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Abstract. We study the evolution of pluri-anticanonical line bundles K ;,1” along the Kéhler Ricci
flow on a Fano manifold M. Under some special conditions, we show that the convergence of this
flow is determined by the properties of the pluri-anticanonical divisors of M. For example, the
Kihler Ricci flow on M converges when M is a Fano surface satisfying C%(M) =1lor c%(M) =3.
Combined with the work of [CW 1] and [CW2], this gives a Ricci flow proof of the Calabi conjecture
on Fano surfaces with reductive automorphism groups. The original proof of this conjecture is due
to Gang Tian [Tian90].
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1. Introduction

In this paper, we introduce new criteria for the convergence of the Kihler Ricci flow
on general Fano manifolds. Moreover, we verify these criteria for the Kihler Ricci flow
on the Fano surfaces CP? # 8CP? and CP? # 6CP2. Consequently, we give a proof of the
convergence of the Kéhler Ricci flow on such Fano surfaces. The existence of KE (Kihler
Einstein) metrics on these Fano surfaces follows as a corollary.

In Kihler geometry, a dominating problem is to prove the celebrated Calabi conjecture
([Ca]). It states that if ¢1 (M) (the first Chern class of a Kéhler manifold M) is positive,
null or negative, then M admits a KE metric. In 1976, the null case Calabi conjecture was
proved by S. T. Yau. Around the same time, the negative case was proved independently
by T. Aubin and S. T. Yau. However, the case of positive first Chern class is much more
complicated. In [Ma], Matsushima showed that the reductivity of Aut(M) is a necessary
condition for the existence of KE metric. In [Fu], A. Futaki introduced an algebraic invari-
ant which vanishes if M admits a KE metric. Around 1988, G. Tian [Tian90] proved the
Calabi conjecture for Fano surfaces with reductive automorphism groups. Prior to Tian’s
work, there is a series of important works [Tian87], [TY], [Siu] where existence of KE
metrics on some special complex surfaces were derived.

Let (M, J) be a Fano manifold, {w;,0 < t < oo} be a one-parameter family of
Kihler metric forms in 27w ¢ (M), and g(¢) = g; be the metrics compatible with w; and J.
Suppose g(t) evolves along the Kahler Ricci flow. Let KA_,I1 be the anticanonical line

bundle, and /; = w} be the evolving metrics of KA_,II. Let v be a large integer such that

K;," is very ample. In this paper, we study the evolution of the line bundles (K,", h}).
Let Ny, = dim H 0(K }_w”) — 1, and {Sf}’ ﬁ}g;() be orthonormal holomorphic sections in

HO(K;,”) with respect to the metrics w; and h/, i.e.,

/ (Slt)’aas]t;,ﬁ”’l}]w? 250(,37 05“5,3 SNU
M

It is easy to observe that
1 Ny 5
Fy(x, 1) = glogﬂzowlt;,ﬂw(x)

is a well defined function on M x [0, o) (independent of the choice of orthonormal
basis). The Kéhler Ricci flow {(M, w;),0 < t < oo} is said to be tamed by v if KA}” is
very ample and F), (x, ¢) is a uniformly bounded function on M x [0, o). The flow is a
tamed Kdhler Ricci flow if it is tamed by some integer v.

For a tamed flow, we show that one can give criteria for the convergence of the flow
by using some invariants defined in complex algebraic geometry.

Definition 1. Suppose L is a line bundle over M with Hermitian metric 4, S is a holo-
morphic section of L, x € M. Define

oy (S) = sup{o | ||S||;2”‘ is locally integrable around x}.

It is called the local a-invariant of the section § at point x.
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See [Tian90] and [Tian91] for more details about this definition. Note that o (S)
is also called the singularity exponent ([DK]), log canonical threshold ([Chl]), etc. It is
determined only by the singularity type of Z(S). Therefore, if S € H(K o )s then ., (S)
can only achieve finitely many possible values.

Definition 2. Let G be a compact subgroup of Aut(M), wo € 2mwc1 (M) be a G-invariant
metric, and Pg , (M, wp) be the collection of all G-invariant functions of the form
v~ 1og(5g 150,817 ). where (8,635~ € HO(K),") (1 <k < N, + 1) satisfies

f (gv,a» gv,ﬂ)h”w8=8a57 0<a,B<k—-1=Ny; ho=w8-
M

The number supf{er | sup,e . . /, y € Py < oo} depends only on the class [wy] =
2mc1(M). We denote this number by ag , r(M). If G = {id}, we denote ojjg),» k(M) by
oy k (M).

It turns out that the values of «, ;1 and &, > play important roles in the convergence of

the tamed Kihler Ricci flow. Denote w; = wg + ~/—133¢(r) where ¢(¢) is the Kihler
potential. We have the following theorems.

Theorem 1. Suppose {(M", g(t)),0 < t < oo} is a Kdihler Ricci flow tamed by v. If
ay,1 > n/(n+1), then ¢ is uniformly bounded along this flow. In particular, this flow
converges to a KE metric exponentially fast.

Theorem 2. Suppose {(M", g(t)),0 <t < 0o} is a Kdihler Ricci flow tamed by v. If
1

_ _n—1
(n+1Day 2

oy > and o1 >

b

n—+1

then ¢ is uniformly bounded along this flow. In particular, this flow converges to a KE
metric exponentially fast.

In fact, if a Kéhler Ricci flow is tamed by some large integer v, an easy argument (cf.
Section 2.3) shows that the following strong partial C%-estimate holds:

<C. (1)

1. X N
1) — H—-—1 Ag(D)SE 412,
@(t) = supg(t) = Og,g (S, gl

Here {1 (t)},ivio are N, + 1 positive functions of time which satisfy
0<i@) =A@ < <n,@)=1.

{53, P }2’;0 is an orthonormal basis of H(K ;,I") under the fixed metric wq. Intuitively,
inequality (1) means that we can control Oscys ¢(t) by p! log Zg;o [Ag (t)S‘f)’/3 |25 which
only blows up along intersections of pluri-anticanonical divisors. Therefore, the estimate

of ¢(¢) is more or less determined by the properties of the pluri-anticanonical divisors.
In view of these theorems, it is important to check the following two conditions:

e The Kihler Ricci flow is tamed by a large integer v;
e o, (k =1, 2) are large enough.
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ayx can be calculated by algebraic geometry methods. The first condition is weak. We
believe that it holds for every Kéhler Ricci flow on a Fano manifold although we can-
not prove this right now. However, under some extra conditions, we can check the first
condition by applying the following theorem.

Theorem 3. Suppose {(M", g(t)),0 < t < o0} is a Kdihler Ricci flow satisfying the
following conditions:

o Volume ratio bounded from above, i.e., there exists a constant K such that
Volg( (B (x. 1)) < Kr?

for every geodesic ball By (x, r) satisfying r < 1.
o Weak compactness, i.e., for every sequence t; — 00, by passing to a subsequence if
necessary, we have

M, g(t) <> (1. §),

s

Ay s . . « C*
where (M, g) is a Q-Fano metric-normal variety, “ —> ~ means Cheeger—Gromov
convergence, i.e., (M, g(t;)) converges to (M, g) in the Gromov—Hausdor{f topology,
and the convergence is in the smooth topology away from the singularities.

Then this flow is tamed.

In the case of Fano surfaces, Tian proved a similar theorem in order to solve the Kéhler
Einstein equation under a continuous path of complex structures. There are more es-
timates available in his approach since every metric there is a KE metric. In particular,
Ricci curvature is constant. In our approach, more technical difficulties appear since Ricci
curvature may be unbounded. The concept of Q-Fano variety was first defined in [DTT; it
is a natural generalization of Fano manifold. A Q-Fano variety is an algebraic variety with
a very ample line bundle whose restriction to the smooth part is the pluri-anticanonical
line bundle. Let P be the singular part of the Q-Fano variety M. We say (M, &) is metric-
normal if M is a normal variety and the Minkowski codimension of P is not less than 4
with respect to the metric . In the proof of this theorem, Hormander’s L?-estimate of
the d-operator, Perelman’s fundamental estimates and the uniform control of Sobolev
constants (cf. [Ye], [Zhq]) play crucial roles. Actually, Sobolev constants control and
Perelman’s estimates guarantee the uniform bound of || NA oM and || IVSIny |l co )

whenever § is a unit norm holomorphic section in H Ok ;1”). Hormander’s L2-estimate

of the 3-operator implies that the plurigenera are sequentially continuous. Therefore, for
every fixed v, we have

N, Ny
lim inf ¢"F®%) = lim inf Z IS5 417 (x) = inf Z 1S,.513, (x).
i—>ooxeM i—>00xeM £— T xeM &=
p=0 B=0
This equation relates the tameness condition to the property of every limit space. If every
limit space is a Q-Fano metric-normal variety, we know

Ny

inf > |§v,ﬂ|ﬁﬁ (x)>0
xeM B=0 !
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for some v depending on M. Then a contradiction argument shows that ¢”» must be

uniformly bounded from below for some large v. In other words, F), is uniformly bounded
(the upper bound of F), is implied by the upper bound of || [Ty || co ( M)) and the flow is
tamed.

As applications of Theorems 1-3, we can show the convergence of the Kihler Ricci
flow on a Fano surface M when c%(M ) < 4.

In [CW3], we proved the weak compactness of every 2-dimensional Kihler Ricci
flow.

Lemma 1 ([CW3]). Suppose {(M, g(t)),0 < t < oo} is a Kahler Ricci flow solution
on a Fano surface. Then for every sequence t; — 00, we have the Cheeger—Gromov
convergence

M. () <> (01, 8)

where (M, 8) is a KRS orbifold with finite singularities. In particular, Misa Q-Fano
metric-normal variety.

Moreover, the volume ratio upper bound is proved in the process of proving weak com-
pactness. Therefore, Theorem 3 and Lemma 1 imply that every 2-dimensional Kahler
Ricci flow is tamed. We remark that, in an unpublished work (cf. [Sel]), Tian has pointed
out earlier the sequential convergence of the 2-dimensional Kéhler Ricci flow to Kéhler
Ricci soliton orbifolds under the Gromov—Hausdorff topology. Under the extra condition
that Ricci curvature is uniformly bounded along the flow, Lemma 1 was proved by Natasa
Sesum [Sel]. However, for our purpose of using Theorem 3, these convergence theorems
are not sufficient (we need Cheeger—Gromov convergence without the Ricci curvature
bound). In the course of proving this lemma, the fundamental works of G. Perelman
(cf. [Pe]) on the Ricci flow (no-local-collapsing theorem, pseudo-locality theorem and
contradiction arguments for canonical neighborhood theorem) play crucial roles. Under
some natural geometric constraints, we prove an inverse pseudo-locality theorem and ob-
tain estimates of volume ratios of geodesic balls. We found that the arguments of volume
ratios in [TV1] and [TV2] are very enlightening.

In order to show the convergence of a 2-dimensional Kihler Ricci flow, we now only
need to see that ay, x (k = 1, 2) are large enough to satisfy the requirements of Theorem 1
or Theorem 2. If c%(M ) < 4, one can show that either Theorem 1 or Theorem 2 ap-
plies. However, the convergence of the Kihler Ricci flow on Fano surfaces M was proved
in [CW2] when c% (M) =2or c% (M) = 4. The only remaining cases are C%(M) = 1land
c%(M ) = 3. So we concentrate on these two cases and prove the following lemma.

Lemma 2. Suppose M is a Fano surface v is any positive integer.
o If (M) =1, then a1 > 5/6.
° Ifc%(M) =3, thena, 1 >2/3and o, 2 > 2/3.

Actually, the value of «y 1 was calculated by Ivan Cheltsov (cf. [Chl]) for every Fano
surface. The value of «, > was also calculated for every cubic surface (c% (M) = 3) by
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Yalong Shi (cf. [Shi]). For the convenience of the readers, we give an elementary proof at
the end of this paper.

Therefore, Theorem 1 or Theorem 2 applies to show the existence of KE metrics on M
whenever c% (M) = 1 or 3 respectively. Combining this result with the results we proved
in [CW1] and [CW2], we can give an alternative proof of the celebrated theorem of Tian.

Theorem ([Tian90]). A Fano surface M admits a KE metric if and only if Aut(M) is
reductive.

This solved a famous problem of Calabi for Fano surfaces [Ca]. This work of Tian clearly
involves a deep understanding of many aspects of Kédhler geometry as well as its intimate
connection to algebraic geometry. It is one of the few highlights in Kédhler geometry which
deserve new proofs by the Ricci flow. On the other hand, the Kihler Ricci flow is a natu-
ral way to understand the Calabi conjecture in the Fano setting. Following Yau’s estimate
([Yau78]), H. D. Cao [Cao085] proved that the Kdhler Ricci flow with smooth initial met-
ric always exists globally. On a KE manifold, the first named author and Tian showed that
the Kéhler Ricci flow converges exponentially fast toward the KE metric if the initial met-
ric has positive bisectional curvature (cf. [CT1], [CT2]). Using his famous u-functional,
Perelman proved that scalar curvature, diameter and normalized Ricci potentials are all
uniformly bounded along the Kéhler Ricci flow (cf. [SeT]). These fundamental estimates
of G. Perelman opened the door for a more qualitative analysis of singularities formed in
the Kéhler Ricci flow. As a corollary of his estimates, G. Perelman announced that the
Kihler Ricci flow always converges to the KE metric on every KE manifold. The first
written proof of this statement appeared in [TZ] where Tian and Zhu also generalized it
to Kihler manifolds with KRS (Kihler Ricci soliton) metrics. In our humble view, the es-
timates of G. Perelman make the flow approach a plausible one in terms of understanding
the Calabi conjecture in the Fano setting. We hope that this modest progress in the Kahler
Ricci flow will attract more attention to the renown Hamilton-Tian conjecture that any
Kihler Ricci flow converges to some KRS with mild singularities in the Cheeger—Gromov
topology.

Application of the strong partial C%-estimate is one of the crucial components of this
paper. It sets up the framework of our proof for the convergence of 2-dimensional Kahler
Ricci flow. This estimate originates from the strong partial C-estimate along contin-
uous paths in Tian’s original proof (cf. [Tian90]). He also conjectured that the strong
partial C%-estimate holds along continuous paths in higher dimensional Kihler manifolds
(cf. [Tian91)).

The organization of this paper is as follows. In Section 2, along each tamed flow, we
reduce the C%-estimate of the potential function ¢ to the calculation of local -invariants
of sections S € HO(K ). In Section 3, we study the fundamental properties of pluri-
anticanonical holomorphic sections along the Kihler Ricci flow. Here we discuss appli-
cations of Hormander’s L2-estimate of the d-operator and we deduce uniform bounds of
|S]py and |V S|py. Using these estimates, we obtain a theorem giving some tameness cri-
teria. In Section 4, we calculate o, x (M) (k = 1, 2) when c]2(M ) = 1 or 3 and show that

their values are large enough to obtain the C?-estimate of the evolving potential func-
tion ¢(t).
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2. Estimates along the Kihler Ricci flow

2.1. Fundamentals of Kdhler geometry

Let M be an n-dimensional compact Kéhler manifold. A Kihler metric can be given by
its Kéhler form w on M. In local coordinates z1, ..., z,, @ is of the form

n -
w=+—1 Z g;dz ndz >0,
i,j=1
where {g; jf} is a positive definite Hermitian matrix function. The Kdhler condition requires

that w is a closed positive (1, 1)-form. Given a Kihler metric w, the curvature tensor is

2, . B,
Rogm -8y Xn:g”‘?—ag"‘?—ag”_j Vi, jkl=1,....n
ijkl 8Zk3Zl o sz 811 s s Js K Y (R

The Ricci curvature form is

n < —
Ric(w) = v=1 Y R;(w)dz Andz/ = —v/~100 log det(g)-

i,j=1

It is a real and closed (1, 1)-form. Note that [Ric] = 27w ¢ (M).
Now we assume that M is Fano, i.e., c; (M) > 0. Fix an initial metric w = wy in the
class 2w ¢ (M). The normalized Ricci flow equation (cf. [Cao85]) is

0g;;
J ..
Wzgij’_Rif’ Vi,j=1,...,n. 2)
It is easy to check that this flow preserves the class 27 ¢i(M). Therefore, every metric
form w; can be written as wy) = @ + +/—103¢(t) where ¢(t) is the Kéhler potential.
On the level of Kidhler potentials, the flow becomes

dp

wl
®
5 = log g + ¢+ uy, 3)

where u,, is defined by
Ric(w) — w = —v/—100u,, and f (e7 — D" = 0.
X

The flow equation (2) or (3) is referred to as the Kdéhler Ricci flow on M. It was proved
by Cao [Cao85], who followed Yau’s celebrated work [Yau78], that the Kéhler Ricci flow
exists globally for any smooth initial Kdhler metric in 27 c{(M).

For the given w € 2 ¢ (M), define (M, w) = {¢ | o ++/—1 ¢ > 0}. It is shown
in [Tian87] that there is a small constant § > O such that

sup 1 e @TSIPM @) ) < 0,
vePMw) V IM
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The supremum of such §’s depends only on the class [w] = 2mci(M). It is called the
a-invariant of M and denoted by «(M). If G is a compact subgroup of Aut(M) and w is
a G-invariant metric form, we define

Ps(M,w) ={p | ©++/—1033d¢ > 0, ¢ is invariant under G}.

Similarly, we can define ag(M). Actually, oG (M) is an algebraic invariant. It is called
the global log canonical threshold Ict(X, G) by algebraic geometers. See [Chl] for more
details.

2.2. Known estimates along general Kdhler Ricci flow

There are a lot of estimates along the Kéhler Ricci flow in the literature. We list some of
them which are important to our arguments.

Proposition 2.1 (Perelman, cf. [SeT]). Suppose {(M", g(t)),0 <t < oo} is a Kdiihler
Ricci flow solution. There are two positive constants BB, k depending only on this flow
such that the following two estimates hold.

1. Suppose —u; is the normalized Ricci potential of vy, i.e.,
- 1
Ric(w;) — w; = —v/—190u;, —/ e ol =1.
V- Ju
Then
||R((1)t)||cO + diamg(,) M + ”M[”CO + ||VM,||CO < B
uniformly for every t € [0, 00).
2. Under the metric g(t), Vol(B(x, r))/rz" > Kk foreveryr € (0, 1), (x,t) € M x[0, c0).

After this fundamental work of G. Perelman, many interesting papers appeared. We in-
clude a few references here for the convenience of the readers: [CH], [CST], [CW1],
[CW2], [Hei], [PSS], [PSSW1], [PSSW2], [Ru], [RZZ], [Sel], [Se2], [TZs], etc. In this
subsection, we cite a few results which are directly related to our work here.

Proposition 2.2 ([Zhq], [Ye]). There is a uniform Sobolev constant Cs along the Kdiihler
Ricci flow solution {(M™, g(t)), 0 <t < 00}. In other words, for every f € C°°(M), we

have B
2 Tn 2 1 2
()" et ot [

As an easy application of a normalization technique initiated in [CT1], one can prove the
following property.

Proposition 2.3 (cf. [PSS]). By properly choosing the initial condition, we have
I¢llco + IV@llco < C

for some constant C independent of time t.
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Based on these estimates, the authors proved the following properties.

Proposition 2.4 (cf. [Ru], [CW2]). There is a constant C such that
1 ol _ . -
V/M(—go)w’;Snszl‘l/lp(p—;;V/M\/—lago/\ago/\wl/\a)(’/’)— T +C. @
1=

In particular,

1
7 [ ot <nswg+c. )

Proposition 2.5 (cf. [Ru], [CW2]). For every § less than the a-invariant of M, there is
a uniform constant C such that

1-6 "
supg < —— | (@)l +C ©)
M M
along the flow.

Lemma 2.1 (cf. [Ru], [CW2]). Along the Kdhler Ricci flow {(M", g(t)),0 <t < oo}
on the Fano manifold M, the following conditions are equivalent:

@ is uniformly bounded.

sup,, @ is uniformly bounded from above.
infys @ is uniformly bounded from below.

/ y 9" is uniformly bounded from above.

/ M(—(p)a)g is uniformly bounded from above.
1, (@) is uniformly bounded.

Oscy ¢ is uniformly bounded.

Here I,(¢) = W S p@" — ).
As a simple corollary, we have

Theorem 2.1 (cf. [Ru], [CW2]). Ifag(M) > n/(n + 1), then ¢ is uniformly bounded
along the Kdihler Ricci flow initiating from some G-invariant metric @ € 2mwcy(M).

2.3. Estimates along the tamed Kdhler Ricci flow

In this section, we only study the tamed Kihler Ricci flow.

Definition 2.1. For every positive integer v, we can define a function F,, on M x [0, co)
as follows:

1. M
F, , 1 é—10 St 211
Vo) = gﬁZ:O| b gl ()
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where {Sl’)’ 5}27;0 is an orthonormal basis of H 0(1(1;[") under the metrics g; = g(¢) and
h} = (detg,)", ie.,

fM(SL»a’ Sy ghm ! =8up. Ny =dim HO(K}") — 1.

Note that this definition is independent of the choice of the orthonormal basis of H 0K ;,1”).

Definition 2.2. {(M", g(¢)),0 <t < oo} is called a flow tamed by v if:

e K,," is very ample.

° |Fv|CO(Mx[0,oo)) < 0.

A flow {(M", g(1)),0 <t < oo} is called a tamed flow if it is tamed by some large
integer v.

Suppose {(M", g(t)),0 < t < oo} is a Kihler Ricci flow tamed by v. For simplicity
of notation, denote N, by N. Under the metrics g; and %;, we choose {S"), ﬁ}gzo as an
orthonormal basis of H(K A_/I”). At the same time, let {S’f), /3}2;0 be an orthonormal basis
of HO(K A_,I”) under the metrics go and h(‘;. Then we have two embeddings

' : M — CPY, x> [S(x) i Sh @
VM- CPY, x> [8 () e 8 v (0]
By rotating the basis if necessary, we can assume ®' = o () o W' where
o(t) = a(t)diag{ho(t), ..., An(®)}, a®) >0, 0 <ro(®) <A(t) <---<An(t)=1.

This indicates that the Kéhler Ricci flow equation can be rewritten as

N t 2
, ol 1. 2p=0lShpli
(pzlogw—(s+¢)+uw=_ B v,Bh;

lOg v — ) “+ Uy
N
VT X0 18] gl

| [ -
= ~log > 1) gl — ~log > la@®asS] gliy + ¢ + o
=0 p=0

1 1 u ot 2 21
Fu(x,1) = = ogﬂX_(j)M,s(t)sv,M + ¢ + 1y — ~loga(n).
In other words,

2 . 1 > ot 2
¢ = loga(t) = ¢ —uy — Fu(x,0) + = 1ogﬁ; Ap)S, plhy-

Since F,(x,t), ¢ and u,, are all uniformly bounded, we obtain

2 1 N .
-3 )~ —1 Ag()SE 12,
¢~ ~loga(n ~ - og;)| p(S, glhr
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Here we use ~ to denote that the difference of the two sides is controlled by a constant.
It follows that

N

1 N . 1 .
—supgp ~ — 1o Ag@)S 12, — = suplo Ag()SE 12,
¢ —supy~ - g,;' pOS,play = 5 sup g;:(:)l s} 5l

It is obvious that

N
ot 2
0|Sv!ﬁ|h8 <cC.

N
suplog Y  |Ag(1)S! 4|2, < suplog
¥ Z B v, hy I =

B=0
On the other hand, we have

N
sup log |A,3(I)S£’ﬁ|ﬁ8 > suplog |AN(z)SfN,ﬂ|ﬁ5 = suplog |53,N|§5
M =0 M M

B

~ 1 -
- 1ogsup|S;N|§5 > log—/ 18! y2a" = —log V.
M Viiu —770

Therefore, v=! sup,, log Zgzo [Ag (t)S’f), 8 |i(u) is uniformly bounded, which yields

1 N s
¢ —supp ~ —log Y " [2g(t)S} 4l (7
M v =0 0

So we have proved the following property.

Proposition 2.6. If {(M", g(1)),0 < t < oo} is a Kéihler Ricci flow tamed by v, then
there is a constant C (depending on this flow and v) such that

N
ot 2
. Mﬁ(f)sp,ﬂhqg

1
@ —supp — — log <C ®)
M v

B
uniformly along this flow.

Inequality (8) is called the strong partial C%-estimate by Tian. Using this estimate, the
control of [|¢|| o) along the Kéhler Ricci flow is reduced to the control of values of

local a-invariants (see Definitions 1 and 2) of holomorphic sections S € H 0(K;,I").

Theorem 2.2. Suppose {(M", g(t)),0 < t < oo} is a Kdhler Ricci flow tamed by v. If
ay,1 > n/(n+1), then ¢ is uniformly bounded along this flow. In particular, this flow
converges to a KE metric exponentially fast.
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Proof. Suppose not. Then there is a sequence of times # such that lim;— oo [¢1; | copr)
= 00.

Choose S/, 5= = a(t)rp(1)S! 40 =< B = N, as before. Since both |S’L’ﬁ|h5 and Ag (1)
are unlformly bounded, we can assume

lim Ag(6) =g,  lim 8§, =8,5 B=0,1,....N
i— 00 i—oo

Notice that Ay = 1.
Define

u ot 2 —afv n
I, 1) = (Z |)»ﬁ(t)SU’ﬂ|h(u)) "
M =0

Clearly, I(, 1) < [y IS} 1,/ 0", As So.v € HO(Kyy") and oy > n/(n + 1), we

can find a number @ € (n/(n + 1), ay,1) such that fM ISU N|h2a/v " < C. By the semi-
continuity of the singularity exponent (cf. [Tian90], [DK], [PS]) we have

limsup / («, t,‘)f‘lim/ |§3 ;“201/1) n / |SvN|—2a/u n
i—oo Jum N

i—00

Along a tamed flow, the inequality

1 & .
‘(p —supy — — logz |)Lﬂ(t)S,’)’ﬁ|iU <C
M % =0 0

holds. It follows that [,, @i =Sy #) " < C. Recalling that ¢ = log(wg,/0")+o+uw,
we have

1 .
_ e—a(%i —supy ¢r;) . e% +Mw—‘ﬂwg < C.

Note that both ¢ and u,, are uniformly bounded. It follows from the convexity of the
exponential map that o supy, ¢, + (1 — ) % /, v ¢ < C. Inother words,

l—a 1

sup gy, < / (—g)ofl + C. ©
M

Combining this with inequality (5), we have

—o
supg, <n sup g, + C.
M M

Since a € (n/(n+ 1), 1), it follows that sup,, ¢; is uniformly bounded from above.
Consequently, ¢;; is uniformly bounded. This contradicts our assumption on ¢, . O

By a more careful analysis, we can improve this theorem a little bit.
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Proposition 2.7. Let X; = v~! log(zgzo |)L/3(I)S’f) ﬁlfll,). There is a constant C such
’ 0
that

1 - -
'7/ (V=T8¢ Adg, ——10X, AdX, ) A" 1| < C. (10)
M
Proof. Since every S’fj 8 is a holomorphic section, direct calculation shows that

AX, > —R

where A, R are the Laplacian operator and the scalar curvature under the metric w. As
Ag +n > 0, we can choose a constant Cq such that A¢ + AX;, 4+ Co > 0. For the
simplicity of notation, we omit the subscript #; in the following arguments. So

p—supp —X| <C, AX+ Ap+Cy>0.
M

Having these conditions at hand, direct computation gives

1 - - 1
—/ {v—la(p/\ago—v—laX/\BX}/\a)'“l:—/ (X — 9)(AX + Agp)o”
V Iu VIu
1
:—/ (X—(p+sup<p+C>(AX+A<p)a)”
Viiu M

1 C
:-/ (X—<p+sup<p+C)(AX+A<p+Co)a)"——0/ (X—<p+sup<p+C>a)"
V Ju M V Ju M

> _Co

> / (X —go+sup<p+C>w” > —2CyC.
V Iu M

On the other hand, a similar calculation shows

1 - - C
—/ {«/—18<p/\8<p—«/—18X/\8X}/\a)”_15——0/ (X—<p~|—sup<p—C)w”
Viim vV JIm M

< 2CyC.
Consequently,
1 - _
‘7/ (V=10p Adp —/=10X A X} A" | <2CC. O
M

It follows from this proposition that inequality (4) implies

1 n n—1 a n—1

v M(—sﬂ)%ins;llpgo— v M\/—laX/\BX/\a) +C. (a1

Similar to the theorems in [Tian90], we can prove the following theorem.
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Theorem 2.3. Suppose {(M", g(t)),0 <t < oo} is a Kéiihler Ricci flow tamed by v, and
M is a Fano manifold satisfying

1

a2 > and o, >

n—1

n+l1 - (n+Day 2

Then along this flow, ¢ is uniformly bounded. In particular, this flow converges to a KE
metric exponentially fast.

Proof. Suppose not. We have a sequence of times #; such that lim;— oo |@;; |co(pr) = 00.
As before, we have

lim §',=8,5 B=01,....N; iirgox,g(ti)ziﬂ; Ay =1

i—00 v.B
Claim 1. iN—l =0.

Otherwise, Ay_; > 0. Fixing some o € (n/(n + 1), ay,2), we calculate

N ~ —a/v . »
I, tf)z/ (D 1rsSi4R) o 5/ (An—1 Sy Ty + 150 7)o"
M “g—0 M
< G-1 ()~ / (85 -1l + 180 L) V"
M

For simplicity of notation, we consider A as the default metric on the line bundle K,
without writing it out explicitly. Then the semicontinuity property implies

im [ (1302 13800 = [ (St P B! < o
M M

i—00

It follows that
I, 1) < 2(hy—1) 2 f USvnv—11* + 1Su 8P 0" < C,.
M

Recalling the definition of / (e, t;), inequality (8) implies [,, e~ =Sy 9Dyt < C.
Since o > n/(n + 1), as in the previous theorem we obtain |¢;, [0y < C. This contra-
dicts the initial assumption on ¢, . Therefore An—1 = 0 as claimed.

Claim 2. For every small constant €, there is a constant C such that

1
(I —e)ay2supeg,; + (1 —(1— 6)%,2)—/ o0y,
M V Ju

oy2
) logAn—1(t)) +C. (12)

=-2(1—¢)
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Fixing € small, we have

N
. —(1—=€)ay2/v
I(1-€)ayn, ;) = / (Z MﬂS\tf,ﬂlz) o'
M B=0

e N Y T
M
< Chy—i () 720790l

The tameness condition implies that
/ o= (1= 260, =Wy 01) 1 O (1) 21—/,
M

Plugging the equation ¢ = log(wj /") 4+ ¢ + u,, into the previous inequality implies

Coy—y (1) 20 =a2/v o f ¢~ 1m0y =Sy 1) g1+
M

_ / 1002500y 1+ =200 gt 1
M

- e*\luw\lcowfl\@i IICo(M)/ 1= 2 supy (pti+(l—(l—6)a,)_2)(p,iw?
1
M

=~ o Mollcown =196 cows .y . pA=O2supy @y +(1=(1=€o2) ¥ fyy 010

Taking logarithms on both sides, we obtain (12). This finishes the proof of Claim 2.

Claim 3. For every small number € > 0, there is a constant C, such that

1 - 1—
V/ V10X, AX, A" = —— S logan 1 (1) — Ce. (13)
M Vv

The proof is the same as the corresponding proof in [Tian91], so we omit it.
Plugging (13) into (11), together with (12), we obtain

+wmgm_l(m+c,

1
L R —
VIu ! M

1 n 2(1 _G)av,Z
(I=e)ayosupy, +(1—(1—€ay2)— | ¢, < ——————login_1(t:)+C.
M \%4 M %

Eliminating log Ay —1(#;), we have

l/(— Yol < D+ 0= De
VI T S (g ) — = Doawa — (- 1)

ayasup g, + C.
M
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1-(—€)ay 1

From inequality (9), we have sup,, ¢;, < T=oa, V.Ju u(—@)of + C. It follows that
{l— m+1D+@m— e w ]—(]—6)(:{1)1} /( Yol <
@+ D= =Doaz— -1 2 1=, onlen = €

for every small constant € and some large constant C depending on €. Since

1 A (n+ Doy o
ay,| > = A1 where A = 1 EyPeRETE
— m + (I’l )av,2 (I’l )

we can choose € small enough such that

_ m+1)+m—1)e . '1—(1—6)011,’1
M+ D)= —Deara— -1 " (1= ey

> 0.

This implies that % / v (=)@}, is uniformly bounded. Therefore, |¢y, |co(ys) i uniformly
bounded, a contradiction. O

Remark 2.1. The methods applied in Theorems 2.2 and 2.3 originate from [Tian91].

3. Pluri-anticanonical line bundles K A‘/ and the tameness condition

In this section, we study the basic properties of normalized holomorphic sections S €
HY(K;,") under the evolving metrics e, and h}.

3.1. Uniform bounds of holomorphic sections of K ;"

Let S be a normalized holomorphic section of HO(KA_,,”), ie., fM |S|ﬁvwf = 1. In this
section, we will show both || [S1py || co and || IVS|py H co are uniformly bounded.

Lemma 3.1. Suppose {(M", g(t)),0 < t < oo} is a Kdhler Ricci flow solution. Then
there is a constant Aq depending only on this flow such that |S|,y < Aov/? whenever

S € HU(K,,") satisfies [,, |S|fltva)? =1

Proof. Fix a time ¢ and do all the calculations under the metrics g; and /;. Recall we
have a uniform Sobolev constant, so we can do analysis uniformly independent of time ¢.

Claim. S satisfies the equation

AlS|? = |VS]> — vR|S|%. (14)
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This calculation can be done locally. Fix a point x € M. Let U be a neighborhood of x
with coordinates {z', ..., z"}. Then K A_,,” has a natural trivialization on the domain U and

we can write S = f (aizl Acee A 32" )U for some holomorphic function f locally. For

convenience, we denote i = det g;;. Therefore, direct calculation shows

AIS? =g 1 Fh"Y 5 = g Ui I +vf FRY " hi};
- gii{fif;h” + v R il 4 f R v — D f R hih; 4 of fRU R
If we choose normal coordinates at the point x, then we have h = 1, h; = h: = 0,

h; i=—R;;. Plugging these into the previous equality we have

J

AIS)> = g1 fi f; — vf FR;7} = VS — vRISP,

so equation (14) is proved.
From (14), we have

/|VS|2dp,=/ VRS> du < vB
M M

where du = o). Noting that volume is fixed along the Kéhler Ricci flow solution, we can
omit the volume term in the Sobolev inequality by adjusting Cs. Therefore, the Sobolev
inequality implies

n—1

{/ |S|f—”ldu} ' SCS{/ |S|2du+f|V|S||2du}
M M M
sz{/ |S|2du+/ |VS|2du}§Cs{l+vB}<Cv.
M M

Here we use the property that V.S = 0.
Note that A|S|> > —vR|S|2. Let u = |S|*>. We have
Au > _UBM, ||M||Ln/(n—l) < Cl)l/z.
Multiplying this inequality by u#~! (8 > 1) and integrating by parts implies
’32
/ \VuP?2dy < ——— . (Bv) - / uPdpu.
M 48 —1) M
Combining this with the Sobolev inequality yields

n—1
a2 p2By p p
oot " =0 575) [ [ an

It follows that ||| ;wp/m—1) < (Cv)V/PBYB ||| 5. Letting B = (L)", we have

n—

o0 n—1\k
0 Nl oy < CoZamo = o,
=

YR k(DS
0 n—1\k n n
lulle < (Cv)ZE= " (—)

In other words, ||S||z < Cv"/?. Letting Ag be the last C finishes the proof. O
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Corollary 3.1. Suppose {(M", g(t)),0 <t < 0o} is a Kdihler Ricci flow solution. Then

2log Ag +nl
Fox.t) < —8A0TNI08Y b e M re[0.00), v 1. (I5)
V

Here By is a constant depending only on Ay.

Proof. According to the definition of F),, we only need to show

Ny
1S}l (¥) < AGY"
=0

for every orthonormal holomorphic section basis {sz, /3}2];0. However, by rotating the
basis at the point x, we can always find a basis such that

IS, gl () =0, 1<B <Ny

Therefore, by Lemma 3.1, we have
Ny
> IS0, gl (X) = IS0 gl (X) < AGV". O
B=0

Lemma 3.2. Suppose {(M", g(t)),0 < t < oo} is a Kdhler Ricci flow solution. Then
there is a constant Ay depending only on this flow and v such that |V S|,y < Aj whenever

S € HY(K,,") with [, |S|itva){’ =1

Proof. Fix atime t and then do all the computations with respect to g () and ;. As in the
previous lemma, we can do uniform analysis owing to the existence of a uniform Sobolev
constant.

Claim 1. |VS|? satisfies the equation

AIVS)? = [VVS? + v [Ric]?|S|> — vR|VS|?
— (v — DR, SkS; — v{SR;S; + SR;S; ). (16)

Locally, we can rewrite

8 a v . 8 8 v
S=f<3_Z1A"'Aﬁ> ; V5={fi+vf(10gh)i}dz’®(8—Z1/\---/\—) ,

az"

where h = det g;;. It follows that

IVS]2 = gUUR" (f; + vf dog b)) (f + v f log 1))
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Choosing normal coordinates at x, we have 8ji = 8 wh =1 h =h; = (logh); =
(logh); =0, hi]v = (log h)l-]r = ”, (logh)ij = (log h)-v =0. Computat10n shows

AIVSI? = g(gTh" (fi + vf (log h)) (f; + v flog )7}y

= ¢ { —g7 g% agp"h”(f, +vf Qog ) (f; + v flogh))
- vgffh“—lhkm +vf (log)i)(f; + v f(logh);)
+ 81 R (fir + vf (og )ik + vfi(log b)) (f5 + v flogh)3)
+8'Th" (fi + vf (log h)i)v f (log h),,vk}_

I

= Rz fif5 + viyg fi fi + v (Qog h)z; f; + vfiog h)ir fr + fu S
+v2f flogh)p(log h); + vf; Flog h) i + vfi fi(log h) 5
R fif; = vRIVSI> = vf Ri f: = vR i fi f;

+ |IVVFP+ 02 fPIRic] — v f fiR; — vR fi fo
= |[VVS]2 + v2[S]*[Ric* — vRIVS|> + (1 — 20)R;; SiS; — v(SR; S; + SR;S)).

Claim 2. S satisfies the equation
S;7=—VSR;5. a7

Locally, we can rewrite

S=f 3/\ /\a )
7\ 7! azr )’

S = {fi + vf(logh);}dZ ® (il A i) ,
0z

VS = fdd @ (o neen "o

- Jigs az! azn)

Recall that Fk = gkl g" vanishes at x. So (logh);, (logh);; vanish at x. Note that f
is holomorphlc and our connecnon is compatible with both the metric and the complex
structure. So VV S has only one term

- — ) a a v
9VS = of Qogh) 10T @ d:l @ (575 1o )

—vadJ@d@a ALY
N < ¢ 9zl 9z )

It follows that S,ij = —vSRl.Jf.

Claim 3. There is a constant C such that ||V S| p20/a—1) < C uniformly.
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Integrating both sides of (16) we have
/ |vv5|2dugf vR|VS|2d,u+(2v—1)/ R SkS:du
M M M
—i—v/ {SR;S; + SR:S;} dp
M
where du = o}. Recall that R;; = g,z — ¢;7. It follows that
/ |VVS|2dp,§/ VRIVS)Pdu + Qv — 1)/ \VS1>du — Qv — 1)f GirSkS;d
M M M M
+ 2/ {(—vR|VS|? +v2R*S}}du
M
=2v2/ R2|S|2d,u—vf RIVS)?du
M M
+ Qv — 1)/ IVS|2dp + (2v — 1)/ GifS (i S; + SkS sz du.
M M
Note that we used the property S ;; = —vSR;;. It follows that
f IVVS|?du 52\;2[ R2|S|2du—v/ RIVS)Pdu+ Qv — 1)/ IVS|>du
M M M M
— Qv — l)v/ SR¢; S;du + (2v — 1)/ S¢iSkdu
M M
sc{1+/ IVSIdM+/ Vs IVSIdM}
M M
(as R, ¢, VgL, S|, [y, 1SI*dp and [, VS| du are all bounded)
1
<C 1+v+/ |VS|2d/L+—f |VVS|2d;L+2C/ IVSI>du
M 2C Ju M

(by the Holder inequality and xy < x2+y?)

1
= 5/ IVVS|>du + C{1+V + (2C + 1)Bv}.
M

With a different C, we have proved that [ uIVVS |>di < C uniformly. On the other
hand, we know

/ IVVSP?du =/ v2|S|?Ric)? du < c/ IRic|>du < C.
M M M

Therefore the Sobolev inequality tells us that

n—1

(/ wsﬁ”]du) " SCS{/ vsPau+ [ !V|VS||2du}
M M M

gc{/ |VS|2du+/ |VVS|2dM+/ |€VS|2du}.
M M M
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This means ||V S||;2:/@-1) is uniformly bounded along the Kihler Ricci flow, proving
Claim 3.
Fix 8 > 1. Multiplying by —|V §|>#=D both sides of (16) and integrating yields

408 —1
B M
:—/ (W2 [Ric|?|S|? + |VVS|H)|VS[2E-D du+/ vRIVSI* du
M M

+/ (21)—I)Ri,;Sk§;|VS|2(ﬂ_l)du+v/ {SR;S; + SR;S:}|IVSPP Dy
M M

I 11

Plugging R;; = g;z — ¢,z into [ yields
I'=Q@v- 1)/ VS dp — v - 1>f GirSkSIVSPAD dp.
M M

Since § j; = —vSR;g, by the uniform bounds of ¢, R and |S|, we have

I J—
v—1"

/ IVSI* dpu —/ @i (VRSS: — Sy S0IVSPEDay
M M ’
B / 01 S SHVSPP D (—uSR;S; + 515 ) du
M
5/ |VS|2ﬂdu+Cv/ |VS|2ﬂ’1du+C/ IVVS||VSI?du
M M M
+CB— l)v/ IRic| |S| [VSI*~Vdu + C(B — 1)/ IVVS| |VS21,
M M
Therefore, for some constant C (which may depend on v), we have
I < cf (Vs)PPP1 4+ |VS|2ﬁ)du+,BC/ (v|Ric| [S| + [VVSDIVS|?~dp.
M M
Direct calculation shows
e v/ {(=RIVS|* +v|SI?R?IVSI?F~Dyapu
M
— v/ RSS;(B — DIVSPPP=2 (—vSR;zS; + SiSui) d
M
+ v/ {—=RIVSI*P +v|S*R*VS*P~Dyau
M

- v/ RSS;(B — DIVSPP=2(—vSR;S;+ 518 ;) dp
M
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= —va R|VS|*# d,u~|—2v2/ ISPR*IVSIPE=D gy
M M
+2(8 — 1)1)2/ RISIR;18;8;|VSI*P=2 ap
M
—(B- l)v/ (.1 5:5:S + S ;1S SYRIVS P2 dp
M
scf {|VS|25+|VS|2<ﬂ”>}du+ﬁc/ (v[Ric| [S| + |VVSDIVS*FD dp.
M M
Combining this estimate with the estimate of / we have
408 —1
(ﬂ—z)/ VIVSIP|* du < —/ W [RiclIS> + [VVSP)IVSPPD ap
B M M
+ c/ (IVSP 4 [VSPA=D) dy
M
+ ﬂC/ ([Ric| [S| + [VVSD{VSPED +|vs¥Nhau.  (18)
M
Since BCV|Ric| S| [VS|2B=D = (v|Ric| S| [VS|A~1) - (BC|VS|P~1), we see
1
/ﬂCv|Ric||S| |VS|2(’3_1)d,u§f —v2|Ric)?S2VSPED ap
M M2
1 _
+ / SBCRVSEA D dp.
M
Similar deduction yields
ﬁC/ (v[Ric| [S| + [VVSD{VSPPD + v~y ap
M
5/ W2 [Ric|?|S? + |[VV S| VS[2E-D d,u+ﬁ2C2/ (VSPED 4 1vSPPydp.
M M
By adjusting the constant C, it follows from (18) that
408 —1
(’3—2)/ |V|VS|/3|2 du sﬂzczf (VSPE=D 1 1vs)ydpu.
B M M
If 8 >n/(n— 1), we have

/|V|VS|ﬁ|2dus(Cﬁ>3f (VSPPD 4+ Vs du.
M M

The Sobolev inequality tells us that

n—1
(/ |VS|ﬂ'f—”1) SCS{/ |VS|2ﬂdu+/\V|VS|ﬁ\2du}
M M M

< @cp)? /M{IVSIM’” +|VSI*Ydp. (19)
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From this inequality and the fact ||V S|| ;2./@-1) is uniformly bounded, the standard Moser
iteration technique yields ||V S|~ < A; for some uniform constant Aj. O

Corollary 3.2. Suppose {(M", g(t)),0 <t < oo} is a Kdhler Ricci flow solution. Then
there is a constant Ay depending only on this flow and v such that |VF,| < Aj.

3.2. Convergence of holomorphic sections of K ;"

In this subsection we use the L>-estimate for the d-operator to study the convergence
of pluri-anticanonical bundles. This section is very similar to Section 5 of Tian’s pa-
per [Tian90]. For the readers’ and our convenience, we write down the arguments in
detail.

First let us recall an important d-lemma without proof.

Proposition 3.1 (cf. [Tian90, Proposition 5.1]). Suppose (M",g,J) is a complete
Kdihler manifold, w is a metric form compatible with g and J, L is a line bundle on M
with the Hermitian metric h, and v is a smooth function on M. If

Ric(h) + Ric(g) + v/—1080y > cow

Jor some uniform positive number co at every point. Then for every smooth L-valued
(0, 1)-form v on M with dv = 0 and fM lv]? duyg finite, there exists a smooth L-valued
function u on M such that du = v and

_ 1 _
/ ulPe™ dpg 5—/ P dug
M o0 JMm

where | - | is the norm induced by h and g.

In our application, we fix M to be a Fano manifold, and L = K,” for some integer v.
This proposition ensures that the plurigenera are continuous functions in a proper
moduli space of complex varieties under the Cheeger—Gromov topology.

Theorem 3.1. Suppose (M;, gi, J;) is a sequence of Fano manifolds with the following
properties:

(a) There is an a priori constant B such that
Cs(M;, &) + IR, ||CO(M,-) + ””i”CO(M,') <B.
Here Cs(M;, g;) is the Sobolev constant of (M, gi), Ry, is the scalar curvature, and
—u; is the normalized Ricci potential, i.e.
- 1
Ricy, — wg; = —v/—1030u;, — " e "dug =1.
gi JM;

(b) There is a constant K such that K~'r?" < Vol(B(x, r)) < Kr?" for every geodesic
ball B(x,r) C M; satisfyingr < 1.

() (M, gi, Ji) < M, g, J) where (M, g, J) is a Q-Fano metric-normal variety.
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Then for every positive integer v such that K ;;Iv is a well defined line bundle, we have:

1. If S; € HO(KA_,[:’) and fMi ME dug, = 1, then by taking a subsequence if necessary,
there is S € HO(K;;[”) such that

5 <508, / ISP dug = 1.
M

2. IfS‘ IS HO(KA_;[”) and fM |§|2dug = 1, then there is a subsequence of holomorphic
sections S; € HO(KA_,,:’) with fM[_ |Si12 djig; = 1 such that S; 8

Proof. For simplicity, we assume K 1:21 is a well defined line bundle over M.

Let P be the singular set of M. Since M is a Q-Fano metric-normal variety, by def-
inition of Minkowski dimension, there is a constant V such that Vol(B(P,r)) < Vr*
whenever r is small. Now we prove parts 1 and 2.

Part 1. According to the proof of Lemma 3.1, we see there is an a priori bound Ag such
that |S;| < Ag.

Fix a small number 8 and define Us = M \ B(P, §). By the definition of Cheeger—
Gromov convergence, there exists a sequence of diffeomorphisms ¢; : Us — ¢;(Us) C
M; with the following properties:

(1) &g <% % uniformly on Us;
) (@ o Ji o (¢i)s iy uniformly on Us.
Clearly, ¢*S; is a section of (TOM @ TOVM)|y, where TP M and TODM are

defined according to the complex structure J. Note that |7 S;| cows) < Ao and @FS; is

holomorphic under the complex structure (¢);" 1)* o Ji o (¢i)«. By Cauchy’s integration
formula, all covariant derivatives of ¢;S; with respect to ¢ g; are uniformly bounded in

the domain Ujs. Therefore, there exists a section 3‘25 € (T(l'O)M ® T(O'l)M)IUZS such
Cc® 4 . . A . . L

that ¢7'S; — Sas on Ups. This section Sys is automatically holomorphic with respect to

J since (¢>i_1)* oJio ()« C—> J on Uys C Us.

As (M;, gi, Ji) N (M, §,J), we have lim; o0 Vg, (M; \ ¢i(Uzs)) < 2V(28)* =
32184, It follows that

12/ 167 Sil” dpagrg, =f NTRT =/ NI —/ 1Si 1% d g,
Uss @i (Uas) M; Mi\¢i (Uas)

> 1 —3245V8*.

Therefore, for each 4, there is a limit holomorphic section 3‘25 eH 0(K 17215 ) satisfying

Sulcowny < Ao 12 [ 18P dug = 1~ 324305"
Uss
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Letting § = §; = 2~% — 0 and then taking a diagonal sequence, we obtain a subsequence
of sections ¢;"k S;, satisfying

é;, Sic |k o Sik, V compact set K C M\ P.

. Cc® ~ A
This exactly means that ¢;; S, —> Son M \ P. Moreover, we have |S|C°(M\’P) < Ap.

Since M is a Q-Fano metric-normal variety, S can be naturally extended to a holomorphic
section of H O(K;;[l ). Clearly, we have

/ |§|2dM=/ SPdp = 1.
M M\P

Part 2. Fix two small positive numbers r, § satisfying r > 2§. Define ns to be a cut-
off function taking value 1 on Uss, and O on B(P, §), with |Vn;| ¢ < 2/8. Naturally,

(¢1)+(15S) can be viewed as a smooth section of the bundle A" (T M; & TODMm;)
by extension. Let 17; be the projection from A*(T19M; @ TO-DM;) to AT 1O M; and
denote Vs; = m; ((¢i)«(ns S’)). The smooth convergence of complex structures implies
that Vs ; is an almost holomorphic section of A'T10 a1, We have

lim sup 3Vl = lim sup [3(m((¢i)«(159)))] =0, (20)
1700 ¢; (Uas) 1=>00 ¢; (Uas)

where 9 is calculated under the complex structure J;.
Notice that V(B(P, §)) < V§* for § small. Defining A = |S|CO(M)’ we have

1= tim [ VP dug = fim [ @0 058P iy = 1 - 2480@20)*
i—o0 J . i—=o0 J .

=1—324%v5%.
Recall that Vs ; vanishes on B(P, §), so we have
/ Vs, 1% dpug, :f V5,1 1% dig, +/ Vs, 1% dig,.
M; @i (Uns) @i (Us\Uzs)
By (20) and the inequalities |[Vns|; < 2/8 and Vol(¢; (Us \ Uss)) < 2V(28)*, we obtain

/ 10Vs.i 1> dpag, < 1000428

i

for large i.
Let ; be the Hermitian metric on K ;,[l_l induced by g;. Clearly, we have

Ric(h;) + Ric(gi) + v/—193(—2u;) = 2(Ric(g;) — v/ ~13du;) = 2w,
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So we can to apply Proposition 3.1 to obtain a smooth section Ws ; of K 117/1,] such that
OWs,i = 0Vs.i,
2 2u 1 3 2 2u; B 3 2
(Wsile™ dpg, < = [ 10Vsil"e™ dpg, < — [ [0Vsil"dug  (21)
M; 2 ) 2 Juy
< 500A2Ve?Bs2.

The triangle inequality implies

172
1 +v500A42Ve2882 > (/ |Vs,i — Ws,i|2dﬂg,~)
M;

> V1 = 3242084 — v/500.A42Ve2552. 22)

Therefore
Vs,i — Ws,i

Ssi =
Y (g, Ve — Wsil? dug)'

is a well defined holomorphic section of K, !
Direct computation shows that W; ; satlsﬁes the inequality

A(Ws:1?) = |VWs i[>+ |VWs,i|* — RIWs,;|> +2Re (Ws;, 3*dW;;)
= |[VW;si> 4+ |VWs,i|> — R|Ws,i|> +2Re (Ws;, 3*0Vs.;)
> VW5 i >+ [VWsil> — (R + 1)|Ws ;> — [8*3 V5>

_ 1 - -
Z|VW<S,i|2+|VW8,1'|2—28{|W8,1'|2+%|3*3V6,i|2}- (23)

All geometric quantities are computed under the metric g; and complex structure J;.
Letting f = [Ws.iI> + 55 supy,, ) [0*3Vs,i|%. we have Af > —2Bf on ¢;(Uy ).
2

Applying local Moser iteration on ¢; (U, /2), we obtain

||f||c0(¢ ) = <C (r, B, »A)”f”m/(n D (i (Ur2))

=C'(r,B, A){H|W5,i|

9% 7 12
LoD U, T 7R 215’ ¢?EP/2) 1070 Vs, }

Since supy, (g, ) |8*3 V5. ;|? tends to O uniformly, we have

< C"(r, B, A)||Ws,; | (24)

|| |W8,i|2||C0(¢i(Ur)) LY 0=D (¢ Uy 12))°

On the other hand, inequality (23) can be written as

IVWs.i|* + [VWsi> < A(Ws,i|*) + 2B|Wsi|> + 1% Vs ;.
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Combining this with the Sobolev inequality, we can apply a cutoff function on
®i(Uy/4 \ Uy 2) to obtain

l1ws.i1?|

", B, M){ Wil 4 sup |5*5V5,,-|2}.
o

<
LY (=D (Up2)) = (Urya)
1 r,

(#i(Urya))
Together with (24), the fact that supy, 1) |0*3Vs.;|> — 0 implies that

|1 Ws.i < C"(r, B, A, M) | |Ws,i

Pl cogywy =
< C"(r, B, A, M)|||Ws i

|2 “ LY(i (Ur/4))

2 7 2
| ||L1(M,) S C(rv BsAv V! M)S .

The last inequality follows from (21) and the fact that |u;| < B.
Fixing r, § and letting i — o0, we have
S+ W,

25
lim; oo ([, [Vai — Wail2dpig) ' @

lim ¢ (S5,i) =
i—00

on the domain Uy, where W, is a holomorphic section of H(K 17,1) with ||Wr||c°(U,)
< C4. It follows from (22) and (25) that lim;s_, ¢ lim; . ¢ (Ss,;) = Sond U,. Letting
8¢ = 2% and taking a diagonal sequence, we obtain limy_, o ¢>;; (S27k,,-k) = S on U,.
Then letting » = 2~ and taking a diagonal sequence once again, we obtain a sequence of
holomorphic sections §; = S2”‘1,ikl such that

lim ¢/ (S) =S onM\P.
=00

Since every §; is a holomorphic section (with respect to (¢, 1)* o J; o (¢)x), Cauchy’s
integration formula implies that this convergence is actually in the C°° topology. O

3.3. Criteria for tameness

In this section, we show when the Kihler Ricci flow is tamed.

Theorem 3.2. Suppose {(M", g(t)),0 < t < oo} is a Kdhler Ricci flow satisfying the
following conditions:

o Volume ratio bounded from above, i.e., there exists a constant K such that
Volg(ry (Bg(ry (x, 1)) < Kr™"

for every geodesic ball Bg()(x, r) satisfying r < 1.
o Weak compactness, i.e., for every sequence t; — 00, after passing to subsequence, we
have

C® o~
(Mvg(tl))—) (Mvg)a
where (M , &) is a Q-Fano metric-normal variety.

Then this flow is tamed.
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Proof. If this result is false, then for every p; = i!, Fj, is an unbounded function on
M x [0, 00). By Corollary 3.1, F),, has no lower bound. Therefore, there exists a point
(xi, t;) such that

Fp, (xi, ;) < —pi. (26)

By weak compactness, we can assume that

C® o~ .
Moreover, as M is a Q-Fano variety, we can assume "0 = fovlo |Sv,0,(y)|c2;)U > co

on M. Applying Theorem 3.1 and Corollary 3.2, we have

1
lim eFveit) 5 ¢
i—00 2
It follows that there are holomorphic sections 55"') e HY(K o) satisfying

, , - 1
/ ISPy @ =1, 18l () = €T > Ze.
M 1 L 2

According to Lemma 3.1, there is a constant C depending only on this flow such that
IS\ 1y < V"2,
So we have
A2 /M |(SY) ey, < VXV,

Therefore, A~/ Z(Sﬂ’f))k are unit sections of H%(K ,_wk”). It follows that

EV ) > ATVR(SIDA L, (i) 2 VIS, (i)
> vle= 2k (g0 1)k
This implies that
kv - Fry(xi, t;) = —2klog C — nklogv + klog(cp/2) —logV
for large i (depending on v) and every k. Let k = p; /v = i!/v. By (26), we have
—k*v? = —p? > piFp (xi. i) = kv - Fro(xi, 1;) > —2klog C — nklog v + k log(co/2).
However, this is impossible for large k. O

In Theorem 4.4 of [CW3], we have proved the weak compactness of the Kéhler Ricci
flow on Fano surfaces, i.e., every sequence of evolving metrics of a Kéhler Ricci flow
solution on a Fano surface sub-converges to a KRS orbifold in the Cheeger—Gromov
topology. Moreover, the volume ratio upper bound was proved as a lemma to prove the
weak compactness. As an application of this property, we obtain
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Corollary 3.3. If{(M?, g(1)),0 < t < oo} is a Kiihler Ricci flow on a Fano surface M?,
then it is tamed.

Proof. According to Theorem 4.4 of [CW3], every weak limit (M , &) is a KRS orbifold
with finite singularities. It has positive first Chern class and it can be embedded into
projective space by its pluri-anticanonical line bundle sections (cf. [Baily]). Clearly, finite
singularities have Minkowski codimension 4. Therefore, every (M , &) is a Q-Fano metric-
normal variety, so Theorem 3.2 applies. O

In [RZZ], Weidong Ruan, Yuguang Zhang and Zhenlei Zhang proved that the Rieman-
nian curvature is uniformly bounded along the Kihler Ricci flow on M”" (n > 3) if
/ » IRm|" d e is uniformly bounded. Under the latter condition, every sequential limit is
a smooth Kihler Ricci soliton manifold, therefore Theorem 3.2 applies and we have

Corollary 3.4. Suppose {(M", g(t)),0 <t < oo} is a Kdhler Ricci flow along a Fano
manifold M" and n > 3. If

sup /I‘W|Rm|;’(t)dug(,)<oo,

0<t<oo

then the flow is tamed.

4. The Kahler Ricci flow on Fano surfaces

In this section, we give an application of the theorems we developed.

4.1. Convergence of 2-dimensional Kdiihler Ricci flow

Since the convergence of 2-dimensional Kéhler Ricci flow was studied in [CW1]
and [CW2] for all cases except c%(M ) = 1 or 3, we concentrate on these two remain-
ing cases in this section.

Lemma 4.1. Suppose M is a Fano surface.

° Ifc%(M) =1, then o, (S) > 5/(6v) for every S € HO(K;,I”) and x € M.
° Ifc%(M) = 3, then a,(S) > 2/(3v) for every S € HO(KA_,I”) and x € M. Moreover; if
oy (S1) = ax(82) = 2/@Bv), then S1 = ALS> for some constant M.

As a corollary, we have the following lemma.

Lemma 4.2. Suppose M is a Fano surface.

o Ifc3(M) =1, thena, | > 5/6.
o Ifc3(M) =3, thena, =2/3 and o, > > 2/3.
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Because of Lemma 4.2 and Corollary 3.3, we can apply Theorem 2.2 or Theorem 2.3
respectively to obtain the following theorem.

Theorem 4.1. If M is a Fano surface with c%(M) = 1 or 3, then the Kdhler Ricci flow
on M converges to a KE metric exponentially fast.

Combining this with the result in [CW 1] and [CW2], we have proved the following result
by the Ricci flow method.

Theorem 4.2. Every Fano surface M has a KRS metric. This metric is a KE metric if and
only if Aut(M) is reductive.

In particular, we have proved the Calabi conjecture on Fano surfaces by the flow method.
This conjecture was first proved by Tian [Tian90] via the continuity method.

Remark 4.1. In [Chl], Cheltsov proved the following fact. Unless M is a cubic surface
with bad symmetry and with Eckardt point (a point lying on three exceptional lines),
there exists a finite group G such that g (M) > 2/3 for every M satisfying c%(M ) <5.
Using this fact, we obtain the convergence of the Kiahler Ricci flow on M directly if
M ~ CP? # 8CP2. We thank Tian and Cheltsov for pointing this out to us. However, for
consistency, we still give an independent proof for the convergence of the Kéhler Ricci
flow on CP? # 8CP? without applying this fact.

4.2. Calculation of local a-invariants

In this subsection, we give an elementary proof of Lemma 4.1.

4.2.1. Local a-invariants of holomorphic sections of K ;,11

Proposition 4.1. Let S € HO(CP?,3H), Z(S) be the divisor generated by S, and x €
Z(S). Then a,(S) is totally determined by the singularity type of x. It is classified as in
Table 1 below.

Proof. Direct computation. O

Proposition 4.2. Suppose M is a Fano surface with M ~CP?#6CP2, and S € H'(K A_,Il).
Then o, (S) > 2/3 for every x € Z(S). Moreover, if S1, $» € HO(KI_WI) and o, (S1) =
oy (82) = 2/3, then there exists a nonzero constant A such that S = AS3.

Proof. Let M be the blowup of CP? at points p1, ..., pe in generic position. Let 7 :
M — CP? be the blowdown map. If § € HO(K;,[]), then ,(Z(S)) must be a cubic
curve y (maybe reducible) in CP? and it must pass through every point p;. It cannot
contain any triple line. Indeed, assume it contains a triple line connecting p; and p».
Then Z(S) = 3H — aE| — bE, for some a,b € Z*. On the other hand, we know
Z(S) =3H — Zf=1 E;, a contradiction.

Since no three p;’s are in the same line, a similar argument shows that there is no
double line in 7, (Z(S)).
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Table 1. Local « invariants of holomorphic anticanonical sections on projective plane

ax(S) | Singularity type of x S’s typical local equation
1 smooth z
transversal intersection of two smooth curves w
ordinary double point Z—wrw+1)
5/6 cusp 23— w?
3/4 tangential intersection of a line and a conic curve 2z +wd)
2/3 intersection of three different lines zw(z + w)
1/2 a point on a double line Z2
1/3 a point on a triple line 23

So Table 1 implies o () = otz (x) (7 (S)) > 2/3 whenever m (x) eCP? \{p1, ..., pe}-
Therefore we only need to consider singular points x € 7' ({p1, ..., pr}). Without loss
of generality, we assume x € o (p1) and x is a singular point of Z(S). We analyze
this situation according to the singularity type of m,(x). Actually, x is a singular point of
Z(S) only if m.(x) is a singular point of m,.(Z(S)). By Table 1, we have the following
classification.

1. m«(x) = p1 is an intersection point of three different lines. This case cannot happen: if
such three lines exist, one of them must pass through three blowup points, impossible.

2. m.(x) is an intersection point of two different lines. In this case, x must be a transversal
intersection point of a curve and the exceptional divisor E. Therefore, o, (S) = 1.

3. m.(x) is a cusp point. In this case, x must be a tangential intersection point of a smooth
curve and the exceptional divisor E;. Moreover, the tangential order is just 1. So
o, (S) =3/4.

4. m.(x) is a tangential intersection point of a line and a conic curve. In this case, x
is a transversal intersection point of three curves y, y», y3 with [y1] = Eq, [y2] ~
2H — Y% | E/ + Ej,[ys] ~ H— E; — E; for some j € {2,...,6}. Thus x is an
intersection point of three exceptional lines. Clearly, o, (S) = 2/3.

Therefore, o, (S) > 2/3 for any x € n_l{pl, ..., Pe}. Moreover, oy (S) = 2/3 only
if x is a transversal intersection point of three exceptional lines.

It is well known that M is a cubic surface, and there are in total 27 exceptional lines
on M. Each point can lie on at most three exceptional lines. Therefore, if oy (S1) =
ax(S2) = 2/3, then Z(S1) = Z(S2) as the union of three exceptional lines passing
through x. So there is a nonzero constant A such that S| = A.5;. O

Proposition 4.3. Suppose M is a Fano surface with M ~CP?>#8CP2, and S € HO(K ,_wl).
Then o, (S) > 5/6 for every x € Z(S).

Proof. In the notation of the proof of Proposition 4.2, we see m(Z(S)) is a cubic curve.
Suppose . (Z(S)) is reducible; then Z(S) = y1 + y» with y1 aline and y; a conic curve.
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So Z(S) can pass through at most 2 + 5 = 7 blowup points. On the other hand, it must
pass through all of them, a contradiction. Therefore, 7. (Z(S)) is irreducible.

If 7(x) € CP? \ {p1, ..., pg}, we have a,(S) = o) (7«(S)) > 5/6 > 2/3 by
Table 1. Suppose w(x) € {p1,..., ps}. These eight points are in generic position. No
cubic curve passes through seven of them with one point doubled. Since 7, (Z(S)) is a
cubic curve passing through all of these eight points, it must pass through every point
smoothly. It follows that x is a smooth point of Z(S). So «, (S) = 1. ]

4.2.2. Local a-invariants of holomorphic sections of K ;"

Proposition 4.4. If f, g are holomorphic functions (or holomorphic sections of a line

: : x(Naxc(g)
bundle) defined in a neighborhood of x, then o, (fg) > m, ie.,

1 1 1
< + )
ax(fg) — ax(f) ax(g)

Proof. Without loss of generality, we can assume oy (f), @x(g) < oo. For simplicity of
notation, let a = o, (f), b = ax(g), c = %. We only need to prove o, (fg) > c.
Fix a small number € > 0. Since c/a + ¢/b = 1, the Holder inequality implies

/ /b
[ro 2 t-oan= ([ g0 du)ca< / g—2h<1-€>>c < oo,
U U U

where U is some neighborhood of x. Therefore, o, (fg) > c(1—€). As € can be arbitrarily
small, we have o, (fg) > c. ]

27)

As an application of Proposition A.1.1 of [Tian90], we state the following property with-
out proof.

Proposition 4.5. Suppose f is a holomorphic function vanishing at x with order k. In a
small neighborhood, we can express [ as

i J
f:aijZ'IZ2+---

Without loss of generality, we can assume that there is a pair (i, j) such thati > j,
i+ j=kanda;j #0. Thena,(f) > 1/i.

Lemma 4.3. Suppose M is a cubic surface, and let S € HO(KA_,[m), x e M. Ifa,(S) <
2/(Bm), then ax(S) = 2/(3m) and S = (S')" where S’ € HO(KA}I) and Z(S') is the
union of three lines passing through x.

Proof. We will prove this statement by induction. Suppose we have already proved it for
all k < m — 1; now we show it is true for k = m.

Claim 1. If S splits off an anticanonical holomorphic section S’, then Z(S") must be the
union of three lines passing through x. Moreover, S = (§')™.
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Suppose S = §'S,,_; where S’ € HO(K},') and S,,—1 € HO(K;;""). Since o, (§') >
2/3 and oy (S;—1) = 2/(3(m — 1)), by induction assumption, inequality (27) implies

3m 1 1 1

3(m—1) 3m
_— << < —+ =
2 T o (S) T oax(S) o (Sm—1)

<3+
-2 2 2

This forces that

2 y 2 2
ax(S)—%a Ofx(S)—ga ax(Sm—1) = m
Therefore the induction hypothesis tells us that Z(S’) is the union of three lines passing
through x, S,,_1 = (§”)"~! and Z(S") is the union of three lines passing through x. As
there are at most three lines passing through x on a cubic surface, we see Z(S) = Z(S").
By changing coefficients if necessary, we have S,,_1 = (8')" L. It follows that § = (5')"
and we have finished the proof.

Claim 2. There must be a line passing through x.

Otherwise, there is a pencil of anticanonical divisors passing through x. In this pencil,
a generic divisor is irreducible and it vanishes at x to order 2. Choose such a divisor
and denote it by Z(S’). Locally, we can represent S by a holomorphic function f. Since
ax(f) = ay(S) < 2/(Bm), we see mult, (f) > [3m/(2)].If m is odd, then Z(S") SZ Z(S)
implies

3m = K" - K, > 2multy (f) > 3m + 1,

impossible. Since Z(S") is irreducible, we have Z(S") C Z(S). Therefore, S = S'S,,—1.
According to Claim 1, Z(S’) is the union of three lines and therefore Z(S’) is reducible.
This contradicts the assumption on Z(S’).
So m must be an even number and mult, () = 3m/2 exactly. Now f can be written

as

> aijzizd,  a;j =0 whenever i+ j <3m/2.

i,j>0
Using the fact that a (f) < 2/(3m), Proposition 4.5 implies a;; = 0 wheneveri < 3m/2,

and az 2,0 # 0. Therefore locally f can be written as as, /z,oz?m/ 2. h for some nonzero
holomorphic function 4. This means that Z(S) contains a curve y with multiplicity 3m /2.
Project Z(S) to CP? by the map 7. The image curve 7 () must be of degree one in CP?,
since otherwise 7w (Z(S)) = 7 (y) does not pass through other blowup points. Since 7 ()
is of degree one, it can only pass through two of the blowup points. Moreover, it vanishes
at each of these two points to order 3m /2 > m, impossible.

Claim 3. The number of lines passing through x is greater than 1.

Otherwise, there is exactly one line L passing through x. So there is an irreducible de-
gree 2 curve D passing through x such that L; + D = Z(§’) for some S’ € HO(K;,II).
Locally, we can write S as [1h where [ is the defining function for L. As a,(l1) = 1,
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the Holder inequality implies that a,(h) < 2/(3m — 2). Consequently, mult, (k) >
[3m/2] — 1.1f 2L, g Z(S), we have

m+1=(K,"—L)-L1>{h=0}-L >[3m/21 -1, & m=<4

If m > 4, this inequality is wrong so we have 2L| C Z(S). Actually, using this argument
and induction, we can show that [m /4L C Z(S).

For simplicity of notation, let p = [m/4]. Locally, S can be written as / ]p h. Clearly,
ay(h) < 2/(Bm —2p) and multy(h) > [3m/2] — p. Let f, and h,_ be the lowest

degree terms of f and & respectively. Then we may assume that h; 5 = z{l zéz +--- and

any term z‘izé in h, 5 satisfies i > j;. Now we have two cases to consider.

Case 1: Ly is tangent to {z1 = 0}. If (p + 1)L, Q Z(S), then

mtp= (K" —pLy)-Ly > (h=0)-Ly > (3m/2] —p)-2, & p> w

Here we use the fact that j; > [3m /2] — p since a, (h) < 2/(3m — 2p). This contradicts
our definition p = [m/4]. Therefore, (p + 1)L C Z(S).
Case 2. Ly is not tangent to {z; = 0}. Inthis case, f; = Azi’lz;ﬁp +--- for some A # 0.

Moreover, every z’izé in f, satisfies i > ji. Therefore, the fact that o, (S) < 2/(3m) and
Proposition 4.5 imply a; > [3m/2]. It follows that ¢ > p + [3m/2]. Under these
conditions, if (p + 1)L1 € Z(S), we have
m+p= (K, —pL)-Li>[3m/2], <& p=>[m/2].
If m > 3 this is impossible, so (p + 1)L C Z(S).If m <2,as [m/2] = [m/4] =1, we
already know [m /2Ly C Z(S).
Therefore by repeatedly rewriting S in local charts and considering Cases 1 and 2, we
can prove [m/2]1L1 C Z(S). Furthermore, we have proved the following property.
e Suppose S can be written as I{h" locally with n = [m/2]. Then either (n + 1)L C
Z(S) or L is not tangent to {z; = 0}.
From this property we can show D C Z(S). Infact,if (n+1)L; C Z(S) and D ;(_ Z(S),
we have
2m =K, - D> (n+ 1)Ly - D + mult,(h")
>2n+ D)+ (3m/21—(n+1)), < m=>2n+1,

where A" is a function such that locally S is represented by [} 1y This inequality is
impossible as n = [m/2]. If L; is not tangent to {z1 = 0}, we know mult, (k") >

n + [3m/2] = m + 2n. Therefore, D ¢ Z(S) implies that
2m = K,/ - D > nL, -D+mult, (k) >m+4n, o m>4[m/2],

impossible. Therefore, no matter which case happens, we have D C Z(S).SoD + L C
Z(S). It follows that S splits off an §' € HO(K;,II) with Z(§") = L + D, contrary to
Claim 1.
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Claim 4. The number of lines passing through x is greater than 2.

Otherwise, there are only two lines L and L, passing through x. There is a unique line
L3 not passing through x such that L1 4+ L, + L3 € K,;Il. We first prove the following
property:
k(L1 +Ly)C Z(S) forall0 <k <n=[m/2].

By induction, we can assume (k — 1)(L| 4+ L») € Z(S). Then S can be represented by a
holomorphic function f = I} ~'157" & locally. Noting that e, If ' 5™1) = 1/(k — 1), the
Holder inequality implies

2

3 _ 2

2k—=1) — _ 1
1-== 3m — 2k —1)

ax(h) <

It follows that
mult, (h) > [3m/21+1—k=m+n+1—k.

IfkLy € Z(S), we have

m= (K, —(k—1)(Li+ L) L >={h=0}-{l; =0}
>multy(h) >m+n+1—k, ©k>n+l.

This contradicts the assumption on k. Therefore, kL1 C Z(S). Similarly, kL, C Z(S).
So k(L1 + Lo) C Z(S).

Now locally S can be written as [{l5h. We have a, (h) < 2/(3m — 2n) and mult, (h)
> [3m/2 — n] = m. Assume mult, (2) = m. In local coordinates, h = Zi,jzo aijz’izé.
Since ay (h) < 2/(3m — 2n), Proposition 4.5 implies a;; = 0 wheneveri < [3m/2 —n]
= m. Since mult, (k) = m, we see that the lowest homogeneous term of f is of the form
[7137}". The condition o, (S) < 2/(3m) < 1/m implies that either Ly or L, say Ly, is
tangent to {z; = O} at x. If (n + 1)L Q Z(S), we have

m—}—n:(K&m—nLl)-Ll z{lthO}-Ll
=+ | Y ayzid =0} Ly zn+inf2i 4 ay #0) = n+2m,
i,j=0
impossible. It follows that (n + 1)L +nLy C Z(S).
Now we consider L3. If L3 ¢ Z(S), we have
m=L3-K,," >((n+ 1Ly +nly)=2n+1=2[m/2] + 1.

This absurd inequality implies L3 C Z(S). Let ' € KA_,[1 be such that Z(S") = L +
Ly + L3. We have S = §’S,,_1. However, Z(S’) is not the union of three lines passing
through x. This contradicts Claim 1.

Thus, there exist three lines L1, Lo, L3 C Z(S) passing through x. Since M is a cubic
surface, there exists an S’ € HO(K/_WI) such that Z(S") = L1 + Ly + L3. As we argued
in Claim 4, Ly, Ly, L3 C Z(S). Therefore Ly + L, + L3 C Z(S) and S splits off an
anticanonical holomorphic section §’. By Claim 1, we have S = (S')". O

Similarly, we can prove the following property by induction.
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Lemma 4.4. Suppose M is a Fano surface with M ~ CP*#8CP?, and let S € HO(K;/")
and x € M. Then a(S) > 5/(6m) for every x € M.

Proof. Suppose we have proved this statement for all k <m — 1.

Suppose this statement is wrong for k = m. Then there is a holomorphic section S €
HO(KA_/") and a point x € M such that o, (S) < 5/(6m). Let f be a local holomorphic
function representing S. Clearly, mult, (f) > 6m/5. Choose S’ € H 0(K,_V,l) such that
x € Z(8"). Since §’ is irreducible, if Z(S") ¢ Z(S), we have

m=Z(S)-Z(S") > 6m/5,

impossible. Therefore, Z(S") C Z(S). It follows that S = S'S,,_; for some S,,_1 €
H O(KA_,II). So Proposition 4.5 implies

5.5 5
6 Bm—1) _

ax(S) > §+—5 = om’
6 T 6m=0)

contrary to the assumption on o, (S). O

Lemma 4.1 is a combination of Lemmas 4.3 and 4.4.
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