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Abstract. Extending our previous work [9], we show that the Cauchy problem for wave equations
with critical exponential nonlinearities in two space dimensions is globally well-posed for arbitrary
smooth initial data.

1. Introduction
Consider the equation

Uy — Au + ue” =0 onR x R2. (1

In [2] Ibrahim, Majdoub, and Masmoudi demonstrated that the initial value problem for
equation (1) is well-posed for smooth Cauchy data

(e, ur)),_y = (uo, u1) )
with initial energy
E(0)) = / e(u(0)) dx < 27, 3)
RZ
where ,
e(u) = S(lu* + [Vul* + e = 1). )

Equation (1) is closely related to the critical Sobolev embedding in two space dimensions
defined by the Moser—Trudinger inequality

sup e dx < C(a)|Q (5)
ueH} (Q), \|Vu||iz(m§1
for any bounded domain € C R? having 2-dimensional Lebesgue measure |$2| and any
o < 4m, with a constant C(«) < oo independent of Q; see [6], [11]. For ¢ > 4m the
above supremum is infinite. In particular, when E (1(0)) > 2, not even a locally uniform

. . . 2 . . .
spatial L'-bound is available for the term ue"” . In analogy with nonlinear wave equations

uyy — Au—+ulul’2=0 onRxR" (6)
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with p > 2n/(n —2) in n > 3 space dimensions, where the nonlinear term cannot be
bounded in the dual space of H' in terms of the Dirichlet energy, the Cauchy prob-
lem for equation (1) was therefore termed “supercritical” for initial data with energy
Eu(0)) > 2. The recent results [1], [3] of Ibrahim, Jrad, Majdoub, and Masmoudi,
showing that the local solution of the Cauchy problem (1), (2) does not depend on the
initial data in a locally uniformly continuous fashion when E(x(0)) > 2w, seemed to
further justify this classification.

However, in contrast with these results, in [9] we were able to show that the Cauchy
problem (1), (2) is well-posed in the radially symmetric case, regardless of the size of the
data. Here we show that the restriction (3) is not needed in the general case either.

Theorem 1.1. For any ug, u; € C®(R?) there exists a unique, smooth solution u to the
Cauchy problem (1), (2), defined for all time.

The proof of Theorem 1.1 is strikingly different from the proof of the companion result
in the spherically symmetric setting. In the latter case, locally uniform pointwise bounds
for the solution away from x = 0 permit one to rule out blow-up by means of standard
multipliers. In contrast, in the present setting the usual multiplier technique only seems to
give decay of the energy in the interior of any light cone, and full control only of certain
components. In particular, we cannot rule out outgoing waves concentrating energy near
the lateral boundary of the light cone. However, in combination with a subtle improvement
of the Moser—Trudinger inequality (5), stated as Lemma 4.3 below, the partial control of
the energy that we achieve allows us to improve the bounds for the nonlinear term in
equation (1) sufficiently for ruling out blow-up. Lemma 4.3 may also be of interest in
itself.

Note that no weighted energy estimates are required in the proof, as would be expected
in a truly “supercritical” context. It thus appears that problem (1), (2) still belongs to
the realm of “critical” equations. More generally, it seems that this may be true for all
problems where smallness of the energy implies regularity, as in the present case. See [3],
[5], [8], [10] for recent results on supercritical wave equations, and [7] for background
material on nonlinear wave equations in general.

2. Basic estimates

For the proof of Theorem 1.1 we argue indirectly, as in [9]; that is, we suppose that the
local solution u to (1), (2) for certain Cauchy data ugp, u; € C % (R?) cannot be smoothly
extended to a neighborhood of some point (7p, xg) where Ty > 0. As shown in [9], we
may assume that ug, u; are compactly supported, T > 0, and that u € C*([0, To[ xRR?).

After translating the origin of our coordinate system to the point xg, if necessary,
we may assume that xo = 0. Also shifting time by 7y and then reversing the arrow
of time, in the following we may assume that we have a compactly supported solution
u € C*(]0, To] x R?) of (1) blowing up at (0, 0).

We now briefly recall some standard estimates from [9] that will also be needed for
the present approach.
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2.1. Energy inequality and flux decay

Upon multiplying (1) by u; we obtain the conservation law
d .
0= d—te(u) —div(Vu - uy) 7)

for the energy density e(u) and the density of momentum
m(u) = Vu - uy.

In the following, we only will make use of equation (7) on compact regions. In order
to simplify later computations, we therefore now drop the term —1 in the definition of
e(u) above and henceforth let

2
e() = A(lug)* + |Vul* + ).

The original definition (4) was made to ensure that compactly supported functions u have
finite total energy.
Since clearly |m(u)| < e(u), integration of (7) over a truncated light cone yields

E(u(), Br(xo0)) 1=/B ( )e(u(t))dx < E(u(s 1), Bry|s|(x0)) ®
R(X0

for any xo € R2,R>0,and0 < s +1,¢ < Ty. In particular, energy will spread with
speed at most 1.

Estimate (8) neglects the flux terms, which will be important later. Of particular inter-
est will be the case when xo = 0. For 0 < § < T < T denote by v(y) = u(|y|, y) the
restriction of u to the lateral boundary

M =f{z=(t,2);S<t=T, |x|=1)
of the truncated forward light cone
K{={z=(t.x): S<t<T, |x] <1}
with vertex at z = (0, 0). Upon integrating (7) over K g we then find the identity
Eu(S), Bs(0)) 4 Flux(u, MST) = E(T), Br(0)) ©)]

forall0 < S < T < Ty, where

1

Flux (u, MST) == / (Vv|* + e”z) dy
2 JBr(0)\Bs(0)

is the energy flux through Mg. Similar identities hold on any region with space-like or
null boundary, for instance, in the intersection of a truncated forward light cone with a
backward light cone, or with the complement of a backward light cone.
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By (9), in particular, limg o £(u(T), Br(0)) exists and we deduce decay of the flux

Flux(u, M{) := sup Flux(u,M{) -0 asT | 0. (10)
0<S<T

Finally, we also have
E(T), Br(0)) < E(u(To), Br,(0)) =: Eo an

for0 < T < Tp. Set MT = MOT, KT = KOT for brevity.

2.2. Blow-up criterion

The work of Ibrahim, Majdoub, and Masmoudi [2] gives rise to the following characteri-
zation of blow-up through concentration of energy.

Lemma 2.1. There exists g9 > 0 such that
E(T), Br(0)) >e9 forall0 <T <Ty. (12)

The short proof of Lemma 2.1 given in [9] also works in the nonsymmetric case.

2.3. Pointwise estimates

Without any symmetry assumption we clearly cannot expect to obtain the same pointwise
estimates away from x = 0 that we were able to employ in [9]. However, we can still
obtain bounds for the spherical averages

v =0(t) = 1 /h v(te'?) do
27 0

of v, the trace of u on MT0. Indeed, for0 <t < T; < Tp by Holder’s inequality we can
bound

T T, i g 1/2
v < [v(T)| +/ [0'(s)lds < |[v(T)| + (/ IV|%s ds / T)
t t

t

< [5(T)| + 72 Flux'2(u, M) log/2(Ty /1).
In view of (10) we may choose 0 < T7 < min{1, Ty} to ensure that for all 0 < ¢ < T,
Flux'/2(u, M) < Flux/?@u, M™) < 1/3.

We then fix 0 < T, < T so that 8|v(T})| < logl/z(l/t) for 0 < t < T5. Also observing
that log(77/t) < log(1/t) for our choice of T}, we thus obtain the bound

415(1)| <log'?(1/1) forall0 <1 < T». (13)
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3. Partial energy decay

Introduce polar coordinates (r, ¢). The conservation law (7) may then be written in the
form

3 (re) — d,(rm) = r~" 9y (usup), (14)

where now
e=ce(u) = %(ut2 + u% + r_zué + e”z), m=mu) = usu,.

Multiplying (1) by x - Vu we also obtain the identity

0= %(utx -Vu) — div<Vux -Vu — %(|Vu|2 — ue* + 6“2)> F g — e
In polar coordinates this reads

& (PPusuy) — %ar(rz(u? + u% et = rfzué)) + r(ut2 — e“z) = ¢ (urug),
that is, we have
3 (r2m) — 3,2 (e — @) + r(u® — &) = By (urug). (15)
where
q =qu) = rfzué e

Finally, we multiply (1) by u — v to obtain the equation

0= %(u,(u — 0)) — div(Vau(u — 5)) + [Vul® — s 2 + u, b, + u(u — 0)e*’,
that is,

3 (rty (u — B)) — By (raty (u — ) 4 7 (1Vae? = g > + 1,0, + u(u — 0)e”)
=10 ((u — D)ug). (16)

Multiplying equation (14) by r/t, we obtain
2 2 2
r r r r _
3,(76) — 8,<Tm> + ¢ + om= t 18¢(u,u¢). a7

Likewise, upon dividing (15) and (16) by ¢ we find the expressions

r2 r2 oo, 2 r2 1
0r Tm — 0 T(e—q) —i—;(ul—e )—i—t—zm:t 0p (urug) (18)
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and

u—0

r _ r _ r 2 2 _ _ M2
0y ;ut(u—v) — 0 ?u,(u—v) +; IVu | — |us|* +usv; +u; +u(u—v)e

t
_a(T __+|u—17|2 ol s
= t(;(”t(u v) 2 )) r(;ur(u U))

= =12
r _ _u—-v u—v _ 2
+ ;(lVIHz - |Mt|2 + u;vr + vt ; + | 2 | +u(u —v)e )

1 _
= r_ta¢((u — D)ug), (19)

respectively. Dividing both sides of (19) by 2, adding (17), and also adding (18), we then
arrive at the equation

9 r? e u—l7+|u—t7|2 5 r? o u—v
el K4 m u — —\le— m u
"\t "or drt "\t 4 " or
-7 |u—1_)|2+u(u—1_))—36u2>

(14 D) et m) 4 st
- - e m — UV V.
' t 2 T oy 212 2

_ u—v
=t 18¢<<ur+u,+ > >u¢,> (20)

Similarly, subtracting (17) from the sum of (18) and 1/2 times (19), we obtain

5 r? n u—17+|u—17|2 5 r? n u—1v
—|m—-—e+u - —|le—g—m+u
"\t "o 4rt "\t d "o

ATAY )+1 _+_u—1_)+|u—17|2+u(u—1_))—3u2
- - = e —m —U;v V. e
t t D 212 2

= t_18¢<<ur —u + ”;”)u¢>. (21)

In the following we repeatedly make use of Young’s inequality 2ab < 8a® + §~'b?
for any a, b, § > 0. The letter C will denote a generic constant independent of u, T, etc.,
unless otherwise stated. Its value may change from line to line and even within the same
line.

Lemma 3.1. For0 < T < min{T, e~} we have

/ 14+ ) e+ )+|”_ﬁ|2+1| 52e? ) U _ o+ Ey)
- 4 m —(u — vl e _— .
KT t 212 4 t = 0
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Proof. Forfixed0 < T < min{T>, e~} and 0 < S < T we integrate (20) over the region
where 0 < S <t <T,0<r <t,0 < ¢ < 2m corresponding to the truncated cone Kg
to obtain

. r lu—o> 1, _, 2\ dxdt
teim f (1 )erm + B+ gu—oper ) S8

T et oplm g, r u—1o* 1 2
= “((1+-= —u— 0% | do drdt
/S /0/0 t(( —i—t)(e—i-m)-i- Y +4|u v|°e ) o dr

<Hn+MI+1V+V,

with 1, 111, and IV corresponding to the boundary terms and with ‘error’ term

/ (1 o _u—1 u2—62—6uz)dxdt
V=- —U Vs + Uy + e .
KST 2 2t 4 t

Recalling that e 4 m > 0 and using Young’s inequality to estimate

u—v

2t

- 1| |2+|u—1_)|2 - +|u—1')|2
—|U e
=2 42— 412

Uy

for any ¢, we can bound the top boundary term:

r u—1v  |lu—v?
1= - —Ne+m~+u;— + dx
{T}x By (0) t 2r 4rt
u—7 |u—1o)?

-
= — —(e+m)+u——+ )dXS/ edx < Ep.
/{‘T}xBT(O)(T 2T 412 {T}xBr (0)

Also using Poincaré’s inequality

lu — )2 )
s—dx <C |Vul|? dx (22)
{t)xB, () {t}x B, (0)

forany 0 < t < T, in similar fashion we can bound the term corresponding to the lower
boundary:

r u—7v  |u—1v)?
11l = —\e+m—+u + dx
{S}x Bs(0) t 2r 4rt
lu — o

5/ <£(e—|—m)+e+ 5 )dxfC/ edx < CEy.
{S)xBs©) \ S 28 [S}x Bs(0)

Moreover, for the lateral boundary component we have

T pim 2 u—v u—o?
IV:f f T(Z(e—i—m)—q—i—(ur—i-u,) " —|—| | )d¢dt
S 0

2 4rt

1 ) v—1 |v—1)?
ZE/M5T<(ur+“z) +(ur+uz)7+ 12 do.

r=t




1812 Michael Struwe

But again by Poincaré’s inequality, for any 0 < ¢t < T we can estimate

2 |U—l_)|2 2 2
/ v d¢SC/ f2|v¢|2d¢>§Cf IVu[*de,
0 t 0 0

and we conclude that
IV < CFlux(u, MT) < CEj.

Finally, in order to bound V, for each ¢ we write

/ uvypdx = / ((ur +up)vy — uyvp)dx
B:(0) B:(0)

and note that for any 0 < § < 1 we can bound

_ 1 _
/ |(u,+ur)v,|dx§5/ (e+m)ydx + — |v,|2dx.
B (0) B, (0) 25 J B o)

Next observe that

u—10v

2w t
/ Uvydx = / / (r(u —v)vy),drde — vy dx
B;(0) 0 0 B:(0) r
-V
=/ (U—ﬁ)'l—)[dO_/ - l_}l‘d-x’
3B,(0) B0 T

where (23) allows us to bound

=12
vV—0 1
/ |(v—6)ﬁ,|d05/ | | do—l——/ 1192 do
9B, (0) 0B, (0) 2t 2 JoB,(0)

< Ct/ IVu|? do + Ct|5, .
3B,(0)

Moreover, we have

u—1v u—l? 1 t
/ s a’x§8/ | | dx + — ~|o:)? dx,
B T B 2t 28 Jp,o) "
with
1 L. —1,2,= 2
— |52 dx < €815,
25 BI(O) r

We split the remaining term

lu — o2 lu —v|? lu —v|?
dx < dx + 3 dx
B,(0) 2rt Bp0) 2t B0 !

lu — @ .o lu — )2
< dx 4+ Clu —v|” + 3 dx,
Bip() T B !

(23)

(24)
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where it = i(t) is the average of u(t) on B, ;> (0). Note that we can bound

.y lu — o|?
lu —v|*<C 3 dx,
B !

while by Holder’s inequality and a variant of the Poincaré inequality we have

u — i) -2 -6 13 2
dx <C|t lu —u|°dx <C |Vul~dx. (25)
Ba(0) 2t B/2(0) By)2(0)

Summarizing, we find

/ l/ltl_Jt dx
B, (0)

) lu — |2
<Cé |Vul|“dx + C$§ e+m—+ 5 dx
By/2(0) B, (0) !

+ Ct/ |Vv|>do + C5~'¢%|5,)°.
9B,(0)
Similarly, with the help of Young’s inequality we can bound

/Bz ©0)

Thus we conclude that

_ _u—v\dxdt
f (utvt =+ vy >
kT 1 t

N

Uy

t

lu — > 1 .
dx <6 3 dx +C— |v¢|“dx.
B ! 25 JB,0)

T , dxdt . -
<C$ |Vu| + C81, + C5 ' Flux(u, M").
S JB(0) !

Finally, we observe that by (13),
6+ 5% —ud)e” < (6+ )" < C(6+log(1/n)r™!

forall 0 < ¢ < T». Thus for 0 < T < min{7», ¢!} we have
dx

-2 _ 2 u2 d.x dt dt
6+ u-)e <C (6 +log(1/1)) 3 <C,
KST t KT t

and we conclude that

T dxd
paxat ~1 T
V§C(l+81+)+C8/ / |Vu|® —— + C6 " Flux(u, M").
S JBy (0 !

Recalling that Flux(uz, M Ty < Ey, together with our estimates for the boundary terms we
find

1 T , dxdt
I, <C(+8I.+8"Ey)+Cs [Vul )
S JB (0 !
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The analogous estimate

; / NAY )+|u—6|2+1| 2 dx dt
_ = —_ = e —m —_— —|u —v| e
KT t 212 4 t

i T , dxdt
<CA+8IL+8 "Ep)+C$ [Vu|
s JBipO !

follows in the same fashion upon integrating (21) over K g .
Finally, we note that we can bound |Vu |2 < 2e = (e + m) + (e — m) and hence

r dx dt
/ / a2 L o
s JB(0) !

Thus for sufficiently small § > O with a constant C independent of § > 0 we have
I +1- <C(+ Ep).

Letting S | 0, we obtain the claim. O

4. Proof of Theorem 1.1

For given 0 < ¢ < 1 in view of (10) and Lemma 3.1 we may fix 0 < T; < min{7>, e !, 82}
so that

- r r lu — |2 _p 2 dxdt
ux(u, M) + L= )ekm) +———+u—ile" | —— <o (26)
Te

K
Introduce the characteristic coordinates
E =t+r f n= t—r.

Then we have
§+n
2

t = , r= §-n 77’
2
and
=3B +3), d=130—d) 8 =0&k+d, & =20 —0J.
Forany 0 < & < T, let
TE)={(t.x)e K" & =1+ x| =&}
Integrating (7) over the region

{(t,x) e KTo; & =1+ |x| > &},
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for any such &; we obtain

2 [ wdos [ (e-mdos<EGT). BrO) < Eo @7)
N3] INE3D)

as a useful variant of the energy inequality (9).
In terms of £ and 1 we can also write the first two terms in equation (20) in the form

8;(£(e+m+utu;ﬁ+lu_mz))—ar(f(e—q+m+uru_ﬁ>)
t 2r 4drt t 2r
9 (£<2(e+m)—q+u "_6+|”_6|2>>
T\ ¢ § r 4rt

P L A ek A ek (28)
—_— u .
§ t 1 Ty drt

2e+m) —q = lu; +ur|* = 4ug,

Observing that

forr/t > 3/4 we have

r u—7 |u—1v?
A 2(e+m)—q+ug +

r drt

PR Ve S R R S Uk [ G S L e G
= - — u u u .
t § §T Ty g2 ¢ 812

Fix A9 = 3/4. Given 0 < & < 8! T,, we set g = };ﬁggo =&/7.For & € [&, 8&0]
we then let

To(6) ={(t,x) e KT & =t +|x| =&, n=1— |x] < o}

=2
0= [ (q+ e — ol )do.
To(&1) !

Note that ¢t < T, for any (t,x) with § = 7 + |x|] < 8% < T.. Changing variables
(t,x) — (§ =t + |x]|, x), we see that for any &; < T, /2, with an absolute constant C,

and we define

2§
inf Q(eé)gsl‘/S 0(€) de
1

§1<€<2§
<Cf 1t e+ )+|u—a|2 dx dt c
- e m —_— | — < E.
= Jxr t 212 t

Thus, we can choose numbers & € [&y, 2&g] and &, € [4&), 8&p] such that

Q) = 250 inf2EO Q@) <Ce, Q@) =2,

<€E<

inf < Ce.
§0<€<8%) Q)
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Lemma4.1. Forany0 < & < 8~1T., and any &1 € [&o, 2801, & € [4&), 8&0] as above,

sup Q) < sup Q&) < Cy/le.

28)<§<4é §1<€<&

Proof. Consider the set
R=RGE15) ={t,0) e KT &1 <& <&, 0<n <)
with boundary dR = U?:l I';, where

Iy ={x):; & <& <&, n=0}, TI'y=TIyé),
I3 ={(x):; & <& <&, n=no}, Ta=To¢D).

Integrating (20) over R, we find the identity

Ag+ A3 =A1 — Ay + A4+ V, (30)

A / AT %%W—EF+1| 52" dx dt
= - e m —|\u —v| e _—
0 R t 212 4 t

and where the terms A;, 1 < i < 4, correspond to integrals over the boundary components
I';, 1 <i < 4. Finally, V again denotes the ‘error’ term

1 _  _u—v u2—62—6u2 dxdt
V=-— zutvt"‘l}[ + e .
R

where

2t 4 t

By (26),
0<Ap<es.

Moreover, using (28), (29), and (23) we find

-\ 2 =12
r U—v lu — v
A = 4- =2 )ul +2 d
: /r.(( t >u5+ (MEJr 4t ) e ) ?

=12
5C/<é+h%;|)mSCHMWJﬁ%§Ca
Iy

Using Young’s inequality to bound

u—v
u
Y

5 u—1v)?
n

8
< = , 31
= Ju + 2512 31

and recalling that the energy inequality (27) allows us to bound

2/ uy do < Eg (32)
Fo(§)
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for any & < 8&p, we also find

/ <r N u—17+|u—1_)|2>d
—-qtuy——+ ———)do
To(&) 1 g 2t 4¢2

and similarly for A4. Choosing § = /¢, by choice of & and & we obtain

|A2] < Ce,  |A4] < CV/e.

|A| = < (1 +8H0(&) + SEo,

In order to proceed, observe that by (29) we have

lu — o
Az > 2407 7 ) do.
3_/;‘3<u&-+ 812 ©

The error term V can then be bounded as in the proof of Lemma 3.1, on noting that we
can express

_ dxdt ___ drde¢dt u—1v_ dxdt
Uy = [ (r(u —v)vs)r - U
R R t R

t r t

with

[ ea-ma), L
R

d —1)? 2
< [ w-na s [ Mo ldowd [ o
R t or 8t 8 Jor

< 8(A3+ Q(&1) + Q(£2)) + C5~! Flux(u, M*0)
<8A3+Ce+Cs e (33)

for any 0 < § < 1, in view of (23), (26), and our bounds for Q(&1) and Q(&;). Also note
that in view of the fact that v/t > Ay = 3/4 on R we do not need to perform step (24);
instead, we can easily estimate

lu—10| _ dxdt lu—10| _ dxdt lu— )% dxdt _ ,dxdt
[vr | <2 |V | < 3 — +2 [ |
R T t Rt t R 2t t R t

< Ao + C Flux(u, M*¥0) < Cs.

Finally, recalling that 7y < 1, in view of (13) we can estimate
6+ 0% — u?)e" < (6 + 1) < C(6 +log(1/1))r ™/

forall 0 < ¢+ < T,. Hence we have

dxdt dx dt
6+ —ue” TL <o | (6+log(l/n) Zet < OV < Ce.
R t K860 13/2

Together with (33), when choosing § = 1/2, we thus obtain the bound

V < $A3+ Ce.
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From (30) we then conclude that
0< Az <Cife.

Thus for any §; < & < &, when integrating (20) over R(&1, &), from the analogue of
(30) and choosing a sufficiently small number § > 0 in (33) we now find that

r u—7 |u—1)>? .
Ar(€) = f (—q + uy + —2) do < C\/g-i- QQ(S) (34)
o) \ I t 4¢

This estimate implies the desired bound for Q(£) once we control the middle term. But
by Holder’s inequality, for any &1 < & < & we have

& 2
l(u — ) (&) < <|<u —0)(&) +/S |ug —ﬁs|ds)
1
&
< 2(u— D)ED] + 26 —so/s e — |2 de.
1

Integrating over I'g(£), observing that the surface measure do may be expressed as
rdnd¢,wherer = (§ — n)/2, and noting that throughout R we have 0 < n < n9 = &y/7,
&y < & <2t < 16&p, we obtain

-2 =12
u—v u—v _ dx dt
/ lu = bl dofC/ lu = bl d0+C/(|ug|2+|Ut|2)_
12 12 t
To(&) TCo(&1) R

< Ce + CAg + C Flux(u, M3%0) < Cs (35)

forany £; < & < &. By (31) and (32), again choosing § = /¢, we can estimate

Ax(®) / Pt — = Y
= - YN pa— 0
2 To(&) fq e 4 2t 4[2

_ 512
onQ@)—(xwi)/ oS [ iddo= 06 - ek
To(®) To(®) 4

88 12 2
Together with (34) it follows that

sup Q(§) < Ci/e,
§1<€<&

as claimed. O

Combining Lemmas 3.1 and 4.1 we can bound the nonlinear term in equation (1) in any
LP-norm. A key role is played by the following improvement of the Moser—Trudinger
inequality (5).
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Lemma 4.2. Forany E > 0 and p < oo there exists a number ¢ = 47> /(p*E) > 0 and
a constant C > 0 such that for any &y > 0 and v € H(} ([0, 11%) with

1 1 1 1
/0/O<so|vy|2+s(;1|vx|2>dxdysE, /O/Os(;lwxﬂdxdyse

we have
1 1 )
//e”” dxdy < C.
0o Jo

Proof. Givenv € HO1 ([0, 11?) as above, set @ = (E(?S/E)l/4 > 0 and let

o (x, y) = v(x/a, ay) € Hy ([0, a] x [0, 1/a]),

satisfying
o pl/a 1 1
/ / |Vva|2dxdy:/ / (oz_2|vx|2+a2|vy|2)dxdy
0o JO 0o JOo

< sfa P +o’E/E = 2(E)'/? =4n/p (36)

by our choice of ¢. Note that the map (x,y) — (x/o, @y) is measure-preserving; in
particular, for any s > 0,

{(x, )5 v20x, y) = st = [{(x, y); vi(x, y) = s},

1 1 ) a prl/a )
/ / ePV dx dy =/ / el dx dy.
0 Jo 0 JO

But by (36), with the constant C(47) in (5), we have

o pl/a )
/ / el dxdy < C(4m),
0 0

and our claim follows. O

and

Lemma 4.3. There exists ¢ > 0 and a constant C < oo such that for any 0 < T <
47T,

/ e4“2 dxdt < CT.
KT

Proof. Given 0 < & < 87T, let ny = }38 &y, where A9 = 3/4 as before. For &y <
&4 < 8&p recall the definitions

T(&) ={(t,x) e K5 & =1+ |x| = &)
To(&s) = {(t,x) e K5 & =1+ |x| =&, n =1 — x| < 1o}
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from the beginning of this section. Also let
D) ={(t,x) e KT E =t +|x| = &, n =1 — |x| > 3n0/4},
To(Eg) ={(t,x) e KT E =t + |x| = &, n =1 — |x]| > no/2}.

With the help of Lemma 4.2 and (38) below, respectively, for any fixed 0 < & < 87!T;
as above and any 2§y < £ < 4£) we now bound the integral of e over I' (&), uniformly
in &€. Note that for each such & we have I'(§) C T'g(§) UT'1(§).

First consider I'1 (§) C I'2(§). Note that we have r/t < 1 — vy < 1 throughout I'2(§)
for any £y < & < 8%, with a uniform constant vgp > 0 determined by our choice of Xg.
By Fubini’s theorem and in view of (26) for each 0 < &y < 81T, there is &4 € [4&o, 8]
such that

/ <v0(e —m) + M) do
T2 212
r lu — o>
5/ ((1——>(e—m)+ )do
T () t 22
<2 inf / ((1—£>(e—m)+|u_ﬁ|2)do
T 4E)<E<8%) () t 212
< C/ ((1 - f)(e R 5|2> dxdt _ . a7
- Jkm t 212 t =

/ (e —m)do < Ce.
2(54)

Upon integrating the conservation law (7) over the region

In particular, we have

{0 e K G <ss=1+Ix| <& n=1—|x| = n/2)
for any &3 € [2&), 450], we then also obtain
sup / (e —m)do < Ce.
280 <& <4&y JI2(8)

Estimating as in (35), from (26) and (37) for any 2£) < & < 4£p we likewise find the
estimate

-2 -2
u—10 u—10 _ dx dt
/ - dOSC/ el do+C/ (ugl* + 15 1%)
neE 1 M) ! KTe t

< Ce + C Flux(u, M%) < Ce.

Hence we obtain the uniform bound

u — o
sup (e—m)+ 5 do < Ce. (38)
(&) t

280 < <4§p
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Fix a smooth cut-off function 0 < ¢; < 1 on R such that ¢;() = 1 for n > 3n9/4
and @1 (1) = 0 for n < no/2, with ||| < 8/n9 < C/&, and set uy = @1(n)(u — v). For
apoint z € I'(§) write z = (1, y) = (€ — |y|, y) with y = re’? ¢ B 2(0). Note that
n=t—r ==§&-—2|yl. Letting vi(y) = u1(§ — |yl,y) € Hol(Bg/z(O)), for sufficiently
small ¢ > 0 by (38) we have

/ |V dy =/ (@4[0yu1 | + r2|3pu11?) do
B:/2(0) ()

u — o
<C (e —m) + 5 do < Ce < m/4,
IRY63) !

uniformly in 2&y < & < 4. In view of (5) it follows that

/ el6\u—1‘)|2 dx 5/ 616.4% do < C/ el(w% dy < C,
I'1(§) I'2(8) B 2(0)

uniformly in 2&y < & < 4§, with absolute constants C > 0.

Also let 0 < ¢p = ¢2(n7) < 1 be a smooth cut-off function such that ¢>(n) = 1 for
n < 3no/4 and @2(n7) = 0 for n > no, with |@5| < 8/ng < C/&. Finally, fix a smooth
cut-off function 0 < y = x(¢) < 1 satistying x(¢) = 1 for [¢| < 7/8 and x(¢) = 0
for |¢p| = /4. Set ur = @2(n)(u — v). After extending u> (&, n, ¢) = uz(&, —n, ¢) for
n < 0 for fixed &, also let upx = uok (&, n,¢) = x(¢ — kmx/4)uz, 1 < k < 8. Note that
u (€, -, ) € Hy ([—no. nol x [(k — D) /4, (k + 1)z /4]), 1 < k < 8, and we have

no pk+)m/4 5 ) 5
/ / (Byunl? + r210pus 2 do i
—no Y (

no J (k—1)m /4
lu— |2
<C (e —m) + 5 do < CEy,
To(€) !

whereas Lemma 4.1 yields the bound

10 (k+1)m /4 ) )
/ (r2\guncP)r do dn
—no J (k=) /4

lu — v
s (a+"G)do=cow < ek
To(&) t

uniformly in 1 < k < 8 and 2&) < & < 4&). Also observe that

§oro _Eo—nofrzé—n

14+x 2 2

for 2§y < & < 4&p and || < ng. Thus by Lemma 4.2 for sufficiently small ¢ > 0 with an
absolute constant C > 0 we find that

16u2
sup e Mudx <C
28p<E <4k JTo(§)

<2& +mno/2 < 3%

uniformly in 1 <k < 8.
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Now observe that |u| < |u — v| 4 |v| < 2max{|lu — v|, |v|}. Thus, by choice of ¢1,
¢, and y, and in view of (11), we can bound

/ e4u2 dog/ 616|u75\2 d0+/ el6\ﬁ|2 do
) L) ')

5[ 616”%070—1— Z / elﬁu%k do—f—/ tVdo < C,
INT¢) 1<k<8 YT0(®) ')

uniformly in 2§y < & < 4&p. Hence for any 0 < &y < 817, with a constant C indepen-
dent of &y we find
4o

/ e dode < CE.
286 JTI'(&)

Note that the collection (I"(§))o<¢ <4g, covers the cone K 260, Replacing &y by 2_"50
and adding the resulting estimates, after the change of variables (¢, x) — (§ = ¢+ x|, x)
we then obtain

22—k$0
/ M dxdr <y / f ¢ dods <C Y 27Mg < Ck,
K0 keN, V2! %60 JT®© keNy

as desired. O

Proof of Theorem 1.1. Fix e > 0,0 < T < 47T, as in Lemma 4.3 and let u? be the
solution to the homogeneous wave equation u,(?) — Au® = 0in KT with initial data
uO(T) = u(T), u®(T) = u,(T). Multiplying the equation

u—u®y — A —u@) +ue"” =0
with (u — u©), and integrating over K1, we obtain the estimate

1
—/ D@ — u®)($)[2 dx sf
2 JBs(0) KT

s

12 , 12
< ( sup / |D(u —u(o))(t)|2dx> (T/ u?e™ dx dt> ,
s<t<T JB,0) KT

where D = (9;, V). Replacing S by a suitable ¢ € [S, T'], we arrive at

( — u @), | |ule dx dt
)

u232“2 dx dt < 4T / 64”2 dx dt.
KT(0)

sup / ID(u —u@))?dx < 4T/
B: (0)

S<t<T KT

But choosing T > 0 sufficiently small, in view of Lemma 4.3 we can achieve that

4T/ 64”2 dx dt < g,
KT (z0)
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where g9 > 0 is the constant defined in Lemma 2.1. Since

lim |IDu@(t)>dx =0
110 J B, (0)

and since by Lemma 3.1 we also have

lim inf / MO gy =0,
10 JB,(0)

we then find that

lirri%)nfE(u(t), B;(0)) < ¢,
t

contradicting Lemma 2.1. The proof is complete. O
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