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Abstract. The joint spectral radius of a finite set of real d x d matrices is defined to be the maxi-
mum possible exponential rate of growth of products of matrices drawn from that set. In previous
work with K. G. Hare and J. Theys we showed that for a certain one-parameter family of pairs of
matrices, this maximum possible rate of growth is attained along Sturmian sequences with a certain
characteristic ratio which depends continuously upon the parameter. In this note we answer some
open questions from that paper by showing that the dependence of the ratio function upon the pa-
rameter takes the form of a devil’s staircase. We show in particular that this devil’s staircase attains
every rational value strictly between O and 1 on some interval, and attains irrational values only in
a set of Hausdorff dimension zero. This result generalises to include certain one-parameter families
considered by other authors. We also give explicit formulas for the preimages of both rational and
irrational numbers under the ratio function, thereby establishing a large family of pairs of matrices
for which the joint spectral radius may be calculated exactly.

Keywords. Joint spectral radius, devil’s staircase, finiteness conjecture, Sturmian sequence, bal-
anced word

1. Introduction

The spectral radius of a d x d real matrix A, which we denote by p(A), is defined to
be the maximum of the moduli of the eigenvalues of A. If || - || is any norm on R4, then
the spectral radius satisfies the well-known identity p(A) = lim,_, A |17, Given a
bounded set A of real d x d matrices, we by analogy define the joint spectral radius of A
to be the quantity

o(A) := lim max{||4;, -~ A; [|'/" : A;; € A}.
n—o00
It is not difficult to establish that this limit exists (essentially as a consequence of subaddi-

tivity) and that its value is independent of the choice of norm || ||. The joint spectral radius
was introduced by G.-C. Rota and G. Strang in 1960 (see [29], later reprinted in [28]) and
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is the subject of ongoing research interest, which has dealt with its applications, its com-
putation and approximation, and its intrinsic properties as a mathematical function. For a
broad range of references on this topic we direct the reader to [5, 13, 16, 26].
It is not difficult to show that the joint spectral radius admits the alternative formula-
tion
o(A)=sup limsupl|A,--- A",

(Ai)?ileAN n— 00

and that when A is compact there exists a sequence (A;) of elements of A such that
A, - ALY" = o(A). (A proof of this statement may be found in [16].) In this paper
we are concerned with the following general question: given a finite set of matrices A
and a sequence (A;) in A such that |4, --- A ||1/" — o(A), what can we say about the
structure of the sequence (A;)?

A question of particular interest is that of when there exist periodic sequences of ma-
trices which achieve this maximal rate of growth. In [21], J. Lagarias and Y. Wang asked
whether every finite set A of d x d real matrices has the property that ||A, - -- A1[|!/" —
o(A) for some periodic sequence of elements of A, or, equivalently, whether every A has
the property that o(A) = p(Ag--- Al)l/k for some finite sequence Ay, ..., Ay € A.
We shall say that A has the finiteness property if such a periodic sequence exists. The
existence of pairs of 2 x 2 matrices which do not satisfy the finiteness property was sub-
sequently established by T. Bousch and J. Mairesse [4], with additional proofs being given
later by V. Blondel, J. Theys and A. Vladimirov [3] and V. Kozyakin [19]. The finiteness
property continues to be the subject of research investigation: some sufficient conditions
for the finiteness property have been given in [6, 7, 8, 17], and in a recent preprint N.
Guglielmi and V. Protasov have given an algorithm for the rigorous verification of the
finiteness property for real matrices [12].

In [13], together with K. G. Hare and J. Theys the present authors investigated the
finiteness property for pairs of matrices of the form A, := { Aéa), A(la)}, where

@. (1 1 @._ (1 0
Ay '_(o 1), Aj ._a<1 | (1.1)

and « € [0, 1]. It was shown in particular that if (x;) € {0, 1} is a sequence such that
||A§£f) cee A)(ff) [IRAE=S 0(Ay), then the proportion of terms of (x;) which are equal to 1
is well-defined and equal to a value v(«) € [0, 1] which depends only on «. We further
showed that t is a continuous function of «, and gave an explicit expression for a value o
such that v(a,) ¢ Q, providing a completely explicit example of a pair of matrices which
does not have the finiteness property (see formula (8.2) below).

In this paper we undertake a detailed study of the behaviour of the function v for «
belonging to the larger domain [0, co). We extend the results described above in several
directions. Firstly, we give an explicit formula for t=' () when y € (0, 1) N@Q, and prove
that this preimage is always an interval with nonempty interior. This allows us to construct
an infinite family of examples of pairs of 2 x 2 matrices where the joint spectral radius
may be computed exactly. Since the problem of devising algorithms for the computation
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of the joint spectral radius is ongoing (for some recent contributions see [1, 5, 12, 20,
26]), these examples are potentially of value for the testing of new algorithms.

Secondly, we show that the function v takes the form of a devil’s staircase, as was
conjectured in [13, 30]. The methods which we use to obtain these first two results are
significantly more general than those used in [13], and can also be applied to the families
of pairs of matrices studied by other authors in [4, 19]. We show in particular that v takes
rational values only in the complement of a set of Hausdorff dimension zero. This result
was previously noted in a special case in [4], though no proof was given.

Finally, we give an explicit formula for t—!(y) when y € (0, 1)\ Q, and in the special
case of the matrices given by (1.1) we provide some inequalities for use in the rigorous
computation of its value. We thus show how to construct an uncountable family of explicit
examples for which the finiteness property is not satisfied. As with our explicit description
of pairs of matrices which have the finiteness property, we anticipate that these examples
may be of value in future in the analysis of algorithms for computing the joint spectral
radius.

2. Notation and statement of results

Throughout this paper we will consider pairs of real 2 x 2 matrices which we denote
by A, A;. To describe the structure of sequences of these matrices we use the space of
symbolic sequences, ¥, := {0, I}N. We refer to the elements of X, as infinite words.
We equip X, with the infinite product topology, with respect to which it is compact and
metrisable. On some occasions it will be useful to employ a metric on X;: to this end,
given sequences (x;), (y;) € ¥ we define

dl(xi), (y;)] = 2~ maxtizxi=yi}

where 27 is interpreted to mean 0. This defines an ultrametric on ¥, which generates
the infinite product topology. We also define the shift transformation T : ¥, — ¥ by
T[(x;)] := (xi+1), which is a continuous surjection. If a pair of matrices B := {By, B}
is given, then following the terminology of [13, 24] we shall say that a sequence x =
(x;) € X is weakly extremal for B if || By, - - - By, [V/" - o(B)asn — oo.

In addition to considering infinite sequences in {0, 1} we shall also find it useful to
consider finite sequences, which we refer to as finite words. If u = (u;)}_, is a finite word
we call n the length of u and define |u| := n. To simplify certain statements we allow the
word of length zero, which we refer to as the empty word.

With the pair of matrices A = {Ag, A} fixed, we define A(()a) := Agp and Aia) = A
for all real numbers o > 0, and let A, := {Aéa), A(la)}. We shall denote the quantity
0(Ay) simply by g(«). The function g: [0, 00) — R is continuous (see for example
[14]). For every x € %5, n > 1 and a > 0 we define Ay (x,n) = A)(Sf) . ~-A)((‘T) and
A(x,n) :== Aj(x,n) = Ay, --- Ax,. If u is a finite word of length m > 1, we similarly
define Ay (1) = A,(,‘fn) A and Au) = A ().

In this paper we are concerned specifically with pairs of matrices such that the max-
imum growth rate of partial products occurs along Sturmian sequences. A large range
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of definitions of Sturmian sequence exist in the literature: see for example [25] and the
surveys in [10, 22]. The definition which we give in this section is not the most straight-
forward to state, but is the most suited to the proof methods which are used later in this
article. In order to state this definition and describe its main consequences, we require
some further terminology.

Given a finite word u, let |u|; denote the number of entries of ¥ which are equal to 1,
and if u is not the empty word, define the slope of u to be the quantity ¢ (u) := |u|y/|u|. If
u = (u;)i_, and v = (v;)7_ | are finite words then we define the concatenation of u with
v, denoted by uv, to be the finite word @ = (a)i)l’.’:{” such that w; = u; for 1 <i < n and
w; = Vi—, forn < i < n 4+ m. We use the symbols 0 and 1 to denote the words of unit
length with entries 0 and 1 respectively. For positive integers k we use the notation u* to
denote the successive concatenation of k copies of the word u, and we define u° to be the
empty word. The word u* will be referred to as the kth power of u. Using these notational
conventions it is clear that any finite word may be written in the form 1% (Q%-1...1%
for some finite collection of nonnegative integers a;. Given a finite word u of nonzero
length n, we use the symbol #* to denote the unique infinite word x = (xl-);?il such that
Xitkn = u; forallk >0and 1 <i <n.

We say that the finite word u is a subword of the finite word v if v = aub for some
(possibly empty) finite words a and b. If a is empty then we say that u prefixes v. We
shall also say that a finite word u prefixes an infinite word x € X, if u; = x; for all i in
the range 1 <i < |u|. A word u will be called balanced if for every pair of subwords vy,
v of u with |vj| = |va| we have |[vi|; — |v2]1| < 1. Clearly u is balanced if and only
if every subword of u is balanced. We say that x € X is balanced if every prefix of x
is balanced. We say that two finite words u = (u;), v = (v;) are cyclically equivalent if
they are equivalent by some cyclic permutation; that is, they share the same length n and
there exists an integer k such that u; = vj4 for 1 <i < n —k and u; = vjyy_, for
n —k < i < n.Itis not difficult to see that u and v are cyclically equivalent if and only
if there exist (possibly empty) finite words a and b such that u = ab and v = ba. We
say that u is cyclically balanced if it is balanced and all of its cyclic permutations are also
balanced. One can show that a nonempty finite word u is cyclically balanced if and only
if u™ is balanced (see e.g. [13, Lemma 4.7]).

An infinite word x € X, will be called Sturmian if it is balanced and recurrent with
respect to 7. It follows that if u is a finite nonempty word, then ©#*° is Sturmian if and
only if u is cyclically balanced. The key properties of Sturmian sequences are outlined by
the following theorem, the proof of which may be found in [22, 25].

Theorem 2.1. For each y € [0, 1] define a set X,, C X5 as follows: we have x € X, if
and only if there exists § € R such that either
xp=lyn+ 1) +68] —lyn+68] or x,=[y(n+1)+68]—[yn+48],

where |x] = max{n € Z : n < x} and [x] = min{n € Z : n > x}. Then an infinite
word x € ¥ is Sturmian if and only if x € Uye[o,l] X, . The sets X,, have the following
properties:

(i) Each X, is compact and satisfies T X,, = X,,.
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(ii) The restriction of T to X, is uniquely ergodic, i.e., T has a unique invariant measure.

(iii) Ifx € X, thenn "#{1 <i<n:x;=1} - yasn — oo.

(iv) If y = p/q in least terms then the cardinality of X, is equal to q. If y is irrational
then X, is uncountable.

Whilst our primary objective is to continue the study of the pair of matrices defined by
(1.1) which were examined in [3, 13, 30], the methods which we use are general enough
to encompass a larger family. The following definition describes the minimum properties
necessary for our arguments to apply:

Definition 2.2. Let A = {Ag, A1} be a pair of 2 x 2 real matrices. We shall say that A
satisfies the fechnical hypotheses if the following properties hold:

(i) The matrices Ag and A; are nonnegative, invertible, have positive trace, and do not
have a common invariant subspace.

(i) If u is a finite word which is not of the form 1” or 0" then all of the entries of the
matrix A(u) are positive.

We shall further say that A satisfies the Sturmian hypothesis if there exists a function
t: [0, o) — [0, 1] such that the following properties hold:

(iii) Foreach o > 0, every x € X(q) is weakly extremal for A,.

(iv) Foreacha > 0,if x € X; is weakly extremal for A, then n-! #l<i<n:x; =1}
— t(w).

(v) If u is a finite word which is not cyclically balanced then p(Ag (1)) < Q(Ot)'”'.

The function ¢ will be called the 1-ratio function of the pair A.

Note that as a consequence of (iv), if v exists then it is unique. By [24, Theorem 2.3]
and the minimality of the invariant sets X, , the hypothesis (iii) is in fact equivalent to
the hypothesis that X« contains at least one extremal infinite word. Some conditions
equivalent to (iv) have been used by other authors: a description of these conditions and
a proof of their equivalence are given in [24, §6].

A range of examples of pairs A which satisfy the Sturmian hypothesis are known.
In [13], the authors together with K. G. Hare and J. Theys proved that the family of
matrices given by (1.1) satisfies parts (iii)—(v) of the Sturmian hypothesis for o restricted
to the interval [0, 1]. If we extend the definition of t to the interval [0, co) by defining
t(w) = 1—t(1/x) foreach o € (1, 00), then by taking advantage of the relation Ag = AIT
it is not difficult to show the Sturmian hypothesis in full for the family A,. The essential
points of this argument are contained in Lemma 3.1 below.

In the earlier work [4], T. Bousch and J. Mairesse also proved that the Sturmian hy-
pothesis holds for the matrices

(M +1 0 (1 e
AO = ( ex l) ’ Al = <0 eKh] 4 1) ’ (21)

subject to the inequalities «, hg, k1 > 0 and kg + h1 < 2. Clearly the examples given by
(1.1) and (2.1) also satisfy the technical hypotheses. In a series of papers, V. S. Kozyakin
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has shown that the Sturmian hypothesis holds for pairs of triangular matrices having the

form
a b 1 0
A0.=(O 1), A1.=<C d)

where 0 < a,d < 1 < bc; an overview of this work is given in [19]. Note that the
examples considered by Kozyakin satisfy the technical hypotheses in the case b, ¢ > O,
and are simultaneously similar to a pair of matrices satisfying the technical hypotheses
when b, ¢ < 0.

In order to state the explicit formula for the intervals t~!(p/q) which forms part of
our first theorem we require one last definition, namely that of a standard pair. The set
of all standard pairs, which we denote by P, is defined to be the smallest nonempty set
of ordered pairs of finite words which has the following two properties: (0, 1) € P, and
if (u,v) € P then (uv,v) € P and (u, vu) € P. We say that w is a standard word if
it is one half of a standard pair. Every standard word is balanced (see, e.g., [22, Propo-
sition 2.2.15]). If (u, v) is a standard pair then (u, vu™) and (uv", v) are also standard
pairs for every n > 0, and it follows that every power of a standard word is a subword of
some standard word. In particular every power of a standard word is balanced, and conse-
quently every standard word is cyclically balanced. A detailed analysis of the properties
of the set P may be found in [22].

The main result of the present paper is the following theorem:

Theorem 2.3. Let Ay, A1 be a pair of 2 X 2 real matrices which satisfies both the tech-

nical hypotheses and the Sturmian hypothesis. Then:

(1) The function t is continuous and nondecreasing, and satisfies ©(0) = 0 and
limy o0 t(a) = 1.

(i) For every rational number y € (0, 1), the set t_l(y) is a closed interval with
nonempty interior. The interval v=1(0) N (0, 00) is nonempty if and only if Ay is
diagonalisable, and similarly v~ (1) is nonempty if and only if Ay is diagonalisable.
The intervals v~ (p/q) may be computed exactly by the following procedure. If Ag
is diagonalisable, let Py := lim, o p(A) ™" Aj. Then

p(Ao) }
" p(PoAD) |
Similarly if Ay is diagonalisable and Py := lim,_, oo p (A1) " A", then

t_l(l) _ [P(PIAO) OO)

o) = [o

p(AD)
If p/q € (0,1) in least terms, then there exists a standard pair (u,v) such that
¢(uv) = p/q. Define |u| := q and |v| := q2, let By := A(u), By := A(v) and
A := BBy, and let P := lim,_, 5, p(A)™" A" be the Perron projection associated
to the positive matrix A. Then
p(B1P)  p(A)T? }

—1 _
' (M)_[ p(A)i1 " p(P B
and o() = p(Ax ()4 forall a € v'(p/q).
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(iii)) The Hausdorff dimension of the set 1[0, 1) \ Q) is zero. In particular, vl (y)isa
singleton for any irrational y € (0, 1).

Some examples of the explicit formulae generated by Theorem 2.3(ii) are given in
Table 2.1. Note that a direct consequence of Theorem 2.3(ii) is that when all of the en-
tries of Ag and A; are rational, then the endpoints of t~!(p/q) are algebraic numbers of
degree either 1 or 2. In the latter case both endpoints belong to the same quadratic field.

Table 2.1. Examples of explicit formulae for the intervals t~! (y) for the family of pairs of matrices
given by (1.1). Note that the endpoints of v~L(1/n) are asymptotically equal to e/n + o(1/n) as
n — 0o, a feature which may be observed in Figure 1.

l-ratioy  Standard pair Interval v~ (y)
45
1/2 0,1 4
/ oD [5 4]
5+12V0) (13 + 208
3/7 (00101, 01) [( T68 )7( + «F)7]
(13+2v42)5 " (3 4 2. /a2)
2+ 8V6)° (54216
2/5 (001, 01) [( 24[)3 7 g +Hf) 5]
G+2v6? " (3 + Ue)
69 — 16v/3 1656 — 3844/3
1/3 (0,01) V3 V3
72 1331

54 /)7 3
2/7 (0001, 001) [(2+40f) (9 +4/5) ]

O+4v5* 7 (24 3 5)

496 — 64+/21 13671 — 1764+/21
1/4 (0, 001) f, vl
441 10000
10612 — 52614/2 43466752 — 21549056+/2
1/5 (0, 0001) “[, V2
8192 28629151
6
1+ 212" (1,.3.5°
1/6 (0, 00001) [ . 355 , G 2 )6]
3+3V5 (3+1V5)
7
(14572 @t Vi85
1/7 (0, 000001) [ y 2% , (7+‘/;)7}
+ G+ 73)
1 n+1
o (P g
n+1 ’ 1_,_%4_% n2+4n,(%+”2+3”72 n2+4n)"+1

2n2+8n

As a direct consequence of (iii) we obtain the following result:

Corollary 2.4. The function v is not Hélder continuous.
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To illustrate the behaviour of the function v we reproduce a diagram from [13]: see Fig-
ure 1 below.

051

0.47

0.3

027

0.1

02 04 06 08 1 12

Fig. 1. The graph of ¢ for « restricted to [0, 5/4] for the family of matrices given by (1.1). Using

the explicit formula for ! /n) given in Table 2.1 one can show that in this case a (@) > 1 /e
asa — 0.

In the cases studied in [4, 13, 19] the continuity of the function v is established by
using the particular characteristics of the matrices A, A1 in quite a strong fashion. In
proving part (i) of Theorem 2.3 we observe that the continuity of t is in fact a corollary
of its defining properties. T. Bousch and J. Mairesse have asserted in [4] that part (iii) of
Theorem 2.3 holds for the triangular matrices of the form (2.1), but their proof remains
unpublished. In [13] we proved for the matrices (1.1) that t~!(y) is a singleton if y is
irrational and not Liouville. Theorem 2.3(iii) shows that this remains true for y irrational
and Liouville.

In the course of proving part (iii) of Theorem 2.3 we are able to establish the following
result: if L C (0, 1) is a compact interval, then there exist constants K > 1 and 8 € (0, 1)
depending on L such that the interval t~!(p/q) has diameter less than K69 for every
p/q € L, where the fraction p/q is understood to be given in least terms. Heuristically,
this result tells us not only that values of « for which t(«) is irrational are extremely
scarce, but also that values for which t(«) is a rational number with large denominator
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are still relatively scarce, at least when « lies within a given neighbourhood bounded away
from zero and infinity. This result is given as Corollary 6.6 below.

The second result of this paper is the following theorem which gives an infinite prod-
uct formula for t=!(y).

Theorem 2.5. Let Ay, A1 be a pair of matrices which satisfy the technical hypotheses
and the Sturmian hypothesis, and let y € (0, 1)\ Q. Let (a,);2 | € NN be the sequence of
continued fraction coefficients of v, and for each n > 1 let p,/q, be the corresponding
convergent. Define a sequence (s,,) of finite words inductively by setting s—1 := 1, s¢ := 0,

s] = sgl_ls_l and spy1 = s,,a"“s,,_lfor every n > 1, and for each integer n > —1
define p, := p(A(sp)). Then v~ (y) is the singleton set whose unique element is given
by
qn+1\ (=" 1 nt1 (=1)"gn
a, == lim (p”q ) - ]‘[(’O” Pn ‘) . 2.2)
n—00 pnil p(A1) n=0 Pn+1

In general it is not clear whether the infinite product given here will always converge
unconditionally, although we are able to prove this in special cases. For the family of
matrices defined by (1.1) we are able to give a checkable criterion for a rigorous bound
on the error in approximating o,, by partial products of the infinite product given above.
The details of these estimates are given in §8.

3. Convex analysis and continuity of the 1-ratio

In this section we give the proof of part (i) of Theorem 2.3, and introduce a concave
function S: [0, 1] — R which characterises the rate of growth of A along Sturmian
trajectories. We begin with the following simple lemma:

Lemma 3.1. Let A = {Ag, A1} be a pair of matrices which satisfies the Sturmian hy-
pothesis, and let v: [0, 00) — [0, 1] be the corresponding 1-ratio function. Define a new
pair of matrices A := {Xo, Xl} by Xo = Ay, ;4\1 := Aq. Then A also satisfies the Stur-
mian hypothesis, and if © denotes the 1-ratio function of A, then t(a) = 1 —t(1/a) for
all @ € (0, c0).

Proof. Let us deﬁne Aa = {Ao, aAl} for each @ > 0 similarly to the definition of A,
and let 9(@) = 0(Ay) for all @ > 0. Define Ay (x, n) = A(“) . A(“) for all x € ¥y and
n > 1, and for each x = (x;) € X, define a new sequence X by X; :_ 1 — x;. We have
x € X, ifand only if x € X|_, . Finally, define¥: [0, co) — [0, 1] by T(e) := 1 —v(1/)
for all @ € (0, oo)’,\and’t\(O) := 0. Note that for all x € ¥5,n > 1 and @ € (0, c0) we
have the identity Ay (x,n) = o Aj/o (X, n). As a direct consequence we obtain g(a) =
ao(1l/a) forall ¢ € (0, 00).

We may now verify directly that A satisfies the Sturmian hypothesis with T being its
I-ratio function. The case ¢ = 0 being trivial, let us fix @« > 0. If x € Xg(y), then
X € X(1/«) and therefore

lim | A, (x, n)|V" = lim " Ao &, )" = ao(1/a) = 6(a)
n— 00 n—oo
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as required. If lim,,_, o ||.Zo, (x,n)|| In — 0() then by the same token we have
lim || A1 (E 2)"" = o(1/a)
n—oo

and therefore

n—oon n—00

1 1
lim —#{l <xj <n:x; =1} = lim <1—-#{157,5n:f,-=1})
n
=1 —t(l/a) =T(@)

since Definition 2.2(iv) applies to Ay /4. Finally, if u = (ui)f.z:1 is a finite word which is
not cyclically balanced, then the finite word u = (ﬂi)le defined by u; := 1—u; is clearly
also not cyclically balanced and hence

p(Aa @) = " p(A1ja@) < a"lo(1/)" =3(@)"!
as required. The proof is complete. O

The following general theorem was proved in [24]:

Theorem 3.2. Let A be a metric space and let Ay, A1: A — Ma(R) be continuous func-
tions such that Ag(A) # A1(A) forall A € A. Suppose that there exists a functiont: A —
[0, 1] with the following property: for every x € %y such that ||Ay, (A) - -- Ay, (V)] I/n
o({Ao(n), Ai(M}) as n — oo, we have n='{1 < i < n:x; = 1} — t(X). Then the
function ¢ is continuous.

We may now directly deduce several parts of Theorem 2.3(i).

Lemma 3.3. Let A be as in Theorem 2.3. Then the 1-ratio function t: [0, 00) — [0, 1] is
continuous and satisfies t(0) = 0 and limy_, oo t(a) = 1.

Proof. The continuity of ¢ follows immediately from Theorem 3.2. In the case o = 0 it
is obvious that || Ay (x, n)||'/* — p(Ag) > 0 when x € X and || Aq(x, n)||'/" — 0
for all other x, and it follows that ¢(0) = 0. In particular we have limy—ot(e) = 0 by
continuity. Let A and T be as in Lemma 3.1; applying the preceding arguments to A it
follows that limy_,¢ t(er) = 0, and therefore

lim t(@) = lim (1 ~¥(1/a)) = lim (1 —t(@) = 1. O

The following proposition, which characterises t in terms of a concave function on the
unit interval, forms the cornerstone of the proof of Theorem 2.3. In the special case where
Ap and A are as defined by (1.1), the results of Proposition 3.4 correspond approximately
to those of [13, Proposition 6.1].

Proposition 3.4. Let A := {Ag, A1} be as in Theorem 2.3. Then there exists a continuous
concave function S: [0, 1] — R with the following properties:

(i) Foreachy € [0, 1] we have n1 log || A(x, n)|| = S(y) for every x € Xy.
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(ii) For each a € [0, 00) and y € [0, 1] we have ¢SV a? < o(«) with equality if and
only if y = v(a). Consequently, for nonzero o we have v(o) = y if and only if
—log « is a subgradient of S at y.

(iii) If u is a word of length kq with ¢(u) = p/q, then (kq)™! log p(Am)) < S(p/q),
with equality if and only if u is cyclically balanced.

Proof. We will show first that there exists a function S: [0, 1] — R such that properties
(1)—(ii) hold, and show only at the end of the proof that this function is continuous and
concave. We begin by constructing a function S which satisfies (i). Since X( contains
only the single point 0% it is clear that (i) holds for y = 0 with S(0) := log p(Ag), and
similarly for S(1) := log p(A1). Let us therefore consider y € (0, 1) and x € X,,. Using
Lemma 3.3 we may choose o > 0 such that t(«) = y. For each n > 1 we have

log | A(x, M|l =log | Ag(x, M) | =#{1 < j <n:x; =1} -loga

and it follows by Definition 2.2(iii) together with Theorem 2.1(iii) that
o1
lim —log || A(x, n)| = logo(a) — y loga. 3.1
n—-oon

Since the left hand side of this equation does not depend on the choice of & € v~ (y) and
the right hand side does not depend on the choice of x € X, we conclude that the identity
(3.1) holds for all such choices. In particular if we define S(y) := log (o) — y log & then
(1) is satisfied. Now, if @ € (0, co) is given, then for any y € [0, 1] we have, for all
x € Xy,

1
S(y) +yloga = lim —(log |ACr.m)| +#{1 < j <n:x; =1} loga)

. 1
= lim —log || Ax(x,n)| <logo().
n—-oon

It follows from parts (iii) and (iv) of Definition 2.2 that the above inequality is an equality
if and only if y = t(«). This proves (ii) for all cases except when o = 0, which is trivial
to verify directly.

Let us now prove (iii). Let u be as in the statement of the proposition, and define
x :=u*® € ¥. If u is cyclically balanced then x is Sturmian, and since ¢ (u) = p/q we
necessarily have x € X, ;. Using (i) together with Gelfand’s formula we may obtain

1 1 1
S(p/q) = lim — log || A(x, nkq)| = lim — log || A(u)"|| = — log p(A(u)).
n— 00 nkq n— 00 nkq kq

Now suppose that u is not cyclically balanced. Using Lemma 3.3 let us choose @ > 0
such that v(0) = p/q. Using Definition 2.2(v) together with part (ii) above we obtain

p(AW)) - a*? = p(Ay () < o(@)* = k1-SP/D kP

and therefore (kq)_l log p(A(u)) < S(p/q) as required to prove (iii).
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It remains to show that S is continuous and concave. As a consequence of (ii) we
have, for every y € (0, 1),

S(y)= inf logo(x)— yloga.
ae(0,00)

The restriction of S to (0, 1) is thus an infimum over a set of affine functions of y, and
hence is concave. It follows from standard results in convex analysis that the restriction
of S to (0, 1) is also continuous.

Finally let us show that S is continuous on [0, 1], and hence is also concave on that
interval. We will show that S is continuous at 0, the case of continuity at 1 being similar.
Since S is concave, the limit of S at O exists, so it suffices to show that there exists a
single sequence (y;,) of elements of (0, 1) which converges to zero and has the property
that S(y,,) converges to S(0). To this end, let us choose a strictly increasing sequence of
integers (n;) such that the sequence ||Agj ||_1Agj converges to some matrix P. For each
n > 0 it is not difficult to see that the word 0"1 is cyclically balanced, and therefore
S(1/(n+1)) = (n+ 1)~ log p(A} A;) using (iii). We thus have

lim log p(Ay’ A1) —log p(Ao)

lim S(1/(nj + 1)) — S(0) =
j—o0 J

nj+1

. 1 ; .

Jj—0o0 I’lj
. 1 i—1 A
= lim ——logp(l Ay |7 Ay A1) =0
j—0o0 I’l]
since ,0(||A8j ||_1Ang1) converges to p(P A1) as j — oo. The proof is complete. O

The following result together with Lemma 3.3 completes the proof of Theorem 2.3(i).

Corollary 3.5. The 1-ratio function ¢ is nondecreasing.

Proof. Tt is an elementary fact in convex analysis that if A1 and A, are subgradients of a
concave function at y; and y» respectively, and y; < y», then A1 > Aj. The result now
follows by Proposition 3.4. O

4. Standard words

In this section we exploit some well-known features of Sturmian words to obtain a pair
of propositions dealing with the combinatorial structure of the sets X, /,.

Let us define two maps from the set of standard pairs P to itself by I"(u, v) := (u, uv)
and A(u, v) := (vu, v). Throughout the remainder of the paper we use the following no-

tation for continued fractions: if ay, . .., a, are positive integers, then we use the symbol
a1, ..., a,] to denote the finite continued fraction
Pn._ !
an 1 '
a; + |
a~+...+ —
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where p, and g, are coprime. Given positive integers ay, ..., a, let us write px/qr :=
[ai,...,ar] forall k in the range 1 < k < n, and define also py :=0,q0 := 1, p_1 := 1,
g—1 = 0. Subject to these conventions, for each integer k with 1 < k < n the integers

Dk, qx satisfy the recurrence relations px = agpx—1 + pk—2 and qx = axqk—1 + qk—2-
If (a;);2, is sequence of positive integers, we use the notation y = [ay, az, ...] to mean
lim,_ olai, ...,an]l = y.

The following proposition will be applied in the proof that t=!([0, 1] \ Q) has zero
Hausdorff dimension:

Proposition 4.1. Let y = p,/qn = lai,...,an] and pn—1/gn—1 = lai,...,an—1]
where n > 2 and a, > 1. Then there exist x € X, and an integer k > 34n such

that d(x, T9-'x) < 2% and g, ' 1og p(A(T*x, gu—1)) = S(pu1/qn—1)-

Proof. Lets_1 = 1,50 = 0and s := sgl_ls_l. Define s inductively for 1 < k < n by
Sk 1= s,f"_lsk_z. For k = 1 we have (so, s1) = I'“~1((0, 1)). An easy proof by induction
shows that for odd k > 1,

(sk—1,5%) = (T% 0 A%=1o...0 A o T“71)((0, 1))
and for even k,
(ks Sk—1) = (A% o T%=1 o... 0 A% o T~ 1)((0, 1)),

so in particular each s is standard, and hence is cyclically balanced. Define py/qr :=
[ag,...,ax] for 1 < k < n. We have |s1|; = 1 = py, |s1] = a1 = q1, and |sg|; =
arlsk—1l1 + Isk—2|1 and |sk| = ag|sk—1| + |sg—2| for 1 < k < n. It follows by induction
that |sx|1 = pr and |sg| = g for 1 < k < n. In particular ¢(s,) = pn/qn = v, and
since s, is cyclically balanced it follows that x := s7° € X,,. The formula s, = sZ”_ 1Sn—2
implies that the infinite word x is prefixed by the finite word ss'l | and the infinite word
T9-1x is prefixed by the finite word sZ"__ll. In particular d(x, T9'x) < 27 where
k = (ay, — )gn—1. We have

Gn = anqn—1 + gn—2 < (an + Dgn—1 < 3(an — Dgu—1,

since a,, > 1, and thus k > %q,, as claimed. Finally, we note that T%x is prefixed by the
finite cyclically balanced word s,,—1 and so by Proposition 3.4(iii) we have

g, log p(A(T*x, gu—1)) = Isn—11""10g p(A(sn—1)) = S(Pa—1/qn—1).
The proof is complete. O

The following proposition will be used in the proof that t=!(p/q) is an interval:

Proposition 4.2. Let p/q € (0, 1) with p and q coprime. Then there exists a standard
pair (u, v) such that ¢c(uv) = p/q. If (u, v) is such a pair then luv|y = p, luv| = q,
lu| - |vl — |uly - |v] = 1, the words (uv)"u and (vu)"v are cyclically balanced for all
n > 0, and the word u*>v? is not cyclically balanced.
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Proof. Let us write p/q = [ai,...,a,] with a, > 1. If n = 1 then define (i, v) :=
['%=2(0, 1). For odd n > 1, define

(u,v) := (T o A% 1 o...0 A o T 1)((0, 1)),
and for even n define
(u,v) := (Ao 1o...0 A% o T~ 1)((0, 1)).

A proof by induction on z similar to that in the previous proposition shows that |uv|; = p
and |uv| = ¢, and hence there exists a standard pair (u, v) such that ¢ (uv) = p/q.

For the rest of the proof we let (1, v) be such a standard pair. Since (u, v) is standard,
it follows by definition that the pairs (A" oI") (i, v) = ((uv)"*u, uv) and (I o0 A)(u, v) =
(vu, (vu)"v) are standard pairs for all n > 0. In particular, the words («v)"u and (vu)"v
are standard for all » > 0, and hence these words are cyclically balanced. It is easy to
see that the set of all standard pairs (a, b) with the property that |a| - |b|1 — |a|; - |b] =1
contains the pair (0, 1) and is closed under the action of I' and A, and it follows that
every standard pair has this property. In particular, |u| - |v|; — |u|; - [v] = 1 as claimed.
Furthermore, since (u, uv) is a standard pair we have |u|(Juv|;) — |u|1(Jluv|) = 1 so that
|uv| is coprime to |uv|(, and so any standard pair («, v) which satisfies ¢(uv) = p/q
necessarily has [uv|| = p, luv| = g as claimed.

Finally, an easy inductive proof starting with the pair (0, 1) shows that for every
standard pair (a, b) there is a (possibly empty) finite word p such that ab = p01 and
ba = p10 (see [22, p. 57]). Since (u, v) is a standard pair we have uviu = p01p10 for
some finite word p, and hence in particular u2v? is cyclically equivalent to a word of the
form OpOl1pl. Since [1pl|; = 2 + |0p0]; the word OpO1p1 is not balanced, and hence
u*v? is not cyclically balanced. O
Remark 4.3. It is worth noting that if we put p; = |ul|1,q1 = |u| and p» = |v|y,
q> = |v|, then p1/q; and p>/q> are the Farey parents of p/gq, that is, they are the unique
fractions such that p1 /q1 < p/q < p2/92,0 < q1,92 < q,91+q2 = g and p1+p2 = p.
In fact one can show that the pair (u, v) specified by Proposition 4.2 is unique, but this is
not required for our argument.

Example 4.4. Let p/q = 3/7; then u = 00101, v = O1. In particular, we have u’v? =

00101001010101, which contains the subwords 0010100 and 1010101 and thus is not
balanced (let alone cyclically balanced).

5. Preimages of rational points

In this section we give the proofs of the various clauses of part (ii) of Theorem 2.3.
Since S: [0, 1] — R is concave it follows from elementary convex analysis that the left
derivative S;(y) and the right derivative S;.(y) both exist and are finite for every y €
(0, 1), the right derivative S/.(0) at O either exists or equals +o00, and the left derivative
Sé(l) at 1 either exists or equals —oo. Furthermore, the set of all subderivatives of S at
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y € (0, 1) is precisely [Sé (), S.(y)], the set of subderivatives of S at 0 is precisely
(—00, §7.(0)], and the set of subderivatives of S at 1 is precisely [Sji(l), 00). Note that the
last two intervals are empty if the respective right or left derivative is infinite. For proofs
of these statements in a general context we direct the reader to [27].

In Proposition 3.4 we showed that « € (0, 0o) belongs to t~! (y) if and only if — log
is a subgradient of S at y. Since t is nondecreasing and t(0) = 0, it follows from this result
together with the preceding analysis that

¢10) = 10,75, (1) = [e75 D, 00),
v ly) = [e_Sé(”), e_S;(y)] foreach y € (0, 1),

where ¢~ is understood as zero and e is understood as +oo. Our task in this section,
then, is to compute these left and right derivatives explicitly in the case of rational y
(showing in the process that they are finite at 0 and 1 if and only if the appropriate matrix
is diagonalisable) and then show that for y € (0, 1) N Q the left and right derivatives of S
at y cannot be equal to one another.

To begin the proof we treat those statements concerned with = 1(0) and ¢~ (1). Let
us suppose first that Ag is diagonalisable. Since Ag is nonnegative it has an eigenvalue
equal to its spectral radius (see e.g. [15, Theorem 8.3.1]), and since by Definition 2.2 its
trace is positive, the remaining eigenvalue lies in the interval (—p(Ao), p(Ap)]. It follows
easily that the limit Py := lim,— oo p(Ag) ™" Afj exists. Using Proposition 3.4(iii) together
with the fact that the word 0"1 is cyclically balanced, we may now calculate the right
derivative of S at O as:

S0 = tim SA/@+1) = S©
oo 1+ 1)

1
lim (n + 1)(— log p(ApA) — IOgP(Ao))
n—00 n+1

— lim log p(A3A}) — (n + 1) log p(Ao)
n—oo

lim logp<;A8A1) = log<m).

n—00 p(Ag)nt! p(Ao)

It follows that t=1(0) = [0, p(Ag)/p(PyA1)] as claimed in the statement of Theo-
rem 2.3(ii). Let us now suppose instead that Ag is not diagonalisable. In this case Ag
has a repeated eigenvalue equal to its spectral radius and has nontrivial Jordan form. It
follows that lim,,— o || 0 (Ag) ™" Ag || = +o00. Let § > O be the smallest entry of the matrix
ApA1, which is positive by Definition 2.2(ii), and for each n > 2 let m, be the largest
entry of the nonnegative matrix p(Ao)’"’lAg_l. Clearly we have lim,,_, oo m, = +o00.

Since Agfl and AgA; are both nonnegative matrices it follows easily that
2p(p(A0) "M AGAD = tr(p(Ag) " AGAY) = dmy,

for each n > 2, and hence

b e SA/(n+ 1) —=80O) 1 a )
§,(0) = lim e —nlggologp<—p(Ao)n+1 A0A1> = +o00.




1762 Ian D. Morris, Nikita Sidorov

In this case we therefore have t~!(0) = {0} as claimed. The proof of the statement con-
cerning t~!(1) and the matrix A; is almost identical, and we omit it for brevity.

Let us now move on to the case of y € (0, 1) N Q. Fix p/q € (0, 1) for the remainder
of the proof, and let (u, v) be a standard pair such that ¢(uv) = p/q, which exists by
Proposition 4.2. Define By := A(u), By := A(v), and A := B; B;. By Definition 2.2(ii)
the matrix A is positive, and hence by the Perron—-Frobenius theorem A has two distinct
eigenvalues. It follows that the limit

P := lim p(A)~"A"
n—od

exists, and is the matrix corresponding to the unique projection whose image is the leading
eigenspace of A and whose kernel is the nonleading eigenspace of A. In particular, P is
of rank one.

By Proposition 4.2 the word uvuv is cyclically balanced and the word u?v? is not:
since both words have slope p/q and length 24, it follows from Proposition 3.4(iii) that

2

p(B1B2)* = p(Auvuv)) = 5P/ > p(AW*v®) = p(BiB3).  (5.1)

Using Proposition 3.4(ii) we in particular have o(«) = eSPIDaPI4 = p(Aquv))'/? for
every a € t~1(p/q) as claimed in Theorem 2.3(ii). Let py := |u|1, p2 := |vl1, g1 := |ul,

q> := |v|. Using Proposition 3.4(iii) together with the fact that the words (uv)"v and
u(uv)" are cyclically balanced, we have, for eachn > 1,
+ 1
S(”” P ‘) = log p(A(u(uv)")) = log p(B1 A"),
ng +qi nqg +qi ng +qi
1
S(”” r 2) = log p(A((uv)"v)) = log (A" By).
ng +q ng +q2 ng +q2

Since |u|-|v|1 — |u]1 - |v] = 1 we have ¢(u) < ¢(v), and therefore ¢ ((uv)"u) < ¢(uv) <
¢ ((vu)"v) for all n > 0. We may therefore compute the left derivative of S at p/q as

P\ S ZSCEE) o) = b o p(Bi Y
Sy — ) = lim = lim T

q n—00 p _ nptpi n—00 D _
q ~ nq+q q ~ nq+q
_ oy M tavlogp(A) —qlogp(BiA") <P(31P)q>
n—00 Pq1 — piq p(A )’

where we have used the identity
pqr — pig = (luli + [vlDlu| — luli(ul + [v]) = lu] - Jvli — |uli - Jv] = 1.

A similar calculation for the right derivative yields

S,<p> | <p(PBz)‘1>
=) =logl ———— ).
g p(Ay®
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Combining this with the observations at the start of this section we obtain the explicit

formula . .
2
t—1<£> — [ Si 1D =Si P/ = [/O(BlP) ’ p(A) ] 5.2)
q p(A)? ~ p(PBy)?
asserted by Theorem 2.3.

Example 5.1. Let Ag, A; be asin (1.1) and let p/g = 1/2; here u = 0, v = 1, whence
p1=0,q1 =1, pp =1, g = 1. Therefore,

5+v5 W5
B, — 11 B, = 1 0 A 2 1 p—| 1 5
0 1)’ 1 1)’ 1 1) V5 5—v5 )’

whence by (5.2), t~1(1/2) = [4/5, 5/4]. This result was previously derived in [30] by a
different, geometric method. (See also Table 2.1 and Figure 1.)

To finish the proof of Theorem 2.3(ii) we need to show that the interior of t—(p/q)
is nonempty for any p, g. Suppose it is empty; then

p(B1P)! p(PB)? = p(A)T9 = p(A)1. (5.3)

For the remainder of the proof we shall assume that this relation holds, and thereby derive
a contradiction.

So, suppose p(B1 P)p(P By) = p(A). It follows from the definition of P that p(A) =
p(PAP). Since the spectral radius of a product of matrices is invariant under cyclic per-
mutations of that product, we have p(PB1) = p(B1P) and p(PBy) = p(ByP), and it
follows that p(PB1)p(B2P) = p(A) = p(PAP). Since A is invertible it has nonzero
spectral radius, and therefore p (P B1) and p (B> P) are positive. It follows from the defi-
nition of P that P is a nonnegative matrix, and hence P B, B, P and PAP are all non-
negative. In particular, each of these three matrices has an eigenvalue equal to its spectral
radius. On the other hand since P has rank one, each of the matrices PBj, B, P and
P AP has determinant zero, and hence has one eigenvalue equal to zero. We conclude
that (tr PB1)(tr BoP) =tr PAP.

Since the two-dimensional matrix P Bj has one positive eigenvalue and one eigen-
value equal to zero, it is diagonalisable. Define A| := p(PBj) and X, := p(B2P), and
choose an invertible matrix U such that

-1 _ )\.1 0 -1 _ (a b
UPB\U —(0 o) UBPUT =|[_

where a, b, ¢ and d are real numbers. We have Ay = tr ByP = t UB,PU ' = a+d
and AjAy = (tr PB))(tr B,P) = tr PAP = tt PBiBoP = t UPB\U"'UB,PU"! =
Mia. It follows that d = 0 and a = XA;. On the other hand, since det P = 0 we have
detUB,PU —1 — 0 and therefore ad — bc = 0. We deduce that bc = 0, and therefore at
least one of b and c is zero.

We claim that there exists a nonzero vector @ € R? which is an eigenvector of both
B and B;>. We consider separately the case b = 0 and the case ¢ = 0.
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If b=0,putw=U"1(0, 1)7, and note that

-1 (M O
PB=U (0 0 U,

o= (3 ()00,
=tz )-0),

ie., PBijw = B, Pw = 0. We claim that  is an eigenvector of B; and of B;. Since B;
is invertible we deduce from the relation B> Pw = 0 that o belongs to the kernel of P.
Since Bj is invertible and PB; = 0, we deduce that Byw also lies in the kernel of P,
and therefore w is an eigenvector of Bj. Finally, since by definition the kernel of P is one
of the eigenspaces of A = B B», the vector w is also an eigenvector of B B>, and since
By Yo is proportional to @ we conclude that Bow is proportional to w as required.

The case ¢ = 0 is similar. Define @ := U~} (1, O)T sothat PBiw = Ajwand Bo Pw =
Aw. Since w = Al_l P Biw the vector w belongs to the image of P, and is therefore fixed
by P since P is a projection. It follows from this and the relation By Pw = Azw that
Brw = Apw, so that w is an eigenvector of B,. On the other hand, the image of P is an
eigenspace of A and therefore w is an eigenvector of A = B Bj. Since Byw = Ayw we
deduce from this that w is also an eigenvector of B; as required. This proves the claim.

We may now derive the desired contradiction. Let w be a common eigenvector of the
matrices By and Bj, and let us write B;w = &;w fori = 1, 2. We have Blszzw = 5125220) =
(B1 B2)2w so that 512522 is an eigenvalue of both B%B% and (B B)?. 1t follows immedi-
ately that p(B?B3) = max{|£2£2], |(det B) B2)?&[ %6521} = p(BiBa)?, contradicting
(5.1). We conclude that the relation (5.3) cannot hold, and the proof of Theorem 2.3(ii) is
complete.

whence

Corollary 5.2. The function S : [0, 1] — R is strictly concave.

Proof. We know that S is concave; if it were not strictly concave, there would be an in-
terval J = (y1, y2) such that S|; would be affine, i.e., S’|; would exist (and be constant).
This contradicts the fact that S’(y) does not exist for any rational y . O

Remark 5.3. One can show that for the matrices B; and B, we have
p(B1B2) > p(B1)p(B2),

which is essentially equivalent to Corollary 5.2. We leave this as an exercise for the inter-
ested reader.
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6. Preimages of irrational points: preliminaries

In this section we apply a dynamical estimate to prove an inequality dealing with the
subgradients of the function S. We begin with the following lemma, which allows us to
choose a family of norms on R? which is adapted to the study of the family A, . The proof
is identical to that of [13, Lemma 3.3]. Note that the proof requires that Ag and A do not
have a common invariant subspace, as was stipulated in Definition 2.2(i).

Lemma 6.1. There exists a family of norms {|| - ||« : & € (0, 00)} on R? with the following
properties. For every v € R?, a € (0, 00) and i = 0, 1 we have ||A§a)v||a < o(@)||v]la-
If K C (0, 00) is compact, then there is a constant C > 1 depending on K such that
lvll < Cllvlle < C2|lv|l forallv e R? and o € K.

For the remainder of this section we fix a family of norms | - ||, with the above properties.
We also make use of the following elementary result:

Lemma 6.2. Let B be a2 x 2 invertible real matrix, and let || - || be the Euclidean norm.
Then there exists a rank one matrix Q such that |B — Q|| = |det B|/|| B].

Proof. We apply the existence of a singular value decomposition for B. Let us choose
unitary matrices U, V and a nonnegative diagonal matrix D such that B = UDVT . Since
U and V are isometries with respect to the Euclidean norm we have ||D| = ||B]|, and
since [det U| = |det V| = 1 we have |det D| = |det B|. It follows that the nonzero entries
of D are ||B] and |det B|/||B||. If P is a matrix which has the entry || B|| in the same
position as for D, with all of its other entries being zero, then clearly P has rank one and
|D — P| = |det B|/||B||. Now let Q := UPVT. O

We now require a dynamical result which describes the dependence of the eigenvectors
of certain products A, (1) on the structure of the words u. The following result is similar
in spirit to [23, Theorem 2.2], but has the additional property that the modulus of conti-
nuity of the vector-valued function depends on « in a controllable manner. The restriction
to rational y serves only to simplify the proof: by working instead with two-sided Stur-
mian sequences indexed over Z, this condition could be removed. The rational case being
sufficient for our argument, we ignore the more general statement.

Proposition 6.3. Let L C (0, 1) be compact, and let y = v(a) € L N Q. Then there exist
constants 0 € (0, 1) and K > 1 depending only on L and a function v: X,, — R? such
that the following properties hold. For each x € X,, v(x) is nonnegative and satisfies
o) lle = 1 and Ay(x,n)o(x) = o(@)"o(T"x) foralln > 1. If x,y € X, with
d(x,y) <275 then ||o(T*x) — o(T*y) |« < K6*.

Proof. Letus write y = p/q inleast terms. Consider any x € X, :since 0 < p/q < 1the
matrix Ag (x, ¢) is a mixed product of Ay and A1, and so is positive by Definition 2.2(ii).
By the Perron-Frobenius theorem it follows that A, (x, ¢) has a unique positive eigen-
vector with associated eigenvalue equal to p(Ay(x, ¢)) = limg_ oo || A (x, kq)||1/ k=
o(a)?. Let v(x) be a positive vector belonging to this eigenspace such that ||v(x)|l, = 1.
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Letus fix x € X, and show that A, (x, n)v(x) = o(a)"o(T"x) foralln > 1.Ifn > ¢
then

Ag(x,m)o(x) = Ag (T9%,n — q) A (x, ¢)0(x) = 0(@)? A (Tx, n — q)o(x)
= 0(a)? Ay (x,n — g)o(x),

and by iterating this identity we may reduce to the case where 1 < n < q. In this case

o(@)? = [Aa(x, )o(0)lla = A(T"x, g — 1) Ag (x, 1)0(x) |l
< N A(T"x, g — n)llall A (x, n)0(x) |
< 0@ Ag (x, MO (0) [la < 0()?

and it follows that || Ay (x, n)v(x)]le = o()". Moreover

Ao (T"x, ) Ag (x, m)0(x) = A (Tx, 1) Ag (x, q)0(x)
= 0(@)? Aq(T?x, n)v(x) = () Ag (x, )b (x).

Thus A, (x, n)v(x) is a positive eigenvector of A, (T"x, ¢) with corresponding eigen-
value p(«)? and with norm equal to o(«)”. Using the uniqueness of the leading eigen-
space in the Perron—Frobenius theorem we conclude that o (a) ™" Ag (x, n)v(x) = v(T"x)
as claimed.

Since t is continuous and monotone with t(0) = 0 and lim,_,  t(e) = 1, the set
t~!(L) is a closed subset of (0, co) which is bounded away from 0 and oo, hence compact.
For every a € t~!(L) we have max{p(Ao), p(¢A1)} < o(«) by Definition 2.2(v), since
t(a) ¢ {0, 1}. Let us define

- max{p(Ao)?, p(aA1)?}
<

— 2 17
aer—1(L) o(a)

det Ao |det(aA1)|}

6 := sup max{ 0@? "  o@)?

aer— (L)

andletx, y € X, withd(x, y) < 27%. We will show that [|o(T*x) —o(T*y)]||, < 6CO6*,
where C > 1 is the constant provided by Lemma 6.1 for to the compact set t—!(L).
If 3C%0% > 1 then clearly |[o(x) —0(V)]la < 2 < 6C°6%, so we shall assume for the
remainder of the proof that 3C%0% < 1. Since

|det(o(e)* Aa (. K))| _ C2ot
o)~ Au(x, K)Il  ~ llo(e) %Ay (x, k)l
it follows from Lemma 6.2 that there exists a rank one matrix Q € Mj(R) such that

lo(@) KAy (x, k) — Q| < C?6*%. Since d(x, y) < 2% we have Ay (x, k) = Aq(y, k) and
therefore also ||o(a) ¥ Ay (y, k) — Q| < C?6*. Clearly,

= C%o*,

—k 4k 1 1
llo(e) ™" Aa(x, K)o (x) — Qo(X)[le = C*0" < 32 <3

and therefore in particular |1 — ||Qov(x)|l¢| < 1/3 so that 2/3 < ||Qo(x)|l, < 4/3.
By identical reasoning we have 2/3 < ||Qv(y)|l« < 4/3. Now, since the image of Q
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is one-dimensional, there exists A € R such that Qo(x) = AQuv(y). We have |A| =
Qo) lla/I1Q0(¥)lle < 2 and therefore
(T ) = 20(T* )l = llo(@) ™ Au(x, Hp(x) = 20(@) ™ Ax (3, Ol
< llo@) ™ Au(x, Ho(x) = Qo()lla
+12Q0(y) — ro(@) ™ A (3. K)o (¥
< (1 + ADC** < 3¢%*.
We now claim that the real number A is positive. Suppose that it is negative; since

o(T*x) and v(T*y) are nonnegative, we must have [[o(T¥x) — Ao(TXy)| > ||o(T*x)|
and therefore

lo(T*x) — 20(T*x) |l = C (T x) — Ao(T*y) ||

> C7 (T x) | = C2o(TF %) |l = C72,

which contradicts our assumption that 3C%9% < 1. We conclude that A must be positive,
and therefore

1= 21 = [Io(T*)lla = 120(T*Mlla| < [0(T5x) = 2o(T*Plle < 3C*6".
It follows easily that lo(T*x) — 0(T*y)|le < 6C*0F < 6C%6%. The proof of the proposi-
tion is complete. o

Finally, we make use of the following simple result from matrix analysis, which we adapt
from [9, Lemma 2].

Lemma 6.4. Let ||-|| be a norm on R?, let B be a 2 x 2 matrix with || B|| < 1, and suppose
that v € R? with ||v|| = 1. Let C > 1 be any constant such that C~'||u|| < |Ju]l < C|lu]|
forallu € R2. Then 1 —2C2/[[Bv —v]] < p(B) < L.

Proof. If My and M, are a pair of 2 x 2 real matrices, u is an eigenvalue of M», and
A1, Ao are the eigenvalues of M1, then the bound

min{[A1 — ul, |22 — s} < VAM+ M2 0D (M) — Ma])

is well-known (see for example [2, § VIII]). Define M| := B and M> := B + ||v||_2(v —
Bv)vT; we may then estimate

My — Mzl = [lv] 21l (v — Bu)o" || < [lvl ' |Bv — vl < C*|Bv — v
and
Myl + | Mol < 2IMy || + | My — Ma|| < 2C*|IBJ| + C*||Bv — v|| < 4C>.

Since Mav = v, 1 is an eigenvalue of M>, and it follows that B has an eigenvalue A such
that [» — 1] < 2C%/[[Bv — v]]. The result follows in view of the elementary inequality
Al < p(B) <|IBll =1. o

The following key estimate forms the core of the proof of Theorem 2.3(iii):
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Lemma 6.5. Let L C (0, 1) be a compact interval, let y = pn/qn = la1,...,ay] € L
where n,a, > 1, and choose any a € (0, 00) such that v(a) = y. Let pp—1/qn—1 =
[ai,...,ay—1]. Then

0= (- (S(y) = S(Pn1/4n-1)

—i—loga) < Kq,07,
Y — Pn—=1/qn—-1

where K > 1 and 0 € (0, 1) are constants depending only on L.

Proof. From the classical theory of continued fractions we have y < p,—1/gn—1 if n is
even, and the reverse inequality holds if n is odd. By Proposition 3.4 we know that S is
concave and — log « is a subgradient of S at y. Since the average gradient of a concave
function on a closed interval is bounded below by every subgradient at the right endpoint,
and bounded above by any subgradient at the left endpoint, we immediately deduce the
inequality

0< (_1)n+1(5()/) — S(Pn—1/qn-1)
Y = Pn—1/qn-1

In proving the remainder of the lemma we will assume that g, > m for some constant

m > 1 to be determined below. Indeed, given any such m it is clear that L contains only

finitely many rational numbers p;, /g, with denominator less than m, and so by adjusting

the constant K > 1 if necessary, the full strength of the lemma follows from this special

case. Since the hypotheses of Proposition 4.1 are satisfied, we may fix an integer k > %qn

and a point x € X, such that d(x, T%-'x) < 2=* and qn__l1 log p(A(T*x, gn-1)) =
S(Pu—1/qn—1). Let y := T*x. By Proposition 6.3 we have

+ logot).

lo(@) ™"~ Au (v, gn-1)0() — 0 lla = [0(T 4 y) — v(3) [l < KO

for some constants K > 1and 6 € (0, 1) depending on L. Combining this with Lemma 6.4
we obtain

1 —2C2JK 95 <o(@) ' p(Au(y, gn-1)) <1,

where C > 1 is the constant assigned by Lemma 6.1 to the compact set (L) C (0, 00).
Since t(a) = y we have p() = ¢, and therefore

1 —=2C2VK Q%Qn < (e_qn—ls()’)a_qn—])’)(eS(pn—l/‘In—l)apn—]) <.

Let m be an integer which is large enough that 1 — 2C%v/K 6™/ > ¢!, By considering
only those cases where g, > m, we may by taking logarithms obtain

1
—2C*VK 057 < gu1S(pu-1/qn-1) — qu-15¥) + (Pa—1 — gu—1y) loga < 0,

and by a slight rearrangement,

4 2C%JK 1
0=<8SW)—Spn-1/gn-1) + (y — i])" >loga < fsdn,

n—1 n—1
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Now, since

Pn—1 (=1t 1
(-t (V - = ) = (PnGn—1 — GnPn—1) = >0
qn—1 qdn—19n 4n—19n

we may derive the inequality

0= (-1 (S(y) — S(Pu-1/qn-1)
a Y = Pn—1/qn-1

which completes the proof. O

+ log a) < anCZ\/EQ%q",

The following interesting result may be derived from Lemma 6.5:

Corollary 6.6. Let L C (0, 1) be compact. Then there exist constants C > 1 and 6 €
(0, 1) depending on L such that for all p/q € L with p and q coprime, the length of the
interval v~ (p/q) is bounded by Cq69.

Proof. By enlarging the constant C if necessary it is sufficient to consider rationals p/q
which are not of the form 1/k for an integer k > 1, since L can contain only finitely many
rationals of this form. Let p/q € L with p and ¢ coprime and p > 1. These assumptions
allow us to find an integer n > 2 and integers ay, ..., a, with a, > 1 such that p/q =
[ai,...,a,]. If 1 and oy are the endpoints of the closed interval vl (p/q), then we may
apply Lemma 6.5 twice with @ = o, @y to see that [logay — loga| < 2Kg69. The
result follows. O

Recall that if y = [ay, a2, ...] € (0, 1) \ Q and the sequence (a,) is bounded, then there
exists a constant § > 0 such that |y — p/g| > 8¢ 2 forall ¢ € Nand p € Z (see for
example [18]). In particular, for all sufficiently large k the relation |y — p/q| < 1/g*
is impossible for integers p € Z and g > 2. The proof of the following lemma is thus
identical to the proof of [13, Lemma 8.3]:

Lemma 6.7. Let y = [ay,a2,...] € (0, 1)\ Q, and suppose that a, = 1 for all suffi-
ciently large n. Then v~ (y) is a singleton set.

7. Preimages of irrational points: proof of Theorem

Let us define Z := ¢~ 1((0, 1) \ Q), and partition Z into two subsets as follows. We de-
fine Z; to be the set of all « € Z such that the infinite continued fraction expansion
[a1, az, ...] of the irrational number v(«) € (0, 1) satisfies ax = 1 for all but finitely
many k. If y = [ay, a, . ..] is an irrational number of this type, then by Lemma 6.7 the
set ! (y) is a singleton set. It follows that Z; is countable, and hence has zero Hausdorff
dimension. Let us now define Zy := Z \ Z;. Since the Hausdorff dimension of a count-
able union of sets is equal to the supremum of their individual Hausdorff dimensions, to
prove that dimg(Z) = 0 as claimed it is sufficient (and indeed necessary) to show that
dimy(Zp) = 0. Moreover, it is sufficient to show that for some sequence of sets Ly whose
union covers (0, 1), each of the sets Zy Nt~ ! (L) has Hausdorff dimension equal to zero.
For the remainder of the proof, we fix a set L of the form [1/k, 1 — 1/k] with the aim of
showing that the set t~1(L) N Z( has Hausdorff dimension zero.
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Given natural numbers n, ay, ..., ay, let ', .. 4,) denote the half-open interval with
endpoints [ay, ..., a,] and [ay, ..., 1 4+ a,] which excludes the former endpoint but in-
cludes the latter. This interval consists precisely of those elements of (0, 1) which admit a
continued fraction expansion whose first n entries are ay, . . ., a, respectively, and whose
length is at least n 4+ 1. Given natural numbers n > 1 and ay, ..., a,, let us define
a) = t_l(L N F(a],...,an))-

.....

Note that by our choice of L, if n > 2 then the set Z(,,, .. 4,) 15 €ither empty or is equal to
all of ¢! (T'(ay,....ay))- For each N > 2 let us define Uy to be the set of all Z(,,, . 4,) such
thata, > 1,n > N, and a; = 1 for all k£ such that N < k < n. The reader may easily
verify that I'¢, . a) N Twy,...5,,) = @ when the vectors (ai, ..., a,) and (b1, ..., by)
are distinct, and furthermore,

.....

honzos | Zaeean (7.1)
(ar,....an)€Un

for every N > 2. We make the following key claim: if n > 2 is an integer, then for each

n-tuple of natural numbers (ay, ..., a,) € N" such that a, > 1 we have the inequality
diamI(al ’’’’ an) = angq", (7.2)
where p,/q, = lai,...,a,] in least terms, and K > 1 and 6 € (0, 1) are constants

depending only on L.
Let us prove this claim. Fix an integer n > 2 and suppose that Z(4, ... ,) is nonempty
with a, > 1. Let @ and a; be respectively the infimum and the supremum of Z,,, . 4,),

and let ; = v(o;) fori = 1,2. If n is odd then y; = [a1,...,1 + ay] and y» =
[ai, ..., a,], and if n is even then y; = [ay,...,a,] and y» = [ay, ..., 1 + a,]. Define
also py—1/qn-1 :=lai, ..., ap—1] = lim;_, lay, ..., ay—1, i]. Our objective is to bound

the difference oy — «g.

We consider first the case where 7 is odd, in which case p,_1/g,—1 < y1. Recall that
for a concave function defined on an interval [a, b], the average gradient in the interval is
greater than the value of any subgradient at b, and less than the value of any subgradient
at a. Since — log o is a subgradient of S at y», and — log «| is a subgradient of S at yy, it
follows that

S(2) — S(1) = (2 — y1)(—logan),
Sy = S(pu—1/qn—1) = (Y1 — Pn—1/qn-1)(—logay).

Adding these two inequalities together, we obtain
(2 —yD(=logaz) + (y1 — pn—1/qn-1)(—=loga1) < S(y2) — S(Pn—1/Gn-1)

and therefore

(V1 — Pn—1/qn-1)(logaz —logai) < S(y2) — S(Pn—1/qn-1)
+ (2 — Pn—1/qn-1) logas.
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Since L is a compact subinterval of (0, 1), (L) isa compact subinterval of (0, 00), so
there is a constant C > 0 depending on L such that [logx — logy| > C~!|x — y| for
every x, y € L. Hence

C_l(otz — 1) <logay —loga;

(Vz—pn—l/qn—l)(s(yz) — S(Pu=1/qn—-1) )
< +logas ).
Y1 — Pn—1/qn—1 Y2 = Pn—1/qn—1
Let pp—2/qn—2 = lay, ..., ay,—2] in least terms. Since

v = (1 4+ an)pn—1 + pn—2 __ GnPn—1 + pn—2

- ’ 2 ’
(I +an)qn—1+ qu—2 andn—1 + qn-2
and g, —1 pn—2 — gn—2pn—1 = 1 it follows that
qn—
Y2 — Pn—1/qn-1 _ 1/(%%%_1 + gn—19n-2) _ 1 +an+qn__? - 2+ ay,

V1= Pot/qn-1t /(1 4+a)q; | +qn-190-2)  an+ 22 an

1

<3.

Applying Lemma 6.5, we obtain

S(y2) — S(pn—1/gn-1)
Y2 = Pn—1/qn—1

o —ap < 3C(—1)"+1< + log(xz) < 3CK g,

as required, which completes the proof of the claim in the case where n is odd.

We now consider the case in which 7 is even. In this case we have p,_1/g,—1 > V2.
By comparing subgradients in a similar manner to the odd case we arrive at the inequali-
ties

S(y2) — Sy < (2 — y)(=logay),
S(Pn-1/qn-1) — S(2) < (Pn—-1/gn—1 — y2)(—logaz).

Adding these two inequalities yields
S(Pn—1/qn—1) — S(1) = (Pn—1/gn—1 — y2)(=logaz) + (y2 — y1)(—logay)
and therefore
S(Pn—1/gn—1) —S(1) + (Pn—1/gn—1 —y1) logar = (Y2 — pn—1/gn-1)(log s —logay).

Dividing by the negative real number y» — p,_1/¢n,—1 We obtain

V1= Pn=1/qn—-1\ { S — S(Pn-1/qn-1)
logay —logay < — + log o
Y2 — Pn—1/qn-1 Y1 — Pn—1/qn-1
S —S(p,— _
- 3(_1)n+1( (1) = S(Pn—-1/qn-1) +loga1),
V1 — Pn—1/qn-1

and it follows using Lemma 6.5 that oy — oy < 3CK¢,09" as before. This completes the
proof of the claim.
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We may now show directly that t~1(L) N Zy has Hausdorff dimension zero. We re-
call the definition of the Hausdorff dimension of a set Y C R. For each A > 0, the
A-dimensional Hausdorff outer measure of the set Y is defined to be the quantity

hmsuplnf[Z(dlam U*:vyc U U and sup diamU < §
§—0 Ueld Ueld

where each U/ is a collection of subsets of R. The Hausdorff dimension of the set Y is then
defined to be the infimum of the set of all A > 0 such that the A-dimensional Hausdorff
outer measure of Y is zero, or equivalently the infimum of the set of all A > 0 for which
this value is finite.

Let A € (0, 1], and choose any § > 0. We saw in (7.1) that the union of the elements
of Uy contains t~!(L) N Z for every N > 2. It follows from (7.2) that if N is large
enough then every element of /y has diameter less than §. For any such N we have

Z (diamZ4, . 4 )))‘ < Z (K gn6%)*

(ay,...,an)EUN (@y,...,an)EUN
oo gq—1
< Y (Ko =) K'qhoM
r/q€QNn(0,1) q=2p=1

K6*(1 +6%)
29\
<KZ 6% = 1_9)»)3 ’

and since this bound is independent of §, we conclude that the A-dimensional Hausdorff
measure of t~! (L) N Zj is finite. Since A may be chosen arbitrarily close to 0, we conclude
that dimyg (t~'(L) N Zo) = 0 as required. The proof of Theorem 2.3(iii) is complete.

8. Explicit formulae

In this section we prove Theorem 2.5 and present some bounds which can be used for
practical computation of t~!(y) in the special case of the matrices defined by (1.1) when
y is not too well approximated by rationals. In [13] we proved the following result (the
indexing of the sequences in the statement of Theorem 8.1 has been adjusted so as to
agree with the conventions used elsewhere in this section):

Theorem 8.1. Let (1,);,2 ) denote the sequence of integers defined by T := 1, 11, Tg
=2, and
Tptl '= TuTu—1 — Tn—2 foralln >0, 8.1)

and let (Fy);2, denote the sequence of Fibonacci numbers, defined by Fy := 1, Fy := 1
and F,y1 := F, + F,_ for alln > 1. For each o > 0 let A, be the pair of matrices
defined by (1.1), and define a real number o, € (0, 1] by

n n+1
T Frii\ (=1 00 _ (=D*LE,
@ = lim [ 2 = |- =2 . (8.2)
n— o0 .L,Fn 0 Tn—lfn

n+1 n=

:I
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Then this infinite product converges unconditionally, and A, does not have the finiteness
property. The numerical value of the constant o is

oy 2~ 0.74932654633036755794396194809 . . ..

Here «, is in fact the unique positive real number such that v(oy) = 3 — V5) /2. This
particular constant was studied because y; := (3 — +/5)/2 has a particularly simple
continued fraction expansion: we have y, = [2,1,1,1,1,...], which is the simplest
possible expansion of an element of (0, 1/2) \ Q.

Now that Theorem 2.3 has been proved, the proof of Theorem 2.5 may be obtained in
a manner essentially similar to the proof of Theorem 8.1:

Proof of Theorem 2.5. Let v, (q,), (s,) and (p,) be as in the statement of the theo-
rem, and let v be as in Definition 2.2. An inductive argument as used in §4 shows that
Isnl1 = pn and |s,| = g, for every n > 1. In particular, ¢(s,) = pn/q, for alln > 1 and
therefore g, ' 1og py = S(pn/qn) for every positive integer n by Proposition 3.4. By The-
orem 2.3(i) the function v is continuous, nondecreasing, and satisfies t((0, o0)) 2 (0, 1).
In particular, t~!(y) is nonempty, and is either a point or a closed interval. A conse-
quence of Theorem 2.3(iii) is that t~!(y) has empty interior, and we conclude that there
is a unique point o, € (0, 00) which satisfies t(ay,) = y. It follows via Proposition 3.4
that —log o, € R is the unique subderivative of S at y, and hence S is differentiable at y
with §’'(y) = —loga, . We may therefore calculate

Pl _ (P L -1
/ . S(QH 1 ) S(Qtz) : dn+1 10g Pn+1 qn log Pn
S'(y) = lim —&l "Nl ey e
n—00 Dntl _ Pn n—o0 Pntl _ Pn
dn+1 qn qn+1 4qn

— lim qn 10g Pu+1 — qn+110g oy
n—00 4nPn+1 — 4n+1DPn

the existence of all of these limits being guaranteed by the differentiability of S at . By
rearranging we obtain

, panrl (=n"
ay =t ()= = lim ( ’; )

n—oo pnn—i-l

= lim (=1)"(gn l0g pn+1 — gnt110g pp),
n—00

as claimed. To derive the product expression for «,, let us define

n 1"
o (,OZ +1)( )
n-— qil
pn+1

for each n > —1, and observe that

oy _ (pZ”Jrlpnq”_l >(1)n _ <p’al”+1q”pz"_l >(1)n _ <p2’1+1pn—l )(anhl
ap—1 pin o o Pnt1

for each n > 0, where we have used the relation g,+1 = a,+19n + gn—1. We also have

_ (49’ 1
o™ p(ADY p(AD)

q-1
)
o_| =
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Hence
N N An+1 (—1)"61"
1 _
@, = lim ay = lim a i [[ —* = lim 1‘[(”” Pn ‘)
N—o0 N—o0 =0 Op—1 N—o0 p(A]) =0 Pn+1
_ 1 ﬁ(pff”“pn1>(”"""
p(A) LA\ pus
as claimed. The proof is complete. O

For the remainder of the section we let {A, : @ > 0} be the specific family of matrices
defined by (1.1). In this case we have p(A;) = 1, which means that the term 1/p(A1)
may be removed from the infinite product formula in Theorem 2.5. Let y € (0, 1) with
infinite continued fraction expansion given by y = [ay, a2, a3, ... ], and let p, /g, be the
nth convergent of y. In view of the identity Ag = Aj, by replacing y with 1 — y and
a with 1/« if necessary, we will assume without loss of generality that « € (0, 1) and
y € (0, 1/2), which is equivalent to a; > 2.

Let us consider the sequence of words specified by y given by s_1 = 1, 59 = 0,
s = sg'_ls_l and s,41 = s,?”“sn_l for all n > 1. Since s, prefixes s,41 for every n,
it follows that s, prefixes s; for every k > n. Since furthermore the lengths [s,| = g,
tend to infinity, it follows that there is a unique infinite word s, € 37 which is prefixed
by every s,. In particular, this word is balanced, and it is recurrent: for each n > 0 the
prefix s,—1 occurs in at least two distinct locations in the prefix s,41, hence in at least
four distinct locations in the prefix s,43, and so forth, so that every subword of s, recurs
in infinitely many positions.

Since ¢(sp) = pn/qn, we have ¢(s,) — y as n — oo and using Theorem 2.1 it
follows that soc € X,. For y = y, the word s is none other than the Fibonacci word
010010101001 . . ., which is the fixed point of the substitution 0 — 01, 1 — 0 (see [10,
22]).

Define B,, = A(s,,) foreachn > —1. We have B_| = A, By = Ag, B] = Ag'_lAl,
and

Buy1=B"'B,_1, n>1 (8.3)

Put t, = tr B, and p, = p(B,) as before. Note that since det B, = 1 we have 7, =
on + ,on’1 and conversely p, = %(rn + /T2 —4). In particular, 7, ~ p, as n — o0.
Subject to the above hypotheses we will prove the following rigorous estimate for the
error in approximating o, by a partial product:

Proposition 8.2. Suppose there exists a constant L > 0 and an integer ng > 3 such that

gn < Lpn—1 foralln > ny. (8.4)
Then for every N > ny,
N ap4-1 _ (_l)n%l 2LC
logar, — log<l_[ (w) ) ’ === 85)
n:0 p}’l-‘rl pN

where Cy := 16(a; + )(a1 +2) + L.
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Remark 8.3. The assumption (8.4) is very weak. In particular, it holds for any non-
Liouville y—see Lemma 8.7 below.

In the special case where the continued fraction coefficients of y are bounded, Propo-
sition 8.2 lends itself to particularly easy verification. We have:

Corollary 8.4. Suppose there exist integers K > 2 and ng > 3 and a constant L > 0
such that the inequalities qny+1 < Lpn, and sup{ay : k > 2+ ng} < K — 1 are satisfied
and the matrix B,,_1 — K - I is nonnegative, where I denotes the identity. Then (8.5)
holds for every N > ny.

Since the spectral radii p, grow superexponentially as a function of n (see Lemma 8.5
below), this allows very exact estimates to be made using relatively few terms. In order
to prove the proposition and its corollary we require two lemmas. The following result is
the technical core of the proof:

Lemma 8.5. The inequality

Pn+1 Co
I 86)
Pn Pn—1 Pr_1

holds for all n > 1, where Cy is as in Proposition 8.2. In particular, p,4+1 ~ pg"“pn_l
asn — oo.

Proof. We first construct an auxiliary continued fraction as follows:
B=Ild,1,dr,1,d31,...],

where di = a; — 1 and dy, is the number of zeros between the kth and (k + 1)st unities
in so for k > 2. For instance, for a; = 2 and a; = 1 for k > 2 (i.e., the Fibonacci word
Seo) Wehave 8 =1[1,1,2,1,1,1,2,...]. We denote

B=1[b1,by,...].

Note that since the number of consecutive zeros in s, is bounded by a; (see, e.g., [22]),
we have by < a; for all k.
Let ug = 1, and for each n > 1 let u,, denote the length of the word constructed from

s, by replacing every string of consecutive zeros with a single zero. That is, s; = 041 ~11,
whence u; = 2; sp = (O‘“_1 1)?20, whence up = 2ap + 1, etc. Define also

Py

— =1[b1,..., bkl

Ok
Recall the following well known relation between matrix products involving powers of
Ao, A1, and continued fractions:

1 0 1 a,_ 1 0 _
am AGm—1 441 _ m—11Y — Pm  Pm—1
Al AO Al B (am 1> (0 1 > (al 1) (q;n qm—l>
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if m is odd, and

_ 1 a 1 0 1 0 Pm—1 DPm
Al/lm Aam L. Aal — m .o = m
! 0 ! (0 1 > <am—1 1> <Cl1 1) (Qm—l dm

if m is even (see, e.g., [11]). Hence
P, P,_
o Pl s odd,
Qun Qu,l—l

Pu,lfl Pu,, .
, Up 1S even.
Qun—l Qun

Let us compute the eigenvectors for B, of the first type:

PM" Pun_l En _ En
<Qun Qu,,_1> (1) =t ( 1) , (8.8)

where A, = p, or p, !. Solving this system, we get a quadratic equation:

B, = 8.7)

Qungr% + (Qu,l—l - Pu,,)é:n - Pun—l =0.

Dividing it by Q,,, we obtain

2 Qu,,fl _ i) _ Punfl . Qunf] -0 8.9
%-n + ( Qu,, Qun Sn Qu,l—l Qun ’ ( . )
whence
Qu,,—l Pu,, Qu,,—l Pun_l )
: ) =&, _p) 2t ~8). 8.10
(g 0., )(5 P s(Qu,, g )+ O, (Qu,ll P ®10

Let from here on &, stand for the positive root of (8.9). From (8.8) it follows that Q,, &, +

Quy—1 = pn <t = Py, + Qu,—1, whence &, < P, /Q,, < 1.
Since the by are bounded, we have

1
L s <bhil=a+1. @.11)
Qk—1 b1+ ...
Hence from (8.10),

|En—ﬂ|§(al+1)~<

Pu Pu —1
oo fzz-A)
Qu,, Qu,,—l

By (8.11), we have

Py,

1 1
— <
Ou,

< Pun—l
N Q”n Qun+1 N an

Qunf]

1 a;+1
< <
QMn Qlftnfl Qun

(8.12)

f -
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Hence
+1 +2
B — &l < %

Since p, < v, = Py, + Qu,—1, we have p, < 20Q,,, whence

c
Iﬁ—%‘nlfp—zl, (8.13)

where
Ci1 =4(a1 + (a1 +2).

(In the case of even u,, we have 1, = P,,—1 + Qu, < 20y, , so (8.13) holds as well.)
Let &, < 0 denote the other solution of (8.9). Put

& &,
)

‘We have

We want to apply the change of coordinates given by D, to the equation (8.3) and then
obtain a relation for the traces. Since tr(Dn_an_H D) =tr Byt = Tyl = Pnt1 + ,on_il,

we will be only concerned with estimating tr(D,; LB, _1D,).
Assume that u,,_ is even; then

P, .1 P
B = Up—1 Up—1 .

n=l (Qu,,l—l Qun1>

(The case of odd u,_1 is completely analogous.) We have
- 1 1 =&\ (Py_ -1 P & &,
D 1B 1D, = n Un—1 Up—1 n n
n Pn—1Un £, — £/ <—l &, ) (Qunl—l Qu, , 1 1

— Pn—1 — I'n—1
. n—1 ’

-1 = é,;(én Qu,,,l—l - Pun,l—l) +&, Qun,l - Pun,l- (8.14)
By (8.12) and (8.13),

where

Cl . Qzun_l + 1
/On Qun—]"‘l

|‘§YlQun,1 - Pun,1| = |€I’l - ﬂlQu,hl + IIBQun,1 - Pu,,,1| =<

= Ciont 2 2Cy
- p Pn—1 " Pn-1
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in view of C; > 2, p, > pp—1.Since |BQy, -1 — Pu,_—1| < Qu_nl,l’ we have the same
bound for |§,Qu, ,—1 — Py, ;—1], whence from (8.14), in view of |§,| < 1,

4C

Faol < —L. (8.15)

Pn—1

By our construction,
1 nani pr‘;nJrl 0
Dn Bnn+ Dn = < 0 pn—dn+1> s

whence

An+1
_ 0 0 =T e
Dn 1Bn+an - ( ”0 p—an+1> (pn ! n=l ra 1) .
n . _

Taking the traces yields

Ap+1 —Ap+1
Tl = P (Tt —Fne1) + 00 7 1.

Using 1, = pp + o, ! we obtain

Pnt1 + ,0,,11 = o0 (onmt + 0,y = Fue) + o "

Therefore,
1- a»ﬁ’;H :rn_l+ a}m - 21 - 2arn_1 ’
on" Pn—1 Pn—1 Pat1Pn" Pn—1 Pp_y o on—i
whence
; P11 m-1__ Co

Ap+1 - 2 - 20,41

- = 2
Pn Pn—1 Pn—1 Pn Pn—1 Pr—-1
(in view of r,,,l/,o,%a”+1 < land Cy > 2), and

Pn+1 Fn—1 1 4C,y 1 4C1 +1 Co
1 Tl = + <5t 3 <—3 =

- < : . O
Pn Pn—1 Pn—1 pn—&-lp:zl -t Ph_1  Pr_g Pr_1 Pr_1q

We also require the following lower estimate on the growth of the sequence (o).

Lemma8.6. I[fn > 1 and K > 1 are integers such that the matrix B,_1 — K - I is
nonnegative, then p,+1 > Kp,. In particular, py,4+1 > 2p, foralln > 3.

Proof. Given a pair of matrices A and B we will use the notation A > B to mean that
the difference A — B is a nonnegative matrix. If A > B then obviously also tr A > tr B,
and AC > BC and CA > CB for any nonnegative matrix C. Note in particular that
Ap, A1 > I, and hence if C is any product of powers of Ag and A then C > [. It follows
that B,,+1 > B, foralln > 0.

Ifn,K > 1and B,_; > K - I, then B,y; = By""'B,_; > KB;"*' > KB, and
therefore 7,41 > K t,. It follows that

1 . K . 4
pn+1=§(fn+l+\/fn+1_4)23 Tn + ) > Kpn
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as required. Since a; > 2, we may estimate

By = BBy = (BY ' B_1)2By = (AD ' A)®Ag > AgAiAg = (© ) =21,
1 0 0 1 2

and as B,,_1 > By for all n > 3 it follows that p, 1 > 2p, foralln > 3 as claimed. O
We now give the proofs of Proposition 8.2 and Corollary 8.4.
Proof of Proposition 8.2. Let N > ng and define
N (panrlpnl >(—1)"Qn
oy = [[(2—L=t)
n=0 Pn+1

Using (8.6) together with the second clause of Lemma 8.6, we obtain

00

o0 An+1
1Y Pn—1 Pn+1
[loga, —logay| = Z (=D"gn log<u> < Z qn log<#>'
n=N+1 Pn+1 n=N+1 Pn Pn—1
ad Pn+1 = qn S 1
< Z qn 1— a1 < CO Z P < LCO Z
n=N+1 ' Pn—1 n=N-+1Pn-1 n=N+1 Pn=1
o 1 2LCy
n=2N;»] 2VHoy o
as required. O

Proof of Corollary 8.4. For each j > 1 we have

Gno+14j = Ang+1+jqno+j T Gno+j—1 = Kqny+j,

and it follows that g, 414 < K i Gng+1 for all j > 0. On the other hand since Bj,,—1 —
K1 is nonnegative, By4 j—> is nonnegative for every j > 1, and using Lemma 8.6 we
deduce that o, j > Kp,,+j—1 for all such j. We therefore have g,y 14; < K/ quo41 <

K/ Lppy < Lpny+j forall j > 0 and we may apply Proposition 8.2. O
Let us show that the hypothesis ¢, = O (p,—1) is valid for “typical” y in a suitable sense:
Lemma 8.7. If y is not Liouville, then g, < p,—1 for all sufficiently large n.

Proof. Since y is not Liouville, there exists § > 0 such that

n gt
Since
‘ - & S 1 )
qn qnqn+1

we have g1 < qfl . Thus, it suffices to show that q,f < pp for n large enough. By
Lemma 8.5, p, ~ pZ"_l,on_z, whence log p, ~ a,log p,—1 + log p,—>. Consequently,
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log p,, > const - g, (since g, = anqn—1 + gn—2). Now the claim follows from the fact that
the g, grow at least exponentially fast, whence log g, < ¢;. O

In fact the upper bound g, = O(p,—1) holds for “most” Liouville numbers as well.
Effectively, if this inequality fails, this means that a, > A%-! infinitely often for some
constant A > 1, which is an exceptionally strong condition.

Remark 8.8. It is natural to ask whether a formula like (8.2)—with traces instead of
spectral radii—holds in a more general case of irrational y (instead of (2.2), where the
multipliers are irrational). The answer is yes—provided, for example, the condition ¢, =
O (pp—1) holds. Indeed, this condition implies

1\ 4n+1

(1 + —2> —- 0, n— o0,
On

whence we can replace the spectral radii with the corresponding traces so as to obtain

Gn+1 N (—D" 00 An+1 (=D"gn
T T Tn—
a, = lim ( n ) =] |<—” n 1) . (8.16)

n—ee Tri]—ni-l n=0 Tn+l

Note that if the a, grow extremely fast (for instance, if a, = ¢g,—1), then (8.16) is false;
one can show that if it were true, then t—! (y) would be an interval, contradicting Theo-
rem 2.3(iii).

Fory = 33— ﬁ) /2 the formula (8.16) is exactly (8.2), in view of the recurrence
relation (8.1). Indeed, we have g,, = F, and

—1)"F, —1 rl+an
ﬁ(fnfrz—l>( ) N ﬁ(l_ Tn—2 )( )
n—0 Tn—1Tn

n=0 Tn—H

Remark 8.9. Despite having such a fast convergent infinite product for o,,, we still can-
not use it to claim that o, is irrational if y is irrational. Such a result would show that the
family (1.1) does not contain a counterexample to the rational finiteness conjecture (see
[17] for more detail).

Remark 8.10. Another natural question is whether there exists a recurrence relation—or
rather a sequence of such relations—for the 7,, in the case of a general irrational y. It can
be shown that if a,, and a,,+ are fixed, then there will be the same recurrence relation for
T,+1, irrespective of the rest of a;. However, even in the simple case a, = a,+1 = 2, for
instance, we have the relatively unstraightforward identity

2
Tatl =Ty Tl — —— — ——— — Tu—1.

And for larger a, and a,1, it becomes messier, though the two most significant terms
are always r: i — r,? "t /1, _1, provided the a, do not grow too fast. The authors are

grateful to Kevin Hare for helping them with these computations.



A devil’s staircase from joint spectral radii 1781

The following examples yield new explicit parameters « such that the system
{Ap, ¢ A1} does not possess the finiteness property:

Example 8.11. Put y = /5 — 2. Itis algebraic, and therefore not Liouville. Here o« =
0.4596704785 . ...

Example 8.12. Put y = <2 — 1 = [3,1,5,1,1,4,1,1,8,1,...]. Here « =
0.5587336687 ...

Example 8.13. Asis well known,e —2 =[1,2,1,1,4,1,1,6,1, 1,8, ...], which im-
plies that e is not Liouville. Put

e —

2
y = T = 0.4180232931...=12,2,1,1,4,1,1,6,1, 1,8, ...].

e —

Here o = 0.7904851693 .. ..

Acknowledgments. The proof of the impossibility of the equation (5.3) was facilitated by discus-
sions which took place on the MathOverflow website. The authors would like to thank I. Agol and
Q. Yuan for helpful conversations pertaining to this proof, and the administrators of the MathOver-
flow website for making these interactions possible.

The authors are indebted to Kevin Hare for many stimulating discussions and insights.

Ian Morris was supported as a Postdoctoral Research Fellow by the ERC grant MALADY (AdG
246953).

References

[1] Ahmadi, A. A., Jungers, R., Parrilo, P. A., Roozbehani, M.: Analysis of the joint spectral
radius via Lyapunov functions on path-complete graphs. In: Proc. 14th International Confer-
ence on Hybrid Systems: Computation and Control, HSCC 11, New York, NY, ACM, 13-22
(2011)

[2] Bhatia, R.: Matrix Analysis. Grad. Texts in Math. 169, Springer, New York (1997)
7Zbl 0863.15001 MR 1477662

[3] Blondel, V. D., Theys, J., Vladimirov, A. A.: An elementary counterexample to the finiteness
conjecture. SIAM J. Matrix Anal. Appl. 24, 963-970 (2003) Zbl 1043.15007 MR 2003315
[4] Bousch, T., Mairesse, J.: Asymptotic height optimization for topical IFS, Tetris heaps, and the
finiteness conjecture. J. Amer. Math. Soc. 15, 77-111 (2002) Zbl 1057.49007 MR 1862798

[5] Chang, C.-T., Blondel, V. D.: Approximating the joint spectral radius using a genetic algo-
rithm framework. In: 18th IFAC World Congress IFAC WC2011, no. 1, 1-6 (2011)

[6] Cicone, A., Guglielmi, N., Serra-Capizzano, S., Zennaro, M.: Finiteness property of pairs of
2 x 2 sign-matrices via real extremal polytope norms. Linear Algebra Appl. 432, 796-816
(2010) Zbl 1186.15006 MR 2577718

[7] Dai, X., Huang, Y., Liu, J., Xiao, M.: The finite-step realizability of the joint spectral radius of
a pair of d x d matrices one of which being rank-one. Linear Algebra Appl. 437, 1548-1561
(2012) Zbl 1250.15011 MR 2946341

[8] Dai, X., Kozyakin, V. S.: Finiteness property of a bounded set of matrices with uniformly
sub-peripheral spectrum. Information Processes 11, 253-261 (2011)


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0863.15001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1477662
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1043.15007&format=complete
http://www.ams.org/mathscinet-getitem?mr=2003315
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1057.49007&format=complete
http://www.ams.org/mathscinet-getitem?mr=1862798
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1186.15006&format=complete
http://www.ams.org/mathscinet-getitem?mr=2577718
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1250.15011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2946341

1782 Ian D. Morris, Nikita Sidorov

[9] Elsner, L.: The generalized spectral-radius theorem: an analytic-geometric proof. In: Pro-
ceedings of the Workshop “Nonnegative Matrices, Applications and Generalizations” and the
Eighth Haifa Matrix Theory Conference (Haifa, 1993), Linear Algebra Appl. 220, 151-159
(1995) Zbl 0828.15006 MR 1334574

[10] Fogg, N. P.: Substitutions in Dynamics, Arithmetics and Combinatorics. Lecture Notes in
Math. 1794, Springer, Berlin (2002) Zbl 1014.11015 MR 1970385

[11] Frame, J. S.: Continued fractions and matrices. Amer. Math. Monthly 56, 98-103 (1949)
MR 1527170

[12] Guglielmi, N., Protasov, V.: Exact computation of joint spectral characteristics of linear oper-
ators. Found. Comput. Math. 13, 37-97 (2013) Zbl pre06153962 MR 3009529

[13] Hare, K. G., Morris, I. D., Sidorov, N., Theys, J.: An explicit counterexample to the
Lagarias—Wang finiteness conjecture. Adv. Math. 226, 4667-4701 (2011) Zbl 1218.15005
MR 2775881

[14] Heil, C., Strang, G.: Continuity of the joint spectral radius: application to wavelets. In: Linear
Algebra for Signal Processing (Minneapolis, MN, 1992), IMA Vol. Math. Appl. 69, Springer,
New York, 51-61 (1995) Zbl 0823.15009 MR 1351732

[15] Horn, R. A., Johnson, C. R.: Matrix Analysis. Cambridge Univ. Press, Cambridge (1985)
Zbl 0576.15001 MR 0832183

[16] Jungers, R.: The Joint Spectral Radius. Lecture Notes in Control and Information Sci. 385,
Springer, Berlin (2009) MR 2507938

[17] Jungers, R. M., Blondel, V. D.: On the finiteness property for rational matrices. Linear Algebra
Appl. 428, 2283-2295 (2008) Zbl 1148.15004 MR 2405245

[18] Khinchin, A. Y.: Continued Fractions. Dover Publ., Mineola, NY (1997) MR 1451873

[19] Kozyakin, V. S.: A dynamical systems construction of a counterexample to the finiteness
conjecture. In: Proceedings of the 44th IEEE Conference on Decision and Control, and the
European Control Conference 2005, Seville, 2338-2343 (2005)

[20] Kozyakin, V. S.: A relaxation scheme for computation of the joint spectral radius of matrix
sets. J. Differ. Equations Appl. 17, 185-201 (2011) Zbl 1214.65015 MR 2783343

[21] Lagarias, J. C., Wang, Y.: The finiteness conjecture for the generalized spectral radius of a set
of matrices. Linear Algebra Appl. 214, 17-42 (1995) Zbl 0818.15007 MR 1311628

[22] Lothaire, M.: Algebraic Combinatorics on Words. Encyclopedia Math. Appl. 90, Cambridge
Univ. Press, Cambridge (2002) Zbl 1001.68093 MR 1905123

[23] Morris, I. D.: A rapidly-converging lower bound for the joint spectral radius via multiplicative
ergodic theory. Adv. Math. 225, 3425-3445 (2010) Zbl 1205.15032 MR 2729011

[24] Morris, 1. D.: Mather sets for sequences of matrices and applications to the theory of joint
spectral radii. Proc. London Math. Soc., to appear

[25] Morse, M., Hedlund, G. A.: Symbolic dynamics II. Sturmian trajectories. Amer. J. Math. 62,
1-42 (1940) Zbl 0022.34003 MR 0000745

[26] Protasov, V. Y., Jungers, R. M., Blondel, V. D.: Joint spectral characteristics of matrices:
a conic programming approach. SIAM J. Matrix Anal. Appl. 31, 2146-2162 (2009/10)
Zbl 1203.65093 MR 2678961

[27] Rockafellar, R. T.: Convex Analysis. Princeton Landmarks in Math., Princeton Univ. Press,
Princeton, NJ (1997) (reprint of the 1970 original) Zbl 0932.90001 MR 1451876

[28] Rota, G.-C.: Gian-Carlo Rota on Analysis and Probability. Contemp. Mathematicians,
Birkhiuser Boston, Boston, MA (2003) Zbl 1159.01014 MR 1944526

[29] Rota, G.-C., Strang, G.: A note on the joint spectral radius. Nederl. Akad. Wetensch. Proc.
Ser. A 63 = Indag. Math. 22, 379-381 (1960) Zbl 0095.09701 MR 0147922

[30] Theys, J.: Joint spectral radius: theory and approximations. PhD thesis, Université Catholique
de Louvain (2005)


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0828.15006&format=complete
http://www.ams.org/mathscinet-getitem?mr=1334574
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1014.11015&format=complete
http://www.ams.org/mathscinet-getitem?mr=1970385
http://www.ams.org/mathscinet-getitem?mr=1527170
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06153962&format=complete
http://www.ams.org/mathscinet-getitem?mr=3009529
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1218.15005&format=complete
http://www.ams.org/mathscinet-getitem?mr=2775881
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0823.15009&format=complete
http://www.ams.org/mathscinet-getitem?mr=1351732
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0576.15001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0832183
http://www.ams.org/mathscinet-getitem?mr=2507938
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1148.15004&format=complete
http://www.ams.org/mathscinet-getitem?mr=2405245
http://www.ams.org/mathscinet-getitem?mr=1451873
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1214.65015&format=complete
http://www.ams.org/mathscinet-getitem?mr=2783343
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0818.15007&format=complete
http://www.ams.org/mathscinet-getitem?mr=1311628
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1001.68093&format=complete
http://www.ams.org/mathscinet-getitem?mr=1905123
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1205.15032&format=complete
http://www.ams.org/mathscinet-getitem?mr=2729011
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0022.34003&format=complete
http://www.ams.org/mathscinet-getitem?mr=0000745
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1203.65093&format=complete
http://www.ams.org/mathscinet-getitem?mr=2678961
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0932.90001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1451876
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1159.01014&format=complete
http://www.ams.org/mathscinet-getitem?mr=1944526
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0095.09701&format=complete
http://www.ams.org/mathscinet-getitem?mr=0147922

	Introduction
	Notation and statement of results
	Convex analysis and continuity of the 1-ratio
	Standard words
	Preimages of rational points
	Preimages of irrational points: preliminaries
	Preimages of irrational points: proof of Theorem
	Explicit formulae
	References

