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Abstract. This paper presents a new observability estimate for parabolic equations in Q x (0, T),
where €2 is a convex domain. The observation region is restricted over a product set of an open
nonempty subset of €2 and a subset of positive measure in (0, 7). This estimate is derived with
the aid of a quantitative unique continuation at one point in time. Applications to the bang-bang
property for norm and time optimal control problems are provided.
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1. Introduction and main result

Let 2 be a bounded, convex and open subset of R”, n > 1, with boundary 0. Let T > 0.
We consider the following parabolic equation:
oju—Au—+au+b-Vu=0 1inQ x (0,T),
u=20 ond2 x (0,7T), (1.1)
u(-,0) € LX%(R).
Here b € L®°(Q2 x (0, T))",a € L*°(0, T; LY(2)) withg > 2 forn = 1, and ¢ > n for
n > 2. Clearly, it defines a well-posed problem in the sense of Hadamard, that is,
e for any ug € L%(Q), there is a unique solution u € C([0, T]; L?(R2)) of (1.1) with
u(-,0) = uo;
e the solution u# depends continuously on the initial value.

The above continuous dependence and uniqueness can be derived from the estimate

2 2
/ lu(x, t)[*dx < eC"'(”“”L°°<0~T;Lq<sz)>+”””L°°<Qx<o,T>>)/ lux,0)>dx Vi e€[0,T],
Q Q

(1.2)
where Cy is a positive constant depending only on €2, n and q.
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This is a kind of stability estimate which shows how the left term [[u(-, )l ;2(q) de-
pends on the right term [|u(+, 0) || ;2(q). From this point of view, the estimate

lul, Dli2@) < C(Q,n,q,w,E,T,a,b)/ lu(x, 1) dx dt (1.3)
D

where D = w x E with o being an open nonempty subset of 2 and E being a subset of
(0, T'], shows how the left term ||u(-, T) || ;2(q) depends on the right term [lu||;1(p. Here
and throughout the paper, C..., denotes a positive constant that only depends on what is
enclosed in the brackets. An interesting problem is to ask what kind of E makes (1.3) hold.

When E = {T'} (or E = {1y}, to € (0, T']), (1.3) does not hold. However, it has been
shown (for some potentials a and b) that

luC Dll2@) < C@ngoanllut OIT g lu T)II;EZ)) (1.4)

for some o € (0, 1). This is a quantitative unique continuation at one point in time. It
is a kind of Holder continuous dependence in the sense of John. We call (1.4) Holder
continuous dependence at one point in time. For studies of unique continuation, we refer
the readers to [BT], [L], [K], [KT] and references therein.

When E = (0, T) (or E is a subinterval of (0, T')), the estimate (1.3), viewed as a
refined observability estimate in the control theory of PDE, has been discussed in many
papers (see for instance [LR], [FI], [DZZ]). It is known that the estimate (1.3) holds for a
large class of potentials a and b (see [DFGZ]).

The present paper studies the estimate (1.3) when E is a measurable set of (0, 7') of
positive measure. The main result is as follows.

Theorem 1.1. Let E C (0,T) be a measurable set of positive measure. Let @ be a
nonempty open subset of 2. Then any solution u to (1.1) satisfies the estimate

luC, Dl 2@ =< C(Q,n,q,w,E,T,a,b)/ lu(x, 1) dx dt. (1.5)

wxE

The key to establishing Theorem 1.1 is the following strategy:

Holder continuous dependence at one point in time

= observability from a measurable set in time (i.e., (1.5)).

Two observations follow from the above strategy. First, Holder continuous dependence
at one point in time can imply both an observability estimate and unique continuation
for heat equations with lower terms depending on both time and space variables. From
this point of view, it has similar functionality to the global Carleman inequality in [FI],
Second, the estimate (1.5) can be derived without using either the estimate of Lebeau—
Robbiano type (see [LR]) or the global Carleman inequality. Our method provides a dif-
ferent way from that in [W] to get (1.5) for the case where a = 0, b = 0. We would like
to stress the following: The method to derive the analogous estimate in [W] is based on
the estimate of Lebeau—Robbiano type and an iterative argument. And it does not work
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for heat equations with lower order terms depending on both time and space variables.
Finally, the following facts should be mentioned: The strategy provided in the current pa-
per is partially inspired by [M]; the estimate (1.4) is proved using the technique provided
in [P], [EFV] and [PW].

The rest of the paper is organized as follows. In Section 2 we first establish the Holder
continuous dependence at one point in time, and then we prove Theorem 1.1. Section 3
provides some applications of Theorem 1.1 to the bang-bang property for norm and time
optimal control problems. In Appendix, the proofs of some results (used in the proof of
Theorem 1.1) are given.

2. Proof of Theorem 1.1

2.1. Preliminary results

The proof of Theorem 1.1 is based on the following two results. The first one is another
version of the statement (17.27) in [Li] (see also Lemma 2.1.5 in [F]). We will provide
its proof in Appendix for completeness. The proof of the second result will be given in
Subsection 2.3.

Proposition 2.1. Let E C (0, T) be a measurable set of positive measure. Let £ be a
density point for E. Then for each z > 1, there exists an €1 € (£, T) such that the
sequence {£y}>1, given by

1
Lt :€+—m(£1—£), 2.1.1)
b4
satisfies
Em _£m+1 S3|Eﬂ(gm+lvem)|- (212)
To state the second result, we need the following notation. Let

_|2n/q ifn <gq <2n,
1! if 2n < g.
Write
A(T, |lal) = lal T +T*P)|a|? T2 a ¥/ @P
’ - L(0,T;L4() T (T + )”a“LOO(O,T;Lq(Q)) + ||a||L°°(O,T;L‘1(Q))’

K (T, llall. 16]) = 1+ A(T. llal)) + T 1617~ @x 0.7
1 2
B, T, |Ibl) = _2627(””1"‘L°°(Qx(o,r>>),
r

Proposition 2.2. Let B, be an open ball of radius r > 0 and contained in Q2. There is a
C = C(Q,n,q) such that any solution u to (1.1) satisfies

1—a (T, |b]))
f lu(x, L)|>dx < (c |u(x,L)|2dx>
Q

By

a(r,T,[b])
% (eC(K(T»llflllvllbl)-H/L)/ |u(x,0)|2dx> , (2.1.3)
Q
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where L is arbitrarily taken from (0, T, and where

CB(r. T, bI)

o« T W) = s T 1o

Furthermore, there is a positive constant ¢ (only depending on 2, n and q) such that any
solution u to (1.1) satisfies

1 c(K(T.llall, 16D+ =) B T.1b1)
||l/l(7 t2)”L2(Q) < me tp—11

+8||M(',t1)||L2(Q) Ve > O, (214)

Nu(, 22) M1 B,y

where t| and t are arbitrarily taken such that 0 < t; < tp < T, and where

y(@, T, b)) =CBr/2, T, |1bl)(A +n/2) +n/2. (2.1.5)

2.2. Proof of Theorem 1.1

Write B, for an open ball of radius r > 0 and contained in w. Let £ be a den-
sity point for E. Let {{,,}»>1 be the sequence provided by Proposition 2.1 with z =

V(& +2)/(y + 1), where y is given by (2.1.5). Let t € ({41, £m]. Then we apply
(2.1.4) in Proposition 2.2, where t, = t and #; = £,,42, to get

—y (KT llall, 161D+ === B T. |5l
luC, Ollp2) <€ Ve =2 luC, Ollpip,)

+eluC, midll 2@ Ve > 0. 2.2.1)

Since it follows from (1.2) that

2 2
”l,t(', Zm)”LQ(Q) S eCOT[“a“LOO(O.T.L‘I(Q>)+Hb”L°°(Q><(0,T))] ||u(.’ t)”LZ(Q),

we integrate (2.2.1) over E N (€41, €m) to get

—CoTlllal? b|?
1E O (Cg 1, L) e~ SO H o007, 10(2) TP Lo0 @000 Y3 Ell 2 )

K (T, ||, |bI)+7——F—) BT, |b
< g7 LK TN TP T DD / luC )iz, di
Em(£m+laem)

+E N Emsr, L)leluC, bng2)ll2q) Ve > 0.

This, along with (2.1.1) and (2.1.2), indicates that there is a positive constant d (only
depending on €2, n and ¢) such that
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||u(',5m)||L2(Q)
" }edﬁ<r,r,||b||>[,zl'_li”j'

< g7V AKT Nall IbDB T, [151)
bi—Cz—1

]

~z—l

<[ Dl g1,y 1 + el i)l 2
EO(Un1.6m)
1 m+1
< g7V KT Nlall b T.[1b]) ,(AF+dB T 1P 7= 1/ NGy )l L1, dt
EO(n+1.6m)

+ellu, bni2)llp2 Ve >0,
that is,

_pmt2 1 — m+2
g’e ||u(',£m)||L2(Q) — eVt ”u('a£m+2)”Lz(Q)

< (KT NallIbIDAET.[b]) / G, Ol 1, dt
ENEt1.8m) '

Ve >0, (22.2)

L L] Bytaking ¢ = ¢=¥""" in (2.2.2), and by

0 —L z(z—1)

where n = (1 +dB(r, T, [|b]))]
using the fact that (y + 1)z2 = y + 2, we obtain

_ 2)7m+2
— e MY g2 |l 2

G-, )l s, dt. (2:23)

e Nz luCs €m) ||L2(g2)

< KT llall.IbDAET. 151 /
Eﬂ((,,,+1,€,,1)

Next, we take m = 2m’ and then sum (2.2.3) from m’ = 1 to infinity to deduce that

o

_ 2 2m’ _ 2 2m' 42
E [e nly+2)2 ||M(',E2m/)||L2(Q) — e e ||u("£2m/+2)||L2(Q)]
m'=1

o0
dK(T b T,|lb
< KT lall IbDBCT.[b]) Z/ NG Ol1 s, d
m'=1 Em(l2m’+1’£2m’)

SedK(T,uan,ubu);s*(r,'f,ubu)/ luC Ol 1 s, dt- (2.24)
E
Since e"’(V*z)sz " tends to zero as m’ — 400, we have
o0 2m’ 2m’ 42
e u(, Loz — € : u-, Lom12) 1l 12(Q
[e 77D lu, Lom) 2y — € "D T U Lo i)l L2 ]
m'=1
_ 2
=N, )l g (22.5)
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Moreover, one can easily check that

1
n(y +2)2> = (1+dB(, T, ”b””[zl——z]w +OVy +2(Vy +2+Vy +1)

1 3
h——ﬁ[ﬂ(r’ T, 156ID]°. (2.2.6)

Now, it follows from (2.2.4)—(2.2.6) that

= C@.nq)

Cang = BTN
G )2 < e @ng) =g 1B K (T.llall, 1bIDB T, 161) I, Oll 1 s, dt.
E

This, along with the fact that

2 2
lu (e, Tl 2 < €T im0 r 0@ P ix@0nu(, 6)) 2.

indicates that

(. Dli2q)

1 3
< o(CotdB- T IbINK (T llall Ib]) ,C@ng 7=z [FC- T 1D /””('vt)”Ll(B,)dt'
E

This leads to the desired results and completes the proof of Theorem 1.1.

2.3. Proof of Proposition 2.2

We begin by introducing two quantities, G and N} ,, as follows. Let xo be the center
of B,.Let L € (0, T]. For each A > 0, we define

1 lr—xol?

— Ty prawyl n
G(x,t) = —(L — +A)n/ze AL-i+n . (x,1) e R" x [0, L].

It is clear that G, is a smooth function and satisfies
(0, + NG (x,t) =0, (x,1) e R" x[0,L]. 2.3.1)
Moreover,
—— [ lux,D)|"Gu(x,t)dx + | |Vulx,)|"G(x,t)dx
2.dt Jg Q
= / u(x,t)(0; — Mu(x,t)G,(x,t)dx (2.3.2)
Q

for any ¢ € (0, L]. This can be proved by a direct computation. Also it can be derived
from the following observation. The quantity

/(8,—A)(|u(x,t)|2)G(x,t)dx+/ lu(x, H)>(3; + A)G(x, 1) dx,
Q Q



An observability estimate for parabolic equations 687

where G € C®, has two expressions,

/Tfiuucnr>FCHx,o>dx—-]a[aUchnr)F)Gcnr>—wucnr)PaVch,w]do
Q dt P19

and
2/ [u(x, )(0; — Au(x,t) — |Vu(x, t)|2]G(x, t)dx
Q

+/wmoﬁm+memnm.
Q

Because of (2.3.1) and since # = 0 on 9€2, (2.3.2) follows from the above two expressions
with G = G,

Next, we define, for each A > 0 and each ¢ such that ¢ € C([z, L]; H! (2)) for any
t€(0,L),
Jo IVo(x, DI*G(x, 1) dx
Jolo, DG (x, 1) dx

where ¢ is in the set {t € (0, L]; ¢(-, 1) # 0in L%(Q)}.

Nip(t) =

Proof of (2.1.3) in Proposition 2.2. The first step to prove (2.1.3) is to estimate %Nx,u (1).
The desired estimate is a consequence of the following lemma.

Lemma 2.3. Let (g, g) € L>(2) x L2(Q x (0, L)) and ¢ = ¢(x, t) be the solution of

I —Ap=g inQx(0,L),
=0 on 92 x (0, L),

Then on the set {t € (0, L] : ¢(-, 1) # 0in L*(Q)}, the function t — Ny o (t) is differen-
tiable. Furthermore,

Jo g, DI*Ga(x, 1) dx
Jolo(x, D12Gy(x, 1) dx”

Lemma 2.3 is a direct consequence of estimate (3.26) in [PW]. We omit the proof.

d 1
— Ny o() < =151 2.3.3)

Ny ot
dt T ro(0) +

The second step to prove (2.1.3) is to estimate ANy , (L) by making use of (2.3.3) and
(2.3.2). The desired estimate is stated in the following lemma.

Lemma 2.4. There exists a C(q ,,q) such that any nontrivial solution u to (1.1) satisfies

2
2L(1+Hb||Lo<>(Q><(O.L)>)

ANpu(L) +n/4 < 8(L/L + n)e

. 2
« log| 1+ (C@n+COALNAD+LID o g 0,01+ 5) Jo lu(x, 0)]* dx
fQ|u(x,L)|2dx ’

where my = sup,cq |x — )c0|2 and Cy is given in (1.2).
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Proof of Lemma 2.4. Clearly, the solution u to (1.1) has the property that u €
L?(t,T; H* N Hy(Q) N C([r, T]; HJ () and du € L*(r,T; L*(Q)) for any T €
(0, L). One can easily check that N, ,(¢) is well-defined for any ¢ € (0, L]. We carry out
the rest of the proof in three steps as follows.

Step 1. We claim that for any ¢ € (0, L],

2
L€_2L(1+”b”L°°(Q><(O,L)))N)L’u (L)

L+ A
40— 1
=< NA,M(I) + C(Q,n,q)L”a”L/OED(O’II)‘);Lq(Q)) + C(Q,n,q)m”a”%oo(()’]_;Lq(Q))- (234)

To see this, we apply Lemma 2.3 to (¢, g) = (u(-, 0), —au—>b-Vu) and use the Cauchy—
Schwarz inequality to get

d 1
—N, t)y < —N t
dt A’u()_L—t—FK A,u()

Jq lau(x, )Gy (x, 1) dx

2
JoluGe, DG (oD dx APl @xo.p M@ (233

By (A.2.1) in Appendix,
f la(x, u(x, 1)[*G(x, 1) dx sNM(r)f lu(x, 1)[*Ga(x, 1) dx
Q Q

lall? oo 1
4/2—p) L%(0,L;L9(£2)) 2
+ C(Sz,n,q)(||d||Loo(0,L;Lq(sz)) + NETE ) /Q lu(x, )G, (x,t)dx.  (2.3.6)

It follows from (2.3.5) and (2.3.6) that
d ~20 (141512 00 (g 0.1y
E[(L —t+Ae LN u ()]

4/(2— =21 (1416112 o
< Cangllal gD oy (L — 1+ 0e 2 HWPlix@cor)

2
1 —20(1+1b12

2 00(Qx )
+ C(Q,n,q) ”a“LOO(()’L;Lq(Q)) —(L P A)P—l (@x(0,L))”

Integrating it over [, L] with ¢ € (0, L), after some simple computations, we get (2.3.4).

Step 2. We claim that for any ¢ € (0, L/2],
d 2 1 2
— | G, DI Galx, 1) dx + SNy u(0) | |ulx, n)]"Gulx, 1) dx
dt Jo 2 Q
< (Clamp a1z, + 1B 0.00) /Q (e, 012Gy (x, 1) dx

1
+ Camarp lallieo.se /Q ux, DGy (x, 1) dx. (23.7)
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For this purpose, we first observe that (2.3.2) is equivalent to the following equality:
d
— / ux, PG (x, 1) dx + sz,um/ lu(x, H*G(x, 1) dx
dt Q Q
= 2/ u(x,1)(0; — Mu(x, t)Gy(x,t)dx,
Q
for any ¢ € (0, L]. From this and the Cauchy—Schwarz inequality, it follows that
d
— / Ju(x, DI*Gy(x, 1) dx + Nx,u(nf lu(x, DGy (x, 1) dx
dt Jo Q
<2 [ faCe. ) it PG (x. 1) d
Q
+ ||b||%m(QX(O,L)) / lux, H*Gu(x, ) dx. (2.3.8)
Q
By (A.2.2) in Appendix,
1
/ a(x, Dlu(x, DGy (x, 1 dx < o / IVu(x, D Galx, 1) dx
Q Q

1
+ CangllallLeo,L:Lo@)| lallLeo,L;Le@) + ———— / lu(x, )G (x, 1) dx.
L—t+A Q
(2.3.9)
We directly get (2.3.7) from (2.3.8) and (2.3.9).

Step 3: Conclusion. By (2.3.4) and (2.3.7), we deduce that for any ¢ € (0, L/2],

d
E/QIM(X,I)lzGA(x,I)dx

1A 2L

EL +}\‘ m(QX(U,L)))NA!M(L)/;Z |M(x,t)|2G)L(.x,t) dx

< (C(Q,n,q)||a||iw(o,L;Lq(Q)) + ||b||%00(gzx(0,L))) /gz u(x, f)|2GA(X, t)dx
1
+C(Q,n,q)z||a||L°°(0,L;L‘1(Q))/ lu(x, 1)[>G(x, 1) dx
Q
4/@-p) 1 2
+ C(Q,n,q)|:L||a||LDO(O’L;Lq(Q)) + FHH”LOO(O’L;L‘I(Q)):I

X / lu(x, t)|2GA(x, t)dx. (2.3.10)
Q
Recall that

1 1
ZA(La lal) = ”a”%OC(O,L;Lq(Q)) + Z”a”LO"(O,L;Lq(Q))

+ Lllall e .1:La )Y @7 +

1 2
T lal oo, ;L4 52
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This, together with (2.3.10), gives

1/ lu(x, D*Gy(x, ) dx
dt Jq
1 A
t2l

1
< (c(g,n,q>zA<L, ||a||)+||b||%w(QX(O,L))) /Q lu(x, H*G)(x, 1) dx.

_ 2
. 2L<1+|\anm(QX(O<L»>NM(L)/ u(x. DI2G (x. 1) dx
Q

From this, we deduce that for any ¢ € (0, L/2],

I A _ 2
/ |u(x, t)|2G),(x7 t) dx < exp(—t |:§ L——{—)\,e 2L(1+Hb”LOC(S‘Zx(0YL)))N)\(u’ L)})
Q

1
X exp(l[C(Q,n,q)ZA(L» llall) + ||b||ioo(gzx(o,L))i|>
x/ lu(x, 0)>G;.(x, 0)dx.
Q

Taking + = L /2 in the above, we see that

2

1 x—xo|
—_— ,L/2)|Pe” 3T d
Lzt iy Jo o e *
- 4L+ 1)
1 _\x*xoj2
x exp(Cq.n,g AL, |lal) + L||b||2LOO(QX(O,L)))m /5.2 lu(x, 0)|>e” 3T+ dx.
(2.3.11)

On the other hand, it is clear that

2 2
/ (e, L) dx < eCoL(HuuLw(0“‘,(Q))+||buLoo(QX(O,L))>/ e, L72)P dx
Q Q

mg lx—xo|?

< oLl o .0y HIP oo o 57 f lu(x, L/2)[2e” W dx.
Q
This, together with (2.3.11), yields

AL _ 2
/ u(x, L) dx < exp( —| ————e 2FHPlic@x0.n) N, (u, L)
Q 4L+ )

mo
X eXP((C(Q,n,q) + Co)[A(L, |lall) + L”b”ioc(gx(o,L))] + Z)

x/ lu(x, 0)|* dx,
Q
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from which it follows that

2
ANy u(L) <4(0/L + 1)L Pl o 0.1))

” 2
x log [e((cm,n‘qﬁco)[z‘\(bIlal)+L|b|i°0(szx(o,L>)]+2£)Mi|. (2.3.12)
Jo lu(x, L)|?dx

Clearly,

2
B g 1+ C@na+COATL D+ 1D oo g 0,01+ 3E) Jo lu(x, 0)] dx (2.3.13)
474 Jo luCx, L)|?dx

Now, the desired estimate in Lemma 2.4 follows immediately from (2.3.12) and (2.3.13).
This completes the proof of Lemma 2.4.

The third step to prove (2.1.3) is to get an estimate of fQ |u(x, L)|26_‘x_x0|2/(4)‘) dx

in terms of f B, |u(x, L) |2e’|x’x0‘2/ @) gx. Ttisa consequence of the following lemma.

Lemma 2.5. For any nontrivial f € H'(Q) and any A > 0,

/|f<x>|2e*'?u‘ _/ feoPe
Q

+—()\NA f(L)+n/4)/ |f)Pe” = dx

2
ol
o dx

Proof of Lemma 2.5. We first observe that

|x—x; \2
/ e ax
Q

2
< / FRe " dx + / F e T g
B, QN{lx—xo|=r}

|xfx0\ |x—xq \

)
B |f@)Pe™ @ 16)L/ X XO| () Pe” 7 dx. (2.3.14)

Next, we claim that

/Q'x B e

<2 / IV £ o) 2o
Q

n / ) _lmw \2
— | 1f)I7e” dx. (2.3.15)
4 Ja

When this is at hand, the desired estimate in Lemma 2.5 follows at once from (2.3.14)
and (2.3.15). To show (2.3.15), we argue as follows (see also [EFV, p. 211]):
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lx— —xol?

X 2 X
/ [x — x0|2|f(x)|2€_ 4,\0‘ dx = / (x — XO)|f(x)|2 . (_ZA)VE_‘T dx
2 Q

|x— xfxo\z

X |2 |
5 do + 2)»11/ |f(x)|267 o dx
Q

_ o / ((x — x0) - V)| f () 2e™
082

lx—xo|?

+4A/ (x —x0)f(x)-Vf(x)ee & dx
Q

I)cfxo\2

§2An/ | f(O)Pe” % dx
Q

Jx— |lx—.

1 X |2 1 X \2
+§/ 16A2|V f(x)Pe™ o dx+§/ v — xol2l f)Pe™ F dx.  (2.3.16)
Q Q

lx—xo[? lx—xg[?
In (2.3.16), we use (—2A)Ve™ = (x —xgp)e” 7 in the first equality; integration

by parts in the second equality; and the Cauchy—Schwarz inequality, along with the as-
sumption that €2 is convex, in the last inequality. This completes the proof of Lemma 2.5.

lx—xql?
The last step to prove (2.1.3) of Proposition 2.2 is to drop the weight function e™ .

in the integrands.

Recall that for any 7 € (0, L), u € L*(t, T; H* N Hj(2)) N C([t, T]; Hj (2)) and
du € L2(t, T; L%(Q)). Without loss of generality, we assume that u is nontrivial so that
N, (¢) is well-defined for any ¢ € (0, L]. We apply Lemma 2.5 where f = u(:, L) to get

\x—x0|2
m dx

lx—xg?
/|u<x,L)|2e*T° dxs/ u(x, L)|%e”
Q B,

16X 5 _lxl?
+ — WNpu(L) +n/4) | u(x, L)Pe” 5 dx.  (23.17)
r Q
By Lemma 2.4,
ANy (L) +n/4 < (/L +n)Z,, (2.3.18)
where

2
Z, =16 x 862L(1+IIbI\LOO(QX(O’L>))

m 2
< log|:e(1+(c<9,n,q>+co)[A(Ls|al)+L||b|2LOO<Qx(0,L>)]+ﬁ))w} (2.3.19)

Jo lu(x, L)|?dx |
Combining (2.3.17) and (2.3.18), we see that for any A > 0,

2 _bex 2 _le=xl?
lu(x, L)|“e” % dx < |lu(x, L)|“e” %  dx
Q B

lx—

A xol?
+—2(A/L+n)Zu/ lu(x, L)2e™ & dx.  (2.3.20)
r Q

r=4(-nL+fn212 + 21002 2,).

We take
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Clearly it solves

A 1
SO/LAmZy = . (2.3.21)

Then it follows from (2.3.20) and (2.3.21) that
/ lu(x, L)|?dx < 25%’[ lu(x, L)|?dx, (2.3.22)
Q B,

where my is given by Lemma 2.4.
On the other hand, we have

mg (ntDmg zy

e <e Z 2 (2.3.23)

because

> —

2 Zu 272 2
- =—2(nL+,/n L2+ 2Lr /zu)
—nL +n?2L? +2Lr2/7, Lr
Z Zy
< (nL+\/n2L2+4L2r2/m0> < —2(n+\/n2+4>.
r

— Lr?

In the first inequality above, we used that Z,, > % Now it follows from (2.3.22) and
(2.3.23) that

2 (n+Dmg 7, ’
/|u(x,L)| dx <2¢ 2 2 | |u(x,L)*dx. (2.3.24)
Q B,

Next, by (2.3.19), there is a C = C(q,4,4) > 2 such that

2
(n+ Dmo Zu < CB(r, T, ||b|)) log| e K T:lall1bI)+1/L) JoluGx, O dx _
2 r? Jo lu(x, L)|>dx

This, together with (2.3.24), yields that

/ lu(x, L)|* dx
Q

2 gy 1CAET 1B
< 2[60<K<T,|a|,|bn)+1/m Jo '”(x’_o”zdx] / lu(x, L) dx .
Jo lu(x, L) dx B,

In summary, we conclude that

2 2 1+Cﬁ(f1-7"-\|b||)
lu(x, L)|“dx < |2 lu(x, L)|”dx
Q

By
CA(r.T,|1b])

1+CB(r.T.[1])
y <ec<K<T,||a|,||b|)+1/L>/ |M(x’0)|2dx) 7
Q

which leads to (2.1.3).
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Proof of (2.1.4) in Proposition 2.2. Let 0 < t; < to < T. The estimate (2.1.3) implies
that

llu(, t2)||L2(Q) =< (\/E”u(v f2)||L2(Br/2))1_a(r/2’T’”hH)
CK (T, llall, 1bI)+ =1
% (e (K (T, llall,1121) ,2_,1)””(.’tl)”LZ(Q))Q(}’/Z,T,HIJH). (2325)
On the other hand, by the Nash inequality and Poincaré inequality, there exists ¢ > 0
(depending only on €2 and 7) such that

142 ¢ 2

It follows from the standard energy method that

1 c(14+Tlla]2 +lb)2 )
et 2l = G me LT t@ TR @ 0D lu (-, 1)l 20

(2.3.27)

where ¢ > 0 (depending only on €2, n and ¢g). Combining (2.3.25)—(2.3.27), we deduce
that there is a positive constant d (only depending on €2, n and ¢) such that
1—a(r/2,T, b1

1 T+2/n 1
e 2l 2 < <; K@ el 1Pt =)

4 [1—a(r/2,T,1b1)] — 5 1—a(r/2,T, b))

1
X ”u(.’tz)”Ll(Br) ”u(7t1)||L2(Q)
This, together with some simple computations, leads to estimate (2.1.4), and completes
the proof of Proposition 2.2.

3. Applications to bang-bang controls

Throughout this section, we assume that a € L*°(Q2 x (0, T)), B € L*(Q2 x (0, T))"
with divB € L*°(Q x (0, T)) and yo e L2(Q); we let  be a nonempty open subset
of ; and we denote by 1,x the characteristic function of the set X.

Lett € [0,T).Let E C (r, T) be a measurable set of positive measure. Consider the
following parabolic equation:

oY — Ay +ay+B-Vy = llwx(r,T)l\EU inx(0,7T),
v =0 ond2 x (0,7), 3.1
V(0 =y° in Q,
where v € L®(Q2 x (0, T)) and ¥° € L2(). Then (3.1) admits a unique solution ¥ in
C([0, T1; L*(2)) N L*(0, T; H} (2)). The adjoint equation of (3.1) is

—9— AV +(a—divB)y —B-V® =0 inQx(0,7),
=0 on o2 x (0, 7), 3.2)
9, T) € LX().
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By Theorem 1.1, any solution 9 to (3.2) satisfies

19.C, 0)ll 2 < Kf

wX

19 (x, 1) dx dt, (3.3)
E

where the constant « is independent of . This is equivalent to the null-controllability
from E: for any 1//0 € L2(Q), thereisav € L°®(Q x (0, T)) with

Iolle@x .1 < & 1¥°l 2 (3.4)

such that the corresponding solution ¥ to (3.1) satisfies ¥ (-, T) = 0 in €2 (see e.g. [W]).
In general, such a v is not unique.

3.1. Norm optimal bang-bang control

Consider the following parabolic equation:

0y —Ay+ay+B-Vy=liuxenf in 2 x (0,7),
y=0 ondQ x (0, 7T), 3.1.1)
y(-,0) =" in ,

where f € L°(0,T; L*(R)). Then equation (3.1.1) admits a unique solution y in
C([0, T1; L*(Q)) N L*(0, T; H} (Q)). Write

F={feL®0,T; L*) : y(,T) =0in Q},
where y is the solution of (3.1.1) corresponding to f.

Theorem 3.1. There is a unique f* € F such that
Nl oo g T = min o7 T . 3.1.2
1" e 7220y = minhf oo 721200 (3.12)

Furthermore, f* has the bang-bang property:

LF* G2 = I 2@y foraet € (t,T). (3.1.3)

Remark 3.2. In the control theory of PDE, the equation (3.1.1) is called a controlled
system while f is called a control. f € F means that the control f in L0, T'; L*>(S2))
drives the solution y of (3.1.1) from y° to zero at time T'. The property that F is nonempty
is called the null-controllability for (3.1.1). The quantity

M = min || fll ooz 12052 (3.1.4)
feF

measures the best cost of such controls. The norm optimal control problem (with respect
to (3.1.1)) is to ask for a control f € F such that || f || oo(7 7. 12(g)) = M. Such a control
is called a norm optimal control. The norm optimal control problem has the bang-bang
property if any norm optimal control f satisfies || f (-, 1)l 2(q) = M forae.t € (z,T).
Theorem 3.1 states that the norm optimal problem has a unique solution and the solution
has the bang-bang property.
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Proof of Theorem 3.1. We carry out the proof in three steps.

Step 1: Existence. By the well-known result on the null controllability of parabolic equa-
tions (see [DFGZ]), we have F # (. Then by the standard argument of the calculfgs of
variations, we get the existence of a control f € F satisfying || f || poo(7.7:12()) = M.

Step 2: Bang-bang property. We prove that if f € F satisfies (3.1.2), then it must satisfy
(3.1.3). Seeking a contradiction, we suppose that (3.1.3) does not hold for some f € F
satisfying (3.1.2). Then there is an ¢ € (0, 1) and a measurable set E C (z, T) of positive
measure such that -

IfC Oz <M—¢e VieE. (3.1.5)

Here M is given by (3.1.4). We claim that for some 6 € (0,1) there is an f5 €
L0, T; L*(R)) with

I foll oo e, 7 2200y = (1 = )M, (3.1.6)
and a function ys with the property that
dys — Ays +ays + B - Vys = liwx, 1) fs inQ2x(0,7),

y5 =0 on a2 x (0, 7),
35, 0) = inQ, G1D
ys(,T)=0 in Q.

The existence of a triplet (8, fs, ys) that satisfies (3.1.6) and (3.1.7) clearly contradicts
the definition of M.

Now, we prove the claim. Let § € (0, 1) (to be determined later). By Theorem 1.1 and
its equivalence to the null-controllability from E, there is a control vs € L*°(2 x 0, T)
such that the solution 5 to

s — Ays +ays + B - Vs = ljox@,nljgvs in Q2 x (0, 7),
U5 =0 on 9 x (0, T), (3.1.8)
¥s (-, 0) = 8)° in Q,

satisfies ¥5(-, T) = 0 in Q. Furthermore, there is a k > 0 (independent of §) such that
lvsll Lo 0,7522¢2y) < 1912 llvsllz@xo,y) < ©811Y°ll2(g)- (3.1.9)

Then we define
fo =0 —=38)f+ ligvs. (3.1.10)
By taking § = ¢/(k ||y0||Lz(Q) + ¢), one can easily check that

IfsC Dl < (1 — &M forae.t e (. T). @3.1.11)

On the other hand, one can verify that the function (1 — §)y + ;s satisfies (3.1.7). This,
together with (3.1.11), shows the claim.

Step 3: Uniqueness. By the bang-bang property and the parallelogram identity, we can
easily check that the control f € F satisfying || fllpoo7,7.72(2)) = M is unique (see
[F, p. 45]).

This completes the proof.
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Remark 3.3. The problem studied above is indeed a minimal norm control problem. This
type of problem has been extensively studied. Here, we would like to mention [Z] where
the existence of a bang-bang minimal norm control was proved. The paper [FPZ] also
presents the existence of a bang-bang minimal norm control for approximate controlla-
bility of the heat equation. However, the uniqueness of the minimal norm control was not
proved in either paper.

3.2. Time optimal bang-bang control

Consider the parabolic equation
0y —Ay+ay+B-Vy =liuxerg inQx(0,T),
y=0 ond2 x (0,7), 3.2.1)
Y, 0)=y° in Q,
where g € L*(0, T; L2(R)). Write
GM ={g € L™, T: L*(Q) : gl ~(.7:12()) < M}, (3.2.2)
where M > 0. We define
PM = ((1,9) €[0,T) x GM : y(-, T) = 0in Q}, (3.2.3)
where y is the solution of (3.2.1) corresponding to g.
Theorem 3.4. Suppose that PM # ¢. If (t*, g*) € PM is such that
™ > 1 foranypair (t,g) € PY, (3.2.4)
then g* has the bang-bang property:
le*C. Ol =M foraete (5 T). (3.2.5)
Furthermore, there is at most one such pair (t*, g*).

Remark 3.5. It may happen that PM = ¢J. To guarantee that P %  for some T > 0,
it is necessary to impose certain conditions on the potentials a and B. For instance, it can
be checked that each of the following two conditions implies that PY = ¢:

o 0<a— 3divB+2 forae. (x,1) € Q2 x (0,7);

o lla— 1divB|~@x©,1) < M -

Here A; > 0 denotes the first Dirichlet eigenvalue.
Remark 3.6. There is a kind of time optimal control problem whose aim is to delay

initiation of active control (in a control constraint set) as late as possible, such that the
corresponding solution (of a controlled system) reaches a target by a fixed ending time
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(see e.g. [MS]). In the current study, the controlled system is (3.2.1), where g is viewed
as a control; the target is {0} C L?(2); the ending time is T'; and the control constraint
set is given by (3.2.2), where M is regarded as a bound on controls. (7, g) € PM means
that the control g is not active in € x (0, 7) and drives the solution of (3.2.1) from y° to
zero at time 7. The time

= max 7

(r.9)ePM
is called the optimal time; while a control g*, with (z*, g*) € PM s called a time optimal
control. Now from the perspective of the control theory of PDE, Theorem 3.4 states that

any time optimal control g* has the bang-bang property: [[g*(-, 1)l 2y = M for a.e.
t € (%, T). It also shows that the optimal control, if it exists, is unique.

Proof of Theorem 3.4. The uniqueness of the pair (t*, g*) follows directly from the bang-
bang property (3.2.5) and the parallelogram identity (see [F, p. 45]). Thus, it remains
to prove (3.2.5). For contradiction, we suppose that there were a pair (7%, g*) € P
satisfying (3.2.4) such that (3.2.5) did not hold. Then there would be an ¢ € (0, 1) and a
measurable set £ C (t*, T) of positive measure such that

Ig* ¢ Oll 2y <M —e VtekE. (3.2.6)
We claim that there are § € (0, 1) and a pair (y, g) with g € GM such that

Oy —Ay+ay+B-Vy=liyxays,mg ML x(0,7T),

y=0 ondQ x (0, 7),
V(. 0) = 50 inQ, (3-2.7)
V. T)=0 nQ.

The existence of such (8, y, g) clearly contradicts (3.2.4). To prove the claim, we first
observe that there is a 69 € (0, 1) such that the measurable set

E=ENG*+8,T)
has a positive measure. Then, it follows from (3.2.6) that
le*C. Ol 2 <M—¢ VteE. (3.2.8)
Let § € (0, dp), to be determined later. By solving the equation

0z —Az+az+ B -Vz=—ligxar 408" inQ x (0, 7% +6),

z7=0 on a2 x (0, T* +9), 3.2.9)
Z('s 0) =0 in Q’
we get
lz(, T + 5)||L2(Q) = C0||g*||L1(t*,r*+5;L2(Q)) < coMs, (3.2.10)

where c¢o > 0 is independent of §.
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Next, by Theorem 1.1 and its equivalence to the null-controllability from E, there is
acontrol v € L*°(Q2 x (t* + 8, T)) such that the solution v to the equation

WY —AY +ay + B - VY = Ligx@4s, gy inQ x (%46, 7),
=0 on a9 x (t* +68,T), (3.2.11)
Y, T+ 8) =z(, T* + ) in Q,

satisfies ¥ (-, T) = 0 in 2. Furthermore,
IVl Lo (roq8,7:12(02)) = 1212 vl Lo @x (rr40.7y) < kllz(, T + 82 (32.12)

for some k > 0 independent on §. Combining the above estimate with (3.2.10), we can
find a constant ¢ > 0, independent of §, such that

”v”LOO(T*—‘r(S,T;LZ(Q)) < cs. (3213)
Now, we define
|z, ifr e[0, t* 4 4],
w(, 1) = {w(., 1 ifre(*+6, T (3.2.14)

Clearly, w(-,0) = 0and w(-, T) = 0in Q. Let y* be the solution of (3.2.1) with (7, g) =
(t*, g%). Then y*(-, T) = 0 in Q. Further, one can easily check that the function y* + w
solves (3.2.7) with

(3.2.15)

(1) = 0 ift € [0, T* + 6],
8D =0 x4 Lgu( ) ift e (0 46, T1.

Finally, we take § € (0, dg) such that ¢§ < ¢. Then g € GM Indeed, it follows from
(3.2.15), (3.2.8) and (3.2.13) that

llgC, t)”LZ(Q) < llg*¢, t)”LZ(Q) + 1L gv(, t)||L2(Q)
M—g+c¢é aeifte ENE*+68,T)

M ae. ift ¢ EN(t*+36,T)
0 ift € (0, 7% +9)

<M forae.t € (0,T).

IA

This completes the proof.

Appendix

Proof of Proposition 2.1

Since |E| > 0, almost every point of E is a point of density of E. Let £ € (0, T') be such
a point. Then

EEN(—0,0+0 EN—06,04+0
| ( + )|—>O and | ( + )|—>1 asd — 0. (A.l.1)
[(—6,L+6)] | —6,L+0)|
Letz > 1.Let0) <e < min( f;;z %),which implies that
€ 14z 1 € 3
< - d 1 < —. A.1.2
I —ez—1-2 ™ '"T1=c=3 A.1.2)
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Then by (A.1.1), there exists 6y = 6g(e) > 0 such that for any 6 < 6y,

[ECN (L —0,L+0)] [EN{—0,L+0)]
<e and 1—€ < ,

[(£—6,¢40)] [(£ —6,L+06)

which implies that

IESN (L —0,¢+0)] <1L|Em(z—e,e+e)|. (A.1.3)
— €

Write 6y = min(fp, T — £). Let £1 be such that £ < £; < £+ 6y < T. Define {€,,},n>1
by (2.1.1). Clearly,
U — € < lpy —L <<l —L <8y <6 (A.1.4)
and
1
bnt1 = iz = op (@ = D = 0. (A.15)
Then

i — Zm+1 = |Ec N (£m+lv Zm)| + |E N (£m+lv gm)|
|EC N (26 - ema em)| + |E N (Km—i-la em)|

A

A

€
T BN QL= b, )] + E O (s, ) (A.1.6)

The first inequality in (A.1.6) follows from (2.1.1); in the second, we use (A.1.3) with
0 = €,, — £ and (A.1.4). Thus we have

IA

€
bn =it = 7 [1E N QL= Ly b D+ 1E O st )]+ 1E O (Lt )]

IA

(1 ¥ L)w O st o) + —— [t — QL= L)), (ALT)
1 —e¢€ 1 —e€

Moreover, it follows from (2.1.1) and (A.1.5) that

1 1+z
i1 — 2L —4Ly) = Z_m(l +2)(l —¢) = ZTI(Em —Lmg1)-

This, along with (A.1.7) and (A.1.2), leads to (2.1.2).

Some inequalities

Suppose a € L*°(0, T; L1(2)) where ¢ > 2 forn = 1,and g > n forn > 2. Let

_|2n/q ifn <q <2n,
11 if2n < gq.
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Then, for each & > 0, there is C(¢ 0 n,q) > 0 such that for any ¢ € HOl (R2) and for a.e.
te(0,L)clo0,T],

f|a(x,t>¢<x>|zck<x,r)dxsef V()26 (x. 1) dx
Q Q

2
4/2~p) 17000, ;2902 >
+ C(s,Q,n,q)<||a||Loo(0,L;Lq(Q)) + NI lp()"Galx,t)dx  (A2.1)

and

fa(x,r>|¢<x>|2GA<x,t>dxsef Vo (0)2Go(x, 1) dx
Q Q

lallLoeco,L; L4 (2))

2
+ C(s,sz,n,q)(”Cl”LOO(O,L;Lq(Q)) + L—1+tx

) / lp () >Gy.(x, 1) dx. (A22)
Q
Proof of (A.2.1) and (A.2.2). Noticethat 1 < p < 2.If n > 2, then

/ |a¢|2G;\ dx =< ”(12 ”Ln/p(Q) ||¢)2G)\ ||Ln/(n—p)(Q) (by Holder inequality)
Q

2 2 1
< allZ 20 1> GOYPIL s

< C@ngllallzogV(@*G) )], q (by Sobolev inequality)

< Cangllalisg /Q (161> 71V|P G + [$1(G1) ' " P|VG,I7) dx
5 5 2-p)/2 5 /2
< C(Q,n,q)||a||Lq(Q) (/Q oGy, dx) (/Q IVo|~Gy, dx) (by Holder inequality)

1
+C(Q,n,q)”a”%4(9)<m/9|¢|2Gx dx)

1 1
2 2 2
= C(Q,nﬂ)”a“LQ(Q)(E/Q|V¢| Gyrdx + <8P/(2—P> + |L—t+A|P>/S2|¢| G/\dx>,

and

/ al|*G; dx < ||a||Ln(Q)||¢2GA||Ln/(,,_1)(Q) (by Holder inequality)
Q
< C@nllalli (g ||V(¢2G)\)||L1(Q) (by Sobolev inequality)

= C(sz,n,q)lldllm(sz>/(|¢| V|G + 191 IVG,])dx  (by Holder inequality)
Q

1 1
<C Vo|’G,. d S — 2G; dx ).
< (Q,n,q)”a”Lq(Q)(g/s;l @G, x+<s+|L—t+A|>/Q|¢| s X)
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If n = 1, then

/|a¢|2GAdx5||a2||L1(Q)||¢2GA||LOO(Q) (by Holder inequality)
Q

< C@llal}q) V@Gl 1) (by Sobolev inequality)

< C<Q>||a||iz(m/9(|¢| IV§IGs. + |92V Gil) dx

1/2 1/2
gc(g)naniz(m(/Q |¢|2G)de) ( /Q |V¢|2Gxdx> (by Hélder inequality)

1
+C(Q)||a||iz(9)<m/g|¢|2dex>

1 1
=C@ ||a||iz(§z) (8/9 IV$|*Gy. dx + <g + m) /Q 161> dx>,

and

f a|¢|2GA dx < ||a||L1(Q)||¢2G)L”LOO(Q) (by Holder inequality)
Q
< C(Q)||a||L1(Q)IIV(qﬁzG,\)IILu(Q) (by Sobolev inequality)

< C@llalipia /Q (1¢11V9IGy + 1¢*IVG, ) dx  (by Holder inequality)

1 1
<C Vé|>G, d S %G d Ve > 0.
< Carllle (¢ [ 1V0PGLax + (54 ) [0PGuax) ve s
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