an algebra, and the mapping (f, g) — fg is continuous from W? to W, with

Ifglw < I flwlglw, VfgeW.
3. Forall ¢ € R, the free Schrodinger group

Ut (1) :exp(isiA )
52

is unitary on W.
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In the following we shall seek an approximation result in W N L? = F(LYHYn F(L?).
The basic idea is to prove the result in W only and then infer the corresponding statement
in L?. We shall therefore use the extra properties:

(2a) By the Plancherel formula and Young’s inequality (or simply || |z < || fllw)
VieW, Vge LP®RY, [fgllam < IfIwllglga.

(3a) Forall r € R, the free Schrodinger group U#(¢) is unitary on L2(R%).

3.2. Existence results

We first treat the case of the exact solution u¢, and then address the construction of the

approximate solution “pr-

Lemma 3.2. Consider for x € RY the initial value problem
2
e
iedu’ + ?Anus = eA(K * |uf[P)uf + peluf|Put,  uf(0,x) = ub(x), (3.1

wherev € N, A, u € R, and K € S'(R?) is such that K e L% (RY). If the initial data sat-
isfies ugy € WNL?, then there exist T® > 0 and a unique solution u® € C ([0, T¢]; WNL?)
to (3.1).

Proof. The existence of a unique local in time solution in W follows by combining the
results of [5, Proposition 5.8] and [13, Lemma 3.3]. In both cases property (2) of Defini-

-~

tion 3.1 together with the fact that K € L (R¥) implies that the nonlinearities are locally
Lipschitz and the result then follows by a standard fixed point argument. The existence of
an L? solution then follows from the fact that for all 7 € [0, T¢], ut(t,-) € LOO(Rd), since
W <> L. Therefore |u®|?" € L> can be viewed as a bounded perturbation potential,
and using Plancherel formula we have

(K Jul®)vll 2 < | K s lul™ || joollvllz < | K s (]| Il 22
< Koo [l |1l 2 < UK ool vl 2.

Thus also the nonlocal term can be seen like a bounded perturbation and the existence
then follows by standard semigroup theory. O

We now pass to an existence result for the transport system (2.14). To this end we
define the following space for the amplitudes.

Definition 3.3. Define
XR?Y) = {a = (@j)jes | @)jes € L'(J: L' N L2 RY))},
equipped with the norm

lallx ey = Y (@l + Il L2).
jeJ
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For s € N, we define
X*RY) = {a € XR) | ())°aj)jes € XR?) and 8fa € X(RY), V|B| < s},
equipped with the norm
lall xs ey = 1100 apjeslxeay + Y 188allxay.
1Bl<s
We can state the following local in time existence result.

Lemma34. Letd > 1,v € N\ {0}, A, n € R, and K € S'(R?) such that K € L>®(RY).
Foralla = (aj)jey € X(Rd), there exist T > 0 and a unique solution

t > a(t) = (a;(1))jes € C([0, T1; X (R?))

to the transport system (2.16) with a(0, x) = a(x). Furthermore, the total mass is con-
served:

d
- laj()llz, = 0.
jeJ
Proof. This result follows from the arguments given in [5] (see [5, Lemma 3.1] for the
last point). The main aspect to remark is that the action of the nonlinear term E raises no
new difficulty, in view of the estimate

|E(aiay ... ax)az+illx = 1F(E(aiay . ..az)) * azsillp
+ |IF(E(a1ay . . . az)) * aaptill 2

< IF(E(@az...an)lpllazvsillx
by Young’s inequality. Since Im = Qn)~4 2K (f* 2), we obtain
IE(a1@ . .. a2)azvs1llx < 1Kz llatllx - .. lazvs1llx.

Since the same result holds true for £ = Id this shows that the nonlinearity on the right
hand side of (2.14) defines a continuous mapping from X (R?)2v+1 to X (RY). The exis-
tence of a local in-time solution then follows by a standard Cauchy—Lipschitz argument
in the same way as in [5]. ]

At this stage, we have constructed the approximate solution
Uy (1,) = Y a1, x)H0/°,
jeJ
where the set J and the corresponding ¢;’s are as constructed in Section 2.1.1 and Sec-
tion 2.2.1, respectively, and the profiles are given by Lemma 3.4. Since

(@))jes € C(I0, T1; X(RY)),

we have in particular

Uy € C([0, TT; W N L*(RY)).

Higher regularity will be needed in the justification of geometric optics.
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Lemma 3.5. Under the same assumption as in Lemma 3.4 we have:

1. Ifa € X° (RY) for s € N, then the conclusions of Lemma 3.4 remain true with X (RY)
replaced by X* (R?).
2. Leta € X*(RY). Then in addition

t > a(t) = (aj()jes € C'([0, T]; X(RY)).

Proof. The first point is straightforward. The second point stems from the first one, in
view of the transport equations, (2.8), (2.14), respectively. O

Remark 3.6. In particular, if the initial profiles («;);ey, belong to the Schwartz class,
then (a;)jes € C([0, T1; X*(RY)) for all s € N.

4. Justification of multiphase geometric optics

In this section we justify the multiphase geometric optics approximation. We assume

0.0 = 0.0 = a0
Jj€Jdo

with (&) jey, € X (R9). Section 3 provides an approximate solution ugpp e C([0, T], Wn

Lz(]Rd )). With this existence time 7 (independent of ¢), we prove:

Theorem 4.1. Letd > 1,v € N, A, u € R, and E satisfy Assumption 1.3. Let ¢ C 74,
with corresponding amplitudes (o) ey, € XZ(Rd). Then there exists ¢y > 0 such that
for any 0 < & < g, the solution to the Cauchy problem (1.8)—(1.9) satisfies u® €
L0, T]; WnN L2). In addition, ut . approximates u® in the sense that

app
llu® — ugpp”Loo([O,T];L"oﬁLz) < llu® - “pr”Lw([o,T];WmLZ) E’ 0. 4.1)
When ) = 0, ugpp approximates u® up to O(g):
lu® — ugppll oo o0, 71: Loonr2y < MU — ugppll oo o, 71:wnL2) S €

In the case A = 0, a rate O(¢) is available in the error estimate, while no rate should be
expected in the case A # 0. In the equation satisfied by u® — uipp, the source term denoted
by r{ below is proven to be o(1) as ¢ — 0, and no rate must be expected in general, as
pointed out in Remark 4.4 below.

Remark 4.2. The above result can be proven (in the same way) in cases where the initial
set of phases is not necessarily supported in Z¢. We choose to prove the approximation
result in this peculiar framework since it is sufficient to infer Theorems 1.11 and 1.13.
A more general case would lead to small divisors problems, which can be treated as
in [5].
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Let w® = u® — ugpp be the error term. From Section 3.2, we know that there exists
T¢ > 0 such that
w® € C([0, T®]; W N L?).

We have to prove that for ¢ sufficiently small, w® € C([0, T]; W N Lz), where T > 0
stems from Lemma 3.4, together with (4.1). A standard continuity argument shows that it
suffices to prove (4.1). We compute

2
e
ied,w® + EAnwe =e(GW?®,...,u°) — G(ugpp, e ujpp)) + Aer{ +er; +erj,
where

G(uy, ..., uzps1) = MK * (uiuy ... upp))uzp+1 + LUIU2 . .. U2p41,
and the remainder terms are given by

e - - i —p, +— e i &
= S (K x@udr, .. A, @t 0000, o B/
(Zl ----- E21)+|)€Ijv

4 j = _ e
w7 —K(kj — Key, oy ), e, - 'a52v+1el¢j/8)’

e e e i 5 ipe e
ry :G(uapp,...,uapp)—z Z G(ag, e/ ,...,agzwed’bﬂ/ ),
JEJ (€y,.... oy 1 1)E];

€ i
ry = ) Ze"pf/SA,,aj.
jedJ

The term r{ corresponds to the stationary phase argument performed formally in Sec-
tion 2.2.2, and is proven to be o(1) in Lemma 4.3. The term rg is more standard, and
corresponds to the error introduced by non-resonant phases. Its contribution is proven
to be O(e) in Section 4.2, by a suitable integration by parts. Finally, the term r5 corre-
sponds to the fact that the approximate solution was constructed by canceling the O(1)
and O(e) terms only in the formal WKB construction: r5 corresponds to the remaining
O(&?) terms, and is (rather obviously) of order O(¢).

4.1. Localizing the nonlocal oscillations

Lemma 4.3. Under the assumptions of Theorem 4.1, we have

”ri?”LOQ([O,T];WﬂLZ) —> 0.

e—0
Proof. Let j € J, (€y,...,Lo41) € Ij, with kg, # k;. Denote
A=andy .. .ap, a=dg,,, K=Ky,

bE(x) = E(A(x)e' €Ki /ey g (x)elk¥/E
bipp(x) = E(K] - K)A(X)a(_x)ei’(j'x/s’
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where we have dropped the dependence upon j, £1, ..., £2,41 and z. Then

ry = Z Z b° — bgpp)eitatd)j/e’

J€J (Uy,lovy)El], oy 1 #]

where the notation 19, ¢; is there only to avoid a discussion on the n’s. We need to estimate
riinW = F(LY and L? = F(L?), so we compute:

Z;S(S) — ]_'(E(Ael'(l(j—K)~X/8)aeik-x/£)(§)
= Qn) 2 (F(E(A ) 5%)) % F(ae™ /%)) (&)

= @m)~” / ROA (; -4 ;”)a(s —- g) d
—am 2 [ f(z +2 K)fT(c)a‘(s —¢- ';—’) d.

On the other hand,

bep(6) = (2m) /2 [ Kej — Kﬁ(;)a(s —¢- ”—’) dz.
e
Since K is homogeneous of degree zero, we infer
e e _ —dn2 | .. = VIR Kj
b* (&) — by (6) = (27) /(K(K, — Kk +80) — K(kj — K))A(C)a<é —¢- ;)dgﬂ

Therefore,

”rf”WﬂU = Z Z /R‘1|K(Kj = Keg, 1y T88) — K(kj — Ky, )]

JjeJ (Ly,..., £2U+])€Ij582\l+1¢.l

. |f(a€1562 .. EEZU)(CH ||aZ2p+1 ”WﬁL2 d;

To conclude, we note that K € L>(R9), and K is continuous at Kj — Ky, 7 0. We can
then conclude by the Dominated Convergence Theorem. O

Remark 4.4. The proof shows that, in general, we cannot expect a rate in our asymptotic
error estimate. For instance, for the nonlocal interaction in (DS), if « = (p, 0), p # 0,

—82§22
(p+ec)? +e2gd

K +¢e) — K(k) =

There is no uniform control (in ¢) other than

IK(k +¢e) — K(k)| < 1.
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4.2. Filtering the noncharacteristic oscillations

Nonlinear interactions not only produce resonances, but also other noncharacteristic high
frequency oscillations. The latter have to be filtered via an integration by parts. This be-
comes clear on the integral formulation for

82
i8atw8 + ?A,]we = FS,
which reads
t
we(t, x) = US()w® (0, x) —ie™! / Ut — 1)F°(z, x)dr.
0
The main result of this subsection is:
Proposition 4.5. Let (oj)jey € X 2(R"). Denote
t
R5(t,x) = _i/() Uf(t — o)r5 (T, x)dr.
There exists C > 0 such that for all ¢ € 10, 1],

sup ||R§(t)||WmL2(Rd) <Ce.
te[0,T]

To prove this result, we first reduce the analysis to the case of a single oscillation. De-
compose r5 as

e i 3 ipg &
r; G(Zag]e‘ml/,..., Z ag2u+]e¢2v+l/>

e Oyy1€]

JEJ (€1, loyy1)€E];

i e iy e
G(ag, e/ ,...,azz”+1e¢2v+1/)

|
N

JEJ (€1, oy 1)€E];

i £ i €
= Z G(aglelml/ LA az2v+le ¢sz+l/ )9

where
_ q2v+1 .
N=7""\J1
jeJ
is the nonresonant set. Write
G(agleiml/g, e a52U+lei¢EZV+l/£)

= AE(ay,dy, - - _mzvei((bzl —¢z2+~--—¢e2V)/8)aezv+leinUH /e

- apy, @ O
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and separate the temporal and spatial oscillations. The nonlocal term reads

d
exp(—i 3 ke ml® = el = ks, Pt/ 22) )
m=1

- - i(kg, —Kes+-—Kg, )-X/€ iKkp x/e
x E(ag,ay, ...ag,e "1 " )X/ )ae2v+le 2041 ,

with, since (£1, ..., £2,41) € N,
d d
2 2 2 2
D e, ml® = ey ml® + -+ = Kty ml?) # Y Nmlicenyyml

We see that the following lemma is the key:
Lemmad.6. Let T > 0, w € R, k1, k2 € RY, and by, by € L¥([0, T]; W N L2(R%)).

Denote

t
D(t, x) :=[ U (t — T)(E (b1 (7, x)e™ /)by (z, x)e 2 /e 0T/ 39)) g,
0

Let k = k1 + k3. Assume w # |/<|2, and d;bj, Abj € L*°([0, T]; WN L2(RYY), j=12
Then

I D* () 1b1b2llxy + 161 Al xy + 1D28b1 | x7 + VD1 Vb2 1

<
”XT = ||I(|2 — (,()|
+ 11613; b2l x7 + 1b20:b1 1l x7)

where || fllx; = IIf | Lo 0,71, wnr2), and C is independent of kj, » and b;.

Proof. Let
FEt, x) = Ebi(t, x)e 1) by (2, x)e /¢

We compute, as in the proof of Lemma 4.3,

Frae) = <2n)—d/2((1? ( + g)a . ->) #Ba(t, -)) (s - g) = ?(r,é - g)

where
g° = E(b)by and E*(b)(€) = K (s + %)Z@).

By the definition of U*(¢), we have

~ t . p ‘
Di(t,&) = / e_lg(t_r)sz/zg'\s(hé — ;)e_"”f/(zs)d.[.
0
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Setting n = & — k /¢, we have
t
Dé(t, &) = e‘iSI'”JF"/E'z/z/ eleTIm/e /2 e (7 pyeion/Qe) gr
0
t
:e4MHwﬁﬂ/1éﬁﬂ§qudt
0

where we have denoted

] o 2 |K|2—w
O=¢en+—| ——=¢eml"+2«-n+
£ Fo ———
0, ——
02
it6/2.

Integrate by parts, by first integrating e

.01

~ 20 2i 1.
Df(1,8) = —ge”e/z’g*(r, o+ Py /0 'm0 <, S8 @ +ag n)) dr.

The lemma follows, since K e L®(RY). m}

In view of Lemma 3.5, Proposition 4.5 follows by summation in Lemma 4.6.

Remark 4.7. Lemma 4.6 remains true if E is replaced by the identity operator. In this
case, we simply extend [5, Lemma 5.7] from the W setting to the W N L? setting, an
extension which requires absolutely no novelty.

4.3. Proof of Theorem 4.1

Lemma 3.5 shows that under the assumptions of Theorem 4.1, we also have

sup 15D llwnr2eey S € 4.2)
1€[0,T]

Duhamel’s formula for the error term w® = u® — ug,, reads

p
t
wé(t) = —i /0 Us(t — ) (GW?®, ..., u) — G(ugpp, R ugpp))(t) dt
t
- i/ Ut —o)(r] +r5 +r3)(0)dr.
0

We then proceed in two steps:

1. Prove that w? is small (as in Theorem 4.1) in W.
2. Infer that w® is small in LZ(RY).
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We note the pointwise identity

GW®, ... .u") = Gy, ... ubpy) = LK * [u|? + p|u®[*)w’

A+ K s (1 — a0 ubyy + e (u [P = fugp, )

app app ppr (43)

Since K € L®°, we infer

2

IG WS, - ) = Gl s )l S N 130 1wl

2v—1 2v—1

12 4l 120 T llw e
2 2
< (sl + 1w 1B 1w flw

where time ¢ is fixed. We know from Lemma 3.4 that ugpp € C([0, T]; W), so there exists
Cy independent of ¢ € ]0, 1] such that

luSop@llw < Co. ¥t €[0,T].
Since u € C([0, T¢]; W) and wl”;zo = (0, there exists ¢ > 0 such that
|w®(@®)llw < Co 4.4
for ¢t € [0, ¢*]. So long as (4.4) holds, we infer

t
o () 1w 5/0 s (©)lw dr + [Ao(]) + &,

where we have used Lemma 4.3, Lemma 4.5, and (4.2). The Gronwall lemma implies that
so long as (4.4) holds,

lw*Ollw < Alo(1) + &,
where the right hand side does not depend on ¢ € [0, T]. Choosing ¢ € ]0, o] with &g
sufficiently small, we see that (4.4) remains true for ¢ € [0, T'], and the Wiener part of
Theorem 4.1 follows.

For the L? setting, we resume (4.3). Plancherel’s identity and Young’s inequality yield

2
||G(u8’ ceey us) - G(u;ppv DR} u;pp)'le 5 ||u8||‘41/)||w8”L2

2v—1 2v—1
a1 Tl 12w w2

By Lemma 3.4, ugpp e C([0, T1; L2(RY)), so by the first part of the proof of Theorem 4.1,

the last line in the above inequality is Ao(1) + O(e). We also know
lu®@®)llw <2Co, ¥Vt €][0,T],
provided ¢ is sufficiently small. Gronwall’s lemma then yields directly the estimate

sup [[w* @)z < [Alo(1) +e.
t€l0,7T]
This completes the proof of Theorem 4.1.

Note that for A = 0, we get the rate O(¢) for the remainder term, while for A # 0, no
rate is expected: this follows from the analysis in §4.1.
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5. More weakly nonlinear geometric optics

In this section, we aim to get further insight into the geometric optics approximation in
Sobolev spaces of negative order. As we shall see, estimates of the approximate solution
(in negative order Sobolev spaces) can be somewhat counter-intuitive. To this end, we
consider
e Ty, €02 '
isdu’ + At = pel P, Wt 0.0 = Y (e (s
i€l

The regime J = 1 is critical as far as nonlinear effects at leading order are concerned,

according to [4]. For J > 1, nonlinear effects are negligible at leading order in L? N L>°.
We shall analyze this phenomenon more precisely.

5.1. Approximate solution

Pretending that even if J > 1, the nonlinearity behaves as in the critical case J = 1, we
can resume the discussion from Section 2.1: we consider the same resonant set, and the
transport system becomes

e . e _ = J—1 £ —¢ 5 e .
8,aj + K;j -Vaj = —iue Z Qg gy Ay, s G = O,
(1, lap1)€l}
where the notation now emphasizes that the presence of ¢ in the equation makes the pro-

files e-dependent. Working in the same functional framework as in Section 3, we construct
profiles for which we prove first

(@)jes € C([0, TT; X(R))
for some 7" > 0, uniformly in ¢ € [0, 1], then infer
al(t,x) = aj(x —tx)) + O’ in C(0, T]; W N L*(RY)).

On setting |
Mgpp(f, x) = Za;(t’ x)e"”.i(”x)/a’
jeJ
a straightforward adaptation of Theorem 4.1 yields, provided that we start with suitable
initial profiles,

sup |4 (1) — uSpy () lyrz2 = O(e).
tel0,7T]

5.2. Negligible or not?

In view of the proof of the norm inflation phenomenon, we shall now focus on the case of
Example 2.3. We know from the above that, starting with three nontrivial ¢-oscillations,
the zero mode instantaneously appears at order £/ ~!. For future reference, we prove a
result whose assumptions will become clear later on.
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Lemma 5.1. Letd > 1 and B > 0. For f € S'(R?Y) and k € RY, denote
I (£ 000 = f (el P2t e0E,

(1) Letk € R? with # 0. For all o < 0, there exists C = C(o, k) such that for all
feS®RY,

128 Cf, )W ay < Co~/OPRHUERIN £ s

withm = |o|if B < 1,andm = %(l + B)lo| if B = 1. In addition, C(o, k) — 0 as
k| — +o0.
(2) Forallo <0, 8 < land f € L>(RY),

172, O g0 ay = € “ P2 F 1172 gy + 0(1)  ase — 0.

@) Ifp=10€Rand f € H* R, then [[1°(f. 030 gay = 11 £ 1370 ga)-
@) IfB>10<0 and f € H®(RY), then

17°Cf 0o ay = &~ PO IR -

This result shows in particular that for 0 < 0, x # 0 and f sufficiently smooth, we
always have

175 Cf Ol o ray > 12 Cf2 ) o gy
Proof. We compute

Y _ —ix-& (1=B)/2+ iKk-x)e1TP)/2
I5(f,1)(§) = @)k /6 Sxe )e dx
—d(1— 1 v /e1=P)2 .
_ da ﬁ)/z(zﬂ)w2 /e ivE/e1IPI2 £ iyl g

_ —da-pp7f__§ K
= ¢ I ———
f(gu—ﬁ)/z g>

Therefore,

T8 CF 1 o oy = f (&)1 (f ) ®)> ds

d(l— ol = & K
=0 ﬂ)/@)z f<g<1—ﬁ)/z' - ;)

To prove the first point, we write, foroc <0and 8 < 1,

2

dE.

PN 00

20 2o
_ 20 § K & K -~ & K
- /@) <8(1—ﬁ)/2 N ;> <€<1—ﬁ>/2 B §> f(ga—ﬂ)/z - ;)

1 3 e\ 7! d(1-p)/2 2
< su - - et o .
= ge@(@) <8(1_ﬂ)/2 €> ) ||f||H\ |(]Rd)

2

d§
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Next, write

—1 -1 -1
B R RS VY L | W P S
TRV IRV A2

where we have used the assumption 8 < 1. Then use the Peetre inequality (see e.g. [20])
to get the desired estimate in the case 8 < 1.

In the case 8 > 1, we use another decomposition:

PN (fL 1) o gy

~ N e \A+B0 \ Ao ]
= &) c1=B)2 ¢ c1=-p/2 ¢

&

2

d§

~ £ K
f c1=P2 ¢
—(1+B)\ lo|

-2 § K cd(1-8)/2
< su —_— — —
= ge]é)d((s) <8(1_'B)/2 8> ) ||f”H(1+ﬂ)\fr\/2(Rd)

‘We use the obvious estimate

(£)? &K\ o J/e)t? if |£] < |k|/e(1+A)/2),
c0=P2 R e/eU+B22 i 18] > el (2e0+B)2),

In both cases, we infer

148
(&)? _§ > o= (1+h),
c0-B2 ¢ ~

which yields the first point of the lemma. To prove the second point, write

2
17 CF O o ey = £~ 7F / €| f1 (ﬁw) a

=02 [P 20 g P

In the case B < 1, we conclude thanks to the Dominated Convergence Theorem. The
third point of the lemma (8 = 1) is obvious. To prove the last point, we write

11 (£, O 3o oy = €72 / (s1P26)2 | F (&) dt

_ gd1-p))2

1 N
| e R
- gB=Dlo|
d(i- ﬂ)/z/ EE 1+|S|2)“"|f@)| d&

—d(1-B)/2+(B—Dlo| 2
= | el TR ae,

and the result follows.
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Remark 5.2. The last estimate of Lemma 5.1 is sharp in terms of power of ¢, since by
dominated convergence

1~
2 2 ~ g—d(1=p)/2+(B—Dlo] 2
15 O oy~ ¢ /R TR ds
forall f € L N H° when —d/2 < o < 0,and forall f € L>N H? such that 0 ¢ suppf
wheno < —d/2.

Next, we shall simply apply Lemma 5.1 (in the case § = 1) to ugpp. We find, thanks
to Lemma 2.4,
lag Ol s ray ~ &7~
for t > 0 arbitrarily small. On the other hand, the first point of Lemma 5.1 yields, for
s <0,
itk (1) — @l (O] s ey S €.
We infer, if s < 0,

I (Ol s mty = lla§ Ol s ey + O + O(e),

where the last term stems from the geometric optics approximation, and the simple con-
trol, fors < O, | fllgs < || fll; 2. We conclude that for + > 0 arbitrarily small, the zero
mode is not negligible in H (R?), provided

|s|] >J —1landJ —1 <1, thatis, s<1—J <O0andJ < 2.

We finally remark that having the zero mode not negligible at leading order means that
nonlinear effects are present at leading order, in H* (R¢). We summarize these remarks in
the following

Proposition 5.3. Let s, J € Rsatisfy s < 1 —J < 0and J < 2. Set Jo = {1,2,3},
ko = Opa, and consider O from (2.7). Then there exist a1, 0, 3 € S (Rd), independent
ofsand J, and a T > 0, such that the unique solution u® € C([0, T, L2N L) 10 (5.1)
satisfies, for all t € 10, T] where ag(t) # 0,

e Ol s ey = Nag O s ey = e’ > llu® O) | s raty ~ el ase — 0.

6. Norm inflation

To explain our approach, we first consider the nonlinear Schrédinger equation

1
iy + S AY =uly|?y, xeRY Yu—o=o. (6.1)

We proceed in four steps:

1. Choice of a suitable scaling in order to be able to use weakly nonlinear geometric
optics.

2. Link between the Sobolev norms of vy and approximate solutions given by geometric
optics.

3. High frequency analysis (WNLGO).

4. Conclusion: what WNLGO implies in terms of .
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6.1. Scaling
We consider the general scaling
u(t, x) = ey (P, e’ x).
To simplify the discussion, we want to fix «, 8, y so that ¢ solves (6.1) and u® solves

2
) &
igduf + EAMS = pe’ |uf P uf

with 1 < J < 2. We will relate phenomena affecting u® for times of order O(1) with a
norm inflation for ¥ on times of order o(1): this imposes 8 > 0. We find the relation

1+8=242y =J +2va.
Leaving only B as a free parameter, this means
ub(t, x) = e BHI=DIC@ By ¢ B=D/25y, 6.2)
The initial data that we want to consider for #® are

uf(0,x) = Z otj(x)ei"f"x/E

Jj€dbo
with k; € R? and o; € S(RY). In view of (6.2), this yields

W (0, x) = g~ BH1=D/@v) Z aj(xg(l—ﬂ)/Z)eilc_rx/g(lJrﬂ)/z‘
Jj€dbo

This is exactly the scaling used in Lemma 5.1, up to the factor ¢ ~(#+1=/)/@v),

6.2. High frequency analysis

We resume the framework of Example 2.3, and suppose that at time ¢ = 0, u® is the sum
of three plane waves:

3
uH(0.x) = 3y (x)e 0
i=1

with a1, a2, a3 € S(R?) and
k1=(1,0,...,0),k0=(1,1,0,...,0), k3= (0,1,0,...,0) € R?.

The important point is that by nonlinear resonance, the zero mode appears (and possibly
other modes):

o
- t
Uapp (8, %) = ao(t, ¥) + D aj(t, )it x) = k5 x = Sl
j=1
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where, for j > 1, we have «; € 74 \ {0}, and the series is convergent in LZ(R‘I), and
more generally in all Sobolev spaces from Remark 3.6. By Lemma 2.4 (or Lemma 2.11,
or Lemma 2.13), even though ay is zero at time t = 0, we can choose initial profiles so
that d;ap;=0 7 0O: this mode becomes instantaneously nontrivial. Geometric optics yields

& &€
||M - uapp”Lo"([O,T];Lz(Rd)) E) 0. (63)

Below, we take advantage of this approximation, and of the fact that the new (non-
oscillating) generated mode ag is much larger than the others in negative order Sobolev
spaces, as measured by Lemma 5.1.

6.3. Proof of Theorem 1.11

In this case, we choose J = 1. The reason why we have no flexibility for J here is
that in Section 5, we have used the fact that a rate for the error estimate is available,
“ua — ugppll oo, 71, wnr2) = O(e). Unlike 'the (NLS) case, no rate is available in general
in the presence of a nonlocal term; see Section 4.1.

For ¢ = 1/n, denote by v, the solution given by (6.2), and by ¢, its trace at ¢t = 0.
Lemma 5.1 yields, for s < 0,

||¢n||?p(Rd) < g~ B/v=d(1=B)/2+Is|(1+p)

We have ||, || gs — 0 provided

, _p dj2—|s|
=5 A HB+H >0 & p> S

where s, given by (1.1), is always nonnegative in the framework of this paper.

Let > 0 independent of & be such that ag(t) # 0. Set t, = tef = v/n#; then
tn — 0 provided 8 > 0. Denote by Yrapp the function obtained from ujpp via the scaling
(6.2) (the dependence upon rn is omitted to ease the notation). Consider o < 0. We have
obviously

6.4)

1Y (20) — 1papp(tn)”H“(]Rd) < [Ym(tn) — Wapp(tn)”L%Rd)‘
Estimate (6.3) shows that

1 (1) = Yapp ) | 2ty = OWapp @) | 2mey) @ — o0,
We assume 0 < 8 < 1. Lemma 5.1 yields, for g < 1,

—B/v=d(1-p)/2

2 2 2
”wapp(tn)”Ha(Rd) 5:0 ||1/fapp(fn)||L2(Rd) 6:0 & ”a()(T)HLZ(Rd)'

For 8 = 1, we still have

~ e PR 2 gy (1) 117 2 -

1rapp () 370
We infer, for 8 < 1,

2 ~ 2 ~ g~ B/v—d(1-B)/2
1 ) oy~ W ) o gy~ .
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This power of ¢ is always negative, since we have s, > 0, and Bs. < s, < d/2. So to
prove norm inflation, we simply have to check the compatibility of (6.4) with the condi-
tion0 < B < 1:
d/2 —|s|
Se + s

The case of equality, which corresponds to the statement of Theorem 1.11, can be reached
thanks to logarithmic modifications (multiply the initial data by In ¢), in the same spirit as
in [7, 2].

Finally, we simply note that all the negative order Sobolev norms of 4y become un-
bounded along the sequence of times #,. It is then obvious that so do the positive order
Sobolev norms.

1
1 —.
<1 & |s| > 7

6.4. Proof of Theorem 1.13

We now assume A = 0. There is no nonlocal term and we can use the analysis of Section 5
with 1 < J < 2. We mimic the discussion from the previous subsection concerning the
algebraic requirements on the different parameters, S, s, and now J. Lemma 5.1 yields,
fors <0,

1l gy S £~ BF 1=/ mdU=P/2H 1),

so we demand
d/2—|s|—(J=1/v

se + |s]
We will still demand 0 < 8 < 1,so for all o € R,

(6.5)

2 ~ 2 ~ o2(J=1) —(B+1-J)/v—d(1-8)/2
1 ) oy~ W ) o gy > €2 ,

where the new term £2(/ =1 is due to the fact that we consider “more weakly” nonlinear
geometric optics. This total power of ¢ is negative provided

d 1
Bse <= —(J — 1)(2+ —). (6.6)
2 %

The algebraic requirements are 0 < § < 1,1 < J < 2, (6.5), and (6.6). We check that
they are compatible, provided s < —1/(1 + 2v). For such an s, we can find § > 0 so that

Pick 8 = 1 and
. 24 2v
S+
The first two conditions are obviously fulfilled, at least if 0 < § < 1 (it suffices to prove

Theorem 1.13 for s close to —1/(1 + 2v)). A direct computation shows that so are (6.5)
and (6.6). Theorem 1.13 follows.




1918 Rémi Carles et al.

Appendix A. Proof of Proposition 1.9

Without recalling all details of [3, Proposition 1], we shall give a flavor of this rather
general result, and explain how to infer Proposition 1.9. Roughly speaking, it suffices to
prove that one term in the Picard iteration process rules out the condition in Definition 1.1,
in order to deny well-posedness for the solution to the nonlinear problem. Therefore, we
start with the free equation

iy + 30,0 =0, Y=o = 9.

For (NLS), we then consider the integral term

L
D(p)(t, x) = —iM/O e T My Py (. x) dr.

To prove Proposition 1.9, it suffices to show that the map ¢ +— D(¢) is not continuous
from H* (R?) to C([0, T1; H® (R?)), that is, there is no control such as

2v+1
||D((P)||LOO([0,T];HG(R<1)) S ||§0||,;j(_Rd)- (A.1)

The main difference with the approach of Section 6 is that now the analysis is “much
more linear”. In practice, we resume the same lines as in Section 6, up to the factor
gB+1=1/@) which was there only to get precisely a weakly nonlinear regime. We also
fix B = 1, and consider

3
@(X) — Zaj(x)eikj-x/é"
=1

where aj € S (R) and the k;j’s are given by Example 2.3. By creation of the zero mode
(from Lemma 2.4), and Lemma 5.1, (A.1) would imply

1< gfs(2v+])

which is impossible if s < 0.

In the case where the nonlocal term is present, one can argue along the same lines.
For (DS), the assumption A + 2u 7 0 arises when one wants to use Lemma 2.11 in place
of Lemma 2.4. For (DGP), one uses Lemma 2.14.

Appendix B. On negative order Sobolev spaces

Lemma 5.1 with 8 = 1 shows that all Sobolev norms for 1°(f, k) = f(x)e!**/¢ behave
according to the intuition as ¢ — 0, provided f € S (]Rd), that is,

W O ey S 650 Vs € R, ik #0.

The aim of this appendix is to show that in general, negative order Sobolev norms can
behave rather strangely on functions which exhibit rapid oscillations and/or concentration
effects (as is typically the case for wave functions of quantum mechanics in the semi-
classical limit).
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Example B.1 (Oscillatory functions). We consider a WKB state with nonlinear phase
function ¢ (x) = —%|x|2:

¢ (x) = e P2l o R

Lemma B.2. Letd > 1. Then as ¢ — 0,

e’ if s >—d/2,
18° 1l s may = { e%/%\/log(1/e) if s = —d /2,
gd/2 if s < —d/2.

Remark B.3. The same asymptotic result is true in homogeneous Sobolev spaces (it
will be clear from the proof), but the result in the inhomogeneous case is perhaps more
striking.

Proof. Consider more generally, for z € C with Rez > 0,

g:(x) = e 2,

We compute
_ e
Fg.(6) =z d/2,—~1517/(22)

Fors € R, wehave,ifz=a+ib,a,b e R,a > 0,

5 ! s — 2o lE1?
”gZ”%.]s(Rd) = Ad@.")z |ng($)|2d§ = WA[I(S)Z e a2+b? d&-

1 a2+ 2\ \E _
ZW/Rd<< y > n> e " an. (B.1)

In the present case of z = 1 4 i/e,

5 1 1/2 \2s P2
& — _ —In
”g ||H.Y(Rd) - /]‘kd<<1 + 82> 77> e d’?
2s +00 2\ §
%/ <Q> e~ In? dn = c(d)/ <1 + r_2> e Py,
R4\ € 0 &

We split the last integral into [ + /. ;roo. Then we have for all s, since 1 < 1 4+r2/g% <2
in the first integral,

3 r2\* 2 3 2
/ <1 + —2) e rildr ~ / el dr a2 gl
0 € 0

For the other term, since 1’2/82 <14+ rz/e2 < 21’2/82, we have

+00 2N\ +o00
r 2 g _ 2 _
1(¢) :=/ (1 +—2> e i ldr ~ e ZS/‘ e " rBtd=lgy,
& € €
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Therefore, if d + 2s > 0, then I (¢) ~ €725, On the other hand, if d + 2s < 0, the lack of
integrability near the origin yields

I(e) = ed,
and if d + 2s = 0, we have, for the same reason,

1

1
I(e) ~ e ¥ log — = e log ~.
€ €

The lemma follows. O

Example B.4 (Concentrating functions). Another important example concerns func-
tions which concentrate at a point, e.g.

PE(x) = 8—d/4e—|x\2/(26)’ ¥ eRY.

The function p? is a so-called coherent state in quantum mechanics (centered at the origin
in the phase space).

Lemma B.5. Letd > 1. Then

g=s/? ifs > —d/2,
1p% sty = { €44 log(1/e)  if s = —d 2,
gd/4 if s < —d/2.

Proof. Resume the above computation, with now a = 1/¢ and b = 0. We have

2s
n 12
[V =/Rd<$> e " dn.

We can then resume the same computations, by simply replacing & with /&. O
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