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Abstract. We prove some results on isoperimetric inequalities with quantitative terms. In the
2-dimensional case, our main contribution is a method for determining the optimal coefficients
c1, ..., Cy inthe inequality § P(E) > kazl cka(E)k +o(a(E)™), valid for each Borel set E with
positive and finite area, with § P(E) and «(E) being, respectively, the isoperimetric deficit and the
Fraenkel asymmetry of E. In n dimensions, besides proving existence and regularity properties of
minimizers for a wide class of quantitative isoperimetric quotients including the lower semicontinu-
ous extension of § P(E) /a(E )2, we describe a general technique upon which our 2-dimensional re-
sult is based. This technique, called Iterative Selection Principle, extends the one introduced in [12].

Keywords. Best constants, isoperimetric inequality, quasiminimizers of the perimeter

1. Introduction

Given n > 2, let S" be the collection of all Borel sets £ C R" with positive and finite
Lebesgue measure | E|. Denoting by B the open ball centered at O with the same measure
as E and by P(E) the perimeter of E in the sense of De Giorgi, the isoperimetric deficit
and the Fraenkel asymmetry index of E € S" are, respectively,

SP(E) = P(E) = P(BE)
P(BE)
and
a(E) = inf{|E A (x + Bp)|/|BE| : x € R"}, (1.1)

where, as usual, V A W denotes the symmetric difference of the two sets V and W.
The sharp quantitative isoperimetric inequality can be stated as follows: there exists
a constant C = C(n) > 0 such that

SP(E) > Ca(E)>. (1.2)
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In recent years, after some partial results on quantitative isoperimetric and Sobolev in-
equalities (see [14] and [10]) and starting from the general proof of the sharp quantitative
isoperimetric inequality by Fusco, Maggi and Pratelli [17] (see also [15] and [12] for dif-
ferent proofs), great effort has been dedicated to proving quantitative versions of several
analytic-geometric inequalities. We recall in particular [16], [18], [8], [9], [19], [20] (see
[25] for a survey on this topic). However, some relevant issues—such as the determination
of the best constant in (1.2), that is, of

Chest := max{C > 0: 8P(E) > Ca(E)%, VE € S"}, (1.3)

the regularity of the optimal set Epeg such that Cpest = 6 P (Ebpest) /a(Ebest)z, as well as
the shape of such a set—have not yet been considered in their full generality. They seem
to be challenging problems and only few results are known. This is basically due to the
presence of the Fraenkel asymmetry index which makes (1.3) a nonlocal problem. As a
consequence, (1.3) is difficult to tackle via standard arguments of calculus of Variations
and shape optimization.

Only in dimension n = 2, but within the class of convex sets, are the minimizers of
the isoperimetric deficit (i.e., of the perimeter) at a fixed asymmetry index known explic-
itly. Indeed, in 1992 Campi proved ([7, Theorem 4]) the following equivalent statement:
among all convex sets E € &2 with fixed area and perimeter P(E) = o, there exists a
unique set E, that maximizes the Fraenkel asymmetry. This obviously entails existence
and uniqueness in (1.3) restricted to convex sets. It moreover implies that the optimal
convex set E.qpy agrees with E, for a suitable o.

By exploiting a symmetrization technique due to Bonnesen [5], also known as an-
nular symmetrization, Campi completely characterized the set E, and found an explicit
threshold o such that, depending on whether o is above or below oy, E, is either what
he called an oval, or a biscuit. Here, following Campi’s definition, and assuming without
loss of generality that the Fraenkel asymmetry of E is realized at x = 0 (that is, B is
an optimal ball for E in the sense that «(E) = |E A Bg|/|Bg|) we define an oval to be
a set whose boundary is composed of two pairs of equal and opposite circular arcs, with
endpoints on d Bg and with common tangent lines at each point, while a biscuit is a set
which is obtained by capping a rectangle with two half disks (see Figure 1). In the recent
paper [2], the authors, besides proving Campi’s result in a slightly different way, optimize
the quotient  P(E,)/a(E4)? to find that Ceony = ming 8 P(Ey)/a(Ey)? ~ 0.405585
and that E.qyy 1S a biscuit.

(O Do

Fig. 1. An oval and a biscuit, together with their optimal balls.
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However, it is worth noting that, in dimension n = 2, the problem (1.3) is not solved
by a convex set. An example of a nonconvex set Ep. for which

SP(E
OP(Ene) . 39314
o (Enc)

is provided by the mask, a set with two orthogonal axes of symmetry and with only two
optimal balls, whose boundary is made up of eight suitable circular arcs (see Figure 2).
In the forthcoming paper [11] it will be proved that such a set realizes the best constant
within a quite rich subclass of planar sets. Therefore, it may seem reasonable to conjecture
that the mask is optimal with respect to all sets in R?. Up to our knowledge, apart from
some partial results in the two-dimensional case, problem (1.3) is widely open.

Fig. 2. The mask, with its two optimal balls.

Another relevant issue is the determination of the optimal coefficients cy, ..., ¢, in
the asymptotic estimate

m

SP(E) 2 Y ca(E) + o(@(E)™). (1.4)
k=1

This problem was originally raised by Hall, Hayman and Weitsman [24], who conjectured
that

SP(E) > ———a(E)* + o(@(E)) (1.5)
84 —m)

for any convex set E C R? with finite positive area, and that the constant 77 /(8(4 — 7)) is

optimal. The positive answer to this conjecture was given by Hall and Hayman [23]. We

observe, however, that the conjecture can also be proved via Campi’s result (see [7] and

Section 3 for more details).

In [22] Hall conjectured that the inequality (1.5) should hold even without the con-
vexity assumption. In [12] we have proved this and announced a more refined result in
this direction, which we present here.

It is worth pointing out that (1.5) is an easy consequence of the explicit determination
of minimizers of perimeter at a fixed (small) asymmetry. By Campi’s result, we know that
the minimizers among convex sets with small asymmetry are necessarily ovals. With this
information in the convex, 2-dimensional case, it is possible to prove not only (1.5) but
also a whole family of lower bounds of the isoperimetric deficit by a certain polynomial
in the asymmetry plus higher-order terms as in (1.4) (see Remark 2.1 in [2]).



1104 Marco Cicalese, Gian Paolo Leonardi

Our main result is Theorem 3.2, in which we show that even the refined estimate (1.4)
still holds for any set E € S? and not only for convex sets, with optimal coefficients
c1,...,Cp being as in the convex case. To better explain this point, we introduce the
following family of functionals: for any E € S* we define

SP(E)

Q(l)(E) _ ] a(E)
inf{lin}linf 0" (Ew) : a(Ep) > 0. |Ey & B> 0} otherwise,

ifa(E) >0,

and, for a given integer m > 2 and assuming that Q(’”_l)(B) e R, we set

0" Y(E) - 0" D(B)
Q(m)(E) — a(E)
inf{linkinf 0"(Ep) : a(Ep) > 0, |Ep A B| —h> 0} otherwise.

if a(E) > 0,

It is easy to check that, by definition, ¢, = Q" (B), hence the problem of finding the
optimal coefficients in (1.4) is reduced to the computation of 0%®(B). Combining the
existence and regularity results proved in Section 4 with a penalization technique anal-
ogous to the one exploited in [12], we derive the following result (see Theorem 3.2 and
Proposition 3.3):

Best Asymptotic Constants in the Plane. Given an integer m > 1, the estimate (1.4) is
satisfied for any Borel set E C R? with 0 < |E| < 0o, with optimal constants

ai = 0W(B) = 1im 0¥ (")

and where (E @ )j is a sequence of ovals converging to B. Moreover, ¢ is computable
since both the perimeter and the asymmetry of ovals are explicit functions of a real vari-
able.

We shall give a proof of this result and show some optimal coefficients in Section 3.
One of the main tools we use in the proof is the Iterative Selection Principle, which is an
iterative version of the method we developed in [12]. In Section 5 we detail this technique
in the general case of dimension n > 2. Here we specialize it to the 2-dimensional case:

Iterative Selection Principle (n = 2). Let m > 2 and assume that Q% (B) € R for all
k=1,...,m — 1. Then there exists a sequence (E;m))j c §? of sets such that

@) 1E™| = |B|, a(E{") > 0 and a(E{") — 0 as j — oo;
(ii) Q(m>(E;m)) — Q"(B) as j — 0o and E;m) minimizes Q™ among all sets F
with o (F) = oc(E;m));
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(iii) for each j there exists a function u](.m) e CYY(dB) such that
an(.m) = {1+ u](.m)(x))x . x € 9B}

and u](-m) — 0in the C'-norm as j — oo;

. (m) (m) 00 (m) (m) _
@iv) 8Ej has weak curvature ki € L (BEj ) and ||/cj 1||L°°(8E;
(m)

Jj — 00; moreover, Kj is constant in any free region' for E ;m).

m)) g O as

In Section 3 we will prove that, thanks to the Iterative Selection Principle, E;m) must
belong to a very special class of convex sets, whose boundary is made up of arcs with
only two different curvatures. Finally, by applying Bonnesen’s annular symmetrization to
sets belonging to this class, we are able to conclude in a very elementary way that E;m)
is necessarily an oval converging to B as j — oo.

In the last two sections we collect our main technical tools, and prove them in the
general, n-dimensional case for future reference. In particular in Section 4 we show exis-
tence and regularity results for a wide class of quantitative isoperimetric quotients. More
specifically, given two Lipschitz-continuous functions f, g : [0, 2] — R with g(¢) non-
negative and zero if and only if # = 0, for all E € S" we define the functional

SP(E) + f(a(E))

Fro(E) = g(a(E))
inf{lirr}linfff-,g(Eh) a(Ep) >0, |[Ey A B —h> 0} otherwise,

ifa(E) >0,

and for all &y > 0 we consider the minimum problem
min{F (E) : E € §", a(E) > ap}. (1.6)

In Theorem 4.1 we prove that (1.6) has a solution, while in Theorems 4.3 and 4.4 we
prove that the minima are actually A-minimizers of perimeter (see Section 2 for the defi-
nition). As a consequence, by classical results in the regularity theory for quasiminimiz-
ers of perimeter (see Theorem 2.1), these minima are of class Cch7 forall y < 1 (and
of class C! in dimension n = 2). Note that, by choosing f = 0 and g(r) = 2, we
have Fro(E) = §P(E) /oc(E)z, hence the existence and regularity statements hold in
particular for problem (1.3).

Finally, in Section 5 we prove the following n-dimensional version of our Iterative
Selection Principle (see Theorem 5.1):

Iterative Selection Principle (n > 2). Let m > 2 and assume that Q% (B) € R for all
k=1,...,m — 1. Then there exists a sequence (E;m))j C S§" of sets such that

@) |E;m)| = |B|, oz(E;m)) > Oandoz(E;m)) — 0as j — oo;

(i) QM (EM™) — Q™ (B)as j — oo;

I See Section 2 for the precise definition of free region.
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(iii) for each j there exists a function u](.m) e CYY(3B), forall 0 < y < 1, such that
aEJf’") = {1+ u” (x))x : x € 9B}

and u](.m) — 0in the Cl-norm as j — oo;

@iv) BE;m) has weak mean curvature Hj(m) € L>®(d E;m) ) and

||Hj(m)—l|| -0 asj— oo.

L®@E™)

Moreover, Hj(m) is constant on any free region for E ;m).

In analogy with [12], the main idea for proving Theorem 5.1 is to combine the results
of Section 4 with a suitable penalization technique, even though some extra, technical
difficulty arises, as we cannot a priori assume that 0™ (B) is finite.

2. Notation and preliminaries

Let E C R" be a Borel set, with n-dimensional Lebesgue measure |E|. Given x € R"
and r > 0, we denote by B(x, r) the open Euclidean ball with center x and radius r. We
also set B = B(0, 1) and w,, = |B|. For aset E C R" we denote by xf its characteristic
function and define the L' (or L]IOC) convergence of a sequence of sets to a limit set in
terms of the L! (or L} ) convergence of their characteristic functions.

loc
The perimeter of a Borel set E inside an open set Q2 C R" is

P(E,Q) = Sup{/ divg(x)dx : g € CHQRY), |g| < 1}.
E

By Gauss—Green’s Theorem, this provides an extension of the Euclidean, (n — 1)-dimen-
sional measure of a smooth (or Lipschitz) boundary dE. We will simply write P(E)
instead of P(E, R"), and we will say that E is a set of finite perimeter if P(E) < 00. One
can check that P(E, 2) < oo if and only if the distributional derivative D xg is a vector-
valued Radon measure in 2 with finite total variation |D xg|(£2). By known results (see
e.g. [4]) onehas Dxp = vg H"~!|9* E where H"~! is the (n — 1)-dimensional Hausdorff
measure and 0*E is the reduced boundary of E, i.e., the set of those points x € 9 E such
that the generalized inner normal vg (x) is defined, where
ve(x) = lim M and |vp(x)| =1.
r—0 |Dxgl(B(x,r))

We say that a set E C R" of locally finite perimeter is a strong A-minimizer of
perimeter (here, we adopt the terminology used in [3]) if there exists R > 0 such that, for
all x € R" and 0 < r < R, and for any compact variation F of E in B(x, r) (that is,
E A F CC B(x,r)) one has

P(E,B(x,r)) < P(F,B(x,r))+ A|E A F|.
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We shall then write E € QM(R, A) to underline the dependence of the definition of
strong A-minimality on the parameters R and A.

Strong A-minimizers and more generally quasiminimizers of perimeter have been
studied since the seminal work [13] by De Giorgi on the regularity theory for minimal
surfaces. We also mention the paper by Massari [26] on the regularity of boundaries with
prescribed mean curvature (i.e., of minimizers of the functional P(E) + f g h(x)dx), and
the clear, as well as general, analysis of the regularity of quasiminimizers of perimeter
due to Tamanini [27, 28] and the lecture notes [3] by Ambrosio. It is worth mentioning
that a further (substantial) extension of the regularity theory for quasiminimizers in the
context of currents and varifolds is due to Almgren [1].

In the following theorem we state three crucial properties of uniform sequences of
A-minimizers that converge in L! _to some limit set F. These properties can be derived

loc
from results contained for instance in [28] and [3] (see also [12] for more details).

Theorem 2.1. Let Ey, ..., Ep, ... belong to QM(R, A) for some fixed R, A > 0 and
let Ey, converge to a Borel set F in LllOC (R™) as h — oo. Then the following facts hold:

i) F € QM(R, A). Moreover, if 0F is bounded then dE) converges to 0F in the
Hausdorff metric.>
(ii) 8*F is a smooth, (n — 1)-dimensional hypersurface of class C"Y forall y € (0, 1)
(and CVV in dimension n = 2), while the singular set 3F \ 3*F has Hausdorff
dimension < n — 8.
(iii) If OF is smooth (i.e., if the singular set of OF is empty) then there exists ho such
that, for any h > ho, dE}, has no singular points, and thus it is of class CY? for all
0 <y < 1(CYVifn =2). Moreover, if 9 F is compact then dEj, can be represented
as the normal graph of a smooth function uy, defined on 0 F and such that up — 0
in CY(3F) as h — oo.

We will denote by S” the class of Borel subsets of R” with finite positive Lebesgue
measure. Moreover, given 0 < 8 < 1 we set

Sg :={E CS":|E|=|B|, a(E) = B}.

Given E € S" we define its isoperimetric deficit § P(E) and its Fraenkel asymmetry o (E)
as follows:

P(E)— P(B
SP(E) := PE) — P(B) 2.1)
P(Br)
E A B
«(E) = inf{w xe R”}, 2.2)
|BE|
where B denotes the ball centered at the origin such that |Bg| = |E| and A denotes

symmetric difference. Since both § P(E) and «(E) are invariant under isometries and

ZA sequence of compact sets K converges to a compact set K in the Hausdorff metric iff the
infimum of all ¢ > 0 such that K C K, 4+ ¢B and K;, C K + ¢B (i.e., the so-called Hausdorff
distance between K, and K) tends to 0 as 7 — o0.
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dilations, from now on we will set |E| = |B] so that B; = B. By definition, the Fraenkel
asymmetry «(E) satisfies «(E) € [0, 2) and it is zero if and only if E coincides with B
in measure-theoretic sense and up to a translation. Notice that the infimum in (2.2) is
actually a minimum.

We will denote by Z(E) the set of optimal centers for E, i.e. of those points z € R"
such that |E A (z + Bg)| = «(E)|Bg|. Finally, we will say that an open set A C R" is a
free region for E if A is a connected component of

Q=R"\ (J +9B).
z€Z(E)

Note that €2 is open, since it is the complement of a compact set.
We now introduce some useful functionals, which we call quantitative isoperimetric
quotients of order m. For any E C §" we set

SP(E) ,
z ifa(E) > 0,
o) =1 “P 5P (Fy)
inf]liminf ———2 . |F¢| = |B|, «(Fx) > 0, |Ft AB| — 0} otherwise.
k o (Fy) k

We recall that the optimal power of the asymmetry in the quantitative isoperimetric in-
equality is 2, thus we necessarily have Q" (B) = 0. This can also be seen through a
straightforward computation on a sequence of ellipses converging to the ball B, and sim-
ilarly holds in any dimension.

For a given integer m > 2 and assuming that Q(k)(B) eRforallk=1,...,m—1,
we define

0" D(E)—Qm~1(B)
Q(m)(E) — a(E)
inf{lin}cian(’")(Fk), \Fi| = |B|, a(Fy) > 0, |FLAB| —k>o] otherwise.

ifa(E) > 0,

Note that, assuming «(E) > 0 and recalling that Q'(B) = 0, it turns out that
QP(E) = 8P(E)/a(E)

is precisely the sharp quantitative isoperimetric quotient. Hence, by (1.3), it is bounded
from below by a positive, dimensional constant and, as a consequence, Q(z)(B) is finite
and strictly positive.

In what follows, we shall often say that Q" is well-defined simply meaning that we
are inductively assuming Q(k)(B) is finite for all k = 1, ..., m — 1. Clearly, this does
not necessarily imply that also Q™ (B) is finite. One can easily check that the functional
0™ is lower semicontinuous with respect to L'-convergence of sets. However, it is not
possible to immediately get the finiteness of Q™) (B), and in particular one cannot a
priori exclude that Q) (B) = —oc.
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By the previous definition, assuming m > 2 and Q(’") is well-defined, and a(E) > 0,
one can equivalently write

SP(E) — Ym(a(E))

0"N(E) = “ ) (2.3)
where
m—1
Ym(@) =Y 0¥ (B)a*.
k=1

Correspondingly, for any m > 2 we define a sequence (Qj(.m)) ; of penalized functionals.
We assume Q"1 (B) e R and choose a recovery sequence (Wj(m)) ; for Q" (B). Then,
setting oej(.m) = a(Wj(m)), forany E € 8" with a(E) > 0 we define

Q(mfl)(E) _ Q(mfl)(B) + ((X(E)/Ol/(.m) _ 1)2
a(E) '

0"(E) = 2.4)

One can immediately check that

(@ (E) /™ = 1)?
a(E)
SP(E) — Y (a(E)) + a(E)" " (a(E) faf™ — 1)?
a(E)"

0" (E) = Q" (E) +

Note that Qj(.z) slightly differs from the sequence of penalized functionals introduced
in [12].

3. Optimal lower bounds for the perimeter in the plane

We present here our main 2-dimensional results. In the first one, we establish existence
and regularity of minimizers of the quantitative isoperimetric quotient of order m:

Theorem 3.1. Fix m > 1 and assume that Q(’”) is well-defined. Then there exists E™ c&?
such that QU (E™) < QU (F) forany F € S*. Moreover, dE™ is globally of class C1!
and for any free region A for E™ the set 0 E™ N A is made up of arcs of constant curvature
(the curvature may vary from a free region to another).

Proof. Either Q" (B) < Q" (F) forall F € S (and thus B is the required minimizer),
or infg> Q(’”) = infsg Q(’") for some B > 0. In the latter case, we first observe that, on

choosing f(a) = ¥, () and g(a) = o™, we have Fr, = 0™ (see Section 4 for the
definition of 7). Then the conclusion follows by applying Theorem 4.1, Theorem 4.4
and Remark 4.6 specialized to the case n = 2. O
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Theorem 3.1 is also valid in dimension n > 2: one simply has to replace “C'!” with
“ClY forall 0 < y < 1” and “curvature” with “mean curvature” (see Section 4 for more
details). In the case m = 2, finding the optimal (absolute) constant C in the inequality

SP(E) > Ca(E)?

amounts to explicitly finding a minimizer E of Q. Thanks to Theorem 3.1 one knows
that E exists and has some special properties. In particular, dE is C"! and its weak
curvature becomes constant on any free region. Even though it is not clear how to use this
result to completely identify E (we recall that the infimum of Q® is not presently known)
one is led to conjecture that d E must consist of a finite number of C'-connected arcs of
circle, with possibly different curvatures. This would immediately follow if one could
prove that the set of optimal centers for E is necessarily finite. In this direction, we show
in the forthcoming paper [11] that the minimizers of Q® on a suitably restricted class
of connected, 2-symmetric sets in the plane is attained by a “mask”, i.e. a 2-symmetric
set having only two optimal balls, and whose boundary is made up of arcs with three
different curvatures (see Figure 2). By our analysis one gets an upper bound on the optimal
constant C (more specifically, C < 0.39314).

The second theorem of this section can be regarded as the main result of the paper.
Indeed, we are able to show optimal asymptotic lower bounds of the isoperimetric deficit
8 P(E) in terms of polynomial functions of the asymmetry o (E), whose coefficients can
be computed through a one-parameter family of 2-symmetric, convex deformations of the
disk B, with boundary of class C! and formed by two pairs of congruent arcs of circle.
These particular convex sets are known as ovals (see Figure 1 and the description below).
Here is the statement of our result:

Theorem 3.2. Given an integer m > 1 we have

SP(E) = > cra(E) + o(a(E)™) 3.1)
k=1

for any Borel seiE C R with 0 < |E| < o0, where ¢, = Q®(B) = lim; Q(k)(E;k)) is
optimal and (Ej(- )) j is a sequence of ovals converging to B.

We remark that Theorem 3.2 generalizes Theorem 4.6 in [12] as well as previous results
obtained for convex sets by Hall, Hayman and Weitsman [24, 23, 22], by Campi [7] and
by Alvino, Ferone and Nitsch [2].

For the reader’s convenience, we describe here the family of ovals and exhibit some
of the optimal constants ¢ in (3.1). Ovals are C! convex sets in R? with two orthogo-
nal axes of symmetry (hereafter the reference axes x and y) and whose boundary is the
union of two pairs of congruent arcs of circle. Following [2], one can give an explicit an-
alytic expression of this family of sets {O¢ }ecfarctan(/4),7/4] for |Og| = |B| = 7, where
& € [arctan(mr/4), /4] is the angular coordinate of the unique point of intersection of
00¢ and 9B in the first quadrant of the (x, y)-plane. Moreover it is shown in [2] that
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Ot — Onj/4 = Bin C! as £ — /4 and that

2 sinfé (m B cos& o
PO = ;<<cosn (5 ’7) + sinnn) 2)’

)
a(Or) = i(ﬂ(i — r)—sinncosn) —£& —i—sinécosé),

7 \cosZn\2

where

1 7 sin®n — 2n + 2sinncosn
tan§ =

tann . 2n — msin?p + 2sinncosny

Note that the computation of «(O¢) is made simple by the uniqueness of the optimal
center of O (see also Lemma 3.5). That center coincides with the center of the coordinate
system for symmetry reasons. Therefore, the statement of Theorem 3.2 can be rephrased
as

Proposition 3.3. We have
a=0%®®B) = lim 0% (0.
E—m/4

The exact computation of these optimal constants is elementary in principle, but ex-
tremely tedious in practice (for this reason, we have done some calculations with a basic
software for symbolic calculus). Note however that c;+1 = 0 as a consequence of the
symmetry of the function & — §P(Os) /0[(05)2 with respect to & = /4. For instance,
the first three nonzero coefficients are

T
2T gy
3@ — 14)(57 — 16)
AT Tl ) —2)
—7598087° + 16196487°
0T T880(4 — ) (7 — 2)%
77 (—1386576 + m (612992 + 7 (—148024 + 3(6184 — 3157)7)))
+ 2880(4 — )7 (r — 2)* ’
and one has

cp = 0.457474, ¢4 = —0.696215, ¢ = 1.76079.

The proof of Theorem 3.2 strongly relies on the Iterative Selection Principle (see
Section 5) coupled with Bonnesen’s annular symmetrization (see [5]), which we describe
below for the reader’s convenience. Given E € S2, we fix a line [ and a point x on /. For
anyr > 0, weletA(r) = HY@OB(x,r)NE).On dB(x, r) we take two opposite arcs, each
of length A(r)/2, so that [ passes through the midpoints of both arcs. The set obtained as
the collection of all such arcs, when r varies in (0, 00), is called the Bonnesen annular
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symmetrized set of E and will be denoted by E®. It is an elementary property of annular
symmetrization that, for all » > 0,

|ENB(x,r)| =|E* N B(x,r),

which in particular implies | E| = |E?%|. Another relevant property is

Theorem 3.4 (Bonnesen, 1924). Let E be a convex set and let r < R be, respectively,
the inner and outer radii of the annulus C, g (x) centered at x, containing 0 E, and having
minimal width R —r. If E® is the annular symmetrization of E centered at x with respect
to some line through x, then P(E®) < P(E), with equality if and only if E* = E.

The proof of this theorem is not completely elementary, as one must show that if x, r
and R are the parameters defining the optimal annulus C, g (x), then both 0 B(x, r) and
dB(x, R) intersect  E in at least two distinct points (this property is crucial to show that
the perimeter does not increase after the symmetrization). Moreover, this symmetrization
does not preserve convexity in general (see [7]).

However, we shall not apply Bonnesen’s theorem but prove instead a much more
elementary property of annular symmetrization restricted to a special class of sets, on
which it preserves area, smoothness and also convexity, while not increasing perimeter.
To this end, for any integer 4 > 2 we say that a set E C S? belongs to the class P (h) if

e |E|=|B];

e JE isof class C!;

e there exist constants 0 < x» < 1 < k1 such that 0E \ B is a union of /& congruent
arcs of circle with curvature 1, and similarly 0 E N B is a union of 4 congruent arcs of
circle with curvature «».

Note that the elements of the class P(2) are the ovals. Some sets belonging to P (h) for
h = 2, 3, 4 are shown in Figure 3.

Fig. 3. Three examples of sets belonging to P(2), P(3) and P(4) (from left to right). The one on
the left is an oval.

Before proceeding to the proof of Theorem 3.2, we prove a lemma on the uniqueness
of the optimal center for a strictly convex set, valid for any dimension n. We recall that
x € R" is an optimal center for E € §" if |Bg|a(E) = |E A (x + Bg)|, and that the set
of all optimal centers for E is denoted by Z(E).
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Lemma 3.5. Let E be a strictly convex set in R". Then the optimal center of E is unique.

Proof. Without loss of generality, we assume Br = B. For a contradiction, suppose
x1,x2 € Z(E) with x; # x2. By the very definition of Fraenkel asymmetry we have, for
i €{1,2},

|E N (xi + B)| = |B|(1 —a(E)/2). (3.2

We now set x; = Ax; + (1 — A)xp for A € [0, 1], and we observe that
EN(xx+B) 2AEN(x;+ B))+ (1 =2)(EN(x2+ B)).

Since E N (x) + B) is a convex set, the Brunn—Minkowski inequality (see for example
[6]) together with (3.2) yields

|E N (i + B)|Y" = |A(E N (x1 + B)) + (1 — A)(E N (x2 4+ B))['/"
> AMEN (1 4+ B)|Y"+ 1 =M|EN(x2+ B/
= |B|""(1 — a(E)/2)V/".

This shows that |[EN(x; + B)| > |B|(1 —a(E)/2). By the definition of Fraenkel asymme-
try, the opposite inequality holds true as well. Thus |E N (x; + B)| = |B|(1 — «(E)/2).
This yields equality in the Brunn—Minkowski inequality, which is equivalent to saying
that, up to translation, the sets £ N (x) 4+ B) are homothetic to E N (x; + B) for all
A € [0, 1]. Since they all have the same measure, they actually coincide up to translation.
As aresult, 0E N (x; + B) is flat in the direction of the vector x, — x1, contradicting the
strict convexity of E. O

Proof of Theorem 3.2. We recall that the first optimal coefficient is known to be ¢; = 0.
Assuming by induction that the coefficients ¢; = Q(k)(B) are finite for all k = 1, ...,
m — 1, we find that Q") (B) = lim; E;m), with E;m) satisfying the conclusion of Theo-
rem 5.1.

Then, again by Theorem 5.1 we may suppose that, for j sufficiently large, K;m) =

HaE(m) (x) > 1/2 for Hlae. x € 8E;m), hence E;m) is a strictly convex set in R2.
j

Therefore, by Lemma 3.5 we have Z (E;m)) = {xo} and, up to translation, we may assume
that xo = 0. Hence, B and R? \ B are free regions for E;m) in the sense of Remark 4.6
below. By Theorem 5.1 and Remark 4.6 we finally deduce that E;m) € P(h) for some

h>2.
Now, by exploiting annular symmetrization, we will show that necessarily E;m) is an

oval, that is, E;m) € P(2). Indeed, assume for contradiction that E;m) € P(h) for some

h > 2. To simplify notation, we drop some indices and let £ = E " We will prove
that the annular symmetrized set E* with respect to the origin of the reference system
satisfies

|E®¥| = |El, «(E™) =a(E), P(E™) < P(E),

contrary to the minimality of E. To this end, let p1, p2 > 0 be such that B(0, p1) C E C
B(0, p2) and that both dB(0, p1) and dB(0, py) are tangent to d E. In other words, the
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annulus C,, ,, = B(0, p2)\ B(0, p1) is of minimal thickness among those containing d E.
Let S be the circular sector given in polar coordinates (r, 6) by S = [0, co) x [0, 7w/ h].
Given now p € (p1, p2) we let Ay (p) be the unique point of intersection of d E with
0B(0, p) within the sector S, so {A;(p)} = dE N aB(0, p) N S. We now introduce
the angle 6, (p) € [0, w/h] such that, in polar coordinates, we can represent A, (p) =
(0 cos Oy (p), psin Oy (p)) and

IENS= [ Aup).
PElp1,p2]

‘We now have
HUENIB(0, p)) = 2hpbi(p). (3.3)

By definition of E* we have, for all p € [p1, p2],
H'(EN3BO, p) = H' (E® N 3B, p))
and moreover
IEXNB|=|ENB|, |E¥N@R>\B)|=|EN®R>\B)|. (3.4)
By exploiting the same polar parameterization as before, we may write

aE® = | Axp)

pElp1,p2]

where A;(p) = (pcosbr(p), psinBy(p)) for p € [p1, p2] and G2(p) is such that
HUE™ NIB(0, p)) = 4p62(p). (3.5

Comparing (3.3) and (3.5) we obtain

h
02(p) = §9h(/0)- (3.6)

We finally have

2 2] h2
P(E™) = 4f V1+ 026 dp = 4/ 1+ P70 dp
P1 P1
123
< Zh/ J1 4+ p20))2 dp = P(E), 3.7)
p h

1

where the last inequality follows since 7 > 3. To conclude the proof we show that
the annular symmetrization preserves the strict convexity of our sets, i.e., the curvature
Kas(x) = Hypas(x) satisfies

Kas(x) >0 for H'-ae. x € 9E®. (3.8)
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In fact, once we have this, arguing as in Step 1 we immediately get Z(E*) = {xo}.
Then, by the symmetry of E*, xo = 0, and finally, thanks to (3.4), we conclude that
a(E®) = a(E).

To prove (3.8) we observe that in B and R?\ B the curvature « of 3 E can be computed
through the parameterization 6, = 6, (p) (with a slight abuse of notation, we understand
k as a function of p) described before. More precisely, the well-known formula

B 0%(0))° + pb} + 26,

0<k(p)= (a+ (pe}/l)2)3/2

implies that '02(9}/1)3 + pb; + 26, < 0. This, together with (3.6) and the fact that, by
construction, 0, (p) < 0, gives
2
TOO) +00) +20, o p7(6;)° + pby +26;
L+ Gpon»¥2 = 2 (14 (5p6p)?)32

h
Kas(p) = _5 :

Thanks to (3.7) and by the definition of QJ(.'") in (2.4), we obtain
0" (E) > Q" (E™), (3.9)

contrary to the minimality of £ = E;m). This concludes the proof of the theorem. O

4. A general class of functionals
In this section we show existence and regularity properties of minimizers for a general
class of functionals defined on sets E € S”.

Let f, g : [0,2] — R be two Lipschitz-continuous functions with g(#) nonnegative
and zero if and only if = 0. We define the functional F, : S — [—00, 0o] as follows:

SP(E) + f(a(E)) ifa(E) > 0
Fro(E) = g(a(E)) “4.1)
inf[limh inf F.o (En) : a(Ep) > 0, |E & Bl — 0] otherwise.

Clearly, Fy ¢ (E) is invariant under isometries and dilations. In what follows, we will drop
the subscripts f and g and simply write F instead of F,g.
Given 0 < ag < 1 we recall that

Suy ' =1{E C 8" |E| =|B|, «(E) > ao}
and, restricting  to S, , we state the following theorem:

Theorem 4.1 (Existence of minimizers). There exists E € Sy, such that F (E) < F(E)
forall E € S .
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Proof. We first observe that the subclass S, is closed with respect to the L'-convergence
of sets. We now fix a minimizing sequence (Ej)p C Sg for F and assume |E;| = |B|
for all 4. We can of course assume that F(Ej) < C < oo for all & and for some constant
C > 0. Therefore,

P(Ep) < P(B)+ Cg(x(Ep)) — f(a(E)) < P(B)+ Cmaxg —min f < o0

for all . As a consequence, by a well-known compactness result for families of sets with
equibounded perimeter (see for instance [21]), (Ep)j is sequential}y relatively compact

in LllOC (R™) . Starting from Ej; we can construct a new sequence Ej, that is a uniformly

bounded minimizing sequence for F converging to a limit set E. To this end, we shall
adapt to our case an argument originally employed by Almgren [1].

First, by a standard concentration-compactness argument, one can prove that there
exists Bg > O (depending only on the data of the problem, and not on the sequence
(Ep)n) and {x;?}h C R such that

|Ep N (x) + B)| = Bo.

Of course, we can assume that x;? is an optimal center for Ej, that is, ¢(E;) =
|Ep A (x,? + B)|/|B]. The functional F is invariant with respect to translations, thus the
translated sequence Eg = Ep — x,(z) is still minimizing and, at the same time, satisfies
|E2 N B| > Po. Up to subsequences, we can assume that E,? converges to E° in the
L} -topology.

Now, we face two possibilities: either | E®| = | B| and this would immediately imply
that EY) — E%in L' (in this case we are done), or By < |E®| < |B|. The latter possibility
corresponds to a “loss of mass at infinity”. In order to deal with this case, we first study the
minimality of E© with respect to perimeter. By the argument in the proof of [12, Lemma
3.3(ii)], P(E®) < P(F) for all measurable F C R” such that |F| = |E°| and F A E°
is compactly contained in R"” \ B(0, R) for a sufficienty large R. As a consequence, by
well-known results on minimizers of perimeter subject to a volume constraint, we infer
that E° is necessarily bounded. Choose Ry > 0 such that Eg C B(0, Rp). Since B is an

optimal ball for E?, and since E?l converges to E° in Llloc, we set

. 0 : 0
y :=2|B\ E°|/|B| = lima(E}).

Clearly, op < y < 2.Inthecase y < 1, the set E=EU By minimizes the functional F,
where By is a ball such that By N B(0, Ry +2) = @ and |E® U By| = |E®| + |By| = | B|.
Indeed, a(E) = y and P(E) < liminfj, P(E,?). In the case y > 1 we proceed differently.
Since we are facing a loss of mass in the limit, |E2 \ B(0, Ro)| — |B| — |E°| > 0 as
h — oo. Hence we can find 8; > 0 and {xhl}h C R” such that, as before, |E2 N (x}t + B)|
> B1. Note that |x}l| — oo as h — oo, otherwise by compactness we would contradict
the inclusion E® c B(0, Ry). We may also assume that

xé €  argmax |E,(l)ﬂ(x+B)|.
xeRM\ B(0,Ry+2)
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Arguing as before, we can extract a subsequence of Eg (that we do not relabel) such that
E}l = Eg — x}l converges to Elin LllOc as h — oo. Moreover, we let R; > 0 be such
that E' ¢ B(0, Ry).

Now, we show that there exists a constant C > 1 depending only on the data of the
problem (and not on the minimizing sequence Ej) such that

1
5|E°| <|E' < CIEY). 4.2)

To prove (4.2) it is enough to show the first inequality, i.e. |[E?| < C|E!| for some uniform
C > 1 (the other is implied by the estimate |[E®| > By shown above). Indeed, assume
|El| < |E0| (otherwise there is nothing to prove). We consider the following modified
sequence: ~

Ep = OuE®) ULE \ (B(0,2R0) U B(x;,, R1)],

where A, > 1issuchthat |E,| = |E| = |B|. Then Ay — (1+|E'|/|E'DY/" ash — oo,

and by Bernoulli’s inequality we also have

|
1<ix <1+
== T alED)

+ e, 4.3)

where g, — 0 as h — oo. Since |E!| < |E?|, we can assume without loss of generality
that 1 < Aj, < 2 for all h. We now set oy, = a(Ep), @, = a(Ey), and 8, = laeyn, — o).
In what follows, to simplify notation and not to overburden the reader, we let “n.t.” stand
for O(en) + o(|EY|/|E]). We first show that

o <2 B 4 (44)
—— +n.t. .
"= EY
Indeed, we recall that here
an =2|B\ Ejl/|B| >y > 1 4.5)
as h — oo. Then, since A;, > 1 we get
2B\ £ t 2,\,;”M B\ ME°| + t>2k;n|B\)\ E° +nt
= — n.t. = h h n.t = h n.t.
|B |B | B
> k;n&h + n.t.,
whence
ap < Moap +nt. <« +|E—l|a +nt. <« +2@+nt (4.6)
h = ApOh L= |E0| h L= |E0| L .

We now consider the following two cases.

Case 1: there exists an optimal ball l§’h for Eh such that I§h N B(0,2Ry) = V. In this case

& = 2By \ Enl/|B| = 2|By \ EV|/|B] > a. 4.7)
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C:ase 2: any optimal ball éh for Eh satisfies Eh N B(0,2Ry) # @. In this case, if we set
Bj, = B(xp, 1) and recall that B is an optimal ball for Ej, for all #, we obtain

_ _IBp\ ME” My B o

=2— tL=2—|—\FE .t
op B +n Bl 7% \ +n

)“Z ~ 0 —n
> ZE[IB(Xh/kh, D\ E"| —|BI(1 =4, )] +n.t
> Ao, — 200 — D) +nt. =ap + (@p —2)(A; — 1) +n.t.
|E'|
> op — 2@ + n.t., (48)

which combined with (4.7) and (4.6) gives (4.4).
Assume for contradiction that the ratio |E'|/| E?| is not bounded below by a positive
constant that depends only on the data of the problem. Then by (4.4) and (4.5) we have

&, > ap. Therefore, Ej, € Sgo, so that we are allowed to compare F(Ep) with .7-"(E2).

Thanks to the hypothesis on g, we also have, for & large enough, g(o) — Lip(g)d, > O.
Thus by (4.4), up to a suitable choice of the radii Ry and R; (for details we refer to [12,
proof of Lemma 3.3(ii)]), we obtain

SP(Ep) + f(Gn)
g(@p)
- P(AE®) + P(Ey \ B(0,2R0)) — P(B) + P(B)[f () + Lip(f)8]
- P(B)[g(an) — Lip(g)dx]
- 0" = DP(E®) + P(E)) — P(B) — P(E) N B(x}, R1))
- P(B)[g(erp) — Lip(g)ds]
fap) +Lip(f)én
g(an) — Lip(g)dn

f(Eh) =

+o(1).

Since
liminf P(E}} N Bxj, Ri) = P(E),

by exploiting the isoperimetric inequality we get

Ot~ DP(E®) + P(E)) — P(B) — nwM"|E=1/n
P(B)[g(an) — Lip(g)dn]
f (o) + Lip(f)dp
D. 49
stan —Lipa, (4.9)

Combining (4.3) and (4.9), after some straightforward computations we get

F(Ep) <

1/n—1

F(Ep) < FEY) — 2| EY0=D/n 4 o(1),
max g

which contradicts the optimality of the sequence Eg, thus proving (4.2).
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Since the volume of Ej equals |B|, an immediate consequence of (4.2) is that there
exists a finite family {E 0O El ... EN } of sets of finite perimeter, obtained as Llloc-limits
of suitably translated subsequences of the initial minimizing sequence Ej, which satisfy
@ [E0+ -+ |EN| = |B];

(b) liminf, P(Ep) > YN P(EY);
(c) a(Ep) — minj—o__y mingegn 2|(x + B) \ E'|/|B| as h — oo.

,,,,,

The proof of (a) and (b) is routine. On the other hand, (c) follows from the fact that given
i,je{l,...,N}withi # j, the two sets E' and E/ are obtained as limits in LlloC of a

subsequence of (E});, with suitable translation vectors xil and xé respectively that satisfy
limy, |x), — x| = oo.
We can now construct a minimizer of F by simply setting

E=E'U@u+EYUQu+E)HU---U(Nv+ E",

where v € R” is any vector such that Fi C B0, |v|/2 —=2)foralli =0,..., N.In this
way, we guarantee by (a) above that | E| = | B| and, by (c), that

|(x + B)\ E'|

a(E) = i:n}.iENg]% - lima(Ep). (4.10)
Finally, by (b) and (4.10) we conclude that E is a minimizer of F. m]

In the lemma below we recall an elementary but useful estimate of a difference of asym-
metries in terms of the volume of the symmetric difference of the corresponding sets.

Lemma 4.2. Let E € 8" with |E| = |B| = wy. For all x € R" and for any F € S" with
EAF CC B(x, 1/2),

2n+2
E)—oa(F)| < —|EAF|.
la(E) —a(F)| < (2"—1)w,,| |
The next, crucial theorem asserts the A-minimality of the minimizers of the functional
4.1).

Theorem 4.3 (A-minimality). Let F be the functional defined in (4.1). Then there exists
A > 0 such that any minimizer E € 8" of F with |E| = |B| is a A-minimizer of the
perimeter.

Proof. Of course, if «(E) = 0 there is nothing to prove, since E is a ball (and thus a well-
known A-minimizer of the perimeter) up to null sets. We now assume «(E) > 0 and fix
x € R" and a compact variation F of E in B(x, 1/2). It is not restrictive to assume that
P(F) < P(E) and a(F) > 0. Since F(FE) < F(F), we have

(SP(E) + f(a(E))g(a(F)) < g(a(E)(SP(F) + f(a(F))). (4.11)
Then, combining Lemma 4.2 and the Lipschitz continuity of g, we have

|g(a(E)) — g(a(F))| < Lip(g)|a(E) — a(F)| < Cyg|E A F] (4.12)
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with Cp, ¢ = Lip(g)ﬁ. We now set
x =sgn(dP(E) + f(a(E))) = sgn F(E)
and observe that by (4.12),
@BP(E)+ f(a(E)))(g(a(E)) = xCrglEAF]) < (SP(E)+ f(a(E)))g(a(F)), (4.13)
thus plugging (4.13) into (4.11) and dividing by g(a(E)) we get
SP(E) —8P(F) = f(a(F)) — f(a(E)) + CoglF(E)| - |[EAF]. (4.14)
On recalling that f is Lipschitz, we have (4.12) with f replacing g, and therefore
SP(E) —8P(F) < (Cy,r+ Cogl F(E)DIE A FI. (4.15)
Then, we note that

P(B)
P(E) - P(B[:)P(F)

P(B)

SP(E)—6P(F) =

(4.16)

and

P(B) _ <@><”‘”/" _ (1 L IEI- |F|><”‘”/" B (1 N |EAF|><"‘”/"
P(Bp) ~ \IF] IF] B ||

n—1 |EAF|< 4(n—1)
n |F| — 3n|B|

<1 |EAF|, (4.17)

where we have used the Bernoulli inequality and the fact that E A F CC B(x,1/2)
implies |F| > |B| — |B(x, 1/2)| = %lBl. Finally, using (4.16) and (4.17) we can rewrite
(4.15) as

P(E)<P(F)+|EA F|<Cn,f + Ch gl F(E)|P(B) + %P(E))
=P(F)+A|EAF],
where the constant
A :Cn,f+C,,,g|}'(E)|P(B)+%P(E) (4.18)
depends only on the dimension n and on the functions f and g. O

As a consequence of Theorems 4.1, 4.3 and 2.1 one obtains the following

Theorem 4.4 (Regularity). Let F be the functional defined in (4.1) and let E € S" be
a minimizer of F with |E| = |B|. Then *E is of class C'" for any n € (0, 1) (C"! for
n = 2), while the singular set E \ 9*E has Hausdorff dimension < n — 8.
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In the following lemma, we let E be a minimizer of F and we show that the (scalar) weak
mean curvature H of JE belongs to L°°(dE). Moreover, we compute a first variation
inequality of F at E that translates into a quantitative estimate of the oscillation of the
mean curvature.

Lemma 4.5. Let E be a minimizer of F. Then 3*E has the weak mean curvature H €
L*>(0*E) (with orientation induced by the inner normal to E). Moreover, for H L ge.
x,y € 0*E, one has

|H(x) — H(y)| < n"j(mEn Lip(g) + Lip(/)). (4.19)

Proof. To prove the theorem we consider a “parametric inflation-deflation”, that will lead
to the first variation inequality (4.19).
Fix x1, xy € 0*E, x| # x2. By Theorem 4.4, there exist r > 0 such that, form = 1, 2,

0E N B(xy,r) = 3*E N B(x;,, 1)

is the graph of a smooth function f,, defined on an open set A,, C R"~!, with respect to
a suitable reference frame, so that the set £ N B(x,,, r) “lies below” the graph of f;,. For
m = 1,2 we take ¢, € CCI(Am) such that ¢,, > 0 and

/ om = 1. (4.20)
A}ﬂ

Let ¢ > 0 be such that, setting fy,, ;(w) = fiu(w) + (—1)"t@,, (w) for w € Ay, one has
er(fm.1) C B(xy, r) forall t € (—e, €). We use the functions fy, ;, m = 1, 2, to modify
the set E, i.e. we define E; so that E; A E is compactly contained in B(x1, r) U B(x2, r),
with 0E; N B(xy,, ) = gt(fm,:) form = 1, 2. By (4.20) one immediately deduces that

|E;| = |E|. Moreover, by a standard computation one obtains
1 d
—— —P(E)| =[] hor— | he, (4.21)
n—1dt =0 Ay Ay

where for m = 1, 2 and in the sense of distributions

hy() == H, fi,(v)) = - 1 . diV( V fn (V) >

VIHIV )2

Then, by Theorem 4.7.4 in [3], the L°°-norm of H over d E turns out to be bounded by a
constant depending only on A and on the dimension 7.
By the definition of E; one can verify that, for ¢ > 0,

l(Er) — a(E)| < t/wy. (4.22)
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By (4.21) and (4.22), for t > 0, we also have that
P(E;) — P(B) + P(B) f(a(E)))

F(E) =

P(B)g(a(E,))
_ P(E)— P(B) + P(B) f((E)) ' o] s
P(B)g(a(Ey) P(B)g(a(E,)) dt o
g@(E)  f(E)) — fa(E)) ' d

=F(E)- —P(E

) S @E)) g(@(E,)) nong(@(ED) di L ED|_ oW

t . . d

< F(E)+ m<”|f(E)| Lip(g) + nLip(f) + EP(EI) t=0> + o(2).

Exploiting now the minimality hypothesis F(E) < F(E;) in the previous inequality,
dividing by ¢ > 0, multiplying by nw, g(«¢(E})), and finally taking the limit as ¢ — 0, we
obtain

+ n|F(E)|Lip(g) + n Lip(f). (4.23)
t=0
Let now w,, € A,, be a Lebesgue point for hy,, m = 1,2. On choosing a sequence
((p,ljl)k ccC Cl (A,,) of nonnegative mollifiers such that

lim/ hp ok = hy, (W)
k Am

0< dP(E)
_dl t

form = 1, 2, we find that for Ef‘ defined as before, but with go,]; replacing ¢y,

= lim / hyiof — / hy, 95
t=0 k- Ja, A

= hy (wy) — hy, (wy). (4.24)
Moreover, from (4.23) with Etk in place of E;, thanks to (4.24) we get

lim d P(EN
n—1 lk dt !

1 .. d k n . .
hp,(w2) — hy (wr) = — lim EP(E,) Y < m(IF(E)ILIP(g) +Lip(/f)).
(4.25)
Finally, the proof of (4.19) is completed by exchanging the roles of x; and x;. O

Remark 4.6. Under the hypotheses of the previous theorem, if we additionally suppose
that f, g are C! functions, then arguing as above we obtain, for #"'-a.e. x, y € 9*E,

|H(x) — H(y)| < n”j(uf(En 18 @(E))| + | f (@(E))).

Moreover, if x, y € 3*E are such that the inflation-deflation procedure in a small neigh-
borhood of {x, y} does not change the asymmetry (i.e., if «(E;) = «(E) for ¢t small)
then we get H(x) = H(y). This property is satisfied, in particular, by any pair (x, y) of
points belonging to the same free region (see Section 2 for the definition). Indeed, it is not
difficult to show that small inflations-deflations localized in a free region A C €2 do not
change the asymmetry, thus implying that A N 9 E has constant mean curvature. Clearly,
the value of the weak mean curvature can change from one free region to another.
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5. The Iterative Selection Principle
We start by stating the n-dimensional version of our Iterative Selection Principle. The
notation used in this section has been introduced in Section 2.

Theorem 5.1 (Iterative Selection Principle). Let m > 2 and assume that Q¥ (B) € R
forallk =1, ..., m — 1. Then there exists a sequence (E;m))j C 8" of sets such that

@) |E;’")| — |B|, a(E;’")) > 0 and a(EJ?’"’) — 0as j — oo;
(i) QM (E™) > Q" (B) as j — oo;
(iii) for each j there exists a function uj(.m) e CYY(3B), forall 0 < y < 1, such that

an(m> = {1+ u](.m)(x))x . x € 9B}

and u](.m) — 0in the Cl-norm as j — oo

@iv) 3E;m> has weak mean curvature Hj(m) € L*0E ng)) and

||Hj(m)—1|| -0 asj— oo

(m)
L=®@E;"™)
Moreover, Hj(m) is constant on any free region for E ;m).

Note that in the Iterative Selection Principle we do not assume that Q) (B) is finite. On
one hand, the case Q(’”) (B) = oo is trivial since the conclusion of the theorem is satisfied
by any sufficiently nice sequence of sets with positive asymmetry and converging to B
(for instance, by a sequence of ellipsoids). On the other hand, the case 0™ (B) = —oc0
can interestingly enough be treated the same way as the finite case.

The proof of Theorem 5.1 will require some intermediate results. Here we follow
more or less the proof scheme adopted in [12]. First, we make the following observation:

Lemma 5.2 (Ball exclusion). Assume Q(m) is well-defined. If (Fy,)y, is a minimizing se-

quence for Qj(.m), then there exist f > 0 and hg € N such that a(Fp,) > B for all h > hy
(in other words, Fj, cannot converge to the ball B).

Proof. For contradiction, assume «(F;) — 0 as h — oo (up to subsequences). By the
very definition of Q(’”_l)(B), thanks to its finiteness, we have

0"~ V(B) = Q" V(Fy) +o(1).
As a consequence,
8P (Fp) = Ym-1@(Fy) = Q" V(B)a(Fp)" ™" +o@F)" ™. (.1
On the other hand, we have ¥, (@) = Ym—_1(a) + Q=D (B)a !, therefore thanks to

(5.1), and owing to the definition of Qj(m), we obtain

a(Fp)" " @(Fi) /o™ — 12 + 0@(EN" ™) a(Fy + oa(Fr)™)
a(Fp)m - a(Fp)m

0" (Fy) =
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Since the right-hand side tends to co as & — oo, while the functional QJ(.m) is not identi-
cally oo, we get a contradiction. O

On combining Theorem 4.1 with Lemma 5.2 we can prove the following

Proposition 5.3. Assume Q™ is well-defined. Then the associated penalized functional
Q](.m) admits a minimizer E;m) e S§" with ot(E;m)) > 0.

Proof. We first observe that, on choosing fj(a) = ¥y (a) + oem’l(oc/ozfm) — 1)2 and

g(a) = o™, we have Fy, o = Q](m). Then the conclusion is a direct consequence of
Theorem 4.1 and of Lemma 5.2. O

Lemma 5.4. Assume Q(m) is well-defined and Q(m) (B) > —oc. Then there exists A, € R
such that
Q"(E) > Ay forall E € S".

Proof. Aiming at a contradiction, if there existed a sequence (Fp)j, of sets in S” satisfying
Q"™ (F,) — —o0 as h — o0, by the assumption on Q" (B) we would find 8 > 0 such
that «(Fj) > B for h sufficiently large. Consequently, from the very definition of Q(’”)
and the fact that § P (Fj) > 0 we would deduce that

0" (Fy) > —sup{ym(e) : B <a <2} . _Isup{ym(@) 1 B <a < 2}|’

o (Fp) B
which leads to a contradiction on observing that, by the assumptions, sup{,, (@) : B <
a<2)eR. -

The next proposition deals with the asymptotic behavior, as j — oo, of the sequences
(E{™)j, (QU(E{™)); and (@(E™)),;.

Lemma 5.5. Let Q" be well-defined with Q" (B) < 0o and let E;m) be a minimizer
of QJ(.’"). Then E;’") — BinlL!, Q(’”)(E;’”)) — 0™ (B) and a(E;’"))/a/‘.”” 1

Proof. Since Q](.m)(Wj(m)) = Q(”’)(Wj(”’)) — QU (B) < oo, we can suppose that there
exists a constant A,, > 0 such that QJ(.m)(Wj(m)) < Ay, for all j. Therefore, we also have
Qj(m)(E ng)) < Qj(.m)(Wj(m)) < Ay, for all j. Again using the definition of Q](.m) we get

QU=D(EM™) — Q=D(B) + ((E™) /™ — 1)

(m) (g (m)
Ap > O"(E™) = , (52
mn J J Ol(E;m))
whence by Lemma 5.4 applied to Q*~1 we obtain
dmo1 — QU V(B) + (@(E"™) fef™ — 1)?
Ay > . (5.3)

(m)
oz(Ej )
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From (5.3) and thanks to the trivial estimate a(E ;m)) < 2 we get, for all j,

@E™) /™ — 1> <280 — Ant + Q"D (B),

which means that («¢(E ;m>) /oz;m) — 1)? is uniformly bounded. Since a;m) — 0 we im-

mediately infer that a(E;m)) — 0as j — oo. But then the sequence (E;m)) j converges
to B in L' and we have, by definition of Q"1 (B),

0" V(E™) = 0"V (B) +o(D). (54)
Plugging (5.4) into (5.2) we obtain after simple calculations
@(E"™) /™ = 1)? <a(E{)An+0(1) >0  asj— oo. (5.5)

‘We have proved that E;m) — BinL'and a(E;m)) /a;m) — 1,as j — oo. The remaining

claim follows directly from the definition of 0™ (B) and from the inequalities
(m) ¢ gz (m) (m) ;2 (m) (m) (yp7 (m)
Q (Ej )fQj (Ej )fQ ("Vj ) O

We now state a lemma about the A-minimality and the regularity of minimizers of Q](.m)
as j — oo.

Lemma 5.6 (Regularity). Ler Q" be well-defined and let Q"™ (B) < oc. Then there
exists j1 € N such that, for all j > j| and for any minimizer E;m) of Q](.m), we have

G E ;m) is a A-minimizer of perimeter, with A uniform in j;
(i) dE™ is of class C'" for any n € (0, 1);
(iii) 8E;m) converges to 3B in the C'-topology as j — oo.

Proof. A first attempt to prove (i) could be to directly apply Theorem 4.3. In this way,
we would prove that E := E ™ is a A-minimizer of perimeter, but we would also obtain
A = A; dependent on j, and this dependence may degenerate into the (not a priori
excluded) case Q™ (B) = —oo. Therefore, in order to show that A does not depend
on j we have to deal with the limit case 0™ (B) = —o0, and for that we need a slight
refinement of the computations already performed in the proof of Theorem 4.3.

In the following, we assume m > 3 (the case m < 2 is treated in [12]). We let
F= Q](.m), that is, we set

fe@) = —Ymie) +o" /o — 1) and (@) =a"

in the definition of F = F7,,. Then we fix a point x € R”" and a compact variation F' of E
inside B(x, 1/2). We distinguish the following two cases.
In the first case, we suppose that

|E A F| > a(E). (5.6)
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As F(E) is uniformly bounded from above by some constant C > 0, and thanks to (5.6),
we obtain

SP(E) < Ym—1(@(E)) +a(E)"1(1Q" D (B)| +20)
< Ca(E) < C|E AF| (5.7)
with C depending only on Q"= (B), C and ¥,,_. Now, from (5.7) and by the isoperi-
metric inequality in R" we derive
P(E) < P(B) + P(B)C|E A F| < P(F) + P(B) — P(Br) + Co|E A F|
< P(F)+C|EAF], (5.8)

where the last inequality follows from Bernoulli’s inequality, with a constant C; that does
not depend on j.
In the second case, we suppose on the contrary that

|E A F| < a(E) (5.9)

and observe that the constant A arising in the proof of Theorem 4.3 can be estimated in
a more precise way. Indeed, since by Lemma 5.5 we have Q(m)(E;m) )y - Q™(B) as

j — o0, by the very definition of Q" and the hypothesis Q") (B) < oo, we infer that
P(E) is bounded by a dimensional constant and, on recalling (4.18), we get

4(n — 1)

< Cy(1 +Lip(f) + Lip(g) - IF(E)]),
where Cj, is a positive, dimensional constant. Observe now that Lip(g) can be replaced by

g (a(E)) = ma(E)""! up to possibly taking a larger constant Cj,. In fact (5.9), together
with Lemma 4.2 and the monotonicities of g(a) and of g’(«), implies

|8 (a(F)) — g(@(E))| < |g(a(E) + cul E A F|) — g(a(E))
< 8 (L +en)a(E)N|E A F

en(l4c)™ ' ma(EY"™ - |E A F),

. n+2
with ¢;, = C 2

=Dy - In conclusion, we get

A < Cy(1+Lip(f) + ma(E)" ! |}'(E)|). (5.10)
Now, to show that A is uniformly bounded in j we only need to estimate the product
«(EY" " IF(E)| = a(E]")" - 10" (E[™)I.
We first observe that the assumption Q" (B) < oo implies that

. (m—1),p(m)y _ ~(m—1)
lim Q" "V(E;"™) = QY (B).
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Then we obtain the desired estimate by writing Qj(-m)(EJ(.m)) in terms of Q~1 and re-
calling that m — 2 > 0:

«(E)"™" 10" (E)] = a(E)"(Q" "V (E) — 0"V (B) + (@(B) /o)™ = 1)?)
Ca(E)" 2

IA

Appealing again to Lemma 5.5 we see that a(E;m)) — 0, which, by the estimate above,
implies
lima(E{™)"=" |0 (E{™)| = 0.
j J J J

As aresult, in this case A = A; < C; for some dimensional constant C> > 0. Thanks to
this last estimate and to (5.8), we conclude that

A = A; <max(Cy, C2),

which completes the proof of (i).
Finally, to prove (ii) and (iii) one can follow the proof of Lemma 3.6 in [12]. O

Applying Lemma 4.5 and Remark 4.6, in the following proposition we explicitly write the
first variation inequality of Q;"’) at E}m). Regarding the latter as a quantitative estimate

of the oscillation of the weak mean curvature of 8E;m), we deduce its limit as j — oo.

Lemma 5.7. Let Q™ be well-defined, Q"™ (B) < oo and ji as in Lemma 5.6. IfE;m)

minimizes Q;m) then, forall j > ji:

@) 8E;m) has weak mean curvature Hj(m) € L°°(8E;m)) (with orientation induced by
the inner normal to E ng)’ and with L*°-norm bounded by a constant independent
of j). Moreover, for H" '-a.e. x,y € 8E;m),

n
[H™ (x) = H™ (y)] < ——
: : n

(m) (m)
—lAj (Ot(Ej ), (5.11)

where

AP (@) = ma" MO (E["™) + Y, (@)] + (m — D" P (a/e™ — 1)

m—1 )
m
+2 =) |ot/ozj — 1
o
J
(ii) lim ||Hj IHLOC(BE;'")) =0.

Proof. Note that, on choosing fj(a) = ¥ (a) + am_l(a/a;m) — 1?2 and g(a) = o™,

we have Q;'") = Ff;,¢- As a consequence, (i) easily follows from Lemma 4.5 and Re-
mark 4.6, by explicitly computing the first derivatives of f; and g. Next, by Lemma 4.5,



1128 Marco Cicalese, Gian Paolo Leonardi

||Hj(m)|| < 4A/(n — 1). Thanks to Lemma 5.5 and to the definition of v,

Lw(aE;’"))
recalling that Q" (B) = 0 we also have lim; Aj(.’")(a(E;’") )) = 0, which implies

lim ess sup |Hj(x) — H;(y)| =0. (5.12)
J x,yedE;

From this observation and arguing exactly as in [12, Lemma 3.7], one can easily complete
the proof of (ii). ]

We finally obtain the proof of the Iterative Selection Principle:

Proof of Theorem 5.1. Statements (i) and (ii) follows from Lemma 5.5; (iii) is an elemen-
tary consequence of Lemma 5.6; and (iv) follows from Lemma 5.7 and Remark 4.6. O
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