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Abstract. The Muskat problem models the dynamics of the interface between two incompressible
immiscible fluids with different constant densities. In this work we prove three results. First we
prove an L%(R) maximum principle, in the form of a new “log” conservation law (3) which is
satisfied by the equation (1) for the interface. Our second result is a proof of global existence for
unique strong solutions if the initial data is smaller than an explicitly computable constant, for
instance || f||; < 1/5. Previous results of this sort used a small constant ¢ <« 1 which was not
explicit [7, 19, 9, 14]. Lastly, we prove a global existence result for Lipschitz continuous solutions
with initial data that satisfy || fyllz0 < oo and ||dx follLe < 1. We take advantage of the fact that
the bound ||dx fyll oo < 1 is propagated by solutions, which grants strong compactness properties
in comparison to the log conservation law.
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1. Introduction

The Muskat problem models the dynamics of an interface between two incompressible
immiscible fluids with different characteristics, in porous media. The phenomenon has
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been described using the experimental Darcy law that is given in two dimensions by the
following momentum equation:

m
u= —Vp —g(0, p).

Here p is viscosity, k permeability of the isotropic medium, u velocity, p pressure, g
gravity and p density. Saffman and Taylor [18] related this problem to the evolution of an
interface in a Hele-Shaw cell since both physical scenarios can be modeled analogously
(see also [7] and reference therein). Recently, the well-posedness has been shown without
surface tension in [8] (for previous work on this topic see [1], [21], [2] and [9]) using
arguments that rely upon the boundedness properties of the Hilbert transforms associated
to C17 curves. Precise estimates are obtained with arguments involving conformal map-
pings, the Hopf maximum principle and Harnack inequalities. The initial data have to
satisfy the Rayleigh—Taylor condition initially, otherwise the problem has been shown to
be ill-posed in the sense of Hadamard (see [19] and [9] for more details). With surface ten-
sion, the initial value problem becomes more regular, and instabilities do not appear [13].
The case of more than one free boundary has been treated in [11] and [14].

In this paper we consider an interface given by fluids of different constant densities p',
with the same viscosity and without surface tension. The step function p is represented
by

1 1
_Jp, x€ Q(1),
plx,t) = {p27 x € QX)) =R\ QL),

for Q' (1) two connected regions. As the density p is transported by the flow
pr+u-Vp=0,

the free boundary evolves with the two-dimensional velocity u = (u1, u). The Biot—
Savart law allows one to recover u from the vorticity given by w = 9y, u2 — dx,u1, via the
integral operator

ulx,t) = VJ‘A_la)(x, t).

Darcy’s law then provides the relation @ = —0dy, p where u/k and g are taken equal to 1
for the sake of simplicity. Then the velocity field can be obtained in terms of the density
as follows:

1
u(x.1) = PV /R K= 1)p( 1 dy = 50, p(x. ).

Here the kernel K is of Calder6n—Zygmund type:

2 _ 2
K(x) = l( alir il Ut} —xz)

T\ k27 20x?

(see [20]). As a consequence of p € L°(R? x R7) it follows that the velocity belongs
to BMO. Moreover, as K is an even kernel, it has the property that the mean of K (in the
principal value sense) is zero on hemispheres [4], and this yields a bound on the velocity
u(x, t) in terms of C¥ norms (0 < y < 1) of the free boundary [11].
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In order to have a well-posed problem we need to consider initially an interface pa-
rameterized as the graph of a function with the denser fluid below: p?> > p! as in [9]. The
interface is characterized as the graph of the function (x, f(x, t)). This characterization
is preserved by the system and f satisfies

2 1
_p*p @ f O, 1) — 0 f(x — o, ))et
Jrw ) =00 PVfRd“ 2+ (D) — fa—a )l (1)
f(x,0) = folx), x e R.

The above equation can be linearized around the flat solution, which yields the following
nonlocal partial differential equation:

— pl
filx, 1) = — Af(x, 1),
fle,0) = fole), «€R,

where the operator A is the square root of the Laplacian. This linearization shows the
parabolic character of the problem in the stable case (pr > pl), as well as the ill-
posedness in the unstable case (p> < p'). We use the term ill-posedness here to mean
that some solutions do leave the H* spaces right away even for arbitrarily small data.

The nonlinear equation (1) is ill-posed in the unstable situation and locally well-posed
in H* (k > 3) for the stable case [9]. Furthermore the stable system satisfies a maximum
principle || fllze () < || fllLe(0) (see [10]); decay rates are obtained for the periodic
case:

@)

If Nz @) < Nl folloee™ ",

and also for the case on the real line (flat at infinity):

Il foll =
£l () < Sre
Numerical solutions performed in [12] further indicate a regularizing effect. The decay
of the slope and the curvature is observed to be stronger than the rate of decay of the
maximum of the difference between f and its mean value. Thus, the irregular regions in
the graph are observed to be rapidly smoothed and the flat regions are smoothly bent. It
is shown analytically in [10] that, if the initial data satisfy ||d, fol|ze < 1, then there is a
maximum principle so that this derivative remains in absolute value smaller than 1.
The three main results we present in this paper are the following:

1) In Section 2, we prove that a solution of (1) formally satisfies

f ds/da/dxln(l—i—(f(x - ”) ) =1/l B

Furthermore, we have the inequality

/dx/ dozln(l—i— (f(x s)z_i:(oz S)) > <Clfllpi(s).

||f||iz(r)+
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This identity shows a major difference with the linear equation (2) where the evolution of
the L? norm provides a gain of half derivative for p> > p!:

t
L1726 + (p* = p1>f0 ds |AV2£175(5) = |l foll 32 )

or equivalently

Sx.s) — fla.s) S) fla,s)
AR + 2 ds | dx =l foll3.
—a
Notice that this linear energy balance (4) directly implies compactness, whereas compact-
ness does not follow from the nonlinear L? energy (3).

2) Our second result proves global existence of unique C ([0, T]; H 3(R)) solutions if
initially the norm (7) of fy is controlled as || foll1 < co where

1 folh =/Rds BGH

Of course here f denotes the standard Fourier transform of f. There are several results
of global existence for small initial data (small compared to 1 or € < 1) in several norms
[7, 19, 9, 14] taking advantage of the parabolic character of the equation for small initial
data. For example in [19] and [9], in order to measure the analyticity of the solution,
global existence is shown when || fyl|1 < ¢ for & very small (compared to 1) and

/ de €72 D81 fy&)] < ee?O (1 4 b)), )
R

where 0 < y < 1 and b(t) = a — ct/2. Here ¢ depends on the Rayleigh—Taylor condition
anda < ct/2.

For the Hele-Shaw problem, [7] proves the global existence in time for small analytic
perturbations of the circle, and nonlinear asymptotic stability of the steady circular solu-
tion. Also recently [14] considers the Muskat problem in a periodic geometry, and proves
the well-posedness as well as the exponential stability of a certain flat equilibrium.

The key point for our result, in comparison to previous work [7, 19, 9, 14], is that the
constant cq can be easily explicitly computed (see (8)). We have checked numerically that
co is not that small: it is greater than 1/5.

3) In Section 4 we prove global in time existence of Lipschitz continuous solutions in
the stable case. Being a solution of (1) is understood in its weak formulation:

T
/ dt/dx nt(x,t)f(x,t)Jr/dxn(x,O)fo(X)
0

/ dt /dx Ny (x, l) /da arctan<M> ©)

X —
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foralln € C°([0, T)xR). For initial data fj satistying || follzc < oo and ||dy follze < 1
we prove that there exists a solution of (6) that remains in the spaces C ([0, T] x R) N
L>([0, T]; W*°(R)) for any T > 0. We point out that, because of the condition f €
L*>(R), the nonlinear term in (6) has to be understood as a principal value for the integral
of two functions, one in H!, the Hardy space, and the other in BMO [20].

Kim [16] studied viscosity solutions for the one-phase Hele-Shaw and Stefan prob-
lems. For the Muskat problem, previous results of global existence [7, 19, 9, 14]
need small initial data more regular than Lipschitz. We show here that we just need
10x follL < 1, therefore
Jo(x) — fole) -

X —

Notice that if we consider the first order term in the Taylor series of In(1 + y?) (absolutely
convergent for |y| < 1), then the identity (3) becomes (4).

2. L? maximum principle

In this section we provide a proof of the identity (3). As we are in the stable case, we take
without loss of generality (p> — p')/(27) = 1 to simplify the exposition. The contour
equation (1) can be written as follows:

filx, 1) = PV/

R

Oy arctan(
o

f(xst)_f(-x_ast))da'

We multiply by f, integrate over dx, and use integration by parts to observe

1d Al 2([):—fdxf da fx(x)arctan(f(x’t)_f(x_a’ t)>
2 R R o

—/ dx/ da fx(x)arctan<w)
R R -«
We use the splitting

li|f||Lz(t)— //( Sl = fe t)>arctan<M>dxda
2 dt X - X —o

//(fx(x)(x—a) (f(x, t)—f(@tJ))) (f(x,t)—f(a,t)>
arctan| —————— = ) dx da
X —a X —ao

=1L+ 5.

We also use the function G defined by

X
G(x) =xarctanx —Inv 1+ x° = / dy arctan y.
0
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With these, it is easy to observe that

o[ [ (LD 10 4 gy

f('xat)_f(aﬂt)):()

X —«

The identity
lim (x — ot)G(

|x]—00

allows us to integrate by parts to obtain

el
-1 - //ln\/l—i— f“g_f“”) x dat.

This equality gives

1d S, 1) — fla, )
Ed_|f”L2(t)_ //ln\/l-l— o ) dxdo,

and integrating in time we get the desired identity.
The above equality indicates that for large initial data, the system is not parabolic at
the level of f in L. We prove below the inequality

//ln(l—i-(f(x H-f@ ”) )dxda <42 flp @),

X —o

which shows that there is no gain of derivatives for the stable case. If the initial data are
positive, then || ]l .1(t) < |l foll ;1 follows from [10], so that the dissipation is bounded in
terms of the initial data with zero derivatives.

For the proof of the inequality, we denote by J the integral

_ f) = fx—a)\°
J ._/]R/Rln(l-'_ <7) )dxda.

We now use that the function In(1 + y?) is increasing to observe that

2 Y
Jff/ln<1+2|f(§)| +2|f(x2 il )dxdot.
RJR o o

The inequality In(1 + a2 4+ b?) < In(1 + a?) + In(1 + b?) yields

2 o2
15//m(HM)dde//ln<1+2|f<x2a>|)d ]
RJR o RJR o
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2
JfZ//ln(l—l—M)dxda:K.
R JR (24

For K it is easy to get

2 2
K:Z/ dx/daln(l—i—Lj)'),
{x 1 (x)]70} R o

so that an easy integration in « provides

and therefore

K =472 dx |f(x)| =472 fll1
{x ] f(x)]|#0}

This concludes our discussion of the L2 maximum principle (3) for (1).

3. A global existence result for data less than 1/5

In this section we prove global existence of C ([0, T]; H 3(R)) small data solutions. A key
point is to consider the norm

WM=A&HW@LSZL ™

This norm allows us to use Fourier techniques for small initial data that give rise to a
global existence result for classical solutions. The key point is that (7) appears naturally
when taking the Fourier transform of the equation in our computations below (see (9) and
(10)). As aresult, (7) provides sharper constants than the ones that one could obtain with
different norms.

Theorem 3.1. Suppose that initially fy € H 3 (R) and || foll1 < co, where ¢ is a constant
such that
2 Z(Zn + 12 <1 (®)
n>1
for a fixed 0 < & < 1/2. Then there is a unique solution f of (1) that satisfies f €
C([0, T1; H3(R)) forany T > 0.

Remark 3.2. We compute the limit case § = 0, so that
22(2;1 + 1% < 1

n>1
for
1 14 x 52/3
0<cp< —/ — 3X— +25(9+/39 — 38) ~ 0.2199617648835399.
3 9439 — 38

In particular,
22(2n + D> <1
n>1

if say cp < 1/5.
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The remainder of this section is devoted to the proof of Theorem 3.1. The contour
equation for the stable Muskat problem (1) can be written as

filx, ) = =p(Af +T(f)), €))

where we recall that p = (p*> — p')/2 > 0 and we have

[ S —dfx—a) (L)
T(f)= ;/]‘Q o 1+ (M)z da. (10)
We define
Bofte) = T ZIEZ)

We consider the evolution of the norm || f||; given in (7):
d n n
d—llflll(t) = / dé§ &1 sgn(f(§)) f1(§)
t R
=0 fR dk [g| sgn(f () (=151 /&) — F(T)()).
We will show that the first term dominates the second if initially

I folli <+/ (@ —+13)/6, where /(4 —+/13)/6 > 1/4.

The key point, again, is that the constant is given explicitly.
Notice that under the local existence theorem of [9], this bound will be propagated for
a short time. Then we may use the Taylor expansion

x? S +1.,2

— n n

1+ x2 _2(_1) T
n=

to obtain

—1
T(f)=— > 1 /R 0c(Aa ) (Ao ) dar. (11)

n>1
Notice that
N R 1— —ifa
FAog )= fE)mE, o), FOrAyf)=—i§fEmE, o), mE a)= Y

Therefore

F@c(Aa f) (A ) = (—i& fm) * (fm) * - % (fm)) (&, @),
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with 2n convolutions, one with —i& f m and 2n — 1 with f m. Using (11) we obtain

FI© = -3 1)"/dafd51 /dszn(s—sof(s—som(s—a,a)

n>1

X f(& — E)mE — &, ) - f(Ean1 — E2n)MEan—1 — Ean, @) f (E20)m (20, @)
2n—1

=3 [Lasio [t € =06 e ([] 76 - &) Fenit

n>1
where M,, = M, (€, &4, ..., &y,) 1s given by

2n—1

My i= 2" [ =6 o([] me e ) arda (12)

i=1
Since m(&, @) = i& [ ds e~V we obtain

My (&, 81, ..., En) =mn(§,861,..., €2n) (51 —82) -+ - (2n—1 — E20)é2n

with

i e—taE=&1)
mn:—/ dsy - - / dsz,,[da

x exp(za Z(s, — D& — &41) + a2 — Dé )

. 1 1
= L/ ds) / dsoy, (PV[ exp(iozA) — = PV/ exp(iaB) —)
T Jo 0 R o R o

1 1
—/ dsy - - / dsy, (sgn A — sgn B),
0 0

where

2n—1 2n—1
A= Z (5j = D& — &11) + (20 — D2y = =1 + Zs,s, > sigin,
j= j=1 j=1
—1
B=—(¢—-&)+ Z (s — D& — &41) + (520 — D2
j=
2n—1

=—5+ ZS]% > sigj

=
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It follows that

Fy© =Y [ dere [ demae i o) € — 0 fE 60

n>1
2n—1

x (TT & = &0/ - &0 20 f E20),
i=1

with |m, (&§,&, ..., £,)| < 2. We then have

/Rds €1 1F(T))] SQZA;{défRdél“'/Rd&n E11E — £11 1 — &)

n>1

X &1 — & 1f € — &) - E2n-1 — Eanl | f E2ne1 — E20)| €20 |.f 20

The inequality [§] < |§ — &1+ &1 — & + - - + [&20—1 — &2nl + |&24] yields

2n
d 2) @ de |12 f d i ,
/Rsmnﬂr)(s)m Z(n—i—l)(/R £ Ié| |f($)|)</R éléllf(é)l)

n>1

and therefore

fRds E1IF(T)E)| < (fRds |é|2|f<s>|)22<2n+1)||f||%"

n>1
X 20F133 = 1 £1I13)
d 2 ) 1 1 .
< (A P11

Notice 2x2(3 —x2)/(1 —=x%)? < 1if 0 < x < /(4 —/13)/6 ~ 0.256400964. If
I folll <+/ (4 —+/13)/6, then this inequality will continue to hold for some time so that

d
7 1@ =0,

and we conclude that || f{|1(z) < [ foll1 if | foll </ (4 — ~/13)/6.

Now we repeat the argument but with s > 1 in (7). Our goal is to obtain
d
I1fll24s(@® <0, 0<8 <1/2. (13)

Let us point out that
1 follzrs < C(llfoll 2 + 183 foll 2)

for 0 < § < 1/2. Using the inequality

1778 < @n+ D — &P 415 — &P 4+ 4 181 — 820 P+ 162, P,
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we proceed as before to get

/R &P F(T)(©)] dE < /R EPIF@)ldg 2y " @n+ PP £

n>1

In particular, taking || f]; small enough we find

/R 1> F(T) (&) dE < /R 1E133| F (&) de,

and bound (13) therefore holds.
If || £ | c2.s remains bounded (0 < § < 1), then from previous work [9], we can deduce
global existence in C ([0, T]; H 3(R)) for any T > 0. Note that the Holder seminorm

lg(x +y) —g(x)]
|g|C8 = Sup K
x, y#0 Iyl

is bounded by

lg(x +y) —g)|
X, y#0 y[° x, y#0

C ) .
oF /R §(&)e™5 (V5 — 1) dk

< c/ EP13(6)| e,
R
and therefore

I fllc2s < c(||f||Loo+/Rds |5||f(5)|+/Rds |§|2+‘*|f<s>|>.

We conclude that the solution can be continued for all time if || fp||; is initially smaller
than a computable constant cg, and || fo|[2+s is bounded. The constant cq is defined by the
condition

23 @Cn+ 1" <1,

n>1

which has been numerically verified to be no smaller than say 1/5.

4. Global existence for initial data smaller than 1

We prove now the existence of a weak solution of the system (1) which can be written as

follows:
f = ﬁax pvf arctan(w) da, (14)
T R o

where p = (p? — p')/2. We first extend the sense of the contour equation with a weak
formulation: for any n € C2°([0, T') x R), a weak solution f should satisfy (6). We show
here that this is the case if |0y follLo < 1. Then it follows that || ||z (t) < || follzoe
and [|0y fllre(t) < ||9x follLe < 1 as in [10]. Then the solution is in fact Lipschitz
continuous by Morrey’s inequality. The main result we prove below is the following:
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Theorem 4.1. Suppose that || follL~ < oo and |0y follL~ < 1. Then there exists a global
in time weak solution of (0) that satisfies

f€C0, TIx RN L¥(0, TT; WH(R)).
In particular f is Lipschitz continuous.

The rest of this section is devoted to the proof of Theorem 4.1. The first step is to prove
global in time existence of classical solutions to the regularized model (15) below. This
is done in Section 4.2. Prior to that, in Section 4.1 we prove some necessary a priori
bounds. Then, in Section 4.3 we explain how to approximate the initial data. Section 4.4
shows how to prove the existence of solutions of (6), subject to the strong convergence
established in Section 4.5.

From now on, in the next two subsections we write f = f* for the solution to (15)
for the sake of simplicity of the notation. The regularized model is given by

f;f(x, t) — —ECAl_sf —+ Efxx =+ gax Pvf do arctan(Aif(x)) (15)
R

where C > 0 is a universal constant fixed below, the operator A'~¢ f is given by the
formula

A= F(x) = 01(8)/ wd% (16)
R |oe|=—#
with 0 < ¢y < c1(e) < cp for 0 < e < 1/4, and we define
e fx) = flx—a)
A =
«f () $(@)

with ¢ (@) = ¢®(@) = «/|a|® and ¢ > 0 is small enough. Initially we consider the data
fo € WL (R) with 10x follLo®) < 1. We will explain how to approximate this initial
data later on in Section 4.3.

4.1. A priori bounds

In this section we show two a priori bounds for the regularized system (15). We prove the
following result:

Proposition 4.2. Let f(x,t) be a regular solution of the system (15). Then

I/l (@) < Il follzee, [0x fllLoe(r) < [19x follLe < 1,

foranyt > 0.

In order to prove the first estimate, we check the evolution of

M) = m)?.X fx, 1) = f(xs,0).
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Then M is differentiable for almost every ¢ and
M'(t) = fi(x;, 1) = —eCA ™ f(x,) + efux (x0) + gax PV/ arctan(Ay, f (x;)) do
R
(see [5, 10] for more details regarding the differentiability of M (¢)). Using formula (16)
it is easy to check that the second and the third term above have the correct sign. We have
to deal with the third one. Now

I(x) =0, PV/ arctan(A%, f (x)) do = 9y PV/ arctan(AS_, f(x)) de, an
R R

and thus

_ i)
o= 8Xf(x)PV/R T+ (A )2 ™

f@)—f(@)

_ _ |x 0[|2 B
« ”PV/RH(A o 1%

Therefore I(x;) < 0 (since 9y f(x;) = 0). Then M'(t) < 0 for ae. t € (0, T] and
M(t) < M(0). Analogously, we check the evolution of

m(t) = H;in fx, 0= fx, 1)

and find m(¢) > m(0).
From (15) and (17) we have

— 1Y
fa = _8CA1 gfx + &fxxx + ;Ix-

Using (18) we rewrite I (x) = J'(x) + J?(x) where

) = PV/ fa@)(x —a) — (f_(x) — f(a)) 1 da.
|x —a|>=¢ 1+ (A, f(x))?
J(x)_sPV/ fo) = fxr— o) ! da,
lo|>—# 1+ (A% f(x))?

to find
1

da
X —Ot) 1+ (A5, f(x))?
f (x) f(X) f(G!) 1

do
|x — 0l|2_8 14 (AL _o f(x))?
PV/ fx(x)(x —a)— (f(x) — f(@) 2A5 o f(x)
|x — «|2¢ 1+ (A, f(x))?)?
fx(x)(x —a)— A -8e)(f(x)— f(a) d

|x —a|?¢

J ox PV
() = fex(@) f =

(2—8)PV
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and we split further J! (x) = K'(x) + K2(x) + K3(x) + K*(x) where

1 1
1 = Jxx PV/ ’
K (x) = fix(x) R ) 1+ (Aglf(x))2 da
_ f@O—f—w)
K*(x) = 8PV/ S0 e : 74
A a2 1+ (AL f(x))
_ @)= fm)
K3(x) = —PV/ Jx(x) o 2 da,
A a2 1+ (A2 f(x))?
_ = fx=) €
K*(x) = —PVf da S () — 20u () 2y2
A a2 (1+ (AL f(x))?)

x (fr@)lel® = (1 —e)Ag f(x)).

For J? it is easy to check that

Jz(x) =€PV/ i) = filx —a) do
* R (%

|2—¢ 1+ (A% f(x))?
/ fr@) — frlx —a) 2(AL f(x))* da
— &PV .
R |or|?—¢ 1+ (AL f(x)?)?

Next, as we did before, we consider M (f) = max, fy = fx(xs, ). Then M (r) is differ-
entiable (as we explained previously). It follows that

- 2
M/(t) = fru(x, 1) = —eCA! Sfx(xt) + &frxx () + ;Ix(xt)-
Now we claim that if M (¢) < 1 then M’(z) < O for a.e. 7. We can conclude analogously
for m(t) = min, f, > —1,m’(¢) > 0 for a.e. .

We check that if M(t) < 1, then

—eC A £ () + e fxx (1) + glx(m <0.

We can use in some cases the following formula for the operator A!~ f:

_ fO=fa—a)
o

AE £ () = ea(e) /R fx(0 da, (19)

|a|2fe

where 0 < ¢, < c2(e) <cpy for0 <e <1/4.
We claim that

—eCAF fo () + g(Kz(x;) + J2(x;)) < 0.

We will show that

C
—e = A fel) + §K2(x,> <0,
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using (19) and that

C
e A £ () + 2020 < 0,
2 T

by (16). In fact

cC _
— e A! ) + L K2 (x)
T

fx(xt) _ f(xl)*g(xt*l)l) CC%("?) (Agf(xt))z + CC%("?) _ %
=—¢ PVf o T (Ae 3 da.
R lor] + (AL S (x1))

The mean value theorem gives

Lf ) = fx —a)l/la| < (I fxllz=.

Thus if we take C > 2p/(c,, ) we obtain the first inequality. Also

C
— e AT fi) + 2 12(x)
T

_ _SPV/ feln) = filw —a) SHLAL @)+ 42 -8
R 22 L+ (AG f (1)
PV / felw) = fulor =) 2AG () de
R jor2=¢ (14 (A5 f (x0))H)?

Thus the term above has the desired sign.
We find fyxx(x;) < 0 and Kl(x,) = 0. We still have to deal with K3 and K*.
Considering K 3(x,) + K*(x;), we realize that if

P(a) = 24 2(A% F(x)? 4+ 2(A% F ) (fr (x|l — (1 — &) AL f(x1)) > 0,
then we are done. We rewrite
P(a) =2+ 28(A% f(x))* + 2(A% £ (x)) fr (xp) |,

and therefore we need
[(AL f () fr ()]l < 1.
This fact holds if
1.

|f o) — f O — o)
p <

|f|c1—2£ = Ssu |a|1_28

a#0
Now we will check that if || f|lze < || follLe and || fxllze < 1 then |f|c1-2¢ < 1 for e
small enough uniformly. We replace 2¢ by ¢ without loss of generality. If || fo|[L~ = 0 or
| fxllLee = O then there is nothing to prove. Otherwise

|f () — f O — )

i < Il fullpo®
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for 0 < || < 6, and

SO = f =)l [ follee

|a|1_‘9 - 31—5

for || > 8. We take 8'=¢ = 2|| foll Lo /|| fx |l o and therefore

1—e/(1— _
|f|C1*€ < max{|| fxllr, ”foLooe/( L‘:)(ZHf()”Loo)E/(1 5)},

Now it is clear that given || follzo, if || fxllze < 1 there exists g9 > 0 such that | f|-1-
< l1forany 0 <e¢ < gy.

4.2. Global existence for the regularized model

In this section we use the a priori bounds to show global existence. Local existence can be
easily proved using the local existence proof for the non-regularized Muskat problem (1),
as in [9]. We use energy estimates and the Gronwall inequality. We have the following
result.

Proposition 4.3. Let f(x, t) be a regular solution of the system (15). Then
t
A7) + 183 £17.0) < (L foll32 + ||a§’fo||iz>exp( /0 C(s>G<s>ds> (20)

for
G(S) = I f oo + 11300 + 1 FellFoo(8) + I fll oo (s) + 1

and any t > 0.

Estimate (20) allows us to find f € C([0, T]; H3(R)) for any 7 > 0 by the a priori
bounds.
Furthermore, as we did for (1), it follows that

d o P 1—¢ f 0 = fl@n)?
E”f”LZ(t)__Z/R/RbC—O{P 1n<1+<w> >dxda

—2Ce| AN f17, (1) — 26 £l (0).

Therefore || || .2(t) < |l foll.2-

Remark 4.4. The above maximum principle for the regularized system shows that The-
orem 4.1 can also be proved with

| foll;2 < oo instead of || follLe < oo.

We picked the version above because it is more suitable. We see that if the solution satis-
fies initially an L? bound then f € L>°([0, T]; L>(R)).
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Next, we consider the evolution of
/R 37 03 frdx < —CellAY=9207 f112(1) — el|9F full 72 + L1 + Lo,

where

L = /a flx )a3<PV/ S = felx =) da)dx,

()
_ & 2
=——/ 3 f (x )83(PV/ () = frx =) (A f(x) daz)dx
¢ () 1+ (AL f(x))

The term f,(x) cancels out in Lj due to the PV. An integration by parts further shows
that

L= _30(8)/ B LAY fF(x)dx < 0.
T R

For L, one finds

_ e 2
Ly /8“f( )GZ(PV/ fr0) = felx o) (AGF ) daz)dx,
o) 1AL

which splits as L, = M| + M> + M3 with

/84f( )/ Bfe) = fx —a) (AL f(x)?da

¢ (@) L+ (A5 f ()2
My — 3_p/ 83f(x)/ 03 f () —(p?f)f(x —) fel) ;g&)(x —a)
T JR o o
2(84 f (1) de
ARV e

_ _/ P f s )[(fxu) fx x—a)>3(2—6(A§,f(x>) ydo
$() (14 (Ag ()2

We will now estimate each of these terms from above.
For M| we proceed as follows:

M| =ﬁ</ da[dx+/ da/dx) < CE Ul + DI Fll2 084 £ 2.
T A\J|a|>1 R la|<1 R

The identity

1
Zfx)—f(x —a) = / 3 fx+ (s — Da)ads
0
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yields

1
IMs] < 6—p[ ds/ %f dx [0 £ (01183 £ + (5 — Do)
7 Jo lal<1 @] 7 Jr
X (| fe Q|+ | fr(x — )
1
+2 [as [ B2 [aviatrnatse + s - Da
7 Jo lal>1 loe|=72¢ Jr
X (| fe Q)+ 1 fe(x =)D F+ [ f(x — a))),
and therefore
IMa] < C&)A 4 Fllre) 182 Fll 2102 £ll 21l fell oo
In M3 we use the splitting M3 = Nj + N, where

leﬁf dot/dx, N2=/ da/dx,
T Jla|>1 R <1 R

16 d
INI| < ?pnfxn%oo/ —Q/RdXIaff(X)l(lfx(X)l+|fx(x—Ot)l)

a1 lor[3738
2 4 2 3 4
= Cllfallzool fell 2105 fll 2 < Cll fellpoo (LF T2 + 1105 £l 2 105 £l 2
To finish, the equality

and then

1
Fe) = folx —a) = / 92 F(x + (s — Dayads
0

allows us to obtain (since 1/24+1/44+1/4=1)

16p ! ! da
|N2|§—||fx||L°°/ dr/ dsf 1—_3/ dx
7 0 0 lal<1 o] R

X 192 FON2f(x + (r — D) 182 f (x + (s — D)
< Cll el 9 £ 122107 £ 117

The estimate
1027114, = /R @2 302 f dx = —3 fR @2 1203 F, f dx < 3] fell 02 12103 £l

yields
N2 < Cl fellzo 1185 £11 21185 £ 1 2.
Using Young’s inequality we obtain

d
SIS 152 < COUS N + 1 e + 1 flze + 1Al + DAL + 103 F1Z2),

and therefore the Gronwall inequality yields (20).
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4.3. Approximation of the initial data

The approximation of the initial data described below is needed in order to construct
a weak solution. First consider a common approximation to the identity ¢ € CZ°(R)
satisfying

/Rdxax):l, £>0, () =¢(—x).

Now the standard mollifier ¢, (x) = ¢(x/¢)/e continues to satisfy the normalization con-
dition above.

For any fy € W1°(R) with |0, follz~ < 1, we define the initial data for the regu-
larized system as follows:

(Zs * fo) (%)
e —
folo) = 1 +ex? ~

Notice that f; € H*(R) for any s > 0, and

15 llzoe < 1l foll oo

More importantly, ||y 5 lLe < 1 when [[dx follL < 1 if € is sufficiently small (here &
will generally depend upon the size of || fyl| o).
In particular

(Ze * 0x fo)(¥) ) (Ze * fo)(x)

O fo (x) = -
o) =T e Ut ex2)?
and clearly
(&e * 0x fo) (x)
'W < (&g * x fo)llLo®) < 110x follLo(R)-
On the other hand, by splitting into |x| < £72/3 and |x| > ¢~%/3 we have

2ex(1 + sxz)*2 < 2max{81/3, e}
On the unbounded region we have
x(I+ex?) 2 =(1/J/x+ex¥?2 < 1.

Thus, the desired bound follows if ¢ is small enough. Therefore global existence of the
regularized system (15) holds for f; if ¢ is small enough.

Now consider the solution to the regularized system (15) with initial data given by
the f; just described above. For & > 0 sufficiently small, we decompose

P _ Cex fo)x) o
/Rﬂ(xso)fo (x)dx - /]Rn(x70) 1 —|—g_x2 dx = Il + 129

where

1
Iy =/R77(x,0)(§e*fo)(X)(m - 1) dx, I =/R?7(x,0)(§s*fo)(X)dx.
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We apply the dominated convergence theorem to find that I{ — 0 as & | 0. For IJ we
write

I =fR§a*(n(n0))fo(X)dx.

The L' approximation of the identity property shows that

128—>/R17(x,0)f0(x)dx.

Thus, it remains to check the convergence of the rest of the terms in (6).

4.4. Weak solution

In this section we prove that solutions of the regularized system converge to a weak solu-
tion satisfying the bounds

I fllzoe (@) < Il follzoe,  [18x fllLoe () < [10x follLe < 1. @1

Given a collection of regularized solutions { f¢} to (15), we have the uniform (in & > 0)
bounds

If M@ < N follzoe,  N0x fEllLowy() < 1, &> 0. (22)
This implies that there is a subsequence (denoted again by f*) such that

T T
/ / fE(x,Dgx,)dxdt — f / f(x,t)g(x,t)dxdt,
0 R 0 R

T T
/ /axfs(x,t)g(x,t)dxdt—)/ /8xf(x,t)g(x,t)dxdt,
0 R 0 R

for f € L>®([0, T]; WH°(R)) and any g € L'([0, T] x R) by the Banach—Alaoglu
theorem. This yields weak* convergence in L>([0, T]; WL °(R)).

We denote By = [—N, N]. Then we claim that there is a subsequence (denoted again
by f¢) such that

I ¢ — fllLeqo,r1xBy) = 0 ase — 0.

We will prove this in Section 4.5. Then, up to a subsequence, we infer uniform conver-
gence of f* to f on compact sets. Since f¢ € C([0, T] x R) we find that f is continuous.
The only thing remaining to check is that as ¢ | 0 we have

T & _ fe _
/ dt/ dx ﬂx(X,t)ﬁPV/ da arctan(f ®) - S a)>
0 R b4 R % (@)

T _ _
—>/ dt/dx nx(x,t)ﬁPV/daarctan<M>,
0 R Y R o

where ¢f(a) = «/|a|®. The other terms will converge in the usual obvious way (since
they are linear).
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Choose M > 0 so that supp(7) € Bys. For any small § > 0 and any large R > 1
with R > M + 1, we split the integral as

/da:/da—}—/ da—i—/ do.
R Bs Br—Bs BICQ

We first prove that the first and last integrals separately are arbitrarily small independent
of ¢ for R > 0 sufficiently large and for § > 0 sufficiently small. One finds that

Jf) - ffa—a) T
arctan < —.
¢* () 2
Here we do not need any regularity for f¢, and we conclude that
T £ £
p SEx) — ff(x —a)
dt/dxn (x,t)—PV/ daarctan( < plnxllt é.
/0 R x T B, ®° () X L0, TIxR)

Therefore this term can clearly be made arbitrarily small, depending upon the smallness
of §.
We now estimate the term integrated over BY,. We note that

lda L |
arctan y =/ — (arctan(sy)) ds = y/ ds,
0 ds

o 1-+s2y2

1 2,2
arctany =y 1—/ Lds .
o 1+s2y?

This is morally the first order Taylor expansion for arctan with remainder in integral form.
From this expression we have

pvf f%x)—f%x—a))
B ¢ (@)

e e f*‘"(x)—fs(x—a)>3/1 s2ds
=—H — PV d .
=) /B; a( ¢* (o) 0 1+S2(f8(x)(;{;§x,a))2

Here H}, is a (Hilbert-type) transform which has the form
e(x —

HE(f®) = PV/ do =0
B ¢F@)

The principal value is evaluated at infinity (if necessary). For the second term on the left
hand side notice that the integral is over B and the principal value is not necessary. In
particular, we have

1
/da/ ds
2 0

and therefore

do arctan(

© da _ Clfol?
&3 00
<Cllf ””"/R i
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This term is therefore arbitrarily small if R is chosen sufficiently large. We are going to
show the same for

M
I :=/ dx ne(x, ) Hy(f°).
M

We write Ig = Jg + Kg where

M —-R E(xy —
Jeo= tim [ demen [ de =9
n—00 J_py —n ¢ (@)
M n &y —
Kg := lim dx nx(x,t)/ da M.
n—00 J_py R ¢ (@)
‘We shall show how to control Jg; the same follows for K z. We write

M n e
. f4 (@)
JR _ngrgo[de r)x(x,t)/HRda pr—

An integration by parts yields
M R)|R|f n e
Jr = lim/ dxn(x,;)(MHl_g)/ A )
n—>0 J_m —R 4R |x_a|278

Then for € € (0, 1/2) we have
IJRI < 20nli 11l foll oo /R

Since the same estimate holds for |Kg|, one finds that Ig is arbitrarily small if R is
arbitrarily large.
It remains to prove the convergence of

T o
/ / danx(x,t)arctan<f ) — f7x a)).
0 BR—Ba ¢8(a)

Recall that we have uniform convergence on compact sets. Let us consider

) - e
¢ (@)

where x € By and @ € Bp — Bjs. Since arctan is a continuous function, we have

arctan(G¢) — arctan(G?) uniformly. Thus the integral of arctan(G?®) over a bounded
region also converges. Hence for any R > M + 1 and any small § > 0 as ¢ | O we have

T e _ fe _
/ df/ dx Nx (X, t)ﬁ / da arctan(f (x) f (x Ol))
0 R T JBRr—Bs ¢8(a)

! — —
_>/ d’/dx’lx()ﬁl)ﬁ/ daarctan<M).
0 R T JBr—B; o

We conclude by first choosing R sufficiently large and 6 > 0 sufficiently small and then
sending ¢ | 0. Note that R and § will generally depend upon the size of || fy|| o, but this
does not affect our argument.

G8

)
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4.5. Strong convergence in L*°([0, T]; L*°(BR))

In order to prove the strong convergence in L°°([0, T']; L°°(BR)), the idea is to use the

non-standard weak space W, 2’°°(BR) which will be defined below. Crucially, we will
have the uniform bounds:

sup || 5O llwroospy < Cllfollwroo g
1€[0,T]
(23)

&

sup ar

te[0,T]

Q)

, < Cll follLe(w),
Wy = (Bg)

where C does not depend on R or €. From this we will conclude that for any finite R > 0
there exists a subsequence such that f¢ — f strongly in L*°([0, T']; L*°(Bg)).
We define the space W, 2’OQ(B r) as follows. For v € L°°(Bg) we consider the norm

¢ (x)v(x)dx

Br

lvll-2,00 = sup
eWZ (Br): 16ll2,1<1

Here Wg’l(BR) is the usual set of functions in W>!(Bg) which vanish on the boundary
of B together with their first two weak derivatives. Now the Banach space W, 2,00 (BRr)
is defined to be the completion of L>°(Bg) with respect to the norm || - ||—2,~. In general
this is all we need for our convergence study. This will be explained after the proof of
Lemma 4.5 below. The full space W, 2,00 may be large, but because we are going to deal
with f¢ and df*/dt both in L*°([0, T']; L°°(BRg)), it is not difficult to find the norms of
both functions in W*_z’oo(BR).
These spaces are suitable because

WL (Bg) € L®(Bg) C W, >>®(Bg).

Now the embedding L*°(Bg) C W, 2’OO(B gr) is continuous, and the embedding
WL (Bg) C L®(Bg) is compact by the Arzela—Ascoli theorem.

We now proceed to discuss the convergence argument. Arguments related to Lemma
4.5 below are described for instance in [6]. However in [6] reflexive Banach spaces are
used. None of the spaces used here are reflexive.

Lemma 4.5. Consider a sequence {u,,} in C([0, T] x Bpg) that is uniformly bounded
in the space L*°([0, T, W]"X’(BR)). Assume further that the weak derivative du,, /dt
is in L*°([0, T]; L>®°(BR)) (not necessarily uniformly) and is uniformly bounded in
L°°([0, T]; W;Z’OO(BR)). Finally suppose that dxu,, € C([0, T]x Br). Then there exists
a subsequence of u,, that converges strongly in L*°([0, T]; L°°(BR)).

Proof. Notice that it is enough to prove that the convergence is strong in the space
L0, T]; W, 2’OO(BR)) because of the following interpolation theorem: for any small
n > 0 there exists C;; > 0 such that

lulloe < mllulltco + Cyllull—2,00-
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This holds for all u € W1’°°(BR). See, for example, [6, Lemma 8.3]. Here we can replace
reflexivity with the Banach—Alaoglu theorem in W1 (Bg).
Lett,s € [0, T] be arbitrary. We have

t
o (1) — i (5) = / de 28 .
T

N

This holds rigorously in the sense that

t
/ um(t)¢>dx—/ U (5) dx =/ dt/ Y (v dx (24)
Bg Bg N Bg a.’:
for any ¢ € w2l (BR). Clearly,

i (2) =t ()| 2,00 < sup |—— H lt —sl,
W, (BRr) re[0.7] oT W;Z’OO(BR)
and therefore
i (1) = ()l yy-200 ) < LIt = 51, (25)
where
L=sup sup |—(z ” .
meNel0,7]ll 9T W 2% (Bg)

Now we consider {t;}ren = [0, T] N Q. We have u,, (tx) € WLoo(Bp) for any m and k.
By the standard diagonalization argument, we can get a subsequence (still denoted by m)
such that

U (1) — u(ty)
in L°°(Bpg) for any k as in the Arzela—Ascoli theorem.
Consider € > 0. Since [0, T] is compact, there exists J € N such that

Then there exists N; such that for all my, my > Nj,
||um| (tkj) - umz(tkj)”W*—lOO(BR) < E/3
Taking N = max;—1 ..y N;,itis easy to check that for all m;, m» > N,

sup  |\um, (t) — tp, (1) ;,~2.00 < €.
1€[0.7] " M2 IWL T (BR)
We find that the sequence is uniformly Cauchy in L°°([0, T']; W, 2"OO(BR)), and it con-
verges strongly to an element of L°°([0, T']; W*_Z’OO(BR)). O
Now we apply Lemma 4.5 to prove the strong convergence which was claimed in
Section 4.4. It remains to prove that for any solution f¢ to (15) we have df¢/9t €

L*([0, T]; L®°(Bg)) (but not uniformly) and that the second inequality in (23) holds
for all sufficiently small & > 0 and for any R > O.
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Recall that f¢ € C([0,T]; H3(R)). Then in (15) the first two linear terms are
bounded easily. The last term can be written as
fix—a) (AL f5(x))?
(o) 1+ (A% f2(x))?

NL =—C(e)A' ¢ f* —/ L) —
R ¢

for C (¢) a constant, and therefore
INL(x, )| < C)IIf* g3 (),

by Sobolev embedding.
The norm of 3f¢ /8t € Wy >*°(Bg) is given by
afe
ot

of¢
/Rdx o7 (x,)p(x)

I

WACBR)  peWE (Br): Il yya1 <1
Since ¢ vanishes on the boundary of Bg, we can think of ¢ (x) as being zero outside of
the ball of radius R. Then we are allowed to integrate over the whole space R, which
is important because we want to estimate the non-local operator A'~¢ in this norm via
integration by parts. Then we have

1=/ A F )b (x) dx =/A1‘8f(x)¢(x)dx=f FOOA6(x) dx.
Br R R

and therefore
] < I f eI 1.

We compute
Al_sqb(x):c/ wd(x:/ da+/ do = Ji(x) + Jo(x),
R |o|=# lor|>1 lof <1
thus

d
/ [J1(x)dx 5/ ;x_g / dx (Ip)| + o (x —a)]) < ClillL1(ppg)-
R lal>1 o] R

It is easy to rewrite J, as follows:

Jo(x) = c/ o0 — ¢()|C(X|_21) — ¢ () do,
ol <1

and therefore the identities

1
¢x) —p(x —a) =Ot/ ¢x(x + (s — D) ds,
0

1 1
$(0) — $(x — ) — (W)t = a2/ (s — l)ds/ dr ux(x + (s — Da)
0 0
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allow us to find

1 1
f|11(x>|dxs/ f ds/ dr/dx (Bux 6+ 75 — D) < 20l 15y
R le|<1 JO 0 R

Now it follows from the a priori bounds that
At fe w200 gy T Ifixlly-200 gy < CUF Loy = Cll foll o).

Here the constant is independent of ¢ and R > 0.
For the last term in (15), integrating by parts in the definition of the norm, we are led
to estimate

/dx 0y (x) PV/ do arctan(AL, £ (x)).
R R

Using exactly the arguments from Section 4.4 with say R = § = 1 we have

'/Rdx 3x¢(x)PV/Rdoc arctan(Ag, f (x))| < Cll@llyr1ll foll Lo ).

We thus deduce (23), completing the proof.
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