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Abstract. For the Schrodinger equation (i9; + A)u = 0 on a torus, an arbitrary non-empty open
set 2 provides control and observability of the solution: ||u|;—q ||L2(T2) < K7 |lul| L2(0,T)x Q)" We
show that the same result remains true for (i9; + A — V)u = 0 where V € Lz(’]I‘Z), and T? is
a (rational or irrational) torus. That extends the results of [1], and [8] where the observability was

proved for V € C (T2) and conjectured for V € L®(T?2). The higher dimensional generalization
remains open for V € L% (T").

1. Introduction

The purpose of this paper is to prove a case of the conjecture made by the last two authors
in [8]. It concerned control and observability for Schrodinger operators on tori with L
potentials. Here we prove that for two-dimensional tori the desired results are valid for
potentials which are merely in L.

To state the result consider

T? :=R?/AZ x BZ, A,BeR\{0}, V eL*T?,

(—A+ V@) —Mu@ = f), zeT? (1.1)

and
idu(t,z) = (—A 4+ V(@)u(t,z), zeT?, (1.2)

The first theorem concerns solutions of the stationary Schrodinger equation and is
applicable to high energy eigenfunctions:
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Theorem 1. Let Q@ C T? be a non-empty open set. There exists a constant K = K (),
depending only on 2, such that for any solution of (1.1) we have

||M||L2(11“2) = K(”f”LZ(TZ) + ||u||L2(Q))- (1.3)
Theorem 1 can be deduced from the following dynamical result:

Theorem 2. Let Q@ C T? be a non-empty open set and let T > 0. There exists a constant
K, depending only on Q, T and V, such that for any solution of (1.2) we have

T
140, )32 2, < K /0 e, 22 g . (1.4)

An estimate of this type is called an observability result. Once we have it, the HUM
method (see [19]) automatically provides the following control result:

Theorem 3. Let 2 C T? be any non-empty open set and let T > 0. For any ug € L*(T?),
there exists f € L*([0, T] x ) such that the solution of the equation

(0 + A = V(@u(t,2) = florixe(, 2),  u(0, ) = uo,

satisfies
u(T,)=0.

In the case of V = 0 (and rational tori) the estimates (1.3) and (1.4) were proved by
Jaffard [13] and Haraux [12] (in dimension 2) and Komornik [16] (in higher dimensions)
using Kahane’s work [17] on lacunary Fourier series. For V € C*(T?) the results above
were proved by the last two authors [8], and for a class potentials including continuous
potentials on T”, by Anantharaman—Macia [1]. The paper [1] resolves other questions
concerning semiclassical measures on tori and contains further references; see also [4].
For a presentation of other aspects of control theory for the Schrodinger equation we refer
to [18]—see also [6, §3].

The paper is organized as follows. In §2 we present dispersive estimates which allow
approximation of rough potentials by smooth potentials. In §3 we refine some of the one-
dimensional observability estimates and show that they hold for potentials W € L?(T!),
p > 1. The next §4 is devoted to semiclassical observability estimates for a family of
smooth potentials compact in L?(T?). In the following section an observability result is
proved for general tori with constants uniform in a compact set in L (Proposition 5.1(i)).
Combined with the results from §2, that gives the proof of the theorem.

2. A priori estimates for solutions to Schrodinger equations

The proof of observability for rough potentials will follow from observability for smooth
potentials with estimates controlled by constants depending only on L? norms of the po-
tential. The approximation argument uses dispersion estimates for the Schrodinger group
on the torus and we first show that these estimates hold in the presence of a potential.
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2.1. The case of T!

We start with the simpler case of one-dimensional equations. It will be needed in §3 but
it also introduces the idea of the proof in an elementary setting.

We first make some general comments. The operator —83 + W, W e Ll(’]Tl), is
defined by Friedrichs’ extension (see for instance [10, Theorem 4.10]) using the quadratic
form

q(v,v) =f (I v)1* + Wlv)?) dx,  ve H'(T,
']1‘1
which is bounded from below since

‘/T W)@ dx| < CIWlpllulF < CIWI L3l 2 vl

C
2 2
< —CelWllplazvllye = ~IWlpilvlz:

Hence P = —8)% + W defined on C*°(T") has a unique self-adjoint extension with the
domain containing H'(T'). When W € L?(T') the operator is self-adjoint with the
domain H 2(71‘1). The resolvent, (—8? + W - z)’1 , z ¢ R, is compact and the spectrum
is discrete with eigenvalues A; — oo.

The following estimate applies to solutions of the Schrodinger equation satisfying the
Floquet periodicity conditions

v(x +27) = 7 u(x), 2.1

or equivalently to solutions of the Schrodinger equation with 9, replaced by 9y + ik. (We
note that u(x) := e **vy(x) is periodic and d,v(x) = ek (3 + iku(x).)

Proposition 2.1. For any W € L*(T"), there exists C > 0 such that for any k € [0, 1)
and ug € L*(TY), the solution to the Schrodinger equation

(i0; + (3 +ik)> = Wu =0, v|i=o = uo, (2.2)

satisfies
lutll oo e 120,79y < CA A+ VYA + W] 20p1)) o]l 21y - (23)

Proof. For W =0 we put T = 27 so that, with ¢,, = ip(n), we have

it9? 2 n —it|n+k|>+inx 2
le%ugl,.,» = sup ’che di
A x 0 nez
2
. 2_ 2 F _
= sup Z / el(|n+k| [m+-k| )tez(n m)xcncm dt
x 0

n,mez

= sup Z ) Z cme™
X nez

mez
+(m+k)=n+k

2
<4) lenl’> = Clluolgagpy- 24

nez
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(We note that +=(m + k) = n+k has one solution only when k # 0, 1/2 and two solutions
m = Enfork = 0andm = n, —n—1 for k = 1/2.) For a non-zero potential W € L*(Th
we use Duhamel’s formula to write

. 1 r
u(t) = "% ug + / 9% (W (s)) ds.
tJo

Applying (2.4) (now with a small T > 0) and the Minkowski inequality we obtain
T
Il oo 20,7y < Cliwollz + fo I Ly<re™ ™2 Wu) 20 120.7) d
T ) A
< Clluollz2 + / e’ IR Wus)l oo 20,7y ds
A eL

T
< Clluoll 2 + c/ IWu(s)l 2 ds
: 0
< Clluollz2 + CVT IW Il 2lluel oo 20,7y 2.5)
Hence
Ml o207y < 2CNull  iENT Wil < 1/4. (2.6)

To obtain the estimate for multiples of T satisfying (2.6) we note that, by the invariance of
the L2 norm of u(t), f(];il)T ||u(t)||%q<> dt < 2C|lu((k — D1)ll 2 = 2Clugl .2 Iterating
this inequality gives (2.3). ' i

2.2. The case of two-dimensional tori

We now assume that A = 27, B = 271)/_1 > 0 in the definition of T2. The case of
general A, B follows by rescaling. For n = (n1, ny) € 72, we set

In| = \/n}+yn35, n-x=nx;+ynx. 2.7

We start with some general observations. If V € L?(T?; R) then —A + V on C*®(T?)
is a symmetric operator. Also, by Sobolev inequalities,

(=A +i)7 1 L2(T?) - HX(T?) < C'75(T?) — L>®(T?),

is a compact operator. Hence, as multiplication by V € L? is bounded L>® — L2,
V(=A + i)~ ! is a compact operator on L>. It follows that the operator —A + V is es-
sentially self-adjoint and has a discrete spectrum (see for instance [10, Theorem 4.19]).
Since for u € H*(T?) ¢ L*°(T?), we have Vu € L?, the domain is equal to H>(T?). In
particular,

u(t) == " Vug e COR,; HX(T?)) N CL(Ry; LA(T?)),

and

, 1 r
u®) = e"ug + - f TNV u(s)) ds. (2.8)
L Jo
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Proposition 2.2. Let T > 0. For any compact subset V C L%(T?), there exist C(V) and
€ > 0 such that forany V € V + B(0, €) C L*(T?) and any

vo € LAX(T?), £ e L'(0, T); L*(T?) + L*3(T%; L*(0, T)),

the solution to

(@ +(A=V)u=f  uli=0=vo, 2.9

satisfies

llell oo 0.7y L2(T2)) L4 (T2:£2(0. 7))
< CO)(Ilvoll2er2y + I F o ;2242452 20,7)) - (2-10)

Before proving this result, let us show how it implies that Jaffard’s result (Theorem 2 with
V = 0) is stable under perturbation with potentials small in L3(T?):

Corollary 2.3. For any non-empty open set Q and T > 0, there exist constants k, K >0
such that for Ve L*(T?),

T
2 —it(— 2
IVl < = luolljagpe, < K /0 le™" A Vg7, g d,

for any ug € L*(T?).

Proof. The Duhamel formula gives
. . 1 [t .
u=e HEAVIY0 = et By + 7/ TN Vu(s)) ds,
tJo

and Jaffard’s result (estimate (1.4) for V. = 0) applies to the first term. Hence, for a
constant Ky depending on 2 and 7',

T
itA 2
lollzgza < Ko [ " uolg dr

T

T
< 2K /0 e A" w75 g, di

2

dt
L2()

: (",
ett(A—V)uO _ Tf el(t—s)A(Vu(S)) ds
i Jo

2

+2KoT @2.11)

t
’/ I Vu(s)) ds
0

L°°<(0,T>:L2<1r2)>'

We now use Proposition 2.2 with V = {V}, vyp = 0 and f = Vu to obtain

t
H/ &I Vu(s)) ds
0

< ClIVull a2, 1200,1y)
L°((0,T); L2(T2))

< C || \% ||L2(T2) ”M ||L4(T2;L2(0,T))'
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Applying Proposition 2.2 to the right-hand side, now with vy = ug, f = 0, gives

t
H/ eI (Vu(s)) ds
0

< ClVII 22y luoll L2125
L®((0,T); L2(T2))

so that (2.11) becomes

T
nw;m%sngL e A" Vug 175 o) di +2CKoT IV 17200, 10117 22 -
To conclude, it suffices to take 2CKoTk? < 1 /2. (We note that since Ko depends on €2
and T while C depends on T, we have no other choice than taking x > 0 small.) O

Remark. In §5 we will eliminate the smallness assumption on || V|| ;2 and that will prove
Theorem 2.

The proof of Proposition 2.2 proceeds in several steps. We start by proving the esti-
mate for V = 0, then we prove the general case by a perturbation argument.
The next proposition is a “fuzzy” version of the classical estimate of Zygmund:

2
2
ey SC 2 el @1

neZ?, [n|?=t

AC >0Vt e N, H Z cpe™*

neZ?, |n|?=t

and it is motivated by the Cérdoba square function estimate [9]:

Proposition 2.4. There exists C > 0 such that for any k > 0and 0 < h < 1, and any
u € L>(T?) satisfying

i(n) =0 forn ¢ Bk, h) := {n € Z*

nn* — 1] < «*h?},
we have

C+ ) A A+ k) H ull 2y if € BT,

2.13
C(L+ )" Plull 202 if €= h" @19

”””L“(W) <

We note that the case of k = 0 in (2.13) is (2.12), while x = hlis simply Sobolev
embeddings and k = h~!/? is Sogge’s estimate for spectral projectors [22], [23, Theorem
10.11] (for which we give an arithmetic proof below).

Proof. We first note that we can assume that k > 1 as the sets B(k, k) increase with
increasing k.

For a constant § > 0, to be fixed later, we distinguish two regimes: kh > §
and kh < 4. In the first regime, the estimate follows from the Sobolev embedding
H'Y2(T?) — L*(T?): 4(n) = O unless [n|> < h™2 + k% < (1/8 + 1«2, and this
implies

lull g12er2y < Cse > ull 2.
From now on we assume that 4k < §. In this regime, we can change the set B(k, /)

to
Alie, h) = {n € 2% |hin| — 1] < «?*h%}.
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The idea is to prove an arithmetic version of the Cérdoba square function estimate [9].
Indeed, the usual version allows one only to work with k > h~!/? (the uncertainty prin-
ciple). Our version below allows us to get estimates all the way down to « ~ 1 (that is,
much beyond the uncertainty principle). We first notice that we can also assume that the
spectrum of u is also contained in the upper quadrant {z € C; Rez > 0, Imz > 0} of the
plane (here and in what follows we identify R? with ©C). Indeed, if the result is true for the
upper quadrant, by symmetry, it is true for any quadrant, and with a different constant in
the general case. Then we decompose the intersection of the annulus with this quadrant
into a disjoint union of angular sectors of angles hk:

Nx,h

A, h)N{Imz > 0,Rez > 0} = U Ag(k,h), Nep:i= |:L:|,
Pt 2hk

where

Ay (k. h) :={z; Rez > 0, Imz > 0,

hlz| — 1] < k*h?, arg(2) € [ahk, (@ + Dhi)}.
The proof relies on the following geometric lemma which will be proved in Appendix B:

Lemma 2.5. Fix § > 0 small enough. Then there exists Q € N such that for any 0 <
h <landany 1 <k < §/h, we have
Vo, B,a’, B €10, 1, ..., Nea)s
(Ag(kc, h) + Ag (i, h) N (Ay (e, ) + Apr (i, h)) # 0
= la—d|+IB=Pl<Qorla—p+Ip—d <0 (214

We apply the lemma as folllows. We have

Nx,h N/(.h
U= Z U,, u*= Z UsUg, Uy := Z uye’r,
a=0 a,f=0 neZ?NAq (k,h)
and hence
Nk,h
||u||j4(T2) = > /2 UgUpU U g (x) dx. (2.15)
a’ﬂ’a/’ﬂ/zo T

The integral vanishes unless
(Ag (i, h) + Ag(ic, 1) N (Agr (i, h) + Ap (i, ) # 0
as otherwise
neZ*NAy,, m eZzﬂA,g, peZ’NAy, q eZzﬂAﬂ/ = n+m—(p+q)#0,

and, using the inner product (2.7), [r2 ¢ "*"~P~® dx = 0. Lemma 2.5 then shows that
we can restrict the sum in (2.15) to the subset of indices (o, B8, @', B’) satisfying

lo —| +I1B=B1=0Q or Ja—pl+|p-d|=0.
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This and an application of Holder’s inequality,

’ / UaUpUy U g (x) dx
Tz

< WUallz2) 10N paer2y U L 4 er2y 1 Upr Ml 4 72y

) =<||Ua||§4(w) 10 1242 U2 o) + N0 124 )

(”Ua”%}(qﬁ) + ”Uﬁ/”%}(TZ))(”Uﬂ“?‘4(1‘2) + ”Ua/ ||i4('ﬂ‘2))

give
Nx,h

2
el sy = €O (D NWalagqe,) (2.16)
a=0

To estimate the norms of U, we write

1/2
Lo0(T2)

1/2
L2(T2)

1/2 1/4
=X ) (X )

neZ2NAgy (ic,h) neZ2NAgy (i, h)
< CI1Z2 N Ag (e, V41Ul 272 2.17)

IUallp(r2y = CliUql [1Uql

To estimate the number of integral points in A (k, #), we first notice that A, (k, k) is
included in a rectangle of height 1 + « and width 1 4 3«2h.

Fig. 1. The angular region Ay (x, i) fitted inside a rectangle.

Now, the number of integral points in any rectangle of height H and width W is
bounded by C max(H, 1) max(W, 1). (To see this, notice that open discs of radius 1/2
centered at the integer points are pairwise disjoint and are all included in a rectangle of
height H + 1 and width W + 1.) Hence, recalling that k& < §, we have

1Z% N Ag (i, h)| < C(1+ 1)1 + 3k2h) < C(1 +k)>.
Combining this with (2.17) and (2.16) gives
a0, < €A+ + Wl p0

concluding the proof. O
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The next step in the proof of Proposition 2.2 is an optimal (at least in terms of the spectral
region where it holds) resolvent estimate—see Kenig—Dos Santos—Salo [11, Remark 1.2]
and Bourgain—Shao—Sogge—Yao [3] for related results.

Proposition 2.6. For any compact subset V C L*(T?), there exist C(V) and € > 0 such
that for any V. € V + B(0, €), any f € C®(T?) and any t € C with |Imt| > 1,

I=A+V =07 Fllgacrz < ClIFlpa5m2). (2.18)
We deduce it from Proposition 2.4 and the following elementary result:

Lemma 2.7. Assume that V is a compact subset of L>(T?). Then for any 8§ > 0 there
exists Cs > 0 and for any V €V there exists Vs € L®(T?) such that

Vs = Ve <6, IVsllpeo(r2y < Cs.

Proof. This is obvious for V = {Vp} since L> C L? is dense. Applying it with § replaced
by §/2 the statement remains true for V with ||V — Vp||;2 < 6/2. A covering argument
provides the result for a general compact set in L?. O

Proof of Proposition 2.6. For Ret < C for any fixed C, we get (2.18) directly. Indeed,
from (—A — v 4+ V)u = f, multiplying by u, integrating by parts and taking real and
imaginary parts, we get

IVull3s oy = ReThulyagpay < [VIul®| 11 goy + Nl pagmoy 1 £l o r2y.
me| |72, < Nl ooy | £l r2).-
Since |Im 7| > 1, the Sobolev embedding and Lemma 2.7 imply

el a2y < Cllel g oy
< C(IVs = Ve e a gy + 1 Vsl oo moy el oy + Nuall ooy 1 £l o3 2))
< C@ +Ollull g, + CUVsll oogry + Dllull o r 1 £ | a2

and choosing € < 8§ = 1C gives the result.
For Re t > C we start with the case of V = 0 and notice that

(—A—D) = (A —0)V2((=A =)V L3 5t

follows from (—A — 1)~ 12 : L2 — L* = (L*3)*. Here the square root is defined using
the spectral theorem and the branches chosen for +Imt > 1 so that

=20 -D2=1—7, rz0.
Hence we need to prove that

lull oy < Cllfl2eey,  uwi=(—A—1)"2F.
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To use Proposition 2.4 we write the resolvent applied to f using the Fourier series

— f" inx __ S - fn in-x
M_Z(|n|2_.[)l/2e —uo—i—/;u], uj = Z (|n|2—‘r)1/26 ’

n 2/=1<||n|>~Re t|<2/
We note that ug = len\LRetkl fn(In|*> — )~ 1/2e™* and hence Proposition 2.4 gives
luoll 42y < CI S llL2T2)-
Applying (2.13) to u;’s with 1 = (Re 7)~1/? and k = 2//2 gives
lu = wollacrzy = €327 lujll 22

J
0

ITAVEYES £ 72
sy Y e
Jj=1 j=1  2i-l1<||n|2—Re 7|<2/

< Cllf L2 (r2ys

which concludes the proof of Proposition 2.6 for V = 0.
The general case V # 0 follows from the same perturbation argument as in the case
Ret < C.Indeed, from (—A — T)u = —Vu + f, we deduce

me| el gagpe, < el oer) I f lars o),

and from the resolvent estimate for V = 0,

lullpaer2y = CNVull a2y + 1L a2y

< C(I1Vs = Ve lull pacrzy + 1Vl pooery luell p2er2y + 1 o))

1/2 1/2
< C8llull a2y + CIVsllpooquay Nl oo 1 s oy + 1 F D arsrny)-

Choosing § small enough gives the desired estimate. O

Proof of Proposition 2.2. Let us first study the contribution of vg. Putting Tug =
e1(A=V) o we have

T . l . T .
TT*f — /(; el(l*S)(A*V)f(s) ds = /0 el(tfs)(Af‘/)f(S) dS+/ el(l*S)(A*V)f(S) ds.
t

To prove that T : L3(T?) — L4(']I‘)2(; L2(0, T)) it suffices to prove that
TT*: LY3(T2; L2(0, T)) — L*(T2; L*(0, T)),

and we will show it for the two operators on the right-hand side, say the first one. That
means showing that for solutions to (id; + A — V)v = f, v|;=0 = 0, we have

”v||L4(T2;L2(O,T)) =< C||f||L4/3(T2;L2(O,T))' (219)
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LetU =ve '1;59and F = fe 'lg—;—7. We have (19, + A — V +i)U = F and hence,
by taking the Fourier transform in z,

(A—V+i-1)U=F.
Proposition 2.6 now shows that for any 7 € R,
1@ a2y < CIF @)l 232,

which implies

lellzaer2:20,7y) = CNUN a2 20y = CNU N L2 12, 2R, )
< ClUN 2,4 r2y) < CNF Nl 2,95 12))
< C/||F||L4/3(’JI‘§;L2(R,)) = C/||F||L4/3(’]I‘§;L2(0,T)): (2.20)

concluding the proof of (2.19).
Part of the nonhomogeneous estimate in (2.10),

Ivll oo 0, 7y: L2(T2pnLdcr2;20,1y) = CIF Lo, 7);22(T2))5

follows from the boundedness of the operator T from L? to L4(T2;.L2(0, T)) and the
Minkowski inequality. Finally, since the dual of the operator f +— fot =AY £(5) ds

is g —> ftT el 1=9A=V)g(s) ds, we also get

lull oo (0, 7;22(12)) = CUF N L1(0,7); L20T2))+24/3(T2; 220, 7))
which concludes the proof of Proposition 2.2. O
We conclude this section with a continuity result which will be useful later:

Proposition 2.8. Consider a sequence {Vy}pen C L*(T?) converging to V- e L*(T?).
Then there exists C > 0 such that for any vy € L*(T?),

||e—it(_A+V) —it(—A+V,

Vo—e )U0||L°°((O,T);L2(T2)) < C” V_Vn ||L2(T2) ”MOHLZ(TZ). (221)

Remark. The result in Proposition 2.8 can be stated more generally, for a compact subset
V € L?(T?), and is equivalent to the Lipschitz continuity of the map

VeV CLXT? > e EAY) ¢ 12010, T); LL*(T?))).

A slight modification of the proof presented here shows that it is in fact also Lipschitz on
bounded subsets of L?, p > 2. It would be interesting to investigate such properties on
other manifolds, as they seem to depend strongly on the geometry. Indeed, the analysis
in [5, Theorem 2] is likely to give that on spheres, there exists a sequence of potentials
{Vi}nen such that forany T > O and p < oo,

it _ it(A=

. . Vi
lim [[Vallpe) =0, but  lim |l N psoqo,1y: 262 > O-

n—oo
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Proof of Proposition 2.8. Letu = ¢!"“~Y)yg and u,, = ¢!'(*~V»)y, so that the Duhamel

formula gives

1,
U—y = ?/ AV — Vuy(s)) ds.
0

Proposition 2.2 applied with V = {V}, vp = 0 and f = (V, — V)u,, and Holder’s
inequality give

||MV — ”n”LOO((O,T);LZ(T%)) = C”(V - Vn)un||L4/3(T2;L2(0,T))
= CIIV = Vullzeroylunll za 2. 2200, 7) -

Applying Proposition 2.2 again, now with V = {V,;; n € N} U {V}, and f = 0, we
estimate the right-hand side to obtain the desired estimate:

luy — Mn”LOO((o,T);LZ(T%)) <C|V - Vn||L2(T2)||U0||L2(T§)~ o

3. One-dimensional observability estimates

In this section we consider the one-dimensional analog of our result which we prove
for L? potentials, p > 1. In applications to control and observability on 2-tori we will
use it only for p = 2 but the finer estimate may be of independent interest.

Let us recall (see Section 2.1) that the operator —8% + W, W e L(T"), which is de-
fined on C*°(T"') has a unique self-adjoint extension with the domain containing H'(T")
(f W e L*(T') the domain is H*(T!)). The resolvent (—3> + W — z2)~!, z ¢ R, is
compact and the spectrum is discrete with eigenvalues A; — 0.

‘We have the following one-dimensional observability result which holds for functions
satisfying the Floquet boundary conditions:

Proposition 3.1. Assume that W € LP(TY), p > 1, and w C T is a non-empty open
set. Then for any T > O there exists Ko > 0 such that for any k € R and v € L*(T"),

T
1012, < Ko fo e @Ry 2, gy, G.1)

Let us first notice that conjugating with e/*X]_ we can replace k by k — [k] and hence
assume that k € [0, 1]. We first prove the stationary version following the elementary
approach of [7]:

Proposition 3.2. Under the assumptions of Proposition 3.1 there exists C; =
Ci(@, |WllLpery) such that for any T € R, any solution to

(=0 +ik)>+W—-Tu=g

satisfies
lell 2y < L) 2llgl 2 erny + Nl 2(0)- 3.2)

This follows from the following result which holds for W = 0.
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Lemma 3.3. Let w C T! be an open set. Then there exists a constant Cy = Co(w) such
that for any k € R and any u € H'(T") satisfying

(—@ +ik)* —u=f+g, (3.3)

we have

Nl 2cpry + ()2 10xull 2

< Co(Ilflg-rerry + (@7 2lgl ey + lull o). God)
Proof. We start by showing that there exists a constant C such that for any k € R and any
u € H'(T") satisfying

(=3 + ik)> —Du = 0y +ik) f + g, (3.5)

we have
lullz2erry < C(IF 2y + (0218l 2erny + Nl L20)- (3.6)
The elementary proof given in [7] shows that it is true for £k = 0. For any solution U

to (3.5), let v = e ***u, which is no longer periodic but satisfies the Floquet condi-
tions (2.1) and

(= —tw=08,F+G, F=e™f G=eg.

Choosing a parametrization on T' so that 27 € o we take x € C>®(T!) equal to
one in a neighbourhood of T' \ w, and vanishing in a neighbourhood of 2. Hence,
supp xv C (¢, 27 — €) and u = v defines a function on T! such that

(=02 —u = 0, (x F +2x'v) + xG — x'F — x"v.
Applying (3.6) for k = 0, we obtain, using the properties of x,
lxvll 2y < CIXF +2x vl 2y + (1) 2IXG = X'F = x"vll2n)
< C'(IFll2ey + (@7 PG 2y + 10l 200 ):

which, coming back to u, implies that (3.6) holds for any %.
Since for k € [0, 1],

I fll -1 = inf{|Fll 2 + likF 4+ Hll 23 f = (8 +ik)F + H)
> Linf{||Fll 2 + | Hll 23 f = (3 +ik)F + H},

the estimate on ||u|z2(p1y, u(x) = e**v(x), in (3.4) follows from (3.6).
To estimate (9, + ik)u we write

1By + ikl 2ty = (=@ + k) = D, ) gy + Tlluel o

= (f + & wraer) + Tllul 7o,

IA

I f =1 erny el ey + 181 L2 ey el 21y + (‘E)”M”i?(’ﬂ‘l)
1@+ iul gy + ClLF I 1 gy + ClENT 2y + C @) G-

Using the estimate for [lu|;2(p1) and the fact that k € [0, 1] we obtain (3.4). O

IA
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Proof of Proposition 3.2. With the constant C; depending on t (but not on k) the estimate
(3.2) follows from the conjugation u > v = e~***y and the unique continuation property
for —83 + W, W e LP, p > 1. As pointed out in [14], this result is implicit in the paper
of Schechter—Simon [21].

To obtain the dependence of constants for large (t) we first observe that interpolation
between the H ! and L2 estimates in Lemma 3.3 shows that if (—(3x + ik)2 — T)u =
g+ f, then

lall 2 4+ (02105l 2 < Cr) 7 Pligl 2 + CEO P21 Fllg-s + Cllull 12
for 0 < s < 1. As a consequence, if (—(d; + ik)2 — )u = g — Wu, then
lull 2 < ) ligl 2 + CO) S V2 Wull g + Cllull 12(a)- 3.7)

By Sobolev embeddings, for any s < 1/2, there exists C > 0 such that for any u €
HY (T,
||u||L2/(172s)(11-1) < C||u||H.y(T1).
By duality, we deduce L%1+2)(T!) — H~*(T!). Choosing s = 1/(2p) < 1/2, and
applying Holder’s inequality we obtain
Wullg—s < CllWull 204209 < CIIW || Lrllullp2/0-20
< ClIWlerllullas < CIW el 55 (lull 2 + [Dull2)*
< CIW e (@) PO ) o 4 (1) =D 2 g ).

Combining this with (3.7) yields

lull 2 + (x) "2 )0xull 2 < C(x) 2Nl 2 + Clluell 120
_ 2 /01— - _
+ Cofr) TRy TEOTCA=D ) 2 4 Cyr) T2 () T a1
Since 0 < s < 1, taking (7) large enough allows us to absorb the last term on the right-
hand side in the left-hand side. The same is true for the third term since

(1+8)s% s—1 —142s+8s2

2(1 —s) 2 1—s ’

which is negative for 0 < s < 1/2 if we choose § small enough. O

Proof of Proposition 3.1. Let us now show how to pass from the estimate in Proposi-

tion 3.2 to an observability result. This was already achieved in [6] in a more general

semiclassical setting. For completeness we present a simple version of it here—see [20].
For x € C°(R), put w = x (t)e' " ug, which solves

(0, + P)w=ix'®)e'Pug=v, P:=—(0 +ik)>+ W(x).
Taking Fourier transforms with respect to time, we get

(P —1)w(r) =v(1).
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Using the estimate in Proposition 3.2, we write

||ﬁ(f) ”LZ(TI) + C|| @(T) ||L2(a))'

L
1+ 7]

Now, taking the L? norm with respect to the T variable gives

1B 2

||w(f)||L2(]RrX'u‘1)
C , 1/2
< ——|v)|;2 n+Clw)|l;2 + (/ (1) dr) )
T POl + Ol + (| PO,

From this we notice that

||1?(T)||L2(R,XT1) = ||u0||L2(’[r1)||X||L2(R)v ||’17(T)||L2(R,X11‘1) = ||“0||L2(11‘1)||X/||L2(R),
WOl 2R, xw) = llx (@)e'! uoll L2, 1)

Hence we deduce that if ,
Cllx'll 2 1

< —

Ixl2(1++/N) =2
then

' 1/2
lluoll 2 sC/nx(r)e'”’uo||Lz(R,xm>+C’< / I3, dr) . (39)
[T|I<N *

To understand the last term on the right-hand side we define Sobolev norms associated
to P. Let {g,};2 | be an orthonormal basis of L3(ThH consisting of eigenfuctions of P.
We then put

o0
el = j;<xn>2k|un|2, P@u = hnn. iy = (U, @n).
In this notation w = y (t) Zn Uupe ¢n, and

(1) = Z )?(T — M)y
n

Hence

N
/O ||v<r>||L2dr—Z|un|/0 (= AR (T — )P
—Zw/ Ot = hn)~®) d

<Cym Z<An>—M|un| = Cnmlully,
o

for any M. Taking M = 2 and combining this with (3.8) we obtain

luoll 2ry < Cllx e ttoll 2, < + Cllitoll - 3.9)
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To complete the proof, it remains to eliminate the last term on the right-hand side of (3.9).
For this, we apply the now classical uniqueness-compactness argument of Bardos—
Lebeau—Rauch [2] (see also [8, §4]) or the direct argument presented in the Appendix. We
note that both approaches rely on the unique continuation property of — (8, +ik)>+ W (x),
W e LP(T"), p > 1. Notice also that in this argument, to get the independence of the
constant from k € [0, 1], it is enough to use the compactness of [0, 1]. ]

For later use we also record the following approximation result:

Proposition 3.4. Assume that the sequence of potentials W; converges to W in LP(Th),
p > 2. Then there exists Ko > 0 such that for any k € Randu € L*(T"), andany j € N,

T
20, < Ko /0 it Gert? =Wy 2, gy, (3.10)
Proof. The conclusion follows from Proposition 3.1 by a simple perturbation argument.

Put P = — (3, +ik)*>+ W and P = —(8)% +ik)2 4+ W;. Then, according to the Duhamel
formula, we have

. . 1 [ . ) .
e—lth — e_”PJv + T/ e—t(t—s)PJ (W — Wj)e_”Pvds,
tJo

and consequently, according to (2.3), we obtain

—itP —itP; —isP
lle™" v — e vl oo, 1y2cry) = CIOW = Wie™ P oll o, 72y
—isP
< CVT W = Will 2oy lle™ Vllzeo (Tt 12(0,7))
< CVT W = Willzan Il 2m)-

According to (3.1) we have
2 ! itP 2
10122 1, < Ko /0 le 1P vl2, , di
2
(Tl)”U”LZ(Tl)v

T
< 2K [ 1 0l di +2CTIW - Wy

which implies (3.10) if [|W — Wjl| 21y is small enough. m]

4. Semiclassical observation estimates in dimension 2

We revisit and refine the arguments of [8]. The key point in our analysis will be the
following variant of [8, Proposition 3.1]. The key difference is that now the main constant
is determined in terms of the geometry of the problem and the potential V.
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Proposition 4.1. Suppose that V; € C ®(T2; R) converges to V in the L*(T?) topology.
Let x € C°(—1,1) be equal to 1 near 0, and define

W (—A+ V) —1
( + Vi) )uo, o > 0.

Iy p, 1o I=X<
0sJ P

Then for any non-empty open subset Q2 of T? and T > 0, there exists a constant K > 0
such that for any j there exist pj, ho j > 0 such that for any 0 < h < hg ; and uy €
LX(T?),

T
ITTh, . ju0ll> < K / le™ " ATy, w0l 72 g di- (@.1)
0

In the proof we argue by contradiction. We first observe that if the estimate (4.1) is true
for some p > 0, then it is true for all 0 < p’ < p. As a consequence, if (4.1) were false
then for any j, there would exist sequences

2
hnj =0, pnj—>0, wonj="Thn,;p,;jv0n; €L,

D0ttn,(1,2) = (~A+ Vi@t (0.2, 1 0,2) = o 52,
such that
2 r 2 1
V=t [ g e <

Each sequence n +— u,,; is bounded in leOC (R x T?) and consequently, after possibly
extracting a subsequence, there exists a semiclassical defect measure 1; on R, x T*T%
such that for any function ¢ € C8 (R;) and any a € C{° (T*T%), we have

(nj. ota(z, é“))=nliﬁngo/ﬂQ TZW(I)(a(Zshn,jDz)un,j)(t»Z)ﬁn,j(tvz)dtdz- (4.2)

Furthermore, standard argumentsi show that:

e We have
1 ((to, t1) x T*T?) =11 — 1. 4.3)

o The measure p; on R, x T*(T?) is supported in the set
Y= {(t.2,0) € R x T? x Rg; [¢] =1}
and is invariant under the action of the geodesic flow:
- Vi(uj) =0. 4.4
e The mass of the measure on €2 is bounded:

1 ((0,T) x T*Q) < 1/K. 4.5)

1 See [1] for a review of recent results about measures used for the Schrodinger equation.
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We are going to show that a proper choice of the constant K above contradicts (4.3).
When no confusion is likely to occur we will drop the index j for conciseness.

We start by decomposing ¥ into its rational and irrational parts. For that we identify
T2 ~ [0, A)x x [0, B), where A, B € R\ {0}, and define

Ap, B
EQ ::Eﬁ{<t7zﬁw
/A2p2+32q2

The flow on Xq is periodic. Its complement is the set of irrational points,

); p.q €Z, ged(p, q) = 1}-

YR\Q = X\ X,

and it also invariant under the flow.

4.1. The irrational directions

For simplicity we assume here that A = B = 2, that is, T2 = T! x T!, as the argument
is the same as in the general case.

Let us first define ug\@ to be the restriction of the measure p to Xr\g. Since u is
invariant, for any open set  C T2 and any s € R,

1r\Q((t1, ) X 2 x R?) = up\o((11, 22) x @5(2 x R?))

where the flow ®; is defined by ®;(z, ¢) = (z+5¢, ). As a consequence, for any S > 0,
2 L[S 2
UR\Q((f1, 1) X 2 x R7) = E/o UR\Q((t1, 12) X Dy(R2 X R7)) ds

1 (S '
= / Lie(n) X S /0 L. oyew, (@xRr?) 45 dUR\Q-
The equidistribution theorem shows that for any (z, ¢) in the support of ug\Q,

; 1 S]l ds — VO](Q)
dm s ), Leoso@xe @5 = S

Hence the dominated convergence theorem and (4.3) show that

vol(£2)

volTy PR 12) T x R?). (4.6)

BrR\Q((t1, ) X © x R?) =

4.2. Dense rational directions

‘We now consider the restriction of the measure y to the set of rational directions, Xg. We
first consider the case of p/q for which p?+¢? is large (we again assume that A = B = 1
as the general argument is the same). In some sense that corresponds to being close to the
irrational case.
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Lemma 4.2. For any open set 2, there exist N € N and § > 0 such that for any
(p,q) € Z* with ged(p, q) = 1 and \/p? + g2 = N,

1 (S (».q)
liminf—/ 1 o (QxR2) dS =8, (= ————.
S S 0 (z2.0)ed; (QxR*) p2+q2

Proof. For any zo = (xg, y0) € 2 choose N > 4m /e where B(zo, 2¢) C 2. Assume that
p > N/2 > 2m/e and that p > ¢ (the case of g < p is similar). Put

2 2
o= YT o oy, k=0, p—1.
p

Since p and g are coprime, ¢ is a generator of the group Z/ pZ. Consequently, the points

Sk
Vo= ———q—yeT

N

are at distance exactly 277/ p from each other. (Here and below, addition on T! is meant
mod 27 Z.) We conclude that for any z € T there exists

J.c{0,...,p—1}, |J;| =[ep/m], suchthat |y+ Yy — yo| <e€fork e J,.

Since the flow is given by

@s(()f,)/%ﬂ) = ((x’y)—;(p’q)’ (Pvf]) >’
T e T

for any k € J, we have ®_g, (z, (p,q) /v p*+ q2) € B(zo,€) x R%. Since 27 /p < e,
we also find that for |s — s¢| < €,

D, (z, M) € B(z0.2¢) x R2 € Q x R

N

Hence, using the assumption that ¢ < p,

2 /A
/0 Lo (z,0)eaxr? ds > [ep/m]e > 2w\ P2 +q2%8, ¢ = (p,q)/\/P*+ 42

for some 8§ > 0. Since the evolution of (z, ¢) is periodic with period 27/ p? + g2, the
lemma follows. o

Let us now fix N as in Lemma 4.2 and let ;1 v be the restriction of g to rational direc-

tions satisfying v/ p? + g% > N. As in the study of the irrational directions, Lemma 4.2
and Fatou’s Lemma imply

non((t1, 1) x @ x R?) > 8ug n((t1, ) x T x R?). 4.7
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4.3. Isolated rational directions

This section is closest to the arguments of [8, §3]. We allow here existence of points in Xq
whose evolution misses 2 altogether. The contradiction is derived from that assumption.
It is now important to keep A and B arbitrary, T?> = R>/AZ x BZ. The constraints on
the constant K will not be only geometric as in §§4.1, 4.2, but will also involve the limit
potential V. Hence we return to the notation of (4.2) and keep the index ;.

(n/m,a)
Zo
=0 @
1
=1
=L =0

—0

Fig. 2. Left: a rectangle, R, covering a rational torus T2. In that case we obtain a periodic solution
on R. Right: the irrational case; the strip with sides m Eq x RE&, Ep = (n/m, a) (not normalized to
have norm one) also covers the torus [0, 1] x [0, a]. Periodic functions are pulled back to functions
satisfying (4.10). This figure is borrowed from [8].

We consider the restriction of the measure u to any of the finitely many isolated
rational directions:

Ap, B
Eozw, VPP+4q*<N. 4.8)
VA?p? + B%q?

We first recall the following simple result [8, Lemma 2.7] (see Fig. 2 for an illustra-
tion).

Lemma 4.3. Suppose that Eq is given by (4.8) and

1
F: (x,y)l—)z:F(x,y):xEé‘—i—yEo, Eé‘:—(Bq,—Ap).
/A2p2 + quz
4.9
If u = u(z) is periodic with respect to AZ x BZ then
F*u(x +ka,y +€b) = F*u(x,y —ky), k,LeZ, (x,y) € R?, (4.10)

where, for any fixed p, q € Z,

2 2 2 2

— AB / B — A
a = (q +p ) , b: A2p2+B2q27 y =— pq( ) )
/A2p2+B2q2 /A2p2+B2q2
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When B/A =r/s € Q then

F*u(x + ki, y +€b) = F*u(x,y), kteZ, (x,y) € R
ford = (p*s®> + q¢*r*)a.
Indeed, with

1 gB pA
A= o in):
A6) =) 46) -0
(355 0) =+ 0))

We now identify u,, ; with F*u,, ;, and consider the Schrodinger equation on the strip
R =R, x [0, b], (or the rectangle R = [0, a], x [0, b], in the case when A/B € Q). In

this coordinate system, E¢ = (0, 1).
Choosing a function x € C3° (R?) equal to 1 near (0, 0) we define, for € > 0,

Xe = x(((n,£) = 0,1)/¢), n,¢€R,

we have

which implies

and

M”Jsf(x’ )’) = Xe (hn,ij)un,j-
We denote by ;. the semiclassical measure of the sequence (uy, je)nenN (J, € are pa-
rameters). Since j = (Xe(g))z,uj (where we skipped the pull-back by F), we have

lim e = wjlie,z,00: ¢=0,1))- (4.11)
—0+

€

We now recall the following normal-form result given in [8, Proposition 2.3 and Corollary
2.4]:

Proposition 4.4. Suppose that F : R> — R? is given by (4.9) and that V € C®(R?) is
periodic with respect to AZ X BZ. Let a,b and y be as in (4.10). Let x € Cgo(Rz) be

equal to 0 in a neighbourhood of n = 0. Suppose that Vj(x,y) € C®(T' x T). Then
there exist operators

Qj(x,y,hDy) € C¥R) @ W'(R),  R;(x,y, hDy, hDy) € WO (R?),

(where WO denotes the space of semiclassical pseudodifferential operators of order 0)
such that (F~Y)*QF* and (F~")*RF* preserve AZ x BZ periodicity, and

(I +hQj)(D} + F*Vj(x, y))x (hDy, hDy)
= (D} + Wj(x)(I + hQ))x(hDy. hDy) + hR;,  (4.12)

where Wj(x) = (1/b) fob F*Vi(x, y)dy satisfies W;(x + a) = W;(x).
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Moreover, there exist operators P; = Pj(x,y, hDy, hD,) € WO(R?) such that (with
properties as above)

(I +hQj)(D} + D; + F*Vj(x, ) x (hDx, hDy)
= (D} + D; + Wj(0))U + hQ)) + P)x(hDy, hDy) + hR;,  (4.13)

2 ~
Pi(x,y,x,n) = lféaij(x, ysmxe&.n), g =o0(Q)), (4.14)

where X € C$° (R?) is equal to 1 on the support of x.
Using Proposition 4.4 we define

Un,je = (1 +th)un,j,e» h Zhn,j-

Since the operator Q; is bounded on L2, the semiclassical defect measures associated

t0 vy, j,e and u,_ j . are equal. We now consider the time dependent Schrddinger equation
satisfied by vy, j . With

Qn,j = Qj(xv Y, hn,ij)v Rn,j = R(x,y, hn,ijv hn,ij)v

(4.15)
Puj = Pj(x,y, hn jDx, hn jDy),

given in Proposition 4.4 and x,, j ¢ := x (hn,jD;), we have
@0 + A —W;(x)vy,j
=+ hn,an,j)(ial + A - Vj(xv y))Xn,j,éun,j - Pn,an,j,eun,j - hn,jRn,j,eun,j
= =Py jxnjettnj IV, xnjelunj+012(1) = =Py jxn, jeltn,j+ oL)zm_(l). (4.16)

We also recall that according to (4.14), on the support of 1} ., the symbol of the operator
W is smaller than Ce. This implies that

(0, + A — Wj (x))vn,j,e = fn,j,e (4.17)

with
limsup [ foje 72 0.7y = (Hjies [ Pu,jIP) < Cje?. (4.18)

n—oo

The simple observation that

PO =Wj () _ itd5 it (93— W;(x))

shows that we can write
Up,je(t, x,y) = Ze itk +ky)vn,j,e,k(f, X),  fuje,x,y) = Ze lkyfn,j,e,k(t, x),
keZ keZ
where
(i3 + 07 = Wi () vn jek = fujiek
and the coefficients satisfy the Floquet condition (see [8, proof of Proposition 2.2])

2rivk/b 2i
Unjek(t, x +a) =TTy, (1, x) = Py, (2, %),

Fojekt,x +a) =V fy i i(t,x),  yi = yk/b=[yk/b] € [0, 1).
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Since W;(x +a) = W;(x) and

asq rb 2
2 — * *V/.
”W_‘/V]”Lz([(),a]/\)_/(‘) (E,/() f(F V(xvy)_F V](x’y))dy) dx
2
< ”F*(V - Vj)”Lz([O,a]xX[O,b]y)
< CgyllV = Vjll o2y = 0, j — o0,

we can apply Proposition 3.4 to uy j ¢ x(t, x) = e 27vkx/@b)y, . (¢, x), which is peri-
odic on the torus R/aZ. For that we fix a domain w C [0, a]y such that for any x € @, the
line {x} x [0, b], encounters €2. The estimate (3.10) gives the following non-geometric
estimate (it is here that the dependence on the potential enters):

. 2 . . 2
” vn,],e,k ”Loo((()’T);LZ([O’a]x)) S 2” vn,j,f,k |t=0”L2([0,a]X) + 2” fn,j,f,k ”LI ((O,T);LZ([O,L!]X))

T
it(d2—W; 2 2
< KO\/() ||€”( ’\ ](X))vn,j,f,k|t=0”L2(w) dt + C”‘fn’j’e’k||L2((O,T)><[0,a]x)

T
< Ko [ Mongealy di + Clfnseslizga ryetoan

Summing over k € Z gives
vnjiell7
S € Lo0((0,T); L2([0,alx x[0,b]y)

< Ko /0 ' v, j.eli=0l17 2y 42 + Cll fuje 132 0.7y (0,01,
Taking first the limit as n — oo, we obtain, according to (4.18),
14),¢((0, T) x ([0, a] x [0, bly) x R?) < Kopj e ((0, T) x w x [0, bly x R?) + Cje.
Then taking the limit as € — 0, we conclude that, according to (4.11),
w; (€0, T)x ([0, alx %[0, b]y) x{(0, D}) < Kow;((0, T)xwx[0, b]yx{(0, D}).  (4.19)

Since any vertical line over @ encounters the open set €2, we have

mig/ dy > 8o > 0.
*€0 Jon({x}x[0,b]y)

This and the invariance of the measure under the flow (which is now just the translation
in the y direction) imply that

11;((0, T) x @ x [0, b], x {(0, 1)}) < 8ouj ((0, T) x 2 x {(0, )}).

Combining this with (4.19) we find that there exists a constant K g, 1, independent of j,
such that

14 (€0, T) x ([0, aly x [0, bly) x {0, D}) < K,1y;((0, T) x £ x {(0, 1)}).
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Returning to an arbitrary rational direction

(r.9) /
g = o p*+4* <N,
P AT 1 B2g2
we conclude that there exists a constant K, ; such that

1,0, T) X T? X £p.g) < Kp gt (0, T) X QX Lpg). (4.20)

4.4. Conclusion of the proof of Proposition 4.1
If the constant K in the statement of the proposition is chosen so that, with § in (4.7),
K vol(T?) 1
— > max| ————, -, max  Kp, ),
T vol(2) & PR N
then, according to (4.6) and (4.7), we must have
w(©,T) x T> xR?) < T,

which contradicts (4.3) and completes the proof of Proposition 4.1.

5. From smooth to rough potentials

Proposition 4.1 was proved under the assumptions that V; € C>®(T?) converge to V €
L?(T?). To pass to L? potentials we will now use the results of §2.2.

5.1. Classical observation estimate for smooth potentials

The first proposition is the analogue of [8, Proposition 4.1] but with constants described
by Proposition 4.1.

Proposition 5.1. Suppose that V; € C ®(T?; R) converge to V in the L*>(T?) topology.
Then for any non-empty open subset 2 of T? and T > 0, there exists C > 0 such that for
any j € N there exists C; such that for any ug € L%(T?), we have

luollz2¢r2y < Clle™ = Puoll 120 7yx) + Cilluoll g-2cr2)- (5.1
Proof. To obtain the estimate (5.1) from Proposition 4.1, we apply pseudodifferential
calculus in the time variable. This was already performed in [8], but since we need a
precise dependence on the constants we recall the argument. Consider a j-dependent
partition of unity

o0
L=g0;()°+ Y o ;0% @) :=oR D), R>1,
k=1

¢ € CP((R, R); 10,1, (R, Ry) C {r; x(r/p) = 1/2},
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where x and p; come from Proposition 4.1. Then, we decompose u( dyadically:

0
luwoll2 =Y llexj(Pvuoly2, Py = —A+ V.
k=0

Let ¥ € C3°((0, T); [0, 1]) satisfy () > 1/2 for T/3 < t < 2T /3. We first observe
(using the time translation invariance of the Schrédinger equation) that in Proposition 4.1
we have actually proved that

1Ty, juols < K /R YO DI, ol i 0<h<ho, (52)

which is the version we will use.
Taking K; large enough so that R=Ki < hy, j» Where hg_; is as in Proposition 4.1, we
apply (5.2) to the dyadic pieces:

2 2
o3 =D ligr.j (Pvuoll7
keZ

T
—itPy,
<Z||€0kj(PV)u0||Lz+C Z / U@ llgr (P e Mgl g dt

k=K;+1
—itPy,
_Z||(Pk](PV)M0||L2+C Z /nw(r)gok,j(Pv,.)e g2, d.
k=Kj+1

Using the equation we can replace ¢(Py;) by ¢(D;), which means that we do not change
the domain of z integration. We need to consider the commutator of v € C3°((0, 7)) and

@, j(Dy) = ©(R7ID,). If 1; € Cy°((0, T)) is equal to 1 on supp ¥ then the semiclassical
pseudodifferential calculus with & = R;k (see for instance [23, Chapter 4]) gives

YOk j (D) = Y Ok j (DY (@) + Ej(t, Dy),  9Ej = O((t) N (x) VRN,
(5.3)
for all N and uniformly in k.
The errors obtained from Ej can be absorbed into the ||ug|| 212y term on the right-
hand side (with a constant depending on j). Hence we obtain

00 T
P
luoll7> < Cjlluolly—2 o, +CZ /0 19 (O (D) e~ Miugll2y g dt
< ”uOHH 2(T2) +KZ Pk, ](Dt) I/f(f) e Jug, I/I(t)e —ith ‘/'/“())L?(R,xﬂ)
= Cjlluolfy2ipe, + K / 1@ e ug |12, o dt

T
~ 2 —itP 2
< Eluoly 2o, + K /0 e g 2

where the last inequality is the statement of the proposition. O
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5.2. Proof of Theorem 2

We can now deduce Theorem 2 from Proposition 5.1. For that we consider a sequence V;
of smooth potentials converging to V in L2(T?) (to construct such a sequence, consider
the Littlewood—Paley cut-off V; = x (272 A)V with x € Ci°(R) equal to 1 near 0). We
now have, according to Proposition 5.1,

luoll2¢r2) < Clle ™ Pugll 120 7yxey + Djlluoll g-2¢r2).-

On the other hand, according to (2.21), we have

it(A=V}) it(A—V

lle

uollz2¢0,ryx) =< lle Yuoll 20, 1yxe + CIIV — VillL2cr2y luoll 2 r2).

hence, we deduce

it(A—V

luollp2¢r2y < Clle Yuoll 20, 1yx) +C IV = Vill 212y luoll 212y +Djlluoll -2 (12)

and consequently, taking j large enough so that C||V — Vj|[ 22y < 1/2, we conclude
that .

luoll z2cr2y < 2C 1" Aol 20,1y x ) + 2D 4ol -2cp2)-
It remains to eliminate the last term on the right-hand side. For this we use again the
classical uniqueness-compactness argument of Bardos—Lebeau—Rauch [2] (see also [8,
§4]) or the direct argument presented in the Appendix. The needed unique continuation
result for L2 potentials in R2 follows, as it did in §2.1, from the results of [21].

Appendix A. A quantitative version of the uniqueness-compactness argument

We present an abstract result which eliminates the low-frequency contributions in observ-
ability estimates.

Let P be an unbounded self-adjoint operator on a Hilbert space H. We assume that
the spectrum of P is discrete:

Py =iupn, M =<I<---. hyzn’/Co §>0,
where {¢}°° | form an orthonormal basis of .
We define P-based Sobolev spaces using the norms

o0

lel3e, = D () l@: @n) - (A1)

n=1
The Schrédinger group for P is formed by the following unitary operators on H:

o0

U(t)g = exp(—itP)p = Y (g, gpude” " g,

n=1

We have the following general result:
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Theorem 4. Suppose that A : H — H is a bounded operator with the property that for
any A € R there exists a constant C ()) such that for ¢ € 'HIZD,

el = CUIP = Vel + | Aell#). (A.2)

Suppose also that for some € > 0, T > 0, C| and C,

t
Il < €1 [ 1AV s+ Calvlc. TiA<e<T. Ad)

Then there exists an explicitly computable constant K such that

T
lol3, < K/O IAU ()gll3, dt. (A4)

Remarks. 1. We do not compute the constant explicitly but the construction in the proof
certainly allows that.
2. In the applications in this paper,

P=—-A+V, H=LXT?», A=1lg, cCT?open,
or
P=—0+ik)>*+W, H=L*T"), A=1, T open.
Proof. We start by observing that (A.3) and the definition (A.1) imply that for N >
2Cy)Ve,

t
I — Mel* < 2C1f IAU(s)I — gl*ds, T/4<t<T,
0 (A.5)
Mg := Y (@ oa)0n.

An<N
For reasons which will be explained below we will use this inequality for t = T /4 and
apply it with ¢ replaced by U (T /2)¢:
) 3T/4 )
(I — IDe|” <2C, //2 AU (I — IDe||*dt. (A.6)
T

We will show that the same estimate is true for 1. For that let u; < -+ < u,, be
the enumeration of {A, }f;l and define

wr = Z (Qoa §0n)(pn,
An=[r
so that

1
UNTp = Y e ™o, gy = Y _ ey,
r=1

n<Kki
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Since (P — wu, )y = 0, we can apply (A.2) to obtain

IVl < K2lAYrll, K2 = max C(Ap). (A7)
n<kKj
The functions ¢ +> e*! r = 1,...,r], are linearly independent and there exists a
constant K3 = K3(u1, ..., Wy, T) such that forany f1,..., f,, € H,
3T/4, 1. 5 r )
) A Ry S 1A (A)
T/2 r=1 r=1

as both sides provide equivalent norms on x:‘: H.

Applying (A.8) with f, = Ay, and (A.7) gives

3r/4, 1 ) 2 4|
IAUOTO s gy = [ |2 Avre [ dr= Ko D lavs P
T/2 r=1 r=1
r
> K2K3 Y 1Y lI* = K2K3||Tg|l. (A.9)

r=1

The combination of (A.6) and (A.9) does not yet provide the estimate (A.4). However,
if
Mg =Y (@ 0n)¢n.
A‘)l f M

then for M sufficiently large we have
2
”AU(t)(I - 1_IM + H)¢||L2((O,T);'H)
> K7 K3 Tg|* + (1/4CDIIUT — Ty)el* — KaMol*,  (A.10)

where K4 will be defined below. In fact, if we choose n € C3°((0, T')) equal to 1 on
[T/2,3T /4], then the left-hand side in (A.10) is estimated from below by

/ IAU @) (I = Ty + Myel*n () d = / IAU () = Th)gl*n () di
—i—f ||AU(t)l'I<p||2n(t) dt — 2Re/(AU(t)(I — ), AU () 1e)n(t) dt.
We can apply (A.5) and (A.9) to estimate the first two terms from below. Since
2Re/(AU(t)(I — y)e, AU (@) e)n(t) dt
=2Re ) Y (9, 0a)Oms ) {APn, Ap) f ¢! =ty (1) di

<N Ap>M

<CplIIAIP D" D7 D=l Pllol? < KaM ™ g)?
<N Ap>M

if we choose P sufficiently large, we obtain (A.10).
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We now have to deal with the remaining eigenfunctions corresponding to N <A, <M.
Let uy 41 < --- < ur, be the enumeration of these eigenvalues. Put

T

- Al
"= 1oy (A-11)

The Vandermonde matrix (¢'“"PT)| <, <, 1<p<r, is non-singular and hence we can find
scalars o), with max |o,,| = 1 satisfying

r .

Z oy el Pt

i
Zape’“”’t =0 forr <ry, >Ks forrp<r=<r, (A.12)

p=1 p=1
with a constant K5 = K5(u1, ..., 4, T'). (Note the implicit dependence on M.)
If we define
n
5= (X ore™ ) 0. on)en, (A.13)
)\.n>N r=1
then
n
(I-M¢=¢ and UMNG=Y o,U(t+ pr)g. (A.14)

r=1
Applying (A.5), (A.12) and the definition (A.13) gives

rn

2 1k 511 i
ACHIAU PN 2 ppsr iy = 1917 = Y | e
N=<i,<M r=1

2
e, on) |

> K2||(Ty — M.
The choice of 7 in (A.11) and (A.14) show that

Ks

My — Mol A.15
2C1r2||( M oll ( )

AU (D¢l =

This gives

IAU () — Ty + D@l 20,7930 < NAU @@l 120.7y:70) + VT 1Ty — M|

2JT rhC
< (1 + K—s AU D)@l 2¢0,7): 1)

which combined with (A.10) and (A.15) produces

2(VT + 1) Cy
(1 g IVl = K2KslTel + (1201 = el

+ My — Mgl — vKa/M |||
> (K¢ — v/ Ka/M)||g]|.

A K¢ and K4 are independent of M, we obtain (A.4) by choosing M large enough. O
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Appendix B. Proof of Lemma 2.5

This is a purely geometric result which does not involve integer points. It is a consequence
of the fact that the circle is curved but we prove it by explicit calculations.

We start with the case where y = 1 (recall that in Lemma 2.5 the modulus is defined
by |(x1, x)|*> = x12 + yx%). We perform a change of variables x +— xh, and denote
2h%. We are reduced to proving that for

|z — 1] <, arg(z) € [av/e, (@ + Ve,
(B.1)

€ =K

Bew ={z€C; Rez >0, Imz >0,

we have
Lemma B.1. There exist g > 0 and Q > 0 such that for any 0 < € < €g, we have
Voj € {0,1,..., N}, j=1,...4, Ne :=[1/2/€],
(Be,ay + Be,ay) N (Be,az + Be,ay) # V)
= lar —o3|+ o —oul < Qorlay —ou| + e —a3l = Q. (B2)

Proof. We first observe that it is enough to prove the lemma with the condition }|z| —1 |
< e replaced by 0 < |z| — 1 < € in the definition of B¢ 4: 0 < 1 — |z| < € is the same as
O0<lzl/(0—€)—1=<€/(1—¢).

Letz; = p;eief € Be,aj, 1 < j < 4, be such that z1 + zo = z3 + z4. By possibly
exchanging z1 and z we can assume 0; > 6, and similarly that 63 > 6,. In particular,

01 —62)/2 €0, /4], (63 —064)/2 € [0, /4] (B.3)
Since p; € [1, 1 + €], we have
|ei01 T eif2 _ i3 _ ei04| < de.
which is the same as
|ei/2(9‘+92) cos(—g' 562) — ¢l/2(03+64) cos(—93594)] < 2e. (B.4)
On the other hand,
| €512 cos(915%2) — 03O0 cos(25%))]

— ’gi/2(01 +6,—63—04) COS(91;92) _ COS(93;94)’ > ’Sin(91+92;93—94) COS(&;@)‘_

Since (B.3) implies that cos(@) >1/ V2, we deduce from (B.4) that
|sin(%)| <2J2e.

We also have (61 + 60, — 03 — 604)/2 € [ /2, /2] and as [sinf| > 2|0|/x for —m /2 <
6 < /2, we conclude that

|t < 1 /2. (B.5)
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We assumed that z; = pje'% € B o, and that means that 0 < 6; — /€ a; < /€. Hence
(B.5) gives
lot + o0 — o3 — g < C/e+2 <3, (B.6)

provided that € > 0 small enough.

Going back to (B.3) and (B.4) we get, with p = @, q = @,

|cos p — cos g| = 2[sin(252) sin(252)| < 2e. (B.7)

As, p,q € [0, m/4] we get

(161 — 2] — 103 — 0a)([61 — O] + 03 — O4]) < 4, (B.8)
and this gives

(01 —62) — (63— 64)| < ((164 —<92|—|93—94|)(|91—92|+|93—94|))1/2 <2n/e. (B.9)
Using again the fact that 0 < 0; — (/e aj < /€, this gives
[(orp — o) — (a3 — og)| < 27 + 2. (B.10)
Finally, from (B.6) and (B.10) we obtain
loy —a3| < 7w +5/2, |ax—a4| <7 +5/2,

which proves Lemma 2.5 in the case y = 1 (notice that here only the first term in the
alternative is possible which follows from the assumption 8; > 6>, 63 > 64). The general
case follows by applying the transformation (x1, x2) € R? > (x1, JY X2) € R2. O
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