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Abstract. This paper presents a new observability estimate for parabolic equations in �× (0, T ),
where � is a convex domain. The observation region is restricted over a product set of an open
nonempty subset of � and a subset of positive measure in (0, T ). This estimate is derived with
the aid of a quantitative unique continuation at one point in time. Applications to the bang-bang
property for norm and time optimal control problems are provided.
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1. Introduction and main result

Let� be a bounded, convex and open subset of Rn, n ≥ 1, with boundary ∂�. Let T > 0.
We consider the following parabolic equation:

∂tu−1u+ au+ b · ∇u = 0 in �× (0, T ),
u = 0 on ∂�× (0, T ),
u(·, 0) ∈ L2(�).

(1.1)

Here b ∈ L∞(�× (0, T ))n, a ∈ L∞(0, T ;Lq(�)) with q ≥ 2 for n = 1, and q > n for
n ≥ 2. Clearly, it defines a well-posed problem in the sense of Hadamard, that is,
• for any u0 ∈ L

2(�), there is a unique solution u ∈ C([0, T ];L2(�)) of (1.1) with
u(·, 0) = u0;
• the solution u depends continuously on the initial value.
The above continuous dependence and uniqueness can be derived from the estimate∫

�

|u(x, t)|2 dx ≤ e
C0t (‖a‖

2
L∞(0,T ;Lq (�))+‖b‖

2
L∞(�×(0,T )))

∫
�

|u(x, 0)|2 dx ∀t ∈ [0, T ],

(1.2)
where C0 is a positive constant depending only on �, n and q.
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This is a kind of stability estimate which shows how the left term ‖u(·, t)‖L2(�) de-
pends on the right term ‖u(·, 0)‖L2(�). From this point of view, the estimate

‖u(·, T )‖L2(�) ≤ C(�,n,q,ω,E,T ,a,b)

∫
D

|u(x, t)| dx dt (1.3)

where D = ω × E with ω being an open nonempty subset of � and E being a subset of
(0, T ], shows how the left term ‖u(·, T )‖L2(�) depends on the right term ‖u‖L1(D). Here
and throughout the paper, C(···) denotes a positive constant that only depends on what is
enclosed in the brackets. An interesting problem is to ask what kind ofE makes (1.3) hold.

When E = {T } (or E = {t0}, t0 ∈ (0, T ]), (1.3) does not hold. However, it has been
shown (for some potentials a and b) that

‖u(·, T )‖L2(�) ≤ C(�,n,q,ω,T ,a,b)‖u(·, 0)‖α
L2(�)
‖u(·, T )‖1−α

L2(ω)
(1.4)

for some α ∈ (0, 1). This is a quantitative unique continuation at one point in time. It
is a kind of Hölder continuous dependence in the sense of John. We call (1.4) Hölder
continuous dependence at one point in time. For studies of unique continuation, we refer
the readers to [BT], [L], [K], [KT] and references therein.

When E = (0, T ) (or E is a subinterval of (0, T )), the estimate (1.3), viewed as a
refined observability estimate in the control theory of PDE, has been discussed in many
papers (see for instance [LR], [FI], [DZZ]). It is known that the estimate (1.3) holds for a
large class of potentials a and b (see [DFGZ]).

The present paper studies the estimate (1.3) when E is a measurable set of (0, T ) of
positive measure. The main result is as follows.

Theorem 1.1. Let E ⊂ (0, T ) be a measurable set of positive measure. Let ω be a
nonempty open subset of �. Then any solution u to (1.1) satisfies the estimate

‖u(·, T )‖L2(�) ≤ C(�,n,q,ω,E,T ,a,b)

∫
ω×E

|u(x, t)| dx dt. (1.5)

The key to establishing Theorem 1.1 is the following strategy:

Hölder continuous dependence at one point in time
⇒ observability from a measurable set in time (i.e., (1.5)).

Two observations follow from the above strategy. First, Hölder continuous dependence
at one point in time can imply both an observability estimate and unique continuation
for heat equations with lower terms depending on both time and space variables. From
this point of view, it has similar functionality to the global Carleman inequality in [FI],
Second, the estimate (1.5) can be derived without using either the estimate of Lebeau–
Robbiano type (see [LR]) or the global Carleman inequality. Our method provides a dif-
ferent way from that in [W] to get (1.5) for the case where a = 0, b = 0. We would like
to stress the following: The method to derive the analogous estimate in [W] is based on
the estimate of Lebeau–Robbiano type and an iterative argument. And it does not work
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for heat equations with lower order terms depending on both time and space variables.
Finally, the following facts should be mentioned: The strategy provided in the current pa-
per is partially inspired by [M]; the estimate (1.4) is proved using the technique provided
in [P], [EFV] and [PW].

The rest of the paper is organized as follows. In Section 2 we first establish the Hölder
continuous dependence at one point in time, and then we prove Theorem 1.1. Section 3
provides some applications of Theorem 1.1 to the bang-bang property for norm and time
optimal control problems. In Appendix, the proofs of some results (used in the proof of
Theorem 1.1) are given.

2. Proof of Theorem 1.1

2.1. Preliminary results

The proof of Theorem 1.1 is based on the following two results. The first one is another
version of the statement (17.27) in [Li] (see also Lemma 2.1.5 in [F]). We will provide
its proof in Appendix for completeness. The proof of the second result will be given in
Subsection 2.3.

Proposition 2.1. Let E ⊂ (0, T ) be a measurable set of positive measure. Let ` be a
density point for E. Then for each z > 1, there exists an `1 ∈ (`, T ) such that the
sequence {`m}m≥1, given by

`m+1 = `+
1
zm
(`1 − `), (2.1.1)

satisfies
`m − `m+1 ≤ 3|E ∩ (`m+1, `m)|. (2.1.2)

To state the second result, we need the following notation. Let

p =

{
2n/q if n < q ≤ 2n,
1 if 2n ≤ q.

Write

A(T , ‖a‖) = ‖a‖L∞(0,T ;Lq (�)) + (T + T
2−p)‖a‖2L∞(0,T ;Lq (�)) + T

2
‖a‖

4/(2−p)
L∞(0,T ;Lq (�)),

K(T , ‖a‖, ‖b‖) = 1+ A(T , ‖a‖)+ T ‖b‖2L∞(�×(0,T )),

β(r, T , ‖b‖) =
1
r2 e

2T (1+‖b‖2
L∞(�×(0,T ))).

Proposition 2.2. Let Br be an open ball of radius r > 0 and contained in �. There is a
C = C(�,n,q) such that any solution u to (1.1) satisfies∫

�

|u(x, L)|2 dx ≤

(
C

∫
Br

|u(x, L)|2 dx

)1−α(r,T ,‖b‖)

×

(
eC(K(T ,‖a‖,‖b‖)+1/L)

∫
�

|u(x, 0)|2 dx
)α(r,T ,‖b‖)

, (2.1.3)
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where L is arbitrarily taken from (0, T ], and where

α(r, T , ‖b‖) =
Cβ(r, T , ‖b‖)

1+ Cβ(r, T , ‖b‖)
.

Furthermore, there is a positive constant c (only depending on �, n and q) such that any
solution u to (1.1) satisfies

‖u(·, t2)‖L2(�) ≤
1

εγ (r,T ,‖b‖)
e
c(K(T ,‖a‖,‖b‖)+ 1

t2−t1
)β(r,T ,‖b‖)

‖u(·, t2)‖L1(Br )

+ ε‖u(·, t1)‖L2(�) ∀ε > 0, (2.1.4)

where t1 and t2 are arbitrarily taken such that 0 ≤ t1 < t2 ≤ T , and where

γ (r, T , ‖b‖) = Cβ(r/2, T , ‖b‖)(1+ n/2)+ n/2. (2.1.5)

2.2. Proof of Theorem 1.1

Write Br for an open ball of radius r > 0 and contained in ω. Let ` be a den-
sity point for E. Let {`m}m≥1 be the sequence provided by Proposition 2.1 with z =
√
(γ + 2)/(γ + 1), where γ is given by (2.1.5). Let t ∈ (`m+1, `m]. Then we apply

(2.1.4) in Proposition 2.2, where t2 = t and t1 = `m+2, to get

‖u(·, t)‖L2(�) ≤ ε
−γ e

c(K(T ,‖a‖,‖b‖)+ 1
t−`m+2

)β(r,T ,‖b‖)
‖u(·, t)‖L1(Br )

+ ε‖u(·, `m+2)‖L2(�) ∀ε > 0. (2.2.1)

Since it follows from (1.2) that

‖u(·, `m)‖L2(�) ≤ e
C0T [‖a‖

2
L∞(0,T ,Lq (�))+‖b‖

2
L∞(�×(0,T ))]‖u(·, t)‖L2(�),

we integrate (2.2.1) over E ∩ (`m+1, `m) to get

|E ∩ (`m+1, `m)|e
−C0T [‖a‖

2
L∞(0,T ,Lq (�))+‖b‖

2
L∞(�×(0,T ))]‖u(·, `m)‖L2(�)

≤ ε−γ e
c(K(T ,‖a‖,‖b‖)+ 1

`m+1−`m+2
)β(r,T ,‖b‖)

∫
E∩(`m+1,`m)

‖u(·, t)‖L1(Br )
dt

+ |E ∩ (`m+1, `m)|ε‖u(·, `m+2)‖L2(�) ∀ε > 0.

This, along with (2.1.1) and (2.1.2), indicates that there is a positive constant d (only
depending on �, n and q) such that
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‖u(·, `m)‖L2(�)

≤ ε−γ edK(T ,‖a‖,‖b‖)β(r,T ,‖b‖)
[

1
`1 − `

zm

z− 1

]
e
dβ(r,T ,‖b‖)[ 1

`1−`
zm+1
z−1 ]

×

∫
E∩(`m+1,`m)

‖u(·, t)‖L1(Br )
dt + ε‖u(·, `m+2)‖L2(�)

≤ ε−γ edK(T ,‖a‖,‖b‖)β(r,T ,‖b‖)e
(1+dβ(r,T ,‖b‖))[ 1

`1−`
zm+1
z−1 ]

∫
E∩(`m+1,`m)

‖u(·, t)‖L1(Br )
dt

+ ε‖u(·, `m+2)‖L2(�) ∀ε > 0,

that is,

εγ e−ηz
m+2
‖u(·, `m)‖L2(�) − ε

γ+1e−ηz
m+2
‖u(·, `m+2)‖L2(�)

≤ edK(T ,‖a‖,‖b‖)β(r,T ,‖b‖)
∫
E∩(`m+1,`m)

‖u(·, t)‖L1(Br )
dt ∀ε > 0, (2.2.2)

where η = (1 + dβ(r, T , ‖b‖))
[ 1
`1−`

1
z(z−1)

]
. By taking ε = e−ηz

m+2
in (2.2.2), and by

using the fact that (γ + 1)z2
= γ + 2, we obtain

e−η(γ+2)zm
‖u(·, `m)‖L2(�) − e

−η(γ+2)zm+2
‖u(·, `m+2)‖L2(�)

≤ edK(T ,‖a‖,‖b‖)β(r,T ,‖b‖)
∫
E∩(`m+1,`m)

‖u(·, t)‖L1(Br )
dt. (2.2.3)

Next, we take m = 2m′ and then sum (2.2.3) from m′ = 1 to infinity to deduce that

∞∑
m′=1

[
e−η(γ+2)z2m′

‖u(·, `2m′)‖L2(�) − e
−η(γ+2)z2m′+2

‖u(·, `2m′+2)‖L2(�)

]
≤ edK(T ,‖a‖,‖b‖)β(r,T ,‖b‖)

∞∑
m′=1

∫
E∩(`2m′+1,`2m′ )

‖u(·, t)‖L1(Br )
dt

≤ edK(T ,‖a‖,‖b‖)β(r,T ,‖b‖)
∫
E

‖u(·, t)‖L1(Br )
dt. (2.2.4)

Since e−η(γ+2)z2m′+2
tends to zero as m′→+∞, we have

∞∑
m′=1

[
e−η(γ+2)z2m′

‖u(·, `2m′)‖L2(�) − e
−η(γ+2)z2m′+2

‖u(·, `2m′+2)‖L2(�)

]
= e−η(γ+2)z2

‖u(·, `2)‖L2(�). (2.2.5)
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Moreover, one can easily check that

η(γ + 2)z2
= (1+ dβ(r, T , ‖b‖))

[
1

`1 − `

]
(γ + 2)

√
γ + 2

(√
γ + 2+

√
γ + 1

)
= C(�,n,q)

1
`1 − `

[β(r, T , ‖b‖)]3. (2.2.6)

Now, it follows from (2.2.4)–(2.2.6) that

‖u(·, `2)‖L2(�) ≤ e
C(�,n,q)

1
`1−`
[β(r,T ,‖b‖)]3

edK(T ,‖a‖,‖b‖)β(r,T ,‖b‖)
∫
E

‖u(·, t)‖L1(Br )
dt.

This, along with the fact that

‖u(·, T )‖L2(�) ≤ e
C0T [‖a‖

2
L∞(0,T ,Lq (�))+‖b‖

2
L∞(�×(0,T ))]‖u(·, `2)‖L2(�),

indicates that

‖u(·, T )‖L2(�)

≤ e(C0+dβ(r,T ,‖b‖))K(T ,‖a‖,‖b‖)e
C(�,n,q)

1
`1−`
[β(r,T ,‖b‖)]3

∫
E

‖u(·, t)‖L1(Br )
dt.

This leads to the desired results and completes the proof of Theorem 1.1.

2.3. Proof of Proposition 2.2

We begin by introducing two quantities, Gλ and Nλ,ϕ , as follows. Let x0 be the center
of Br . Let L ∈ (0, T ]. For each λ > 0, we define

Gλ(x, t) =
1

(L− t + λ)n/2
e
−
|x−x0|

2

4(L−t+λ) , (x, t) ∈ Rn × [0, L].

It is clear that Gλ is a smooth function and satisfies

(∂t +1)Gλ(x, t) = 0, (x, t) ∈ Rn × [0, L] . (2.3.1)

Moreover,

1
2
d

dt

∫
�

|u(x, t)|2Gλ(x, t) dx +

∫
�

|∇u(x, t)|2Gλ(x, t) dx

=

∫
�

u(x, t)(∂t −1)u(x, t)Gλ(x, t) dx (2.3.2)

for any t ∈ (0, L]. This can be proved by a direct computation. Also it can be derived
from the following observation. The quantity∫

�

(∂t −1)(|u(x, t)|
2)G(x, t) dx +

∫
�

|u(x, t)|2(∂t +1)G(x, t) dx,
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where G ∈ C∞, has two expressions,∫
�

d

dt
(|u(x, t)|2G(x, t)) dx −

∫
∂�

[∂ν(|u(x, t)|
2)G(x, t)− |u(x, t)|2∂νG(x, t)] dσ

and

2
∫
�

[u(x, t)(∂t −1)u(x, t)− |∇u(x, t)|
2
]G(x, t) dx

+

∫
�

|u(x, t)|2(∂t +1)G(x, t) dx.

Because of (2.3.1) and since u = 0 on ∂�, (2.3.2) follows from the above two expressions
with G = Gλ.

Next, we define, for each λ > 0 and each ϕ such that ϕ ∈ C([τ, L];H 1(�)) for any
τ ∈ (0, L),

Nλ,ϕ(t) =

∫
�
|∇ϕ(x, t)|2Gλ(x, t) dx∫
�
|ϕ(x, t)|2Gλ(x, t) dx

,

where t is in the set {t ∈ (0, L];ϕ(·, t) 6= 0 in L2(�)}.

Proof of (2.1.3) in Proposition 2.2. The first step to prove (2.1.3) is to estimate d
dt
Nλ,u(t).

The desired estimate is a consequence of the following lemma.

Lemma 2.3. Let (ϕ0, g) ∈ L
2(�)× L2(�× (0, L)) and ϕ = ϕ(x, t) be the solution of ∂tϕ −1ϕ = g in �× (0, L),
ϕ = 0 on ∂�× (0, L),
ϕ(·, 0) = ϕ0.

Then on the set {t ∈ (0, L] : ϕ(·, t) 6= 0 in L2(�)}, the function t 7→ Nλ,ϕ(t) is differen-
tiable. Furthermore,

d

dt
Nλ,ϕ(t) ≤

1
L− t + λ

Nλ,ϕ(t)+

∫
�
|g(x, t)|2Gλ(x, t) dx∫

�
|ϕ(x, t)|2Gλ(x, t) dx

. (2.3.3)

Lemma 2.3 is a direct consequence of estimate (3.26) in [PW]. We omit the proof.

The second step to prove (2.1.3) is to estimate λNλ,u(L) by making use of (2.3.3) and
(2.3.2). The desired estimate is stated in the following lemma.

Lemma 2.4. There exists a C(�,n,q) such that any nontrivial solution u to (1.1) satisfies

λNλ,u(L)+ n/4 ≤ 8(λ/L+ n)e2L(1+‖b‖2
L∞(�×(0,L)))

× log
[
e
(1+(C(�,n,q)+C0)[A(L,‖a‖)+L‖b‖

2
L∞(�×(0,L))]+

m0
2L )

∫
�
|u(x, 0)|2 dx∫

�
|u(x, L)|2 dx

]
,

where m0 = supx∈� |x − x0|
2 and C0 is given in (1.2).
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Proof of Lemma 2.4. Clearly, the solution u to (1.1) has the property that u ∈
L2(τ, T ;H 2

∩ H 1
0 (�)) ∩ C([τ, T ];H

1
0 (�)) and ∂tu ∈ L2(τ, T ;L2(�)) for any τ ∈

(0, L). One can easily check that Nλ,u(t) is well-defined for any t ∈ (0, L]. We carry out
the rest of the proof in three steps as follows.

Step 1. We claim that for any t ∈ (0, L],

λ

L+ λ
e
−2L(1+‖b‖2

L∞(�×(0,L)))Nλ,u(L)

≤ Nλ,u(t)+ C(�,n,q)L‖a‖
4/(2−p)
L∞(0,L;Lq (�)) + C(�,n,q)

1
Lp−1 ‖a‖

2
L∞(0,L;Lq (�)). (2.3.4)

To see this, we apply Lemma 2.3 to (ϕ0, g) = (u(·, 0),−au−b ·∇u) and use the Cauchy–
Schwarz inequality to get

d

dt
Nλ,u(t) ≤

1
L− t + λ

Nλ,u(t)

+ 2

∫
�
|au(x, t)|2Gλ(x, t) dx∫

�
|u(x, t)|2Gλ(x, t) dx

+ 2‖b‖2L∞(�×(0,L))Nλ,u(t). (2.3.5)

By (A.2.1) in Appendix,∫
�

|a(x, t)u(x, t)|2Gλ(x, t) dx ≤ Nλ,u(t)

∫
�

|u(x, t)|2Gλ(x, t) dx

+ C(�,n,q)

(
‖a‖

4/(2−p)
L∞(0,L;Lq (�)) +

‖a‖2
L∞(0,L;Lq (�))

(L− t + λ)p

)∫
�

|u(x, t)|2Gλ(x, t) dx. (2.3.6)

It follows from (2.3.5) and (2.3.6) that

d

dt
[(L− t + λ)e

−2t (1+‖b‖2
L∞(�×(0,L)))Nλ,u(t)]

≤ C(�,n,q)‖a‖
4/(2−p)
L∞(0,L;Lq (�))(L− t + λ)e

−2t (1+‖b‖2
L∞(�×(0,L)))

+ C(�,n,q)‖a‖
2
L∞(0,L;Lq (�))

1
(L− t + λ)p−1 e

−2t (1+‖b‖2
L∞(�×(0,L))).

Integrating it over [t, L] with t ∈ (0, L), after some simple computations, we get (2.3.4).

Step 2. We claim that for any t ∈ (0, L/2],

d

dt

∫
�

|u(x, t)|2Gλ(x, t) dx +
1
2
Nλ,u(t)

∫
�

|u(x, t)|2Gλ(x, t) dx

≤ (C(�,n,q)‖a‖
2
L∞(0,L;Lq (�)) + ‖b‖

2
L∞(�×(0,L)))

∫
�

|u(x, t)|2Gλ(x, t) dx

+ C(�,n,q)
1
L
‖a‖L∞(0,L;Lq (�))

∫
�

|u(x, t)|2Gλ(x, t) dx. (2.3.7)
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For this purpose, we first observe that (2.3.2) is equivalent to the following equality:

d

dt

∫
�

|u(x, t)|2Gλ(x, t) dx + 2Nλ,u(t)
∫
�

|u(x, t)|2Gλ(x, t) dx

= 2
∫
�

u(x, t)(∂t −1)u(x, t)Gλ(x, t) dx,

for any t ∈ (0, L]. From this and the Cauchy–Schwarz inequality, it follows that

d

dt

∫
�

|u(x, t)|2Gλ(x, t) dx +Nλ,u(t)

∫
�

|u(x, t)|2Gλ(x, t) dx

≤ 2
∫
�

|a(x, t)| |u(x, t)|2Gλ(x, t) dx

+ ‖b‖2L∞(�×(0,L))

∫
�

|u(x, t)|2Gλ(x, t) dx. (2.3.8)

By (A.2.2) in Appendix,∫
�

a(x, t)|u(x, t)|2Gλ(x, t) dx ≤
1
4

∫
�

|∇u(x, t)|2Gλ(x, t) dx

+ C(�,n,q)‖a‖L∞(0,L;Lq (�))

(
‖a‖L∞(0,L;Lq (�)) +

1
L− t + λ

)∫
�

|u(x, t)|2Gλ(x, t) dx.

(2.3.9)

We directly get (2.3.7) from (2.3.8) and (2.3.9).

Step 3: Conclusion. By (2.3.4) and (2.3.7), we deduce that for any t ∈ (0, L/2],

d

dt

∫
�

|u(x, t)|2Gλ(x, t) dx

+
1
2

λ

L+ λ
e
−2L(1+‖b‖2

L∞(�×(0,L)))Nλ,u(L)

∫
�

|u(x, t)|2Gλ(x, t) dx

≤ (C(�,n,q)‖a‖
2
L∞(0,L;Lq (�)) + ‖b‖

2
L∞(�×(0,L)))

∫
�

|u(x, t)|2Gλ(x, t) dx

+ C(�,n,q)
1
L
‖a‖L∞(0,L;Lq (�))

∫
�

|u(x, t)|2Gλ(x, t) dx

+ C(�,n,q)

[
L‖a‖

4/(2−p)
L∞(0,L;Lq (�)) +

1
Lp−1 ‖a‖

2
L∞(0,L;Lq (�))

]
×

∫
�

|u(x, t)|2Gλ(x, t) dx. (2.3.10)

Recall that
1
L
A(L, ‖a‖) = ‖a‖2L∞(0,L;Lq (�)) +

1
L
‖a‖L∞(0,L;Lq (�))

+ L‖a‖L∞(0,L;Lq (�)))
4/(2−p)

+
1

Lp−1 ‖a‖
2
L∞(0,L;Lq (�)).
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This, together with (2.3.10), gives

d

dt

∫
�

|u(x, t)|2Gλ(x, t) dx

+
1
2

λ

L+ λ
e
−2L(1+‖b‖2

L∞(�×(0,L)))Nλ,u(L)

∫
�

|u(x, t)|2Gλ(x, t) dx

≤

(
C(�,n,q)

1
L
A(L, ‖a‖)+ ‖b‖2L∞(�×(0,L))

)∫
�

|u(x, t)|2Gλ(x, t) dx.

From this, we deduce that for any t ∈ (0, L/2],∫
�

|u(x, t)|2Gλ(x, t) dx ≤ exp
(
−t

[
1
2

λ

L+ λ
e
−2L(1+‖b‖2

L∞(�×(0,L)))Nλ(u, L)

])
× exp

(
t

[
C(�,n,q)

1
L
A(L, ‖a‖)+ ‖b‖2L∞(�×(0,L))

])
×

∫
�

|u(x, 0)|2Gλ(x, 0) dx.

Taking t = L/2 in the above, we see that

1
(L/2+ λ)n/2

∫
�

|u(x, L/2)|2e−
|x−x0|

2

4(L/2+λ) dx

≤ exp
(
−

[
λL

4(L+ λ)
e
−2L(1+‖b‖2

L∞(�×(0,L)))Nλ(u, L)

])
× exp(C(�,n,q)A(L, ‖a‖)+ L‖b‖2L∞(�×(0,L)))

1
(L+ λ)n/2

∫
�

|u(x, 0)|2e−
|x−x0|

2

4(L+λ) dx.

(2.3.11)

On the other hand, it is clear that∫
�

|u(x, L)|2 dx ≤ e
C0L(‖a‖

2
L∞(0,L;Lq (�))+‖b‖

2
L∞(�×(0,L)))

∫
�

|u(x, L/2)|2 dx

≤ e
C0L(‖a‖

2
L∞(0,L;Lq (�))+‖b‖

2
L∞(�×(0,L)))e

m0
2L

∫
�

|u(x, L/2)|2e−
|x−x0|

2

4(L/2+λ) dx.

This, together with (2.3.11), yields∫
�

|u(x, L)|2 dx ≤ exp
(
−

[
λL

4(L+ λ)
e
−2L(1+‖b‖2

L∞(�×(0,L)))Nλ(u, L)

])
× exp

(
(C(�,n,q) + C0)[A(L, ‖a‖)+ L‖b‖

2
L∞(�×(0,L))] +

m0

2L

)
×

∫
�

|u(x, 0)|2 dx,
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from which it follows that

λNλ,u(L) ≤ 4(λ/L+ 1)e2L(1+‖b‖2
L∞(�×(0,L)))

× log
[
e
((C(�,n,q)+C0)[A(L,‖a‖)+L‖b‖

2
L∞(�×(0,L))]+

m0
2L )

∫
�
|u(x, 0)|2 dx∫

�
|u(x, L)|2 dx

]
. (2.3.12)

Clearly,

n

4
≤
n

4
log
[
e
(1+(C(�,n,q)+C0)[A(L,‖a‖)+L‖b‖

2
L∞(�×(0,L))]+

m
2L )

∫
�
|u(x, 0)|2 dx∫

�
|u(x, L)|2 dx

]
. (2.3.13)

Now, the desired estimate in Lemma 2.4 follows immediately from (2.3.12) and (2.3.13).
This completes the proof of Lemma 2.4.

The third step to prove (2.1.3) is to get an estimate of
∫
�
|u(x, L)|2e−|x−x0|

2/(4λ) dx

in terms of
∫
Br
|u(x, L)|2e−|x−x0|

2/(4λ) dx. It is a consequence of the following lemma.

Lemma 2.5. For any nontrivial f ∈ H 1(�) and any λ > 0,∫
�

|f (x)|2e−
|x−x0|

2

4λ dx ≤

∫
Br

|f (x)|2e−
|x−x0|

2

4λ dx

+
16λ
r2 (λNλ,f (L)+ n/4)

∫
�

|f (x)|2e−
|x−x0|

2

4λ dx.

Proof of Lemma 2.5. We first observe that∫
�

|f (x)|2e−
|x−x0|

2

4λ dx

≤

∫
Br

|f (x)|2e−
|x−x0|

2

4λ dx +

∫
�∩{|x−x0|≥r}

|f (x)|2e−
|x−x0|

2

4λ dx

≤

∫
Br

|f (x)|2e−
|x−x0|

2

4λ dx +
16λ
r2

∫
�

|x − x0|
2

16λ
|f (x)|2e−

|x−x0|
2

4λ dx. (2.3.14)

Next, we claim that∫
�

|x − x0|
2

16λ
|f (x)|2e−

|x−x0|
2

4λ dx

≤ λ

∫
�

|∇f (x)|2e−
|x−x0|

2

4λ dx +
n

4

∫
�

|f (x)|2e−
|x−x0|

2

4λ dx. (2.3.15)

When this is at hand, the desired estimate in Lemma 2.5 follows at once from (2.3.14)
and (2.3.15). To show (2.3.15), we argue as follows (see also [EFV, p. 211]):
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∫
�

|x − x0|
2
|f (x)|2e−

|x−x0|
2

4λ dx =

∫
�

(x − x0)|f (x)|
2
· (−2λ)∇e−

|x−x0|
2

4λ dx

= −2λ
∫
∂�

((x − x0) · ν)|f (x)|
2e−

|x−x0|
2

4λ dσ + 2λn
∫
�

|f (x)|2e−
|x−x0|

2

4λ dx

+ 4λ
∫
�

(x − x0)f (x) · ∇f (x)e
−
|x−x0|

2

4λ dx

≤ 2λn
∫
�

|f (x)|2e−
|x−x0|

2

4λ dx

+
1
2

∫
�

16λ2
|∇f (x)|2e−

|x−x0|
2

4λ dx +
1
2

∫
�

|x − x0|
2
|f (x)|2e−

|x−x0|
2

4λ dx. (2.3.16)

In (2.3.16), we use (−2λ)∇e−
|x−x0|

2

4λ = (x − x0)e
−
|x−x0|

2

4λ in the first equality; integration
by parts in the second equality; and the Cauchy–Schwarz inequality, along with the as-
sumption that � is convex, in the last inequality. This completes the proof of Lemma 2.5.

The last step to prove (2.1.3) of Proposition 2.2 is to drop the weight function e−
|x−x0|

2

4λ

in the integrands.
Recall that for any τ ∈ (0, L), u ∈ L2(τ, T ;H 2

∩ H 1
0 (�)) ∩ C([τ, T ];H

1
0 (�)) and

∂tu ∈ L
2(τ, T ;L2(�)). Without loss of generality, we assume that u is nontrivial so that

Nλ,u(t) is well-defined for any t ∈ (0, L]. We apply Lemma 2.5 where f = u(·, L) to get∫
�

|u(x, L)|2e−
|x−x0|

2

4λ dx ≤

∫
Br

|u(x, L)|2e−
|x−x0|

2

4λ dx

+
16λ
r2 (λNλ,u(L)+ n/4)

∫
�

|u(x, L)|2e−
|x−x0|

2

4λ dx. (2.3.17)

By Lemma 2.4,
λNλ,u(L)+ n/4 ≤ 1

16 (λ/L+ n)Zu, (2.3.18)

where

Zu = 16× 8e2L(1+‖b‖2
L∞(�×(0,L)))

× log
[
e
(1+(C(�,n,q)+C0)[A(L,‖a‖)+L‖b‖

2
L∞(�×(0,L))]+

m0
2L )

∫
�
|u(x, 0)|2 dx∫

�
|u(x, L)|2 dx

]
. (2.3.19)

Combining (2.3.17) and (2.3.18), we see that for any λ > 0,∫
�

|u(x, L)|2e−
|x−x0|

2

4λ dx ≤

∫
Br

|u(x, L)|2e−
|x−x0|

2

4λ dx

+
λ

r2 (λ/L+ n)Zu

∫
�

|u(x, L)|2e−
|x−x0|

2

4λ dx. (2.3.20)

We take
λ = 1

2

(
−nL+

√
n2L2 + 2Lr2/Zu

)
.
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Clearly it solves
λ

r2 (λ/L+ n)Zu =
1
2
. (2.3.21)

Then it follows from (2.3.20) and (2.3.21) that∫
�

|u(x, L)|2 dx ≤ 2e
m0
4λ

∫
Br

|u(x, L)|2 dx, (2.3.22)

where m0 is given by Lemma 2.4.
On the other hand, we have

e
m0
4λ ≤ e

(n+1)m0
2

Zu

r2 (2.3.23)

because

1
λ
=

2

−nL+
√
n2L2 + 2Lr2/Zu

=
Zu

Lr2

(
nL+

√
n2L2 + 2Lr2/Zu

)
≤
Zu

Lr2

(
nL+

√
n2L2 + 4L2r2/m0

)
≤
Zu

r2

(
n+

√
n2 + 4

)
.

In the first inequality above, we used that Zu >
m0
2L . Now it follows from (2.3.22) and

(2.3.23) that ∫
�

|u(x, L)|2 dx ≤ 2e
(n+1)m0

2
Zu

r2

∫
Br

|u(x, L)|2 dx. (2.3.24)

Next, by (2.3.19), there is a C = C(�,n,q) > 2 such that

(n+ 1)m0

2
Zu

r2 ≤ Cβ(r, T , ‖b‖) log
[
eC(K(T ,‖a‖,‖b‖)+1/L)

∫
�
|u(x, 0)|2 dx∫

�
|u(x, L)|2 dx

]
.

This, together with (2.3.24), yields that∫
�

|u(x, L)|2 dx

≤ 2
[
eC(K(T ,‖a‖,‖b‖)+1/L)

∫
�
|u(x, 0)|2 dx∫

�
|u(x, L)|2 dx

]Cβ(r,T ,‖b‖) ∫
Br

|u(x, L)|2 dx .

In summary, we conclude that∫
�

|u(x, L)|2 dx ≤

(
2
∫
Br

|u(x, L)|2 dx

) 1
1+Cβ(r,T ,‖b‖)

×

(
eC(K(T ,‖a‖,‖b‖)+1/L)

∫
�

|u(x, 0)|2 dx
) Cβ(r,T ,‖b‖)

1+Cβ(r,T ,‖b‖)
,

which leads to (2.1.3).
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Proof of (2.1.4) in Proposition 2.2. Let 0 ≤ t1 < t2 ≤ T . The estimate (2.1.3) implies
that

‖u(·, t2)‖L2(�) ≤ (
√
C‖u(·, t2)‖L2(Br/2)

)1−α(r/2,T ,‖b‖)

× (e
C(K(T ,‖a‖,‖b‖)+ 1

t2−t1
)
‖u(·, t1)‖L2(�))

α(r/2,T ,‖b‖). (2.3.25)

On the other hand, by the Nash inequality and Poincaré inequality, there exists c > 0
(depending only on � and n) such that

‖u(·, t2)‖
1+2/n
L2(Br/2)

≤
c

r
‖u(·, t2)‖

2/n
L1(Br )

‖∇u(·, t2)‖L2(�). (2.3.26)

It follows from the standard energy method that

‖∇u(·, t2)‖L2(�) ≤
1

(t2 − t1)1/2
e
c(1+T [‖a‖2

L∞(0,T ;Lq (�))+‖b‖
2
L∞(�×(0,T ))])‖u(·, t1)‖L2(�),

(2.3.27)

where c > 0 (depending only on �, n and q). Combining (2.3.25)–(2.3.27), we deduce
that there is a positive constant d (only depending on �, n and q) such that

‖u(·, t2)‖L2(�) ≤

(
1
r

) 1−α(r/2,T ,‖b‖)
1+2/n

e
d(K(T ,‖a‖,‖b‖)+ 1

t2−t1
)

× ‖u(·, t2)‖
2/n

1+2/n [1−α(r/2,T ,‖b‖)]

L1(Br )
‖u(·, t1)‖

1− 2/n
1+2/n [1−α(r/2,T ,‖b‖)]

L2(�)
.

This, together with some simple computations, leads to estimate (2.1.4), and completes
the proof of Proposition 2.2.

3. Applications to bang-bang controls

Throughout this section, we assume that a ∈ L∞(� × (0, T )), B ∈ L∞(� × (0, T ))n

with divB ∈ L∞(� × (0, T )) and y0
∈ L2(�); we let ω be a nonempty open subset

of �; and we denote by 1|X the characteristic function of the set X.
Let τ ∈ [0, T ). Let E ⊂ (τ, T ) be a measurable set of positive measure. Consider the

following parabolic equation:
∂tψ −1ψ + aψ + B · ∇ψ = 1|ω×(τ,T )1|Ev in �× (0, T ),
ψ = 0 on ∂�× (0, T ),
ψ(·, 0) = ψ0 in �,

(3.1)

where v ∈ L∞(� × (0, T )) and ψ0
∈ L2(�). Then (3.1) admits a unique solution ψ in

C([0, T ];L2(�)) ∩ L2(0, T ;H 1
0 (�)). The adjoint equation of (3.1) is

−∂tϑ −1ϑ + (a − divB)ϑ − B · ∇ϑ = 0 in �× (0, T ),
ϑ = 0 on ∂�× (0, T ),
ϑ(·, T ) ∈ L2(�).

(3.2)
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By Theorem 1.1, any solution ϑ to (3.2) satisfies

‖ϑ(·, 0)‖L2(�) ≤ κ

∫
ω×E

|ϑ(x, t)| dx dt, (3.3)

where the constant κ is independent of ϑ . This is equivalent to the null-controllability
from E: for any ψ0

∈ L2(�), there is a v ∈ L∞(�× (0, T )) with

‖v‖L∞(�×(0,T )) ≤ κ‖ψ
0
‖L2(�) (3.4)

such that the corresponding solution ψ to (3.1) satisfies ψ(·, T ) = 0 in � (see e.g. [W]).
In general, such a v is not unique.

3.1. Norm optimal bang-bang control

Consider the following parabolic equation:
∂ty −1y + ay + B · ∇y = 1|ω×(τ,T )f in �× (0, T ),
y = 0 on ∂�× (0, T ),
y(·, 0) = y0 in �,

(3.1.1)

where f ∈ L∞(0, T ;L2(�)). Then equation (3.1.1) admits a unique solution y in
C([0, T ];L2(�)) ∩ L2(0, T ;H 1

0 (�)). Write

F = {f ∈ L∞(0, T ;L2(�)) : y(·, T ) = 0 in �},

where y is the solution of (3.1.1) corresponding to f .

Theorem 3.1. There is a unique f ∗ ∈ F such that

‖f ∗‖L∞(τ,T ;L2(�)) = min
f∈F
‖f ‖L∞(τ,T ;L2(�)). (3.1.2)

Furthermore, f ∗ has the bang-bang property:

‖f ∗(·, t)‖L2(�) = ‖f
∗
‖L∞(τ,T ;L2(�)) for a.e. t ∈ (τ, T ). (3.1.3)

Remark 3.2. In the control theory of PDE, the equation (3.1.1) is called a controlled
system while f is called a control. f ∈ F means that the control f in L∞(0, T ;L2(�))

drives the solution y of (3.1.1) from y0 to zero at time T . The property that F is nonempty
is called the null-controllability for (3.1.1). The quantity

M̃ = min
f̃∈F
‖f̃ ‖L∞(τ,T ;L2(�)) (3.1.4)

measures the best cost of such controls. The norm optimal control problem (with respect
to (3.1.1)) is to ask for a control f ∈ F such that ‖f ‖L∞(τ,T ;L2(�)) = M̃ . Such a control
is called a norm optimal control. The norm optimal control problem has the bang-bang
property if any norm optimal control f satisfies ‖f (·, t)‖L2(�) = M̃ for a.e. t ∈ (τ, T ).
Theorem 3.1 states that the norm optimal problem has a unique solution and the solution
has the bang-bang property.
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Proof of Theorem 3.1. We carry out the proof in three steps.

Step 1: Existence. By the well-known result on the null controllability of parabolic equa-
tions (see [DFGZ]), we have F 6= ∅. Then by the standard argument of the calculus of
variations, we get the existence of a control f ∈ F satisfying ‖f ‖L∞(τ,T ;L2(�)) = M̃ .

Step 2: Bang-bang property. We prove that if f ∈ F satisfies (3.1.2), then it must satisfy
(3.1.3). Seeking a contradiction, we suppose that (3.1.3) does not hold for some f ∈ F
satisfying (3.1.2). Then there is an ε ∈ (0, 1) and a measurable set E ⊂ (τ, T ) of positive
measure such that

‖f (·, t)‖L2(�) ≤ M̃ − ε ∀t ∈ E. (3.1.5)

Here M̃ is given by (3.1.4). We claim that for some δ ∈ (0, 1) there is an fδ ∈

L∞(0, T ;L2(�)) with

‖fδ‖L∞(τ,T ;L2(�)) ≤ (1− δ)M̃, (3.1.6)

and a function yδ with the property that
∂tyδ −1yδ + ayδ + B · ∇yδ = 1|ω×(τ,T )fδ in �× (0, T ),
yδ = 0 on ∂�× (0, T ),
yδ(·, 0) = y0 in �,
yδ(·, T ) = 0 in �.

(3.1.7)

The existence of a triplet (δ, fδ, yδ) that satisfies (3.1.6) and (3.1.7) clearly contradicts
the definition of M̃ .

Now, we prove the claim. Let δ ∈ (0, 1) (to be determined later). By Theorem 1.1 and
its equivalence to the null-controllability from E, there is a control vδ ∈ L∞(� × 0, T )
such that the solution ψδ to

∂tψδ −1ψδ + aψδ + B · ∇ψδ = 1|ω×(τ,T )1|Evδ in �× (0, T ),
ψδ = 0 on ∂�× (0, T ),
ψδ(·, 0) = δy0 in �,

(3.1.8)

satisfies ψδ(·, T ) = 0 in �. Furthermore, there is a κ > 0 (independent of δ) such that

‖vδ‖L∞(0,T ;L2(�)) ≤ |�|
1/2
‖vδ‖L∞(�×(0,T )) ≤ κδ‖y

0
‖L2(�). (3.1.9)

Then we define
fδ = (1− δ)f + 1|Evδ. (3.1.10)

By taking δ = ε/(κ‖y0
‖L2(�) + ε), one can easily check that

‖fδ(·, t)‖L2(�) ≤ (1− δ)M̃ for a.e. t ∈ (τ, T ). (3.1.11)

On the other hand, one can verify that the function (1 − δ)y + ψδ satisfies (3.1.7). This,
together with (3.1.11), shows the claim.

Step 3: Uniqueness. By the bang-bang property and the parallelogram identity, we can
easily check that the control f ∈ F satisfying ‖f ‖L∞(τ,T ;L2(�)) = M̃ is unique (see
[F, p. 45]).

This completes the proof.
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Remark 3.3. The problem studied above is indeed a minimal norm control problem. This
type of problem has been extensively studied. Here, we would like to mention [Z] where
the existence of a bang-bang minimal norm control was proved. The paper [FPZ] also
presents the existence of a bang-bang minimal norm control for approximate controlla-
bility of the heat equation. However, the uniqueness of the minimal norm control was not
proved in either paper.

3.2. Time optimal bang-bang control

Consider the parabolic equation
∂ty −1y + ay + B · ∇y = 1|ω×(τ,T )g in �× (0, T ),
y = 0 on ∂�× (0, T ),
y(·, 0) = y0 in �,

(3.2.1)

where g ∈ L∞(0, T ;L2(�)). Write

GM = {g ∈ L∞(0, T ;L2(�)) : ‖g‖L∞(0,T ;L2(�)) ≤ M}, (3.2.2)

where M > 0. We define

PM = {(τ, g) ∈ [0, T )× GM : y(·, T ) = 0 in �}, (3.2.3)

where y is the solution of (3.2.1) corresponding to g.

Theorem 3.4. Suppose that PM 6= ∅. If (τ ∗, g∗) ∈ PM is such that

τ ∗ ≥ τ for any pair (τ, g) ∈ PM , (3.2.4)

then g∗ has the bang-bang property:

‖g∗(·, t)‖L2(�) = M for a.e. t ∈ (τ ∗, T ). (3.2.5)

Furthermore, there is at most one such pair (τ ∗, g∗).

Remark 3.5. It may happen that PM = ∅. To guarantee that PM 6= ∅ for some T > 0,
it is necessary to impose certain conditions on the potentials a and B. For instance, it can
be checked that each of the following two conditions implies that PM 6= ∅:

• 0 ≤ a − 1
2 divB + λ1 for a.e. (x, t) ∈ �× (0, T ) ;

• ‖a − 1
2 divB‖L∞(�×(0,T )) ≤ λ1 .

Here λ1 > 0 denotes the first Dirichlet eigenvalue.

Remark 3.6. There is a kind of time optimal control problem whose aim is to delay
initiation of active control (in a control constraint set) as late as possible, such that the
corresponding solution (of a controlled system) reaches a target by a fixed ending time



698 Kim Dang Phung, Gengsheng Wang

(see e.g. [MS]). In the current study, the controlled system is (3.2.1), where g is viewed
as a control; the target is {0} ⊂ L2(�); the ending time is T ; and the control constraint
set is given by (3.2.2), where M is regarded as a bound on controls. (τ, g) ∈ PM means
that the control g is not active in �× (0, τ ) and drives the solution of (3.2.1) from y0 to
zero at time T . The time

τ ∗ = max
(τ,g)∈PM

τ

is called the optimal time; while a control g∗, with (τ ∗, g∗) ∈ PM , is called a time optimal
control. Now from the perspective of the control theory of PDE, Theorem 3.4 states that
any time optimal control g∗ has the bang-bang property: ‖g∗(·, t)‖L2(�) = M for a.e.
t ∈ (τ ∗, T ). It also shows that the optimal control, if it exists, is unique.

Proof of Theorem 3.4. The uniqueness of the pair (τ ∗, g∗) follows directly from the bang-
bang property (3.2.5) and the parallelogram identity (see [F, p. 45]). Thus, it remains
to prove (3.2.5). For contradiction, we suppose that there were a pair (τ ∗, g∗) ∈ PM
satisfying (3.2.4) such that (3.2.5) did not hold. Then there would be an ε ∈ (0, 1) and a
measurable set Ẽ ⊂ (τ ∗, T ) of positive measure such that

‖g∗(·, t)‖L2(�) ≤ M − ε ∀t ∈ Ẽ. (3.2.6)

We claim that there are δ ∈ (0, 1) and a pair (y, g) with g ∈ GM such that
∂ty −1y + ay + B · ∇y = 1|ω×(τ∗+δ,T )g in �× (0, T ),
y = 0 on ∂�× (0, T ),
y(·, 0) = y0 in �,
y(·, T ) = 0 in �.

(3.2.7)

The existence of such (δ, y, g) clearly contradicts (3.2.4). To prove the claim, we first
observe that there is a δ0 ∈ (0, 1) such that the measurable set

E = Ẽ ∩ (τ ∗ + δ0, T )

has a positive measure. Then, it follows from (3.2.6) that

‖g∗(·, t)‖L2(�) ≤ M − ε ∀t ∈ E. (3.2.8)

Let δ ∈ (0, δ0), to be determined later. By solving the equation ∂tz−1z+ az+ B · ∇z = −1|ω×(τ∗,τ∗+δ)g∗ in �× (0, τ ∗ + δ),
z = 0 on ∂�× (0, τ ∗ + δ),
z(·, 0) = 0 in �,

(3.2.9)

we get
‖z(·, τ ∗ + δ)‖L2(�) ≤ c0‖g

∗
‖L1(τ∗,τ∗+δ;L2(�)) ≤ c0Mδ, (3.2.10)

where c0 > 0 is independent of δ.
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Next, by Theorem 1.1 and its equivalence to the null-controllability from E, there is
a control v ∈ L∞(�× (τ ∗ + δ, T )) such that the solution ψ to the equation ∂tψ −1ψ + aψ + B · ∇ψ = 1|ω×(τ∗+δ,T )1|Ev in �× (τ ∗ + δ, T ),

ψ = 0 on ∂�× (τ ∗ + δ, T ),
ψ(·, τ ∗ + δ) = z(·, τ ∗ + δ) in �,

(3.2.11)

satisfies ψ(·, T ) = 0 in �. Furthermore,

‖v‖L∞(τ∗+δ,T ;L2(�)) ≤ |�|
1/2
‖v‖L∞(�×(τ∗+δ,T )) ≤ κ‖z(·, τ

∗
+ δ)‖L2(�) (3.2.12)

for some κ > 0 independent on δ. Combining the above estimate with (3.2.10), we can
find a constant c > 0, independent of δ, such that

‖v‖L∞(τ∗+δ,T ;L2(�)) ≤ cδ. (3.2.13)

Now, we define

w(·, t) =

{
z(·, t) if t ∈ [0, τ ∗ + δ],
ψ(·, t) if t ∈ (τ ∗ + δ, T ]. (3.2.14)

Clearly, w(·, 0) = 0 and w(·, T ) = 0 in �. Let y∗ be the solution of (3.2.1) with (τ, g) =
(τ ∗, g∗). Then y∗(·, T ) = 0 in �. Further, one can easily check that the function y∗ + w
solves (3.2.7) with

g(·, t) =

{
0 if t ∈ [0, τ ∗ + δ],
g∗(·, t)+ 1|Ev(·, t) if t ∈ (τ ∗ + δ, T ]. (3.2.15)

Finally, we take δ ∈ (0, δ0) such that cδ ≤ ε. Then g ∈ GM . Indeed, it follows from
(3.2.15), (3.2.8) and (3.2.13) that

‖g(·, t)‖L2(�) ≤ ‖g
∗(·, t)‖L2(�) + ‖1|Ev(·, t)‖L2(�)

≤

M − ε + cδ a.e. if t ∈ E ∩ (τ ∗ + δ, T )
M a.e. if t /∈ E ∩ (τ ∗ + δ, T )
0 if t ∈ (0, τ ∗ + δ)

≤ M for a.e. t ∈ (0, T ).

This completes the proof.

Appendix

Proof of Proposition 2.1

Since |E| > 0, almost every point of E is a point of density of E. Let ` ∈ (0, T ) be such
a point. Then

|Ec ∩ (`− θ, `+ θ)|

|(`− θ, `+ θ)|
→ 0 and

|E ∩ (`− θ, `+ θ)|

|(`− θ, `+ θ)|
→ 1 as θ → 0. (A.1.1)

Let z > 1. Let 0 < ε ≤ min
(
z−1
1+3z ,

1
3

)
, which implies that

ε

1− ε
1+ z
z− 1

≤
1
2

and 1+
ε

1− ε
≤

3
2
. (A.1.2)
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Then by (A.1.1), there exists θ0 = θ0(ε) > 0 such that for any θ < θ0,

|Ec ∩ (`− θ, `+ θ)|

|(`− θ, `+ θ)|
< ε and 1− ε <

|E ∩ (`− θ, `+ θ)|

|(`− θ, `+ θ)|
,

which implies that

|Ec ∩ (`− θ, `+ θ)| <
ε

1− ε
|E ∩ (`− θ, `+ θ)|. (A.1.3)

Write θ̃0 = min(θ0, T − `). Let `1 be such that ` < `1 < ` + θ̃0 ≤ T . Define {`m}m≥1
by (2.1.1). Clearly,

`m − ` < `m−1 − ` < · · · < `1 − ` < θ̃0 ≤ θ0 (A.1.4)

and

`m+1 − `m+2 =
1

zm+1 (z− 1)(`1 − `). (A.1.5)

Then

`m − `m+1 = |E
c
∩ (`m+1, `m)| + |E ∩ (`m+1, `m)|

≤ |Ec ∩ (2`− `m, `m)| + |E ∩ (`m+1, `m)|

≤
ε

1− ε
|E ∩ (2`− `m, `m)| + |E ∩ (`m+1, `m)|. (A.1.6)

The first inequality in (A.1.6) follows from (2.1.1); in the second, we use (A.1.3) with
θ = `m − ` and (A.1.4). Thus we have

`m − `m+1 ≤
ε

1− ε

[
|E ∩ (2`− `m, `m+1)| + |E ∩ (`m+1, `m)|

]
+ |E ∩ (`m+1, `m)|

≤

(
1+

ε

1− ε

)
|E ∩ (`m+1, `m)| +

ε

1− ε
[`m+1 − (2`− `m)]. (A.1.7)

Moreover, it follows from (2.1.1) and (A.1.5) that

`m+1 − (2`− `m) =
1
zm
(1+ z)(`1 − `) =

1+ z
z− 1

(`m − `m+1).

This, along with (A.1.7) and (A.1.2), leads to (2.1.2).

Some inequalities

Suppose a ∈ L∞(0, T ;Lq(�)) where q ≥ 2 for n = 1, and q > n for n ≥ 2. Let

p =

{
2n/q if n < q ≤ 2n,
1 if 2n ≤ q.
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Then, for each ε > 0, there is C(ε,�,n,q) > 0 such that for any φ ∈ H 1
0 (�) and for a.e.

t ∈ (0, L) ⊂ [0, T ],

∫
�

|a(x, t)φ(x)|2Gλ(x, t) dx ≤ ε

∫
�

|∇φ(x)|2Gλ(x, t) dx

+ C(ε,�,n,q)

(
‖a‖

4/(2−p)
L∞(0,L;Lq (�)) +

‖a‖2
L∞(0,L;Lq (�))

(L− t + λ)p

)∫
�

|φ(x)|2Gλ(x, t) dx (A.2.1)

and∫
�

a(x, t)|φ(x)|2Gλ(x, t) dx ≤ ε

∫
�

|∇φ(x)|2Gλ(x, t) dx

+ C(ε,�,n,q)

(
‖a‖2L∞(0,L;Lq (�)) +

‖a‖L∞(0,L;Lq (�))

L− t + λ

)∫
�

|φ(x)|2Gλ(x, t) dx. (A.2.2)

Proof of (A.2.1) and (A.2.2). Notice that 1 ≤ p < 2. If n ≥ 2, then

∫
�

|aφ|2Gλ dx ≤ ‖a
2
‖Ln/p(�)‖φ

2Gλ‖Ln/(n−p)(�) (by Hölder inequality)

≤ ‖a‖2
L2n/p(�)

‖(φ2Gλ)
1/p
‖
p

Lpn/(n−p)(�)

≤ C(�,n,q)‖a‖
2
Lq (�)‖∇((φ

2Gλ)
1/p)‖

p

Lp(�) (by Sobolev inequality)

≤ C(�,n,q)‖a‖
2
Lq (�)

∫
�

(
|φ|2−p|∇φ|pGλ + |φ|

2(Gλ)
1−p
|∇Gλ|

p
)
dx

≤ C(�,n,q)‖a‖
2
Lq (�)

(∫
�

|φ|2Gλ dx

)(2−p)/2(∫
�

|∇φ|2Gλ dx

)p/2
(by Hölder inequality)

+ C(�,n,q)‖a‖
2
Lq (�)

(
1

|L− t + λ|p

∫
�

|φ|2Gλ dx

)
≤ C(�,n,q)‖a‖

2
Lq (�)

(
ε

∫
�

|∇φ|2Gλ dx +

(
1

εp/(2−p)
+

1
|L− t + λ|p

)∫
�

|φ|2Gλ dx

)
,

and∫
�

a|φ|2Gλ dx ≤ ‖a‖Ln(�)‖φ
2Gλ‖Ln/(n−1)(�) (by Hölder inequality)

≤ C(�,n)‖a‖Ln(�)‖∇(φ
2Gλ)‖L1(�) (by Sobolev inequality)

≤ C(�,n,q)‖a‖Lq (�)

∫
�

(|φ| |∇φ|Gλ + |φ|
2
|∇Gλ|) dx (by Hölder inequality)

≤ C(�,n,q)‖a‖Lq (�)

(
ε

∫
�

|∇φ|2Gλ dx +

(
1
ε
+

1
|L− t + λ|

)∫
�

|φ|2Gλ dx

)
.
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If n = 1, then∫
�

|aφ|2Gλ dx ≤ ‖a
2
‖L1(�)‖φ

2Gλ‖L∞(�) (by Hölder inequality)

≤ C(�)‖a‖
2
L2(�)
‖∇(φ2Gλ)‖L1(�) (by Sobolev inequality)

≤ C(�)‖a‖
2
L2(�)

∫
�

(|φ| |∇φ|Gλ + |φ|
2
|∇Gλ|) dx

≤ C(�)‖a‖
2
L2(�)

(∫
�

|φ|2Gλ dx

)1/2(∫
�

|∇φ|2Gλ dx

)1/2

(by Hölder inequality)

+ C(�)‖a‖
2
L2(�)

(
1

|L− t + λ|

∫
�

|φ|2Gλ dx

)
≤ C(�)‖a‖

2
L2(�)

(
ε

∫
�

|∇φ|2Gλ dx +

(
1
ε
+

1
|L− t + λ|

)∫
�

|φ|2Gλ dx

)
,

and∫
�

a|φ|2Gλ dx ≤ ‖a‖L1(�)‖φ
2Gλ‖L∞(�) (by Hölder inequality)

≤ C(�)‖a‖L1(�)‖∇(φ
2Gλ)‖L1(�) (by Sobolev inequality)

≤ C(�)‖a‖L1(�)

∫
�

(|φ| |∇φ|Gλ + |φ|
2
|∇Gλ|) dx (by Hölder inequality)

≤ C(�)‖a‖L2(�)

(
ε

∫
�

|∇φ|2Gλ dx +

(
1
ε
+

1
|L− t + λ|

)∫
�

|φ|2Gλ dx

)
∀ε > 0.
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