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Abstract. We study a semilinear equation with derivatives satisfying a null condition on slowly
rotating Kerr spacetimes. We prove that given sufficiently small initial data, the solution exists
globally in time and decays with a quantitative rate to the trivial solution. The proof uses the ro-
bust vector field method. It makes use of the decay properties of the linear wave equation on Kerr
spacetime, in particular the improved decay rates in the region {r < ¢/4}.

1. Introduction

In this paper, we consider the global existence for small data for a semilinear equation
with null condition on a Kerr spacetime. Kerr spacetimes are stationary axisymmetric
asymptotically flat black hole solutions to the vacuum Einstein equations

R/w =0

in 3 4+ 1 dimensions. They are parametrized by two parameters (M, a), representing re-
spectively the mass and the angular momentum of a black hole. We study semilinear
equations on a Kerr spacetime with a < M of the form

(g @ = F(D®),

where [, is the Laplace-Beltrami operator for the Kerr metric gg, and F denotes non-
linear terms that are at least quadratic and satisfy the null condition that we will define in
Section 1.2.

The corresponding problem on Minkowski spacetime has been well studied. In 4+1
or higher dimensions, the decay of the linear wave equation is sufficiently fast for one
to prove global existence for small data of nonlinear wave equations with any quadratic
nonlinearity [16]. However, in 3+1 dimensions, which is also the dimension of physical
relevance, the decay rate is only sufficient to prove the almost global existence of solu-
tions [15]. Indeed, a counterexample is known [14] for the equation

O, ® = (8, ).
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Nevertheless, if the quadratic nonlinearity satisfies the null condition defined by Klainer-
man, it has been proved independently by Christodoulou [4] and Klainerman [17] that any
solutions for sufficiently small initial data are global in time. There has been an extensive
literature on extensions and variations of the original results, including the cases of the
multiple-speed system and the exterior domains ([26], [27], [21], [22]).

The decay rate of the solutions to the linear wave equation on Kerr spacetimes with
a < M has been proved in [7], [1], [29] and [20]. The known decay outside the set
{ct* < r < Cr*} is sufficiently strong and the proof (in [7], [1] and [20]) is sufficiently
robust that one expects the main obstacle to proving a small data global existence result (if
it indeed holds) would come from quantities in the set {ct* < r < Ct*}. This set, however,
approaches the same set in Minkowski spacetime as t* — oo due to the asymptotic
flatness of Kerr spacetimes. Therefore, one expects that with a null condition similar to
that on Minkowski spacetime, a similar global existence result holds. Indeed, we have
(see the precise version in Section 1.2)

Main Theorem 1.1. Consider Ug, ® = F(D®) where F satisfies the null condition
(see Section 1.2). Then for any initial data that are sufficiently small, the solution exists
globally in time.

Our major motivation for studying the null condition on a Kerr spacetime is the problem
of the stability of the Kerr spacetime. It is conjectured that Kerr spacetimes are stable. In
the framework of the initial value problem, the stability of Kerr spacetime would mean
that for any solution to the vacuum FEinstein equations with initial data close to the initial
data of a Kerr spacetime, its maximal Cauchy development has an exterior region that
approaches a nearby, but possibly different, Kerr spacetime. In the case of the Minkowski
spacetime, the null condition has served as a good model problem for the study of the
stability of the Minkowski spacetime. We hope that this work will find relevance to the
problem of the stability of the Kerr spacetime.

1.1. Some related known results

We turn to some relevant work on linear and nonlinear scalar wave equations on Kerr
spacetimes. The decay of solutions to the linear wave equation on Kerr spacetimes has
received considerable attention. We mention some results on Kerr spacetimes with a > 0
here and refer the readers to [7], [19] for references on the corresponding problem on
Schwarzschild spacetimes. There has been a large literature on the mode stability and
nonquantitative decay of azimuthal modes (see for example [25], [12], [32], [10], [11]
and references in [7]). The first global result for the Cauchy problem was obtained by
Dafermos—Rodnianski [6], who proved that for a class of small, axisymmetric, station-
ary perturbations of Schwarzschild spacetime, which include Kerr spacetimes that rotate
sufficiently slowly, solutions to the wave equation are uniformly bounded. Similar results
were obtained later using an integrated decay estimate on slowly rotating Kerr spacetimes
by Tataru—Tohaneanu [30]. Using the integrated decay estimate, Tohaneanu also proved
Strichartz estimates [31].
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Decay for general solutions to the wave equation on sufficiently slowly rotating Kerr
spacetimes was first proved by Dafermos—Rodnianski [7] with a quantitative rate of |®| <
C(¢*)~1+C4_ A similar result was later obtained by [1] using a physical space construction
to obtain an integrated decay estimate. In all of [30], [7] and [1], the integrated decay
estimate is proved and plays an important role. All proofs of such estimates rely heavily
on the separability of the wave equation, or equivalently, the existence of a Killing tensor
on Kerr spacetime. In a recent work [8], Dafermos—Rodnianski prove the nondegenerate
energy decay and the pointwise decay assuming the integrated local energy decay estimate
and boundedness for the wave equation on an asymptotically flat spacetime. Their work
shows a decay rate of || < Ci~! and improves the rates in [7] and [1]. In a similar
framework, but assuming in addition exact stationarity, Tataru [29] proved a local decay
rate of (*)~3 using Fourier-analytic methods. This applies in particular to sufficiently
slowly rotating Kerr spacetimes. Dafermos and Rodnianski have recently announced a
proof for the decay of solutions to the wave equation on the full range of sub-extremal
Kerr spacetimes a < M.

For nonlinear equations, global existence for the equation with power nonlinearity
g, ® = £|®P|” P was initiated in [23] and [24], in which the large data subcritical de-
focusing case of p = 2 is studied. Later, there have been much work on the small data
problem in which the sign of the nonlinearity is not important, and the dispersive proper-
ties of the linear equation play a crucial role. Global existence was proved for small radial
data for p > 3 on Reissner—Nordstrom spacetime [5] and for general small data vanish-
ing on the bifurcate sphere for p > 2 [2] on Schwarzschild spacetime. Global existence
was also proved for p = 4 on Schwarzschild spacetime with general data that has small
nondegenerate energy [13]. This was extended to the case of sufficiently slowly rotating
Kerr spacetime in [31]. A counterexample is known for the case 0 < p < V2 [3]. To our
knowledge, the present work is the first work on semilinear equations with derivatives on
black hole spacetimes.

1.2. The statement of the Main Theorem

Before introducing the null condition and stating the precise version of the Main Theorem,
we briefly introduce the necessary concepts and notations on Kerr geometry and the vector
field method. See [20] for more details.

The Kerr metric in the Boyer-Lindquist coordinates takes the following form:

a%cos 6

2M I 2 cos? 0
gK=—<1— o )dr2+ 2Mr2 . dr2+r2<1+a CO2$ )d92
r(l+45) -5t d
) a*  (2M a’sin® @ o
+ro|l+ =+ T eaag ) SInT0de
] r (14 5
s 2
6
—am—2 Y ias. (1

r(l + azcr+20)
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Let . be the larger root of A = r?> — 2Mr + a®. Then r = r, is the event horizon. In
this paper, we will use the coordinate system (t*, r, 6, ¢*) defined by

oy (R h dh(r) 2Mr
=t+ x(r)h(r), where = ,
X dr r2 —2Mr + a2
dP(r) a

¢ =¢+ x(r)P(r), where

dr r2 —2Mr +a?’
where

1, r<r, —(ry, —ry)/2,

X (r) — ="y ( Y +)/

0, r=ry —(@ry —ry)/4,
r4 is as above and r, > ry is a fixed constant very close to r, the value of which can
be determined from the proof of the energy estimates in [20]. Following the notation in
[20], we will use t* = t to denote the #* slice on which we want to prove estimates, and
t* = 19 to denote the ¢* slice on which the initial data is posed.

In [20], following [6], various quantities are defined via an explicit identification of

the Kerr spacetime with the corresponding Schwarzschild spacetime with the same mass.
We recall the identification:

ré —2Mrs =r* —2Mr +a®,  ts+ x(rs)2M log(rs — 2M) = t*,
Os =0, ¢s=20¢",

where x is as above.
Define

rg =rs+2Mlog(rs —2M) —3M — 2M log M,
uw=2M]/rg, u:%(tg—r;‘), v:%(ls+r§).

We note that the variable u will also be used to quantify decay.
We define in coordinates

L =0, inthe (u,v,0s, ¢s) coordinates,

a
t+X(”)Mr+¢ L

We can now define the “good” and “bad” derivatives. Define
1 1 — 1 1 1 1 1
WG —39,—3¢ s D e L,—ag,—8¢ y D e —L,L,—89,—3¢ .
r r r r 1—pu r r

Notice that D spans the whole tangent space and we always have [D, d;<] = 0.
We now define the null condition. On Minkowski spacetime, the classical null condi-
tion can be defined geometrically by requiring the nonlinearity to have the form

ARY), 09, D,

where A satisfies A*V£,&, = 0 whenever £ is null. On Kerr spacetime, we would like
to define a notion of the null condition that includes this geometric notion. This is also



The null condition for wave equations on Kerr spacetimes 1633

because many physically relevant semilinear equations satisfy this condition. On the other
hand, in order to prove the global existence result, we need to use the vector fields that
capture the good derivative. We would therefore like to define the null condition using
the vector fields defined in [7], [20], i.e., using D and D. In particular, we want the
nonlinearity to have at least one good, i.e., D, derivative. This on its own is however
inconsistent with the geometric null condition. We therefore allow a term in the quadratic
nonlinearity that does not have a good derivative but decays in r.

Definition 1.2. Consider the nonlinearity F(®, D®, t*, r, 0, ¢*). We say that F satisfies
the null condition if

F = Ag(®,t*,7,0,0*)DODD + A (D, t*, 7,0, ") DODD + C(P, DD, t*, 1,6, ¢*),

where
|Dgajza;'3a(§4a;1z\j| <CE)™2r ™ foriy+ir+iz+is+is <16, j =0,1,
|Dgaj,%a;'3354a;;z\1| < C*) 2,718 foriy +ir+ i3 +is+is < 16 and r > 9¢*/10,

and C denotes a polynomial that is at least cubic in D® (with coefficients in ®, t*, r, 6, ¢*)
satisfying

S
|Dg 9,207 9 95.Cl < C(t*)~2r ™5 Y ID® foriy +ip + i3 +ia +is < 16.
s=3

Remark 1.3. The null condition is a special structure for the quadratic nonlinearity. We

note that in our case, the restriction is necessary only for r > 9t*/10. Moreover, higher
order terms should give better estimates and do not need any special structure.

Under this definition of the null condition, global existence holds for small data.
Moreover, the solution @ satisfies pointwise decay estimates. In order to appropriately
describe smallness, we introduce the language of compatible currents. Define the energy-
momentum tensor

Ty = 3P0, D — $8,03* DI, P.
By virtue of the wave equation, T is divergence-free,
VHT,, =0.
For a vector field V, define the compatible currents
I(@) =V T (@),  KV(®)=x),T"(®),

1%

where 7,

is the deformation tensor defined by

Ty = 5(VuVo + Vi V).
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In particular, KV (®) = 7}, = 0if V is Killing. Since the energy-momentum tensor is
divergence-free,

VETY (@) = K (D).
We also define the modified currents

JM(@) = J) (@) + §(wd, @ — dwd?),
KV"(@) = KV (®) + wd @3, ® — §0,wd.

Then
VAL (@) = KV (D).

In [20], we have used the currents corresponding to N and (Z, w?) defined by

5 5 8tri(l —2M
N = tenF 4 3nV).  Z=itLt Pl w? = SsU M)
;

where
1 1
+ —3 9 —3 9
(log(r —ry)) (log(r —ry))

r is the larger root of A = r> —2Mr +a?, and Y and V are compactly supported vector
fields in a neighborhood of {r; < r < r,}and are nullin {ry <r <r,}, and e is an
appropriately small constant depending only on a (see [20]). Since N is future-directed,
we have the pointwise inequality

yi(r) =1 »n(r) =

N
IV (@), > 0.

In [20] we have shown that there exists a constant C such that

/ JEY (@l + C(t*)2[ 1N @l > 0.
PO x

N {r<ry'}

These energy quantities will be used for ® as well as for derivatives of ®. We now de-
fine the commutators that we will use. d;+ is a Killing vector field that is defined as the
coordinate vector field with respect to the (*, r, 6, ¢*) coordinate system. Near the event
horizon, we use the commutator ¥ which is compactly supported in {r < r;,r } (where
r}L > ry is an explicit constant in [20]), null in {ry < r < ry} and transverse to
the event horizon (see [20]). ¥ has good positivity property that reflects the celebrated
red-shift effect. In the region of large r, we use the commutators Q. Let Q; be a basis
of vector fields of rotations in Schwarzschild spacetimes. An explicit realization can be
Q =0y, singdy £ %%. Define fZ,- = x(r)2; to be cutoff so that it is supported in
{r > Rq} and equals ; for r > Rq + 1 for some large R. We also use the commutator
S that would provide an improved decay rate of the solution. It is defined as

S = t"9 + h(rs)dr,
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where
rs —2M, rs~2M,

hirs) = {r:’;(l —w. r=R

for some large R, and is interpolated so that it is smooth and nonnegative. For the com-
mutators, we also use the notation that

T e {9, Q.
We are now in a position to state our Main Theorem precisely.
Theorem 1.4. Consider the equation
ng)zF((DaDq>5t*7r597¢*)7 (2)

where F satisfies the null condition. There exists an € such that if the initial data of ®
satisfies

/ (LN (PRI 4+ TN (S0 oyl ) < €

i+j+k=16" X

and
13

Y (rID @ ()| + rID' SO (x0)]) < e,
=0

then @ exists globally in time. Moreover, for all n > 0, we can take a sufficiently small
such that the solution ® obeys the decay estimate

|®| < Cer~'u™12(", DD < Cer 'u™'(t*)", |[D®| < Cer ') 117
forr > R,
|®| < Cse (™) 378, |D®| < Cse (@) 3/F 71248 forr < 1%/4.

We specialize to a particular case which resembles better the classical null condition [17].

Theorem 1.5. Consider the equation
O® =T'(P)A" 9, P, D, 3)

where A satisfies A*VE,&, = 0 whenever & € TK is null. Then the statement of Theo-
rem 1.4 holds.

The above formulation is geometric and independent of the choice of coordinates. We
note that this condition is obviously satisfied by the wave map equation in the intrinsic
formulation.

1.3. The case of Minkowski spacetime

We now outline the proof of the main theorem. In the original proof in [17], many sym-
metries of Minkowski spacetime are captured and exploited using the vector field method.
Kerr spacetime, on the other hand, lacks symmetries and this limits the set of vector fields
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that are at our disposal. In view of this, we would like to re-examine the proof of the
small data global existence result for the nonlinear wave equation with a null condition
on Minkowski spacetime, using only the vector fields whose analogues in Kerr spacetimes
have been established in previous works. In particular, we would have to avoid using the
Lorentz boost.

We first study the decay properties of the solutions to the linear wave equation on
Minkowski spacetime. Since the vector field T = 9, is Killing and Z = 1?9, + v29, is
conformally Killing, we see for w = 8¢ that

z
/EJMT(CD)n’gt, /EJMZ’“’ (P)ny,

are conserved in time.

Decay can be proved using the above conserved quantities for V& for appropriate
vector fields V. It is proved separately for » > ¢/2 and r < /2. In the former case,
we use the fact that Q;; = x; ij + x;0y,; is Killing on Minkowski spacetime and hence
O, (2¥®) = 0. Since € has a weight in r, it can be proved that

2
DD < Cr—ZZ/Z I @ oyl .
k=0 t

Notice that in this region r~2> < Cr~2. It is known, for example by the representation
formula, that this decay rate cannot be improved. In the region r < ¢/2, however, the
decay rate is better. One can consider the conformal energy

Z.w? n 2 2, .2 2 2, .2 2 wr + 0%\ o
T (@), > § u*(L®)* + v (LP)* + (u” + v)| V|~ + —a P~ |,
t
where u = %(t—r),v:%(t+r).ln particular, we have

ID®? < 1—2/ 2(DP)? < t_szMZ’“’Z(CD)n’)é.
T/N{r<t/2} '

To improve the decay rate in this region, we can consider the equation for S® = (19, +
rd,)® and use the integrated decay estimates as in [19], [20]. This approach allows us to
avoid the use of Lorentz boost of [17] and the global elliptic estimates of [18], neither of
which has a clear analogue in Kerr spacetimes. On Minkowski spacetime, a local energy
decay estimate can be proved using the vector field (1 - W)Br for the linear
wave equation [28], which together with the conformal energy yields

(1.1t
/ / P (@ dil < c/ (D®)?
t z/N{r<t’/2} SeN{r=t/2}

<cr? / TP @)l
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This would imply that there exists a “dyadic” sequence t; ~ ( 1.1)i#y on which there is
better decay

—1-8 4T u -3 Z,w% Iz
/ r I (<I>)n2[_ <Cy /JM w ((D)”E,'
2, N{r<t/2} i

Since S is Killing on Minkowski spacetime, [, ® = 0 implies UJ,,,(S®) = 0. Then the
above argument would give

1.1y
/ f P10l (S di < t_2f TP (soml .
' N{r<t/2)

Since S = t0; + rd, has a weight in ¢, we can integrate along the integral curves of §
from the “good” #; slice and get

—1=8 4T w -3 Z,w? 12
r J (®)ns. < Ct /J (D). .
/z,m{rgt/z} K Ze " 1o

Together with the use of €2, we have the pointwise estimate

2
|D®|? < Cr— 1+ Z/ r—l—SJ,f(sz"@)n;r
k=0 Y Z:N{r=<t/2}

2
< Cr_1+‘st_3Z/JMZ’“’Z(QI‘CD)n‘étO.
k=0

We now study how this decay rate can be used for the nonlinear problem. The main
idea is to prove the above conservation and decay estimates in a bootstrap setting, showing
that the decay to the linear wave equation is sufficiently strong that the nonlinear terms
can be treated as error. In this framework, the decay of t~! is borderline and since the
decay rate is better when r < t/2, the difficulty arises when dealing with terms in the
region r > /2. Furthermore, in order to achieve this decay of #~! it is imperative to show
that f s, J MT (dD)n’ét is uniformly bounded in time.

We now show a heuristic argument. With the inhomogeneous term, the conservation
law for the energy now has the error term

t 1/2 2
/ Il (@), 5/ JMT(d))n’élo + (/ ( (qu>)2) dt) :
> ) o pon

and that for the conformal energy has the error term

t 1/2 2
/E JE (@)l 5/2 T @l + (/ ( ) (t2+r2)(DmC[>)2) dr)
t f U t

0
Since [, @ is quadratic in D®, we can use Holder’s inequality on the inside integral to
control one term in L2 and one in L. However, since on the linear level D® is bounded

0

0
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in L? and decays as r~! in L™, the inhomogeneous term for the estimate for the energy

is controlled by
t 1/2 2
</ t—1</ JILT(db)n%r) dt).
) X

This is insufficient to show that the energy is bounded. We therefore need to make use of
the null condition. The null condition would allow one to prove

[(chﬁcb)2 < cﬂ/)S Juz’wz(akdﬂn’ét. )
t

In order to prove this estimate, we observe that in the conformal energy, the good deriva-
tives (3, ¥) has better decay rates. In order to use this, we then need to control the confor-
mal energy. Using again the null condition, the inhomogeneous term in the conservation
law for the conformal energy can be bounded by

t 2 1/2 2
(f z—1</ JEw (CD)n‘ét) d:) .
1) %

This would not be sufficient to prove that the conformal energy is bounded, but is suffi-
cient to prove that it grows no faster than ¢" for sufficiently small data. This in turn would
be sufficient to prove the boundedness of the energy and obtain all the necessary decay
rates. In practice, the argument is more complicated as we need to control the higher order
energy and conformal energy in order to obtain the decay rates.

1.4. The case of Kerr spacetime

In [7] and [20], all the analogues of the above estimates have been proved in the linear
setting in Kerr spacetimes. However, it is apparent from the linear case that several issues
arise when we apply a similar strategy to the nonlinear problem on Kerr spacetime.
Among other issues, two difficulties loom large. The first is the lack of symmetries in
Kerr spacetimes. While Kerr spacetimes possess the Killing vector field o+, it is space-
like in a neighborhood of the event horizon and thus does not give nonnegative conserved
quantities. The works [6], [7] suggest that we can instead use the vector fields N and Z
on Kerr spacetime as substitutes for 7 and Z on Minkowski spacetime. N is constructed
as the Killing vector field d;« added to a small amount of the red-shift vector field near
the event horizon. The red-shift vector field, first introduced in [9], takes advantage of the
geometry of the event horizon and has been used crucially to obtain decay rates in [9],
[6], [7], [19], and [20]. It is one of the few stable features of the Schwarzschild space-
time. The vector field Z approaches the corresponding Z on Minkowski spacetime at the
asymptotically flat end and has the weights in r and t* from which we can prove decay.
These vector fields, however, do not correspond to any symmetries of Kerr spacetimes,
and therefore, as is already apparent in the linear scenario, the energy estimates would
contain error terms that need to be controlled. One consequence is that even in the lin-
ear setting, the conformal energy is not bounded. Similar issues arise for the vector field
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commutators 2 and S, which are crucial to obtaining pointwise decay estimates, whose
corresponding error terms at the linear level have been studied in [7], [19], [20]. A further
issue that arises in the case of the Kerr spacetime is the lack of good vector field commu-
tators that are useful to obtain control of higher order derivatives. This has been treated
in the linear setting in [6] and [7] using d;+ and the red-shift vector field as commutators
and retrieving all other derivatives via elliptic estimates. In the nonlinear setting, we again
use elliptic estimates, noting however that the proof of the elliptic estimates now couples
with that of the energy estimates in a bootstrap argument.

Secondly, Kerr spacetimes contain trapped null geodesics. As a consequence, any
decay results at the linear level must involve a loss of derivatives. This is manifested in
the degeneracy of the integrated decay estimate near r = 3M. We note, however, that on
the linear level the nondegenerate energy can be proved to be bounded without any loss of
derivatives. We therefore prove energy bounds that are consistent with the linear scenario.
We would try to prove on the highest level of derivatives only a boundedness result and
begin to prove decay results on the level of fewer derivatives. However, as we will see,
the nonlinear effect comes into play and it is not possible to prove even the boundedness
of the nondegenerate energy at the highest level of derivatives. We can nevertheless show
that the energy is bounded by (+*)7. On the level of one less derivative, we can prove
that the conformal energy grows no faster than t!*". Using this fact as we prove the
estimates for the nondegenerate energy, we can show that at this level of derivatives, the
nondegenerate energy is bounded. This is crucial for obtaining the necessary borderline
decay of (r*)~!in r > */2, thus allowing us to close the bootstrap argument. Trapping
would also cause a loss in derivatives when controlling the error terms arising from the
commutation with S. To tackle this problem, we would commute with S only once. With
this approach, we would not have an improved decay for DS® in r < t*/2. Nevertheless,
we can show that the bootstrap can be closed. Here we make use of the fact that as we
close the assumptions for S®, we are at a level of derivatives of @ such that the local
energy flux decays.

In the next section, we will introduce the energy quantities on Kerr spacetimes that can
be thought of as analogues of the energy, conformal energy and integrated local energy.
In Section 2, we will state the energy estimates that they satisfy. In Section 4, we will
state the elliptic estimates that will be used. Then in Section 5, we prove the necessary
L estimates. With all this preparation, we then prove all the estimates using a bootstrap
argument in Section 6. This then easily implies the main theorem in Section 7.

2. The energy quantities

We use three kinds of energy quantities, following the notation in [20]. They represent
the nondegenerate energy, the conformal energy and the energy norm for the integrated
decay estimate. The nondegenerate energy controls all derivatives:

Proposition 2.1.

g (D®)? < c/)S TN (@)nk, .
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The conformal energy gives different weights to different derivatives and this will be
crucially used to capture the null condition:

Proposition 2.2.
2 2, .2 2 2, .2 2, (WY
f (LD + 02 (LD + (WP + VD)V + (——— )@
Erm{rzr;} r

< cf JEN (@ynt +c%2/ JN (@l .
Z ! ZeNir<ry) '

We use the following notations even though they do not correspond to any vector fields:

Definition 2.3.
KX(@) = r Ly sz mysy ) (@ + 17 700,007 4092,
KX1(®) = r_l_‘SJZLV(CD)n%T +r 3892,

3. The energy estimates

We have proved in [20] the energy estimates for the energy quantities defined in the last
section for [z, ® = G. We have boundedness for the nondegenerate energy:

Proposition 3.1. Let G = G| 4+ G be any way to decompose the function G. Then
[t [ st + [ K@+ [[ k@)
R tJHE D R, D)N{r=ry) R(,7)

7+1 1/2 2
e ([ (L) o) 4 [
P T /-1 B R(t'—1,74+1)

1
+ Z /f rIOrG)* + sup / G%)
=0’ JR@-1.041) rrelt'—1,t+11J = N{lr—3M|<M/8)

We need an extra derivative for the inhomogeneous term because of trapping. If we know
a priori that G is supported away from the trapped region, this loss in derivative is unnec-
essary.

Proposition 3.2. Let G = G| + G be any way to decompose the function G. Suppose
G is supported away from {r : |[r —3M| < M/8}. Then

/ TN (@)nf +/ TN (@)nly,. +// ) KN(CD)+// KX0(d)
o H(t',7) R, o)N{r=ry} R(t,7)

T+1 1/2 2
§C</ JliV(QD)n%,+</ </ G%) dt*) +/f G?
= ’ =1 \J %« R('—1,7+1)
Y/
R'—1,t+1)
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The estimates for KX! were also proved. It is estimated in the same way as K X0 but with
an extra derivative.

Proposition 3.3.

. . T+1 A2\
K (® C Iy 9P + / ( LG > d *)
//R(r/,r) ( ) = (Z/E/ ( )n): v Z( pIFe ]) !

+ f/ G + /[ r O Ga)?
Z R(t'—1, r+1) Z R(t'—1,t+1)

+  sup (8;5ZG2)2>.

rrelt’—1,1+1] e /E,m{r—3M|§M/8}

As before, if the inhomogeneous term is supported away from the trapped set, we can
save a derivative:

Proposition 3.4. Let G = G| + G be any way to decompose the function G. Suppose
G is supported away from {r . |[r —3M| < M/8}. Then

1 41 12 2
/f KX1(@) < C Z(/ IV @ omt + <f ( (a;:scl)Z) dt*>
R(',7) m=0 \Y T/ ' /-1 P
+// (;“:Gl)2+// r‘+5(a,"zG2)2).
R —1,7+1) R'—1,7+1)

The conformal energy satisfies the following estimates:

Proposition 3.5. For 8, 8" > 0 sufficiently small and 0 < y < 1, there exist c = c(8, y)
and C = C(8, y) such that the following estimate holds for any solution to Ug, ® = G:

c/ JEV (@) +12f IV (@l
PP ZN{r<yt}

< C/ Jf+CN»wZ(q>)n;m + C// KX (@)
I, R(19,7)

+Cé f/ ()2 KXo (®) +C(8’+a)f[ )2 KN ()
R(rp,7)N{r<t*/2} R(wo,0)N{r=ry'}

T 12 2
e (F L))
70 ZxN{r>1*/2}
|
Loy Z/f 2 G)?
= J IR (0. 00(r<91%/10)

+C@)" sup

/ (") G>.
r*elry,t] J T Nfry <r<25M/8)
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Remark 3.6. As in Proposition 3.2, we can save a derivative if we know that the inho-
mogeneous term is supported away from the trapped region. More precisely, let G =
G1 + G; be any way to decompose the function G. Suppose G is supported away from
{r :|r —3M| < M/8}. Then we can replace

1
Z/f 2P ONGY + sup / (262
=0 Y R(z0,0)N{r=<9r%/10} r*elto,t]J S+ N{ry <r<25M/8)
by
1
Zf/ (t*)2r1+6(3flG1)2+[/ (t*)2r1+6G%
=07 IR0, 0)Nir<9+/10} R(z,7)N{r<9¢*/10}

+ sup (t*)zG%

t*€[rg,7] /E,* N{ry <r<25M/8}
in Proposition 3.5. This follows from a straightforward modification of the proof in [20].

The estimates for KX0 and K1 can be localized to r < t*/2 if we control them by
the conformal energy:

Proposition 3.7. (i) (Localized estimate for X¢)

/ / KXo(d)
R, t)N{r=<t*/2}

<C (r_Z/
X

1
+C<Z // oG
=0 JR(@ — 1,7+ DN{r<9r*/10)

+ sup / GZ).
e[t/ —1,741] S Zpn{|r=3M| <M /8}N{r <91* /10}

J5+N’wz(¢)n’§r/ e /

N
Iy (@)n’éﬂ)
SoN{r<ry'}

(i) (Localized estimate for X )

/ f KX1(®)
R, o)N{r<t*/2}

1 1
< c<r—2 Zf JENT groyl 4 C Zf UNGHE TS )
m=07 % ' m=0 Y T NMr=ry) !

2
=0 YR~ 1T+ 1)N{r=<9r*/10}

1
+  sup / (8[5!G)2).
t¥e[t'—1,t+1] p—0 Y Ze=N{Ir=3M| <M /8}N{r <9t* /10}
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Remark 3.8. As before, if G = G1+G» and G is supported outside {|r —3M| < M/8},
we can replace, in Proposition 3.7(i),

1
Z// rl“ré(a;’ile)z
m=0" YR’ —1,7+1)N{r=<9¢*/10}

+ sup f
rrelt'—1,1+1]J Z=N{Ir=3M| <M /8)N{r<9¢*/10}

// G2,
R(t'—1,7+1)N{r=<9t*/10}

and in Proposition 3.7(ii), replace

2
Zf/ V1+6(8:5<1G2)2
=0 JRE@ — 1,1+ DN{r<9r*/10)

1

+ Z sup /
m=o e[t —1,7+11J 2 N{lr—3M| <M /8)N{r<91*/10}

G2

by

(3 Gr)?

by

1
> / f rH @G
=0 /R’ —1,t+DN{r=<9:*/10}

4. The elliptic estimates and Hardy inequality

We have also proved in [20] the following elliptic estimates:
Proposition 4.1. Suppose Ug, ® = G. For m > 1 and for any o, we have

(i) (Boundedness of weighted energy)

m—1 ) m—2 )
/ D) < C“<Zf r* TN (3 Py, + 2/ (D G)z).
ZeN{r=ry} j=0 7 Zr j=0 7 Zr

(ii) (Boundedness of local energy) Forany0 <y < y/,

/ r (D" ®)?
ZeN{ry <r<yr*}
m—1 ) m—2 )
< CQ(Z/ reJN @ ok + Z/ r“(DJG)2>.
j=0 ZeN{r<y'r*} i j=0 P

We need a Hardy-type inequality that improves the analogous one in [20]:



1644 Jonathan Luk

Proposition 4.2. For R > R/,

/ r2e? < c/ re I (®@)nk .
=.N{r>R) =.N{r>R’} '

Proof. Let k(r) be defined by solving
K(r,0,¢) =r*"2vol

in the region r > R’, where vol = vol(r, 8, ¢) is the volume density on ¥, with r, 0, ¢
coordinates, with boundary condition k(R’, 8, ¢) = 0. Now

/ e 2% = /ffoo K (r)®>drdodg < —2/// k(r)®o,® dr do d¢
X:N{r>R} /
o0 2 1/2 o0 1/2
< 2(/// L+ k() (8,<I>)2drd9d¢> (// a +k’(r))cp2drded¢)
g 1+Kk(r) R

2
Notice that vol ~ r2, k(r) ~ r**! and 1 + k'(r) ~ r®. Hence % ~ r®vol. The

lemma follows. O

With the help of this Hardy inequality, we are able to “localize” the elliptic estimates for
r > R.

Proposition 4.3. Suppose Og, ® = G. For m > 1 and for any o, and any R > R’,

/ re (D" ®)?
ETQ{VZR}

<CaRR/<mZ]/

Near the event horizon, elliptic estimates have been proved to control all the derivatives
if we have control on the 9;+ and the Y derivatives [6], [7], [20]:

I @ eynk +Z/ "‘(DJG)2>

X:N{r>R'}

Proposition 4.4. Suppose Uy, ® = G. For everym > 1,

/ (D" @)
Erm{rfr;}
m—2 )
< C( / JN(al qu))nlér + Z/ (D]G)z),
j+k<m—1 ZeN{r<ry} j=0 T N{r<ry}

This is useful together with the following control for the equation commuted with Y:
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Proposition 4.5. Suppose Uy, ® = G. For every k > 0,

f LAty + / JN Yk onk, + / f YRt
EcN{r=ry} H(',7) R, o)N{r=ry'}

< C( > f JN(af Y™ dynly , +Z[ JN(a dynly
j+m<k D) /ﬂ[rfr;—}

ﬂ{r<r
k .
+ // JN(E)*CD)n _+ // (DJG)2>.
; R(t', T)N{r<23M/8) ! = Z R, 0)N{r<23M/8}

5. Pointwise estimates

We prove pointwise estimates using Sobolev embedding. We will have different estimates
in the regions {r > t*/4} and {r < t*/4}.

We first consider {r > ¢*/4}. For this region, we will prove five different pointwise
estimates. First, we prove a boundedness result for D® (Proposition 5.1) using only stan-
dard Sobolev embedding and the elliptic estimates of Proposition 4.1. Then we prove
decay estimates of 7! for D‘® using the r weight in the vector field commutator 2
and the nondegenerate energy (Proposition 5.2). It is crucial that this depends only on the
nondegenerate energy but not the conformal energy because we will not be able to prove
boundedness of the conformal energy (which already is the case in the linear situation,
see [7], [1], [20]). Notice that Proposition 5.1 does not follow from Proposition 5.2 be-
cause the latter requires an extra derivative. This save in derivatives is strictly speaking
not necessary for the bootstrap if we have instead assumed an extra derivative of regular-
ity in the initial data. Thirdly, using similar ideas, we will prove the decay of r~! for ®
using  and the conformal energy (Proposition 5.3). Then we prove an extra decay rate of
D ® using the conformal energy. For any derivatives, we will have an extra decay in the u
variable, which degenerates in the wave zone (Proposition 5.5). For the good derivatives,
we will have an extra decay in the v variable (Proposition 5.6). This decay rate will be
crucial in capturing the good derivative in the null condition.

Proposition 5.1. Forr > t*/4 we have

|D®|? <C(Z/ T @f @yl +Z/ (DkDchb))

Proof. By standard Sobolev embedding in three dimensions and Proposition 4.1,

|D®?> < CZ/ (D d)?

pIMalt r>rY

1
< c(Z / IN @f @l + ) f (kagkqnz). O
k=0 2r k=0 2x



1646 Jonathan Luk

We then prove the decay rate of r~! for D*®. The idea here is standard: Making use
of the commutator €2, we use the Sobolev embedding on the 2-sphere and then integrate
along the r direction.

Proposition 5.2. Forr > t*/4 and ¢ > 1, we have
L
|ID'®|*> < Cr_z(z Zf TN @nQtoynk
m=0 k=0
-1

9>

/ (DngK(QkGD))2>.
=0 k=0 TN ~uln{r>1t/2}

Proof. We have
r2|D'o)? < cf ((D*®)? + (2D'®)? + (2D ®)*)r?dA
SZ
2 ~
<C Z(/ (Q¥D D)2 dA
k=0 \/S2(®)

2
+/ / (18, QXD QD @ () + (fsz%)zr’)dAdr’).
$2(r1)
Noticing that |[D, Q]®| < C|D®|, we have

2Dt < cZ(/ QD D)2 dA
(%)

+/ / (18, D*QF oD Q* @) () + (D @)?r') d A dr’)
S2(r")
2
< D'QF0)% 2 dA
<c k;)( fs , (P
;.’
+f / (1D QF oD Q @ | () + (D' QF @) ) dA dr’)
820
2
< D'Q*®)% 2 dA
<c k;)( /S (P

+/’/ ((D£+1§~2k®)2(r/)2—i—(Dle(D)z(r/)z)dAdr/).
S2(r)

Take r <7 <r + 1. By Proposition 4.1,

2 r+1 . .
Z / / (D'QF )2 () + (D' QR ®)?(r)?) dA dr’
k:O r Sz(r’)

=1 2

4
Y @t 5 J &5k 2
<2‘: Z/ OO, ZZ/;:rﬂ{u/Nu}ﬂ{rZr/Z}(D S (S2P) )

=0 k=0
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By pigeonholing on this we also see that for some 7,

Z / (D'Q* D)2 dA
S2(7)

< C(Z Z/ IN @k oynl + ZZ/
m=0 k=0 j=0 k=0 N{u'~u}N{r>1t/2}
We would also like to prove the pointwise decay in r for ®. However, we need to use the
conformal energy as well as the nondegenerate energy. We note that only the decay in r
will be used in the bootstrap argument, the decay in u is proved to achieve the decay rate
asserted in Theorem 1.

(DO, (QF q>))2). O

Proposition 5.3. Consider Oy, & = G. Forr > t* /4, we have

D% < Cr2(1 + ul)~ I(Z/ JEN @k oyl

+C1:22/

ZN{r<ry}

N k
V@ dJ)n%T).

Proof. Following the proof of Proposition 5.2, we have

r?®)?
< CZ(/ (Q )22 dA + (IQFeDQF @|()? + (Q*®)*r') dA dr’ )
S2(7) Sz(r’)
We will treat separately the cases |u| <l,u>1,u<1.For|u|l <1,taker < + 1.
By Proposition 2.2,

2 r+1
Zf / (DQ* )2 () + (QF0)2(r')?) dA dr’
—0Yr S2(r")
2

2
< c(Z/ JEEN T (Qk oyl +C122/ . JliV(QkQ)n’ér).
k=0 Zr k=0 ZcN{r=ry}

By pigeonholing on this we also see that for some 7,

2
Z f Q@)% 2 dA
k=0 P

S2(7)
2 5 2
<C / JEHN T QR oyt + Cr? f IN(Q@*D)nk )
(; s, M Z: ,; SNfr<ry) H Z

For u > 1, pick a fixed R and let ¥ € [R, R + 1]. Then by a pigeonhole argument, there
is some 7 such that

Z / (Q* @)’ 72 dA
S2(F)
2

2
< Cu_2<2/ JEEN @k oyl CIZZ/ J,Q’(sz"@)ngr).
k=0" =t k=0 Z:N{r=ry}
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By Proposition 2.2,
2 r - - -
Z/ / (IQFe DOk @|(r)? + (5 ®)*r') dA dr’
k=0 R Sz(}”/)

2
< Cortu=? +ru? (Z/ JENT (Qk oyl
k=0 Y Zx
2

+Cr22/ I (QF@ynts )
k=0Y ZN{r=ry} i

Using the fact that #* < Cu in this region, we have the desired bound in this region.
Finally, for u < 1, pick 7 € [—2u, —3u]. Then by a pigeonhole argument, there is
an 7 such that

2
Z/ Q@)% 2 dA
k=078

2(7)
2 5 2
< CMZ(Z/ JEN @k dynty +C‘E22/
k=0 X ! k=0 ¥ Z=N{

By Proposition 2.2,

2 00
Zf / (IQ*eDQ* 0 |()? + (Q*@)*r') dA dr’
=0Jr S2(r")

N k
7. (9 dJ)nlér).

r<ry}

2 2
< C|u|_1(2/ J5+N~wz(sz’<c1>)n’g —I—C‘L'ZZ/ TN (@  ®ynt, )
k= P ' k=0 Zrn{rfr;} ’

which gives the desired bound. O

We would like to use the conformal energy and elliptic estimates to prove decay in the
u variable. However, we need to be careful when applying the localized version of the
elliptic estimates. In particular, we need to perform a dyadic decomposition in the vari-
able u. We remark that we can prove this for any number of derivatives by iterating the
cutoff procedure in the proof of the following proposition. However, as this will not be
necessary later, we will be content with the following proposition:

Proposition 5.4. Suppose U, ® = G. Let r > t*/4, £ = 1 or 2 and ug be the u-

coordinate corresponding to the two sphere given by the coordinate functions (t, rp).
Then

ro+1
/ / (D*®)>(r)? dAdr’
ro S2(r)

=1
< C(1 + lugh ™ Z(/ JIEN @l oyl + C‘Ez/
j=0 \/Xe by

=2
+Cy / (DI G)2.
=0 Y N{u~ugN{r>t/2}

Vo
) (alf*cb)ng)

rm{rfr;}
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Proof. The £ = 1 case is trivial. For £ = 2, we consider separately Case O: |ug| < Ci,
Case 1: 2¢ < ug < 251, and Case 250 —2*! < ug < =25, k > < for some
sufficiently large but fixed C,. In Case 0, we have |u| < C for the range [rg, ro + 1] and
hence the proposition is obvious as we have 1 < C(1 + lu)~2.

For the other cases, we consider a cutoff function x : R — Rx¢ which is compactly
supported in [—2, 2] and identically 1 in [—1, 1]. In Case 1 (resp. 2¢), we consider P
be defined by ®(z,r,0,¢) = x 2 34 — ro))®(1,r, 0, ¢). Then ® is supported in
[ro — 2" 2+ 2k 2] and equals @ in [rg — k=3 ,ro + 2k= 3]. On the support of o,
Hee ® - G| < C Z 2~2=)k| pJ ®|. Moreover, on the support of o,

log <|r—ro| < 2K!

Iu—u|<llr*—(r*)|<1|r—r|+ —
01 =2l T Hoist = =70 —2M
for ro sufficiently large (which we can assume for otherwise T and r must both be
bounded, in which case we must be in Case 0 for appropriately chosen Cy). Hence u ~ 2¥
(resp. u ~ —2ky,

Therefore, by Proposition 4.1(i) applied twice, first to ® then to ®, we have

r0+l 5
/ / (D*®)2(r"* dAdr < / (D*®)?
ro S2(r) ZcN{ro<r=ro+1}

1
<C

< JN(a ®)nk,
j=

0 /Eifﬁ{r0—2k3 <r<ro+2¢-3}
1

+CY. f 27Dk (D) 4 C / G?
=0 ¢ ZeNfro—2¢ "2 <r<rg+2k=2} T N{ro—28—2<r<rg+2¢-2)

1
<Ccy / Q@ + 1Y (3] D)nk, )
j=0

N{ro—2k—2<r<ry+2k-2)

+C / G?
S N{ro—2k—2<r<rg+2k-2)

1
< C(1+|u0|)2z<f JZ+CN(a D)nk +Ct2/ JN(a ynly )
j:() P D) ﬁ{rfry}

+C / G2 O
e Nfu~u)

Using this we can prove more decay in the u variable:
Proposition 5.5. Suppose U, & = G. Forr > t*/4 and £ > 1, we have

2
ID®> < Cr2(1 + |ul)~ ZZZ(/ JEHEN @], QFoynly
j=0 k=0
I 2 ~
+ C‘L'Z/ ) Jg(ﬁf*ﬂkq’)"%r) +Cr? / (O (R4 @))%
ZN{r=ry} k=0 ZeN{u' ~ulnfr>1/2}
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Proof. Following the proof of Proposition 5.2, we have
2
r2|D®? < cZ(/ (DQFD) 2 dA
k=0 \/S*(#®)
F
+ / / (D*QF @) (DR D) (r')? + (DR ®)*r') d A dr’).
r S2@r")

Take r <7 < r + 1. Then by Proposition 5.4,

2 r+1
> / f ((D*QF @) (DR D) (r')? + (DA ®)*r') dA dr’
k=0YT" Sz(r’)

1 2
< C(1+up)? (/ TEHEN (3. QF dyns +sz/ TN @) oynly )
20 k=0 \/ = i TeNfr<ry} i

2
+CZ[ (g (24 D))
k=0+%

N ~u}Nfr>1/2}

By pigeonholing on this we also find that for some 7,

2
Z / (D'QF D)’ 7% dA
=0 ¢ S*(¥)

2

So( [, srevaistons,

1
j=0 k=0 \Y Xt

+Cr? / I @O oy )
ZeNirry) '

<C(+ Jup~?

2
+C Z[ (Ogy (25 D)% O
k=0 Y ZcN{u' ~u}N{r>t/2}
We have a better pointwise decay for a “good” derivative:
Proposition 5.6. Forr > t*/4, we have
- 2 . H 5o~
DO <Crty " N (/ T (ST9) dynly +/ TEHEN (3. Q oynly
k=0i+j<1\’¥r X
+Ct2/ Jlf’(a,f;fzk@)n;f +/ (DgK(QkGD))Z)
ZN{r<ry} P

2
+Cr2y” / (Ogg (2K D)),
=0/ Eenir=1/2)
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Proof. We have
r2|D®> < c/ (D®)* + (2D®)* + (Q*DP)*)r? dA
S2
2 ~ -
<C (/ (QD®)* 7% dA
k=0 \IS*()

r
+// (|a,§2kbq>§z’<bq>|(r’)2+(Qqu>)2r’)dAdr’).
r S2(r")

Noticing that |[D, Q]®| < C|D®|, |[D, Q1P| < C(|D®|+r~|D®|) and |[D, 3,]P| <
Cr~'|D®|, we have

2
r2|D®> < C Z(/ (Q¥Dd)* 7 dA
k=0 \/S*(
;
+// (|3rDQk¢Dka¢|(r/)2+(QkD<I>)2r/)dAdr/>
r S2(r")

2
<cy
k=

</ ((DQ*®)* + 7 2(DQF)?)F? d A
0 \JS2(7)

+fr /2 ((DDQ"(D)Z+(szk<1>)2+(r’)_z(DQkCID)z)(r’)2dAdr’). (5)
r JS*(r)

The last term already exhibits better decay rate:

;Z
//sz( /)(r’)_z(DSNZk@)Z(r’fdAdr’§Cr_2/ Jliv(fzkcb)n’ér.
r r

T

We will now show that the energy quantities involving D obey better decay rates. This is
immediate for the term fr " sz ) (DQ]‘ <I>)2(r’ )2 d A dr’ using the conformal energy:

r
/ / (DK D) ()2 dA dr’
r S2(r")

< CU2</ TN Q@ oynly + cﬁ/
X

Erﬂ{rf";}

N &k 1
J, (@ dJ)nET).
However, we note that this cannot be shown directly for the term
;
/ / (DD DV ()2 dAdr
r JS2(0)
with the conformal energy because [y, does not commute with derivatives in every di-

rection. In order to remedy this, we use the nondegenerate energy for S®. In particular,
we use the fact that for r > ry, [D®| < Cv=1(|S®| + u| DP| + vr~!|DP|). We have
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/rf (DDQ* () dAdr’
r S2@r") -
<C / / (W) 2(SDOF D) + () (V) 2(D*QF d)?
r S2(r)
+ () HDPQ )% () dAdr
<C / r / (W) 2(DSL®)? + (v) (DX @)
r JS2()

+ @)2(W) AD*QE ) + () HD QR @) () dAdr.

Take r <7 < r + 1. We have, for the first two terms,
r+1 B 5
/ / W) 2 ((DSQ*®)? + (DR @)?) () dAdr’
r S2(r")
1
<Cv?y / TN (S1Q o) .
j=0">
The third term can be estimated by Proposition 5.4,
r+1
f / )W) 2D D)) dA dr!
r S2(r")

1 o
< cﬂZ(fE IV @l ol + cﬂf
j=0 \Er

Zrn{rfr;}
+ C/ (g (25 @))%
N ~uyNfr>1/2}

The fourth term can be estimated elliptically by Proposition 4.1:

N qJ &k
7 (3.9 CD)n‘ér)

r+1 B
/ / " (D*Qr ) () dAdr
r S2(r")

1 - .
< Cr_2<2/ TN (0] QF oynfy +f (DgK(szk@))z).
/':0 Zr X

Collecting all the above estimates and noting that r > t/2, we get
2 r+1 o . B
Zf / (DDQF @) + (DQF@)? + () 2(DQ @) ()2 dA dr
=0 Y7 S2(r")
2
<cv?y N < / TN (S dynk, + / JEFEN (3L Q oynty
k=0i+j<1 \Y2r X

+Ct? / IV @@L ol + / (DgK(fzkcb))2>
.N{r<ry) toJe
2
vey | (Tl (20))°. ©)
k=0 X N{r>1/2}
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By pigeonholing on this we also deduce that for some 7,

Z/ (DQ*®)? + 7 H(DQ* ®)?)i dA

$2(7)
-2 N giql Z+CN (a] &k
§ > < f 1) (T8l o + fz TN @ Qr k.

k=0i+j<1

+C7? / 7y (a;;fzkcb)n‘;r + / (DgK(Q%))Z)
ZeN{r<ry'} X

2
+C Z/ (Ogg (2K D)2, @)
=0/ ZNfr=1/2)
(5)—(7) together imply the proposition. O

We now turn to the region r < t*/4. We first show a simple Sobolev embedding result.

Proposition 5.7. Suppose Uy, ® = G. For £ > 1 and r < t*/4,

4
f TN @Ry o+ f (D/G)2>.
ZN{r<r*/2} j=0 P2

We can capture better estimates in r if we use an extra derivative.

|ID'®|? < c(
jA+m=<t+1

Proposition 5.8. For ¢ > 1 andr < t*/4,

N vJ Ok
/ J @QRYI Qo'
X N{r<r*/2}

+1-k 2 ) B
+ > Zf (D]DgK(de>))2>.

j=0 k=0

|ID'®|? < Cr2<
j+mk<0+2

Proof. We only need to consider the situation when r > Rq + C. For otherwise, this
proposition is implied by Proposition 5.7 since r is finite. We assume from now on that
r > Rq + C. Following the proof of Proposition 5.2, we have

r2|Dt <CZ/

,
((D‘qu>)2f2dA + / / (D' Q @)% (')
S2(7) r S2(r")
+ (D'Q* D)2 (r)?) dA dﬂ)
Take r — 1 <7 < r. By Propositions 4.1(ii) and 4.4,
2 r - -
Z/ / ((D@-i-lgqu))Z(r/)z + (DZqu))z(r/)z) dAdr/
k=0"r 1 Sz(}’/)
{—

2 2
< c( > Z/ Y @nyiQkomt + Z/ (D/DgK(fqu>))2>.
+m=<t k=0 Y EcNlr=r*/2}

y j=0k=0Y%r

—
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By pigeonholing on this we also infer that for some ¥ withr — 1 <7 <r

2
Z / (DQL D)2 dA
k=0 /S2(®

5c< / I @7 @k dynl +ZZ (DngK(QkCD))z)- u]
j4+m<tl k=0 X ﬂ{r<t*/2}

Jj=0 k=0
We also have pointwise estimates for ® instead of D® if we use the conformal energy.

Proposition 5.9. Suppose Uy, ® = 0. Forr < t*/4,

|b2 < Ct™ (Z/ JZ+NW (o). P)nfy,
i+j<2

+C7? Z / TN (') d))n2>
itj<2 v EcNr=ry}

Proof. By Sobolev embedding in three dimensions, for r < t*/4,

|®? < CZ/ (DF®)2.

S N{r<r*/4}

Then, using the elliptic estimates in Propositions 4.1(ii) and 4.4, we have
o <C > / (@2 + JN (F'a) )nl ).
it7227 Tenlr=it/2)

Using Proposition 2.2, we conclude the proof. O

We proceed to show that the pointwise estimate is better if we use the vector field commu-
tator S. To this end, we first show that we can control a fixed * quantity by an integrated
quantity. The proof follows ideas in [19], [20] and applies an integration in the direction
of S.

Proposition 5.10. For any sufficiently regular ®, not necessarily satisfying any differen-
tial equations, and o a constant,

/ reo2e? < cr7! // (rO72 @2 4+ 202 (SD)?).
SeN{r<t/4} R(r/1.1,0)N{r=<t*/3}

Proof. To use the estimates for S®, we need to integrate along integral curves of S.
The following argument imitates that for proving improved decay for the homogeneous
equation in [20]. We first find the integral curves by solving the ordinary differential
equation

drs _ h(rs)

iy 1}
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where h(rg) is as in the definition of S. Hence the integral curves are given by
drS
exp(f(rs)o h(r ))

5

= constant,

where (rs)o > 2M can be chosen arbitrarily. Let o = 1*, p = exp( f(rs)o D ) /t% and

consider (o, p, x4, x8) as a new system of coordinates. Notice that

h(rs) 1
3y = : — g+ Oy = gS.

Now for each fixed p, we have

®2(1) < (7)) +

T 1 2
f —S(®)do|.
o

Multiplying by p“ and integrating along a finite region of p, we get

/pz ®2(1)p%dp 5/ (7' )p“dp+/ /
o1 p1

We choose « so that o = 0 for r < ry and @ = ap for r > R and smooth depending
on r in between. We would like to change coordinates back to (t:;, rs, x?, xg ). Notice
that since h(rg) is everywhere positive, (o, T) would correspond to a point with a larger
value of rg than (p, t’). Therefore,

‘dad,o

dr5
/(rs)z ) eXp((l —I—Oé) sz h(r ) drS - /(FS)Z 2. Cxp((l +(X) f("S)O h(r )) dr
2M

@ @
o Th(rs) ) )
(rs) exp (IT+a)/, .
/ / “ ( Josn i 5))dr5dt*.
oM t*h(rs)

drS
h(r
close to the horizon, h(rs) = rs — 2M and o (r) = 0. Hence

We have to compare exp((l + a(rs)) f(rs)o ) /h(rs) with the volume form. Very

r dr/ ar
exp((l + ) f(rss)o WS)) f(fsJo h(lrs 1 |
h(rs) rs — 2M '
On the other hand, forr > R, h(rs) = (rs+2M log(rs —2M)—3M —2M log M)(1 — )

and «(rs) = «p. In particular, for a sufficiently large choice of R, h(rs) ~ rs. Hence

d
eXP((l + o) f(rs)o h(rs)) exp((l +a) f(rs)o h(rrs )
h(rs) rs

rs -2

~ 2~y
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The corresponding expression on the compact set [y, R] is obviously bounded. Hence,
since the volume density both on a slice and on a spacetime region is ~ 72

2
[P0
Z.N{r<rn} T

2
< C(/ &) o2 +f/ 2| 2 @S@D.
- X N{r<ry} T/ R/, t)N{r<ry} (t*)z

This easily implies the following improved decay for the nondegenerate energy for v’ €
[z/1.1,7]:

/ rot()—2q)2
X N{r<t/4}

< Cr_1</ r“0—2<1>2+// r“0—2(5q>)2>. (®)
= /N{r<t’/3) R(z/1.1,1)N{r<r*/3}

By choosing an appropriate T, we have

/ re0—2¢? < c¢7! // re0—2¢2,
2:N{r<t/3} N R(r/1.1,1)N{r<t*/3}

Now, applying (8) with / = 7, we have

/ 18 g2
XN{r=t/4}
o2 2
AT S e
S:N{r<i/3) T RGE,0)Nr<1*/3) (*)

cr! ( / / ro-2g2 4 / / r“°—2<Sd>)2>,
R(z/1.1,0)N{r<r*/3) R(t/1.1,0)N{r<r*/3)

using Cauchy—Schwarz for the second term. O

, we have

By Sobolev embedding, this would give an improved decay estimate in ¢* in the region
{r < t*/4}. For the application, we also need an improved decay in r, which we get by
commuting with the angular momentum £2.

Proposition 5.11. Suppose Uy, ® = G. Forr < t*/4 and £ > 1, we have

IDLD)? < C(r*) L1t /f (K*1 (P90 o)
l+]<€ 1 k=0 R(@*/1.1,65)N{r<t*/2}
+ KX1(ST79, Ok D))
-1 2 i _
R(*/1.1 t*)ﬁ{r<t*/2}

Jj=0 k=0

._
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Proof. Using a similar argument as before, except for choosing 7 < r, we have
2 ~
r1=DteP? < CZ[ (@Dt ) !0 dA
k=08

2

< C(Z/ (D'QF )71 %A

k=0 YS*(")

r

+f / (D'Qk @) + (D' QF @)Y () TP aA dr/).
FoJs2a
Using Proposition 5.10, we have
r
f / (D' D) () P dAdr < c/ 178Dk )2

F S2(r) X N{r<t/4}

<co! // (TP D'k @) + TSPk 0)?).
R(r/1.1,0)N{r<t*/3}

By first commuting [D, S] and then using Proposition 4.1(ii) and 4.4 on each fixed
t* slice in the integral, we have

// (r—1—5(D£qu))2 +r—l—5(SDEqu>)2)
R(t/1.1,0)N{r<t*/3}
<C Z f/ r—l—‘s(Jli"(y"af;"'fz’fap)n‘gr
iti=t—17JR@/LLDNr=/2)
+IN(sYio T QF oyl )
-1
+ CZ/[ r 1 (DI, (QF @))?
=0/ IRE/LL DN /2)

=C i / / (KX (Y10l k) + KX (SY0l Q)
itj<t—1Y IRE@/LLDN{r=r*/2}
{—1

—i—CZ// rm1T(DI0,, (K @))2.
=0 R(z/1.1,0)N{r<t*/2}

Therefore,
}’1_5|qu)|2
2 o o
=Tk Z// (KX1 (P10, Q8 ®) + KX1(SV70). Q0 d))
i+j§l—1 k=0 R(T/l'l’f)ﬂ{rft*/z}

/ r 17D 0, (QF D)2 O
=0 =0 ¥ JR/1.1,0)n{r=r*/2}

~.
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Similar ideas can be used to prove decay of @ without derivatives, except for a loss in
powers of r. This will not be used for the bootstrap argument, but will be used to prove
the decay for @ in the statement of Theorem 1.

Proposition 5.12. Suppose U, @ = G. Forr < t*/4, we have

2
o =car 0y [ (KX (@) + K1 (595 )).
k=0 R(t*/1.1,6%)N{r <t*/3}

Proof. Fix R. Taking 7 € [R, t/5], we have
2 ~
e <c Z/ Q)2 rtaA
=0 /S

2
<C Qkd)27 % dA
< Z(/SZ(;)< 7

k=0

+

)

/ / (koD o2 () + (@5 @) ()10 dAdr’
PoJs20n
There exists 7 € [R, t/5] such that
/4
/ (@)’ %4dA < z—1/ / QD)2 ()P dAdr.
S2(7) re IS0

Using Proposition 5.10, we have

/4
/ / QD)2 ()P dAdr < C‘L’/ 370 (QF @)?
I+ S2(7) Z.N{r<t/4}

<C / / (r 7@ )2 + 7 (5Q4 0)?)
R(t/1.1,0)N{r<t*/3}

§C// (K*1(QF0) + K150k ®)).
R(t/1.1,7)N{r<t*/3}

Using Proposition 5.10, we also have

,
/ / (oD 02y + (@ ®)* () *) dAar
FoJSE()
< C/ (r 7@ @) + 10 (DQ @)?)
Zen{r<t/4)

<cr! f/ (r370 (@5 ®)? + r 3 (5QF @) + 1 DOk @)
R(r/1.1,0)N{r<t*/3}
+ 717 (SDQF D)?)

sCf_lf/ (KX (@ ) + KX (50 D).
R(z/1.1,0)N{r<t*/3}
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Therefore,

2
o> <Ct7 ' Z// (KX (QF o) + K*1(5QF ). O
=0 Y JR@/1.1L,0N{r<1*/2)

6. Bootstrap

Bootstrap Assumptions (J): We first introduce the bootstrap assumptions corresponding
to energy quantities on a fixed #* slice:

A;I/E Y @LQI ol + A;I/E IV (PRl oyl < exo, ©)

> Aj_l(/ JENT @i QT k. +Ct2/ J,ﬂv(af*QIQJ)n’gr)
i+j=15 P 2:N{r<97/10}

+ > A;er/ IN (Yol < et (10)
Erm{rfr;/r}

i+k=15
> 4 ( [t aient o [ et )
ifj<l4 : ' 2.N{r<97/10} r
+ Y A;%Z/ I (VoL <er™, (1D
itk=<14 Sen{r=ry}
> Aj”/ TN (@0L.Q ok <, (12)
i+j<l15 Xz
> A;}j./ TN (SLQ oyl + Y Aglyf JN (VS @)nk, < exs 3, (13)
i+j=13 X i+k=13 .
Z Aslj</ J5+N,wZ(Saf*§2j®)n; +C1—2/ Jliv(Saf*fszI))né)
=12 \I=Z ’ 2.N{r<97/10} ’
+ Y AglyrZ/ INPESoL oy <er!trs o (14)
itk=12 Sen{r<ry}
> Agll(/ Jf*N’wZ(S(af*de»)n‘g +Cr2/ Jg(s(aj*gj¢))ng>
ifj<i1 \JZc i £:N{r<9¢/10} ’
+ ) Ag’lyrzf LI AESap ey < e, (15)
i+k<12 ZcN{r=ry}
> Ag;/ TN (S9L.QT ok, <e. (16)
itj=i2 Y

Bootstrap Assumptions (K): We also need bootstrap assumptions for the energy quanti-
ties in a spacetime slab:
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> A;?lj// (KX0@LQ @)+ KV @LYI @) < e, (17)
=16 ’ R(ro,7)
> Ayl // KX (0,87 0) <er™,  (18)
iti=15 R(z9,7)
X A ], e <. a9)
215 R(ro,7)
> oA ff,, Kreae ze @0)
i+j<14 R(zo.)

oAy // (KX @.Q7®) + KV (0].Q/®)) < ex™! ™15, 1)
1715 R(z/1.1,1)N{r<r*/2}

> ] KX (0. Q10) < ex™ 1, (22)
R(z/1.1,0)N{r<t*/2}

i+j<l14
> Ay // (KX0(3L.Q7 @) + KN (91,87 @) < ex~2+M4 (23)
itizia O IR@/LLDNr=t/2)
Z A)_(,IJ // KXI(a;*QJ(D) < 61;724’77147 (24)
i+j<13 R(r/1.1,0)N{r<r*/2}

Z AEIX ] // KXO(SB;*QJQ) E E-L-’]S,lfé’ (25)

itj=13 IR
Z Ag,lx,j // KXO(Saf*ijQJ) <e, (26)

i+j<l12 R(7,7)
Z AE*IXJ // KXO(SB;*QJ(D) < 6‘[71+77S,12’ (27)

i+j+k<12 R(r/1.1,0)N{r<t*/2}
D Ask; // KX1(S0L.Q/ ®) < ex!T1512 (28)

i+j=<11 R(z/1.1,0)N{r<r*/2}
Z Ag,lx,j /f KXO(SE);*Q]Q)) < 61—_2"‘7]&11, (29)

i+j<l11 R(z/1.1,7)N{r<t*/2}
Z AE,IX,] // KX‘(SBf*Qch)) < er 2 tns.an (30)

i+j<10 R(z/1.1,0)N{r<r*/2)

Bootstrap Assumptions (P): We also introduce bootstrap assumptions for the pointwise

behavior. For r > t* /4,
13

D I < BAer (1) M4, 31
j=0

13 )

Z DT/ ®|> < BAe, (32)

j=0
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—J
> > ID'TI @) < BAer~?, (33)
=1 j=0
8 .
Y IDTI @ < BAer (1) (1 + [u]) 2, (34)
j=0
8
D DTV @ < BAer—(r%) 24, (35)
j=0
6 .
Y ISTI > < BgAer 3 (1*)"s11, (36)
j=0
8
Z |IDST/ ®|? < BgAer™2, (37)
=0
6 .
Z IDST/ ®> < BgAer™2(t*)"511 (1 + |u]) 2. (38)
j=0
Forr < t*/4,
13
DIV @* < BAe(r*) ™!, (39)
j=0
14—j 13
D) DT/ @ < BAe(r*)~1H, (40)
=1 j=0
13—j 12
|ID'T/ > < BAe(t*)~ 24, 41)
=1 j=0
8
Z| DT/ ®? < BAe(t*)3Hsnp~=149, (42)
=1 j=0
6
D IST @ < BgAe(r*) 2, (43)
j=0
7—-j 6
Z| ST/ @2 < BgAer™2(r*)~2Hns1, (44)
(=1 j=0

Remark 6.1. Notice that in general, for most of the bootstrap assumptions on @, there
is a corresponding one on S®. The arguments to retrieve these assumptions are quite
similar, we only have to estimate the commutator term (in a manner similar to [19], [20])
and track the appropriate constants.

Remark 6.2. Notice that all these assumptions are satisfied initially by the assumption
of the theorem.
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Remark 6.3. We will bootstrap to improve the constants A;, Ax j, As, Ag x,j, Ay, As,y
and B. The constant B is only used for the bootstrap of the pointwise estimates. The
constants satisfy

K B~Bs KA K Ax 0 KA1 K K Alg < Ax 16 € Ay
K As0 K Asx 0K - K As x13 < Agy,

We will use A as a shorthand to denote the maximum of all these constants, i.e., As,y.
We will always assume by taking € small that

Ae < 1.
Moreover, we set the constants so that
Ai_1/Aj K Axj—1/A; <87t 8~ < Aj/Ax ;.
The 7n’s, on the other hand, satisfy
§~ 8 K me <K nis K Mma L 105,13 K 05,12 K 08,11
The n’s are chosen so that
Aj/Ax; < ns K1 forall j.
€ will be much smaller than any combinations of the other constants.

We will use energy estimates and decay estimates to eventually close the bootstrap.
In order to derive the estimates, we consider equations for '*®. We now introduce the
notations that will facilitate the discussion below.

Definition 6.4.
Gr= Y IO (/@) Ux= Y IO, TVID,  Ne= Y [TV (Ogy D).
lj1=k ljl=k |jl=k
Definition 6.5.
Gar= Y |0ge M), Usp= Y |[Oge. T1®|, N = > [TV (Dg D).
ljl<k lj1=k [jl=k

In order to keep track of the constants, we also introduce
Definition 6.6. Define Uy, = [[Og,. 8 /10 and U<g.<j = Y- jo<i Uk, -

Remark 6.7. We will refer to G as the inhomogeneous term, U as the commutator term
and N as the nonlinear term. Clearly we have Gy < Uy + Ny and G<x < U< + N<x

We now estimate the inhomogeneous terms that will appear in the analysis several
times below. It is necessary to study the commutator terms and the nonlinear terms to-
gether because the estimates for each depend on the estimates for the other when we use
elliptic estimates.
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Proposition 6.8. Uy satisfies the following estimates:

ke—i j—1
[ otvy §c< >y p Y (o oyl
ol =0 =0 Y Z:N{r=Ro—1} ’
kte—i—1j—1
+ > ) f r“—“(D'"N,-)Z) 45)
m=0 i=0 T
for a < 4, where it is understood that 27_10 =0.

Proof. The commutator terms are estimated in [19]. Notice that since €2 is supported

away from the trapped set, there is no loss of derivatives in using the integrated decay
estimate. We have Uy ; supported in {r > R} and

Ui j| < ch" O 810 < €Y r (D% Q0| + Do S ),
i=0
and therefore
2 j-1 . k0= j+2 j—1 B
DUkl <C Y Y r 2 pma ' Qol<c Y Y DR,
m=1i=0

m=1 i=0

where, as in the statement of the proposition, it is understood that the sum vanishes if
Jj = 0. Hence, using the elliptic estimate for {r > Rg}, i.e., Proposition 4.3

k+0— /+2/ 1
/ r (DU )? < C Z / re=H (DM )?
po m=1 i=0 X N{r>Rq}

k+e—i j—1
<C / re N 0 dynk,
k+0—i—1j—1
+C > Z r((D™U)* + (D™ Ny)?).  (46)
m=0 X:N{r>Rq—1}

Now we can estimate Uy by induction: Fix any k and we will induct on j. By definition
Uk,0 = 0. Now, assume that for all kK + £ < 16 and for some jy > 1, we have

/ r*(D Uy ;)

k+e<M, j<min{jo—1,k} Y =

M- tJo 2 M—1-i jo—1
S C( / 0[ 4JN(8le @)nlér + Z Z / rO[—4(DmNi)2)
m=0 i=0 Y Z:N{r=Ro—1} m=0 i=0 Y >t

for all @ < 4. Then, using (46), we find that for k + ¢ < 16, and jy <k
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, k+L—i jo—1 A

o (x N

(D'U;. )<c( f N @ ot
Lorovar=e(X [

m=0 i=0
kJrZ i— 1/() 1
+ / a=4(D"™N;) )
- %,

Hence, (45) holds. ]

We now estimate the nonlinear term Ny. Since Ny is at least quadratic, we do not need to
be precise about the constants A and we will always estimate with the maximum A.

Proposition 6.9. Ny satisfies the following estimates for fixed t* = t
> / (DYNy)? < CBA%e2¢~2tms,
k+£=16

> (D(Nk)z < CBA%* 2.
k+£<15

Ny also satisfy the following estimates when integrated over t* € [t/1.1, T]:

> // r 17 (DENY)? < CBA%E2 T2
k=157 I R(/L.17)

2 // rI(DINY? < CBA%E T,
kt+e<14Y JR(/1.1L7)

Proof. Here, there is no need to distinguish between the good and bad derivatives. We
have
|DNil < IDT(A; DOD®)| + [T C].

We claim that the most important terms will be those that are quadratic in D/ T ® or
cubic of the form
(Djl+ll"il (D)(Djz"rll"izq))(l-\ij, CD)

with i + ji, i2 + jo < 8. For by the assumptions every term has the form
(DT ®)(DRT20)(DATH @) (DATH) . (DI T @),

with r > 2, at least two j’s > 1 and i + j < 9 for all but at most one factor. If all
factors have i + j < 9 or the factor with i + j > 9 hasi > 1, we can reduce to the case
DIHIPid DRI by putting all other factors in L™ using Bootstrap Assumptions
(31), (32), (39) and (40). If the factor withi 4+ j > 9 has i = 0 we reduce to

(Dj1+1 ra d))(Dj2+1 r q;)(rlé )

again by putting all other factors in L using Bootstrap Assumptions (31), (32), (39)
and (40). We have
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¢k
/ (D'Np)? < C(sup Z |Dj1+1I‘i1<D|2) Z Z/ | DRI PR g2
=, s,

i1+j1<8 j2=0ir=0
k
+C(sup Z |Djl+lrilq)|2>(sup Z r2|Dj2+1Fi2(I)|2)Z/ r72|1—wi3q)|2
i+j1=8 ir+j2=<8 i3=0YZr
1k o
< CBAer2) > | (D'TV )
i=1 j=0Y%r

using Hardy’s inequality in Proposition 4.2

4 k
< CBAer™> ) Z/ TN @RIV ynly
i+m=0 j=0" Zr

+CBAer™> Y / ((D'U<j)* + (D'N<)?)
itj<k+e—1Y%c
using the elliptic estimates in Propositions 4.1, 4.4

4 k
< CBAefZ(ZZ/ JN@rriviemt + Y (D"ij)z),
i=0 j=0 > itj<kto—19 %

where we have used Proposition 6.8 in the last step. Now, a simple induction would show

that
Z /(DZNk)zg(?BA%Zr—“’?, Z f (D'Ny)* < CBA*e* 2.
k+e=16" Xt k+e<15Y X1

We now move on to the terms integrated over t* € [t/1.1, T]. Arguing as before, and
noticing that the elliptic estimate in Proposition 4.1 also allows weights in r, we have

// r—l—S(DZNk)Z
R(z/1.1,7)

4 k
< CBAer™> ) Zf/ r N T Y dynly

i+m=0 j=0 R(z/1.1,7)

+ CBAer? Z /f V_l_a((Diugj)z-i-(DiNSj)z)
it+j<kt+e—17 JRE/1.10)
¢k

< CBAer? ZZ// PN T Y dynk

i=0 j=0Y YR(/1.1,7)

+ CBAer™? Z /f r~1 (D' N<j)?
itj<kte—17 JRE@/1.1,0)

Lk

< CBAer? ZZ// KX @nriyio)

i=0 j=0 Y /R(z/1.1,7)
+CBAer Y f/ 15 (DIN)?
i+j<kt+t—1Y Y R@/1LT)
Now, Bootstrap Assumptions (18), (20) and an induction on k + £ conclude the proof. O
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Now, the estimates for Ny will also give improved estimates for Uy via Proposition 6.8:

Proposition 6.10. The following estimates for Uy on a fixed t* slice hold for a < 2:

> / r*(D'U j)* < CAj-ret,
k+£=16

f r¥(DUg j)? < CAj_jer=1Hms,
k+t=15

Z / Va(DgUkﬁj)z§CA]'_1€T_2+7714.
k+e<14Y%

The following estimates for Uy integrated on [t/1.1, ] also hold for o« < 1+ §:

Z // }’Ol(DeUkyj)2 < CAX,jflél'm(’,
k+0=16 R(z/1.1,7)

Z // }’W(DeUkyj)2 < CAX,j;]GT_H_mS,
k+0=15 R(z/1.1,7)

Z /f r¥(D'Uy j)* < CAx j_jer >4,
k+e<14Y YR(@/11LT)

Proof. We first prove the estimates for the terms constant in 7. By Proposition 6.8,

f r¥(D Uy j)?
P

ke—i j—1 - At e
< C( > Z/ retaNerQionl + Y Z/ r“4(DmN,-)2>
=.N{r>=Rao—1} bl

m=0 i=0 m=0 i=0

fora < 4.

The second term satisfies the required estimate by Proposition 6.9. We estimate the
first term. By (9),

16— z] 1
/ re N Q) < CAj_jet.
m= Ol_O X N{r>Ro—1}

By (10) and Proposition 2.2,

151]1

/ re N @ dynky,
m— Ol 0 Y Z:N{r=Rqo—1}

15— ,] I 15—i j—1
<C f TY @ Q oy, + 72 f TN @/ Q @ynks >
(m =0 i=0 J SN{r=rt/2) > Z Z ETﬁ{th/Z} e

m=0 i=0
< CAj_ler 1+7715_
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By (11) and Proposition 2.2,

14— lj 1
/ re TN QY oynk,
m= Ol 0 Z‘ﬁr>RQ l}
ij—

14— zj 1 14—
5c< f JN @R ol +3
m=0 i=0 Y ZcN{r=<t/2} m=0 i

< CAj_jer™2tms,

1
1*2/ TN @EQ oynly )
—0 N{r>t/2}

For the integrated terms, we similarly have, by Proposition 6.8,

f/ rD‘(D(UkJ)2
R(zr/1.1,7)
k40— 1] 1 )
< C( Z [/ re N @ oyt
m—0 R(z/1.1,1)N{r>Rq—1}

k4+0—1—i j—1
+ Z Z/f r“_4(D’"N,~)2> fora < 4.
i—0 R(z/1.1,7)

m=0

The second term can be estimated by Proposition 6.9. Notice that 173 Jlf’ (@)n’éf <

K*0(®). Hence, following the argument above for the fixed 7 case, we would have proved
the proposition for the case o < 1 — §. Nevertheless, with more care, we can improve to
o <14 6§. We have

k+£ i J 1
// Ol—4JN(ale (D)nlzl«: .
r R(z/1.1,0)N{r>Rq} !

m=
k40— t] 1 .
<Cc ) // (KXo @G ) + r TR Xo 3G @)).
w0 =0 ¢ JR@/1.1,0n(r<1*/2)

For k + £ = 16, this is bounded by CAx ; 1€t by (17). For k + £ = 15, this is
bounded by CAx,j_let_H’“S by (21) and (19). For k + ¢ < 14, this is bounded by
CAx, j—1€t~2+M4 by (23) and (19) since 28 < 714. O

While the above is sufficient to recover the bootstrap assumptions for the pointwise
bounds, we will need improvements to achieve the energy bounds. For the improvements,
we study separately the regions r < t*/4, t*/4 < r < 9r*/10 and r > 9¢*/10. For
r > t*/4, we will only show the improvement for Nj instead of the derivatives of N.
Various complications would arise in estimating the derivatives of Ny. For r < ¢*/4,
however, we will estimate also the derivatives of Nj as they will be necessary to estimate
the error terms arising from commuting with the red-shift vector field.
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Proposition 6.11.

/ rlf‘s(Dsz)z < CBA2621.73+773,11+77167
+h=16 {r=v/4)

/ rl*S(Dsz)z < CBAZGZ.C*AH’T']S,II‘FT]IS,
f4k=15Y ZcN{r=t/4}

/ r' (D Ny)? < CBA* ¢ tnstma,
(+k<l14 ZeN{r<t/4}

Proof. As before, we only have to estimate terms quadratic in DT ® with j = 1lor

cubic of the form
(Dj]+ll"i1 @)(Dj2+ll—'i2q>)(l—wi3 q))

with i1 + ji,i2 + j» < 8. We have
f rl—S(DZNk)Z
PP
k

4
<c(sp Y r1_5|Dj1+1an,|2)Zz/ DT
rir/4i1+j1§8 j2=01i=0 Y N{r<t/4}

5 k
+C<Sup 1— 5|D]1+1Fllq)|2> 'L'Z(S/\ —2|Fl3q)|2
Z Z X N{r<t/4}

r=T/4i 4 <8 i3=
41

< CBAer 3Tns ZZ/ (D'T/ ®)?
Zenfr<r/4)

i=1 j=0

4 CBA2 76+2’IS 11+268 Z (Dri3 (D)Z
lg =0

by Hardy’s inequality (notice now that the second term has more decay than we need, so
we will drop it from now on)

< CBAer3tnsn Z Z/ JN @pTTY dynk

i+m=0 j=0 Nir=t/2}
+ CBAer—3tnsn ZZ[ ((D'U)* + (D' Nj)?)
i=0 j=0">r
SCBAef”"&H( > / IN@Eiviomt + 3 (DiNj)2). A7)
itj<k+e? Er itj<k+e—172r

The proposition would follow from an induction on k& + ¢ and Bootstrap Assumptions
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(9)—(11). The k+¢€ = 0 case also follows from the above computation as we have adopted

the notation that ), +j<1=0. O

We now move to the region {tr*/4 < r < 9¢*/10}. In this region, u ~ t*, and therefore

we can exploit the decay in the variable u# given by the estimates from the conformal
energy.

Proposition 6.12.

/ N126 < CBA2€2-L-_4+7714+7716’
SeN{r/4<r<97/10}

f N < CBA*¢—Stmatnls,
X N{r/4<r<97/10}
14

/ N? < CBA2&2r=6+2m4,
=0 ¢ BeNfr/4=r=97/10) !
Proof. Arguing as before, we see that the main terms for the nonlinearity are those that are
quadratic in D® or those that are cubic with the form '3 ® DI d DI*2d with iq, ip < 8.
The quadratic terms can be estimated:

Lk/ZJ k . .
/ |IDT ' @ D2
i= 012_0 2:N{t/4<r<97/10}
8
EC(Z sup IDF"¢>|2 Z/ | D202
il:Of/4§r§9r/10 ir=0 Z:N{r/4<r<97/10}
k .
< CABer~*tms f DI 2.
i=0 Y ZeN{r/4=<r=<97/10}
The particular cubic term can be estimated as follows:
k2] & , . ,
> Z/ IT3®oDT1 dDr2|?
i1,i2=0i3=0 X:N{r/4<r<97/10}
8
§C<Z sup |DF"<I>|2 Z/ T )2
i1:01/4§r§9t/10 i3=0 X:N{r/4<r<91/10}

k
< CA?B??¢8+2m4 / T @2
i—0 Y 2eN{r/4=<r=<97/10}

In principle, for k < 15, we can then control the last term using the conformal energy.
For k = 16, however, conformal energy is not available, and we need to use Hardy’s
inequality:
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k k
Aer82ma / Mo|? < CAer*W”MZ/ r2rie)?
‘=0 J BcN{r/4<r=<97/10} i—0J=r
k
< CAer 0+2ms Z/Z Iy (T oynk
i=0 T

The estimates now follow from Bootstrap Assumptions (9)—(11). O

For many applications, we only need a much weaker estimate on Ny. We write down the
following proposition which corresponds to the estimates that will be proved for the quan-
tities involving S. This would allow a unified approach in dealing with many estimates
with or without S.

Proposition 6.13.
f r1—8N126 < CA262.[—3+05,11+7716’
%.N{r<9t/10}

/ PN o < CA2Er s
2. N{r<9t/10}

We now move to the estimates for Ny, in the region {r > 9¢*/10}. Here, we need to exploit
the null condition:

Proposition 6.14. Fora = 0 or 2,
f N126 < CBA%e%r~2tms,
2:N{r>97/10}

/ r*Nis < CBA*e*p—3atms,
=:N{r=97/10}

14
/ raNjZ S CBA2621_4+(X+m4~
=0 Jzentr=91/10)

Proof. Following the argument before, we reduce to quadratic and cubic terms. This time,
however, the null condition plays a crucial role. For the quadratic terms, we need to con-

sider
Drioprz2e,  priepre, r Y(Drieprz2o),

where i1 > i;. For the cubic terms, we need to consider
DI Dr2oprie, DriteDr2erso.

Notice that the first cubic term can be dominated pointwise by quadratic terms of the third
type listed above using Bootstrap Assumptions (33) and (42). The second cubic term can
also be dominated by the first two types of quadratic terms if i3 < 13 by (31) and (39).
We can thus assume i3 > 13 and hence i, i» < 8. We now estimate the quadratic terms:
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k/2) k=
2 Z/ r¢(|Dr'1 ®DI2 @ 4 | DI ® D20 + 772 DI & DI2 0 )
520 120 Zn{r=97/10)

< C( sup S - |DF’2d>| f r=2 Privg)?
Z Z .N{r=97/10}

r=9t/10 j,—¢ i1=0
+C( sup Zr |DF'2c1>| Z/ r=2| privg)?
r=9t/10 20 120/ Eentr=9/10)
+ r—2< sup Zr DT 2 Z/ r=2|prite?
r=9t/10 5 11—0 .N{r=97/10}
k - .
< CABe / r2|Drio)?
= J=.nir=91/10)

k
+ CABer 24 Z/ 2| prio.
=0 J =:N{r=97/10}

We then estimate the particular cubic term:

k 8
Yoy / r* (DT @ DT2 P d)?
2:N{r>97t/10}

i3=01i1,ip=0

8 8

§C< sup Zr2|DF’2<I>|2>< sup Zr2|DF’2<D|2>

r=9t/10 £ 0 r=9t/10 520
k

X Z/ re i rivg)?
i3=0 Z:N{r=97/10}

k
S CA2B2€2T_2+nI4 f rl)l—4|Fl.q>|2.
3 )5 nr=97/10)

Therefore,
2
/ Nie
S:N{r=97/10}
16 o 16 )
< CABet™? Z/ DT ®|? + CABer ~4tm4 Zf |DT |2
=0 J ZcN{r=97/10} 0 Y SeN{r=91/10}

16
+ CA?BP P4 Z/ rA T
D ¥ £N{r=97/10}

16
< (CABet 2 + (CABe + CA%B?e%)r—#tms) Z/ |DT |2
0 Y Z:N{r>97/10}

< CA’Be*r=24ms,
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and

forina™®
2. N{r>9t/10}

k k

<CABet™ 2| DT ®> + CABer 44 |DT @2

= /z,n{rz%/w} prd /Erﬂ{r29r/10}

k
+ CA2B22 4+ / r2rie?
i=0 Efﬂ{r29‘f/10}
k — .
< CABer™ / 2| Drio)?
=0 Y TeN{r=97/10}
k
+ (CABe + CA?B*e?)r =4 Z/ DT @2,
i=0Y%r

and
k

/ r’N? < CABer™? Z/ 2| DI @
=.N{r>97/10} =0 Y =cN{r=9t/10)

k
+ CABer ™M+ / DT |
i=0 ¢ Z«N{r=97/10}
k .
+ CA?BP P2 / roA o)
=0 J =:N{r=97/10
k - .
< CABet™? / 2| DI o)?
=0 7 =N{r=97/10}

k
+ (CABe + CA?B?e?)r=21m Z/ DT |2
i—0 hoN

The conclusion follows from Proposition 2.2 and Bootstrap Assumptions (9)—(11). m]

From the estimates for Uy, and Ny and the L2-L* estimates in the last section, we get the
following pointwise bounds:

Proposition 6.15. Forr > t*/4,

13
DI 0P < (B/2)Aer (1), 48)
j=0

13

Z |DT/ ®|* < (B/2)Ae, (49)

j=0
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13—5 12 )
> > ID'TI @) < (B/2)Aer?, (50)
=1 j=0
8 .
D IDTI @ < (B/2)Aer ()™ (1 + |u]) 2, (51)
j=0
8 —_ .
|DTY ®|? < (B/2)Aer~2(t%)~2+Ms, (52)
j=0
Forr <t*/4,
13
Y IM @ < (B/2)Ae(t*) ™, (53)
j=0
14—j 13 )
> DT < BAe(r) ', (54)
(=1 j=0
13—j 12 ‘
Z Z |ID'TY @2 < BAe(t*)"2tme, (55)
=1 j=0
9—j 8 ‘
ZZ ID'TV @) < (B/2)Aer™ ()3 +ns.1 (56)
(=1 j=0

Proof. (48) is immediate from Proposition 5.3 and Bootstrap Assumptions (10) and (11).
By Proposition 5.1,

13 15 1
Y Ipr/ o) < C(Z/ Iy (@*oynk + Zf (D"G<13)2>-
=0 k=0 Y It k=07 %r

Hence we get (49) by Bootstrap Assumption (12) and Propositions 6.9 and 6.10. The
constant is improved since Ae <« 1 and C < B.
By Proposition 5.2,

13—/ 12

> o ID'Ti P

=1 j=0

13— 2 12
< Cr_z(z ZZ/E TN @nQri ok, + Z (DmGSk)z)

m=0 k=0 j=0 m+k<10" Xt
11

gcﬂ(Z/ IN@iomy + Y (D'"Gfkf).
j=0Y ¢ m+k<10* Er

We hence get (50) by Bootstrap Assumption (12) and Propositions 6.9 and 6.10. The
constant is improved since Ae < 1 and C < B.
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By Proposition 5.5, for r > t*/4, we have
Z IDT/ @2 < Cr2(1 + Ju)) 2 Z Z Z(/ TEFEN (o @k @ynfy

m=0 k=0 j=0
+Cr2/ TN @ QM T Dynk, )
S.N{r<ry} ‘
2 8

+Cr? / (O (4T @))>
kZ_O]Z(; T N{u' ~uln{r>t/4} 8K

< CAet™r2(1 + |u|)~ 2+Cr*2// G2y,
SN ~uinf{r>t/4) T

by Bootstrap Assumption (11)

< CAet™r2(1+ |u) ™2 + CAe(t*) 2424 CA?Be? (1)~ 2+ mey—2
by Propositions 6.13, 6.14 and 6.10

< (B/2)Aer ()™ (1 + |u]) 2

Hence we have proved (51).
By Proposition 5.6, for r > t*/4, we have

2 8
—4 N (gi j Z+CN sam &k j
<Cr § § | 1( /E Ty (SR DN + /E TN @R Q T ®)nky

T

+C12/ TN (@ T @)nk +/ (DgK(rif‘@))Z)
ZN{r<ry} ' X

_222/ K(rijq>))2

—0j=0 r>r/2
< CAer™* ()M + CAe(t*) ™2t M4r ™2 4 CA®Be* (1) 24y =2
< (B/2)Aer™2(s*)~¥tm4,
Hence we have proved (52) and completed the proof for r > ¢*/4.
We now move to the pointwise estimates in the region r < t*/4. (53) follows directly

from Proposition 5.9 and Bootstrap Assumptions (10) and (11). By Proposition 5.7,
14—j 13

> IpTiep
=1 j=0
J 14—j 13
< C( > / NPT em + 53 (D‘ijﬂ),
i+j<15Y ZcNlr=*/2}

(=1 j=0

where we have used the fact that [, I'] = 0. Hence (54) follows from Bootstrap Assump-
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tions (10) and (11) and Propositions 6.9 and 6.10. Next, (55) follows similarly to (54): by
Proposition 5.7,

13—j 12

2 ID'rer
=1 j=0
13—/ 13
N vipJj 4 2
5c< > f 7 (Y’FJCD)n’ér—i—ZZ/ (D'G<)) )
it+j<14 Y ZcN{r=*/2} ¢ PR

=1 j=0

Hence (55) follows from Bootstrap Assumption (11) and Propositions 6.9 and 6.10.
Finally, by Proposition 5.10, for » < ¢*/4, we have

9—

~.

8
DT/ @
1,j=0
<ceH 'y // (KN (' @) + KX (SY'T @)
i+j=107 JR@/LLDN{r=r*/2) 1=8 i 2 .)2
+r77U(D'G))?)

< CAer3Tmsaip=140 4 C A22g=3map =140 < (B /2y Aeq =311, 148

~
Il

where in the third line we have used Bootstrap Assumptions (24) and (30) and Propo-
sitions 6.13, 6.14 and 6.10. The only caveat is that when using (30), the vector fields Y
and S are in different order. However, since [, Y ] ~ D, we can estimate the commutator
term by (24). ]

Now that we have proved the L°° bounds, we will replace the constant B in Bootstrap
Assumptions (31)—(35), (39), (42) by C in the sequel. Notice that we have originally
assumed B < A and therefore C < Ay still holds. We now proceed to recover Bootstrap
Assumptions (K) that do not involve the commutators Y or S. We first retrieve (21)—(24).
Notice also that we will retrieve (17) and (19) later together with (9) and (12).

Proposition 6.16.

Y Ax // (KX @00 ®) + KN 0.0/ ) < SolHms, (57)
i17=15 ’ R(t/1.1,7)N{r<t*/2} 2

> Ay // KX (@LS/ @) < Somlms, 8
ij=a RN /2) 2
L L €
> iy ] (K002 @)+ KN 3./ @) = 517207, (59)
o4 ’ R(z/1.1,1)N{r<r*/2} 2
> Ak // KX 0L @) < So2ime, (60)
=13 ’ R(t/1.1,7)N{r<t*/2} 2

Proof. We first prove the estimates involving Xy, i.e., (57) and (59). By Proposition 3.7(i)
and the Remark following it and the fact that |8t”,f Ni| < |N<k+m|, we have
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2 Ax // (KX0(3. 5 @) + KN (3. )
i+j<15 R(z/1.1,T)N{r<t*/2}

—1 -2 Z4+Nw? jqi &Jj "
<Cc > AX,J.(‘C / TN oL oyl
i+j<15 211
N ai &J ®
+C/ Jy (8;*9“1))”21/1.1)
Zeyranfr<ry}

-1 1468 A72
+C ) Ax,,;(// r Nz
17215 R(t/1.1-1,t+1)N{r<9s*/10}

+ sup / Nim
rrelr/11-1,7+11 T =n{ir—3M|<M/8} ~

+// r1+3(U§15,5,-)2)
R(t/1.1—1, 7+ D)N{r<9r*/10}

<C Z (A}}jAjET_l+n15 + A;(’lezezr_z""?s.n-i-msﬂ-ZS + CA}}ij,j,ler_l+"'5)

i+j<15
< (e/2)r~1*ms,

by Propositions 6.13, 6.14 and 6.10. Notice that our integrated estimates for U in Proposi-
tion 6.10 are only for [t /1.1, t]. Nevertheless, for the region [t/1.1—-1, /1.1]N[z, T+1],
we can integrate over the fixed t estimate in the same proposition. By Proposition 3.7(i)

and the Remark following it and the fact that |3,"l Ni| < |N<tym|, we have
2 Ax; // (kX037 @) + KN (8.5 @)
i+j<14 R(t/1.1,7)N{r<t*/2}

-1 -2 Z+Nw? (ai &F n
<Cc > AXJ(z / TN @@L ol
i+j<l4 /11
Niai &j w
+C/ Iy (8;*Qld>)n21/l‘l)
Zeyranfr<ry}

ey AX},< /[ PN
: R(t/1.1-1,1+D)N{r<9:*/10} =

i+j<14

+ sup / Nils
relr/1.1-1,7+11 I Sxn{r—3M|<M/8} ~

+// r”S(UsM,sj)z)
R(r/1.1-1,7+1)N{r<9r*/10}

<C Z (Ailejer—Z-knm +A;(,leZEZ_L,—3+7IS,11+7715+28 +A},1ij,j71er_2+'7'4)

itj<l4
S (6/2).[—2+7II4_
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The proof of (58) and (60) proceeds in an identical manner. Notice that using Proposition
3.7(ii), the right hand side when we estimate (58) (respectively (60)) is identical to that
when we estimate (57) (respectively (59)). m]

Now we move on to retrieving Bootstrap Assumptions (J) with better constants:

Proposition 6.17.
S 4 / IV @S o < (e/AyT, 61)
i+j=16 Z
> AJ._l / TN 0LQ7 Pk < (¢/2), (62)
i+j<I5 Zr
> A;lj(// KXO(aj*fzfd>)+f[ KN(8f*Qj¢)) < (/27"
itj=16 R(r.7) Rwo.mNtr=ry}
(63)
> Ay, f / KX (01.Q/ ®) < (e/2)T™e, (64)
i+j=15 R(TO’T)
Z A},l,- // KX 3,0/ @) < €/2, (65)
it<15 R(70,7)
3 Al // KX1(0.Q/ @) <e. (66)
i+j=14 Rw:2)

Proof. We will prove the slightly stronger statements with Ax ; replaced by A;. Using
Propositions 3.1 and 3.2, we have

> Aj_l(/ Jp{V(a;;s”zf@n‘ngr// KX0 (3!, Q/ @)
i+j=16 b R(r.7)
+ / f KN(a;;Q/@)>
Rz, )N{r<ry}
o T+l 172 \2
<Cc > Aj1</ JliV(B,’*QJCD)ngr,—i-(/ (/ N126> dt*)
i+j=16 7 To—1 \J B
Mol
R(rp—1,7+1) R(ro—1,7+1)

+ sup / Ufﬁ’j)
rre[tg—1,7+1] J SxN{lr—3M|<M/8}

<C Z A;l(e + Azeznfélt'“(’ + Ay j_1€T™) < (/4T
itj=16

‘We now turn to the estimates for Z}io T/ ®|. We have
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Aj_l( / TN (0L.Q7 Py, + f f KXO(a;;s”zfcp))
PR R(70,7)

1 Nai &Jj w T 2 12 ?
— 1 *
<Cc > A; (/E G ST (/To_l </X N515> dt )

i+j<l15 0

2 1+6 772
+// NZis +// rit Ulis.<;
R(to—1,t+1) R(to—1,t+1)

2
+ sup f U515)5j>
r*e[tg—1,7+11J SpN{Ir—3M|<M/8}

<Cc > A;1(6+A262+CAX,1-_16) <e€)2.
i+j<15

i+j=<15

It now remains to show (64) and (66). By Proposition 3.4 they can be estimated by exactly
the same terms as (63) and (65) respectively. The proposition hence follows. O

We now move on to control the conformal energy and close the part of Bootstrap As-
sumption (10) without Y.

Proposition 6.18.

Z A/—l (/ ]MZ+N‘wZ(8ll*Q](D)nl§ + C'L'z/
2. ! b))

Noi
) (979 d))n’)ér)
i+j=15

N{r<9t/10}
< (e/H)Ttms. (67

Proof. By Proposition 3.5,

Aj_l(/ Ji’wz(af*QjQ)ngr + Ct2/
i+j=15 T z

co X 4 ([ aiaion,
i+j=15 Zy

+5’/f (t*)?K*0 (1. Q) @)
R(wo,T)N{r=t*/2}
+ (' +a) f/ )2 KN (31.Q/ @)
R(z0.7)N{r<ry )}
+)7! <// KX (. Q) D)
R(t9.7)
1

n Z // 2 (0 Nis)? + // (t*)2r1+5U125,j
R0, 1)N{r <9¢*/ 10} R (0, 7)N{r <9¢* 10}

m=0

T 1/2 2
+ (/ (/ rzG%S j> dt*) + sup f (t*)2N125>).
10 \JZn{r=>r*/2} ’ t*elr, 7] J S Niry <r<25M/8)

N
Ty (07 Q)n’ér)
N{r<97/10}
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We will estimate the terms one by one. First, the term with the initial data, i.e., the very
first term, is clearly bounded by C(>_ i Aj_l)e. Second, we consider the two (¢*)2K terms.
To this end, we define as before 7p < 71 < --- < 1, = 7 with 5,31 < (1.1)7;, and
n ~ log(t — 1p) is the minimum such that this can be done. Thus, these two terms can be
bounded, using Bootstrap Assumption (21)

s A.—1// (KX 3. QD)
Z J R(zg,T)N{r<t*/2} !
+ (& +a) f/ ()2 KN (9.9 @)
R(0.0)N{r=ry )

n—1
<C A7 (5’12// KX0(3..Q/ ®)
Z / k;) IRt 2 '

i+j=15
+ @ + a7 // KN(a;;fzfcb))
R(zo,)N{r=<ry}

A .
< c(Z j’f )g(za’ +a)r!tms,

j J

This is acceptable since a, 8’ <« A;/Ax, ;. Third, the term with t*r~1*3 K can be bounded
using Bootstrap Assumption (18):

O A;‘// RN (9]L.Q) @)
R0,7)

i+j=15
n—1 o Ay

<ce)™! Z Ajfl Z‘L’k // KX (3,.Q/ @) < CGV)_I(Z _’]>.L,1+77|6.
i+j=15 k=0 Rttt 1) 7 Aj

This is acceptable since 116 < 115 and therefore the constant can be improved for t large.
Fourth, the integrals involving Njs can be bounded using Propositions 6.13 and 6.14:

1
C(a/)—lAgl Z /[ (t*)2r1+6(3,”$N15)2
m=0" JR(z0,1)N{r=91*/10}

< CA2A61€2(8/)—1 /T(t*)_l+ns‘|]+n|5+28dt* < CA2A6162(8/)_1THS’]I+n]5+26,
70

T 1/2 2
C(a’)—1A01</ (f r2N125> dt*) < CAPA TS,
70 o N{r>t1*/2}

c@H'A;" sup (t*)*Nis < CA’Aj 871

t*e[rg,7] /;,*ﬂ{ryerZSM/S}

These are all acceptable since € would beat all the constants. Fifth, for the commutator
terms U 125 ;o we estimate by Proposition 6.10:
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n—1
(5/)—1Aj—1 // (t*)zrl-‘r(;(UlS,j)z 5 CZ(S/)_I /f T[2r1+6(U15,j)2
R(zo,7) i=0 R(zi Ti+1)

< @) AN s

J
and
. 172 2 Ay
COMV (/ (/ r2U7 ) dr*) <cE) ==
70 T N{r>t*/2} j
Since Aj_1/A; K Ax j—1/A; K &, all terms are acceptable. O

With 14 or less derivatives, the conformal energy behaves better. We now close the part
of Bootstrap Assumption (11) without Y.

Proposition 6.19.

3 Aj_1</ JEENT L ST Dyl +Cr2f J,ﬂV(a;*QJ'@)n‘;T)
itj<l4 hos 2:N{r<97/10}
< (/4T (68)

Proof. By Proposition 3.5, and noticing that U is supported away from {|r — 3M| <
M /8}, we have

> Aj_l( / JEENT QLG oyl + / Jliv(Bti*Qj@)n%r)
i+j<l4 P . N{r<97/10}

<c Z Aj](/ JMZ+CN,wZ(ati*§2]'q>)n/éro
i+j<14 Zg

+5’/f (t*)2K X0 (1. Q) @)

R(10.0)N{r<r*/2}

+ & +a) f / ()2 KN (3.9 @)
Rz, )N{r<ry}

+(8)! ( / f PP KX (9L Q) @)
R(r.7)

1
2 // (t*)*r' 2 (3 N<15)?
m=0" Y R(zo,7)N{r=<9¢*/10}

T 12 2
Moo 2 ([ () )
(10, 7)N{r <9r*/10} 10 \J Zxn{r=>r*/2}

+ sup / (r*)2Nils>>-
t*eln,7]J T Nfry <r<25M/8} -
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As before, we estimate each term one by one. First, the term with initial data is clearly
bounded by C ) i Aje. Second, the (t*)2K terms can be bounded, using (23) and dividing
the interval into 7o < 7] < -+ < T, = T as before, by

Ay n—1
c /fjf €@ +a)y M <cC

J i=0

AX’]
Aj

67)1_41 (28 + a)t™4.

This is acceptable since a, §’ <« A j/Ax, j. Third, the t*r~ 18 K term can be bounded,
using Bootstrap Assumptions (20) and (22), by

COND D // rr KRN0 Q @)
Ro(0,7)

itj<14

=@ Aj_1<// KX, Q) D)
itj<14 R(wo,T)N{r=<t*/2}
+// t*r—1+5KX1(a;;§zf<1>)>
R(0.0N(r=1%/2)

n—1
<c@)! A7! (rk /f KX1(085.Q/ ®)
2 A ;; Rt tea)Nr<t*/2) '

i+j<l14
+ 7 f/ le(a;;s"zfcb))
R(ti, T 1) N{r=1*/2}

Ay
< C((S/)*l Z %771_517"”15’
j J

which is acceptable for 7 large since 115 < 7114.

Fourth, the integrals involving N<j4 can be bounded using Propositions 6.13 and 6.14
by noticing that |9+ N<14| < CN<js:

1
c@) Ayt Y // (V2 N1 )?
m=0" Y R(t0,7)N{r<9¢*/10}
T
=< CA2A5]62(3/)_1 / (%) 2Fnsms 28 g < CA2A6]62(5/)_1,
0

T 1/2 2
C(a/)‘Agl(/ (f r2N125> dt*) < CA’Ay (8 Iy oms,
70 aN{r=>1*/2}

c@H A" sup / (") N < CA*A ' (87!,

r*elrg, ] J B N{ry <r<25M/8}

which is acceptable since € < A(Snf;. Fifth, for the commutator terms U2 14,<j» We
estimate by Proposition 6.10: -
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n—1
_ — — -2
CH) lAjlff P! P Uaia<))* <CY () 1 Ax jatiy
R(zo,7)

i=0
Ax i_
< @)y ER e,

Aj

r 12 \2 A

(8/)_1Aj_1</ (/ r’U2, ,.) dﬁ) < @) ==n;lr.
79 \J ZN{r>1*/2} - A;
Since Aj_1/A; K Ax j-1/4; K 5/711_41, all terms are acceptable. O

We now consider terms involving commutation with Y and recover Bootstrap Assump-
tions (9)—(11).

Proposition 6.20.

A

Ny Ay

Z / Jliv(Yk ;*Q)nlér < Ter”lo’

i+k=16"Y 2t
N Ay

zz/ IN(YRol oyl < —er!tms,

i+k=15 ZeNr=ry} 4

L Ay
'CZ/ JliV(Yk ,&@)n’ér < —et4,
i+k=<14 ZeN{r=ry} 4

Proof. The idea is to use Proposition 13 and the fact that it gives control of an integrated-
in-time quantity. From this we can extract a good slice to improve the constant. By Propo-
sition 4.5,

> ( / L) R+ f / Yt ;;cb)ngt*>
i+k=16 \Y ZcN{r=ry} R, o)Nfr=ry}

16
N @@Ly K Naj ®
< c( > / M@t + :/ Yl o,
j+m=<16 ZoNfr=ry} i—0 Y ZcN{r<ry}

16 _ '
+ f/ JN @, Dk + // (D'G - »,0)2>
j;() R/, 7)N{r<23M/8} wot i Z R(z',T)N{r<23M/8} =/

i+j=<16
< CAy(t)6 4+ CAgt6 + C A%e* (7))~ 1,

by (9), (17) and Proposition 6.9. Take t/ = T — Ag. Then
Z // Jliv()?'k ,i*q>)n’£ < CAyt™s + CA()TmG + CA2621:_1+'7'6,
- t
ithk=16"7 Y R(t—Ao.T)N{r=ry}

Hence there is some T € [t — Ay, t] such that

/ TN (PRoldynki < CAyAG T"6 + CTe 4 CA%e 716,
itk=16" ZeN{r=ry} !
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We also have, by (9) and the elliptic estimates in Proposition 4.1,

[ TN (ko) dynk,
— T
i+k=167 ZeNlry <r=ry}

16
<C / JN @@L DNk + /
; Sy <<y L 2

(D'G <)o)’
i+j<15Y %%
< CAgt™6 + C A%~ s,
Now reapplying Proposition 4.5, from 7 to 7, we get
N vk qi
/ L ;*CIJ)n‘éT
i+k=16Y ZcNlr=ry}

<Cc / )@Y @+ CAgT™e + CA%E
jHm<l16Y ZeN{r=ry}

< CAyAy't™6 + CAgt™s + CA%e*r !,

Since C <« Ap < Ay, we get the first statement in the proposition. The derivations for

the other bounds are identical, with the constants and exponents replaced appropriately.
]

From this we can also derive some integrated estimates for Y*I"/ &. This will be useful in
controlling the commutator [, , S].

Proposition 6.21.

> // JN(PRal. ol < Ayers,
i+k=16 R(r/l.l,r)ﬁ{rﬁr;}
> 2] Y (PRafem, < Ayert e,
i+k=15 R(r/1.1L,0)N{r=ry}

> rz// JN (PRl ol < Ayer™.
i+k<14 R@/1.1,0)N{r=ry}

Proof. This is a direct consequence of Propositions 4.5, 6.9, 6.20, as well as Bootstrap
Assumptions (9)—(11). O

We will finally proceed to the quantities associated to the vector field S. Recall from [20]
that for large values of 7,

‘[ng,S]¢—<2+r “)Dgcp—-(r——l— i “)ar*q>—z<(r——1)— i “)mp‘
r r\r r r 2r

2
< Car ) |D*0|.
k=1
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and that for finite values of r, we have

2
[Dey. S10] < €Y |DF .
k=1

Moreover, all the coefficients in the commutator term obey the same estimates (with a
different constant) upon differentiation. Therefore,

Oex (STX®) = Vi + S(Ux) + SN,
where
£+1 ) 42 ]
(D'Vi)? < Cr(log r)Z(Z(DJ M e)? + 3/ de>)2).
Jj=1 j=1
We will now estimate these three terms separately. We first estimate the Vi terms:
Proposition 6.22. Fora < 2,
f VOC(DZ ka)z < CAyE‘L'_2+m4+6.
e+k<13Y X
Fora <1456,

Z // ra(DKVSk)2 < CAYE-[—1+'715+67
t4k=13 Y YR(/1.1,7)

Z // rOt(DZ‘/Sk)2 S CAYET_2+’“4+8_
(k<127 JR(/1.1L7)

Proof. By the elliptic estimates in Propositions 4.1 and 4.4, we have, for o < 2,

/ r(D Vey)?
t+k=<13 7 2r
S C Z / rO[—4+5Jl]LV(?l'qu))nl§I + C Z / ra_4+8(DiG§j)2

i+j<12V %0 itj<11Y%c

< C(Aye + A2~ Fmats,

where we have used Propositions 6.9 and 6.10, Bootstrap Assumptions (11) (for r <
9t*/10) and (12) (for » > 9¢*/10).

By the elliptic estimates in Propositions 4.1 and 4.4, we have

C+k+1
// r(D'vo)?t < C Z // P N @)nl
R(z/1.1,7) i+j=0 R(z/1.1,7)

{+k
+C Y // re= e (DiG ).
i+j=0 R(z/1.1,7)
We first consider the case £ + k = 13. For the first term, we divide into r < ¢*/2 (which
we estimate by (22) and Proposition 6.21) and r > ¢*/2 (which we estimate using the
extra decay in r by (19)). The second term contains the Uy and the Nj part. The Uy



The null condition for wave equations on Kerr spacetimes 1685

part can be estimated by Proposition 6.10. The Ny part can be estimated by Proposition
6.9. The ¢ + k < 12 case is completely analogous, replacing Bootstrap Assumption (22)
by (24). O

We then proceed to the estimates for S(Uy). Notice that when we prove the estimates for
the derivatives for S(Uy), the derivatives for S(Ny) will be involved. As in the proof of
the estimates for Uy, we will first prove estimates for the derivatives of S(Uy) depending
on S(Ny), and close the estimates after we control S(Ng).

Proposition 6.23. The following estimates for S(Uy) on a fixed t* slice hold for a < 2:

13—j
> / r(DY(SWUr, )’ < CAsjo1et1 + > | (D"S(N<j—1)?,
k4+£=13 Y 2t m=1" %z
) 12—j
> / r(DY(S(Uk, )" = CAsjorer™ M52 1 37 | (D™S(N<j-1))?,
k+e=127 %1 me1 Y2t

11—j

> / r (DY S WUk, ))” < CAs jorer 211 1 3= | (D" S(N<j—1)2.
k+e<11v Xe m=1Y2%¢

The following estimates for S(Uy) integrated on [t/1.1, t] also hold for « < 1 + §:

> / / r(DY(S(Ur. )’
k+o=137 JR(/1.1,7)

13—j
< Cagxmeri b Y [ wmsave
’ =1 R(r/1.1,7)
a(nt 2
> [ @)
12—

< CAgxjrex=1+msm 4 // 2D S(N<j 1),
’ me1 Y JR(/1.1,1) '

2
> / f r* (D (S(Ur.)))
k+e<11Y JR@/1LT)
11—j

< CAs,X,jfle‘L'_z-Ms’” + Z // r_z(DmS(Nijl))z.
m=1 R(z/1.1,7)

Proof. Notice that D¢(S (Uk,;)) is supported in {r > Rq} and satisfies

042 j—1 o o
IDYSWe NI = C Y S r2(1D"SoS T S o) + Do G @)
m=1 i=l
Ck—j42 j—1 B B
<C r2(ID"SQ D] + | D"Q D).



1686 Jonathan Luk

We can ignore the last term because it appears already in DU, ;j and can be estimated by
Proposition 6.10. We have

O+k— j+2j 1
[ orotswnise X [ etorsaier
o m—=1 i=0YZ:N{r=Ra}
C+k— ]+1] 1
<Cc > / re N o SQ oynly
P N{r=Ro—1}
L4+k—j j—1
+C > Z/ r2(D"Og, (SQ )2
m=1 =02t
Ck—j+1 j—1

=C / re =t g (@ SQ dn
Z Z =.N{r=Ra—1) wo e
b+k—j
re ) [ @S W10 (DS N 0 (D" V1),

We now apply the bootstrap assumptions. By Bootstrap Assumption (13) and Proposition

6.22,

f r*(DY(SWUk. )’
k+e=13Y %
13—j

< CAg j_1et"s1 + Z[ (D"S(U<j-1,2j—1))* + (D™ S(N<;-1))?).

By Bootstrap Assumption (12) (for r > t*/2), (14) (for r < t*/2) and Proposition 6.22,

/ (D'(S(WL,)))’
k+0=12 T

12—
< CAgjjer ' Tse 4 Zf ((D"SU<j-1.<j-1))* + (D" S(N<j-1))?).
P

By Bootstrap Assumption (12) (for r > t*/2), (15) (for r < t*/2) and Proposition 6.22,

> [ roiswe)
k+e<11Ee

11—/
< CAgjqer s Y f (D" S(W<j1.<;- 1) + (D"S(N<;_1))?).
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Noticing that Uy o = 0, we can deduce the first three statements in the proposition using
induction on j (see proof of Proposition 6.8). For the integrated-in-time estimate, we note
that r~1=2 JV (I @) < CK*0(I""®) and use Bootstrap Assumptions (25)-(27) and (29)
(see proof of Propositions 6.8 and 6.10). O

We then move on to the S(Ng) terms; first we will prove an estimate for the derivatives of
S(Nyi). The decay rate here is not optimal, but would be sufficient to close the bootstrap
argument. Our approach here is to prove the decay rate that is driven only by the pointwise
decay of D*® but not by that of D*S®. The latter can, in principle, be done by similar
methods, but we will skip it since it will not be necessary. In subsequent propositions, we
will then prove refined decay rate for S(Ny) (without derivatives) as well as for DES(Ny)
restricted to the region r < t*/4.

Proposition 6.24. S(Ny) satisfies the following estimates for any fixed t* = 1:

> [ isai? = cpgarer i,
k+e=13 Y ¥

Z f (D'S(Np))? < CA%27—2Hmats,
k+e<12Y Er

S(Ny) also satisfies the following integrated estimates over t* € [t/1.1, t]:

> f/ 17 (DES(NY))? < CBgA%e? 2 Hisn
k+0=12 R(z/1.1,7)

Z // 17 (DES(NY))? < CA2272mats,
k+e<11Y Y R@/1.L7T)

Proof. We would like to do a reduction similar to how we estimated Ny. Clearly, only
the quadratic and cubic terms matter and we only need to consider terms that contain S,
for the other terms are already controlled by the estimates of Ny. We will call terms that
are already in Nj “good”. The only cubic terms that are relevant are those which contain
ST!® since in the terms with D/t ST ®, we can put all but one other factor in L™
using Bootstrap Assumptions (31), (33), (39) and (40). Notice also that the conditions for
Do Ao, Do A1 and DgC in the definition of the null condition guarantee that the bounds
do not deteriorate if S acts on the coefficients. The relevant terms are

(D/'STH®)(D2T2®) and  (D/IT1®)(D2T2d)(STH D).

We first treat the case k + £ < 12. In this case we will always put factors without S
in L°°. We have
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(D'S(Ni))?
Pl
<c > (DJ ST/ )2 (D2 T2 )
i1iat ji+ja<k+042, ji, =17 Ee
+C Z (D' T @)2(D2T2 @) (ST ®)? 4 good terms
i1+ia+iz+ji+ <14, j1jp=1Y Ze
< C( Z sup(DjFiq))z) Z / (D7 ST ®)?
it <k+l+1, j>1 ikttt jz1 Y B
+c( Y sweire?)( Y swprAdre?)
i+j<k+e+1, j>1 i+j<k+e+1, j>1

X Z/ r*Z(SF"CD)z—I—goodterms

i<k+ev Tt

< CAer—2tm4 > (D’ ST ®)?
itj<k+e+1, j>17%r

+ CA%e2r 2t Z / JliV(SFi¢)n’§T+goodterms
i<k—+eY Ee

using Bootstrap Assumptions (32), (33), (37), (41) and (44) and Proposition 4.2

< CAer™2ms 3" f (JY(STi®d)nk + 7Y (T o)nk )
i<k+eY Er
FCAer Y / (D' U=)? + (D' SW=))? + (D N )?
it+j<k+e—17 %7 ' ,
+ (D'S(N<j)? + (D'V<j)?).

We now apply the estimates for the inhomogeneous terms, i.e., Propositions 6.9, 6.10,
6.22, 6.23. Since k + ¢ < 12, we have

f (D S(Ny))?
Er

< CAer™2tma 3" /E (JN(STi@)n + JN (M @)nk ) + CATelr—2Hmat?
i<12v &t

+ CAer—2tms 3" /(D"S(Ngj))z.
=

i+j<k+e—1

The desired estimates then follow from an induction, together with Bootstrap Assump-
tions (12) and (16), since according to this notation Z;_l =0 = 0.

We then treat the case kK + £ = 13. In this case it is possible to have 14 derivatives
falling on the factor with @, which hence cannot be controlled in L°°. However, in this
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scenario, we must have

Z (DSP) (DT @)

itj=14

and therefore D S® can be controlled in L*> by Bootstrap Assumptions (37) and (44). In
short, we have

/ (D S(Np))*

k+£=13

<c 2 (D)1 ST )X (DA )2
i1+ +j1+2=<15, ji1,j2=1

+C Z (D' T ®)2(D2T2 @) (ST ®)? 4 good terms
i1+ia+iz+j1+j2<15, j1,2>1

§C< 3 sup(Df'F"cb)z) 3 (D ST ®)2
irj<id j=1 ivj<i4, j=1

+ (sup(DS®)?) / (DT )2
i+j= 14 j>1

+C( 3 sup(Dfrl'cb)z)( 3 suprZ(D/r"@)z)
i+j<l4, j>1 i+j<l14, j>1

/ r (ST d)?
i<13 T

+ good terms

< CAer™2me %" /(DJSF )2

i+j<14, j>1

+ CBsAer 2msn %" (DT )2
i+j=14, j=17 %

+ CA%2e2r 24 Z / JliV(Sl"i@)n’éT + good terms
i<13

using Bootstrap Assumption (32), (33), (37), (41) and (44) and Proposition 4.2

< CAer=2tms Z/ TN (ST ®@)nf, + CBgAer 251 Z/X TN ([ oynk
i<13 T i<13 T

+ CAer2tme 3" / (D U<)* + (D' S(U<))* + (D N<p)?
l+k<12

+ (D'S(N<)? + (D V)?).
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We now apply the estimates for the inhomogeneous terms, i.e., Propositions 6.9, 6.10,
6.22, 6.23:

> | (DEs)?

k+e=137 2¢

< CAer2tms Z/ TN (ST @)nf + CBgAer =t Z/ Iy (T oyl
i<13/%c i<13¥ %7

+ CAer~2tme 3" /(D‘S(ka))z,
(k<127 Zr

which is acceptable. The estimates for the terms integrated in t* are proved analogously,
noting that the elliptic estimate in Proposition 4.1 would allow for weight in », and using
the second parts of Propositions 6.9, 6.10, 6.22 and 6.23. O

This would allow us to close the estimates for S(Uy) from Proposition 6.23.

Proposition 6.25. The following estimates for S(Uy) on a fixed t* slice hold for a < 2:

Z / ’.()((DZ(LS'(IJIC,]')))2 < CAS,j—]ETnS'B’
P

k+£=13

/ ra(DZ(S(Uk,j)))2 < CAS’J'_IE‘L’_IJ’-']S.IZ’
k+e=127%r

Z / ra(Dl(S(Uk,j)))z < CAS,j—16T72+nS~11.
k+e<11YZr
The following estimates for S(Uy) integrated on [t/1.1, t] also hold for o < 1 + §:
Z // ”D((DZ(S(Uk,j)))2 < CAg x, j—1€T™8,
k40=13Y Y R(z/1.1,7)
Z ff ra(DZ(S(Uk,j)))2 S CAS,X,‘]'—]E'L'_I_F”S*IZ,
k+e=12Y JR(/1.1.7)

Z /:/ ra(De(S(Uk,j)))z = CAS,X,]'_16‘L’72+"S-11.
k+e<11Y Y R(/1LLD)

Proof. This follows directly from Proposition 6.23 and 6.24. O

In the region {r < t*/4}, we have refined decay rates for DYS(Ny):
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Proposition 6.26.

/ rl—B(DZS(Nk))Z S CA2627:_3+’]S’11 ,
k=13 Y ZcN{r=r*/4}

/ rl_a(DeS(Nk))z < CA2627,'_4+7]S’12+7]S’“.
k+0<12 Zenfr=r*/4}

Proof. Take k + ¢ < 13. Notice that |[D, S]®| < C|D®|.

We would like to do a reduction similar to how we estimated Ng. Clearly, only the
quadratic and cubic terms matter and we only need to consider terms that contain S, for
the other terms are already controlled by the estimates of Nj. Notice also as before that
the conditions in the null condition guarantee that the bounds do not deteriorate if S acts
on the coefficients. The relevant terms are

(D' ST ®)(D2T2®),  ji, jo > 1,
(D/1STL®)(D2T2d) (T3 ®),  ji, o> 1, i3> 8,
(DT @) (D2T2d)(STB®),  ji, o> 1, i3 > 8.

We first tackle the quadratic terms:

> > / r'=(ID/ ST @ DT 2
ZeNir<r/4)

i1+ =7, L1 21 ix+jp<k+L+1, jo>1 o ) o
+ D' T D2 ST2d|7)

§C<sup 3 r1’5|DjSFid>|2> 3 / IDIT &2
rET/Aiyj<T, j=1 i+j<k+e+1, j=1¢ E0r=r/4}

+C( sup Y r1—3|D-/r"q>|2) 3 f |D/ ST @2
r=T/Aigj<T, j=1 i+j<kt+1, jz17 ENr=t/4
< CAer s / JN (YT @)
i+j§k+£ 2. N{r<9t/10}

+ CAer—3Fnsn IN(IsTie)

i+j<k+t /;:fﬂ{rfg‘[/lo}

+ CAer~2ns / ((D'U)* + (D'N))?)
i+j§k+£—l Efﬁ{r§9r/10}

+ CAer—3+7s.m (D'S(U/)? + (D'S(N;) + (D' V))?)

e /;Tﬂ{r§9‘r/10}

by Bootstrap Assumptions (33) and (35) and the elliptic estimates of Propositions 4.1 and
4.4. Since k + ¢ — 1 < 12, the inhomogeneous terms can be bounded using Propositions
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6.9, 6.10, 6.22, 6.24 and 6.25 to be

< CA22r—4+ns2tnsa

We then move on to the cubic terms:

k
> > Z/ r' (D' ST @ DT 2 I3 §)?
i+ =T, 121 i+ o<, jp=1i3=0 7 ZNr=97/10} o . .
+ (DT @ DT ST P)?)
<c(swp Y rz(DjSFiGD)z)(sup 3 r“"(DJ'F"qnz)

r<T/4iL <7, > rET/Aiyj<T, =1

k
=2 i 2
x r (I3 o)
; /E,ﬂ{r<r/4}

.y 2 k .
+C( sup Z rl_S(D-’F’®)2> rl+52/ r2(ST ®)?
rir/4l‘+j§7,j21 i=0 X N{r<t/4}
k k
< CA2€2T_5+2'7S’” Z (Drlq))z + CA2621—5+27IS,]I+5 Z (DSF’dD)Z,
i=0 Y >r i=0 Y%

by Bootstrap Assumptions (33) and (35), which now clearly decays better than we need
by using Bootstrap Assumptions (12), (13) and (16). Therefore,

f ' (DES(NK)? < CAer?His 37 / IN@IT 9)
TN{r=t/4) it j<kte? BeN{r=97/10}

+ CAer 3Fns.0 JIN(YIsTi®)

Ty, /z,m{rg%/m}

+ CA22p=4+ns+ns

The proposition follows from Bootstrap Assumptions (11) and (13)—(15). ]

A similar decay rate can be proved in the region {r < 9¢*/10}, if we do not require the
estimate for the derivatives:

Proposition 6.27.

/ T (S(N))? < CAZP s,
2.N{r<9r*/10}

12
f rl—S(S(Nk))Z < CAZEZ.E—4+7)S.12+TIS.11 .
k=0 Z,ﬁ{rﬁQt*/lO}
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Proof. Take k < 13. The proof follows very closely that of the previous proposition,
by noting that we have similar pointwise decay estimates in the region (without higher
derivatives) by Bootstrap Assumptions (34) and (38). As in the previous proposition, the
relevant terms are

(DST!' ®)(DT2d),
(DSTH @) (DT20)(I'3d), i3 > 8,
(DT ®)(DT2®)(STB D), i3 > 8.

We first tackle the quadratic terms:

Z Z / r'(IDST"®DI20* + | DT dDST2P|?)
i1=01i,=0 X N{r<9t/10}
6
< C( sup =8| pST @2 f |DT o2
r<9r/1o; Z S:N{r<97/10}
+C< sup = Drio? / |[DST ®|?
r<9t/l(); Z 2:N{r<97/10}
< CA%p=+Hmatisin 4 C per—3H0s.11 Z/ |IDST @2
2:N{r<97/10}

‘We then move on to the cubic terms:

/ 1= ((DST1 @DI2 @I @)% + (DI @ DI o ST 1))
i1, 12_013 0 2:N{r<97/10}

6
SC( sup Z Z(DSFi©)2)< sup Zrl“‘(DF"cp)z)

r<9t/10 ;— r<9t/10 ;
k

—2 i g\ 2
x r3( D)
Z(;/z N{r<97/10}

+C< sup Zrl S(pr <1>) 1+52/ r2(ST d)?

r<97/10 i = . N{r<91/10}

k
< CA22¢ 22151 Z (DF '®)? + CA22 O 2s.11H8 Z (Dsr"q>)2
i=0 i=0

< CA363.L,—5+27]5 11 + CAZEZT_5+2nS 11+6 Z (DSth))Q
i=0

Therefore,
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/ FI_S(S(Nk))z < CA262.L.—4+7714+77S,11
S.N{r<t/4)

k
+ CAer—3tmsn Z/
i=0 7%

The proposition follows from Bootstrap Assumptions (13)—(15). m]

k
(DST @) 4+ CAZ? ¢ H21st N | (DST )2,
fﬂ{}’fgf/lo} i=0 )

We then move on to the region {r > 9¢*/10}.

Proposition 6.28. For o = 0 or 2,
/ (S(N13))? < CA%e2r= 21513,
2:N{r>97/10}

/ r*(S(N12))* < CA?2¢3tetnsn
Z:N{r=97/10}

11
k=0 X N{r=9t/10}

Proof. Take k < 13. Following the reduction before and noticing that [D, S] ~ D and
[D, ST~ D, we have to consider the quadratic terms
DST"®DIr2®d, Dr'®DST2d, DST1dDI2d,
Driopsrze,  r Y (DST'oDr2®), r Y(Dr'"eDST20),

for i1 > i, and the cubic terms
DI''dprz2esrized, Dritoprz2esrxe, r Y(Driopr2osrso).

For these cubic terms, we can assume i1, i» < 6, for otherwise i3 < 6 and we can control
the last factor in the sup norm and reduce to the quadratic terms above. The cubic terms

DST'®pr2erse, DIri'eDST2or3®d, DST'ODIr2erso),
DroDST2or3e, r~Y(DSTHODT20I3®), r~Y(DI'®DST2OId)

are irrelevant here because i3 < 13 and we can thus control the last factor in the sup norm
to reduce to the quadratic terms above. As before, we also have terms that do not have S
(from SA or from the commutators [D, S], [D, S]), but they already appear in Ny and we
will use the estimates proved for Ny in Proposition 6.14.

We first estimate the quadratic terms. The crucial technical point here is that we do
not have an improved pointwise decay estimate for DST? ® because we have used S in
the proof of Proposition 5.6 and we are only commuting with S once. Nevertheless, since
k < 13, we can instead put DI ® in L>®. We have
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k

Lk/2]
Z Z / r® (quadratic terms)?
:N{ r>9r/10}

ir=0 i1 =0

<c( sup r2|DF‘2<I>|2 / ra2|DSTH o
r>9r/IOZ 112%) 2:N{r>97/10}

6
+C( sup Y r |Dsrlzc1>|2 / r=2| Drit 2
rz9r/1oz ,;) £.N{r=97/10)

+C( sup Zr |DI"2<I>| Zf r*=2| DST |2
r>9r/1012_0 = =/ s.n(r=97/10}

+C( sup > 7 |DF”<I>| / r*=2| DST2 0|2
r>9r/10,;) l;) 2:N{r>97/10}

+Cr*2( sup Zr |Dr’2q>| Z/ r*?|DST @
r=91/10 .20 1207 Zen(r=97/10}

+Cr*2< sup Zr |DSF‘2<I>|2 Z/ r*= 2| prig)?
r>9r/1012 =0 i1=0 2:N{r=97/10}

< CAe Z / r*~2(|DST'®|? + |DI1 |?)
1209 n{r=97/10}

k
+ CAer~ M4 Z/ r“"2|DST! @
120 Zn{r=97/10

k

+ CAer~4ratnsi gyp Z r2 DT @) + CAer 4o,
r29r/10i1:0

‘We then estimate the cubic terms:

k/2] &

/ % (cubic terms)?
.N{r=97/10}

<c( sup Z(rZDF”CD) )( sup Zr (DF’Zcb))

r>97/10 r>97/10 7

i1,in=0i3=0

k

X Z/ re (ST @)?
i3=0 Y ZcN{r=97/10}

6
+Cr_2< sup Zr2(DFi'<D) f
r=9t/10 /50 =07 2:0tr=91/10)

k

O{ 4(SFI3 CD)2

< CA%?¢2Hm4 r*2(DST3 )2,

=0 /zm{rz%/m}
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which is better than the estimates obtained for the quadratic terms. We hence focus on the
quadratic terms and spell out explicitly what the estimates amount to for different values
of k and a:

6 13
Z / (quadratic terms)? < CA%e27 7211513  CA2e2p st
20420 mentr=91/10)

6 12
Z Z (quadratic terms)2 < CA232p3tnsa2 o c A22¢—4Fns
520420/ ZcN{r=97/10}

6 11
Z Z / (quadratic terms)? < CA%e2r 41511 4 CA2e2r =4
T.N{r=97/10}

i»=0i;=0

6 12
Z Z/ r2(quadratic terms)® < CA%e2(r 111512 4 = 2Hma =251y,
520420/ Zcn{r=97/10}

6 11

/ r?(quadratic terms)? < CA%e? (7211511 4 ¢ =244y, ]
ir=0i1=0 2:N{r=97/10}

With the estimates for the inhomogeneous terms for the equations involving S, we can
now retrieve the bootstrap assumptions involving S. We will follow the order that we
proved the estimates without S, namely, first proving the pointwise estimates, then the
integrated estimates, then the energy estimates and finally the energy estimates involving
also Y. Noticing that Uy, ; (respectively Ni) and S(Uy, ;) (respectively S(Ng)) satisfy
similar estimates (see Propositions 6.13, 6.14, 6.10, 6.27, 6.28 and 6.25), we focus on
showing that the estimates for Vj are enough to close the bootstrap assumptions. We
now prove the pointwise estimates and retrieve Bootstrap Assumptions (37), (38), (43)
and (44).

Proposition 6.29. Forr > t*/4,

8
Z |DST/ ®|* < (Bg/2)Aer 2, (69)
j=0
6
D IDSTI D < (Bg/2)Aer™ (%) (1 + |ul) 2. (70)
j=0
Forr < t*/4,
6
D ISTI @ < (Bs/2)Ae(t™) 2, (1)
j=0
7—j

6
|IDEST/ @)% < (Bg/2)Aer—2(t*) =215, (72)
£=1 j=0
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Proof. The proof of the estimates for r > */4 (i.e. (69) and (70)) is completely analo-
gous to Proposition 6.15, with the use of Propositions 6.10, 6.13, 6.14 replaced by Propo-
sitions 6.22, 6.25, 6.27, 6.28 appropriately. Notice especially that the estimates in Propo-
sition 6.22 for V are better than those in Proposition 6.25 for SU and are thus acceptable.

(71) follows directly from Proposition 5.9 and Bootstrap Assumptions (11) and (15).
Here, we need to use also (11) because we would need to permute S with d;+ and would
get terms that do not contain S.

(72) follows directly from Proposition 5.8, Bootstrap Assumptions (11) and (15), as
well as Propositions 6.10, 6.13, 6.22, 6.25 and 6.26 to control the inhomogeneous terms.
As before, (11) and Propositions 6.10, 6.13 are used to control the terms arising from
[, 8,+]. Notice here that the decay rate for 3", Z?:o |DEST/ ®|? is not as good as that
for Z?;{ /8:0 | DT/ ®|? because in proving the decay rate for Zz;{ ?:o |D'T/ @2,
we have used the quantities associated to S®, while we do not have estimates for S2d at
our disposal. O

As before, once we have proved the L°° bounds, we will replace the constant Bg by C.

Proposition 6.30.

Z AE’IXJ // KXO(SB;*qu)) S (6/2)-L'_1'~'77S,I27 (73)

i+jt+k<12 R(z/1.1,1)N{r<t*/2}
Z AE,lx,j // KXI(SB;*QjQD) < (6/2).[—1—&-773,12’ (74)

i+j<l1 R(z/1.1,1)N{r=<r*/2}
Z Ag,lx,/ // KXO(SB;*QJq)) S (6/2)T72+7)S.11’ (75)

i+j<11 ' R(r/1.1,m)N{r=<r*/2}
D Asx /f KX1(89.Q7®) < (e/2)r 2111 (76)

i+j<10 R(z/L.1L,0)N{r=t*/2}
Proof. This follows exactly as Proposition 6.16 except for replacing the use of Proposi-
tions 6.10, 6.13 and 6.14 with Propositions 6.22, 6.25, 6.27 and 6.28. O

Proposition 6.31.
D Ay / TN (S0.Q @)nly < (e/4)T"s 0, (77)
i+j=13 P
> As) / I3 (S0 Q) dynk, < e/2, (78)
i+j<12 e
Z AE,lx,,- /f KX0(881.Q/ d) < (e/2)7"5:83, (79)
i+j=13 R(10,7)
> Ak, // KXo (88!, Q/ @) < ¢€/2. (80)
i+j<12 " S IR(w0.7)
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Proof. This follows exactly as Proposition 6.17 except for replacing the use of Proposi-
tions 6.10, 6.13 and 6.14 with Propositions 6.22, 6.25, 6.27 and 6.28. O

Proposition 6.32.

> Ag‘lj(/ J5+N~wz(sa;;s"2fcb)n‘§f+a2/
PP z

N
I (5010 <I>)n‘£r>
i+j=12

N{r<9t/10}

< (e/HT' s (81
Proof. This follows exactly as Proposition 6.18 except for replacing the use of Proposi-
tions 6.10, 6.13 and 6.14 with Propositions 6.22, 6.25, 6.27 and 6.28. O

Proposition 6.33.

> sl ([ s st oms,
P

i+j<l1
+Ct? / Ty (S(B,i*QjCID))n’éT> < (e/H)T"S1 (82)
=.N{r<97/10}

Proof. This follows exactly as Proposition 6.19 except for replacing the use of Proposi-
tions 6.10, 6.13 and 6.14 with Propositions 6.22, 6.25, 6.27 and 6.28. O

To close the bootstrap argument we need finally to consider energy quantities with both
Sand Y.

Proposition 6.34.

Z Agly/ Jliv(}A’kSati*CD)n/éf < (e/4)T"S13,
i+k=13 pe

Z AE,IYTz/ B Jliv(f}ksatl*q))n;t < (6/4)‘[1+n5-12’
i+k=12 n(r<ry}

> AghT? / TN (RS o)nk < (e/HyTTs.
itk<l11 ZeN(rsry}

Proof. This follows exactly as Proposition 6.20 except for replacing the use of Proposi-
tions 6.13 with Propositions 6.22 and 6.27. O

7. Proof of Theorem 1

Now all the bootstrap assumptions are closed and all the estimates hold. The solution
hence exists globally by a standard local existence argument that we omit here. The decay
estimates of the derivatives of ® claimed in the theorem are restatements of (51), (52),
(33). The decay estimates follow from the use of Proposition 5.3 and (6.19) for r > R
and Proposition 5.12 and (60) for r < t*/4.
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