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Abstract. We construct a natural invariant measure concentrated on the set of square-free numbers,
and invariant under the shift. We prove that the corresponding dynamical system is isomorphic to a
translation on a compact Abelian group. This implies that this system is not weakly mixing and has
zero measure-theoretical entropy.
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Introduction and notations

Let P be the set of prime numbers. By p (with or without indices) we will always denote
an element of P. A positive integer n is square-free if p* t n for every p. Denote the set of
all square-free numbers by Q (for quadratfrei). The indicator of the set Q is the function
n — p%(n), where  is the Mébius function:

1 ifn=1,
umn) =40 if n is not square-free,
(=¥ if n is the product of k distinct primes.
The functions & and ;2 are of great importance in number theory because of their con-
nection with the Riemann zeta function. For example,
i pn) 1 i pin) LG
ns () ns o r(2s)

n=1 n=1

Furthermore, the estimate | an yu@)| = O (N /242y as N — oo is equivalent to
the Riemann Hypothesis. P. Sarnak [12] has recently addressed a number of statistical
and ergodic properties of the sequences (w(n)), and (U2 (n))n.
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0.1. Notations

We shall use the standard notation e(x) = e2™iX For every integer n denote by w(n) the
number of its distinct prime factors. For example, w (1) = 0 and w(2-3) = w20.37) =
w(7 - 23) = 2. We shall also use the notations

P@m)={p:pln},  Pa)={p:p*|n}.
Notice that if n € Q, then |P(n)| = w(n), Pa(n) = @, and P2(n*) = P(n). For every
finite set A C P, define
(Al=[] ».

peA

In particular [)] = 1. Notice that if A, B are disjoint, then [A U B] = [A][B] and
[ANB]=1.

1. Formulation of the results

The goal of this paper is to describe a dynamical system ‘naturally’ associated to Q and
study its statistical and ergodic properties.

1.1. Correlation functions

The first step is the construction of correlation functions for Q. Choose r integers 0 <
ki < -+ < k, and consider the set

On(ki, ..o k) =(n < N:plP(n) = p@P(n+k) = =p’(n+k) =1}

The ratio
En(ky, ... k) = 1Qn1, ..., k)|/N (D

is the frequency of square-free integers n < N for which n+k1, ..., n+k, are also square-
free. It also gives the expectation (hence the notation E) of the product u?(n)u*(n +
ki)--- ,u2 (n + k) with respect to the uniform measure on {1, ..., N}. Notice, by taking
r = 1 and k; = 0, that Qn(0) is simply the set of all square-free numbers not greater
than N. It is well known that

Jim Ey(0) = 6/7% ~ 0.6079271018. 2)
— 00

We include the proof of (2) and some of its generalizations in Section 2 (see Theorems
2.1-2.3). The study of Ey(k1, ..., k) as N — oo is also classical: see L. Mirsky [5],
R. R. Hall [2], K. M. Tsang [14], D. R. Heath-Brown [4]. It is known that the limits

Cr+l(k],~-,kr)ZIJEHOOEN(kl’wwkr) 3
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exist. We shall refer to ¢, as the (r + 1)-st correlation function for Q. Various formulee
for ¢;41(ky, ..., ky) are known (see Section 3). We shall rewrite the one by L. Mirsky [5]
to express the correlation functions as a sum, namely

Cr+l(kl, "'7ki’)

_ P Tigm b
- Z Z Z (—1)Zi=0m Z U PE 4)

0=U'<l"=<r 12(dy yr)=1 m0.1m1,..,mr =0 PiCP, 0<l<r
3 ey —kpr IPyl=m:
1NN 1 [Pl/ﬂpl//]:d]/,l//

The above formula, although complicated, plays a role in the spectral analysis of the
correlation functions. Let, for example, r = 1. For every d € Q define

1
04 = Z (=1)mo+m Z . )
mo.m1 =0 popcp  LPoUPI
[Pol=mo, |P11=m
[PonPi]=d

Explicit formula for o, are given in Section 3. Then

k)= Y o (6)
1 (d)=1
d?|k
and the corresponding spectral measure v on S' (i.e. satisfying c» (k) = 7 (k) by Bochner’s
theorem) is pure point, given as a sum of 8-functions at the points e(//d?), where d € Q.
More precisely,
d*-1
v= )0 0w ) by ™
nid=1  1=0
where the convergence of the series is guaranteed by Lemma 3.1 below. The spectrum
(i.e. the support of v) is the group

A={e(l/d*):0<1<d*>—1, u*d) = p*(ged(l,d*)) =1} c S'.

Notice that every element of A is represented uniquely. Moreover, every rational number
of the form l/d2 such that d is square-free, 0 < [ < d? — 1, and ged(l, d2) is also
square-free can be written as
Lob ®)
p P
for some /1, ...,1I,, where {p1,..., pm} = P(d). This representation (8) is unique if
one imposes the restriction 0 < /; < pi — 1,1 < j < m. In other words, the group
A is isomorphic to the direct sum €p » 7.] p*Z (where only finitely many coordinates are
non-zero). Therefore, A is the Pontryagin dual of the direct product group

G=[]z/prz. Q)
p
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which is an Abelian compact group (endowed with the product topology). In other words,
G = A.Each element g € G is identified with a sequence (g,2) ,cp indexed by P, where

8,2 € L/ p*L:
g = (g4, 89, 825, 849, - - .)-

Given h € G, denote by Ty, : G — G the translation T (g) = g + h. Let B be the natural
o-algebra on G, and let us put the uniform measure on each Z/p2Z. The correspond-
ing product measure P on B is invariant under translations, and therefore it is the Haar
measure.

The ergodic properties of translations on compact Abelian groups (also known as
Kronecker systems) were studied for the first time by J. von Neumann [15]. He showed
that two such ergodic translations with the same spectrum are isomorphic as measure-
preserving dynamical systems. This is true in general for ergodic transformations with
pure point spectrum and it plays an important role in our analysis. Later, P. R. Halmos
and J. von Neumann [3] proved that every ergodic dynamical system with pure point
spectrum is isomorphic to a translation on a compact Abelian group. This implies, for
example, that every ergodic dynamical system with pure point spectrum is isomorphic to
its inverse. For an historical survey on the isomorphism problem see [8].

1.2. A natural dynamical system

Consider the space X of all bi-infinite sequences x = {x(n), —00 < n < oo} where each
x(n) takes value either O or 1. Denote by B the natural o-algebra generated by cylinder
sets, and introduce the probability measure IT defined on B as follows: For every r > 0
and every —oo < kg < k1 < --- < k, < 00,

M{x € X : x(ko) = x(k1) = --- = x(ky) = 1} = crq1 (k1 — ko, ..., kr —ko), (10)

where ¢4 is the (r 4+ 1)-st correlation function (4). It is clear that (10) determines the
measure IT uniquely. We call I1 the natural measure corresponding to the set of square-
free numbers.

If T is the shift on X, i.e. Tx = x/, x'(n) = x(n + 1), then it follows immediately
from (10) that IT is invariant under 7. We can now formulate the main result of this paper:

Main Theorem. (i) The dynamical system (X, B, I1, T) is ergodic and has pure point
spectrum given by A.
(ii) (X, B, I, T) is isomorphic to (G, B, P, Ty), whereu = (1, 1, ...).

P. Sarnak [12] states that (G, B, P, Ty) is a factor of (X, BB, IT, T'). His methods also allow
one to show that the factor map is in fact an isomorphism. Our approach is rather different
and is based on a spectral analysis of the dynamical system (X, B, I1, T'). The statement
in the following corollary can also be found in [12].

Corollary. The dynamical system (X, B, I1, T) is not weakly mixing, and its measure-
theoretic entropy is zero.
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It is worth remarking that the main focus of [12] is on the topological dynamical systems
M = (Opwm), T), S = (0,2, T) given by the shifts on the orbit closures of (1(n)), and
(% (n))y, respectively. The topological entropy of S is positive, equal to (6/72)log 2. R.
Peckner [6] recently constructed a measure of maximal entropy for S; he showed that this
measure is unique, and the corresponding dynamical system is isomorphic to the direct
product of (G, B, P, Ty) and a Bernoulli shift with entropy (6/72) log 2. In particular, the
dynamical system (X, B, I, T') that we consider is its Pinsker factor.

Our paper is organized as follows. Section 2 includes the classical computation of the
density of square-free numbers and its generalization to square-free numbers avoiding
finite sets of prime factors (the proof is given in Appendix A). The latter will be used
for the computation of certain relevant constants. Section 3 contains various formule
for the correlation functions, including the derivation of (6) and (4) from the formula
by L. Mirsky. Section 4 includes several useful lemmata (some of which are proven in
Appendix B) concerning averages and exponential sums for the correlation functions.
These results are crucial for the spectral analysis of the dynamical system (X, 5, I1, T).
The analysis is carried out in Section 5 and yields the first part of our Main Theorem. The
analysis of the spectrum for (G, B, P, T,) is done in Section 6, and the second part of our
Main Theorem follows from it, by means of a theorem by J. von Neumann [15].

2. The density of O and some of its subsets

Recall that Ex (0) = [{n < N : n € Q}|/N. The following theorem is very classical.
Theorem 2.1.
lim Ey(0) = 6/7°. (11)
N—o00

Proof. We can write 112 as the indicator of the set of square-free numbers by imposing
the condition that its argument avoids all arithmetic progressions modulo p2:

W) = [ Ta =y 0). (12)
p

In the above expression x 2 (n) is the indicator of the arithmetic progression { pil:l e}
Let us open the brackets in (12):

<n>—1—prz<n)+ Do XM = D X () -

p1<p2 P1<p2<p3

—Zu(n)

n<N

1_2 + > > _ +tey

)2 2
= (Plpz) i <preps (P1P2D3)

1 6
_H< )“N ) PV E e

Here and below ey denotes a remainder that tends to zero as N — oo. O

We can write

En(0)
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The statement of Theorem 1 can actually be refined as follows:

Theorem 2.2.
En(0) =6/7%+ON"Y?) as N > oo.

In other words, ¢y in the proof of Theorem 2.1 satisfies the estimate |ey| = O(N /2y,
This result is also very classical, and is a special case of Theorem 2.3 below. Let us fix a
finite set S C P and define the set

Q50 =(n<N:p’m)=1,peS=ptn) (13)

of all square-free numbers not greater than N and not divisible by any of the primes
p € S. Forexample, QE\%} (0) is the set of odd square-free numbers not greater than N. No-

tice that when S is empty we get the full set of square-free numbers, i.e. Q?\, (0) = An(0).
In analogy with (1), let us define

E5 (0) = Q5 (O)I/N.
We have the following
Theorem 2.3. For every finite S C P we have

Eﬁ(O) = Zi—f)) +Os(N7YV?) asN = oo, where «(S)= 1_[

p

pesp+1

and the constant C(S) implied by the Og-notation can be taken as

C(S):4l_[p—_l+<l_[p—l)—l_[(p—1).

peS p peS peS

The proof of Theorem 2.3 is presented in Appendix A; it implies the existence of the
asymptotic densities

Jim B3 (0) = a(S)/£(2). (14)

For example, the density of the set of odd square-free numbers is 4/72 (i.e. odd and even
square-free numbers are in 2 : 1 proportion). Analogously, by choosing S = {p}, we see
that the set of square-free numbers not divisible by p is “p times as large” (in the sense
of density) as the set of those divisible by p. If, for instance, we choose S = {2, 3} we
obtain o ({2, 3}) = 1/2, and we see that 50% of the square-free numbers are not divisible
by either 2 or 3.
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3. The formulze for the correlation functions

L. Mirsky [5] proved that

(r+1)

A k1, ..., k)

cr+1(k1,...,kr)=1"[<1—” plz ) (15)
p

where AV (ky, ..., k) = |{0, ky(mod p?), . .., k,(mod p?)}|. Notice that
1< AY Dk, k) <7

for finitely many p and A;,rﬂ)(kl, ..., k) =r + 1 for infinitely many p. Forr = 1, we
have

1, p?lk
AD (k) = > s
& 2, otherwise.

This gives, for instance,

e (k) = ]—[<1 — #) H (1 — %) (16)

p2lk P2k p

It will be useful for us to write c>(k) (and in general ¢, (ky, ..., k;)) as a sum. Recall
the definition of o; from Section 1.1. We prove the following formula for oy:

Lemma 3.1.
1 2
adzﬁn<1—?>. 17)
ptd

Proof. Recall that, since d is square-free, |P(d)| = w(d). By setting m = m; — w(d)
and M = m| +my — 2w(d) in (5) we obtain

M 1 1
— —2w(d) M -
= 2, e (), Z,, 77
=m=<M P'CcP\P()
P |=M

1 (=2 2
=22 2. pp-allli-5) o
M=0P' cP~\P(d) pid
[P |=M
In particular, Lemma 3.1 shows that o, is positive and bounded away from zero and
infinity. More precisely

0<o; <oy <6/n2,

where o] = ]_[p(l —2/p?) ~ 0.3226340989. We can also rewrite oy = o7 - led ﬁ
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Proposition 3.2. Let k be an arbitrary integer. Then

c(k) = Z oy. (18)

w2 (d)=1
d?|k

Proof. Since P>(k) = {p : p>|k} and D(k) = {HpeP'P : P C Pa(k)}, Lemma 3.1
gives

Loem X a0l 5)-T0-5) 3 B0l 5)

2
deD k) aéD0 4 pa p P P™7 4Dy ¢ pd

10205 e =102 I (55

2 _
P™/ 4éDy pla P

14 PeP2(d)
1 2
=I1(- ) I (- 7)o
prlk pHk
by (16). O

In particular, if £ = 0, then D(0) = Q and P,(0) = P and we retrieve the known fact

c2(0) = Z ad=]_[<1—i2> =%.

u2(d)=1 p 14

Remark 3.3. Proposition 3.2 shows that the value of cy(k) depends on the arithmetic
properties of k. This fact is certainly very unusual from the point of view of probability
theory and statistical mechanics. If k is square-free, then the function ¢ (k) takes the
constant value o1. Analogously, ca2(k) is constant along any subsequence of numbers k
sharing the same set of divisors that are the square of a square-free number. If we define
D) := {d : n*(d) = 1, d* |k}, then D(k) = D(k') = c2(k) = c2(k"). The opposite
implication follows from (17). Observe that every set D(k) is of the form

D(k) = { [[r:7c Pz(k)}, (19)

peP’

where P>(k) = {p : p?|k}. This means that |D(k)| = 2/P2®! and D(k) = D(K') &
Pa(k) = Pa(k’). The set of k such that P, (k) = @ is the set of square-free numbers, and
we know that it has positive density (equal to 6/72, given by (2)). In general, we have the
following

Proposition 3.4 (Density of the level sets of ¢2). Fix a square-free number d. Then the
density of those k’s such that c2(k) = 2 (d?) exists and is given by

1 6 1
o) = Jim Sk < N :er(k) = @) = ;ﬂ AT (20)
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Proof. If P(d) = {p1, ..., pm} then k satisfies cp(k) = c2(d?) if and only if it is of the
form k = pi” o pamg, where u*(q) = 1, aj > 2,and p; { g forevery j =1,...,m
Fix ay,...,a; > 2. Then

—|{k<N k=p “pamg, uz(q)zl,p,-quorj:],...,m}|
1 { )
— EPI’---»HPm 0
P pa W/t py )

and, by Theorem 2.3, the limit as N — oo is

£ 1 ﬁ P ﬁ 1
ail am . - a;—1
pj +1 izl pj./

3 .
TPy P (pj +1
Now, by summing over all a; > 2, we obtain

6 & 1 6 & 6 &
_21:[ Z ajfl_FHT(pj_D__ZUJZ 1

a,22 PJ ]=1

and the proposition is proven. O

Remark 3.5. The argument in the proof of Proposition 3.4 will also be used in Ap-
pendix B. We can check that

Ud?) = < )
xﬂ%ﬂ “ n;m'ic:? l_,][),p ”21—[ p?—1

[P |=m

S0-5)
= — - — =1
an P2

Here we present the values of 2(d?) for square-free numbers d < 17. The sum of the
corresponding densities is ~ 97.6% and one can check that } | ;4> W2(d)=1 2(d?) > 99%.

d 1 2 3 5 6 7 10 11 13 14 15 17
2@ 6 2 3 1 1 1 1 1 1 1 1 1
2 72 4xn?2 472 4xn? 872 1272 2072 2872 24n? 3272 48n?

One can also compute the limit
Jim Zcz(n) (6/7%)% ~ 0.3695753612 (21)

by considering the series Z;ﬂ(d):l 9(d*)c2(d?) and using Proposition 3.4 and Lemma
3.1. We shall retrieve this fact from the more general result of Lemma 4.4. Figure 1
summarizes the structure of the second correlation function.
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Feo J6/2
060 6/m
055f ° . . . . . (6% =0y + 0y + 03 + 0
050f ° ° 1 C2(2%5%) = 0y + 05 + 05 + T19
[ eecoeeee osc0c0cc0e s00000 o 00000000 00000000 000 00 s0c0ecse B 02(22) =0+ 0,
c(k [
2(K) oasf
040f
[ (325 =0y + 03+ 05 + 035
[ dc(3) =0y + 03
035+
[ s o o LGB =00
[ o amem s mmme o’sime mme o omims mmoms ot cme o o smimt o moms smicme mmme smssnd v | Cy(1) =
o0 e
0 50 100 150 200 250

k

Fig. 1. The second correlation function ¢ (k) and its level sets.

Let us address the case of higher order correlation functions.

Proposition 3.6. Letky, ..., k. be such that all the differences ky —ki», 0 <1’ < 1" <'r,
are square-free. Then

r 1
rorlhis k)= Y (=DM Y o (22)

r 2'
mo,my,...,n>0 P,CP,0<l<r [UIZOPI]
'Pl/ﬂ'P,//=®f()rl/7él//

For general ky, . .., k, we have

Cr+1(kl»~--skr)

_ ) Sizom _
B Z Z Z (=D& Z (U= P> =

0=V <l"=r 1 2(dy yr)=1 M. 15..,1r =0 P, 0<i<r
i [Pr|=my
['P]/ﬂfpl//]:dl/,l//

a'/z/’ ol =Ky
Proof. The case of AgH)(kl, ..., k) = r+1 corresponds to the case when 0, k1, ..., k;
are distinct modulo p?, for every prime p. This means that the differences k; — k;» are not
divisible by p?, for every prime p. In other words, they are all square-free. In this case,
by writing P’ = (Jj_, P and m = mg + - - - 4+ m,, the rhs of (22) equals

m m! 1 r+1
S it 2 =)

m>0 P cP p p
|Pl=m

Analogously, one can check that the quantity on the rhs of (23) equals (15) with no re-
strictions on k1, ..., k. O
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Remark 3.7. Notice that the rhs of (22) depends neither on k1, ..., k nor on the values
of their differences as long as they all are square-free. Moreover, it is not enough to check
that the consecutive differences k1 — ko, ko — ki, ..., k. — k-_1 are square-free in order

for all differences to be square-free. For example, if (k1, k2, k3, ka) = (1, 6,7, 10), all
consecutive differences are square-free but 22 | k4 — kp and 32 | kg — k.

Notice also that ¢, 11 (kq, ..., k) might be zero if r > 3. For example, c4(1,2,3) =0
since there is no n such that n,n + 1,n + 2, n 4 3 are all square-free. All cases when
cr4+1(k1, ..., k) = 0 correspond to constraints modulo p2 for some prime p. This fact is
clearly reflected by the general formula (15) for ¢,41(k1, ..., k).

Let us point out that the formulae (18), (22), (23) could be derived directly by in-
clusion-exclusion using arithmetic progressions with step p2. That approach—as pointed
out by the anonymous referee—generates an error term that cannot be estimated elemen-
tarily. We therefore prefer the derivation of the formule directly from Mirsky’s.

In Section 4 we shall use the following lemma by R. R. Hall [2].

Lemma 3.8. Forevery0 <k; <--- <k, we have

1k, .o ky)

=3 > gs0) gl > e(t—lzk1+...+;_’2k,>, (24)

so>1 sp>1 Oftjfsizfl ST r
12 (ged(1,57)=1
O=j=r
to/S5+tl /slz+--~+tr/srzeZ

where

6 1
8() = —5u(s) 1;[ 2T (25)

Moreover, the series in (24) converges absolutely.

3.1. Spectral analysis of ¢,

Let us expand slightly the discussion given in Section 1.1. We can rewrite (18) as

oq ifd?|k,

. (26)
0  otherwise.

cak)= Y Ka(k), where Kg(k):=
12 d)=1

The function K is constant (equal to o) along the arithmetic progression {Id” : | € 7}
and 0 elsewhere. This function is the Fourier transform of a measure on the circle S', given
by a sum of §-functions at the points e(l/dz), 1=0,1,...,d*— 1, with equal weights
o4/d?. A corollary of this fact is the formula (7) for the spectral measure v on S!.
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4. Averages of the correlation functions

This section is dedicated to the proof of some results generalizing (21). For instance,
one can restrict the average to those integers belonging to a certain residue class modulo
a square-free d (Lemmata 4.1-4.3). These averages are then used in the analysis of an
exponential sums of the form (1/N) ZQ’: | Mca(n), where A is a complex number of
modulus 1 (Lemma 4.4) in the case when A € A. The latter can be further extended to
multiple averages of higher-order correlation functions (Lemma 4.6). These exponential
sums play a crucial role in the spectral analysis of the Koopman operator for the “natural”
dynamical systems (X, B, I1, T') from Section 1.2, whose invariant measure is defined
by means of the correlations c,4+1(ky, ..., k) (see Section 5). For example, given an
eigenfunction 6y : X — C with eigenvalue A € A for the Koopman operator, we will see
that its correlation with the projection onto the s-th coordinate x +— x(s) € {0, 1}, i.e.
the inner product (x(s), 6x)2(x.B.1m)> is given by A* limy oo (1/N) 22]:1 Meo(n), and
we will use the explicit form of this limit as function of A to study the set {6) },c of all
eigenfunctions. The proofs of the first three lemmata are given in Appendix B.

Lemma 4.1. Let d be square-free. Then

lim &2 = (L ’ L
nggoﬁZCZ( ) = ; 1_[

—
iI=N pepa@ P~ 1

Lemma 4.2. Let d be square-free and let 1 <t < dz -1, gcd(dz, t)y=g
is square-free. Then

] 6\ 7 FP’ -2
ni%ﬁzcz(dzl+f>=<p) [l

I<N peP(d)

v

1, where g

Lemma 4.3. Let d be square-free, and let 1 <t < d*—1, ged(t, dz) =g > 1.Then

o ) 6 \> p*(p? —2) p*—1
nli)ngONZCg(dl-Ft)—(;) I1 s [ et

I<N peP(d) (p PeP(g)

The following two lemmata deal with exponential sums involving the second and the third
correlation functions. Recall the function g from (25).

Lemmad4.4. Let A = e(l/dz) € A. Then the limit
|
T n
2(X) = Nh_Igo I E Aea(n)

n=1

exists and equals g(d)?.
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Proof. We can write n = d%l + ¢ forsomel > 0and 0 < ¢ < d? — 1 and set

d?—1

ING) = Z Mey(n) = Z V(. d%, 27)
n<N =0
where . |
) ! 2
N0 =+ > e<d—2)cz(d m+1).
m<(N—t)/d?
Lemma 4.1 gives
lim 196y = (2 2]_[ P’ (28)
R A Y T

For ¢t # 0, the value of limy_, o0 1 ](\f) (A) is given by Lemmata 4.2-4.3. It depends only on
P2(g), where g = ged(t, d?). More explicitly,

I -2
ngnooll(\;)()‘):e<t> < >1—[p(p )Hp 29)

pld

Let us introduce the notation

2
p-—1
nd) =[] ot
p?leed(t,d?)
Notice that 7; (d2) = Td2—z(d2) and therefore the limit limy_, o, /5 (A) is real. Using (28)
and (29) we can write

6\ I pr—24=l romn\

lim Iy(A) = (—) —(1 + cos ( )‘C d )) 30)
N—>00 w2 51)2—1 p|dp2_1; a2 )"

and, if w(d) = |P(d)| = r, then

d*—1 2
Zcos(z;rzlt)t,(dz): Z cos<2n1t> Z Z cos(znlt)<l—pé 1)
=1 1<d*—1 pild t<q?—1 Py =2
Pt
2mlt p%—l p%—l
+ Y > cos( 2)(1— ! )(1— 2 )
p1.p2ld 1<g?—1 d py—2 py=2
pip3lt
2 2 2
RSP S D= O = O =
p1.p2,p3ld t<q?—1 Py —2 Py =2 p3 =2
pipapile
+E=pto Yy cos(zjﬂt)(l p%_1> <1 pfl_l) 31)
PloesPr—1ld z<d21 d? p12—2 pf_1—2
pl p}71|t
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Recall that ged(!, dz) is square-free, and notice that for every p1, ..., pm |d, m <,
(2nlt>
Z cos| — | = —1.
d2
r<d?*-—1
Prpli
Now (31) yields

d?—1
2nl —1 -1 -1
Zcos(;—;)t,(dz)z(—l)<l—z 5+ Y ——

2 2
= pld PL =2 plpa P =2 P22
S -1 -1
- Z +o (=)t Z )
2 2 2 2 2
prpapsld PL =2 P2 —2p3—2 propld PT =2 P =2
-1 —1 1 pr—1
=([(1- 55) - Tts) =T - s
2 _ 2 _ 2 _ 2 _
<pd P2 pld P72 PP pa Pt

and (30) becomes

. 6 \> 1 1 6 \> 1
NIE%OIN(“Z(P> [ (”1_[,72_1_1):(;) | e

2 _
pld P~ 1 pld
= g(d)”. o

Remark 4.5. Since %pz < p? — 1 < p? for every p, we have

1 1 4\?D |
_ < < | = —. 32
d2—gp2—1—<3) d? (32)

Since d is square-free, if we want to give an upper bound for w(d) in terms of d as
d — o0, it is enough to consider the case when d is the product of the first r prime
numbers: d = pj - - - py. In this case w(d) = r. It is known that logd = r logr (1 + o(1))
as r — 0o. This means that in general w(d) logw(d) < (1 + ¢1) logd for every ¢ > 0,

1+e
provided that 4 > 1. This implies w(d) < %, where W denotes the Lambert
function, i.e. the solution of the equation x = W (x)e" @ 1t is known that W (x) ~ log x
1+e
as x — 00. Therefore w(d) < Mga:)()ggjl—:sll)l—fz for every g > 0 and thus
4 w(d)
(3) = O0:(d*) (33)

for every ¢ > 0 as d — oo. In other words, formule (28)—(29) give

1
Jim 100,47 = Og(dz—_s) as d — oo,
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for everyt = 0,1,..., d? — 1. However, the cancellations coming from the different
exponential factors 27!/ @ in [ ~(d) are responsible for the higher order of smallness
shown in (30):
. N
Nll_r)noo In(,d*) = O<d4—5> as d — oo.

Lemma 4.6. Let 1, A € A, Ay =e(l1/d}), ha=e(l2/d3), and L. = ri)r= e(l/d*) € A.
Then the 2-fold limit

NN
D3(A1, A2) = llm E E APA5%e3(ny, no) (34)
—00 N1N2 i
N2—>oo 1 2=

exists and equals g(dy)g(d2)g(d).

Proof. Using Lemma 3.8 we can write

Ny
AL, M) = lim e
Dathido) = lim > Z DD slso)glsglsa)
Ny—s 00 ni=1np=1 so>1s1>1sp>1
n
Z e<—n1 + —n2> 35)
s s
0<tj<s7—1 1 2
1 (ged(tj,57))=1
j=0,12

to/s§+t1/s]2+t2/s§ez

Let us bring the limit and the sums over n1, n, in (35) inside the sum over #y, #1, t>. For
fixed 5o, 51, 2 we have

Z (m 2o G, 2o (e ))
e e T 5 |n e n
Ni—oo Np oy Sl2 d12 ! Np—o0 €= S2 g d2

L<g2
0<t; gsj 1

12 (ged(tj,s7))=1
j=0,1,2
l‘()/Sg-‘rﬂ /s12+t2/s§eZ

The two sums over n1, ny can be written as

. _ #N+1
1 ] t lj L& if & # 1,
N =\t E)v) =N s
J nj=1 Jj J 1 if§ =1,

where §; = e(tj/sj2 + lj/djz) and j = 1, 2. Thus, as N — oo, only the indices fg, t1, 2
such that &1 = & = 1 give a non-zero contribution to (35). This condition means
tj L 1 ifA; #1,
o ifa =1,
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for j = 1, 2. However, because of the conditions 0 < #; < sj2—1 and uz(gcd(tj, sz)) =1,
the index
27 32592 :
= (sj /dj)(dj —1;) ifA; #1,
0 if Aj =1,

will be considered only when s; = d;. The value of #j is given consequently by

1/d*>  ifa # 1 # Ay,
to |li/d} ifAa £ =2,
se |b/dy ifar =132,
0 ifx; =1=x.
In all cases this means 7 /sg = [/d?, and the condition uz(gcd(to, sg)) = 1 implies that

so = d and t9 = [. In other words, (35) becomes 2)3(11, 12) = g(d1)g(d2)g(d), and the
lemma is proven. O

Remark 4.7. Notice that if A1 = e(l;/d}), > = e(l>/d3) € A satisfy ged(dy, db) = 1,
then

6\, . 1
V3 (A1, A2) = <;) (~n@® T (Pr =12

pldidx

The product [ | lal p?—1) appears in several formulz above. Concerning this product,
we have the following basic
Lemma 4.8. Let d be square-free. Then

[T* =D =11 <1 =d®—1:pP(gedd, d®) = 1)]. (36)
prld

Proof. By standard inclusion-exclusion we can write the rhs of (36) as

2 2 2
dz—Zd + > d > S ———

2 2 2
pild PT pi.pold (P1p2) p1,p2,p3ld (P1p2p3)

=d21_[<]_iz>=1_[(p2—1). O

pld p pld

5. The spectrum of the shift operator T

Recall the definition of the dynamical system (X, B3, I1, T') given in Section 1.2. Denote
by U the operator on the Hilbert space # = L*(X, BB, IT) given by

WUHx) = f(Tx). 37

Since T is measure-preserving, the operator U is unitary. The goal of this section is to
prove the following
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Theorem 5.1. The spectrum of the operator U is A.
Let us show that A is contained in the spectrum of U. This fact is given by the following

Theorem 5.2. Let X = e(l /dz) € A. Then there exists a function 6, € H such that
(U)(x) = A0;(x) (33)

for TT-almost every x € X.

Proof. Let fo(x) = x(0) and let U, be the unitary operator on H defined by
(Urh)(x) = A~V (T x).

By the von Neumann Ergodic Theorem, the following limit exists in H.:

1 & 1 &
lim — Ut = lim — A7 fo(T"
Nl—I>noo N ; )‘fO(X) Nl—I>noo N r; fO( X)

1 N
= ]\}iinwﬁgk_"x(n) =: 6, (x). (39)

The function 6y, is U, -invariant, i.e. (Uy6,)(x) = 6, (x) for IT-almost every x € X. This
implies that ™16, (T'x) = 6, (x), i.e. (38). o

Denote by x(s) the function X — {0, 1} given by the projection of x € X onto its s-th
coordinate. Introduce the subspace H C H,

H = {Zasx(s)},

i.e. the closure of the set of all complex linear combinations of the x(s)’s. Then H is
invariant under U, and by (39), all the eigenfunctions 6, belong to H. Let us remark that,
since the operator U is unitary, the eigenfunctions 6, are orthogonal to one another for
different A. Let us write

xX(s) = ) (x(5), 6,)6;..

reA
Recall (25). We have the following

Theorem 5.3. Let A = e(l/d*) € A. Then for every s € 7 we have

(x(s), B1) = A°g(d)>. (40)

Proof. Let us use (39) and write

1 & 1 &
(x(s),6,) = Ivliinw<x(S), N E ?»_"x(n)> =Nli_r)nooﬁ E A x(s), x(m)).  (41)
n=1 n=1
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Notice that (x(s), x(n)) = ca(n — s), where c; is the second correlation function given
by Proposition 3.2. Equation (41) becomes

: 1 N n s : 1 N n N
(x(s),0) = lim ;A ean—s) =4 lim - ;A o) =2 Vo). (42)
The needed statement follows now from Lemma 4.4. O

Theorem 5.3 immediately implies the following

Corollary 5.4. All eigenfunctions 6, are non-zero.

Remark 5.5. The formula (39) can be written for an arbitrary measure-preserving map,
but in most cases (e.g. automorphisms with continuous spectrum) it gives zero. Theorem
5.3 shows that in our case it is non-zero.

We can also compute the L?-norm of each eigenfunction explicitly.

Theorem 5.6. Let A = e(l/d*) € A. Then
0111 = 1g(d)I. (43)
Proof. This is a straightforward application of Theorem 5.3:

1 & 1N
2 _ _ : - —n — 1 o n
1.1 —(QA,9A>—<9/\9A]11_I)I;ON > x(n)> Jim, 2 ¥ .6

n=1
6 )2 1
“\ ;2 l_[ 2 2 =
<7T pld (P - 1)
Proposition 5.7. The set {05 },ca of eigenfunctions is a basis for H.

Proof. Since the eigenfunctions are orthogonal it is enough to show that they span the
space of all linear combinations of the x(s)’s. We know that each atom {1} of the spectral
measure v (associated to the second correlation function via Bochner’s theorem) corre-
sponds to 6, in the space H generated by linear forms, and these form a set of generators
for H. O

Let us define the normalized eigenfunctions: for A € A set
6h = 62/16:.1.

so that {67)\} ren 1s an orthonormal basis for H. Let us write

xX(s) =Y _(x(5),6,)0;.

reA
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Since {63}, is an orthonormal basis for H, by Lemma 4.8 and Theorem 5.6 we have

x> =Y [x(s), 6) > = < ) DIl

Aeh deO pld p?—1
6 )2 1 ( 6 )2 ( 1 6
== > Il m—=(z)Il1+=—)==
(” PP P <00 pepr P71 T p 1 T

The same argument allows us to estimate the size of the error term in the following ap-
proximation of x(s): for D > 1 let

xp) = Y (x(5),6.)0

r=e(l/d*>)eA

d<D
Arguing as in Remark 4.5, we have
Ix() —xp@IF = > [x().6) = Z 8(d)| = O(D™'F%)  (44)
r=e(l/d*)eA d>D

d>D

for every ¢ > 0.
Let us consider the product of two eigenfunctions 6;, and 6;,. We have the following

Theorem 5.8. Let Ay = e(l1/d}), ko = e(l»/d3) € A. Then
é)nlé)\z =€ é)\, (45)

where . = e(I/d?) = Ay and € = €(h1, A2) = u(d)u(dr)u(d) =

Proof. It is enough to show that for every s € Z we have

(63,05,, X(5)) = (B3, X(5)).

Using the definition (39) we can write

Ni Ny
Z Z k_"lk_nzx(nl)x(nz)

n=1n=2

05,6, = lim
APh Nj—00 N1N2
Ny—o0

and thus

N1 N

Z Z)‘l_nl)“z_m (x(n1)x(n2), x(s)).

n=1n=2

05,65, , = 1
< SRS X(S)) N]l—r>n00 N1N2

Nr— o0
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Notice that (x(n1)x(n2), x(s)) = c3(ny — s, np — s). Therefore, by Lemma 4.6,

N Ny
0,05, x(s lim Ay nlk 2c3(np —s,np — s
(62,61, x(5)) = NIWN]NZZ]X; 3001 = 5,13 = 5)
Nz—)OO n n
l 2
=177 Ay n')L 2e3(ny, n
N1—><>0N1N2 X;Z 301, n2)
Ny— 00 n=ln

=27 D300 D =7 g(d)g(dr)g(d).
On the other hand, by Theorem 5.3,

(63, x(8)) = e V(1) = 27 g(d)*.
Therefore

—1 _ 8d)g(d)g(d) [g(d)]
lg(d)]Ig(d)] g(d)?

By associativity of multiplication, € (A1, A2)e(A1A2, A3) = €(X2, A3)€(A1, A2A3). Theo-
rem 5.8 can be applied iteratively. It allows us to write all polynomial expressions in the
eigenfunctions as linear expressions, and this is a very important fact.

We want to show that the set {6)},ca of eigenfunctions is a basis for the whole
space H. We shall need the notion of unitary rings introduced by V. A. Rokhlin (see [10]).

€ = (03,01,, x(5)) (61, x(s)) = p(d)pu(dr)u(d). u]

Definition 5.9. A complex Hilbert space §) is called a unitary ring if and only if, for
certain pairs of elements, a product is defined satisfying:

(D If fgis defined, then fg = gf.
) If fg, (fg)h and gh are defined, then (fg)h = f(gh).
(IIT) If fh and gh are defined and «, B € C, then (af + Bg)h = a(fh) + B(gh).
(IV) There exists e € $ such that ef = f forevery f € $.
(V) If f, g are defined and f, — f, f,g — h,then fg = h.
(VI) The set M = {f € H : fg is defined for all g € $H} is dense in $); moreover if fg
is defined, then there exist f;, € 2 such that f;, — f and f,g — fg.
(VII) Forevery f € $), there exists f € ) such that (fg, h) = (g, fh) forall f, g € M.

An important result by Rokhlin is that every unitary ring can be written as $) =
L*(M, M, m), where (M, M, m) is a Lebesgue space (see, e.g., V. A. Rokhlin! [9]).
In our case we have the unitary ring % = L?(X, B, IT) and the subspace H which is a
subring because of Theorem 5.8. In this representation a subring R C §) corresponds to
a o-subalgebra A" of M, i.e. R = L>(M, N, m|nr). Therefore H is a subspace of H,
which is a Hilbert space corresponding to some o -subalgebra F of B. Let us show that

Proposition 5.10. Up to sets of measure zero, F = B. In other words, H = H.

' The notion of Lebesgue space used here allows points with positive measure, unlike the classi-
cal case discussed by Ya. G. Sinai [13] in the context of K-systems.
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Proof. Let us use Rokhlin’s technique of measurable partitions (see [11]). According
to it F corresponds to some measurable partition £ of X. If 7/ C B, then there exists
a bounded, non-negative function s (x) and a subset A € F such that E(h|Cs) > «
for almost all Cs € A and some positive «. Being a measurable function, & can be
approximated arbitrarily well in L>°(X, F, I1| ) by a function A’ which is a polyno-
mial in the x(s)’s. Using (44) we can approximate 4’ in measure by a finite polynomial
in the eigenfunctions 6, . However, every such polynomial belongs to our Hilbert space
L2(X , F, I1| ) and it is measurable with respect to F. Therefore the conditional expecta-
tion of 4’ with respect to & is arbitrarily close to /', but such a function cannot approximate
h in measure. This shows that H = H. O

Propositions 5.10 and 5.7 immediately give the following
Corollary 5.11. The set {0, },cn of eigenfunctions is a basis in the space H.

This fact, together with Theorem 5.2 and Corollary 5.4, yields Theorem 5.1. It also im-
plies the following

Theorem 5.12. The dynamical system (X, B, I1, T) is ergodic.

Proof. By shift-invariance of I1 we already know that the eigenspace spanned by the
constants is at least one-dimensional. On the other hand, by Theorem 5.1, its dimension
cannot be greater than one. This implies that the only invariant functions are constants
[T-almost everywhere, and hence we have ergodicity. O

Theorems 5.1 and 5.12 give part (i) of our Main Theorem.

Remark 5.13. One could also derive Corollary 5.11 in a different way and without us-
ing Rokhlin’s theory of unitary rings and measurable partitions. The derivation, although
explicit, is rather long. In fact, one can show that for every —co < 51 < -+ < 5, < 00
the product x(s1) - - - x(s,) belongs to the span of {6, },ca. For example, for r = 2, by
Theorems 5.3 and 5.8,

(D2 o0 )8 ) (D tx(52). 61160,

AEA leA

> AN @),
A, €A

So(n@) Y Aaeg@)d,
rLEA Al,A2EA
A=A

x(s1)x(s2)

and one can prove that

D 1gdi)g(dy)] = Op(d™>**)
A.] ,)\261\
AMA2=A
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for every ¢ > 0, where A = e(l /d2). This implies that

Y| Y agsansa)|

LEA A, AEA
AA2=A

is finite.

6. Spectral analysis for (G, B, P, T,)

Recall the group G defined in (9). Let us consider the space H = L*(G, B, P), and the
unitary operator U on H defined by

UHE=rEg+d1,..)).
Theorem 6.1. The spectrum of U is A.
Proof. Consider the projection 7> : G — Z/p*Z, 7,2(8) = gp2. It is immediate to see

that the function &,;,,2)(8) = e(r,2(g)/ p?) is an eigenfunction for U with eigenvalue

e(1/p?). By taking powers one can get any eigenfunction & 2y with any eigenvalue

e(t/p
e(t/p*) for 0 < t < p* — 1. By multiplying different such eigenfunctions (with differ-
ent p), one can obtain eigenfunctions &, with an arbitrary eigenvalue A € A. Since A is
the character group of G and Ty, is a translation in G, there are no other eigenvalues. O

To conclude the proof of part (ii) of our Main Theorem we need the following

Theorem 6.2 (J. von Neumann, [15]). Two ergodic measure-preserving transformations
with pure point spectrum are isomorphic if and only if they have the same spectrum.

Theorems 6.1 and 6.2 imply that (X, B, IT, T') and (G, B, P, T,) are isomorphic as mea-
sure-preserving dynamical systems. This concludes the proof of our Main Theorem.
Appendix A. The proof of Theorem 2.3

The proof is based on the identity

o~ a(n)\ (o~ () o~ (@ xb)(n)
(L)) =2 ™ @

n=1 n=1 n=1

where a * b is the Dirichlet convolution of a and b:

(a*b)n) =Y _a(d)b(n/d). (47)

d|n
We shall be considering only the case of s = 2 and bounded sequences a(n) and b(n),

therefore there will be no question about convergence of the above series. We shall also
use the classical identity

Zu(d) =0 forn> 1. (48)
d|n
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First, let us consider the case of square-free numbers not divisible by a single prime p,
i.e. S = {p}. In this case, we shall prove Theorem 2.3 by means of three lemmata, and
then we shall explain how to generalize this approach to general finite sets S.

Let wy, (n) be the indicator of the integers not divisible by p, i.e.

- 0 ifpln,
wy(n) =
P 1 otherwise.

Lemma A.1.

W mwy () = Y pdywy(dywy(n/d). (49)
d:d?|n

Proof. If p|n, then p|d or p|n/d (possibly both) for every divisor d of n. Thus
wp(n)wy,(n/d) = 0 and the sum on the rhs of (49) is 0 (and obviously equals the lhs).
If p 1 n, then no divisor d of n will be divisible by p and w,(d) = w,(n/d) = 1. The
sum in (49) then becomes Zd2|n u(d). If n is square-free, then d? = 1is the only per-
fect square that divides n, and the sum equals 1 (and clearly agrees with the lhs of (49)).
If n is not square-free let us write it as nln% where n; and n, are defined as follows.
For every prime p let us define [ = I(p,n) = max{j : p/ |n}; then set n| = [—[p:zjﬂ p
and ny =[5 pi*. [ pU=V/2_Since n| is square-free, if d* | n, then d | ny. This
means that the sum on the rhs of (49) becomes Zd‘ u(d) and equals O by (48) (thus

ny

matching the lhs). This concludes the proof. O
Lemma A.2.

X w,(n)  p?—1

Z L=t

n=1 n p

Proof. The formula follows from the trivial computation
o0

w,(n) > 1 > 1 1
Z [,;2,1 :Zn_z_z(pnﬂ:(l_?)é‘@) m]

n=1 n=1 n=1

Let us denote by {51 (n)},>1 the sequence equal to 1 if n = 1 and 0 otherwise. Then we
have

Lemma A.3.
(Hwp) * wy = 681.

Proof. Forn = 1 the statement is obvious since d = 1 is the only divisor of n and we have
/,L(l)w,,(l)2 =1=451(1). Letn > 1. Then ((nwp) * wp)(n) =Zd|n w(dywy(d)wy(n/d).
We can discuss the cases when p |n and ptn separately, and argue as in the proof of
Lemma A.1. In the first case we have w, (n)w,(n/d) = 0 and the sum is 0. In the second
case wy(d) = wp(n/d) =1 and the sum becomes Zdln u(d), that is, 0 by (48). In other
words, we have shown that, for n > 1, we have ((uwp) * wy)(m) = 0 = §1(n), and this
concludes the proof. O
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Corollary A 4.

i pwym) _ p? 1

—= pP—1¢2)
Proof. This is a straightforward application of Lemma A.2 and the formul® (46)—(47)
witha = pwp, b = w), and (from Lemma A.3) a x b = 1. O

Proof of Theorem 2.3 when S = {p}. Notice that Q) (0)| = ¥, _y u2(m)wp(n). By
Lemma A.1, we can write

|Q%’}(0)| = Z Mz(n)w,,(n) = Z Zﬂ(d)wp(d)wp(n/d)- (50)

n<N andZ‘n

Now we want to exchange the two sums. Let us fix d < +/N. For every n of the form
n = md?* we have wp(n/d) = wy(m)wy(d). Let 77,{1p}(N) be the number of integers of

the form md? where m < N/d? and p 1 m. Then

19V 01= > 1 Nudywy ).

d<JN
We can estimate the number ni,p}(N) as follows. Let |[N/d?| = t (modp), t €
{0,1,..., p— 1}. Then
IN/d*] —t N p—1
R P+l
where
») p—1|| N N p—1 p—1
d, N)| < — | - = t{1— <2 =:C .

lg;”" (d, N)| < » HdzJ 7 + o )=, (prh

This gives

—1 d d
Q=N Ly MDD i),
d<v/N

where |q§p}(N)| < C'({pH~/N. Now, Corollary A.4 yields

1
I = 2 g e+,

where

p—1 1 p—1 [ dx
T e S / —
p Ao IN p VN

N
= —— = =CWhVN

3
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for every N > 4, where C”({p}) = 2(p — 1)/ p. This concludes the proof, with a ({p}) =
p/(p+1)and C({p}) = C'({p}) + C"({p)H. O

Let us now discuss how to adapt the above proof to the case of a general finite set S C P.
The sequence w), has to be replaced by the indicator of the integers divisible by none of
the primes in S, i.e.

- 0 if p|nforsomep e S,
wsn) =
S 1 otherwise.

Lemma A.1 is still valid if we replace w), by ws:

Lemma A.5.

Rmwsm = Y udyws@wsn/d). 51)
d:d?|n

Lemma A.2 is replaced by an analogous statement given by inclusion-exclusion:

Lemma A.6.

- 2
—1
S UM _ 0@, where ) =[] La.
— n >
n=1 e
Proof. If § = {p1, ..., px}, then inclusion-exclusion gives
a(S)
k k
1 1 ! S
ULt - —  te—
( perl 15i12<;25k (Piy Pir)? 1§i|<122:<i35k (i, Pir Di)? 102

11t 2) °
= __2 .
i=1 Pi

Lemma A.3 also holds for ws:

Lemma A.7.
(Hwg) * ws = d1.

Finally, Corollary A.4 is replaced by

Corollary A.8.
$o pwuse 1
— on? a(8)¢(2)
Proof of Theorem 2.3 for general S = {py, ..., pr} C P. Lemma A.5 gives
198 O) = D" > udwsdws(n/d). (52)

n<N d2|n
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Let us fixd < +/N. For every n of the formn = md? we have ws(n/d) = ws(m)ws(d).
Let ng S(N) be the number of integers of the form md? where m < N/d? and p { m for
every p € S. Then
Q8O = > I (Nudws(d).
d<JN

The set of numbers not divisible by any p € S has density given by

k k
1 1 1 (1)
1=y —+ - —
; Pi i<k PirPia 1< Sih<iy<k PirPi2Pis P1-: Pk
k
1 -1
fi0-2)-n
i=l pi peS P

The estimate of 13 (N ) comes from the following observation. If

IN/d*| =t (mod[S]) forte{0,1,...,[S]—1},

then
N/d?
ng (N) = L/J ‘Tlr-D+1= 2]‘[—+q]<dN)
peS peS
where
Pl = —””(H 7=
lg7 ( )l_,gsp el R ,LISP
2]‘[ (]‘[,;-1)-]‘[@—1)::0’(5).
pes peS peS
This gives

-1 d d
128 0] = N HSPT 2}% +q5 (N,
145 d<

where |q2 (N)| < C'(S)v/N.Now Corollary A.8 yields

i

S _
O=11""57%

N + g5 (N) + g5 (N),

where

-1 1
S =N][ = Y 5 =C'OVN

pes P TUN

and C"(S) = 2[],cs (p — 1)/ p for N > 4. This concludes the proof of the general case
of the theorem, with &(S) = [[,cs p/(p + 1) and C(S) = C'(S) + C"(S). O
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Appendix B. The proofs of Lemmata 4.1-4.3

Proof of Lemma 4.1. Let us write
I=T]@*?- T " -q (53)
peP p'eP’

where P C P(d), a(p) > 2 forevery p € P, P’ C P~ P(d), |P| < oo, b(p') > 2
for every p’ € P’, q is square-free and p { ¢ for every p € P U P, It is clear that every
[ > 1 can be written uniquely as in (53). And the condition / < N can be rewritten using
the notation in (13) as

PUP’
q S QN/(nl;eﬁ(ﬁ)g([)),leep/(p/)b(},/))(O).

Furthermore, notice that ¢ (d2) can depend only on d and P’:

1 2 21
o= T] <1——2) I1 (1—?)=01 I1 pz_z.

peP(d)UP’ P peP@yup peP@up P

Now we can write

ISR | (=i SID S | =

N = peP@) P pcp(d) PcP<P@) pep P

1 /
Z _ PUP . , (0)
e 1‘[ (ﬁ)“(p) . l_[p,ep/(p/)b(p/) N/ e Y P T1yepr (PYPPD)
a(p)=2, pe

b(p")=2, p'eP’

Now we can use (14) while taking the limit as N — o0, and sum over all a(p), b(p’) > 2
as in the proof of Proposition 3.4. Notice that the sets P(d) and P’ are disjoint. We obtain

lim — Zcz(d h)

N—oco N

I<N
_ p*—1 p2—16 1
—MLMX D=y
peP(d) PcP(d) P'CP~\P@) p'eP’ pePUP’
p 1 1
=01— 1
al : 11 p? < pz—l) [1 < +p2—2)
pE'P(d) peEP~P(d)
6 p*— 1 ( 6 )2 P>
— 12 H — 1_[ - l_[ -
72 epa P’ ) pepa P

and the lemma is proved. O



1370 F. Cellarosi, Ya. G. Sinai

Proof of Lemma 4.2. Let us first consider the case g = 1. Numbers of the form
[1yep p?Pg, where P’ € P~ P(d), |P'| < oo, b(p') = 2 for p’ € P, q is square-
free and p 1 ¢ for every p € P(d) U P’ can be represented as

[ »""-q=d’+n (54)
p/G’P/

for some 1 < h < d* — 1, where ged(h, d?) = 1. Since there are <p(d2) such h’s (here ¢
denotes Euler’s totient function) and the various /’s appear with the same frequency, we
have

lim — Zcz(d21+t) = WN%O v Z Yo a@l+h. (59

N—oo N (=5 I=N ged(h,d?)=1

Notice that the condition / < N becomes

Pd)UP’
q S Q(d2N+/’l)/ np[e’[), p/b(p/) (0)
and )
1 2 p?r—1
2
a@i+n= ] (1——2) ]‘[(1——2) =ao [] T
plepl p p¢7)/ p plepl p
Now
XY aw@in=a Y [0
2 _ 5
N iz ged(h,d?)=1 P PP pep P
d? d*N +h_puayup

: / 0 )
g N pteD  d2N  @NAD/ ]y epr o ©)

and by taking the limit as N — oo we get

N]i_r)nOO%Z > a@il+h

I<N ged(h,d?)=1

2-16 3 1
PN e | e |
p

PcP<P@) pep P peP(d) ep P

6 3 1
—a3 [ 5 X [l

veray P YL o Tpay pep P

6 p3 1
o T 5 T (14 5)
7 epa P pep b\ PP 2
6 3(p? -2 6\ 3(p? -2
- p(pz)l—[p =<2>1—[ p(pz)‘ 56)
e epay (P D@D ) epay (P D@ =D
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Let us apply the fact that ¢ is multiplicative and that ¢(p*) = p(p — 1). We obtain

1 1
= S (57)
p(d?) pel;{d) p(p—1

Now (55)—(57) yield the desired result.
Let us now consider the case when ged(r, d?) = g = p. In this case d*> = ﬁzdlz and
t = pty, where d is square-free, p 1 dj, and p t 1. We can write

d? ,
—I+ - —ﬁd%l+r1 =[] »*"" a1
p p'eP’

where P’ C P~ P(d), |P'| < 00, qi is square-free and p 1 g for every p € P(d) UP'.
The condition [ < N now reads

Pd)JP’
€ Q  (0).
91 Q(pdlzN—i-tl)/ np’eP’ p’b([’ )( )

Since, by assumption, 132 i d?l + t, we have

1 2 -1
C2(d21+t)=C2(ﬁd12+tl)= l—[ (1—p> l_[<1——2)20'] l_[ p/z_—z.

p’E’P’ p¢7)/

Now, since ged(tq, ﬁdlz) = 1, we can use (55):

lim — 2 = —
Jim Zcz(d [+ = lim Zcz(pdll +11)
I<N l<N

= 12
. Z Y apdi+h). (58
(p(pd )N_’OON1<Nng(hI pd?)=1

and we can write

/2_1

_Z Z c2(pd? 4 hy) = oy Z l_[ 17/2—_2

I<N ged(hy, pd?)=1 PcP<P@) pep P

. pd; PAIN +h EP@UP’ ©)
iz yep pep PP pdiN (PAN+h)/ Ty epr PP
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Notice that P(d) = P(d;) U {p}. By taking the limit as N — oo we obtain

1 o
ngnooﬁz Z c2(pdil + hy)
I=N ged(hy, pd?)=1

2_1_,6 1
= > ] i T1 A Tl ey

PcPP@) pep P pepay P e

6 p* I P’ 1
=055 P P
T PHL L pan P e pay pep P2

6 p* 3 1
—o S P T T (1455)

peP ) P+ 1 peP\P(d) pm =

6 p* p*-2 Bl PP(p*-2) np2—1
2
p

- 25 -2 2
e p+1lpi=1 by (Pt D =D p
(g)z P —2) P*(p* -2
72 ) (p+D(p* =1 pepiy Pt D(p* =1

(39)

Let us use the fact that p(pd?) = ¢(p)e(d?) = (p — D¢(d}) to obtain the formula

1 1 1
—=5-7 1l 5o (60)
p(pdy)  P—1 , pu, PP

Now we can combine (58)—(60) to conclude the proof of the lemma. The case of a general
square-free g is treated analogously. O

Proof of Lemma 4.3. The case when g is square-free (i.e. P»(g) = ¥) is already included
in Lemma 4.2. Thus, assume P5(g) # . Let, for simplicity, ged(z, d*) = g = p* (i.e.
w(g) = 1), the case of w(g) > 1 being analogous. We have d*> = ﬁzdlz and t = p1y,
where d is square-free and p 1 d;. In particular ged(z, dlz) = 1. We can write

d—21 L Bl = 5 ()

- — =4 1=Pp H p q1,

p* P P
where a > 0, P’ C P ~ P(), |P'| < oo, q; is square-free and p 1 ¢ for every
p € P(d) UP'. The condition [ < N can be written as

P d)JUP’
qa € Q(dfzi\iﬂl)/l_[p/ep/ pb@) ©,

and
2 =202 1 2
adi+n=a@d+m =[] (1-=) [I (1-=3
pePup s P

2
p-—1
=0l 1_[ [72 _ 2'
peP'U{p}
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Notice that P’ and {p} are disjoint by construction. Using (55) we see that

1
lim NZCQ(d21+t) Jim Zcz(p @ +1)

N=oo V2N *i<N
—Z Y @ ii+h). (6D

2
(P(d ) N%oo I<Ngcd(h1,d2) |
We have
=2 2
52 (d? p-—1 pe—1
S DD DU RS TN ETTID Sy y (A
I=N ged(hy,d?)=1 PcpP@ P pep P

2 2
> N e o
- b(p' 2 2 Ha . p'b(")
S e FZ Hp/E'P/ Pt 2N @iN+h)/(p* [T epr PPP))

and by taking the limit as N — oo we get

lim — Z Z c2(PA(d? + hy))

N—ooo N
I=N ged(hy,d?)=1

=2 / 2 =

p—1 -1 dlp 6 p 1
=01=3 Z l_[ ) l—[ l_[ 2

P =2 5Py pep pr=2p—1lm pep@y P yep PP -1

6 +1 3 1
I [l 5

2 —
s p(p 2) peP(d) p+1 P 'cP~\P@) p'eP’ p

6 p+1 3 1
=o'p_p_2 1—[ 4 l_[ <1+ 2_2>

P(P -2 peP () P+ 1 pePP(d) p

6 p? p’ -2 —1
=p—zp— [1 2 Hp

p —1pep(d)p+1p -1

6\ p> P(p? —2)
== £ — - L - . 62
<n2> 52—1,,61;(51) (p+D(p2 -1 (62)

We use again the fact that

1 1
— = — (63)
(dp) pel;ldl) p(p—1)

and combining (61)—(63), we obtain the lemma. m]
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Note added in proof. The authors have become aware of some independent results by M. Baake,
R. V. Moody and P. A. B. Pleasants [1], where the second correlation function for square-free
integers has also been computed. Moreover, a recent paper by Pleasants and C. Huck [7] addresses
the problem of m-free points (m > 2) in an arbitrary lattice, with a geometric notion of m-freeness
that agrees with the one we consider when the lattice is Z; it also includes the computation of
measure-theoretical entropy for these points.
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