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Abstract. We study a porous medium equation with nonlocal diffusion effects given by an inverse
fractional Laplacian operator. The precise model is

ur =V-wV(E=»AN"u), 0O0<s<l.

The problem is posed in {x € RVt € R} with nonnegative initial data u(x, 0) that are integrable
and decay at infinity. A previous paper has established the existence of mass-preserving, nonnega-
tive weak solutions satisfying energy estimates and finite propagation. As main results we establish
the boundedness and C¥ regularity of such weak solutions. Finally, we extend the existence theory
to all nonnegative and integrable initial data.
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1. Introduction

This paper is devoted to the study of the regularity properties of weak solutions of a model
of porous medium equation that includes nonlocal effects through an integral relation of
pressure to density. This allows one to account for long-range effects.

Let us recall the typical derivation of the porous medium equation (cf. [1, 20]). We
consider a gas propagating in a homogeneous porous medium; its dynamics is described
by first assuming conservation of mass

oru—+V-(vu) =0,

where u(x,t) > 0 denotes the density of the gas and v(x, ¢) is the (locally averaged)
velocity. We then postulate that the motion proceeds according to Darcy’s law so that
v = —V p, where the velocity potential is interpreted as pressure. Finally, some barotropic
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state law for gases implies that p is a monotone function of u, p = f(u). In this way we
get the equation
oru =V - (uV f(u)).

The simplest case (called isothermal) is p = u and in that case we arrive at the equation
du = cAu®, which appears in a different context as a model in groundwater infiltration,
and is called Boussinesq’s equation [2, 4].

The novelty of our present model consists in relating p to u through a linear integral
operator that makes a kind of average of the space distribution u(-, ),

p(x,t) = Lu(x,t), Lu(x, 1) :=/L(x—y)u(y,t)dy. (1.1)

In particular, the positive kernel L is locally integrable and decays slowly at infinity to
represent “long-range” interactions. To be specific, we will work in RY, we will take
L(x) = c|x|~N*2 which is equivalent to saying that p is given as an inverse fractional
Laplacian, i.e., p = (—A)"*u, and we consider 0 < s < 1.

In a previous paper [11] we have introduced this model and proved existence of weak
solutions u > 0 for the Cauchy problem

u; =V-wVp), p=Lu= (A" u, 0<s <1, (1.2)
posed for x € RN, N > 1,and ¢t > 0, with initial conditions
u(x,0) = up(x), xeRY, (1.3)

where u( is a nonnegative and integrable function in RY decaying as |x| — oco.

Let us point out that equations of the more general form u; = V - (¢ (u)VLu) have
appeared recently in a number of applications in particle physics. Thus, Giacomin and
Lebowitz consider in [13] a lattice gas with general short-range interactions and a Kac
potential J, (r) of range ¥~y > 0. Scaling spacelike with y~! and timelike with

¥ 2, and passing to the limit y — 0, the macroscopic density profile p(r, r) satisfies the
equation
d9p SF(p)
—=V. vV——-|. 14
o7 |:O'S (o) 5 (1.4)

Here J is akernel, F(p) = [ fs(p(r)) dr—% [ Ir—=rpr)p@r')drdr’, where f;(p) is
the (strictly convex) free energy density of the reference system, and o, (p) is the mobility
of the system with only short-range interactions. See also [14] and the review paper [16].
The model is used to study phase segregation in [15].

Further motivations for model (1.3) can be found in [11] and [22], which contain
references to applications in dislocation dynamics and in superconductivity, as well as
current mathematical progress.

Mathematical results. Paper [11] contains the proof of existence of a weak solution of
Problem (1.2)—(1.3) when u is a bounded function and has exponential decay at infinity.
Moreover, a number of basic properties are proved, like energy estimates, bounds in the
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L? spaces, and the property of finite propagation that says that compactly supported data
produce solutions whose support is compact in space for every positive time. However,
the question of uniqueness of weak solutions is a pending open problem (in more than one
space dimension). Comparison theorems, a crucial tool in parabolic equations, are only
available under special circumstances (i.e., for so-called true super- or subsolutions). The
asymptotic behaviour of the solutions as t — oo has been studied by two of the present
authors in [12] using obstacle problems and entropy estimates.
The regularity theory that we develop in the present paper is as follows:

e If i has initial data in L' log L, then it becomes instantaneously bounded.
o If u has initial data in L', then it falls into the previous case.
e Bounded solutions are continuous with a modulus of continuity.

After some preliminaries in Section 2, and the needed theory of bilinear forms in Sec-
tion 3, the following boundedness result is proved in Section 4:

Theorem 1.1. Let u be a weak energy solution of Problem (1.2)-(1.3) with ug €
L'(@®RN) N L®(RN). Then there exists a positive constant C such that for every t > 0,

sup |u(x, )| < Ct™*|luol|
xeRN

LI®Y) (1.5)

with precise exponents oo = N/(N +2—2s5),y = (2—2s)/(N +2—2s). The constant C
depends onlyon N > 1 and s € (0, 1).

The class of weak energy solutions that we use is described in Section 2. Note that this
estimate and conservation of mass imply a decay for all intermediate norms L?” with
1 <p<oo:

luC, Ollp < Cpt™*lluoll (1.6)

Yp
LY(RN)’
where ap =a(p —1)/p andy, =1+ y(p —1))/p.
The main result of the present paper is the C“ regularity of the solutions:

Theorem 1.2. Letu > 0 be a bounded weak energy solution defined in a space-time strip
S=RY x [T}, ] C RY*L Lets € (0, 1), s # 1/2. Then u is C* continuous in any in-
terior subdomain S’ @ S for some exponent a (N, s) € (0, 1) and a constant that depends
also on the distance from S' to S and the bounds on u in L°°(S) and L™ (Ty, T»; L' (RM)).

The proof of this result takes up Sections 5 to 12. In the range 0 < s < 1/2 it uses a
number of techniques that are becoming classical in the study of regularity of nonlocal
diffusion problems, but it is complicated by having to take into account both the nonlin-
earity and the possible degeneracy. Section 12 covers the more difficult range s > 1/2.
The regularity result in that case uses transport ideas in the form of a geometrical transfor-
mation to absorb the uncontrolled growth of one of the integrals that appear in the iterated
energy estimates. The case s = 1/2 has new difficulties and is not covered in this paper.
We conjecture that the C* regularity is then also true.
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As a consequence of these results, in Section 13 we complete the existence theory by
constructing a continuous weak solution for any initial data ug € L'(RN), up > 0 (see a
detailed statement in Theorem 13.1).

Notations. We will refer to (1.2) as the FPME (with F for fractional). We will use the
notation (—A)* with 0 < s < 1 for the fractional powers of the Laplace operator defined
on the Schwartz class of functions in R" by Fourier transform and extended in a natural
way to functions in the Sobolev space H?*(RY). Technical reasons imply that in one
space dimension the restriction s < 1/2 will be observed. The inverse operator is denoted
by L = (—A)™* and can be realized by convolution

Lsu=Lg*u, Lg(x)=c(N,s)x|"V. (1.7)

L is a positive self-adjoint operator. We will write Hy; = Ei/ 2, which has kernel Ly .

The subscript s will be omitted when s is fixed and known. For functions that depend on x
and ¢, convolution is applied for every fixed ¢ with respect to the space variables. We then
use the abbreviated notation u(t) = u(-, t).

For a measurable # > 0 and for £ > 0 we write u,j' = (u — k)" = max{u — k, 0},
and ¥, = min{u — k, 0} so that u,j > 0 > u, , the supports of u,f and u, intersect
only at points where u = 0, and also u = k + u,:r + u, . We will use similar notations:
uy = w—¢)*, u, = (u— @)~ when g is a function and not just a constant, and then
we may split u as follows: u = ¢ +u +u.

2. Preliminaries. Existence and basic estimates

Definition. We say that u is a weak solution of Problem (1.2)—(1.3)in Q7 = R¥ x (0, T)
with initial data ug € L'(RVN) if u € L'(Qr), L) € L} (0, T; W,;I(RV)), and
uVL(u) € L'(Qr), and the identity

/f u(n; — VL®w) - Vn)dxdt + / up(x)n(x,0)dx =0 2.1

holds for all continuously differentiable test functions n in Q7 that are compactly sup-
ported in the space variable and vanish near t = T'.

We will write Q instead of Q7 when T = oo. The following results have been proved
in[11].

Theorem 2.1. Let ug € L®°@RN), ug > 0, be such that
uo(x) < Ae=W for some A,a > 0. 2.2)

Then there exists a weak solution u of (1.2) with initial data ug. Moreover, u €
L*>(0, oo; L'®RM)), u € L*®(Q), VHu) € L2(Q). Moreover, for all t > 0 we have

conservation of mass:
/ u(x,t)ydx = / uo(x)dx, 2.3)
RN RN
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as well as the L™ bound: |u(t)|lcc < lltolloo- The solution decays exponentially as
|x| — oo. The first energy inequality holds in the form

t
/ / |VHu|?> dx ds + / u(t) log(u(r)) dx < / uo log(ug) dx, (2.4)
0 JRN RN RN

while the second says that for all 0 < 11 < tp < 00,

n 1 1
/ / u|VLu|?dxdt + —/ |Hu(tr)|* dx < —/ |Hu(t)|* dx. (2.5)
f IRN 2 RN 2 ]RN

Other properties of the constructed solutions. Here are some of the most useful:

e Translation invariance: The equation is invariant under translations in space and time,
and this property reflects in the set of weak solutions.

e Scaling: Moreover, the equation is invariant under a subgroup of the group of dilations
in (u, x, t), and this implies a scaling property for the set of solutions. Namely, if u(x, )
is a weak solution as described in the existence theorem, with initial data uy(x), and
A, B, C are positive constants, then #(x, t) = Au(Bx, Ct) is again a weak solution on
the condition that A = C B~22%_ It has initial data 77y (x) = Auq(Bx).

e Conservation of sign: ug > 0 implies that u(¢) > 0 for all times.

e LP estimates: The L” norm of the solutions, 1 < p < oo, does not increase in time.

e Finite propagation: Compactly supported initial data uo(x) give rise to solutions
u(x, t) that have the same property for all positive times, i.e., the support of u(-, t)
is contained in a finite ball Bg)(0) for any ¢ > 0.

e A standard comparison result for parabolic equations does not work in general. This
is one of the main technical difficulties in the study of this equation. In fact, special
situations are found in [11] where some comparison holds by using so-called true super-
and subsolutions.

Weak energy solutions. The constructed solutions are limits of smooth functions for

which the energy inequalities are justified. We will need this fact and also similar inte-

grations by parts involved in the new energy inequalities. In particular, we want the weak
solution to satisfy the identities

// u(n; — Br(u,n))dx dt + / ug(x)n(x,0)dx =0, (2.6)

where B, is the bilinear form that will be defined in the next section, r = 1 — s and
n € L%0, T: H (RY)), n bounded, ; € L%(Q7). This class of solutions can be called
weak energy solutions. Below (see (4.2), (4.4)), we will need a version of this definition
which consists in using 7 = f (1) and integrating in time to get

/ F(u(@t))dx

1) %)
+/ /V[f(u)]uV.Cu dxdt =0 2.7
151 4]

with f smooth and bounded, F(s) = fs f(s)ds,and 0 < 71 < tp < T. Note that we
do not need to assume regularity for 5. The constructed bounded solutions are energy
solutions in this sense. We will also use n = f(u#/¢), where f is as before and ¢(x) is a
smooth positive function that does not vanish (see (6.2) and later).
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3. Bilinear forms

Before proceeding with the study of the boundedness and regularity properties, we need
some results on fractional operators. The bilinear form associated to the space H" (RV) =
WRE@RN), 0 <r < 1,is

1
B (v, w) = CN,r/ (v(x) — v(y))m(w(ﬂ —w(y))dxdy, (3.1

|x

where Cy , denotes a normalizing constant. Using smooth and compactly supported func-
tions, one can easily obtain the identity

B, (v, w) =/ﬁ<s>Wé)|s|2rds,

so that |lv]| = ||v||;2 + Br(v, v) defines a norm in H” (RN). We will omit the subscript
and write B instead of 13, when the context is clear.

Corollary 3.1. (a) If v is a monotone function of w, i.e., if v = G(w) with G' > 0, then
B(v, w) > 0.
(b) If G'(s) < C for some constant C > 0, then B(G(w), w) < CB(w, w).

Proposition 3.2. For everyu,v € H'(RY) = WH2(RN) we have

1

Proof. Prove it first for C2° functions and use a smoothing and truncation of the kernel.
Then pass to the limit. O

Remark. Since the weak formulation of the FPME leads to an expression of this latter
form with kernel L = c|x — y|~N*%, we will put below r = 1 — 5. Actually, all that
we will use in Sections 4 and later, in accordance with Proposition 3.2, is two kernels L
and K such that L, K > 0 and AL = K, as well as the bilinear forms associated to the
pairings

V() L -V() < difference - K - difference,
which is a short way of writing the equivalence of formulas (3.1), (3.2). In later calcula-

tions we will also use the following positivity properties of the integration of these kernels
applied to truncations of functions.

Lemma 3.1. Letu € H' (RV) and uf € H"(R") for some k > 0. Then

Bl . u) = By (il ). (33)



Regularity of solutions of the fractional porous medium flow 1707

Proof. If K, (x,y) = |x — y|~™+2") is the kernel of B,, we have
By (uf s u) = By (uil uid) = By (ul s u — wid) = By (uyl k +uy)

=/ @ () — uf WKy (x, y) (g (x) — up (v)) dx dy.

Now, given the fact that u™(x)u~(x) = 0 a.e. and symmetry in x, y, the last integral
equals

_Q/MIQL(X)”;()’)K(X, y)dxdy > 0. -
We will also need the following embedding inequality.

Lemma 3.2. Foreveryu € LY®RNyn H"(RN), u > 0, we have

/uq dx < Cllull® lul, (G.4)

where  =2r/N,q =2+60 =2+ 2r/N, and C = C(N,r) > 0. Moreover, for every
u e L2RY) N H (RN), u > 0, we have

/uql dx < Cllull®,lul, (3.5)

where @ = 4r/N, g1 =2+ 4r/N, and C = C(N,r) > 0 as before.

Sketch of the proof. We use the Sobolev inequality that says that

2/p
</ ude> < Cllull? (3.6)

for some p > 2 depending on r € (0,1) and N; here C depends also on r and N.
Actually, p = 2N /(N — 2r) when N > 2 or when N = 1 if, in addition, 0 < r < 1/2.
We want to control ||u(t)]|, for some g > 1 using

[z (fuar) (fura)

where g = 6 + p(1 — 6). We will take the values
-2 2
g=L"% 1_9=2.
P p
The proof when u € L? is quite similar.
The case N = 1 with 1/2 < r < 1is easy. Take 0 < r’ < 1/2 and observe that
L'N H" C H" as a continuous embedding. Now we can use (3.6), with r’ replacing r,
and get (3.4) with, perhaps, some different values of g and 6. O
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Remark 3.3. We also recall that for every convex function @ the quantity f D (u(t))dx
is nonincreasing in time in the FPME evolution. We note that for such a function & we

have
T T,

+ B(G W), u)dt <0,
To To

/ D(u(x,t))dx

where G (u) is the primitive of ®”(u)u. The bilinear form B is as above and
B(G(u), u) = ¢ Bu, u) ~ ulg:

if G’ is strictly positive. We will use this in the case of truncations of the form dJ(u,‘:)
with u;” = (u — k)" and then G = 0 for u < k.

4. Boundedness of solutions

This section is devoted to proving the main boundedness result, Theorem 1.1. In dimen-
sion N = 1 this was proved in [3]. Our proof appliestoall N > 1 and all s € (0, 1), and
is divided into three subsections.

4.1. Better integrability properties for solutions

We start with the following partial result.

Lemma 4.1 (“From L' to LlogL”). Letu > 0 be a weak energy solution of the FPME.
If the initial data are integrable, then u(-,t) € Llog L for all positive t > 0, and for all
small t < tg we have

1 t
/ () log(1 +u() dx + - / s Bu(s)t, us)P)ds < Collog®)| luolli,  (4.1)
0

where Cy depends only on N, s, and we write u(t)fr = (u(t) — D). The time ty is esti-
mated as to = inf{1, C||u0||zlﬁ} for some constants C, 9 > Q.

Proof. We use as test function n = ¢ log(1 + u) in the weak form of the equation. After
observing that 2(u) = (u + 1)log(1 + u) > O satisfies log(1 + u) = h'(u) — 1 and
integrating over RY x (0, 7), we get the identity

rfh(u(r))dx+fr tB(g(u), u)dt
0

= /t/h(u(t))dxdt—f-r/u(t)dx—/t/udxdt, 4.2)
0 0

where B = B, with r = 1 — s, as already explained, and g’(u) = u/(1 + u) with
g(0) = 0. The last two terms in the display disappear by mass conservation. Note next
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that g’(u) > 1/2 foru > 1, hence g(u) > (1/2)(u — 1), so that, writing u = (u — )T
we have, by the already stated monotonicity properties of B,

B(gw), u) = 3Bt u) = 3By, u).

With this we arrive at
1 T T
r/h(u(t))dx+§/ 1By, ul)dt 5f /h(u(t))dxdt. 4.3)
0 0

Recalling the definition of 4 and using log(1 4+ u) < u, we get
1 T
sup ¢ / u(t) log(l +u(t))dx + 3 fo tBuf, ul)dt

O<r<t
T
5/ /ulog(u—i—l)dxdl—i—r/uodx.
0

We still have a “bad term” on the right-hand side containing [ u log(1 + u) dx, and
it is tackled as follows: note that the left-hand side controls [7dt [u?dx if g is as in
Lemma 3.2; take such a ¢ > 2. Then for any M > 2 we have

log(1 + M)
ulog(l 4+ u)dx < log(M + 1) udx + ———— u dx,
u<M Ma- u>M

where we have used the fact that u log(1 4 u)/u? is decreasing in u for u > M. Next,
there is a constant C(N, g) > 0 such that u? < C(u — 1)3_ for this range of u. Choose
now M =t~% and then 8 < a(g — 1) — ¢ (taking care that 8 > 1). With all this, we get,
for small 7,

/Tfulog(l+u)dxdt
0
<C /Tdt |10g(t)|<sup/u) +C2/rtﬁdt (/(u—l)idx>
0 t 0

T
< Cyzllog(v)| [ wodx + Cs /0 Pt O, Nt (01 dr.

Since B > 1 the last term is controlled by the B-energy term on the left-hand side of (4.3)
for small 7. In particular, we choose 0 < 7 < 1 and -1 < (2C2||u0||(zl )~1. The other

term is a multiple of [ u¢, hence bounded. We get
T
sup t/u(t) log(1 —i—u(t))dx—i—/ tBul, ul)dt < C3tllog(t)] lluoll:.
O<t<t 0
Putting + = 7 we get the result. O
Lemma 4.2 (“From LlogL to L?”). Initial data in the space LlogL imply that

u(-, 1) € L? for all positive t > 0 and the bound on the L* norm of (u — 1)t depends
onlyont,s, N, |lugll1, and || (ug — 1)+||L10gL.
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Proof. We define v(x,t) = u(x,t)Vv1sothatv = l—i—u;r > land v; = u; x{u>1)- Recall
the notation u;” = (u — k). Then

%/[vlog(v) —v]dx = /log(v)v, =f log(v)u;.
u>1

Using the weak form of the equation with n = log v as test function, we get

/[v log(v) — v](¢) dx

15} 53
+/ fV[log(v)]uV/lu dxdt =0. “4.4)
t n
‘We work out the last term for fixed time and observe that, since u = v for u > 1, we have
/ Vlog(v)uV Lu dx = / Vv -VLZudx = / VMT -VLudx =B, (uT, ).
u>1

Using again the monotonicity of B (see Corollary 3.1 and Remark 3.3), and putting
h(v) = vlog(v) — v, we get

15
/h(v(tz))dx+/28,(ul+,u1+)dt5/h(u(zl))dx. 4.5)
1

Note that /(v) is convex for v > 1 and the right-hand side is bounded by a combination
of [lug|l1 and ||(uo — 1) T || 10g . Hence,

n
/ By, uf)dt <. (4.6)
0

Recall finally that Br(uT, uf“) ~ ||u1+(~, t)||%1, with » = 1 — 5. Use Lemma 3.2 to con-
clude that u;’(t) e LY(RN) for some ¢ > 2. More quantitatively, this together with (4.6)
and Remark 3.3 gives the estimate

suptlluy ()7, < C, 4.7

t>0

with C depending as in the statement of the lemma. Interpolation with L' gives the result.
O

4.2. Boundedness

With the preceding results, we may assume that ug € L'(RY) N L2(RN) after some
displacement of the time origin. Then we can follow the De Giorgi approach (as outlined
for instance in [9], [10]). We consider the truncations

wh e, ) =@—MQ2- 277yt

The value of the constant M > 0 will be conveniently chosen later. Actually, we may
assume f u(z) dx is very small by selecting M large.
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Claim. The following energy inequality holds for all 0 < t; < tp:
.
/ ) dx +2M 2~ 27) / Bt u)dr = / W de.  48)
1

To see this, we use the definition of weak solution for our FPME with n = u]+ as a test
function. Then, for #; < t;, we have

” + V(o 2 Ll 2
/ /utuj dxdt = 5[('4; (12))" dx — Ef(uj (1)) dx.
3l

For the RHS we observe that u = uj' + M2 —27/) whenever u > M(2 —2~/). Hence,

1 .
/ uVul -VLudx = -f(V(u*))?vcuderM(z—z*f)/vﬁ-vcudx
y J 2 J J
u>MQ-2"7)

1 . :
- EB((uj+)2, W +MQ2—-2)Bwf,u) = MQ2-2")Bu, ubh).
In the last inequality we have used both Corollary 3.1 and Lemma 3.1. This gives (4.8).
O

We now fix #p > 0. We want to prove that the solution u is bounded for all times ¢ > ;.

As in [10], let us define the total energy for the truncated function u]‘f as

= sup/(u+(t))2dx +2M/ B}, uf)dr,

1>Tj

where T; = to(1 — 277). From (4.8), taking arbitrary values t, = t > Tjandrp =1 €
[T;_1, T;] we have

Aj < f (uf (t))* dx. (4.9)

te[Tj]T

Observe now that u? (x) > 0 implies u] x) = u*(x)—i—MZ J > M2~/ . Therefore, for
every p > 2 we have (keeping the time ﬁxed)

/(u;r)zdx = /(u;'_l — M279)?. Xiuf >0} dx

p—2 2J p—2
/(”f 2 <2 /M) = (ﬁ) /(”ftl)pdx'

If p > 2is the exponent corresponding to Sobolev’s embedding theorem, we deduce from

(4.9) that
A inf 2\ T Nd
L < — K t
v _t,e[;jnl’Tj]<M> /(u,_l( NP dx

<Cn@/MP7? inf (B uf PR

relT; 1, T;]
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Taking averages in ¢ we arrive at the inequality

T; p/2
/ Buy,u; () dt/}

Aj < Cy(2/ /M)P—z[
Tj—

Ty —Tj-
2J(p=2)9ijp/2 |: o0

p/2
N,
SCNMP—z(Mto)P/Z B(uj_l,uj_l)(t)dt] .

Tj—y
This leads to a recurrence relation of the form
BN ET
Mty

with§ = p/2 —1 > 0, which implies A, = 0if Ag/(M1y) is small. This determines the
correct value of M to choose. The conclusion is then that u(x, ) < 2M forallt > ty. O

4.3. End of proof of the theorem

The preceding subsections have established the result for any fixed + > 0, and we know
that

ux, 1) < C(N, s, lluollr, 1) (4.10)

but we do not know the precise dependence of C on its arguments. We need to prove that
this dependence takes the form (1.5). This is just a consequence of the scaling group that
allows us to pass from a solution u(x, ) to the rescaled solution

u(x,t) =Au(Lx,Tt) 4.11)
on the condition that A = T L2125, On the other hand, we want to reduce & to unit

mass, fﬁ(x, t)dx = 1, and this means A = L /|lug|i. Altogether this gives (with
luolly = M)

L=T)f, A=Mm""P7-NE

where 8 = 1/(N + 2 — 25). We now apply the boundedness result to 7 at t = 1, i.e.,
#(x,1) < C(N,s) V¥xeRV,
Going back to u, we have

supu(x, T) = A sup@i(x, 1) = M P 1=NPe(N, ),
X X

which gives the desired result upon replacing 7 by ¢. For other instances of this scaling
argument cf. [21]. O
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5. Holder regularity. Main result and basic lemmas

Once the question of boundedness is settled, we proceed with the local regularity of solu-
tions and prove our main result, Theorem 1.2.

Strategy. Since the equation is space- and time-invariant we may assume that 77 <
T, = 0, and then we may study the regularity around x = O and ¢ = 0.

The main ideas are two: on the one hand, we will prove some basic De Giorgi-type
oscillation lemmas that say that the oscillation of the solution u decays when we restrict
a basic domain, say, the cylinder I'y = B4(0) x [—4, 0], to a smaller cylinder like 'y =
B1(0) x [—1, 0]. The second ingredient is the scaling property of the equation that allows
one to renormalize the solution through the transformation

W(x,t) = Au(Bx, Ct) 5.1)

with C, B > 0 free parameters, and A = C B~22%. The way of attacking the problem is
through the iterated application of the lemmas. At the end of every step we renormalize the
solution defined in I'; to a rescaled solution defined in I'4 and we start a new application
of the oscillation lemmas. In this way, we will show that the oscillation of the solution u
decays dyadically in a family of space-time cylinders shrinking dyadically to a point.

The needed lemmas have a simpler expression for 0 < s < 1/2 where the diffusion is
more similar to the standard porous medium case. For 1/2 < s < 1 convection effects ap-
pear that make some integrals diverge, and this makes the analysis more difficult, needing
new techniques. The detailed study of how to proceed in the case s > 1/2 is contained in
Section 12. Until then we assume that s < 1/2.

5.1. The oscillation reduction lemmas

These technical results need only be proved for bounded nonnegative weak solutions
defined in a strip Sg = RY x [—R,0]. We denote by ' the parabolic cylinder
Br(0) x [—R, 0]. One of the lemmas controls the decrease of the supremum of the so-
lution once we restrict the size of the parabolic neighbourhood of (0, 0), the other one
implies that under suitable assumptions the solution separates from zero. A third one im-
proves the first result so as to obtain a real alternative between going a bit down and a bit
up, which leads to the proof of regularity.
Here is the first basic lemma.

Lemma 5.1. Let 0 < 5 < 1/2. Given u € (0, 1/2) and gy small enough (in particular,
g0 < 1 — 2s), there exists § > 0 (depending possibly on u, €y, s, and N) such that if we
assume that

(i) the solution u is bounded above in the strip S4 = RN x [—4, 0] by

Vx)=1+ (x| =27, 0<e < e, (5.2)
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(1) u is mostly below the level 1/2 in I'4s = B4(0) x [—4, 0] in the sense that
{u > 1/2} N Ty4| < 8[T4], (5.3)

then we can lower the upper bound inside a smaller cylinder in the following quanti-
tative form: u|r; <1 — .

We summarize the result by saying that “being mostly below 1/2 in space-time measure
pulls down the supremum in a smaller nested cylinder”. Note that for this lemma, 6 can
be chosen as a nonincreasing function of p with §(1/24) = 0. We also remark that the
size of the cylinders can be changed, though this affects the values of ¢ if the new sizes do
not conform with the parabolic scaling. Finally, the levels u = 1/2 and u = 1 are taken
by convenience, any pair of levels 0 < M; < M, will do, though in principle the value
of § will change.

A similar result applies from below but the proof is different since the equation is
degenerate at u = 0. The idea is that if u is very often far from zero in I'4 then in a
smaller, suitably nested cylinder, u stays uniformly away from zero. The technical version
explains how “if on most of the space-time the solution is above 1/2, it pulls up away from
zero”.

Lemma 5.2. Under the same assumptions, given po € (0, 1/2) there exists § > 0
(depending possibly on [, €o, s, and N) such that if u satisfies

{u=1/2}NT4] = (1 = 8)|T'4l, (5.4)
then ulr, > uo.

Again, § is a nonincreasing function of wg. Let 69 = §(1/4), that is, when ug = 1/4.
A more elaborate version of this lemma will be needed in some cases of the iteration.

We complement these two lemmas with a lemma that replaces the “most of the space-
time” assertion of Lemma 5.1 by “in some set of positive measure”.

Lemma 5.3 (“Some of the space-time below, pulls down”). Assume as before that 0 <
s < 1/2 and u is trapped between 0 and V in S4. Moreover, assume now that

{u < 1/2} NT4] = 8o|T4l, (5.5
with 8o defined as above. Then ulr, <1 — u' for some 11’ (8).

Notice that this last lemma applies only in one direction, reducing the oscillation from
above. As in the classical porous media, we cannot expect this lemma to hold in the
“pulling-up” case, due to the property of finite propagation (existence of solutions with
compact support), a consequence of the degeneration of the equation. Nevertheless, this
one-sided improvement will be enough to prove that the oscillation decays dyadically as
follows:

The iterated use of Lemma 5.3 from above after rescaling at every step, as long as
possible, reduces the oscillation of u from above and we start iterating and renormalizing
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to get usy, u3, . ... We note though that, as we do that, a renormalized solution develops
a “tail” in the sense that the functions uy start to grow at infinity by effect of the scaling
(both in vertical and horizontal directions). This is the reason for the form of the up-
per barrier that we use, which has an e-tail. Indeed, after k steps, u will be bounded by
(1 — 0)~* outside the B~ dilation using (5.1). This first difficulty can be dealt with by
playing the integrability of the kernels L or K at infinity against a slow power growth
in u. Indeed, by sacrificing the modulus of Holder continuity we may assume that the
gain is very tiny (i.e., i is very small). Then the build up in u(y, ¢) as y tends to infinity
will be very slow (like |y|?), being absorbed by K. If Lemma 5.3 never fails along the
iteration, then we are at a point where # = 0 and a Holder exponent is also found.

On the other hand, if the process breaks down, then the first time Lemma 5.3 fails,
it puts us under the hypotheses of Lemma 5.2 and that pulls # away from zero by a
fixed amount p¢ (the need for an alternative to Lemma 5.3 is what makes Lemma 5.1
insufficient). Then the operator becomes nondegenerate in the subsequent iterations and
a counterpart of Lemma 5.3 applies also from below (upwards) since u will always be
bounded between ¢ and 1. From there on the gain in the oscillation of # may come from
above or below in the dyadic way we have shown. The details of the iteration are given
in Section 11 after the lengthy and delicate proof of the lemmas is completed. We recall
that all this will be done below for 0 < s < 1/2.

6. Lowering the maximum. Proof of Lemma 5.1

We start here the technical work. The basic idea in the proof of the result is a particular
kind of “localized energy inequalities” that will be iterated in the style of De Giorgi to
obtain the reduction of the maximum in a smaller domain. Localization is obtained by
using a suitable sequence of cutoff functions. In order to deduce the necessary energy
inequalities we use integration by parts formulas and analysis of the kernels. A main role
is played by the bilinear form B(v, w) as defined in (3.2) with kernel K (x) = c|x|~(N+2")
and r = 1 — 5. Moreover, we put L(x) = cj |x|_N+2‘V so that —AL = K. We will
repeatedly use the equivalent form justified by Proposition 3.2, which reads here

B(u,v) = C/ (ux) —u(NKx —y)(w(®) —vx))dxdy. (6.1)

We take a weak energy solution defined in a strip (—7,0) x R in the sense of
Section 2. We justify the computations by recalling that u can be approximated by smooth
positive solutions of similar problems as done in [11].

6.1. An energy formula

We consider a sequence of cutoffs ¢ (x) that have the form of perturbations of the level
u = 1 within a region containing the unit ball B;(0), and an “outer wing” rising up
above the 1-level for larger values of |x|. An explicit choice suiting our purposes will be
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specified below. We only need to know at this stage that the cutoff function ¢ is smooth,
lies above 1/2 everywhere, and also that u < ¢ for all |x| > 3 for all times —4 < ¢ < 0.

We use the function n = log((#/¢) v 1) = log g as a test function in the weak form
of the equation. Note that

— )T ut
g;:ﬁ\/1=1+uzl+_‘p’
@ %

where u} = (u — ¢)* according to the adopted notation. Note that g > 1, and g > 1 iff
u > ¢. According to our assumptions, u(‘; and g — 1 have compact support in the ball of
radius 3. We will often split u as
— 7t o)
u=ul+o+u—¢)
where we write (u — @)™ = (u — @) A0 = Ug. Notice that with this notation we have

u, < 0. After applying the weak formulation of the equation with 7 as above, we get on
the LHS, for 71 <t < T, <0,

T T u
/ /natu dx dt :/ /log<— \Y 1><p3,(u/(p) dx dt
Tl T] §0
I
u u
= /(p(— \Y 1) |:10g(— \Y 1) — 1] dx
4 4

We will need an estimate of this quantity: after adding 1 to the last integrand we get the
expression H(g) := glog g 4+ 1 — g for which we have the estimate H(g) ~ (g — 1)? for

1 < g <2, in the sense that
1 u‘(; 2 u;f 2
\—) =H@={—]). (6.3)
2\ ¢ @

Let us now calculate the right-hand side of the expression in the weak formulation of
the equation. We have

T,

=/<p(g10gg—g)dx . (62
T

T

/df / log(g(x)) divu(x)VL(x — y)(u(y) —u(x))]dxdy

= —/dt/ V8W)  OViL(x — () — u)drdy = I+1L  (64)
u>q g(x)

where we pass from the first line to the second integrating by parts. Recalling that

u gy +
g=_V =1+ e Vg =V, /9)Xu>p)»
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the first part of the splitting is

1= [ar [[ugerane -y - uwndxdy

= —/dt // uf (VK (x — y)u(x) — u(y)ldxdy.
After symmetrizing, we get I = —% J Bug, u)dt, where

Blug, u) = /f(ugj(X) —uy (YK (x = ) ux) — u(y)) dx dy.

On the other hand,

I = fdt /[ u;(x)v‘p(x)vxL(x — () — u(x)]dx dy = / Ot u)d.
P(x) ¢

o In order to separate the good and bad components of both 5 and Q, we use the decom-
position u = u} + ¢ +u,,. We get

Buj,u) =B, ub) +But, ¢) + By, u,).

and a similar expression for Q. We now make some observations:

@) B(u;f, u(j) is a positive quadratic form. We will pass the corresponding part of I to
the LHS as a term with positive sign and thus complete the energy expression in the
energy inequality that we want to derive.

(ii) B(u;‘, u, ) also has the correct nonnegative sign because of these facts: u:,' and u,,
have opposite signs and disjoint supports, and K > 0. We could drop this term in a
first calculation, but we will keep it and use it to control some of the bad terms in Q.

Summing up, we have up to now the basic identity for 77 < 7> < O:

1 (- 1~ _
/w(glogg+1—g)|rzdx+5 . B(M;F,u(}')dﬂri . But, u,)dt
1 T )
= /(p(glogg +1—-g)lndx — —f B(u;;, @) dt +f Q(u;f, u)dt. (6.5)
2 ) T

(iii) We will think of the LHS as the basic energy of this calculation, and the RHS as the
terms still to be controlled.



1718 Luis Caffarelli et al.

6.2. Cutoff functions, control of the RHS and final goal

In order to tackle the RHS and continue the proof of the lemma, we need to make a
convenient choice of the sequence of cutoffs. Though only some simple bounds on the
functions and their derivatives are used, a possible practical choice is as follows:

7
gr(x) = min{l + (Ix|* =2)7, g, ()}, g(x) = 3 +——74" (6.6)

for some smalle > O0andk=1,2,....

T T
Y =2 0 2 £
&

Note that ¢ > @i—1. The following remark will be important: at points where ¢y < 1
we have

1k
Yk = Qk—1 + 54 .
We also have
infor = @ (0) > 1/2  fork > 1.

Moreover, ¢ (x) < 1 precisely for |x| < V2, and ¢1(x) < 1 for |x| < 2. This means
in particular that ¢ (x) = 1 + (|x|¢ — 2)™ for |x] > 2, k > 1. Moreover, goo(x) =
(|x|? 4+ 14)/16 < 15/16 for |x| < 1.

A more general version of the same construction takes

L x? 1,

gx)=1—-—+-—--C (6.7)

with C possibly larger than 4. In that case 1 — ¢o(x) > 1/4C for |x| < 1.

For the rest of this proof we write u;’ =Ww—g)" >0, u, = (u—g¢r)~ <0.Notice
that the support of u,‘: is contained in the ball of radius 2 as a consequence of (5.2).

We are ready to tackle the RHS of (6.5) with this choice of test functions. One part
will be controlled by a small multiple of the present energy, i.e., we will absorb it into
the LHS of (6.5). The rest will be bounded above by a large multiple of I{MZr > 0}| (the
notation | - | means the measure of the set). We recall our goal: if we do this, together with
the Sobolev inequality, we will get an iterative relation for the LHS energies

A1 < CH(A)™

that converges to zero as k — 00, as desired, if the iteration is started from a small initial
value Ay.
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6.3. Estimate of the remaining B term

We start the process with B = B(u,‘:, ¢r). By inspecting the integral we easily get
1
B < yBu uf) + ;B*(wk, %K)

for every y > 0, where B*(gx, ¢x) indicates that the integral is performed only on the set
where either x or y belongs to {u,;L > 0}. That is,

B* = //[X{ul':'>0} (x) + X{M]‘:>O} (y)]K(x — y)((pk(x) _ <Pk(y))2 dx dy.

For y small, y B (u,‘:, u,j') is then absorbed into the LHS (into the energy). Now, using

lor(x) — @k ()| = Cmin(l, [x — y|),

and the size of the kernel K, we arrive at the estimate

B* < Cl{u]f > 0}| < c42k/ i )*dx.

u; >0
The last inequality follows by Chebyshev’s inequality, since uy_; > 4%/2 whenever

u,f > 0. The expression obtained is good for our later purposes.

6.4. Analysis of the Q terms for0 < s < 1/2

The last term in (6.5) also has a bilinear structure. Indeed,

\VJ
/ / uF T G W) — u)ldx dy =: Qi )
i (x)

—Q(ukv”k)+Q(uk ¢k)+Q(“k,uk)—Ql+Q2+Q37

but note that the “kernel” that is involved is not symmetric due to the presence of terms
with ¢r. The study of the contribution of each of the three terms is again split into the
close-range and far-field interactions, represented by the integrals for x — y lying in a ball
around the origin, or in its complement. In that sense we note that VL satisfies |[VL| <
c|lx — y|K(x, y). This will be used repeatedly.

e Let us first tackle the integral Q; in a ball of radius » around the origin:

1QGu;,u )”“|<// ‘ Vorlx )‘ lx — yIK (x, )l (x) —u () dx dy
[x— y|<77 @r(x)

<8¢ [[wrrvedalic - PR drdy
Ix—yl=<n

1
+ 1// K (e, )l () — wh () P dx dy.
l[x—=y|<n
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The last integral is just the part of %B(u,j, u,:r) integrated for |[x — y| < n, so it can be
absorbed by the LHS energy. The first integral is first integrated in y, which is easy since

/ K@, nlx = yl*dy = 0m™).

|x—yl=<n

Using this and also |V /¢| < C, this first integral can then be estimated as
<Ci” f W)’ dx,

an expression that can be left on the RHS or absorbed into the LHS if we take 1 small.

e Let us compute the outer part of Q) (for |x — y| > 5). In this region, VL is integrable,

so that .
O )™ = COn) (/(u,j)zdx n (/ ut dx) )

which is also admissible, as we will see. Note that the last integral comes from the term
in u,'l'(x)u,'(|r ).
e Next, we treat the term

Vo
Q) = QWi , i) = // MZ_WVL()C — Ve (x) — er(y)]dx dy.
Remember that u,j'(x) is compactly supported in a small ball. For |x — y| < 4 we have
lok (x) — @r(y)| < Clx — yl, so

VL(x = y)gr(x) — ox(y)]

is integrable in y and we are left with
c/u,j(x)dx < Cluf >0} < ck/ w )?dx,
uzr>0
which is also a good term.

e For [x — y| larger the calculation is more involved. We will use the fact that VL has
mean value zero on spheres. Therefore, we write ¢ (x) — ¢x (¥) = (pr(x) — @ (y — x)) +
(pr(y — x) — ¢r(y)). We observe that

/VL(X =@k (x) —r(y —x))dy = /I ) VL(z)(p(x) — ¢r(2)) dz

is zero in the sense of principal value since (i) @x(x) — @ (z) is a radial function of z,
(i1) we have an antisymmetry property for VL; both facts imply the cancellation of the
integral. The rest of the integral is

f VLG — ) (@(y — x) — e (3)) dy.
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Since |VL(x—=y)| ~ Jx—y|~ V172 as |y| — oo and |gx (y—x) =g (x)| ~ Clx| [y]*~!
the whole integral is convergent if 2 > 2s 4 ¢, which is a smallness condition on &.
Performing then the integration in x, we conclude that

19 00l = Clta =01 = ¢ [l R,
uy >0
as desired.

o The last term to examine is

- Vo)
0= oGt up) = [ [ (0 222

VL(x — y)u, (y)dxdy. (6.8)

For |x — y| < n small, we use |[VL(x — y)| < Clx — y|K(x — y) and then Q(u}, u;)
is bounded by a small fraction of B (u,j, u, ) (remember that this term had the right sign).
We can therefore get this part absorbed by the LHS of the energy identity.

e Finally, for |[x — y| > n, we have the worst convergence case. This is the only place
where we use the restriction s < 1/2. We solve the difficulty of the integrability in y at
infinity by taking ¢ < g9 = 1 — 25, so that integration first in y is bounded, since the term
[VL(x — y)u, (y)| is of the form O(|y|*T¢~N=1). We conclude that

QU uD)™| < Clut > 0)] < ck/
.

up >

O(M,j_l)z. (6.9)

Summary. Using (6.3), we obtain for 0 < s < 1/2 and #f; < £, < 0 the following
energy inequality:

(u;f (12))? 1/’2
—=dx+ = | B, up)dt
/ Pk 2 1 k g
+ t 2 %)
ngdeJcmkf / @ )P dxdr,  (6.10)
Pk 151 qu>0

where C is a universal constant that only depends on s and the dimension, N. In the
application to the iteration, the #; will be chosen in dependence on k.

6.5. Iteration and end of proof of Lemma 5.1

This part is very similar to the one at the end of the boundedness proof in Section 4.2. We
define the total energy function for the truncated solution uZ‘ as

0
Ay = sup [(u,j(t))zder/ B, uf)dt, 6.11)
Ty

T <t<0
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where Ty = —2(1 +27%), k = 0, 1, .... Notice that ok lies between 1/2 and 1 at the
points where u,‘: is not zero. From (6.10) with k > 1, taking arbitrary values t, =t > Ty
and t; =t € [Ty—1, Tx] we have

A <4 f(u,j(t))zdercz"// W D?dxdt=1+1. (6.12)
t/

fG[TA 1, Tk]

Taking averages in ¢’ we arrive at the inequality

inf wi@H)rdx < ———— f /(u )2 dx dt’
t’e[Tk_l,Tk]/ k Tk _Tkl T k

52"/ /(u,j(t ) dxdt’.
Ti—1

Observing that u,f(x) > (0 implies u,j_l (x) > u,:“(x) + 4_k/2, we can realize that both /
and I have the same flavour, and that in fact we have the estimate

0
Ai < Ck/ / ;7 )*dx dt, (6.13)
Ti—y Juf | >47k)2

for a possibly larger constant C. The next step is to modify the proof in Section 4.2,
replacing the Sobolev inequality by the second part of Lemma 3.2. To that end, let p > 2
be the exponent corresponding to Sobolev’s embedding theorem so that

f W )P dx < CIBW . uf_ 1P,

Take & = 2/p and define ¢ = (1 — 6)2 + 6p. Then

/ W} )P dx < 4%+D@2) /(M:_])q dx
uf | >47k/2

1-6 0
< 441 (g=2) </(”1-<‘r—1)2 dx) (/(u;{f—_l)ﬁ dx)
1-6
< v fppax) Bl

Integration in time ¢ along the interval [7;_;, 0] gives us from inequality (6.13), and the
previous estimate a recurrence relation of the form

1-6 0
Aksck< sup / <u;§_1<r>>2dx) | By ul ) dr

Ti—1<t<0 Ti—1
< C*A Ay = CF AT,

with T =1 — 6 > 0 and a possibly larger constant C.
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We need § to be very small to start the iteration so that the sequence A; converges
and then Ay, = 0, which means that # < @, and this in turn implies that u < 7/8 for
|x] < 1. We thus get the result in the statement of the lemma with u = 1/8.

Remark. A simple modification of ¢, would give other values of u € (0, 1/2), of
course with a different estimate of the maximum allowed value for §. The proof also
shows that the time size T = 4 can be replaced by any other number and the iteration will
work with a different value for § (and the same values for u and ¢).

7. Modification of the energy calculation

In the iterative process that we will consider below, in Section 11, there will be situations
in which the solution considered in a cylinder as above is bounded between two posi-
tive constants 0 < M| < M,. We want to establish that a similar result holds and the
8- relation does not change much, which will be essential in our iterations. The use of
rescaling and the translation invariance in (x, t) allow one to recover a solution defined
in the standard domain I'4 which is the one chosen for all our calculations. But imposing
the normalization 0 < u < 1 asks for a vertical translation in u to adjust the lower level
(on top of the usual scaling), and this leads to a modified equation

oru =V - (Dw)VLu) (7.1)

where D has the form D(u) = d; + dyu. We will normalize so that d; +dy = 1 (i.e.,
D(1) = 1) and we will have |dy| < 1 (in practice, d> becomes small as the iterations
advance).

We re-do the energy calculations of the previous section but this time we use as test
function n = F(u v ¢) — F (@), where F is defined as

1
ds = — log(d| + dyu).

F(u) =
1 D(s) d»
Note that n > 0 and = 0 where u < @. Then the LHS gives
di+dy(uv
Iihs = / fnf?zudxdt — / ( 1+ dl (p))ﬂtudxdt.
T di + dop
Next, we write
di+dy(uv d
DEDUNVD) _ 4 put, p=—2
dy + dag d\ + drp

and note that the function
1 1
H(s) := —{slog(l + Bs) + — log(1 + Bs) — s}
dy B
is such that H'(s) = dy ! log(1 + Bs), so that by integration in time we arrive at

Iins = fH(u;;(x,Tz))dx—/H(u;;(x,Tl))dx.
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We will need an estimate of this quantity. Since H(0) = H'(0) = 0 and H'(s) =
B/(dr(1+4Bs)),1.e., H”(u:;) = 1/(d1+d>(uV ¢)), we have the estimate H(u‘(;) ~ (u'(;)2
at all points where u > ¢, u is bounded above and ¢ is bounded below away from zero in
the sense that

W) < Hu)) < ea(u))? (7.2)

and the constants go to 1/2 as d) — 0 (and d; — 1), since in the limit H” (s) = 1.
On the other hand, on the RHS of the weak formulation, instead of (6.4), we have

/dt /(F(u V@) = F(p) div[D(u(x))VL(x — y)(u(x) — u(y))ldxdy

Vu(x) Vo(x)
—/dt/uw{ Duw)  Dlpw) }D(M(x))VxL(x — () —u(y))dxdy,

which we again split as I 4 II. In the present situation we take
— / dt // Vu(j(x)VxL(x —Mu@y) —ulx)]dxdy.

After integrating by parts and symmetrizing, we get —I = % /B (u;, u) dt, where

Buf = [ [ e - 60K @ = e — ue dxdy.

paRs

As before, we separate the expression into three integrals, using the splitting u = u

@ + u,, . The rest of the integral on the RHS takes the form
D D
II = /dt // @ — Dlg) ———— Vox)VL(x — y)(u(x) —u(y))dxdy.
u(x)>@(x) D( )
e When D(u) :=dy +dou withd; +dpy = 1, we have F(s) = (1/d>)log(d; + dru) and
= / @(u;f, u) dt with

Sugw=a [[ +<x)D(¢’E ;)VL(x—y)(u(x)—u(y))dxdy,

which looks like Q of the previous section but for an interesting small factor, d5.
Finally, the energy inequality takes the form

T T I3
/H(u(‘;)dx . —I—C/T1 B(u;f,u(';)dt—i—C/Tl B(u;f,u(;)dt
1

I3 L
< C2/ B(uy, ¢) dt+/ Quf,uydt, (1.3)
T T

to be compared with identity (6.5).
Repeating the rest of the steps of the previous section offers no novelties and we arrive
at a similar result:
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Lemma 7.1. The result of Lemma 5.1 holds for the weak energy solutions of (7.1) under
the assumptions D(u) = dy + dyu, di,d>» > 0, dy +dy = 1, di = 1/2, and the result
holds with the same constants [, § for different values of dy, d».

8. Pulling up from zero. Proof of Lemma 5.2

Here, we are trying to pull the equation uniformly away from zero under some assumption
on the size of a level set. The precise assumptions are

0 <u <max{l, x| =1} inRY x[—4,0],

and [{u < 1/2} NT'4| < §|I'4|. The desired conclusion is then that u|r; > o > 0, for an
appropriate 6 > 0 to be chosen.

The tools are energy inequalities and integration by parts. In order to deduce the nec-
essary energy inequalities we recall the bilinear forms and integration by parts formulas
of Section 6. We use the same notation for the kernels K and L.

8.1. Local energy inequality

The basic calculation is as follows. We take a positive smooth function ¢ and use n =

log v as a test function in the weak formulation, where v(x, ¢) is defined as v = u/gp if
u < ¢ and v = 1 otherwise. In other words,

u u—@)” U,

v=—Al1, or v—l:ﬂ:: ¢

" 8.1)
@ % %

Note that 0 < v < 1. We will use the notations u;' =Ww—9p™, u, = (u— @), so that
u =<p+u;§ + u,, . Next, we put

h(v) =vlogv—(v—1), Vv=>0.

This function takes as minimum %4(1) = 0 and A(v) > O for all v > 0,v # 1 with
h(0) = 1. Moreover, A" (v) = 1/v so that for 0 < v < 1 we have h”(v) > 1 and

(u,)?

1
h(v):vlogv—i—l—vzi(v—l)z: 27

(8.2)

We also have the inequality

-\2
M) < -1 = e 8.3)

This is used below. Next, we have the following calculation for the choice of v = v(x, t)
made in (8.1):

d
E/(ph(v) dx = /log(v)gov, :/ log(v)pv, = /log(v)u,,
u<g@
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since log(v) = 0 for u > ¢. Using the weak energy formulation of the equation, we now
get

t
/wh(v(tg))dx+f2fV[log(v)]uVLudxdt :/(ph(v(tl))dx. (8.4)
1

Let us work out the meaning of the middle term (energy term). First, we have

v
/V[log(v)] -uVLudx = /u—v -VLudx :/ PV (ug, /) -VLudx
v

u<ge

u=
=/ Vu(; -VLudx —/ —WV(p -VLudx. (8.5)
u<g@ u<gp ¢

Clearly, using u = ¢ +uf +u, = (uV @) +u,, we get
— _ —_ _ . — — + —
/’K(p Vu, - VLudx = B(u(p L) = B(uw,uw) + B(u(p JUgy) + B(uw , ).

The first term is the one we want to keep to complete the expression of the energy. The
second term B(u(;, ufpr) is also positive in view of (3.1) since the two functions have op-
posite signs and disjoint supports (cf. Corollary 3.1). Hence, this term could be discarded,
but it will turn out to be useful as we have already seen.

The remaining term 3 (ug, @) and the last integral in (8.5) are delicate and it is there
that we have to make an argument with a careful choice of test function. Summing up, we
have

-
/ Vlog(v)]-uVLudx > B(u(;, u(;)—}—B(u(;, (p)—i—B(u;, u;f) - 2 V¢ -VLudx.
u<gp ¢

Putting

\Y%
Qw, u) = / / w0 2O GL (e = W) - u)1dx dy,
@(x)

from the above and from (8.2) and (8.3) we arrive of the basic energy inequality:

1 %) n
/Z(u;(tz))zdx+/tl B(u;,u;)dt—i-/; B(u;,u(p)dt

1
t 15
5/é(u;(tl))zdx—/ZB(M;,w)dl+/2Q(u;,u)dt. (8.6)
n |

The local energy, in the time interval [77, T»], is now defined as

1 h

Ey(u) == sup /—[u;]2 dx +/ Bu, . u,)dt. (8.7)
Ti<t<T» % T

Note that the test function log v is negative but we are interested in # being a supersolu-

tion, and this is the case for instance if we truncate it by 2: # = u A 2. So, we do not need

to worry about growth at infinity.
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8.2. The iterative process

(i) At this point, following De Giorgi’s idea we want to obtain an iterative relation playing
the energy inequality against the Sobolev embedding using a convenient sequence of
cutoff functions. We consider a series of cutoffs with dyadic separation, so that

Per1 < g — a2k

in the support of ¢y for some fixed 0 < a < 1. Moreover, the ¢, converge to (o from
above in B(0). We will use as a test function n = logv with v = u/¢y if u < ¢ and
v = 1 otherwise. We arrive at the energy inequality at the end of the last subsection with
@ instead of ¢.

(ii) We propose a concrete construction of the cutoffs ¢;. All functions ¢ (x) are sym-
metric, nonnegative, nonincreasing and compactly supported and the sequence is nonin-
creasing in k. The basic profile ¢ is a kind of rounded mesa:

= 3[4 —|x|1" when7/2 < |x| <4,

@o(lx]) 1 for |x| < 3,

aC? decreasing radial function for 3 < |x| < 4,

for some m > 2 to be chosen later.

To construct ¢y we first rescale the graph of ¢g from the interval [3, 4] = [2+ 1, 2+42]
to the interval [24-27%, 24+27%+1], and extend by o+ (1 —110)2~¥ inside the ball By k.
Then ¢y has the following properties:

@ or(x) < r—1(x) < -+ < go(x),

®) [Vexl/or < Cro ™,

(©) @k—1 — @k > (1 — pp)2~* in the support of ¢,
(d) ok — poxp, ask — oo,

sothata = 1 — .

An explicit expression for ¢, could be the following:
or(x) = (1o + (1 — 0)27) - o2 |x| — 2F1 +2).

(iii) Sobolev embedding. The embedding that we need is a variant of the one used in
preceding sections. We have seen that B(u, , u,,) is the square H" norm of u,, and in this
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way it controls the L? norm of u,, for a given p > 1 that we have calculated. Coupling
this with the energy term

1
sup / —[u;]2 dx,
@

Ti<t<T,

we can control, for some ¢ > 2 and 6 > 0,

T 2/q
<f /<p—9|u;|4 dxdt) .
T

(Since the cutoff ¢ goes to zero, the term ¢~? will be important in controlling the term

containing Vg /¢.) The proof is as follows: Write g as a convex combination, g = 26 +
p(1 —0). Then

0 1-6
/(p_9|u;|" dx < (/ (p_llu;|2dx> (/ |u;|de) .

We make the choice & = (p — 2)/p with p as the g of Lemma 3.2. Then 1 + 0 = ¢/2

and
T 2/q
(/ /(p_9|u;|qudt) < E,.
T

/

From now on we will write u,j ~ and Ej to denote u;fk/ "~ and E,, respectively.

8.3. Iterated energies

On the left of (8.6) we truncate in time along an increasing sequence 7y — —2 and get,
forevery Tp—1 <t) < Tp <t <0,

1 t 5]
/—(u,:(tz))zdx +/ B(u, ,u, )dt +/ B(u,:,u,j) dt
Z(Pk 131 1

1 %) 15)
< / (g (1)) dx / Bug . g di — / Q. uydi. (83
t t

1 1

8.4. Analysis of the RHS

We now examine the terms left on the RHS of the energy inequality (8.8) that we will call
1, 11, and III for convenience of reference. Our purpose is to show that these extra terms
are either bounded by a small multiple of the LHS, so that they will be absorbed by the
LHS, or they are controlled by a term of the form

T
c"/ /¢—9|u;|2dxdt.
T
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Estimating 1. As initial times Ty we will choose T, = —(2+ 2%y, and 11 € [Ti—1, Ti] is
the point where the value of

1
inf — (up (1)*d
Tk—lnflfSTk/ Pk (uk ()" dx
is attained. In this way we have
—2-27k _ -2
I <2k / / LGN
—2-21-k Pk

Since |(u — ¢x)” /er| < 1 we have [(u — gpk)_]z/q)k < |(u — ¢r)~ |, and we can bound [

by
. 0
c /Tkle{uk—<0}~

Estimate of II. For this term we have
By, o)| < 5By, up) + B*(gk. i)

where the star indicates that we restrict the domain of integration defining B(¢k, ¢k) to
the points where u; (x) # 0 or u; (y) # 0. So this last term can be replaced by the better
expression

1
- / ok () — peONPK (x, ) (x. v) dx dy,

where y is the characteristic function of the set of points (x, y) where either x € supp u,
or y € supp u, . From the Lipschitz character of ¢ and from |V | < C2* we have, for
fixed x,

/ [ (x) — o (V)PK (x, y) dy < C*.

Therefore, the above term may be bounded by

k
C /x{uk—<0}dx.
Hence,

1 t 5]
1 n

The first term is absorbed by the local energy in the LHS.

Estimate of /II. The remaining part of the proof is devoted to the estimate of the term

\%
Quy ,u) = // u; (x) o) VL(x — y)u(y) — u(x))dxdy
Pr(x)

Write, by the usual splitting of u,

Quy  u) = Qui , ug) + Qug , uf) + Qug . ) = Q1 + Q2 + Qs.
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For Qj, noting that
IVL(x,y)| < |x — y|K(x,y) = O(|x — y|"N+1-29))

we have from Holder’s inequality

A\
1011 = 1Qu; , up)| = W U (x) PO g1 - Wl (v) — ug (x)]dx dy
Vor(x) [*

¢k (x)
= // (Fk X

1
<4Cy / o " W) dx + LB up),

1/2
ug (x) dx dyi| . [l’)’(u,:,u,:)]l/2

lx — y| V=2

where we have used the properties of the functions ¢i. Integration in time gives that
the second term is absorbed by the local energy expression on the LHS, and the first is
admissible for our purposes.

Final step. To study O, and Q3 we consider a smooth decomposition of the kernel
VL=VLy +VL|_y,

where 1 — 1 is a bump function supported around the origin. We get

\Y%
0+ Qs = // ur () ‘”‘(x)wl_u,(x—y)[u,j(y)wk(y)]dxdy

// ) “’"( )VLu//(x CDu)]dxdy = Oy + Os.

In other words, in the compact part of the support of 1 — y» we keep the expression of u
asu, + o + u,j, while outside, where u#; = 0 and ¢, grows, we just keep the term

/ YLy — yu(dy.

e This term has to be controlled in a different way (through the change of coordinates if
s > 1/2). As a consequence, the integrations in y for O, and Q3 are convergent and we
are left with estimating

_ Vi (x) m
/”k () (kaZX) dx 5/ ! (uy )zdx+/X{u;<0} dx.

The integration in time produces again two admissible terms.

o Finally, for the term

\Y%
f / ur () w‘i’zg)wl_w )l (]dx dy,
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we use the good term

Bl . uf) = / / uZ (OK (x — y)luf ()] dx dy,

left in the energy inequality, to absorb the integral whenever

Vi (x)
‘ lx —yl <n.
@i (x)
In the complement, that is, when
Vi (x)
‘— lx =yl =mn,
@i (x)

we use <pk_l/m > |Vex|/@k and integrate in y:

4 rnfl

1—.
‘ / VLl-w(x—y)[u,ﬂy)]dy‘ < / e dr ~ max(C. ey M.
ngy

In any case, we end up in the worst of the cases with an expression of the form

/so,;”’”|u,:|dx,

which we control as before.

Inserting estimates /7 and /I in (8.8) we get

1 R
— )>2dx+/ Blur. ur) di
./2<Pk K2 " ke Tk

1 15 B %)
sfﬁ(uk(tl))de-FCk[/ /¢k 2/m(u;)2dxdz+/ /X{uk<0}dxdt:|
5] 14

(8.9)

whenever Ty_1 < 1 < Ty < tp < 0. In particular,

0
sup /i(uk—(tz))zdwr/ B(ug,u;)dt < inf /E(Mk_(tl))zdx
(23 T Dk

Ty <tr<0 Ti—1<t1<Tx

0 0
+Ck|:f /(p,?Z/m(u;)2dxdt+/ /X{”k_<0}dxdti|
Ti— Te s
0 ) 0
= Ck|:/ /‘P}? /m(u/;)2 dx dt +/ /X{u;<0} dx dt:|, (8.10)
T Ti—1
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where the last inequality comes from estimate I. In fact, the same argument given for this
estimate shows that if m > 2 then the leading term in the last expression is the second
one. Thus, if we define

0
Ay := sup /(u,:(t))2 dx +/ B(u, ,u,)dt, (8.11)
T <t<0 Tk
then (8.10) gives
0
A < /Tk lfx{”k<°} dx dr. (8.12)

Using that ¢;_1 > @ + a27% in the support of ¢ we then get [ty | = luy | + a2 % in
{u; < 0}. Therefore,

0
Ar < c<‘+‘1>’</T /|u,;1|q dxdt. (8.13)
k—1

The rest follows the same argument as in Lemma 5.1: Let p > 2 be the exponent corre-
sponding to Sobolev’s embedding theorem so that

f 1P dx < CIBuL_ . g )17,

Take 6 = (p — 2)/p and define ¢ = 62 + (1 — 6) p. Then

0 0
A < C(Hq)k/; (f |uk_1|2dx) Buy_y,u,_y)dt
k=1

0 0
55"( sup /(u;_l(t))zdx> : Bu; ,ug_,)dt

Tj—1<t=<0 T

< CFAY_ Aoy = CFALTY. (8.14)

This completes the proof of Lemma 5.2 for the critical case since, by hypothesis,

0 IR
Aozf f—[(“ ¢0)"] dxdtf// Xtu—po<0) < 1 < 1} N T4l < 8IT4l,
—4 (2} [y

and § can be chosen as small as we need.

The noncritical case of Lemma 5.2. This is the case where the solution lies between,
say, M and M + 1 for some M > 0. The proof is similar except that for the lower
estimate we may already assume that u|r, > u > 0 and then all the cutoffs involved
satisfy ¢ > u so that Vi /¢y is a smooth bounded function.
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9. The lemma on intermediate values

We still need a main ingredient before we attack the regularity issue by means of a suit-
able iteration. Indeed, we have to improve Lemma 5.1 by showing that, in order to get
a uniform reduction of the maximum in a smaller ball it is not necessary to ask that
u < 1/2 “most of the time” in I'4, but only “some of the time”. This is precisely stated in
Lemma 5.3.

The proof of this result uses De Giorgi’s idea of loss of mass at intermediate levels,
which he applied in an elliptic context. In the present parabolic setting we will follow the
idea of the proof of the similar result that was carried out in the papers [10], [6] in the
linear framework. We next give the detailed statement of the “intermediate lemma” and
its proof. We start by selecting a cutoff function of the form ¢ = 1 + ¥, + F, where we
choose

F(x) = sup{—1, inf{0, |x|> — 9}}.

Note that ' < 0 is Lipschitz, compactly supported in B3(0) and F = —1 in B(0).
Moreover, for 0 < A < 1/3 we define

Ya(x) = (x| =2~ =t for x| = A7,

and ¥, (x) = 0 otherwise. This represents a “wing” that starts far away when A is small,
as will be the case. A convenient value of v € (0, 1) is needed and it will be determined
later. We also define

o1 =1+Ys +AF, @2 =1+y;, +1°F,
and put gg = ¢, so that gy < @1 < @2 < 1 in the ball B4(0).

Lemma 9.1. There exist small constants p,y > 0, depending only on N and s, and
Ao € (0, 1), depending only on N, s, p, 8, such that for any solution u defined in S4 with

ulx,t) <1+ in Sy,

with A < Ao, and also such that |{u < o} N (B1 x (=4, —2))| > p, we have the following
implication: if

fu > @2} N RY x (=2,0))] = 8,
then

Hpo <u < @2} N(RY x (=3,0))] > y. ©.1)

The last line asserts that under the stated assumptions the measure of the intermediate
level cannot be small.

Proof. (i) In our context we start from the energy estimates we have obtained during the
proof of Lemma 5.1. We have to arrive at a “correct form” of the energy inequality. We
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recover the energy calculation (6.5) with ¢ equal to the “intermediate cutoff” ¢y, i.e.,

T 1 T 1 T
+= B(u—en)", (u—pn) ") dr+ B(u—g)*, (u—g1)7)dt
Ty 2 T 2 Ty
1 T b3
<—3 B((u— @)™, g1 dt + Qdr, (92
2 T, T

/‘PlH(g)dx

withg = 1+ (u — ¢1)" /@) and H(g) = glogg — (g — 1). We now want to get esti-
mates of the RHS that show that all the terms are either absorbed by the LHS or can be
estimated above by CA2, where C is a fixed constant. With this we will finally arrive at
the expression

I

I
/<p1(g10gg+ 1 —g)a’x‘rl +C/T B(w—oDt, u—o)h)dt
1

)
te | Blu—en w—gn7)dt < AT ~T).  (9.3)
T
This would complete the preparatory step of the lemma.

+

(i) The verification that (9.3) holds is as follows. For simplicity we write (z — @) = uj

and (u — 1)~ = u; . Repeating a bit some arguments, to prove (9.3) we observe that
+ + o+ 2
[Buy, o0)| < yBuy,u])+ ;B (@1, 91)
for every y > 0, where
B*(¢1, ¢1) = // XB; (K (x — y)(@1(x) — 91(3))* dy dx.

For y small, yB(uT, uf‘) is absorbed into the LHS of (9.2). For the second term we have

B*(¢1, ¢1) < 402B*(F, F) + B* (Y, ¥).

Since the function F is Lipschitz, compactly supported and |x — y|?K (x — y| is locally in-
tegrable, we have B*(F, F) < C. Now, for A small one has 271V > 4 50 that Yn(x) =0
if |x| < 3. Therefore, since ¥, (y) < |y|* always, we get

B* (W, ¥) = / / K(x — )0 (0)) dydx
By Jy|>a-1/v

/ / b dy dx
B3 J|y|=a-1/v Jx — y|N+2-2s

|y 2-25-2
<C/ / dydx ~ \C72=2/v,
B3 J|y=a-1/v |Y|N+2 —2
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It suffices to take (2 — 2s — 2v)/v > 2, thatis, v < (2 — 2s) /4, in order to conclude that
B*(¢1,91) < O(%).
We now consider the terms involving Q:
Qi ,u)= Qi ul)+ Q. ¢1) + Quf,up).

The main ingredients are the following estimates:

uf < A|F|,since 0 < u < 1+ v, ; in particular,

ul < Axs,,

[VL(x —y)| ~ |x —y|K(x —y) ~ 1/|]x — y|N*1=25 integrable at infinity for s < 1/2,
[Ve1(x)]/91(x) < C for all x, with C independent of A, and

[Ve1(x)|/@1(x) < CA in the support of u‘l".

Hence,

v
QG uh)| = ‘ f f ut (x) (pfl(i’;) VL(x — y)(ui (x) — ul () dx dy‘

< CnBut,uf) + Ca / /| | [ ()2 + ut Gooud DIVLGx — y)| dx dy
xX—y|=n

2
< CnB(uT, u1+) + CA /(uf(x))zdx + CX(/ u;r(x) dx) .

The first term in the last line of the formula goes to the LHS of (9.2) for  small and the
other two are just 0(k3). Also,

Q. ¢1) =2QuT, F) + Quy, ¥).
Since
Qut. F)l < cx/uﬁx)/ VLG = y)(F(x) = F()| dydx < cx/uﬁx)dx,

the first term above is easily seen to be of order O (3. For the second we have

1Qut, )l < Ch f u1+<x>/ IVL(x = ) (05, (x) — ()] dy dx

Iyl”
<Ch u+(x) —————dydx,
/ 1 sy [y NS y

where we have used that ¥, (x) = 0 in the support of uf“ and ¥ (y) < |y|”. From this we
get

|Q(u—f, )l < Ck1+(1_25_”)/”fuf(x) dx.
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Observing that v < 1 — 2s from the previous condition on v, we conclude that
Qi ¥1) < 0.

Finally,

\%
Qi uT)| = V/ O L ) () — () dx dy'
@1(x)
< CoBut.u7) + / / ut (o | 2L
lx—y|=n @1(x)

The term CnBB (uf, u; ) is absorbed into the LHS of (9.2) for n small. For the other we
use the fact that |u | < ¢1 = 1+ AF + ;. Now,

‘IVL(X — Yuy (y)|dxdy.

Vi (x)
/MT(X) IVL(x — y)(1 + ¥ (y)ldxdy
ly|>A—1/v @1(x)
<Cx + I+ ylY dvdx < C}\'l—i—(l—zs—v)/l) + d
< uy (x) St VD ydx < uy (x)dx,
whereas
\Y
fMT(X) Yo IVL(x — y)(1 + F(y)ldxdy
i le—ylznlyl<a-vy | @1(x)
1
+ +
< C)»/ul (x) ylo mdydx < C)\/M] (x)dx.

In both cases we get O (A2) for an appropriate v, which proves (9.3) as desired.

(iii) Estimate (9.3) shows a property of one-sided Lipschitz continuity in time from above
for the space integral of the LHS. On the other hand, we also have the inequality

/ P H(g)(0)dx < / p1(g — 120 dx < / W) dx < CI2, i,

Inserting this into the energy inequality (9.3) we arrive at

T
B(uT, uy)de < C)?  for—4 < Ti. <T, <O.
T

We are now in a position to apply Steps 2 and 3 of the proof of Section 4 of [6] with
only technical changes that we will omit, and we will thus get Lemma 9.1. Note that the
quadratic (or at least superlinear) dependence on A in (9.3) is absolutely necessary for the
proof to work. O
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10. Oscillation reduction result

We are now ready to prove the strong oscillation reduction result, Lemma 5.3. Though the
general idea of the argument follows closely Section 5 of [6], an interesting modification
is needed to accomodate the nonlinearity of the equation: in doing the scaling of the
solutions in each iteration we will now find solutions of a family of related equations, and
we have to use the modified estimates of Section 7, which hold for that family. At some
step we will have to apply the results of the previous section to such a family. This is an
easy verification that we will leave to the reader.

Instead of Lemma 5.3, we will prove the following version that will be the one used
later in the regularity argument. Let us fix some notation. For A as in the previous section,
we define, for any ¢ > 0,

Yo () = ((Ix] = 1/2%5)7 = DT if x| = 2747,
and zero otherwise.

Lemma 10.1. Given p > 0 there exist ¢ > 0 and (t1 such that for any solution of the
FPME in RN x (—4,0) satisfying

O0<u=<1+Ygy, (10.1)
and assuming that
{u < @o} N (B x (—4, =2))| > p, (10.2)
we have
sup u <1-—pu. (10.3)
By x(—1,0)

Note: In the next section we will take p equal to &g as defined after the statement of
Lemma 5.2.

Proof. (i) Consider jy = |B3z x (=3, 0)|/y, with the value of y given in Lemma 9.1. We
fix & > 0 small enough so that

(Ix* =D+

s/4 1\ +
i < (=)

for all x. We may take ¢ = (s/4)A%/0 for instance. For j < jo we consider the sequence
of functions defined iteratively by

1
ujp1(x, 1) = ﬁ(uj(x,t) —(1=2%), (10.4)

starting from ug(x, 1) = u(x,t), the solution of the FPME under consideration. By in-
duction we assume that

W)t <1+ %%,A(X), (r.1) € R x (=3,0).

So for j < jo we have u; < 1 + ;. We recall that A is fixed and small.
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(ii) Next, we have to check the equation satisfied by u;, which turns out to be
u;y = V(D;u)VL(w)) (10.5)
with a diffusion coefficient D; defined inductively by the rule
Dj11(s) = D;(A%s 4 (1 — A2)), (10.6)

sothat D;(uj) = Djy1(uj11). This is the type of diffusion coefficients for which we have
proved the modified estimates of Section 7. We have to observe that, with the notations
of that section, we have dyuj1 = kzuH] =u; —(1— 22) so that the integrals in Q do
not change their form, in particular the formulas of the type (6.8), which depend on the
integral

f VL = ) (ujn1() — (1)~ dy,

are estimated by the same constants. Note that fRN VL(x—y)Cdy = 0by antisymmetry
of VL.

(iii) By construction, the measure [{u; < @o} N (B1 x (=4, —2))| is increasing; hence,
it is greater than o for every j. We can apply Lemma 9.1 inductively to u;. As long as
Hur > @2} N(RN x (=2,0))| >8fork=1,...,j+ 1, we have
oo < ujs1 < @2} NRY x (=3,00)| = 7.
Therefore, inside RV x (=3, 0) we have
Hujrr > @2}l < Hujr1 > o}l —y < {uj > @2}l —y < [B3 x (=3,0)| — jy.
This cannot be true up to jo, hence there must exist j < jo such that
Huj > @2} N (RY x (=2,0))] < 8.

We can then apply the first lemma, Lemma 5.1, to the next step, u;41. Indeed,

uit1 < 1+9y5 <14y onRY x(=3,0)

and

Huje1 > 1/2) N (Ba x (=2,0))] < H{uj41 > @o} N (B2 x (=2,0))|
< Huj > g2} N (RY x (=2,0))] <8,

and then Lemma 5.1 implies that
ujr1 <1—wu onB; x(-1,0).

This gives the result with 1 = 220 . m]
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11. End of proof of regularity for s < 1/2

The whole technical machinery is in place, and we are ready to prove Holder regularity
by means of the iterative process outlined in Section 5. We take any point Py = (xo, fp) €
RN x (0, c0) and prove that u is C* around Py with an exponent that depends only on
the parameters N and s of the equation, and a Holder constant that depends also on the
L°° norm of u and a lower bound of #.

We start with some reductions. There is no loss of generality in assuming that u is
bounded in the cylinder Q since we know by Theorem 1.1 that u is bounded in any strip
of the form RV x (t, 00) with r > 0. Moreover, by scaling we may assume that 7y > 4.
It will then be convenient to make a space-time translation and put Py = (0, 0) assuming
that the domain of definition of u contains the strip S4 = RV x [—4, 0]. By another
scaling we may also assume that 0 < u(x,t) < 1in S4.

Consider now a positive constant K < 1/4 such that the growth of the wings is

controlled as follows: 1
1 1/2 Kbk,s( x) = 1/0»,5( ) ( )

The coefficient K depends only on A, u; and ¢ > 0. The parameters are as in the last
section. The iteration that we will perform offers two possibilities.

e Alternative 1. Regularity at a degenerate point. Suppose that we can apply Lemma 10.1
repeatedly because the lowering of the oscillation may be assumed to happen always from
above. We then consider the sequence of functions defined in the strip S4 = RN x[—4, 0]
by
1 K2—2s

1— /4 1— /4
Note that this time all the ;s are solutions of the same equation. According to the running
assumption, and using (11.1), we can apply Lemma 10.1 at every step so that we have
uj(x,t) < 1— ppin the cylinder Q1 = By x (—1,0) for every j > 1. In view of the
scaling (11.2), this implies Holder regularity around the point (0, 0), where the solution
necessarily takes the degenerate value # = 0 in a continuous way.

ujr1(x, 1) = uj(Kx, K1t), K1 (11.2)

o Alternative 2. Regularity at points of positivity. After some steps of the iteration the
assumption on the measure of the set {u; > 1/2} made in Lemma 10.1 fails. Then we are
in the situation where the oscillation is reduced from below thanks to Lemma 5.2, which
pulls the solution uniformly up from zero in a smaller cylinder. Then the equation is no
longer degenerate, because after that step we have

0<u <ujx,1)<1

in the cylinder B x (—1, 0). Scaling the situation we will be in the conditions of the equa-
tion with diffusivity D (x) mentioned above, to which we apply either the modification of
Lemma 10.1 or the modification of Lemma 5.2. In fact, we can apply the modification of
Lemma 10.1 both from above and from below since the degeneracy has disappeared. In
this way, we obtain Holder regularity at a point Py where u(Pp) > 0.
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12. C“ regularity for s > 1/2

Here we want to prove the regularity result of Theorem 1.2 for 1/2 < s < 1. If we
try to re-do the proof of the technical oscillation lemmas listed in Section 5, we find a
convergence problem that is already apparent in Lemma 5.1. Indeed, the bulk of the proof
contained in Section 6 works without modification, and a problem was found only in the
last estimate of Subsection 6.5, regarding the integral Q3 in an outer region, where the
decay of the factors that we have been examining does not guarantee uniform convergence
of the integrals if s > 1/2.

12.1. Analysis of the difficulty

A possible solution is to make use of the known fact that u(x, ) is an L' function in
x uniformly in 7, in order to bound the integral of the y terms in Q3, with integrand
VL(x—y)u, (¥), since L(x —y) is bounded for large |y|. Indeed, we can put together the
different parts of Q in the outer domain, and after dropping the contribution of the term
in u(x) since it is zero by the antisymmetry property of VL, we get

W uf 02y —y)u(y)dxdy'
@(x)

< Cllu(ut)lll(/ uf{(X)dX> < Ckllu(ut)IIl(f(u,fI(X))de)

This solves the problem in one application of Lemma 5.1, but then § and u would depend
on ||u(t)|1. However, to obtain the C* regularity result we have seen in Section 11 that we
need to iterate this and the other oscillation lemmas, we want to rescale and repeat, and
then a difficulty reappears, because we will keep expanding the u and the x and therefore
expanding the integral at every step, so the constants will be ruined in the iteration. We
need a way to control such behaviour.

It will be convenient to examine the whole part of Q(u,j, u) that contains the difficulty,
ie.,

// u,j(x)w"(x)w(x, V) u(y) dx dy. (12.1)
@r(x)

As we dilate and repeat in the iteration scheme, the term VL (x — y)u(y) also starts to
build up as y tends to infinity. On the other hand, the integrability in y at infinity is lost if
s > 1/2, since in that case VL decays like

[VL| ~ |y~ ¥72+D
and this is not good enough. However, the good news is that
V- (VL) ~ [y "V

(valid for all second derivatives), which is integrable as |y| — oo. Noting that VL is
integrable for y ~ 0 if s > 1/2, we conclude that

V(x,t) :=(VL(x,y,1) %y u(y, t)
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has bounded Holder seminorm. Therefore, it would be enough to control it at just one
point, for instance at x = 0 (for an interval of times).

12.2. The transport approach for the case s > 1/2

The technical way to make use of the last observation is to perform a change of co-
ordinates x’ = x — S(¢) that introduces a transport term to counter the difficult term
J VL(y)¥(y)u(y) dy. Note that similar ideas have been used in [10, 18].

We proceed as follows: We define

t
S(t) =/ 3(s) ds, ﬁ(r):/VL(y)u(y,t)dy, (12.2)
0

and we observe that |v(¢)| depends also on u, and that [v(¢)| < C < oo since u(y, t) is
inL ; uniformly in ¢. Indeed, the value of ¥(t) = v(¢; u) is only controlled by the integral
of u in space (i.e., the mass of u(r)). Next, we introduce the change of variables

x, ) &, =x-S),1),

and we write the equation for u with respect to the new variables, u(x, ) = u(x’,t).
The RHS does not change since we are performing a space translation for fixed time.
Howeyver, the time derivative on the LHS transforms as follows:

ur(x, ) =up(x’ +S@), )Y+ (Vu)S'(t) =iy + 0 - Vyu.
The new term is what we are aiming at. The equation takes the convection-diffusion form

Uy +0- Vo = V(@ VLi). (12.3)

In the following we will write ¢ for ¢’ and u instead of # without fear of confusion. The
space variable is still written x’. Next, we pass the term ¥ - Vu to the RHS and multiply
by log((u/¢) V 1), as we did in Section 6, to obtain the energy formula. We observe that
in this case the RHS contains an extra term of the form

[ = //Vlog((u/q)) v DI(Oux’, 1) dx'de.

This integral must be computed only in the region where u > ¢, and in that case (/) V' 1
=u/p=1+ u,:r/gok, so that

- Vo .
I = /dt/ Vu,jv(t)dx’—/dt/ u,'f—(pv(t)dx’ =1 —D.
u=>pg >y (2

The first integral vanishes, and the second is precisely the troublesome term:

I = f dr / dx () Jr () Vi () f VLUl 1) dy,
>k
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which disappears in this way from the calculation. Alternatively, the disappearance of the
bad term in the energy calculation in the new variables can be easily seen if we write the
equation for & (x’, r) in the more symmetrical form

iy = Vyr (ft (/{VL()’ —x') = VL)@ (y) — ﬂ(x/))dy)), (12.4)

to be interpreted in the same weak form, or weak energy form, that we used for u(x, ). In
any case, this allows us to prove Lemma 5.1 also for s € (1/2, 1) if we work in the new
coordinates, and the constants involved in the result do not depend on the L' norm of the
solution. The price to pay is that the slope of the distorted space variables does depend on
the u-integral. So, in the first step of the iteration process we have shown how to transfer
the difficulty from a numerical term to a geometrical distortion.

In order to sum up the result, let us introduce the bound M = 1V sup,. ¢ |0(¢)|, which
depends only on u via the norm sup;, |lu(-, )||1.

Lemma 12.1. Let 1/2 < s < 1 and let u be a solution of the FPME under the as-
sumptions of Lemma 5.1. Let us perform the above change of variables so that ii(x’,t")
is defined in the smaller cylinder Qp where L = 4/(M + 1). Then the result of Lemma
5.1 is true for u, with conclusion holding in a smaller cylinder Q1,y; § may depend also
on M.

Thanks to (12.4), it is then immediate to see that the modified Lemma 7.1, as well as the
pull-up Lemma 5.3 are also true if stated in the form that we have used for Lemma 12.1.
A bit more attention to detail will show that the stronger reduction Lemma 10.1 also
holds, since the iterations do not change the scaling in space and time.

12.3. Analysis of the transport term in the final iteration

When we try to perform again the iteration procedure of Section 11, one of the alternatives
is repeated scaling around a degenerate point. In that case the iterations take the form

KZ—ZS
uj(Kx, Kit), Ki=-—— (12.5)

ujr1(x, 1) = =4
*

1 —Xy/4
which we may sum up as
ur(xy, 1) = Au(x, 1), x1=Bx, 1n=Ct,

where A < 1, B < 1 and C = B2"25 A, so that the same equation will be satisfied after
the change of scale. We propose here to do the same iteration for the solution # in terms
of the variables x” and ¢. The equation will then take the modified form (12.4), which will
be satisfied again by the iterates, just as it is written. The velocity v(¢) will change from
iteration to iteration according to the rule

- C. EUTIN
U1 () = Ev(Ct) = AB'"2%(Cr),
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which follows both from the geometric transformation, and from the definition of v in
(12.2). Therefore, after the first geometrical transformation such repeated iterations con-
serve the same correspondence for all subsequent steps. In other words, the geometrical
transformation done in the first step will hold for all remaining steps: if the set of coordi-
nates at that moment is (x,, ,,), we obtain a set of newly distorted coordinates (x,, ,,) by
the formula

Xy (1) = X0 (1) = Su (1), S, (1) = Uu (1),

which is just a scaled version of the original transformation for n = 0. Summing up,
since the contractions in the upper bound for u# happen with a constant rate 1 — u in
cylinders that shrink in space and time also with a fixed rate, we deduce in a standard
way C? regularity with respect to the transformed variables. But since the coordinate
transformation is done only once and is Lipschitz continuous, this means the same type
of Holder regularity for u with respect to the original coordinates (x, ¢). Of course, the
Lipschitz constant of the transformation depends on M| = sup, [|u(?)| 1.

The analysis of the second alternative is easier since we are converging along the
iterations to an equation with constant diffusivity coefficient. We leave the easy details to
the reader. This ends the proof of Theorem 1.2 for 1/2 < s < 1. O

13. Extension of the existence theory

After these results, we can extend the existence theory to all nonnegative and integrable
initial data.

Theorem 13.1. For every ug € LYRM), ug > 0, there exists a continuous weak solu-
tion of the FPME in the following sense: there exists a function u(x, t), continuous and
nonnegative in Q = RN x (0, 00), such that
u e L0, 00; L'®RY) N L®RN x (t,00)) forallt >0,
L) € L'(0, 00 W RY),  uVLw) € L'(Q),

and the identity

// u(my — VL(@w) - Vn)dx dt + / ug(x)n(x,0)dx =0 (13.1)

holds for all continuously differentiable test functions n in Q that are compactly supported
in the space variable and vanish near t = oo.

Proof. (1) We take a sequence of initial data ug, that are nonnegative, smooth and de-
caying at infinity as required in [11]. We assume that |juq,||; < Cp for all n > 1 and
uon — ug in LY(RY ). Then there exist solutions u, (x, t) and there are estimates like
u, > 0and

/unoc,r)dx —luonlli £C1 Vn=1,1>0.
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(i) We also know from Theorem 1.1 that the solutions are bounded for ¢t > 7 > 0 with
bound that depends only on the L! norm of the initial data:

0 <uu(x,1) < Cn,9)llupalllt™* < CCY 7.

We also know that uniformly bounded nonnegative solutions are C# smooth for some
B > 0 with uniform Holder constants, so that after passing to a subsequence we have

up(x,t) = u(x,t) uniformly on compact subsets of Q.

(iii) We now observe that for every t > 0 we have u, (t) € L' N L%, which together with
the Sobolev embedding (or Riesz embedding) gives

H(un (1)) € L"RY)  Vr > N/(N —s)

and the embedding is compact into L] (RM). Indeed, if u, € L” then

1 _ 1 ) -1
r p N’ p==
In practice, we will need the estimate

N
N .

2 2 1
[t @R dx < Clu i, 5=

=

But since
-1 1+(p—1)y ,—a(p—
lunOIE < Nun@ 1 lunO1Z" < Clluq) TP V7 ==,

we get the decay estimate for this energy in the form
2(14(p—1 —Da(p— -
f [Hun(O)F dx < Cllu(o) ;7700 1720010 = Clu(o 747,

with
1 201(p—1)_1 2N N —2s N —2s 2

A= - =1- = .
p N+2-2s 2N N+2-2s N+2-12s

(iv) We also have for every t, > #; > 0 the energy inequality

t
% f (G (02) P dx + / : / n|V Lt P dx dit < % / (MG () P dx.
n

Therefore, we have a uniform estimate for the integral f f Uy |V£u,,|2 dxdt fromt =t
> O up to r = o0, and we get the same decay rate.

(v) Next, we address the step of passing to the limit of the weak formulation of the solu-
tions u, when the test function n € C'(Q) is compactly supported in Q away from ¢ = 0:

// uy(my — VL(uy) - Vn)dx dt + / upn (x)n(x,0)dx = 0. (13.2)
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There is no problem in the convergence of [[ u,n; dx dt. If n is supported away from
t = 0 then the second term converges since we can use the compactness of the map u —
VL(u) from L' N L* into L for some r, due to the energy estimates plus embedding.

(vi) We now want to check that the initial data are taken. For that we show first that
uV~Lu € L}m also near t = 0. Here is the calculation in a strip Q; = RN x (t, tx_1)
with 1 = 27%:

1/2 1/2
f/ u|V£(u)|dxdt§<// udxdt) (// u|V£(u)|2dxdt)
Ok Ok Ok

1 V2 1/2,0—1)/2 2
E(||u0||1tk—1)1/2<§/[H(u(tk))]zdx> < ey = e,

With this it is possible to pass to the limit in the term [ [ u, VL(u,) - Vndx dt for n that
does not vanish near ¢+ = 0 by estimating the integral for small ¢ as uniformly small, and
then proving the convergence for # > 7 > 0 using the known regularity. This proves that
the definition of solution according to (13.1) applies to u.

(vii) We can also check that the initial data are taken as traces. This depends on a uniform
estimate of the difference u(t) — ug for small 7 in a suitable norm. For a C& test function
n(x) with support included in a bounded set K, we have

T
/lu(t)—uomde/ /|81u|ndxdt§/u|V£(u)||Vn|dxdt
0

1/2 1/2
gc(// u|Vn|2dxdt) (f/ u|V£(u)|2dxdt> < Ct*2.
K K

This is what makes u (1) — ug in ngcl 'L'in the limit. Or we may use J. Simon’s compact-

ness results [19], since we are actually proving that u; € L,1 (W, 1’1). O
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