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Abstract. We are interested in the three-dimensional coupling between an incompressible fluid
and a rigid body. The fluid is modeled by the Navier-Stokes equations, while the solid satisfies
Newton’s laws. In the main result of the paper we prove that, with the help of a distributed control,
we can drive the fluid and structure velocities to zero and the solid to a reference position provided
that the initial velocities are small enough and the initial position of the structure is close to the
reference position. This is done without any condition on the geometry of the rigid body.

1. Introduction

1.1. Statement of problem

We consider a rigid structure immersed in a viscous incompressible fluid. At time ¢, we
denote by Qg(¢) the domain occupied by the structure. The structure and the fluid are
contained in a fixed bounded domain © C R3. Let © cC  be the control domain. We
suppose that the boundaries of 25(0) and €2 are smooth (C* for instance) and that

Qs(0) cQ\NO, d@OE2\0),Q2s(0)) =8 > 0. €))

For any t > 0, we denote by Qp(r) := 2\ Qs(#) the region occupied by the fluid and
by O CC O an open set. The time evolution of the eulerian velocity u and the pressure p
of the fluid is governed by the incompressible Navier—Stokes equations: for all # > 0 and
x € QF(),

(ur + (- V)u)(t, x) = V-ou, p), x) = v, x)5(x),

V-u(t,x)=0. @

The stress tensor is given by

o(u, p) :=2ue() — pld,

where €(u) := %(Vu + Vu') and the viscosity coefficient w is supposed to be positive.

The function ¢ € C 3(0) satisfies ¢ = 1in O and v is a control force which acts over the
system through O.
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At time ¢, the motion of the rigid structure is given by the position b(r) € R3 of
the center of mass and by a rotation (orthogonal) matrix Q(¢) € M343(R). The domain
Qg(t) is given by xs(f, 2s(0)), where xs denotes the flow associated to the motion of
the structure:

xs(t, ) =b(1) + Q1 Q; ' (y —bo)  Vy € Q5(0).

Here, Q¢ and by are the initial rotation matrix and the initial position of the solid.
Let 7 : (0, T) — R3 be the angular velocity. Then the rotation matrix is the solution
of the following system:

th = t t 0, T
CLO=0x0n, 1eO.T), .
000) = Q0.

For the equations of the structure, we denote by m > 0 the mass of the rigid structure
and by J(¢) € Mi343(R) its inertia tensor at time ¢. This tensor is given by

J(t)yd-d = /Q (0)(d x Q1) (y —bo)) - (d x Qt)(y —bo))dy Vd,d eR>. (4
S

One can prove that
J()d-d > Cyld|> foralld € R,

where C; is a positive constant independent of ¢t > 0. The equations of the structure
motion are given by the balance of linear and angular momentum. We have, for all ¢ €
0, T),

mb = / o, pyndy,
0Qg(1) (5)
Jr':(Jr)xr+/ (x —=b) x (6(u, p)n)dy.
0Q2s(1)
In these equations, 7 is the outward unit normal to d25(#). On the boundary of the fluid,
the eulerian velocity has to satisfy a no-slip boundary condition. Therefore, we have, for
allr > 0,

ut,x)=0, Vx e, ©)
u(t,x) = b(t) +r(t) x (x —b(1)), V¥x € IQs(t).
The system is completed with the following initial conditions:
u(0,) =ugin Qp(0),  b(0) = by, b(0) = by, r(0) = ro, (N

which satisfy ug € H'(Qr(0)) and
Vg =0in Qr(0), wuo=00ndQ, wuo(x) =bi+rox(x—bp), x € 9Qs5(0).  (8)

Let us now recall some of the most relevant results on interaction problems between
a rigid structure and an incompressible fluid.
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A local result was proved in [12], while the existence of global weak solutions was
proved in [5] and [6] (with variable density) and [16] (2D, with variable density); in
this last paper, the existence of a solution was proved even beyond collisions. Later, the
existence and uniqueness of strong global solutions in 2D was proved in [17] together
with the local in time existence and uniqueness of strong solutions in 3D.

In this paper, we prove the local null controllability of system (2)-(7). The same result
was proved in [4] and in [14] in dimension 2 provided that 25 (0) satisfies some geometric
conditions. For the Burgers equation with a moving particle in dimension 1, the local null
controllability was proved in [7]. In the absence of a solid, the local exact controllability
to the trajectories of the Navier—Stokes equations was proved in [13]. This result was later
improved in [9].

We now state the main result of this paper:

Theorem 1. There exists § > 0 such that for any (ug, bo, b1, ro, Qo) satisfying (8), ug €
H2(Q2r(0)) and

luoll g2(@p o)) + 160l + [D1] + [rol +1Q0 — Id| < 4, )
there exists a control v € L2(0, T: H'(Q)) such that the solution of 2)—(7) satisfies
u(T,)=0inQp(T), b(T)=0,bT)=0,r(T)=0, Q(T) =Id.

The proof of this result is based on a fixed-point argument. For this, we first consider
a linearized system for which we prove the existence of controls in L2(0, T; H'(2))
which drive the velocities to zero and the position of the structure to the desired reference
position (b(T), Q(T)) = (0, Id).

This null controllability result is established with the help of a Carleman inequality
for the associated adjoint system. To prove this inequality, we use a method different and
more concise than the one presented in [13] and [9] and used in [4] and [14]: we first
consider the parabolic equation satisfied by the curl of the solution (where the pressure
does not appear) and establish a Carleman inequality for this parabolic problem in terms
of two boundary integrals concerning some traces of the velocity. These boundary terms
are then estimated thanks to regularity results which are stated and proved in the Appendix
at the end of the paper.

1.2. A problem linearized with respect to the fluid velocity

Let us introduce

{ (b,#) € H2(0,T) x HY(0, T),
: (10)

(b, b, #)j=0 = (bo, b1, o).

This allows us to define the domains

Qs() :==b(1) + 0(1) 0y (s(0) —bg) and  Qp(r) := Q\ Qs (1),
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where @ is the solution of (3) with r replaced by 7. We suppose that the solid domain

stays far away from 9(2 \ O):

38, >0Vre[0,T]: d(Qs@),d(Q\0)) > 8.

1)

Let us now define several notations which we will use all along the paper. We intro-

duce the following spaces of functions defined on moving domains: for r, p € N,

T
LZ(LZ) := { u measurable :/ /A |u|2dxds < oo}
0 JQr(s)

T
20Py 2072y . 2
L2HP):={uel (L)./O ||u||Hp(QF(S))ds<oo},

T r
r Py . 2,72y . B 2 N
H'(HP) == lu e LA(L ).[0 ﬂ}_oua, 26,00 45 <oo},

with the natural associated norms coming from the definition. On the other hand, we

define

COL?) := {u : u(s, x) == u(s, g, € co([o, T1; L*())},
CT(HP) == {u: 0% e CO(L?), YO < B <r, YO < |a| < p},

with the associated norms

u = max |u(t 5 = max ||u(t ,
|| ||C0(L2) 1€(0.T) || ()”LZ(QF([)) 1e(0.7) || ()”LZ(Q)

)
llicrey =Y max 18 u@ll @, q)-
ﬁ:OtE(O’T)

Let us now consider a velocity & satisfying

heZ:=H@LHNL2W>S, V.4=0 xeQr(®),

i, %) = (b(1) + (1) x (& — BN yg, (), ¥ € I ().

Let us also introduce the spaces
Y = L2(H* ) n B2

for k € [—2, 2]. Observe that I?k is continuously imbedded in H Y H k).

12)
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Now, we consider the following linear system around (i, b, r):forallt € (0, T),

u(t,x) + @ -Vyu(t,x) —V-ou, p)t,x) =v(t,x)f(x), x¢€ QF(I),

V.u(t,x) =0, x € Qr (),
u(t,x) =0, x €99,
u(t,x) = bt) +rt) x (x — b)), x € aQs(t),

. (13)
mb(r) = / (0w pmt ) dy.
Qs (1)

(@) = ((J7) x r)(1) + / _ (x—=b(0) x (o, pn)(t,x)dy,
0Qg(1)

uy=o = uo in Qr(0), b(0) = by, b(0) = by, r(0) = ro,

where J is defined by (4) with Q replaced by Q The rotation matrix Q is then defined
by (3).

As we will see in Section 3, we will be interested in driving the solution of (13)
to zero by means of L?(0, T; H'(2)) controls. In order to do this, we will first obtain
L*((0, T) x ) controls supported in a smaller open set O, cC O for the system

uy(t, x) + (@ - Vyu*(t, x) = V-o*, p*)t, x) = v, x)lo,(x), xe€ ?F(I),

V-u*(t, x) =0, x € QF(),
u*(t,x)=0, xeaQ,
W (1, x) = b*(t) + r*(1) x (x — b(1)), x € 3Qs(0),

. . (14)
mb*(t) = /A (o™, pH)n)(t, x)dy,
Qg (1)

Q25 (1) .
u‘*tzo =uo in Qr(0), b*(0) = by, b*(0) = by, r*(0) = ry.

(Jre) ) = (JF) x r*)(@) + f (x — b(1)) x (o (u*, pIn)(t, x)dy,

Notice that the control force is slightly different from the one in (13).
In order to prove the null controllability of this system, we will prove a Carleman
inequality for its adjoint system, which is

—i(t,x) — (i - V)@(t, x) = V-0 (g, m)(t, x) =0, x € Qp(t),

V.ot x) =0, x € Qp),
p(t, x) =0, x €09,
o, x) = a(t) + o) x (x — b(t)), x € 3Q5(1),

. (15)
ma(r) = —/A (o (g, m)n)(t, x)dy,
9Qs(1)

d . . .
d—(Jw)(t) = ((JF) x w)(t) — fA (x —b(1) x (o (e, m)n)(t,x)dy,
! Qs (0

Qu=r =¢r nQp(T), al)=al, a(T)=dl, o(T)=or.

We will suppose that g7 € L2(§F(T)) and ag, alT, wr € R3,
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The paper is organized as follows: in Section 2, we state and prove the Carleman
inequality satisfied by the adjoint system. In Section 3, we deduce from this inequality an
observability inequality and a controllability result for the linearized system. Finally, in
Section 4, we prove the null controllability of the non-linear system using a fixed point
theorem.

2. Carleman inequality for the adjoint system

Let us first introduce the weight functions which we will use in the proof. Let 8 €
CO(w?°°) n (W) satisfy

B=0 ondQr@), B>0 inQp), |VBl>co>0 inQr@)\ Oy,
p 3B .
— < —1 <0 onodR2, — >c >0 onadQg(r),
on on

where Oy CC O; is an open set. The existence of a function 8 with the above properties

is proved in [4]. Let now A be a positive parameter, M := || 8| oz~ and
e KHDIM _ A(kMA+B(1,x)) oM 2M+B(1,x))
a(t,x) = , LX) = —
(@, x) th(T — 1)k 5(t,x) t"(T — 1)k 16
e KHDAM _ 2kM o2kM (16)
a*(t) = , )= ——.
@) th"(T — 1)k £ th"(T — 1)k

Here, k > 24 is a constant.
We will prove the following Carleman inequality:

Proposition 2. Ler (i, b, #) be such that (10)~(12) are satisfied. Then there exist con-
stants Cy (depending on Q, O, 8 and ||ii]l 5, |blly1.00 0,75 I7llL(0,1)) and C2 > 0O (just
depending on Q, O and 8y) such that for all 7 € LZ(QF(T)) and all aOT, alT, wr € R3
we have

T T
S4)\6/ /; esto%Sl(p'Z dx d[ +S4)\5/ 6725’0(*(5*)4('&'2 + |w|2) dt
0 JOr@) 0
T
< czs5x6/ / e 2P dxdt  (17)
0 JO,

forall . > Cyandall s > Cy (Tk + T2k), where (¢, w, a, w) is the solution to (15).

Proof. All along the proof, C (resp. 6) will stand for a positive constant just depending
on Q, O and &y (resp. on 2, O, 8 and ||| 5, bl w1000, 7ys IFllL200.7))-
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2.1. A. Carleman estimate for the heat equation

Let us apply the curl operator to the equation satisfied by (¢, 7):

—(V x @) — (- V)(V x @) — pA(V x @) = L(ii, ) in Qp(0), (18)
where the right-hand side satisfies

L@, )| < CIVal [Vl in Q).

Therefore, V x ¢ satisfies a system of three heat equations. For this kind of system, Car-
leman inequalities are well-understood since [10]. Here, we are going to use an inequality
which has been proved in [4, Section 2.1]. More precisely, we use the first inequality in
[4, p. 2] by observing that, for the second term of the third line of that inequality, we have

e’zyv*y2 = |Vwr|? (t is the tangential vector field) in the notations of [4]. Using this
for ¢ := e YUY x @, we can deduce

T T
s3)»4//A $3|Ip|2dxdt+s)\2//A EIVY|?dx dt
0 JQp @) 0 JQp(1)
T T
+s3/\3//A (E*)3|w|2dydt+sk/ /A X |Vyn|?dy dt
0 JaQr@®) 0 JaQr@®)
T T
< c<s3x4/ g3|¢|2dxdz+sx2/ E|Vy |2 dx dt
0 JO, 0 JOy
T T
+sx/ /A g*|v1/fz|2dydt+m2/ /A EX|Vyn| |y | dy dt
0 JOQE(@) 0 JOQE(@)

T T
e[ vt @ wayars [ e—z“ﬂvm%wﬂdxdr)
0 JOQp(t) 0 JQF (@)
(19)

forall A > C andall s > C (T* 4 T%). Young’s inequality applied to the fourth and fifth
terms on the right-hand side of this inequality yields

T T
s3k4/ﬁ g3|¢|2dxdt+sxzfﬁ E\VY|?dx dt
0 JQr® 0 JQF()

T T
w3 [ @iy [ [ givymtaya
0 JOQFr (@) 0 JoQp(r)

T T
< c(m“/ f g3|¢|2dxdt+m2f / E|Vy | dx dt
0 JOy 0 JOg

T T
+sA/ fA s*|wr|2dydr+/fA A W + @ - VYR dy di
0 JOQF(t) 0 JOQr(@)

T
+f/A e_2m|V12|2|V<p|2dxdt> (20)
0 J&rm
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for all A > C and all s > C(T* + T?%). We can estipate the term (i - V) in the fourth
integral of the right-hand side thanks to (12) (since Z C C 0(L>®)):

T T
s-‘A-I//A <s*>—1|<ﬁ~v>w|2dydrsasx/ /A vy R dy di
0 JOQE() 0 JOQp(t)

for ¢ > 0 small enough provided that A > a; and s > CETZk.
We come back to ¢ now. Observe that the boundary term concerning v in (20) can
be bounded as follows:

T
s—IW//A E Py di
0 Jodra)

T
< z(s—lrlf /A e B ENTIV x )P dy dt
0 JOQp(t)

T
+s—1r1/0 /65 T PET x<o|2dydr>.

Since || < c (T + T?)(E*)H/k the last term can be absorbed by the third integral on
the left-hand sidegf (20) by taking A > C and s > C(T?*~! 4 T%). Thus, using also that
VB -t = 0on dQg(¢) for the third term on the right-hand side of (20), we can rewrite
estimate (20) in the following way:

T T
s3k4/ /A e~2ENV x p|? dx dt +sx2/ /A eTBUEIV(V x @) dx dt
0 JQr® 0 JQF(1)
T T
< C<s3)\4/ f eUENV x p|? dx dt +s12/ / eTPUEIV(V x )| dx dt
0 JOy 0 JOy
T *
+sx/ fA eTBCENV(V x )T|* dy dt
0 JoQr ()
T T
+/ /A e B (sAEN) TV x |2 dy dt +/ fA e\ Vi2 V| dx dt)
0 JoQr () 0 JQr®)
(21)
for . > C and s > C(T* + T2).

Let us obtain estimates on the second term on the right-hand side of (21). Let O be
an open set with Oy cC O; cC Oz and 6y € C, 3((’)1) be a positive function satisfying
Oo(x) = 1 for all x € Oy. We apply the curl operator to the first equation in (15):

—(Vx@) =V x[- Vgl —uAV x @) =0 inQp@).

Then we set p(t, x) := sA%0p(x)e 2¢O E(r, x), we multiply the above equation by
pV x ¢ and we integrate by parts in Op to obtain
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1 1
14 p|VX§0|2dx+—/ ptIVerIzder/ pl(@-V)(V x 9)]-(V x ¢)dx
2 dt O 2 N O
+ f (Vo) x (V x 9)] - [(@ - V)gdx + / pAg -1 - V)gldx
OO OO

+“/ p|V(Vx<p)|2dx—ﬁ/ AplV x glPdx =0 (22)
OO 2 OO

fort € (0, T). Next, we integrate betweent = Qandt = T,and we use it € ZcC COo(L>)

and
lor] + |Apl < CsPA*e3e™>*  fors > C(T* +T*)and A > C,

to obtain

T
sﬁfo /O eTPUEIV(V x )| dx dt
0

T T
< c(ﬂ“/ / e eV x <p|2dxdt+s,\2/ f e_z““E_l|Vg0|2dxdt> (23)
0 Ol 0 Ol

for A > C and s > C (Tk + TZk). Observe that the second term on the right-hand side
can be bounded by the last one in (21) by taking s > CT?. Next, we estimate the local
term with V x ¢. In order to do this, let 9] € CZ(Oz) be a positive function satisfying
01(x) = 1 for all x € O;. Then integrating by parts in

T T
S3)\,4 / / 91672Sa53(v X (p) 3 (V % (p) dx dt +S)\2 / / eleizsaé:(V(p) . (V(p) dx dt
0 02 0 02

we can prove that

T T
s3)»4/ / e"2UEV x ¢|? dx dt+s)\.2/ / e 2% |\Vo|? dx dt
0 Ol 0 Ol

T T
< C€s5,\6/ / e 23 P dx dt + s(ssz f e PUEIV(V x @) |>dx dt
0 02 0 OZ

T
+s3,\4f /O e BUEI|Y x <p|2dxdt)
0 p)

forr > C and s > CT?. Combining this with (21) and (23), we obtain

T T
s3k4/ /A e g3y Xgolzdxdt+sA2/ /A eTBUEIV(V x @) > dx dt
0 JGr® 0 JGr@®
T T .
< C<s5)\6/ f e_2S“ES|(p|2dxdt+sA/ /A e BCENV(V x )P dy dt
0 Jo, 0 JoQro

T
+S71)\,71/ /A e*2SUt*(§*)7l|V X (Pt|2 d)/ dt
0 JaQr)

T
+//A e_zs"‘IVﬁ|2|Vgo|2dxdt> (24)
0 JQp@)

for » > C and s > C(T* + T%).
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B. Elliptic estimates

Since V - ¢ = 0, observe that ¢ satisfies the following boundary-value problem:

Ap=—V x (Vxg)=f in Qr (1),
p=@+owxx-— B))laﬁs(t) :=gp on 8§F(t).

e Applying classical elliptic estimates, we have

||¢||H1(§F(t)) =< C(”fOHHfl@F(;)) + ||80||H1/2(a§F(;)))
<C(IV x (P||L2(§F(t)) + lal + |wl),

which directly leads to

T T
s f /A e B 3|V 2 dx dt < C<s3k4 / /A e BUEIV x |2 dx dt
0 JQr@) 0 JQr(n
T
+ 504 / e =€) (jal® + o)) dt). (25)
0
e We now apply the classical elliptic Carleman estimate which can be proved as in [10]:

K4)\.6/; exp{chem}e‘“\ﬁ|go|2 dx + 1224 /

Qr () Qr ()

exp{2/<e)"5}ez>"8 |V(,0|2 dx
+ k403 /A o> dy
9QF (1)
< C<K4A6/ exp{ZKeAﬂ}e“ﬂkplzdx +KAZ/A exp{ZKe)‘ﬁ}e)‘ﬂ|fo|2dx
O,

Qp ()
+ 1223 / ~ |akgo|2dy)
0 (1)

for any k > C and any A > C. Combining this with H? elliptic estimates, we deduce that

/<4)»6/A exp{2xce’? e p|? dx + 1?1 / exp(2ce*?}e?P|V|? dx

Qr @) Qr ()

+ S /A 62K|<p|2dy+k2-/A exp{2ce’}|D?g|* dx
AQF (1) Qp(t)
< C<K4k6/ exp{2«e*?}e*p|? dx
O,

+ K)»z/; exp{2ce’? )P | Ap|? dx + k223 e* (|al* + |60|2))
Qp(1)

for any x > 6 and any A > 6 , where we have used

||§0||H3/2(3§F(t)) < C(la| + |w|).
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We set k := se?**M /(t*(T — 1)¥) and we multiply the previous inequality by

o (2k+2)0M }

exp{ —2s m

This yields

T
)\'2'/. /; e—ZYOt(s4)"4E4|(p|2 +S2X2§2|V(p|2 + |D2(P|2) dx dt
0 JQFr(t)
T *
+S4)\5/ /\A e—2sa (E*)4|§0|2 d]/ dt
0 JOQF(1)
T T
< c(s‘b\é/ / 9_25“$4|(p|2dxdt+ssz ﬁ e 2| Ag|? dx dt
0 Oz 0 QF(f)
T *
+s2/\3f e EN(al + wl?) d;) (26)
0

for A > C and s > 6(Tk + T2K). Observe that the terms |Vg|? and |D?gp|? on the
left-hand side of (26) allow the last term in (24) to be absorbed by taking A > C and
s > CT?* and using 2 € CO(W'3). Combining this with (25) and (24), we obtain

T T
S4)\,6/ //\\ e*2.¥0[§4|§0|2 d.x dt +S3)\,4/ ﬁ\ 672sa*($*)3|v(p|2 d.x dt
0 JQF(@) 0 JQF(@)
T
+S4)\.5/ /A ef2sot*(€_-*)4|(p|2 dJ/ d[
0 JaQr@®)
T T .
< c<s5)\6/ / e—z-‘“55|¢|2dxdt+sx/ /A eTBCENV(V x )12 dy dt
0 JO, 0 JOQEr(@)
T *
+s—1r1/ /A e E) TV x o dy dt
0 JOQr(@)
T *
+ st / e (EN(|al* + |w|2>dr) 27)
0

for » > C and s > C(T* + T%).
We notice that

fA lpl?dy > C(la* + |o|?).
0Qs (1)

The proof of this inequality is given in [3, Lemma I, Section 4.1]. This allows the last
term on the right-hand side of (27) to be absorbed thanks to s > C T2k, For the moment,
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we have
T T .
s4k6/ /; efzs“§4|<p|2dxdt+s3)»4/ /A e (3| Vo ? dx dt
0 JQr@® 0 JQp@)
T
+S4}\‘5/ e—ZSOl (s*)4(|(/’l|2+ IC()|2) dt
0
T T i
< c<s5)\6/ / e_z‘w§5|<p|2dxdt+sk/ /A e BCENV(V x )12 dy dt
0 JO, 0 JoQr(@)

T
+s—1r1/0 /a?z ()e—m*(s*)—lw X‘Pt|2d)/df) (28)
F(

for A > Cand s > 6(Tk + TZk).
The rest of the proof is dedicated to the estimate of the two boundary terms

T
B; = sk/ /A e BYENV(V x o)t dy dt,
0 JaQr®)

T
Bzzzs*‘r‘//A e B EN TN x ¢ |2 dy dt.
0 JaQr@)

C. Estimate of B

Let us define, on (0, T),
91 = s1/2A1/2e—SOl*(E*)1/2’

and set (¢*, %, a*, w*) = 01(¢, 7, 4, ®) together with a*(T) = 0. These functions
satisfy

—@i(t,x) — (- V)@")(t.x) = V -0 (¢, 7)1, x) = —b1p. x € Qr (1),

V. g*(t, x) =0, x € Qr(),

o*(t,x) =0, x € 012,

@*(t, x) = a*(1) + o*(1) x (x — b(1)), x € 3Qs(1),

. . (29)
ma (i) = — / " T, x) dy +mbra,
Q25 (1)

d . . . ..
d—(Jw*)(t) = ((JF) x @™)(1) — /A (x = b(@) x (o (¢*, 7)) (t, x)dy + JO v,
! Qs ()

9 =0 in Qp(T), a*(T)=a*(T) =0, o*(T) = 0.

Here, we apply Corollary 9 (stated in the Appendix) with kg = 13/9 and we deduce the
existence of a constant C such that

10101l L2239y + 10101l g1 59y + 1011l 23180, 7y + 10101 237180, 77)
< CUlbr1@ll 25y + 161@ll gsns 2y + 101all gsis + 1010l gsns).  (30)
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Since 23/9 > 5/2, By < 6||01¢||12(H23/9), it suffices to estimate all four terms on the
right-hand side of (30).
C.1. Estimate of ||61¢| [2u5/9)- By an interpolation argument, we have

~ ~ 0 4/9 5/9
||¢||H5/9(QF([)) = C||¢”L2(§F(t))||¢||H'(§F(l))'

Multiplying this inequality by 6;, we obtain

O llell s @pay

N 2/9 £%42/9—4/(9K) 1/ \4/9 4/9 —2/9 (%\—2/94+4/(9%) 1 \5/9
< Cs*P() O lel 2y s ED )

5/9
”(p”Hl(ﬁF(l‘))

Applying now Young’s inequality, we get

61 ol 5o @pry) < es!/2gn)! 2 1kg, lell 2@,y
+ Ces PPE PO ol 1 @) - 31

Observe that
|é1| S S3/2)\.1/2€_S0{* (g*)3/2+1/k’

with s > C(T* + T%),
Integrating inequality (31) in time, we obtain

T
61012 450, < &5 f /A 2 6 ol dux di
0 JQr®)
T
+ Cesll/s)\.// e—2sa*(§*)ll/5+18/(5k)|V(p|2 dx dt
0 JQr®

These two terms can be absorbed by the left-hand side of the Carleman inequality (28)
provided that k > 9, s > C(Tk + T2k) and A > 1.

C.2. Estimate of ||é1¢||H5/s(Lz). Observe that
) 2 ~.3 r 2sa* 34+2/ky, 12
00 = G [ [ e @ Mg v
0 JQFp()

and

T
||01w||§,1(L2)§c(s3x / /A e B E) I g dx i
0 JQp (@)

T
_}_SS)\'\/(‘)\/Q )e—2sa*(§*)5+4/k|¢|2dx dt)
Ft
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By an interpolation argument due to [18], we get
”9‘1(»0”%.15/18(LZ)
T
< 6}.(/ / e_zm*(SS(E*)3+2/k|§0|2)13/18(s3(§*)3+2/k|§0¢|2)5/18 dx dt
0 JQr ()
T
_}_\/.‘/; e—2m (S3(€*)3+2/k|¢|2)13/18(S5(E*)5+4/k|¢|2)5/18 d.x dt)
0 JQFr@®)
T
— 6}\.(\/\ / e—zsot*(S4(E*)4|§0|2)13/18(S2/5(E*)2/5+36/(5k)|(pt|2)5/18 dx dt
0 JQr@

T
_}_\/\\//\\ e—2SO{ (S4(§-*)4|g0|2)13/18(S12/5($*)12/5+46/(5k)|¢|2)5/18 d.x dt>
0 JQr(@)

In these two integrals, we apply Young’s inequality with parameters 18/13 and 18/5 to
find

T
16191251542, < Chs® f /A 3 6 l? dx di
0 JQr()
T
+ 6}\15‘2/5\/ f e—Zsa*(%.*)Z/5+36/(Sk)|(pt|2 dx dt
0 JQr (0

T
+ C}\'sl2/5\/\ /; 6—2301*(%—*)12/5-‘1-46/(5]()|(p|2 dx d[
0 JQr@®)

The first and third integrals can be absorbed by the left-hand side of (28) on taking
A>C,s > C(Tk + Tzk) and k > 23/2, while the second integrg} is absorbed by the
second term on the left-hand side of (30) (squared) if we take A > C, s > C(T* 4+ T2
and k > 24.

C.3. Estimate of ||61é|| yss. We have
32 =3 ’ 2sa* 342/ky -2
16131250 7, < Cs A/O e~ (g4 dy

and

T T
”91&”%-11(0 T) S C<S3)L/ e—zxa*(g*)3+2/k|a|2 dt + SS)\,/
’ 0 0

e—2sa* (%-*)54-4/1( |él|2 dt) )
Using again an interpolation argument from [18], we get
T
”9]& ||§_15/18(0’T) < CA (/0 e—2sa (S3(%'*)3+2/k |a|2)13/18(s3(%-*)3+2/k|é |2)5/18 dt

T
+ / 6723'0(* (s3($*)3+2/k|a'|2)13/]S(SS(E*)5+4/]<|&|2)5/18 dt) .
0
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We apply Young’s inequality with parameters 18/13 and 18/5 to find
3.2 5~y 32 ! 2sa* 2/9423/(9k) | » 2
”916‘1”1_15/18(0’]*) < C)\.S?’ /9‘/(; e~ so (E*)?’ /9423/(9 )|Cl| dt
-~ T * -~ T *
+C)\.S2/5/ e—zs(x (é*)2/5+36/(5k)|d|2 dt +C)\.S4/ e—2sa (5*)4|(1|2 dt (32)
0

0

The first and third integrals can be absorbed by the left-hand side of (28) taking A > C.
s >C (Tk + T2k) and k > 23/4 while the second ir}\tegral can be absorbed by the third
term on the left-hand side of (30) provided that A > C, s > C(T* + T*) and k > 12.

C.4. Estimate of |61w]| ys/1s. In order to estimate this term, we proceed exactly as in
Step C.3.
To conclude Step C, we put together Steps C.1-C.4 to obtain

T T
B1§£<s4k6//; e_2saé4|¢|2dxdt+s3k4f/A e 2 (£%)3|V > dx dt
0 JQp() 0 JQp()
T
+ 593 f e e (5*)4(|a|2+|w|2)dr> (33)
0

for & > C, and s > Co(T* + T2) for k > 24.

D. Estimate of B
Let us define, on [0, T'],

6y = S—I/Z)\—l/2e—soz*(%_*)—1/2.
Then 6, (¢, 7, a, w) satisfies system (29) with 6; replaced by 6,. We notice that

2
|B2| < C||92§0t||L2(H14/9),

since 14/9 > 3/2.

Let us apply Corollary 9 for kg = 4/9. For our system, the compatibility condition
(71) is satisfied since, thanks to the weight function 6,, all the initial conditions are equal
to zero. This yields, in particular,

||92<Pt||L2(H14/9) = C(||92¢||L2(H14/9)0H7/9(L2) + ||92d”H7/9(0,T) + ||6'?2a)||H7/9(0’T)).

Observe that

162011 L2019y 79 1.2y + 10260l g9 0.7 + 16201 70,7
< Cl629llg, + 162dll 10,7y + 162001l 1.0, 7))
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Applying now Proposition 7 to 65 (¢, 7, a, w), we deduce
16201 | 2 ar149) < Cllba@l 1212y + 162l 20,7 + 16200l 20, 7)- (34
Using the definition of the weight functions (see (16)), we obtain
|02| < 6(55*)3/2-’—2/]()\._1/26_“1* for s > 6(Tk + TZk)'

This readily implies that the first (resp. second and third) norm on the right-hand side of
(34) is absorbed by the first (resp. third) integral on the left-hand side of (28) provided
that . > C, s > C(T* 4+ T7%*) and k > 4.

Consequently, we have proved that

T T
By<e (mé/ /A e 2 P dx dt + 52 / e 2 ) (al* + |l dt)
0 JQF() 0
R N (35)
for A > C, and s > C,(T* + T%) for k > 4.
Thus combining (33) and (35) with (28), we obtain the desired inequality (17). This
concludes the proof of Proposition 2.

3. Controllability problems

3.1. Observability inequalities for the adjoint system

Proposition 3. There exists a constant C1 > 0 depending on ||i 5, ||5||W|.OO(0)T),

171l L0, 7) such that for any (er, aOT, alT, wT) with o7 € L2(§F(T)) and any (i, b, 7)
satisfying (10)—(12), the solution (¢, 7, a, w) of (15) satisfies

(0, )% +1a(0)* + (0> < C; / lo|* dx dt. (36)
L2(Q2F(0)) (0.T)xOs

Proof. The proof relies on an energy inequality for system (15). Indeed, let us multiply
the equation for ¢ by ¢ and integrate in space. Using the equations for a and w, this yields

1d 2 2 md ., 1d . 1z
-= 5 lo|“dx + IVol“dx — — —a|" — = —(Jow-0) = -Jo - o.
2 dt Jaram Qr ) 2 dt 2 dt 2

Thus, forany 0 < t; < < T, we have

ﬁ lp()|* dx + a () > + |o(t)|* < 6(/A lp(t) 1> dx + |a(t)|* + |w(t2)|2>-
Qr(t) Qr(t2)

Combining this with the Carleman inequality (17) and using the properties of the weight
function o (see (16)), we obtain (36) in a classical way.

The observability inequality (36) will not allow us to drive the center of mass a to
zero at time ¢t = T and the rotation matrix Q to the identity at time ¢ = 7. For this, we
will improve this observability inequality (see (39) below), following the ideas of [15].
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We first introduce some auxiliary problems. Let us denote by e; the k-th element of the
canonical basis in R3 for k = 1, 2, 3. Let ((p(-’), 7 aW) »)) be the solution of

ot x) — (@ - VD) (1, x) = V-0 (D, xD) (1, x) =0, x € Qp(t),

VoW, x) =0, x € Qr(),
eV (t,x) =0, x €99,
oD (1, x) = aD (1) + 0D (1) x (x — b)), x € 0Qs(1),
= (J) ) () G7)
m(a’’(t) +ej) = —/A (o (@, Y )n)(t, x) dy,
Q25 (1)

L G D)) = () x 0P)(@) - / (x — b(1)) x (0 (pV, xNn)(z, x) dy,
dt a5 (1)

or =0 mQpT), aVNT)=aV(T) = (T) =0,

for j = 1,2, 3 and the solution of

—o (@t x) = (- Ve D) (t, x) = V- o (D, 7 D)1, x) =0, x € Qr(0),

V.o, x) =0, x € Qp(),
eV (t,x) =0, x €99,
oD (1, x) = aD (1) + 0D (1) x (x — b(1)), x € 0Q(1),
. o (38)
mal) (1) = — f @@, D)t ) dy.
Qs (1)
%(fw(”)(rHeH =((IHxo N = | (x=b0) x (0@, xNn)(t, x) dy,

0Qs(1)
ol =0 nQpM), (1) =aV(T) =T =0,

for j =4,5,6.
Using the duality between systems (37)—(38) and (14), we obtain

T . . N .
/ / v oW dxdr = —/ uo - oy dx —ma'(0) - by — J(O)rg - 0 (0)
0JO, Qr(0)

+m(b;‘(T) — b(),j)

for j =1,2,3 and
T . . . R .
/ / v* o) dx di = —/ uo - ¢ dx —ma'P(0) - by — J(O)rg - 07 (0)
0 Oz QF(O)

T
+ /0 ri_s(t)dt

for j =4,5,6.
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Observe that b]’.‘(T) =0for j = 1,2, 3 is equivalent to v* satisfying three conditions
depending on uq, bo, b1 and rg. On the other hand, if we denote by 6y and (xo, x1, x2)
respectively the angle and the axis of the rotation matrix Qq, we have

0 —x200  x16p
Qo = exp X260 0 —x060
—x1680  x060 0
Note also that from (3) we get
¢ 0 —r5 1
Q*(t) = exp / r; 0 —rf | (@®dr| Qo
0 —r;‘ r;‘ 0

Thus, Q*(T') = 1d will hold if

T T T
/ r;‘(t) dt = —x09, / r%‘(t) dt = —x16p, / r;‘(t) dt = —xo09,
0 0 0

which is equivalent to three conditions on the control v* depending on ug, by, rg and Qy.
As a conclusion, enforcing b*(T) = 0 and Q*(T') = Id is equivalent to

T
// v, x) P, x)dxdt =CY V1 <<,
0 JO,

for some C) € R depending on the initial conditions. Observe that the set of functions v*
satisfying this system of equations is nonempty. Indeed, assume that a linear combination
of {p}< j<6 vanishes on Oy; then according to the unique continuation property of the
fluid problem proved in [8], it vanishes on the whole fluid domain. Then due to the solid
equations, we can show that the coefficients of the linear combination are null (we refer
to [4] for more details).

We define the orthogonal projection P from L?((0, T)x Q) to span(1p, (<p(~/))15j56):

T
// W= P - oWdxdi =0, 1<j<6.
0JO,

We also consider the operators P/) satisfying
6
P(v*) = Z P(j)(v*)(p(j).
j=1
Proposition 4. There exists C1 > 0 depending on ||ﬁ||2, ”B”‘/Vl,oo(o’T), 171l Looco, 7y such

that for any (¢r, aOT, alT, wT) With o7 € L2(§F(T)) and any (i, b, #) satisfying (10)—
(12), the solution (¢, 7, a, ®) of (15) satisfies

6
1900, )72, @ + @O + 0O + 2 PP @)
/:

< // lp — P(@)|*dxdt.  (39)
(O,T)XOZ
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The idea of the proof is to argue by contradiction and use the Carleman inequality (17).
This is done in the same way as in [7, Proposition 3.2] and [4, Proposition 5], so we omit
the proof.

3.2. Controllability of system (13)

In this subsection, we prove the null controllability of system (13):
Proposition 5. Let (ug, bo, by, ro) satisfy (8), ug € H*(Qr(0)) and (i, b, #) satisfy
(10)—(12). Then there exists a control v € L*(0,T; H () such that the solution
(u, p, b, r) to the problem (13) satisfies

w(T,)=0inQp(T), bT)=0,5HT)=0, o(T)=0, Q(T)=1d, (40)
where Q is given by (3). Moreover, there exists a constant Ko > 0 such that

lvllz20,7: 51 ) = Kolluoll g2y 0y) + 100l + 1611 + [roD). 41)

Proof. From the observability inequality (39), it is classical to prove the existence of a
control v* € L%((0, T) x €2) such that the solution

*, p*,b*, r*) e (L(H) N CO(HY) x L*(H") x H*(0,T) x H'(0, T)
of (14) satisfies (40) and (41) forAthe L%(L?) norm (see [7, Proposition 4.1] [4, Proposi-
tion 6]). In the rest of this proof, C denotes a generic positive constant which may depend
on [lll;, 1611000,y and [I7 ]| L0, 7)-
Let us now modify the control v* to an L>(H') control such that (40) and (41) are

still satisfied. For this purpose, let (i, p, b, 7) be the solution of (13) with null control.
From Corollary 9 for kg = 1, we have

(@, p,b,7) € (L*(H*) N C°(H?)) x L2 (H?) x HY*(0, T) x H*?(0, T)

and there exists K > 0 such that

il 223y + Nl cocary + 1B 22y + 1B 50,7y + IF I 32 0,7

=< 6(””0”[—12(91:(0)) + [bol + b1l + IroD).  (42)

We now consider a function g € Cl([O, T]) such that no(t) = 1, ¢t € [0,T/2],
no(t) =0, t € [3T /4, T]and no(t) > 0, ¢t € [0, T]. Then the function

(w7QaCaS) = (I/l* _noﬁa P* _77013’17* _7705,”* - UOF)
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satisfies the first four identities of (40) and the system

w; (t, x) + (@ - VIYw)(t,x) = V-o(w, q)(t,x) = Fo(t,x) +v*lp,, x¢€ ﬁF(t),

V. w(t, x) =0, x € Qr),
UJ(Z,.X)IO, x€3§2,
w(t,x) = (1) + s(t) x (x — b)) + Fi (), x € 3Qs(1),

43)
mc(t) = [A (o(w, g)n)(t, x)dy + F2(1),
9Q25(1)

(J$)(t) = (JF) x $)(t) + / (= b@) x (6w, @n)(t, x)dy + F3(1),

0%25(1)
wi=0 =0 inQp0), ¢(0)=0,¢0)=0,s0)=0,

where Fy := 104t € L2(H?), Fy = n9.1b, F> i= —m(no..b +2n0./b) € H'(0, T) and
F3 := —no;J7 € H'(0, T). Thanks to (42), we have

IFoll 22y + W E U o,y + 120 g1 0,7y + 1 F3 1 E1 0,1
< Clluoll g2(@y0y) + 1bol + b1l + Iro).  (44)

Using this estimate and Proposition 7, we obtain
||w||L2(H2) + ||w||H1(L2) + ||C]||L2(H1) + ||C||H2(0,T) + ||S||Hl(0,T)
< Clluoll g, o)) + b0l + 1b1] + Irol). — (45)
We consider two open sets O3 and Oy such that
0r CC O3 CC 04 cC O,

Leto € CC2(04) be a function satisfying 6(x) = 1 for every x € Oz. We introduce the
functions
(ﬁ)v é’ E’ E) = ((1 - G)U), (1 - 9)51, C, S),

which satisfy the first four identities of (40) and the following system:

we (2, x) + (- VYW)(t, x) — nAW(, x) + Vg, x) R
= Fo(t,x) + Go(t,x), x € Qp(),

V-, x)=—-V0-w, x € Qr (1),
w(t,x) =0, x € 092,
W(t,x) = (1) +5(t) x (x — b)), x € 8Q5(1),

6)
néw = [ ot pm.x)dy + B
9825(1)

(J5)(t) = (JF) x (1) + / _ (x = b)) x (6@, §In)(t,x)dy + F5(1),

a%5(0)
Wy—o =0 inQp(0), &0)=0,0)=0,5(0) =0,
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with
Go:=—0F)— (il - VOw + n(2(V0 - Viw + Abw) — ¢ Vé.

Here, we have used that (1 —6)v*1p, = 0. Using (12), the properties of 6, (44) and (45),
we have

supp(Go) C Os, 1Goll2zr1y < Cllluoll ey oy + b0l + 111 + o). (47)

Let us now lift the divergence term. This term satisfies

supp(V6 - w) CC Oy, / VO -wdx =0, VO-weL>(H)NH\(L?.
Oy

By [2, Theorem 2.4, p. 72 with m = r = 2], there exists a lifting U € HI(HO1 (Oy))
N L2(HJ(O4)) satisfying

Moreover, since w;—o = wy;=r = 0in O4, we have Uj;—9 = Uy=r = 0in O4. Let us
still denote by U its extension by zero to 2. We now consider the system satisfied by

(W= —U,3§,zé5):

Wi(t,x)+ (- VIYW)(t,x) =V -a(W,§(t,x) = Fo(t,x) + G1(t,x), x€ ﬁp(t),

V. W(t, x) =0, x € Qp(),
W(t, x) =0, x € 0122,
W(t, x) = é(t) +5(t) x (x — b)), x € 9Qs(1),

mé(r) = / W, em ) dy + B0, “49)
Qs (t)

(J5) (@) = ((J7) x §)(1) + / (= b@®) x (W, Pn)(t, x)dy + F3(1),

a825(1)
Wiizo =0 inQr(0), ¢(0)=0,c0)=0,50)=0,

with
G =Go—U; — (u-V)U + uAU.

From the definition of 8, (47), (48) and the fact that & € 2 it is clear that

supp(G1) C O, G121y < Clluoll ey o + 1ol + 1b1] + Irol).

Consequently, we have G; = ¢G1 and v := G satisfies (41). Finally, (u, p,b,r) :=

(W 4+ nou, g + nop, ¢ + nob, s + nor) with the control force v solves system (13), and
since r = r* and Q(T) = Q*(T) = 1d, (40) holds.
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4. Local null controllability

To prove Theorem 1, we perform a fixed-point argument for a multivalued map (see [20,
Theorem 9.B, p. 452]):

Theorem 6. Assume that a multivalued map A : K — 2X satisfies:

e A is upper semicontinuous.
e K is a nonempty, compact, convex set in a locally convex space X.
o The set A(x) is nonempty, closed and convex for all x € K.

Then A has a fixed point.
We are going to apply this theorem in the fixed domain Q2 (0). More precisely, let
K :={(z.b,r) € (L>0, T; W>*(Qr ) N H' (0, T; L4(QF(0))) x H>(0,T) x H'(0,T)
suchthat V- z =0in Qr(0), z=00n dQr(0) and
||Z||L2(O,T;W2~6(QF(0))) + ”Z”HI(O,T;LG(QF(O))) + ”b”HZ(O,T) + ”r”Hl(O,T) <R} (50
for some small R > 0, and

X :=L*0, T; H'(2r(0))) x C'([0, T]) x ([0, T).

In order to define A, we consider (Z, 5, F) € K. We define the associated flow in the
solid domain:

2@, y) =bt)+ 010y (y —bo)  Vy € Qs(0). (51

Then the solid domain is given by ﬁs(t) = x(t, 2s(0)) for each r > 0. Observe that
condition (11) is satisfied for R small enough. Next, we define the eulerian velocity i g €
H'(H?) as the solution, together with gg, of

—uAis + Vis =0 in Qr (1),
V.iig=0 in Qp ),
: . ~ (52)
us(t,x) =b@)+r@) x (x —b(t)) ondQs(1),
ng=0 on 9L2.
It satisfies
lisll g3y + 1gsl g g2y < C(”B”HZ((),T) + 17 10, 7)) (53)
for some C > 0.
Now, we extend the flow x to the fluid domain:
X, y) . .
" = v Q
a7 (usox)(t,y) Vye Qrp(0), (54)

X0, y) =y VyeQrQ).
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This flow satisfies

12 = idll 23 < CABN 0.y + 1Pl o.1) < CR (55)

for some C > 0.
Next, we consider # € Z defined by

G, x) i= dis(t, x) + (VR £ 0NEE 27, x)  Vx € Qp).

This vector field satisfies V- = 0 in QF(I), it = 0 on 9Q2. Moreover, there exists C > 0
such that

il < CUIZN 20, 7;w2s@p a0, 7;28 2 ) F 101120, + 17 E10,7)-

This velocity vector field being given, according to Proposition 5 we can construct a
control v € L%(0, T; H'()) and a solution (u, p, b, r) of system (13) which satisfy
(40) and (41). From Proposition 7 (with go = g2 = g3 = 0 and g; = v{(x)), we infer
(u, p,b,r) € Yo x LE(H") x H2(0, T) x H'(0, T) and

||(u7 P, b, r)”?()XLZ(HI)XHZ(O,T)XHl(O,T)
= C(”U”LZ((o,T)xQ) + ”uO”Hl(QF(O)) + |bol + 1b1] + [roD).  (56)
Let (us, gs) be deﬁned by (52) with the boundary condltlon on GQS(I) replaced by

bt) +r@) x (x — b(t)) Then (us, gs) satisfies (53) with (b 7) replaced by (b, r) and
(u — us, p — gs) is the solution of the following system:

(u—ug)(t,x) =V -o(—us, p—qs)t, x) R
=vg(x) = (- Vu(t, x) —us,(t,x), x€Qrp),

V. (u—us)t,x)=0, xeQrt), (57
(w —us)(t,x) =0, x € IQp ),
(u—ug)(0,x) =uo(x) —us(0, x), x € Qr(0).

Since v € L%(0,T; H'(Q)), i € Z,ue€ 1?0 and ug satisfies (53), the right-hand side of
this system belongs to L2(L9).
Finally, we define

2, y) = (VR @)U —us)t, 3, y)) ¥y € Qr(0)

and h(t, y) := (p — gs)(t, x(z, y)) for y € Qp(0). We notice that (z, 1) satisfies

zz—V-o(z,h)=F in (0, T) x Qr(0),
V.z=0 in (0, T) x Qp(0), (58)
z=0 on (0,7T) x 022r(0),

2(0,x) = uo(x) —us(0,x) inQr(0),
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where

1N L20,7: L5 @2 1))
= CUlvl2.7:m1 @) + IV = 1dlicogo,rixaron (Il + VA2 0.7: 152 0)))
+ Clully, + 1PNz + 101 g2 1) + 1r a0, 7)-

Here, K stands for the first component of the space K, which was defined in (50). Now,
we decompose F = F1 + VF, with F| € L0, T: LG(QF(O))) satisfying V - F1 = 0in
0,T) x Qr(0), F; -n=00n(0,T) x Q2 (0), F» € L2(0, T; W-(Qr(0))) and

IF1l L2 0,7;L802r 0 F IV P2l 20,7508 2000y = CIF 20,7518 21 (0)))-
Then, we apply [11, Theorem 2.8] to (z, h — F») with right-hand side F; to obtain

Iz, V)l g, x20,7: 2827 ©0)) = CUF 20,7267 0))) F lu0 — us(0, )l g2 0))-

Using now that (i, b, 7) belongs to K, and (55) and (56), we deduce that

Iz, VDl x 220, 7: 2825 0))) = CRING, VIl x 2200751621 (0)))
+ CUlvll20,7: 51 T+ U0l w20y + 100l + 1011 + Irol).

Thanks to (41) and (56), we obtain
Iz b, P llk < Clluoll g, oy + 1bol + 1b1] + Irol). (59)
With all these ingredients, we define
A(Z, l;, r)={(z,b,r) € K : (u, p, b, r) satisfies (13) for some p and v, (40) and (41)}.
e We directly see that A : K — 2K from (59) and taking § in (9) sufficiently small.

e Let us now prove that A is upper semicontinuous. For this, let A C K be a closed
subset. We have to prove that A~ L(A) is also closed

Let (2, b,,, 7,) € A~1(A) be such that (3,, b,,, ) — (2, b, r) in X. We intend to
prove that (z, b,#) € A~1(A), that is, there exists (z,b,r) € A such that (z,b,r) €
A(Z, b r). Let (zu, by, rn) € A(Zy, by, 7)) C A. From the definition of K, there exists a
subsequence (zZy (n),» by (n)» Ty (n)) such that

@ymys by@)> rymy) — (@, b,r)in K and  (Zym), bym), rym) — (2, b, r) in X.
(60)
Since A is closed, we see (z b,rye A. It remalns to prove that (z, b, r) € A(Z, b r).
First, we observe that XW(ﬁ) — b+ QQO (y — bo) in c! ([0, T1; H3(QS(O))) (see
(51)). Let us prove that

Ryoy =~ % in C'(0, T1; H(Qr(0)). ©1)
For this, we consider the Stokes system satisfied by

(S, (n) © Xy (n)> 4S9 () © Xr(n)) — (s 0 X, s o X). (62)
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Since (Zy (), by n)» Ty (n)) belongs to K, iy satisfies (53) and jJy (n) satisfies (55),
one can see that the H! (25 (0))-norm of the right-hand side and the H 2(Qr(0))-norm of
the divergence term of this system can be estimated by

CR(ls,ym) © Xym) — s © X w3 po) T 1d4s,wm) © Xym) — 4s © X2, )
+ 11Xy oy — Xl a3 0))-

As far as the boundary term is concerned, we have

US.y(n) © Xyr(n) — s 0 X
=bymy — b+ Fym — ) x (O —b0)) + Fymy X (Qymy — Q) —bo),  (63)

which tends to zero strongly in C%([0, T']; H>/?(925(0))) . Consequently, thanks to (54),
we obtain

fs.ym © Rym) —hsox — 0 inCO[0, T]; H*(2r(0)))

and (61). Taking a look again at the Stokes system satisfied by (62), we see that the
H'(0, T; H' (£ (0)))-norm of the right-hand side and the H'(0, T; H*>(2r(0)))-norm
of the divergence are estimated by

CR(llits.pmyo Xy m—itsoX | 10,1 13 @p o) TNds.wm o Xy m—dso Xl w107 m2@r 0))
+ 1 Xy — XNz o0.1: 123 @r )

For the boundary term (63), we deduce that its H L0, T; H32(3$25(0)))-norm is bounded
independently of n. As a consequence, up to a subsequence, we obtain
fs.ym) © Rym) —hsox — 0 in H'(0, T; H>(Qr(0))).
In the same way, one can prove that
s ymn) © Xy —us o X = 0 in CO([0, T1; H3(Qr(0))), 64)
Us,ymn) © Ry —uso X — 0 in H'(0, T; H3(Qp(0))).

We recall the definition of uy (;):

Uy (n) © Xyr(n) = US,y(n) © Xym) + (VXym)Zy @) in Qr(0).
Thanks to (60), (61) and (64), one can pass to the limit in the system satisfied by

(Uym) © Xy onys Py © Xy omys byanys rym)
and deduce that (u, p, b, r) satisfies system (13).

e For each (2,b,7) € K, A2, b, 7) is closed in X. Indeed, let (z,, by, ra) € A, b, F)
be such that (z,, by, r,) — (z,b,r) in X. Then, arguing as above, one can show that
(z,b,r) € A(Z, l;, 7). In fact, the same convergences can be proved in a simpler way
since the domains do not depend on n.

Thus, we can apply Theorem 6 to obtain the existence of a fixed point to A. This
concludes the proof of Theorem 1.
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Appendix

In this Appendix, we will establish some regularity results for a fluid-structure system
similar to (13):

wi(t,x) + (@ - Vyw(t, x) = V-o(w, )t x) = gi1(t.x),  x€Qr),
V- w(t, x) =0, x € Qr(),
w(t,x) =0, x € 092,

w(t,x) = é@t) + s(t) x (x — b)) + go(t, x), x € 9Qs(1),

©5)
mé(r) = f e )t X dy + g2(0),
9Qs(1)

(J$)(1) = (JF) x $)(1) + / (= b)) x ((w, @n)(t, x)dy + g3(1),

aQs(1)
wy=0 =wo inQr0), ¢(0)=cop, ¢(0)=cy, s(0) =so.

Proposition 7. Assume that (wo, co, 1, so) satisfies (8) and let (i, b, #) satisfy (10) (with
(bg, b1, ro) replaced by (co, cl, s0)) and (l 1)-(12). Moreover, suppose that gy € LZ(HZ)
the trace of gy belongs to H' (0, T L2(0Q5(1))), g1 € LA(L?), g € L?(0,T) and g3 €
L2(0, T). Then there exists c (depending on 2, §¢ and ||u||Z, ||b||Hz(0 ) ||r||H1(0 7))
such that the solution of (65) satisfies

(w,q,c,5) € Yo x L2(H") x H*0,T) x H'(0, T)
and
||(w, q,c, S)“)A/()XLZ(HI)XHZ(O,T)XH]((),T)
< C(||gO||L2(H2) + ||g0||H1(O,T;L2(3§5(1))) + ||gl||L2(L2) + ||g2||L2(0,T)
+ l1g3ll220,7) + llwoll g1 (@ (0y) + Icol + letl + Isol). (66)

Proof. First, we prove that w € L*(HYHY N CO(L2) together with ¢ € wi oo(O T), s €
L®(0, T). Then, we will prove (w, ¢, ¢, s) € Yo x L2(H') x H%(0, T) x H'(0, T).

First step: We multiply the equation for w in (65) by w and we integrate over Q F(1).
After an integration by parts and using the equations of the solid, this yields

1d

1
-— | |w|2dx~|—,u/A [Vw|? dx+ | ? +——(Js 5)
2.dt Japam Qr ()

. I
=/A wgldx+c~g2+s~g3+—Js-s—fA (o(w,g)n)-gody.
Qr (1) 2 8%s(1)
We integrate in ¢ and use Js-s> C|s|? for some C > 0 to obtain

lwllz2mry + lwllpoor2y + lelwioo )y + sz, 1)
= Ca(”gO”LZ(HZ) + ||81||L1(L2) + ||82||L1((),T) + ||g3||Ll(o,T) + ||w0||L2(QF(0))
+leol + ler] + IsoD) + &l w, )5, 21, 67)

for any ¢ > 0.
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Second step: 'We multiply the equation for w by w; and we integrate over ﬁp(t). After
some computations, we obtain

1d R
/A lw P dx +=— | |[Vw|Pdx +m|é> +Js -5
Qr@) 2dt Jara

1
=—/; wt~(12'V)wdx+—/A ft~V|Vw|2dx+/A wy - g1dx
Qr() 2 Jarm Qr

- /A [s x (F x (x — b)) — Vw(lé +7 X (x — l;))]o(w,q)ndy
Qg (1)

b5 (x5 +g3)+ g — faQ (0, Vo) dy
s(t

Using the continuity of the trace operator, we obtain

d
/A |wt|2dx+a | [Vwdx + ¢ + |5
Qr(t) Qp(t)
<e(wlng o+ lgl2 s o)+ C |Vw|* dx + go.c 12 dy
= HX(QF (1)) H' @) 7 g, 0 sy

2 2 2 2 2
+ 1801228, 1y + /ﬁm 811> dx + g + I3 +|s|> (68)

for ¢ > 0 small enough. Now, we regard the equations for w as a stationary system:

—V oW, q)(t,x) = gi{t,x) —w,(t,x) — (@ - VIw(t,x), x€Qr(),

V.w(,x)=0, X eﬁF(t),
w(t, x) =0, x € 092,
w(t, x) = é(t) + s(t) x (x — b)) + go(t, x), x € Qs (1).

We can show that for a.e. r € (0, T'), we have

||w”H2(§p(z)) + ||CI||H1(§F(I)) = C(||g0||H2(§p(z)) + g1 ”Lz(ﬁp(t))
+ ||wf||L2(§p(t)) + ||Vw||L2(§F(t)) +lcl+IsD.  (69)

Indeed, let ¥, € C'([0, T]; C%(2)) be such that

Re(t,y) =b(®) + 01) 0y ' (v —bo)  Vy € 25(0),
Xet,y) =y VyeoQ,
35,71 € CL([0,. T1: C2(Q)) : et 37\t x)) =x, V1€ (0. T), Vx €Q,

e
||)’€e - id”cl([oj];cﬂ(ﬁ)) =< C(“b“Wl’OC(O,T) + ||’¢||L°°(O,T))‘

Then (w o X, q o X) satisfies a stationary Stokes system in Qr (0). Here, we can apply
classical estimates for the Stokes operator (see, for instance, [19]). For the right-hand side
of the Stokes problem, we take into account that the terms of the form

(Ve — Id)(D*w o %o + Vg o %e),
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can be estimated in L2 by &(||w o Xellm2@p ) + 19 © Xell p1 (@ 0)) 10 (0, To) x Q2£(0)
provided that Tp is chosen small enough in terms of ||5|| wieo(,7) + 171l L0, 7)-

On the other hand, the divergence term equals (Vwo ¥, (V x.—1d)), which is estimated
in H' by ¢|lw o Xell w2y 0))- Repeating this process [T/Tp] + 1 times allows us to
establish (69).

Finally, combining (69) with (67)—(68) and applying Gronwall’s Lemma, we obtain
the desired estimate (66).

Let us now establish the existence of more regular solutions when go = 0. In order
to do this, we suppose that wg € HS(Qp(0)) for ¢ > 5/2 and we define some new
functions. Set Jo = J|;—o and

q1 = —(ll=0 - V)(c1 + 50 X (x — bo)) lyas©) + Awo + g1i=0  on IR (0).

Then, we first define a triplet (¢1, So, go) by

1 1
c1 = —/ o (wo, go)ndy + —g2(0),
m JyQs0) m

So:=Jy " [(Joro) X 50 + / (x — bo) x o (wo, go)ndy + g3<0)}
90Q25(0)

and
Ago = =V - [(llj1=0 - VIwol + V - g1j1=0 in Qr(0),

aqo .
ain = (&1 +50 x (x —bg)) - nlyau0) +q1-n ondQp(0).

Using the fact that Jy is positive definite, one can easily check that this system has a
unique solution (¢y, 5o, go) satisfying
Ic1] + IS0l + ||q0||H2(QF(0))

< Clsol + ler] + lwoll g3 ap oy + 1811, + 1821107 + 18311 0,7)- (70)

Finally,
wo = g1jr=0 + V - o (wo, go) — (l1=0 - VIwp.

Let us introduce the following compatibility condition:
wo(x) = (¢1 450 X (x —bo) +[c2- V(2 —wo(x))) 1aas0)(x),  x € 9Qr(0),  (71)
where we have denoted ¢, := c¢; + 59 X (x — bg).

Proposition 8. Let go = 0, g1 € I?o and g, g3 € HI(O, T). Assume that wy €
H3(Qr(0)), (wo, co, ¢1, 50, 81, &2, 83) satisfy (8) and (71) and let (i, b, f/)\satisf_‘y (10)
(with (bo, b1, ro) replaced by (co, c1, $0)) and (11)—(12). Then, there exists C (depending
on Q, 80 and ||i 5, ||5||H2(0,T)’ |IFI|H1(0,T)) such that the solution of (65) satisfies

(w,q,c,5) €Y x (LX(H)NH' (H")) x H*(0, T) x H*(0, T)
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and

||(w, q,c, S) ”)A’QX(LZ(H3)HH1(Hl))XH3(O,T)XH2(0,T)
< Clligilly, + lg2ll o1y + 18311 0,7 + w0l 3o + leol + le1] + IsoD- (72)
Proof. Let us differentiate system (65) with respect to the time variable. This yields

wtt(tﬂx) + (I2 ° V)wl(t’-x) -V 'O—(wl" Qt)(t’x) = gl(t’-x)v X € ﬁF(l‘)’

V- w(t, x) =0, x € Qp@),
w;(t, x) =0, x € 092,
w(t, x) = &) + $(t) x (x — b(1)) + &o(t, x), x € 3Qs(1),

" . (73)
mc(r>=fA (o (wr, gm) (. x) dy + a(0),
0Q2s(1)

(J5) (1) = (JF) x $)(1) + f (= b@®) x (0w, gn)(t, x) dy + §3(1),

95 (1)
Wir=0 = Wo in Qp(0), ¢(0) =cy, ¢(0) = ¢y, $(0) = 5o,

where
gi=g1— (- VYw,  §o:= (G- V) +s x (x—b) —w),

82 =g +/A (- V)o(w,g)ndy +/A o(w,q)(F xn)dy,
Qs (1) 9Q25(1)

~ A, d -, A ~
g3 :=g3,t—Js—sx—(Jr)+/A # x(x—0b) xo(w,qg)ndy
dt 9%s(1)

—I—/A (x—b) x (@i - Vo (w, g)ndy +/A (x —b) x o(w,q)F xn)dy.
Qs (1) 0Qs(1)

Observe now that, thanks to (12) and (71), we have
W= = (¢(0) +5(0) x (x — by) + goi=0) lagg@© on d2r(0).

This allows us to apply estimate (66) to (73):

”(wtv qt, C.', j)“?0><L2(H1)><H2(0,T)><H1(0,T)
= C(”gO”LZ(HZ) + “gOHHl(O,T;LZ(aﬁs(I))) + &1 ||L2(L2) + ”Z;;Z”LZ(O,T)
+ 18312200,y + 1Woll g1 (@ 0y) + le1l + €11+ [SoD. (74)

Then, from classical estimates for the stationary Stokes system, we find
1w, g, ¢ g, 123y m (1Y) x H3©O.7)x H20.T)

= C(”gO”LZ(HZ) + “gOHH‘(O,T;LZ(a?ZS(t))) + 1181 ||L2(L2) + ||g2||L2(O,T)
+ 18312200,y + 1Woll g1 @y (o)) + le1l + €11+ [SoD. (75)
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Let us now estimate g; (0 <i < 3).
e Estimate of go. First,
80l L2cr2y < Cllidll 22y (Il Looo. 1) + sl 7)) + 1@ - VIwll 22y (76)
For the last term in this inequality, we have, for 0 < § < 1/2,
||(ﬁ'v)w||L2(1-12) = C(||12||L2(H2)||Vw||c0(co)+||12||CO(H1)||Vw||L2(W1-00)
+ ||12 ”CO(HI) ”Vw ||L2(W2,3))

<Clu g, Nwll cogrsrz+sy FMlwll p2grroesy +lwll 22y

< 8(||w||C0(H3) + ||w||L2(H4)) +Cs(||w||00(1-12) + ||w||L2(H2)) (77)
for any ¢ > 0. Then, we use

200t x) =[@-V)(E+sx (x—b)—wl(t,x), xeQrQ).

Taking traces in this identity and using (12), for 0 < § < 1/2 we deduce

1801 10, 7: 220050
= Cllill gro,7: 12085y (€l o ©,1) + sz, 1) + Nwllcoo. 71 Lo 952y
+ C”ﬁ||CO([Q,T];LOO((;@S(,)))(||é||Hl(o,T) + ||S||H1(0,T) + ||w||H1(1-13/2+5))
< Celllell 2o,y + s,y + 1wl oogarny + lwll g r2)
+ 8(||w||C0(1-13) + ||w||1-11(1-12)) (78)

for any ¢ > 0.
e Estimate of g1. For0 < § < 1/2 we have
[l V)w”LZ(LZ) = ||ﬁt||L2(L2)||Vw||c0(c0) = C||w||c0(H5/2+6)
= Cellwllcogry + ellwllcocps) (79
for any ¢ > 0.
e Estimate of g>. Using (12), we obtain
”g’ZHLZ((),T) = (”ﬁ||C°([0,T];L°°(3§S(t))) + ||f||L°°)(||w||L2(H5/2+5)
+ ||¢I||L2(H3/2+5)) + ||82||H1(0,T)
for any 0 < § < 1/2. Thus,
1821lz20,7) < Cellwliz2cm2y + gl 2mry + 82l H10, 1))
+ 8(||w||L2(H4) + ||Q||L2(H3)) (80)

forany ¢ > 0.
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e Estimate of g3. Analogously as for g, we easily obtain

1830 z20,7) = CeUlwli g2y + gl 2my + 1831 a1 0,7y F sl a1 0,7)
+ 8(||w||L2(H4) + ||CI||L2(H3)) 81

forany ¢ > 0.

Reassembling estimates (76)—(81), and combining them with (75), we find

1w, g, ¢, ) g, L2m3)nm (HY)x H3©0.7)x H20.T)
= Ce(lwlig, + gl 2y + el g2,y + sl gro,ry + g1llp, + 1182l g1 0,7)
183l a10,7) + lwollg3@p ) + 1ctl + 11l + 150D + ellw. Dy, 2m3)nm1 (a1y)

for any ¢ > 0. Applying Proposition 7 in order to estimate the first four terms and taking
& small enough, we obtain the desired inequality (72).

Corollary 9. Let kg € [0,2]\ {1/2}. Let go = 0, g € L*(H* %) n H'=%/2(L2) and
82,83 € H'7/2(0, T). Assume that wo € H>7*(Qr(0)), (wq, co, c1, 50, &1, 82, 83)
satisfy (8) and condition (71) if kg < 1/2. Furthermore, let (i, b, ) satisfy (10) (with
(bo, b1, ry) replaced by (co, c1, o)) and (11)—(12). Then there exists C (depending on
Q, 8o and |it]| 5, ||[;||H2(0,T)’ 171l g1 (0,7)) Such that the solution of (65) satisfies

(W, q,c,8) € Yoy x (LEH> 0y n HI7R/2(gYy) 5 H37%0/2(0, T) x H?%0/2(0, T)

and

Iw, g, ¢, 5 Yoy X (LA(HPF0)NH /2 (H 1) x H370/2(0,T) x H2*0/2(0,T)

=< C(”gl||)}7k0+||g2||H1*ko/2(()’T)+”g3||H1*ko/2(()‘r)+||wO||H3*ko(QF(Q))+|CO|+|C1|+|SO|)~

The proof of this corollary is classical and it relies on interpolation arguments between
Proposition 7 (with parameter ko/2) and Proposition 8 (with parameter 1 — ko/2) (we
refer to [18] and [1]).
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