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Abstract. Our first main result is a construction of a simple formal normal form for holomorphic
diffeomorphisms in C"* whose differentials have a one-dimensional family of resonances in the first
m eigenvalues, m < n (but more resonances are allowed for other eigenvalues). Next, we provide
invariants and give conditions for the existence of basins of attraction. Finally, we give applications
and examples demonstrating the sharpness of our conditions.
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1. Introduction

Let F be a germ of holomorphic diffeomorphism of C" fixing the origin 0 with diagonal-
izable differential. The dynamical behavior of the sequence of iterates {F°?},cy of F ina
neighborhood of 0 is determined at the first order by the dynamics of its differential d Fy.
In fact, depending on the eigenvalues Ap, ..., A, of d Fp, in some cases both dynamics
are the same.

In the hyperbolic case (namely when none of the eigenvalues is of modulus 1) the
map is topologically conjugate to its differential (by the Hartman—Grobman theorem [19],
[13], [14]) and the dynamics is clear. Moreover, if the eigenvalues have modulus either
all strictly smaller than one or all strictly greater than one, then the origin is an attracting
or respectively repelling fixed point for an open neighborhood of 0. Also, by the sta-
ble/unstable manifold theorem, there exists a holomorphic (germ of) manifold invariant
under F and tangent to the sum of the eigenspaces of those A;’s such that [A;| < 1 (resp.
|A;1 > 1) which is attracted to (resp. repelled from) 0. However, already in the case when
all eigenvalues have modulus different from 1, holomorphic linearization is not always
possible due to the presence of resonances among the eigenvalues (see, for instance, [4,
Chapter IV]).

The case where some eigenvalue has modulus 1 is the most “chaotic” and interesting,
since it presents a plethora of possible scenarios. For instance, if those eigenvalues of
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modulus 1 are not roots of unity and satisfy some Bryuno-type conditions, then there exist
Siegel-type invariant submanifolds (see [21], [32]) on which the map is (holomorphically)
linearizable. If the map is tangent to the identity, it has been proved by Ecalle [11] and
Hakim [18] that generically there exist “petals”, also called “parabolic curves”, namely,
one-dimensional F-invariant analytic discs having the origin in their boundary and on
which the dynamics is of parabolic type. Later, Abate [1] (see also [3]) proved that such
petals always exist in dimension two.

On the other hand, Hakim [17] (basing on the previous work by Fatou [12] and Ueda
[29], [30] in C2, see also Takano [27]) studied the so-called semi-attractive case, with one
eigenvalue equal to 1 and the others of modulus less than 1. She proved that either there
exists a curve of fixed points, or there exist attracting open petals. That result was later
generalized by Rivi [23].

The quasi-parabolic case of a germ in C2, i.e. having one eigenvalue 1 and the other
of modulus 1, but not a root of unity, has been studied in [7] and it has been proved
that, under a certain generic hypothesis called “dynamical separation”, there exist petals
tangent to the eigenspace of 1. That result has been generalized to higher dimensions by
Rong [24], [25]. We refer the reader to the survey papers [2] and [5] for a more detailed
review of existing results.

In the case of diffeomorphisms with unipotent linear part, it was shown by Takens [28]
(see also [16, Chapter 1]) that such a diffeomorphism can be embedded in the flow of a
formal vector field. Therefore, in this case the dynamics of the diffeomorphism, at least at
the formal level, is related to that of a (formal) associated vector field. For instance, using
the Camacho—Sad theorem on the existence of separatrices for vector fields [9], Brochero,
Cano and Hernanz [8] gave another proof of Abate’s theorem. On the other hand, when
the linear part of the diffeomorphism is not unipotent, the authors are not aware of any
general result about embedding such a diffeomorphism into the flow of a formal vector
field. In fact, one encounters somewhat unexpected differences between the dynamics of
diffeomorphisms and that of vector fields (see Raissy [22]).

The aim of the present paper is to study the normal forms and the dynamics of
germs of holomorphic diffeomorphisms having a one-dimensional family of resonances
among only certain eigenvalues (that we call here partially one-resonant diffeomor-
phisms). It should be mentioned that (fully) one-resonant vector fields have been studied
by Stolovitch [26], who also obtained a normal form for vector fields up to multiplication
by a unit. In the case of diffeomorphisms considered here, there is no natural analogue of
multiplying by a unit and thus we are led to seek a normal form for the original diffeo-
morphism only under conjugations.

More precisely, let A, ..., A, be the eigenvalues of the linear part of a biholomorphic
diffeomorphism germ F at 0. We say that F is one-resonant with respect to the first
m eigenvalues {\1,...,An} (1 < m < n) (or partially one-resonant) if there exists
a fixed multi-index ¢ = (aq,...,®y,0,...,0) # 0 € N" such that for s < m, the
resonances Ay = n7=1 )ij are precisely of the form A; = A ]_[;"=1 Afaj ,wherek > 1 e N
is arbitrary. We stress that, since arbitrary resonances are allowed for s > m, such a
condition is much weaker (see Example 2.4) than the one-resonance condition normally
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found in the literature corresponding here to the case m = n (see e.g. [15, 26]). The main
advantage of the new notion of partial one-resonance is that it can be applied to the subset
of all eigenvalues of modulus 1; it is natural to treat it differently from the rest of the
eigenvalues.

In the case of partial one-resonance, the classical Poincaré—Dulac theory implies that,
whenever F is not formally linearizable in the first m components, it is formally con-
jugate to a map whose first m components are of the form A;z; + a;z* zj + R;(2),
j = 1,...,m, where, the number k € N is an invariant, called the order of F wzth
respect to {Al, ..., Am}, the vector (ay, ..., ay) # 0is invariant up to a scalar multiple
and the R;’s contain only resonant terms of higher degree. The number

A=AF) =Y YU

j=1 Aj

is an invariant up to a scalar multiple, and the map F is said to be non-degenerate provided
A #0.

We show that (partially) one-resonant non-degenerate diffeomorphisms have a simple
formal normal form (see Theorem 3.6) in which the first m components are of the form

12ka =1

JZJ—H:,Z z,+ua,j zj, J=L...,m

Although none of the eigenvalues A;, j = 1, ..., m, can be a root of unity, such a normal
form is the exact analogue of the formal normal form for parabolic germs in C. In fact, a
one-resonant germ acts as a parabolic germ on the space of leaves of the formal invariant
foliation {z* = const} and that is the reason for this parabolic-like behavior.

Let F be a one-resonant non-degenerate diffeomorphism with respect to the eigenval-
ues {Aq, ..., A ). We say that F is parabolically attracting with respect to {A1, ..., Ay}
if

IAjl=1, Re(@xr'A™H >0, j=1,....m.
Again, such a condition is invariant, and its inequality part is vacuous in dimension 1 or
whenever m = 1 and |A;| = 1 since in that case « = (1,0, ...,0) with o1 > 0. Our
main result is the following:

Theorem 1.1. Let F be a holomorphic diffeomorphism germ at O that is one-resonant,
non-degenerate and parabolically attracting with respect to {A1, ..., Ay }. Suppose that
[Aj| < 1for j > m. Let k € N be the order of F with respect to {Ay, ..., An}. Then F
has k disjoint basins of attraction having 0 on the boundary.

The different basins of attraction for F (that may or may not be connected) project via
the map z — u = z* onto different petals of the germ u — u + A(F)u**t! + o(|u|*1).

Theorem 1.1 has many consequences. For instance, we recover a result of Hakim
(see Corollary 6.1) since non-formally linearizable semi-attractive germs are always one-
resonant, non-degenerate and parabolically attracting. Also, we apply our machinery to
the case of quasi-parabolic germs, providing “fat petals” in the quasi-parabolic dynam-
ically separating and attracting cases (see Subsection 6.2). Another area of application
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of Theorem 1.1 concerns elliptic germs which, in dimension greater than 1, might ex-
hibit some, maybe unexpected, parabolic-like behavior (see Subsection 6.3). Finally, we
present examples of one-resonant degenerate as well as non-degenerate but not paraboli-
cally attracting germs which have no basins of attraction at 0, demonstrating sharpness of
the assumptions of Theorem 1.1 (see Subsections 6.4 and 6.5).

The outline of the paper is as follows. In Section 2 we briefly recall the one-dimen-
sional theory of parabolic germs and define one-resonant germs in higher dimensions. In
Section 3 we construct a formal normal form for non-degenerate partially one-resonant
germs. In Section 4 we study the dynamics of normal forms, as a motivation for the
subsequent Section 5, where we give the proof of Theorem 1.1. Finally, in Section 6 we
apply our theory to the semi-attractive case, quasi-parabolic case, elliptic case and provide
examples of diffeomorphisms with no basins of attraction.

2. One-resonant diffeomorphisms

2.1. Preliminaries on germs tangent to the identity in C

For the material of this subsection, see e.g. [10]. Let
h(u) = u + Au* + O(JuF+?) 2.1)

for some A # 0 and k > 1, be a germ at 0 of a holomorphic self-mapping of C.

The attracting directions {vy, ..., vt} for h are given by the k-th roots of —|A|/A.
These are precisely the directions v such that the vector Av**! points in the direction
opposite to v. An attracting petal P for h is a simply-connected domain such that 0 € 9 P,
h(P) C P and lim,,— 0 h°"(z) = O for all z € P, where h°" denotes the mth iterate
of h.

We state here (a part of) the Leau—Fatou flower theorem. We write a ~ b whenever
there exist constants 0 < ¢ < C such thatca < b < Ca.

Theorem 2.1 (Leau-Fatou). Let h(u) be as in (2.1) and v an attracting direction for h
at 0. Then there exists an attracting petal P for h (said to be centered at v) such that for
each z € P the following hold:

(1) h°™(z) # 0 forall m and limy,_, 5 h°™ (2) /|h°" (2)| = v,
2) [ )k ~ 1/m.

Moreover, the petals centered at the attracting direction v can be chosen to be connected
components of the set

{zeC:|AZF +5] <6},

where 0 < § < 1.

By property (1), petals centered at different attracting directions must be disjoint.
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Remark 2.2. Property (1) of Theorem 2.1 is a part of the standard statement of the Leau—
Fatou theorem (see, e.g., [2] or [6]). Property (2) follows from the construction of the
so-called Leau—Fatou coordinate. We sketch it briefly here for the reader’s convenience.
Up to a dilation one can assume A = —1/kand v = 1. Let H := {w € C : Rew >
0, lw| > C}and ¥(w) := w=* for w € H with the k-th root chosen so that 11/¥ = 1.
By the Leau—Fatou construction (see, e.g., [6, pp. 19-22]), if C > 0 is sufficiently large
then the set P := W(H) is h-invariant and the map ¢ := Ul ohoW: H— H satisfies

pw)=w+1+0(w™"), weH.

From this both (1) and (2) follow easily.

2.2. Fartially one-resonant germs

Let Diff(C"*; 0) denote the space of germs of holomorphic diffeomorphisms of C”" fix-
ing 0. Write N = {0, 1, ...}. Given a set {A1, ..., A,} of complex numbers, recall that a
resonance is a pair (j, ), where j € {1,...,n}and! = (I1, ..., ;) € N" is a multi-index
with || > 2 such that ; = A/ (where A/ := A"l ... A1),

In all the rest of the paper, and without mentioning it explicitly, we shall consider only
germs of diffeomorphisms whose differential is diagonal.

Definition 2.3. For F € Diff(C"; 0), assume that the differential d Fy has eigenval-

ues A, ..., A,. We say that F is one-resonant with respect to the first m eigenvalues
{A, ..., Am} (1 < m < n) if there exists a fixed multi-index o = («q, ..., &, 0,...,0)
# 0 € N" such that the resonances (j, /) with j € {1, ..., m} are precisely of the form

(j, ok +¢j), where e; € N" is the unit vector with 1 at the jth place and 0 elsewhere and
where k € N\ {0} is arbitrary. (In particular, it follows that the relation )L‘f‘ A =1

holds and generates all other relations )Jls Lo Af” = 1 with 85 > O for all s.) The multi-
index « is called the index of resonance. If F is one-resonant with respect to {11, ..., A,}
(i.e. m = n) we simply say that F is one-resonant.

The notion of one-resonance for m = n has been known in the literature (see e.g. [15,
26]). However, its generalization for m < n given here seems to be new. The following
class of examples illustrates the difference.

Example 2.4. Let F e Diff(C3; 0) be any diffeomorphism with eigenvalues A, , v of
d Fy such that X is a root of unity, || < 1 and v = u* for some natural number s > 1.
Then F is one-resonant with respect to A but has resonances of the form (3, se;), showing
that it is not one-resonant with respect to all the eigenvalues.

Remark 2.5. It follows directly from the definition that, if F' is one-resonant with respect
to {A1,..., An}, then X; # As forany j € {1,...,m}and s € {1,...,n} with j # s.
Indeed, otherwise one would have resonances of type (j, ko + ey), which are not of the
required form (7, ko + ¢;).
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Example 2.6. The same diffeomorphism can be considered one-resonant with respect
to different groups of eigenvalues. For instance, consider F(z, w) = (z + z°, e %w +
zw), where 0 is irrational. Then F is one-resonant with respect to A; = 1 with index of
resonance (1, 0). But F is also one-resonant (with respect to {A1, A2} = {1, 2710} with
the same index of resonance (1, 0)). (Note that the higher order terms of F play no role
here but will be used later in Example 3.4.)

As the previous example shows, there may exist “non-maximal” sets of “one-resonant
eigenvalues”. However, it is easy to see from the definition that any set of “one-resonant
eigenvalues” is contained in the unique maximal set and contains the unique minimal set.
Namely, let F' be one-resonant with respect to {A1, ..., A} and assume that the index of
resonance is & = (o, ..., &n, 0, ..., 0). Since the relation A{" - -- A, = 1 holds and

generates all other relations )Jlg LI x,’f" = 1 with By > 0 for all s, it follows that any other
resonant set of eigenvalues corresponds to the same index «. Then it follows directly from
the definition that every set of one-resonant eigenvalues contains the minimal set L of all
Aj with oj # 0 and the set L itself is one-resonant. On the other hand, let L be ths set of
all A; such that any resonance (j, /) is of the required form (j, ke + ¢;). Then L is the
maximal one-resonant set that contains any other one-resonant set of eigenvalues.

The choice of the set of eigenvalues with respect to which the map is considered one-
resonant depends on the problem one is facing; in our main result Theorem 1.1 it is natural
to consider one-resonance with respect to the set of all eigenvalues of modulus 1.

3. Normal form for non-degenerate one-resonant diffeomorphisms
Let F € Diff (C"; 0) be one-resonant with respect to {A1, ..., A, } with index of resonance

a. Using Poincaré—Dulac theory (see, e.g., [4, Chapter IV]), one can formally conjugate
Ftoagerm G = (Gy, ..., G,) such that

Gj(z) = hjzj +aj2%z + Rj(), j=1,...,m, (3.1)
where eithera = (ay, ..., a,) # 0and R;(z) contains only resonant monomials a;;z*°z;
withs > k,ora; =0and R; = 0forall j =1, ..., m. Note that the second case occurs

precisely when F is formally linearizable in the first m variables.

Definition 3.1. Let F' € Diff(C”"; 0) be one-resonant with respect to {11, ..., A;;} such
that
Fi(z) = Ajzj +a;z%z; + 0(z|¥"F2), j=1,....m, (3.2)
withk > 1 anda = (ay, ..., an) # 0, where « is the index of resonance. Set
m aio;
A=AF) =) 33
(F):=)_ y (3.3)

We say that F is non-degenerate if A # 0.



One-resonant biholomorphisms 185

Remark 3.2. The integer k in (3.2) is invariant under conjugations preserving the form
(3.2), and the vector a = (ay, ..., ay) is invariant up to multiplication by a scalar. In
particular, the non-degeneracy condition given by Definition 3.1 is invariant. Indeed, if
conjugation with a map ¥ = (Y, ..., ¥,) € Diff(C"*; 0) preserves the form (3.2) (pos-
sibly changing a), then v¥;(z) = b;jz; + o(z%), bj € C*, forany j = 1,...,m, in
view of Remark 2.5. Conjugating with the linear part of i, we see that for any such j,
a; is replaced by ajb“k. Assume now that ¥ (z) = z + O(|z|?). Then by Poincaré—Dulac
theory, since { preserves (3.2), all terms of order less than |« |k + 2 that v has in its first
m components must be resonant, and therefore a is invariant.

Definition 3.3. We call the invariant number k the order of F with respectto Ay, ..., Ay.

Example 3.4. Let F be the germ in Example 2.6. Then F is non-degenerate when re-
garded as a one-resonant germ with respect to the eigenvalue 1 (with k = 2 and a =
a; = 1). But it becomes degenerate when regarded as a one-resonant germ (with respect
to both eigenvalues {1, €2™191) because in that case a = (aj, az) = (0, 1) and the index
of resonance is (1, 0), thus A(F) = 0. The main reason here is the change of the order k.

Note that, more generally, for a germ of the form (z + --- , > %w + -..) with 0
irrational, the condition of being non-degenerate with respect to {1, **/?} is equivalent
to F being dynamically separating in the terminology of [7] (see Subsection 6.2).

As illustrated by the latter example, if one passes from a smaller set of one-resonant
eigenvalues to a larger one, the order k may drop, in which case the corresponding non-
degeneracy conditions are not related, i.e. F' can be non-degenerate with respect to the
smaller set but not the larger one or vice versa. On the other hand, if the order & is the same
for both sets, since both sets contain the set of all A; with o; # 0, the (non-)degeneracies
with respect to the smaller and larger sets are clearly equivalent.

Remark 3.5. If F is one-resonant with respect to {11}, then X1 is a root of unity. More-
over, in this case F is non-degenerate if and only if it is not formally linearizable in the
first component.

We have the following normal form for non-degenerate partially one-resonant diffeo-
morphisms.

Theorem 3.6. Let € Diff(C"; 0) be one-resonant and non-degenerate with respect to
Ay -« .y Ay With index of resonance «. Then there e)Acist k € N and numbgrs w,at, ...,day
€ C such that F is formally conjugate to the map F(z) = (F1(2), ..., F,(z)), where

- —1 ;

Fj(x) = Mjzj + a2z + poh; 2, j=1.....m, (3.4)
and the components I:“j(z) for j =m+1,...,n contain only resonant monomials.
Proof. By Poincaré-Dulac theory, we may assume that Fj(z) for j = m + 1,...,n

contain only resonant monomials and

Fi2) = Ajzj + a2 + ) apz™%,  j=1.....m. (3.5)
>1
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With the notation F’ := (Fy, ..., Fy), A = diag(A, ..., Am), 2 := (@1, ...,2Zm), W€
can rewrite (3.5) in the more compact form
F'(2) =N +2) ajzjej + ) ra > apjzje;. (3.6)
Jj k'>k J

where the summation over j is from 1 to m and e; is the standard unit vector.
We now study the conjugation F = ® o F o ©~! under the map

0@ =2+0@), 0@ = (%Y bzje;, 0) = (121, ... b2y, 0, .., 0),
J 3.7)
for an integer [ > 1 and a vector b = (by, ..., by,) € C™. We also use the notation
F@ =+ f@, F@=r+f@. fF=00),
and the Taylor expansions
fe+m=Ff+). %f“)(z)(h), 0 +h) =0+ %e“) @(h), (3.8)

r>1"" r>1""

where the derivatives f(r) (z)(h) and 6 (z)(h) are regarded as n-tuples of homogeneous
polynomials of degree r in h. We use (3.8) to rewrite the identity

F(O(2)) = O(F(2)) (3.9)

as
~ 1 ~, 1 .
f2) +10(2) + 2 ;f( )(2)(0(2)) = 0(Az) + f(2) + ; ;9< )(A2)(f(2)). (3.10)

In view of the resonance relations, we have A6(z) = 0(Az) and hence (3.10) is equivalent
to

~ 1 ~
F@=f@=3 ~ 0700 @) - 7 @0). (3.11)

r>1""

Now identifying terms of order up to k|| + 1 in (3.11), we conclude by induction on
the order that

F@ =@+ 032" =23 " ajzie; + 01, (3.12)
J

where f/ =( ]71 e fm). Next, identifying terms of order up to (k +1)|a|+ 1, we obtain

@ =@ =0D02(f@) — VY@ O@) + 0(z|*FDll+2),
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Substituting f”, f’ from (3.12) and 6 from (3.7), we find

1@ = /@) =259 by (o a4t + 8,3/ z5e; — (ke +85)zj¢7)
7
+ O(|z|*FDll+2y, (3.13)

By the resonance conditions, MY =1.1n particular, the terms with §;; cancel each other
and we obtain

F@ = f1@) =280 " ajb(lajr® i zye, — kaszje)) + O(|z| ¥+

Jss
= FDApAZ + O (7| FHDI+2) (3.14)
where b = (by, ..., by), Z is the diagonal matrix with entries zy, ..., Z,, and A is the

m X m matrix given by
A=Il(aL 'a")L — kd'a.

Here o! is the transpose of « and L is the diagonal matrix with entries Ap, ..., A,,. Note
that the expression in parentheses is a scalar. Then

A=CL, C=I@aL 'o")id—ka'aL™".

Since the matrix ka’a L~ is of rank one, it has at most one non-zero eigenvalue equal
to its trace kaL ~'a’. By our non-degeneracy assumption, this trace is actually different
from zero. The first matrix in the expression of C is scalar with all its diagonal entries
equal to laL~'a’. Since aL™'a’ # 0, we conclude that C is invertible if and only if
[ # k. Since f has the form (3.5), given any / # k, it follows from (3.14) that there exists
a (unique) vector b such that f' = f’ + O(|z|*TPlI+1) and the terms of f” of order
(k + Dla| + 1 all vanish.

On the other hand, in case [ = k, C has rank m — 1. In this case we use the identity

bCa' = kb(aL 'a)a! — kb(a'aL "o = k(aL™'a"ba! — kba' (aL™'a') = 0,

where we have used that both b and ba' commute with the scalar aL~'a’. Hence of
annihilates the image of the map b — bC. Since C has rank m — 1, its image is precisely
the orthogonal complement of « (with respect to the standard hermitian scalar product on
C™, note that @ = «). Then the image of the map b — bA is precisely the orthogonal

complement of oL = (alxl_l, e amx,;l). It now follows from (3.14) that, choosing
a suitable b, we can arrange that the term of f” of order 2k|«| + 1 equals

—1 —1
2yl Z = sz“MZajAj zjej (3.15)
J

for some u € C.

We now apply inductively the above procedure for each [ > 1, either to eliminate the
corresponding term in (3.5) or normalize it as in (3.15), by conjugating with a suitable
map (3.7) for that [. At each step we may create non-resonant terms whose order must
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be greater than /|o| 4+ 1 in view of (3.10). Those terms can be eliminated inductively
according to Poincaré—Dulac theory by conjugation with further maps ®(z) = z + 6(z)
with 6 (z) being suitable monomials of order greater than /|«| 4 1. Again using (3.10) we
see that those additional conjugations do not affect the normalized terms of order /|« |+ 1.
Thus by induction on /, we obtain the desired normalization (3.4). O

Remark 3.7. It is clear from the proof of Theorem 3.6 that for any given ¢ € N there
exists a holomorphic (polynomial) change of coordinates which transforms F' into F' +
O(t), where F satisfies (3.4) and O (¢) denotes a function vanishing of order > ¢ at 0.

4. Dynamics of normal forms

Motivated by Theorem 3.6, we shall first study the dynamics of a one-resonant diffeo-
morphism G € Diff (C"*; 0) of the form G(z) = (G1(2), ..., G,(z)) with

Gj(z) = hjzj +aj?zj + bz,  j=1,...,n, 4.1)

and A = A(G) # 0, where A(G) is as in Definition 3.1. We consider the singular
foliation F of C" given by {z* = const}.

Lemma 4.1. The foliation F is G-invariant.
Proof. Let w(z) = z%. Then

n
7(G@) =2 [ [0y + a2 + b))%,
j=I1

where the right-hand side is clearly a holomorphic function of z*. Hence G maps leaves
of F into (possibly different) leaves of F and the desired conclusion follows. O

Let £ denote the space of leaves of F. Let # : C" — L be the projection given by
(z1y---,2n) > 2% Clearly, L >~ C. Let u = z% = n(z). The action of G on L is given
by

Pu) = G1(D)" - Gu (D™ = u+ MG + O(lu**?), 4.2)

where we have used that A* = 1. Note that ® : (C, 0) — (C, 0) is locally biholomorphic.
Let vy, ..., v be the attracting directions for &, and P; C C, j = 1, ..., k, attracting
petals centered at v; (see Section 2.1). Set

Uj = JT_I(PJ') ccn.

Since F is G-invariant, the domains U; are also G-invariant.

Let z € U;. Then ®°"(r(z)) — 0 as m — oo. In order to understand the dynamics
of G, it is then sufficient to understand the “motion” along the leaves of F. As a matter
of notation, let p;(z1, ..., zx) = zj.



One-resonant biholomorphisms 189

Proposition 4.2. Let G € Diff(C"; 0) be in the normal form (4.1) with A = A(G) # 0.
Fix1<j<nandl <t <k

(1) If x| < L, then limy,_, o0 pj 0 G (2) = 0 for all z € U;.
(2) If |Aj| > L, then lim;, o pj 0 G (z) = o0 for all z € U, with zj # 0.
(3) If Ixjl =1 and Re(aj)xj_lA_l) > 0, then lim;, o0 pj 0 G (2) = 0 forall z € Uy.
@ If |rjl =1and Re(aj)\jflA_l) < 0, thenlimy, o0 pj 0 G (2) = o0 for all z € U;
with z; # 0.
Proof. Note that by construction ® (7 (z)) = m(G(z)). We can write, for j = 1,...,n,
Gj(x) = O + aju* + bju*)z;

and, letting u; := ®° (u) = 7(G°(2)),

- a i, bj o

pj [e] Gom(Z) = )\.71 1_[(1 + )“_Ml + )“_Ml )ZJ

=1 J J

We examine the asymptotical behavior of the infinite product

s aj b;
1+ ZLuk + —fu,”‘>. (4.3)
E( Aj Aj

Let z € Uy, therefore u = m(z) € P;. By Theorem 2.1(2), it follows that |uf‘| = |uy|*F ~
1/1.

Let A; := (aj/kj)uf + (bj/kj)ufk. We examine the behavior of [)~, |1+ A;|. Taking
the logarithm we have

m 1 m
log(]_[ 11+ Azl) =3 > “log(1 + |Ajl* + 2Re A)).
=1 =1

For ! > 1, ||A;|> + 2Re A;| ~ 7€ for some ¢ € N*. Hence, log(1 + |A;|*> +2Re A;) ~
|A;|? + 2 Re A; since for [ >> 1,

1 & 2 I &
= log(1 + |A 2ReAp|~= ) I"“.
2lzZ}|og(+|l|+ e Al 21221
It follows that the infinite product (4.3) either converges or diverges much slower than
|A;|™ in case |A;| # 1. Thus (1) and (2) follow.

As for (3) and (4), we need a better estimate. By Theorem 2.1(1), it follows that

uf‘/|u1|k — vf‘ = —|A|A~ ! as | — oo. Hence

k
u . A
lim Re( 2 Y1) = Re a—]vf‘ = —Re 4 1Al .
[—00 )"j |u1|k )"j )\.j A

Therefore in case (3), for [ large, |A;|*> + 2Re A; ~ —[~!. Hence
tog([ 11+ Ail) = 5 > log(1 + [Ai> +2Re A ~ 2 3" — = —ox,
gﬂ' il 21221 g(1+ Al h) 21:211

and thus (3) follows. Statement (4) is similar. m]
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5. Dynamics of non-degenerate one-resonant maps

Definition 5.1. Let F € Diff(C"; 0) be one-resonant and non-degenerate with respect
to {A1,..., An}. Let k € N be the order of F with respect to {Aq, ..., A;} (see Def-
inition 3.3). Choose coordinates such that (3.2) holds. We say that F is parabolically
attracting with respect to {A1, ..., Ay} if

Ajl=1, Re@r'aA™hy>0, j=1...,m, (5.1)
where A = A(F) is given by (3.3).

Remark 5.2. The condition of being parabolically attracting is independent of the co-
ordinates chosen. To see this, let i/ be a transformation which preserves (3.2), and let
F := ¥ o F o ¢! In view of Remark 3.2, it suffices to check the invariance of (5.1)
for y linear with ¥;(z) = b;z;, b; € C*, forany j = 1, ..., m. Then, g; is replaced by
Gj := a;jb® and A(F) = A(F)b¥, from which the claim follows.

Remark 5.3. If F is one-resonant and non-degenerate with respect to {A{} (with |A]
= 1), then it is always parabolically attracting. Indeed, in that case, A = ajo;A;~" and

Re(alkl_lA_l) = Oll_l > 0.

Definition 5.4. Let F' € Diff(C"; 0). A basin of attraction for F at 0 is a non-empty (not
necessarily connected) open set U C C" with 0 € U for which there exists a neighbor-
hood basis {€2;} of 0 such that F(U N Q;) C U N Qj and F°"(z) — Oasm — oo
whenever z € U N Q; for some ;.

We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Denote u := z*. In view of Theorem 3.6, up to biholomorphic
conjugation we can assume that F(z) = (F1(2), ..., F,(z)) with

(5.2)

Fio) = | +ajut + prjeuttz + 0z, j=1,....m,
’ Aizj + 0(1z1), j=m+1,....n,

for any fixed [/ to be chosen later. Also, acting with a dilation (cf. Remark 3.2) we can
assume that A = A(F) = —1/k. Then, since F is parabolically attracting, we have

Re(a,-,\j—l) <0, j=1,....m. (5.3)
Let R > 0 be a number we will suitably choose later. Let

1 1
uk — —| < }

Agr =queC: —
2R 2R

Note that A has exactly k connected components corresponding to different branches
of the k-th root. The desired basins of attraction will be constructed by means of the
projection z > z over sectors contained in such connected components.



One-resonant biholomorphisms 191

We first construct a basin of attraction based on a sector centered at the direction 1,
namely,

Sgr(e) :={u € AR : |Argu| < &}, 54
for some small ¢ > O to be chosen later.
Let 8 > 0 be such that S|a| < 1 and let
Bi={z=(a1.....20) €C": |gj| < lul, j=1,....m,
|Gty 2| < lul?, = z% € Sg(e)).

First of all, B #  and O € 0 B. Indeed, it is easy to see thatz, = (r,...,r) € Bforr > 0
sufficiently small. Moreover, since the map z + z% is open and 0 is not in the interior of
Sr(e), it follows that 0 ¢ B, i.e. 0 € d B. Finally, the set B is obviously open.

Next, we prove that B is F-invariant. Let z € B and let u := z*. Let

o] o, 1 k+1
Qu,z)=F (@) F," (@) =u— i + hi(u) + ha(2),

where we consider @ as a function of the variables z,u = z% and where h;(u) =
0(|u|k+2) and hy(z) = 0(|z|l). We make the change of coordinates U = u~* and write

dWU,z2) =W VK 7*

for the map @ in the new coordinates. Note that u € Sr(¢) if and only if U € Hg(¢),
where
Hgr(e) :={w e C:Rew > R, |Argw| < ke}.

Since Re(a; )\j_l) < 0, it is easy to see that, choosing R sufficiently large and ¢ sufficiently
small, we obtain

ai 1 1 c
1+ 2L — —l<1—-— 55
+Aj w+M%w2 = |w| (5-5)
for some ¢ > 0 and for all w € Hg(e).
Now fix 0 < § < 1/2 such that
Hr(e)+ 1+ 17 C Hr(¢) whenever |T| <6, (5.6)

Note that § depends on ¢ but not on R. Fix 0 < ¢’ < c¢. By choosing 8 < 1/2
sufficiently small, we can assume that

BB +1)—ck <0 (5.7)

and choose [ > 1 such that
Bl > k+1. (5.8)

After a direct computation we find

~ 1 k
dU,z) = U( ) . (5.9)
1— 5 + UYkny(U=1/k) + UVkhy(2)
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Since |z| < n|u|? in B, there exists K > 0 such that
U1 @Y1 < Ko |VEu SR = kot e

and
UMK ha(2)] < KIU KulP! = kU | -RD/E,

Therefore, if R is sufficiently large and z € B (hence U € Hg(¢)), we have
5(U, 2)=U+14vU,z) with|v(U,z)| <§, (5.10)

where we have used (5.8). In particular, U; := &D(U, z) € Hg(e) in view of (5.6) and
ReU; > Re U + 1/2. Therefore we have proved that

z€B = uy:=d(u,z) € Sg(e). (5.11)
Moreover, by the same token, setting by induction u,,+1 := ®(u,,, F"(z)), it follows
that
lim u, =0. (5.12)
m—00
Now we examine the components Fj for j = m +1,...,n. Setx = (z1,...,2Znm)
and y := (Zm+1, ..., 2n)- Then
yi =My +h(2)z,
where M is the (n — m) x (n — m) diagonal matrix with entries A; (j =m +1,...,n)

and A is a holomorphic (n — m) x n matrix valued function in a neighborhood of 0 such
that £(0) = 0. If z € B, then |y| < |u|?. Moreover, since [Ajl <1forj=m+1,...,n,
it follows that there exists a < 1 such that |My| < aly| < alu|P. Also,1let0 < b < 1 —a.
Then, for R sufficiently large, it follows that |h(z)] < b/n if z € B. Hence, letting
p =a+ b < 1, we obtain

b
Iyil < IMy| + ()] |z] < alulf + ;n|u|ﬂ = (a+Db)ulf = plulP. (5.13)
Now, we claim that for R sufficiently large,

(5.14)

where u1 = ®(u, z). Indeed, (5.14) is equivalent to |U1| < p_k/ﬁ|U| and hence to

|U+1+v(U,2)| < p_k/fj.
|U|
But the limit as |U| — oo of the left-hand side is 1 and the right-hand side is > 1, thus

(5.14) holds for R sufficiently large.
Hence, by (5.13) and (5.14) we obtain

Iyil < furlP. (5.15)
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Now we examine the components F; for j = 1,...,m. Let z € B and, as before, let
U=uFe Hpr(g). By (5.2) and by (5.3) we have

aj 1 1
Fi(z) =Aj<l+k_jﬁ+uajﬁ)zj+Rl(Z) (5.16)

with R;(z) = O(|z|)). If z € B and R is sufficiently large, one has
IRi(2)] < 12" < (nlulPY . (5.17)

From (5.16), and since U € Hg(e), we now obtain, using (5.5) and (5.17),

-1
IF@1 < (1= — + P2 Yl = (1= = Sl
T Ul Ul PRk )

Then (I —2) > k+ 1 — 28 > k by (5.8) and thus (Il — 2)/k > 1. Hence, if R is

sufficiently large,

nl-1

C
pu) ::l—m—i—m < 1. (5.18)
Hence
|Fj(2)| < p)|ul?. (5.19)

Now we claim that, setting u1 := ®(u, z), we obtain

1
lul < Whﬂl. (5.20)

Indeed, (5.20) is equivalent to |U;| < p(u)~%/#|U| and hence, in view of (5.10), to

U+ 1+v(U,2)]

—k/B
0l = plu)y " (5:21)

Note that, since 0 < ¢’ < ¢ (recall that ¢’ is chosen before (5.7)), taking R sufficiently
large, (1 — ¢’/|U)*# < pu)=*/B. Also, by (5.10) we have |U + 1+ v(U, 2)|/|U| <
14+ (1+68)/|U|, hence (5.21) holds if we can show that

146 ¢\ HE
14+ —— < (1 -~ —> : (5.22)
U] |U|

¢\ “HE k ¢ 1
11— — =1+——+0<—),
( |U|> B |U| |U]

and thus (5.22) holds whenever § + 1 — ¢’k/B8 < 0 (which is ensured by (5.7)) and R is
sufficiently large. Hence, (5.20) holds. Putting together (5.19) and (5.20) we have

But

Fi@l <lul?,  j=1,....m. (5.23)
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Inequalities (5.15) and (5.23) imply that F(B) € B. Moreover, by induction, for all
z € B, denoting by p; (z) := z; the projection on the j-th component, we have

lpj © FO"(2)| < luml?,

hence F°"(z) — 0as m — oo by (5.12). Therefore B is a basin of attraction for F' at 0.
To end the proof, we note that the previous argument can be repeated by considering
in (5.4) the sectors S;e (e), j=1,...,k, of the form
Sh(e) == {u € Ag : |Argu —27(j — 1)/k| < ¢}.

Let B; be the basin of attraction constructed over S;e (&), namely

Bii={z=(z1,...,z) € C": |zj| < [P, j=1,....m,
(Gntts -zl < lul?, u = 2% € Sg(e)).
Then clearly By, ..., By are disjoint and the proof is complete. O
Remark 5.5. Let F be as in Theorem 1.1 and let By, ..., By be its basins of attraction
at O constructed in the proof. If Sy, ..., Sk denote the k petals for the induced germ u +—
u 4+ Auftt + O (lulF+?) (see (4.2)) then, up to relabeling, w(B;) C S; for j =1,...,k,
where 7 : C" 5 z + z% € C. In particular, if « = (¢, 0, ..., 0) for some ¢ > 1, then

each By has g connected components.

6. Applications and examples

6.1. Semi-attractive case

One-resonant diffeomorphisms with respect to one eigenvalue (which is necessarily a
root of unity) are either formally linearizable in the associated eigendirection, or non-
degenerate and parabolically attracting (see Remark 5.3). Thus, in particular, we recover
Hakim’s theorem on semi-attractive germs (cf. [17, Thm. 1.1] for ¢ = 1):

Corollary 6.1. Let F € Diff(C"*; 0). Let {11, ..., A, } be the eigenvalues of d Fyy. Suppose
that)ff = 1 for some q € N\ {0} and)»ll #lforl=1,...,q — 1, and that |A;| < 1 for
Jj =2,...,m. Inparticular, F is one-resonant with respect to {A1}. Let k be the order of
F with respect to ). Then either

(1) k < oo and there exist k basins of attraction for F at 0, each having q connected
components which are cyclically permuted by F, or

(2) k = oo and F is formally linearizable in the first component. This is the case if and
only if there exists a holomorphic germ of a non-singular curve of fixed points of F°4
passing through 0.
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Proof. (1) If k < oo then F is non-degenerate with respect to {A;} and with index of
resonance (g, 0, ..., 0) (see Remark 3.5). By Remark 5.3, F is parabolically attracting
with respect to {1} and hence Theorem 1.1 applies, yielding k basins of attraction. Let

Bq, ..., B be the basins of attraction constructed in the course of proof of Theorem 1.1.
By Remark 5.5, each B; has g connected components.
Fix one such basin of attraction B = B; and let Dy, ..., Dy_1 be its connected

components. By Remark 5.5, the image of B in C via the map C" 5 z z(f belongs
to a petal Sof u — u + A(F)u**!. Let w € C be such that w? € S. In view of
the construction in the proof of Theorem 1.1, assuming w is sufficiently small, we have
0p = (Afw, 0,...,0) e Bforp=0,...,q—1. Moreover, the Q,’s belong to different
connected components of B. We can assume Q, € D, for p = 0,...,g — 1. Now
F1(Qp) = )»f“w + o(lw]) and hence F(Q)) belongs to Dy11 (wWhere D, = Dy),
proving the statement.

(2) We note that by Definition 3.3, the orders of F and of F°? with respect to A; coin-
cide. Furthermore, k = oo if and only if F is formally linearizable in the first component,
and hence if and only if F°? is formally linearizable in the first component. Therefore we
can assume ¢ = 1. One direction being clear, we only show that if k¥ = oo then F has a
holomorphic non-singular curve of fixed points through 0. Write z = (z, 7’) € C x C"*~1,
A=, ..., ) and

F(z,7) = (f(z,2), X7 + g(z,7)) e C x C"!,

where f(z,7) = z+0(|(z, Z)]) and g(z, z’) = 0o(|(z, 2')|). We look for a curve given by
Y (&, v()) wherev : U — C'lisa germ at 0 of holomorphic map defined in
some open set U C C such that v(0) = 0 and such that F(y¥(¢)) = ¢ (¢) forall ¢ € U.
We decouple the latter condition as

S v©) =¢, (6.1)
V(g) + g(g, v(©) = v(©). (6.2)

Since k = 400, Poincaré-Dulac theory shows that F is formally conjugate to a map of
the type F(z,7) = (z, V7' + h(z, 7)), where each monomial in the expansion of h(z, 7')
is divisible by z; for some j = 2,...,n. Clearly F has a unique curve of fixed points
tangent to e, namely z = 0. Hence, F has a unique formal solution to (6.1) and (6.2).
It is enough to show that such a solution is actually holomorphic. To this end, we let
G(x,y) := (M —id)y + g(x,y) withx € Cand y € C"~!. Since the Jacobian matrix
{0Gg;ﬁ’y ) O}j;il = A’ — id has maximal rank, by the (holomorphic) implicit function
theorem there exists a unique function v(x) defined and holomorphic near x = 0 such
that G (x, v(x)) = 0, and the proof is complete. O

6.2. Quasi-parabolic germs

A germ of holomorphic diffeomorphism of C2 at 0 of the form F(z,w) = (z + - - -,
™%y + ... ) with 0 € R is called quasi-parabolic. In particular, if & € R\ Q, then F is
one-resonant. We shall restrict to this case here.
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Using Poincaré-Dulac theory, since all resonances are of the type (1, (m,0)),
(2, (m, 1)), the map F is formally conjugate to a map of the form

F(z,w) = (z + iajzf, 0y + i bjzjw), 6.3)
J=v J=H

where we assume that either a, # 0 or v = oo if ¢; = 0 for all j. Similarly for b,,.

As proved in [7], the number v(F) := v is a formal invariant of F'. Moreover, it is
proved that, in case v < oo, the sign of ®(F) := v — u — 1 is a formal invariant. The
map F is called dynamically separating if v < oo and O (F) < 0.

An argument similar to that in the proof of Corollary 6.1(2) yields:

Proposition 6.2. Let F be a quasi-parabolic germ of diffeomorphism of C* at 0. Then
V(F) = 400 if and only if there exists a germ of (holomorphic) curve through 0 that
consists of fixed points of F.

In case v(F) < oo, we note that the index « is (1, 0) and therefore A(F) equals either
ay(r) or 0, depending on whether v < u + 1 or v > pu + 1. Hence F is dynamically
separating if and only if it is non-degenerate with respect to {1, ¢>7?}. In case F is non-
degenerate, k := v(F) — 1 is the order of F with respect to {1, 27}

In [7] it is proven that if F is a quasi-parabolic dynamically separating germ of dif-
feomorphism at 0 then there exist v(F) — 1 petals for F at 0. A direct computation shows
that if F is dynamically separating, then it is parabolically attracting if and only if

bvfl
Re(ezma) > 0. (6.4)

Then as a consequence of Theorem 1.1 and Remark 5.5 we have:

Corollary 6.3. Let F be a dynamically separating quasi-parabolic germ, formally con-
jugate to (6.3). If (6.4) holds, then there exist v(F) — 1 disjoint connected basins of
attraction for F at 0.

6.3. An example of an elliptic germ with parabolic dynamics

Let A = > for some # € R\ Q. Let
F(z,w) = Az+az?w—+ -, A 'w+bzw? +--)

with |a| = |b| = 1. Then F is one-resonant with index of resonance (1, 1) and for each
choice of (a, b) such that the germ is non-degenerate (i.e. ar~' + bi # 0), there exists a
basin of attraction for F' at 0. Indeed, it can be checked that the non-degeneracy condition
implies that F is parabolically attracting with respect to {%, ™'} and hence Theorem 1.1
applies.

A similar argument can be applied to F~!, producing a basin of repulsion for F at 0.
Hence we have a parabolic type dynamics for F.
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On the other hand, suppose further that there exist c > 0 and N € N such that
|e?74% — 1| > ¢q~N for all ¢ € N\ {0} (this holds for 6 in a full measure subset
of the unit circle). Since AY # A for all ¢ € N, it follows from [21, Theorem 1] that
there exist two analytic discs through 0, tangent at the origin to the z-axis and to the w-
axis respectively, which are F-invariant and such that the restriction of F to each disc
is conjugate to £ +— A or { — A~'¢ respectively. Thus, in that case, the elliptic and
parabolic dynamics mix, although the spectrum of d Fy is only of elliptic type.

6.4. Examples of one-resonant degenerate germs with no basins of attraction

~1
F(z,w) = <Az<l - %) , %(1 - %)) 6.5)

with |A| = 1 and X not a root of unity. Then F is one-resonant with index of resonance
a = (1, 1) but it is degenerate because

Set

11
A(F)= = —5-2.=0.

Note also that the order of F is k = 1. Setu = zw and
S(u) = Fi(z,w) - Fo(z, w) = u.

We claim that F' has no basins of attraction at 0. Indeed, suppose F°"(z, w) — 0 as
n — oo for some (z, w). Then it follows that ®°"(zw) — 0 as n — o0, which implies
that zw = 0. The latter cannot hold on a non-empty open set.

A less trivial example demonstrating this phenomenon is the following. Set

F = (rz+ 22w, > L 6.6
(z,w) = Z—i—zw,xw—ﬁzw ; (6.6)
where |A| = 1 and X is not a root of unity. As before, F is one-resonant with index of

resonance (1, 1) and A(F) = 0. The order of F is 1 and for u = zw we obtain

Ow) = Fi(z,w) Faz, w) = u — %;ﬁ.

The order of ® at u = 0 is 2. Now the attracting directions of ® at 0 are v = *A. The
map P is a polynomial, with two attracting maximal petals P(}) and P(—A) at the origin.
The maximal petals P(A) and P(—2) are disjoint and obtained as unions of all preimages
under F*",n=1,2,..., of two ﬁxe’q local petals. R

Let J be the Julia set of ®. Set J := {(z, w) : zw € J}. Then J has empty interior
since J does (see e.g. [10]). We claim that if (z, w) ¢ f then F°"(z, w) - 0 asn — oo.

It is well-known that, if ug ¢ J and ®°"(ug) — 0asn — oo, then ug € P(A) U
P(—X). Therefore if (z, w) & J is such that zw & P(X) U P(—X) then {®°" (zw)} cannot
converge to 0 and therefore F°"(z, w) - 0.



198 Filippo Bracci, Dmitri Zaitsev

Now, let (z, w) & 7 be such that zw € P(X) U P(—A). Then, setting u; = @ (zw),
we have
d w\ w &2 u
F°"(z, =" 1+—), — 1——,
(2o w) ( Z,H<+>~>MH< J)

so that the behavior of F°"(z, w) depends only on the behavior of the infinite products
[TZ,(xu/n).

The sequence {u;} tends to O with speed

> ~ 1/1, (6.7)

while u;/|u;| — £A depending on whether zw € P(£A). But

uj 1 v
= |1+ |u|? £2|u;]Re — ~ 1+ —Re—,
\/ Alug| N/

where v = £A. Therefore, if zw € P(A), i.e. v = A, then the behavior of p; o F°"(z, w)
(here p1(z, w) = z) depends on the infinite product

1
1 + _> )
H( Vi
which diverges to co, while the behavior of ps o F°"(z, w) (here p2(z, w) = w) depends

on the infinite product
1
1 - =1
(-3

which converges to 0. If zw € P(—2) the situation is reversed. In both cases F°"(z, w)
- (. Hence F has no basin of attraction at 0.

u
‘li—
A

6.5. Example of a one-resonant non-degenerate (but not parabolically attracting) germ
with no basins of attraction

Consider the germ given by
F(z,w) = (z — 2%, Aw + Azw),

where |A| = 1 and A is not a root of unity. Then F is one-resonant with index of resonance
(1, 0). Furthermore A = —1, hence F is non-degenerate. On the other hand, F is not
parabolically attracting, in fact Re(azA, 'A=1) = —1 < 0. Thus Theorem 1.1 does not
apply and, in fact, F has no basin of attraction.

Indeed, if F°"(zg, wg) — 0asn — oo, then zg must belong to the maximal petal of
the map ¢(z) =z — z2. Setting z,, := ¢°"*(zp), we have

n
F (20, wo) = (Zn, ywla+ Zl))~
=1
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In view of Theorem 2.1,

‘]i[(l +2)| 2 H(l + %) = +o00
=1 =1

for suitable ¢ > 0. Hence the only possibility for F°"(zg, wg) — 0is when wo = 0. Thus
we cannot have an (open) basin of attraction.
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