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Abstract. We consider a singularly perturbed elliptic equation

2Au—V@u+ fw) =0, ux)>00onRY,  lim u(x)=0,

|x]—o00

where V(x) > 0 for any x € RV. The singularly perturbed problem has corresponding limiting
problems

AU —-cU+ f(U) =0, U(x)>00n]RN, lim U(x)=0, c¢>0.

|x]—o00

Berestycki—Lions [3] found almost necessary and sufficient conditions on the nonlinearity f for
existence of a solution of the limiting problem. There have been endeavors to construct solutions
of the singularly perturbed problem concentrating around structurally stable critical points of the
potential V under possibly general conditions on f. In this paper, we prove that under the optimal
conditions of Berestycki-Lions on f € C 1 there exists a solution concentrating around topo-
logically stable positive critical points of V, whose critical values are characterized by minimax
methods.

1. Introduction

During the last several decades there have been a great deal of work on the semi-classical
standing waves of nonlinear Schrodinger equations. A standing wave of a nonlinear
Schrddinger equation

Ay W N
ih—+ Ay = V@Y + ) =0, (t,x) eRxRY, M

is a solution of the form ¥ (x, r) = exp(—i Et/h)v(x) for some E € R and a real valued
function v. Here A denotes the Planck constant and i the imaginary unit. We assume that
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f(exp(if)s) = exp(if) f (s) fors, 0 € R. Then ¥ (x, t) = exp(—i Et/h)v(x) is a solution
of (1) if and only if the function v satisfies

2
?Av —(Vx)—E)+ f(u)=0 inR".

We are interested in the semi-classical state, that is, the case where i > 0 is sufficiently
small. Thus, replacing V — E by V for convenience, we study the equation

2Av—V@x)v+ f(v)=0 inRY, )

where ¢ > 0 is sufficiently small. Throughout the paper, we assume that N > 2 and the
potential V satisfies

(V1) V e CRY,R) and V = infgn V(x) > 0.

By a change of variables x +— ¢x, we see that the singularly perturbed problem (2) is
equivalent to
Au—V(Ex)u+ fu)=0 inRY, (3)

We note that for each xog € R and R > 0, V,(x) = V (ex) converges uniformly to V (xo)
on B(xp/¢e, R) as ¢ — 0. Thus for each xp € RY, we have a formal limiting problem

AU(x) — V(x)Ux) + f(U(x)) =0, xeRVN. 4)

Berestycki-Lions proved in their classical paper [3] (see also [4] for case N = 2) that
there exists a positive least energy solution U € H LRNY of (4) if the function f €
C (R, R) satisfies the following conditions with V (xg) = m:

(1) f(0) =lim; o f(t)/t = 0;

(f2) if N > 3, then there exist C > O and p € (1, (N 4+ 2)/(N — 2)) such that | f(¢)| <
C(l1+4tP)forallt € RT;if N = 2, for any a > 0, there exists C, > 0 such that
| £(1)] < Cq exp(at?) forall t > 0;

(3) there exists fo > O such that 3m12 < F(to), where F(t) = [y f(s)ds.

For any solution U € H'(R") of (4), we have the following Pohozaev’s identity:

3 fwotaen [ [ven' - ro]

—_— IVU|“dx + N V(xo)— — F(U) |dx =0. &)
2 RN RN 2

From this identity, we see that (f3) is a necessary condition for existence of a solution U

of (4). Condition (f2) is also necessary in the sense that if N > 3 and f(¢r) = ¢? with

p > (N +2)/(N —2), then there exist no solutions of (4) in H!(RY).

On the other hand, we note that for any positive solution Uy, € H LRN) of (4),
{Uxo (- — x0/8) | x0 € RN} is a set of approximate solutions of (3) for small & > 0. In
a pioneering work [20], Floer and Weinstein showed that when N = 1,V € C 2(RN ),
V'(xg) = 0, V" (x0) # 0and f(u) = u, there exists a positive solution u, € H'(R)
of (3) such that for a maximum point x, € R of u,, lim_,9 ex, = x¢ and u, (- + x¢) con-
verges uniformly to Uy, as ¢ — 0. In [20], Floer—Weinstein adopted a Lyapunov—Schmidt
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reduction method which requires a linearized nondegeneracy of a solution for a limiting
problem. The linearized nondegeneracy means that if A¢ — V (x0)¢ + f'(Uyx)¢ = 0,
then ¢ must be of the form ¢ = Z,N: 1 ai0Uy,/0x; for some a; € R. Motivated by the
approach in [20], many authors have obtained further refined results in higher dimensions
for more general f and more general types of critical points of V (see [1, 2, 19,27, 28, 32,
33] and references therein). When we use the Lyapunov—Schmidt finite-dimensional re-
duction method for (3), we need the linearized nondegeneracy condition, which is known
to hold only for a restricted class of f if N > 2; a recent result [11] says that we need
at least the monotonicity of (V (xo)t — f/(t)t)/(V (xo)t — f(¢)) for t > fy, where 1y > 0
is the first positive zero of V (xg)t — f(t) = 0, which is much stronger than (f3). Even
though there is such a restriction on the nonlinearity when we apply the reduction method,
the Lyapunov—Schmidt reduction method is a very powerful tool when we construct very
subtle (highly unstable) solutions with continuum peaks as we can see in [19]. When
the linearized nondegeneracy condition does not hold, a refined finite-dimensional reduc-
tion method was developed by Dancer in [13] to get solutions corresponding to an iso-
lated (topologically) nondegenerate critical point of V for a singularly perturbed Dirichlet
problem on a bounded domain. But the refined finite-dimensional reduction method still
requires some type of nondegeneracy for the limiting problem.

In the other direction, a variational approach which does not require the nondegener-
acy condition for the limiting problem (4) was initiated by Rabinowitz [35] and developed
further by several authors (see [10, 14, 15, 17, 23, 26]). However the previous works still
require stronger conditions for f than (f1)—(f3). In recent papers [8], [9], we managed to
prove the existence of a solution of (2) concentrating around local minimum points of V
under the optimal conditions (f1)—(f3). It has been a challenging problem to construct a
solution of (2) concentrating around general critical points under the Berestycki—Lions
conditions (f1)—(f3).

In this paper, we resolve the problem for f € C! satisfying (f1)—~(f3) by developing a
new variational approach. Our variational approach in this paper is a further development
of the approach in [8], quite different from the approaches of del Pino and Felmer in [15,
17], and we use a localized deformation argument in a neighborhood of a set of approx-
imate solutions. In the variational approach of [8], the characteristic of local minimum
points of V makes it rather easy to get a lower estimate of a local mountain pass level
and a positive lower bound, independent of ¢ > 0, of the gradient norm of an energy
functional in the intersection of an annular neighborhood of approximate solutions and a
level set where the energy level is less than or equal to the maximum of a good initial
path. Then, if there are no solutions in a neighborhood of approximate solutions, we get a
path through the gradient flow where the maximum energy is strictly less than the lower
estimate of the local mountain pass level; this contradicts the lower energy estimate and
proves the existence of a solution.

On the other hand, for general critical points of V, the situation is much more com-
plicated and we need totally new ideas. When we try to find a solution, a critical point of
the corresponding functional, through the variational approach, deformation arguments
play important roles. A deformation argument using the gradient flow of the energy func-
tional is the most common and powerful tool in variational methods. If we use only the
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deformation argument which comes from the gradient of an energy functional in our
problem, we need some lower estimate for the gradient norm ||I'; (u)|| when the center
of mass is away from the critical points of V. Such a lower estimate was obtained by
del Pino and Felmer [17] for the gradient flow (starting from good points) on the Ne-
hari manifold, where they require quite strong conditions on the nonlinearity f and the
potential V.

In this paper, to bypass the obstacle in obtaining a lower gradient estimate for a gen-
eral type of nonlinearity f and general potential V, we devise a different kind of gradient
flow on a Sobolev space which comes from a (pseudo) gradient flow of the potential V.
Thus we use two kinds of gradient flow in this paper. Then, inspired by the Trotter product
formula, we iterate the composition of the two gradient flows for our deformation argu-
ment. More precisely, since the gradient flow of the energy functional does not preserve
concentration of functions due to its diffusing effect, we need one more continuous op-
eration on a small neighborhood of a set of approximate solutions which makes the tails
of the functions small. Then, if we compose the gradient flow of the energy functional,
the operation keeping tails small and the gradient flow of the potential V, the composite
operator I keeps the concentration property of functions. This concentration property is
one of the essential ingredients of our deformation argument in this paper.

When N = 1, there is a necessary and sufficient condition on f for existence of
a solution of (4) in H!(R). Our argument in this paper is also valid in the case N = 1
under the necessary and sufficient condition on f and V e C%!. But, there exists a unique
solution, up to translation, and it is nondegenerate if f € C1(R). This implies that the
Lyapunov—Schmidt reduction method is also valid when f € C LR) and V € CLRY).
(For a different approach to find more general types of solutions, refer to [18].) Thus,
in this paper, we just consider the case N > 2. Moreover, since it is proved in [8] that
there exists a solution concentrating around local minimum points of V, from now on, we
consider non-minimum critical points of V. Our typical result is the following.

Theorem 1. Suppose that f € C! satisfies conditions (f1)—(f3), and that the potential
V e CY(RM) satisfies (V1). Let M be an isolated saddle point or an isolated set of local
maximum points of V. Then for sufficiently small ¢ > 0, there exists a positive solution v,
of (2) such that for a maximum point x; of v, there exist constants C, ¢ > 0, independent
of small ¢ > 0, satisfying ve(x) < C exp(—glx — xsl) and

lim dist(x., M) = 0.
e—0

Moreover, we(x) = ve(ex + x¢) converges along a subsequence uniformly to a radially
symmetric least energy solution of Aw —mw + f(w) =0, w > 0in RN withm = V (xq)
for some xg € M.

In the next section, we give a more general existence result for more general types of
critical points together with some typical examples.

This paper is organized as follows.

First in Section 2, we give a refined existence result with some examples. To prove the
refined result, we define a set of approximate solutions in Section 3. Then, in Section 4,
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we define the center of mass for elements in a neighborhood of the set of approximate
solutions. In Section 5, we define a new neighborhood of the set of approximate solutions
using the center of mass. Then, we construct a good starting surface in Section 6. In Sec-
tion 7, we get a lower estimate of the gradient norm of an energy functional for elements
which are not too close to the approximate solutions and whose center of mass stays away
from the critical points of V. In Section 8, we consider a map on the new neighborhood
which does not increase the energy and projects to a class of functions with exponential
decay away from the center of mass. Then, in Section 9, we construct a translation map
on the new neighborhood which also does not increase the energy. Lastly, in Section 10,
if there is no solution in the new neighborhood, iterating the initial surface by the gradient
flow of the associated energy functional, the map keeping tails small and the translation
map, we get a surface on which the maximal energy is strictly less than the least energy
level. Then, by an intersection lemma, we get a contradiction.

2. Statement of a refined result and some examples

For any set A C RY and d > 0, we define A9 = (x € RN | dist(x, A) < d}. We also use
the notation
Vcclz ={xe RY lc1 < V(x) <c} forcr <.

Now, we consider general types of critical values of V by a minmax argument.

(V2) For k > 1, there exists a connected bounded open set O C RY with a smooth
boundary and a compact (k — 1)-dimensional manifold Ly C O without boundary
such that, if we define £(Lg) to be the set of compact connected (orientable) k-
dimensional manifolds H with boundary d H homeomorphic to Ly, and

Ag={peC(H, O0)|¢lyg : 0H — Lo is a homeomorphism},
then L£(Lg) is not empty and the following strict inequality holds:

mop=maxVx) <m= inf max V (¢(x)). (6)
x€Lg HeL(Ly), peAy xeH
A rather different feature in (V2), compared with a standard minmax argument, is that we
do not restrict the domain manifolds H to be contained in RY . In case x is a nondegen-
erate critical point of V, the critical value m = V (x) is characterized by the minimax
argument in (V2) (see Example 1 below).
The following condition yields the existence of a pseudo-gradient flow of V.

(V3) There exists a nonempty compact set M C {x € O | V(x) = m} such that for
any d > 0 with M? c 0O, there exist constants «, B, i, c1,c2 > 0, an open set 2
satisfying M ¢ @ ¢ Q'% ¢ M? andamap ® € C([0, 1] x O, O) such that

(i) foreach x € O, V(®(-, x)) is nonincreasing on [0, 1];
(i) ®(t,x)=xift =0o0rx € Ly;
(iii) |®', x) — (U, x)| < u|l' =1 forl,I' € [0,1],x € O;
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(iv)
V(D + h, —V(®d,
lim sup (P +h,x)+y) (P, x)+y) < 7
h—0+ h
uniformly for |y| < ¢z, € [0, 1) and x € (2% U (V71 n0) \ Q.

If Ve C'(RY) and M is an isolated set of critical points, or V e CN(RY), we can
construct the required flow ® (see Remark 1 below). Here we note that in (7) of (V3), we
need (one-side) Lipschitz continuity of V along the flow @ in (% U V;'*1) \ Q. Our
main result is

Theorem 2. Suppose that f € C satisfies conditions (f1)~(f3). Assume that (V1)—(V3)
hold. Then for sufficiently small ¢ > 0, there exists a positive solution v, of (2) such that
for a maximum point x; of v, there exist constants C, ¢ > 0, independent of small ¢ > 0,
satisfying ve(x) < C exp(—§|x — x8|) and

lim dist(xg, M) = 0.
e—0

Moreover, wg(x) = ve(ex + x.) converges along a subsequence uniformly to a radially
symmetric least energy solution of Aw — mw + f(w) =0, w > 0in RN,

Example 1 (standard types of critical points). Condition (V2) holds for standard criti-
cal points, that is, nondegenerate critical points, (possibly degenerate) critical points of
local mountain pass type and local maxima. For such critical points, there exists a k-
dimensional manifold L C O with Ly = dL C O such that the critical value m can be
characterized as

m = inf max V(p(x)), ®)
peA xeL

where A = {p € C(L, O) | ¢(x) = x for x € Lp}. We claim that for a critical point zg,
there exists a continuous map 7 : O — L such that

n(x)=x forxelL

and
Vix)>m ifr(x) = zo,

that is, 7~ !(z0) C {x € O | V(x) > m)}. Existence of such a map 7 implies condition
(V2). In fact, forany H € L(L¢) and ¢ € Ay, we consider the mod 2 degree of the map
7 o @, deg,(mw o ¢, H, z), which is well defined even for a nonorientable manifold (see
[24]). Then it is standard to show that deg,(;r o ¢, H,z) = 1 since ¢|spg : 0H — Lo
is a homeomorphism. This implies that max,cy V (¢(x)) > m. Since H, ¢ are arbitrary,
recalling (8), we have m = infycr (1), peay Maxzen V (¢(x)). For the existence of 7,
we argue separately.

(i) Suppose x = 0 is a nondegenerate critical point of V € C?(RY). Then there is
a new coordinate system {yj, ..., yy} in a small ball B(0, r) such that for some k €
{0,...,N}, Viy1,...,yn) = V(O)—ylz—-~-—y,%+y,§+1+---+y/2v.Thenwetake

L={01, 5, 0,...,00 e RN |y} 4+ 432 < (r/2)},
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Ly=0Land O = B(0,r). Let w : O — L be the projection map defined by

(X1, ... %%, 0,...,0) forxf + -+ +x7 < (r/2)%,
X1+ XN) =3 r(x1,...,%,0,...,0)

for x? + -+ x2 > (r/2)2.
21(x1s ..y X%, 0, ..., 0)] 1 k /

Then 7~1(0) C {x € O] V(x) = V(0)}. Thus, (V2) is satisfied for any nondegenerate
critical point of V.

(i1) Suppose that V (x) has a local maximum point. Let M be a compact set which
consists of local maximum points and suppose that there exists a connected neighborhood
O of M such that 90 is smooth and V(x) = V(y) > V(z) for any x,y € M and
z € O\ M. Then, defining 0% = {x € O | dist(x, 00) > &}, we see that for small § > 0,
8(0%) is aretract of O \ O, that is, there is a continuous map 7 : 0\ 0% — 3(0?) such
that 7 (x) = x for any x € (0°%). We define L = O°. Then a projectionmapm : O — L
is defined by w(x) = x forx € 0% and (x) = 7 (x) forx € O\ O°. We take a point
z € M. Then, obviously, 77 1(z) C {x € O | V(x) > V(z)}; thus, (V2) is satisfied for
any local maximum points of V.

(iii) Suppose that V(x) has a critical point of local mountain pass type. Let m be
the local mountain pass critical value and suppose that there exist an open set O and
e, e1 € O such that V(ep), V(e1) < m = inf,cr max,e[—1,1) V(y (@), where I' = {y €
C(-1,1],0) | y(—1) = eg, y(1) = e1}. Since V(x) has mountain pass geometry,
y-l ((=o0,m)) N O has at least two connected components; denote by Wy the one to
which eq belongs. We note ¢; ¢ Wy. We define a signed distance function from 3 Wy by

dist(x, 0 Wp)

dist(eq, W)
dist(x, dWo)

dist(e;, dWp)

if x € Wo,
d(x) =
if x ¢ W().

We fix 19 € I" such that V (y9(0)) = m and set 7(x) = p(¥(d(x))), where ¥ € C(R)
is such that ¥ (s) = 1 for s € [1,00), ¥(s) = s fors € [—1,1], ¥(s) = —1 for
s € (—o0, —1). Then 7 (x) satisfies 7 (eg) = eq, w(e1) = e and for zg = y(0) we have
7w Nz0) = aWo C {x | V(x) = m}.

Example 2 (standard types of linking). Condition (V2) holds in the setting of the classi-
cal linking theorem in R (see [36, Section II, 8] and [34]). For example, for 0 < p <
01, p2 wWe set

Q={x1,.... %, 0,...,0) RN [x2 4+ x| <p2, 0<x; < o1},
S=1{0,...,0,x%,...,x5) e RV | x? 4+ +x% = p*}.

We denote by Loy = 9 Q the relative boundary of Q and assume B(0, p1 + 02) C O. Then
under the assumption

mo = max V(x) < minV (x),
x€Ly xesS
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(V2) holds. In fact, Q is an element of £(Lg) and m defined in (6) satisfies

mo < min V(x) < m,
xes

which follows from the fact that
o(HYNS #Y forall He L(Lp)andp € Ay.

The intersection property can be proved using the degree for the composition of a projec-
tion map and ¢. We remark that m defined in (6) satisfies

m < inf max V(p(x)),
(pEAQ xeQ
where Ag ={y € C(Q, 0) | y(x) = x for x € Lo}.

Example 3 (nonsmooth potential). For a typical example of V which may not be in C!
and satisfies (V1)—(V3), we consider a Lipschitz continuous function 6 : SV -1 50,1
and a continuous function 7 : [0, co) — [0, 1] satisfying 7(0) = Oand r(t) —r(s) >t —s
for0 <s <t < 1. Then we define V (x) = 2 —r(|x|)6(x/|x]). In this case, we take M =
{0} cRY, O = B(0, 1) and Lo = B(0, 1/2). Then, defining ®(r, x) = x + (1 — |x|)x
forx € O = B(0, 1), we see that conditions (V1)-(V3) are satisfied with m = 2.

Remark 1 (existence of pseudo-gradient flow ®). For V € C!, welet M = {x € O |
VV(x) =0, V(x) = m} and assume that M is a nonempty compact subset of O and

VV(x) & {An(x) | A <0} forallx € 30 with V(x) = m, ©)

where n(x) is the unit outward normal vector at x € dO. Then (V3) holds if either m is an
isolated critical value of V (x), or V (x) is of class CN . In fact, if m is an isolated critical
value, for Q = M9/2 with small d > 0, we have

inf |VV 0.
xle%gl (xX)] >

If V(x) is of class CV, we see that the set of critical values of V (x) has Lebesgue mea-
sure 0 in R by Sard’s theorem. For the fixed d > 0, we can find a small § > 0 such
that

VV(x)#£0 forx € aIM? with V(x) € [m — 8, m + §].

We remark that by Sard’s theorem there exist regular values by € (m — 8, m) and b, €
(m, m +8) of V. We set = M%/2 1 V2. Then
McQ and VV(x) #0o0nofQ.

We refer to [17] for a related argument.
Thus in both cases there exists a neighborhood € such that M c Q ¢ M9 and
VV(x) # 0on 02. For sufficiently small 8 > 0, we have

Q% c M? and inf  |[VV(x)| > 0. (10)
xeQI0A\Q
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Since we assume (9), by the definition of M, we can find a small ¢; > 0 such that

inf IVV ()| > 0. (11)
xe(OﬂVm+2Ll)\S2

Now, since (9) holds, for each x € 90 N V'"J’zc1 we can find a vector W (x) satisfying

VV(x)-Wkx)>0 and n(kx)-Wkx)>O0. (12)
Then, through a partition of unity, we can define a pseudo-gradient vector field W:0\
{x | VV(x) = 0} - RN for V such that VV(x) - W(x) > 0if |[VV(x)| # 0, and
nx) - Wx) > 0forx € 90 N Vm+26' We find a function ¢ € C{°(0) such that
@(x) =1forx € (ON V,ZHC‘) \ @ and ¢ vanishes in a small neighborhood of M and
0\ VmH‘l Then, we can find a solution ® : [0, 00) x O — O of

P (1, x)
ST = —@(D(t, X)W(D(t,x)), PO, x)=x.

Obviously, (i)—(iii) in (V3) are satisfied for the solution ®. The property (7) follows from
(10)—=(12) and C' smoothness of V.

Remark 2 (minimax value for smooth potentials). Suppose that V € C! and m is a
minimax value given in (V2). If V satisfies (9), it is not difficult to see that m is a critical
value and the corresponding critical point lies in O. Moreover we can show that (V3)
implies (9), thus if V € C!(RV) satisfies (V2)~(V3), then

B#{xeO0|VVX)=0, Vx) =m} C M,
VV(x) ¢ {An(x) | A <0} forallx € 30 with V(x) = m.

3. Preliminaries

We will consider the following problem equivalent to (2):

Au—Vex)u+ f(u) =0, u>0, Iim u(x) =0, (13)

|x|—o00

where V. (x) = V(ex). From now on, we assume that f(z) = 0 for # < 0. Then it is easy
to see from the maximum principle that any nontrivial solution of (13) is positive. Let H,
be the completion of C° (RN with respect to the norm

1/2
lulle = (/ [Vul* + Veu?] dx) :
RN

We also denote by || - ||} the corresponding dual norm on H}, that is,

Ifle=sup  [fi@)l forf e H,
lelle<1, peH;
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where ( f, ) is the duality product between H;* and H,. We define a norm ||-|| on H LRM)

by
1/2
||u||:</ [|Vu|2+mu2]dx) .
RN

We clearly have H, C H 1 (RN ). From now on, for any set B C RY and ¢ > 0, we define
B, ={x e RY | ex € B}. Foru € H,, let

Ie(u) = l/ [|Vu|2+V5u2]dx—/ F(u)dx.
2 RN RN

It is standard to see that ', € C! (H¢) and a critical point of Iy corresponds to a solution
of (2). Later, we will modify the nonlinearity f so that the functional I'; with the modified
nonlinearity is of class C? on H,, and a critical point near a certain approximating solu-
tions set of the modified energy functional is also one of the original energy functional.
For any set A C H,, u € H, and § > 0, we define

dists (e, A) = inf u—wlle and Ny(A) = {u € He | diste(w, A) <) (14)
we

For any c, d € R, we define
) ={ueH |Te(u) <c}, ([Te)a={ueH |Te(u)>d}.

For the 8 > 0 and the open set O in conditions (V2) and (V3), we take a large
D > max{l, 108} so that O C B(0, D), and define

w= max V(x)/ min V(x) > 1. (15)
lx|<10D lx|<10D

Note that there exist positive constants m1, my with m; < m < my such that (f3) is
satisfied for any s € [m1, m2] replacing m in (f3). As already mentioned, the following
equations for s > 0 are limiting equations of (13):

Au—su+ fu)y=0, wu=>0uecH'®RY. (16)
We define an energy functional for the limiting problem (16) by

Ly( _l/ 2 2 _/ 1, mN
s(w) = [IVul® 4+ su“ldx Fu)dx, ueH (R"). 17
2 JrN RN

In the classical paper [3], the authors proved that for any s € [m, m;], there exists a least
energy solution of (16) if (f1)—(f3) are satisfied. Also they showed that each solution U
of (16) satisfies Pohozaev’s identity

_ 2
GS(U)EN—Z/ |VU|2dx+N/ sU——F(U) dx = 0. (18)
2 RN RN 2

This implies that
1
Ly(U) = —/ IVU|*dx. (19)
N RN
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For s € [m1, m2], let S; be the set of least energy solutions U of (16) satisfying U (0) =
max, g~y U(x) and denote by Ej the least energy level:

1
Esz_/ [|VU|2+sU2]dx—/ FU)dx, U§eS;.
2 JrN RN

It is known from [25] and [7, Proposition 2.1] that for s € [m1, m3],
Eg =inf{Ly() | Gs(u) =0, u € H'(R")\ {0}}

and Ej is attained by u € S and strictly increasing and continuous with respect to s €
[my, ma].

For s € [m1, m], we define S}" to be the set of solutions U of (16) satisfying U (0) =
max, gy U(x) and E; < Ly(U) < Ej. For s € [m,m;], we define S}' = S;. Since
f € C!, it follows from the symmetry result in [21] that any solution of (16) is radially
symmetric and decreasing with respect to |x]|.

S™ is

N

S,

s€[my,my] =s

Proposition 1. For each m’ € [my,m] and m" € [m,m;), the set Use[m, ']
compact. Moreover, there exist constants C, ¢ > 0 such that for any U € | J

Ux)+|VU(x)| < Cexp(—cl|x|) forallx € RV,
Proof. By the identity (19), we see that |J » S is bounded in H'(RM). Then,

s€[m’,m
by the same argument as in [8], Use[m,’m,,] S7 is compact, and limjy|»oo U(x) = 0
uniformly for U € |J, epm’.m] S5 - Then the decay property comes from the comparison
principles. O

Proposition 2. For any a € (m1, my),

lim sup inf |U — Ul =0.

S7Adyesm UeSn
Proof. Suppose that the claim does not hold. Then there exist sequences {s;};°, with
lim; 00 5/ = a and {u;};2, with u; € Sy such that {ur}72, is bounded away from S
From Proposition 1, u; converges strongly up to a subsequence to some u € Use[a my) S

in Hl(]RN) as [ — oo. Note that E is continuous with respect to s € [m, m3]. Since
lim;, oo §; = a, it follows that u € S)'. This is a contradiction and proves the claim. O

We recall that A = {x € RV | dist(x, A) < d} for A ¢ RN andd > 0. For a positive
constant d < dist(M, 00), we denote

m(d) =inf{V(x) | x € ./\/ld} and m(d) =sup{V(x) | x € /\/ld}.

We note that limy_,g m(d) = limy_,gm(d) = m. From now on, we select a sufficiently
small d > 0 so that
m; <m(d) <m <m(d) < my,

s= U s

s€lm(d),m(d)]

and we define
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We find a smooth radially symmetric function ¢, € Cgo(RN ) such that ¢, (x) = 1 for
x| < 1/2¢'73, ¢po(x) = 0 for |x| > 1/¢'/3 and |V¢,| < 3¢!/3. Now we define

ZI% — (g (- —x/e)U(-—x/e) | x € Q% U € 5).

Since Q!% ¢ MY, the set ZS]OB is well defined. By Proposition 1, it is compact in H,.
For § > 0, we define

Ns(Z19%) = (u e H, | diste (u, Z\°P) < 5).

Here we use notation (14).

For some § > 0, we will show that there exists a solution u, of (3) in Nps (Zgwl8 ) if
& > 0 is sufficiently small. Then, for N > 3, it is standard to see from elliptic estimates
(see [5, Proposition 3.5]) that there exists a large constant K > fo + 1 such that

lugllpe < K forall small ¢ > 0. (20)

The constant K depends only on the coefficient C of (f2) and p, N (see [5, Proposition
3.5]). Next for N > 3, we can find f € CY(R) such that f(t) = f() fort < 2K,
f (t) = Ct? fort > 3K and f satisfies conditions (f1)—(f3) with the same constants.

For N = 2, from the Moser-Trudinger inequality and condition (f2), for any ¢ > 1,
ro > 0 and xp € RY, we find a constant K (g, ro) > 0 such that

IIf ue)llLa(B(xo,2r0)) < K (q,710).

Then, from the elliptic estimate in Theorem 8.17 of [22] and the fact u, € Na;s (Z,,;1 08 ),

we see that forg > 1,
||ua||L°0(B(xO,ro)) =< C(r0||M8||L2(B(X(),2r())) + K(‘]» r0)),

where C = C(g). Since u; € Nzg(Zsloﬂ ), there exists a constant G > 0 such that
luellL2(B(xg.2rp)) =< G forany xo € RY and ro > 0. Consequently, (20) holds for large

K > ty + 1. Next, for a sufficiently small o9 > 0, we can find f € CI(R) and some
constant C{lo > 0 such that f(t) = f() forr < 2K, f(t) = C(’)[Ot4 for ¢t > 3K and that
F(©) < Capexplant?), t > 0.

Thus for small ¢ > 0, any solution u, € Ns (Z;Oﬂ ) of (2) with f replacing f satisfies

the original equation (2). From now on, we can assume without loss of generality that the
nonlinear function f satisfies further

If'Otl < CA+1P), 120,

where p > 1is givenin (f2) for N > 3and p =4 for N = 2. O



Semi-classical standing waves for nonlinear Schrédinger equations 1871

4. A center of mass for elements in Ny; (Zg 08 )

For z € Q;Oﬁ = (1/8)910/3, we define
S$(@) ={(@eU)(-—2) | U € S}
Then ZS]OB = Uzegloﬁ S(z). We can find & > 0 such that for small e > O and u € ZQOB,

lulle = &.
From the uniform decay property in Proposition 1, there exists Ry > 0 such that for any

108 .
21,22 € Q% with |z1 — z2] = Ro,

) luy —uzlle = &/2 if ¢ > 0is sufficiently small. 21

inf
u1€8(z1), u2€S(z2
We take a small § > O satisfying
208 < &. 22)
We pick o € C3°(R, [0, 1]) such that o (x) = 1 for x| < 2§ and o (x) = O for |x| > 34.
Then, for u € Nags (Zgloﬁ), we define the center of mass Y¢(u) of u by
S8 o (diste (u, S(2)))z dz

Te(u) = fggoﬂ o (diste (u, S(z)))dz

(23)

where we use notation (14).
Then we have the following property.
Proposition 3. Foru € st(zgwﬁ), writeu = ¢ (-— YU (—y)+wwithU € S(y),y €
Qioﬁ and ||wl|g < 26. Then
[Te(u) — y| < Ro.
Proof. Letu = ¢p.(-—y)U(-—y)+w with ||lw|s < 25. When |[z—y| > Rpand v € S(z),
it follows from (21) and (22) that
lv—ulle = lv—==0e(- =UC—=y)le —26 = 105 — 25 = 36.

This implies that o (dist. (#, S(z))) = 0if |z — y| > Rp. Now the definition (23) of Y,
yields
Jo08 o (diste (u, S(2)))(z — y) dz

leOﬂ O'(diStg (u, S(2))) dz -

Proposition 4. For any ¢ € (0, 2], there exists Ry > Ro such that foru € N_s (Zg1

[Te () — yl =

0/5)

/ [Vul? + Veu?ldx < (2¢8)>.
{(x€RN | |x=Ye (W)= R}

Proof. Letu = ¢.(- — y)U(- — y) + w with ||w| < ¢§. From Proposition 3 and the
decay property in Proposition 1, we see that

lim [V(pe(- = MU= YN+ Ve(@e (- = MU= y))*1dx =0

=00 J{xeRN | |x—"e (w)|21}

uniformly for y € Q!9 and U € S. Then the claim follows from the fact [|w||, < ¢§. O
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5. A new neighborhood G (Zsl 08 ) of Zg 08
Foru € Nzg(Zgloﬂ) and v € H,, we define
Ve = f [IVv|? + Vav?)dx.
[x=Te()|<1/\e
For r € (0, 25], we define

G, (21%) = {u € Nos(Z19) | lu — v|e. < r?/2 for some z € Q1% v, € S(2)

and f [|Vul> + Veu® —2F ()] dx < r2/2}.
=T w)]=1/E

Proposition 5. There exists a constant ¢ = q(§) > 0 such that lims_.¢ q(§) = 0, and
for small e > 0 andu € Nz(s(ZglO’g),

a- q)/ (IVul® + Veu?ldx
=T @)]>1//&

<

/ [IVul> + Veu?> —2Fw)]dx  (24)
=T ()[=1/E

and

(1+q) [IVul?> 4 Veu?]dx
[x="e(uw)|=1/c

[Vul?> + Veu?> —2F(u)]dx. (25)

>

/|X—Ts(u)|21/\/§

Proof. Note that for any small ¢ > 0, there exists C > 0 such that |F ()| < ct? + CtPt]

for some p € (1, %—J_r%) when N > 3 and for p = 4 when N = 2. Thus,

|F(u)|dx < / [cu? + Clu|PT " dx.
=Te()[=1//&

From the Sobolev embedding theorem, there exists C’ > 0, independent of small ¢ > 0,
such that

(p+1)/2
/ lu|Ptldx < c’(f [|Vul> + Veuz]dx) )
x—=Ye()|=1/{¢ [x—="e)|>1//€}

Then, for small ¢ > 0, the inequalities (24) and (25) follow from Proposition 4. O

/x—n(u)lzl/«/g

Proposition 6. Let c,c’ € (0, 1]. Assume that § > 0 is so small that the constant q =
q(8) > 0 in Proposition 5 satisfies g < /2 — 1. Then, for small ¢ > 0,

G- (Z:%) C Nes(Z1%) and  Nos(Z1%) C Gy, aes (2. (26)
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Proof. Ifu € G(1—g)cs (Zgloﬂ), it follows from (24) that

/ (VU + Vel dx < (1 — )(c8)2/2.
lx=Ye()|>1//¢

Note that for some z € Qioﬁ and v; € S(2),

/ [V = v) 2 + Vel — v)*]dx < (1 = q)es)/2.
[x=Ye(u)|<1/E

From (21), (22) and Proposition 3, we see that | Y, (u) — z| is bounded for small ¢ > 0.
Then, from the decay property of v, € S(z) in Proposition 1, we see that

lim [(IVv. > + Vi (v2)?)dx = 0.
=0/ =T, (w)=1/Ve

It follows that for small ¢ > 0,
= vel = [ [V — v + Vel — v2)]dx
[x=Te(m)|<1/\e

+f [V — v2)? + Vel — )] dx
[x=Te)|>1//
< (¢8)2/2 + (¢8)%/2 = (¢5)>.

This proves the first inclusion in (26).
Ifu € Nas(Z1%), it follows that

lu — ¢e(- —2)U(- — 2)||I> < (¢'8)> forsomez € Q1% U es.

From Proposition 3 and the decay property of U in Proposition 1, we see that

lim V(e — DU — 2))* + Velge (- — DU (- — 2))*1dx = 0.
e=>0J1x—T, w)|=1/e

Then it follows that for small ¢ > 0, |u — ¢ (- — DU ( — 2)|eu < (c’8)% and

/ (VU + Vel dx < (1 4+ q)(8)
—Tew)>1/%

From (25), we see that

/ (IVul® + Vou? — 2F@)]dx < (1 + q)c'8)>
lx=Ye()|>1//¢

This implies that u € G (4+q)V2 '8 (Zgloﬁ ), and proves the second inclusion in (26). ]
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6. A starting surface and its energy estimate

From condition (V2), we can find a manifold L, € L£(Lg) and a map y, € Ar, C
C(Lg, O) such that V (y:(z)) < m + ¢ for any z € L,. We may assume that 0L, = Lg
and y.(z) = z for z € Ly. We choose any positive number & < (m — mg)/2. Then, if
& > 0 is sufficiently small, by condition (V3), there exist ¢y € (0, @) and a continuous
map & : [0, 1] x O — O such that for small ¢ > 0,

®(1, y:(2)) = ®(1,z) =z for z € Lo,

V(L ye(2) <m —ap  for O(1, y:(2)) ¢ @°, 27
V(®(1, ye(z))) <m+e  forany z € L. (28)

We define a starting surface O.(z) = ®(1, y:(2)), z € L.. We note that ©,(z) = z for
z € Lg.Now, for N > 3, taking a solution U € §,,, we defineamap A, : (0,00) x L, —
H by

Ae(t,2)(x) = P (x/t — Op(2) /1)U (x /1t — Op(2)/16).
We can find a large T > 1 such that ', (A. (T, z)) < —1 forsmalle > Oand any z € L,.
We define A, (0, z) = 0. Then we see that A, : [0, T] x L, — H_ is continuous.

For N = 2, we need to take more involved operations on ¢.U as in [9]. We recall
some facts from [9]. For a fixed U € §,,, we define g(0, s) : (0, 0o) x (0, c0) - R by

92
g0, 5) = L,(OU(-/s)) = ?||VU||22 + 52 /Rz[%(ewz — F(OU)]dx.

For any small¢ > Oand 6y € (0, 1), 50 € (0, 1 —v), let ¢ (z) = (6(¢), s(¢)) : [0, 00) — R2
be a piecewise linear curve joining

0,50) > (1 —=6p,50) > (1 —6p, 1 —) > (1,1 =) > (I, 1) > (1,1 +9)
— (1+6p,1+1) = (1+ 6y, ).

Let0=1 <1t <--- <t <t7=o00besuch that foreachi =0,...,7, ¢(#) is an end
point of a linear segment of the piecewise linear curve {. We set

Ui(x) = 00U (x/s(1)).

Then, for any small ¢ > 0, there exist 8y € (0, 1) and sg € (0, 1 —t) such that for any small
¢ > 0, the function r — L, (U;) = g(£(¢)) is strictly increasing on (f, £3), constant on
(13, t5), strictly decreasing on (#5, t7) and lim;_, o, L,,(U;) = —o0o. Then we define a map
Ag 1 (0,00) x Ly — H; by

Ae(t, 2)(x) = e (x/5(1) — Oc(2) /s(1)e) (U (x/5(t) — Oc(2) /5 (1)e).
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Proposition 7. We have

lim max T (A:(t,2) <E,.
e—>01€[0,T],z€L,

Moreover, for any small v € (0, 1), taking « € (0, v/2) if N = 2, we see that

limsupmax{l's(Ae(£,2)) | £ € [0, TI\ (1 —v, 1 +v), z € L¢} < Ep,

e—0

and
lim sup max{s (Ag(7,2)) | € [0, T1, z € Le, Op(z) ¢ QP} < Eyp.

e—0

Proof. First we consider the case N > 3. Then

Fe(Ae(2, 2))

1
=3 / [V 2V (e U) + 1V V (etx + Op(2)) (e U) ] dix — / 1" F(¢eU) dx.
2 JrN RN
Then, from (28) and the exponential decay of U in Proposition 1,

T (As(t, 2)) = % /RN N2 VU2 + VNV (O, (2) U dx — /RN NFU)dx + o(1)

IA

1

- / N 2IVU P 4+ N mU? dx — / tNFU)dx + o(1)

2 RN RN

uniformly for z € L, as ¢ — 0. We see from the Pohozaev identity (18) that the function

1
g(t) = -/ (N 2VU )P + VN mU? ) dx —/ tNF(U)dx
2 JrN RN
satisfies
g() =g() forzel0,T],
gt —1)<0 forte(0,T)\{0}.
Thus, we get the first and second estimates.

For the third estimate, we note from (27), (28) and the above estimates that when
®€ ¢ Qﬁ,

Te(Ap(t, 7)) = %[RN[tN_2|VU|2 +NV(O,(2)U*dx — /RN tNFU)dx + o(1)

IA

1
—/ [tN_2|VU|2+tN(m—oeo)U2]dx—/ tNFU)dx + o(1)
2 RN ]RN

tN
— o) = 22| v2ax + o).
2 RN
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It is easy to see that

t"ag
t —_——
g >

U2 dx < max{g(1/2), g(1) — —2 / U?dx}.
RN IN+1 RN

This proves the third estimate, and completes the proof for N > 3.
For N = 2, we see that

Fe(Ae(t, 2))

1 2 2 2 2
E/RN[(G(I)) IVUI” + ()" V(O () (0()U)"1dx

—/ (s())*FO@U)dx + o(1)
RN

IA

1
! / O IVUP + ()’ m@OU)] dx — / (O)2FO@U) dx + o(1)
2 JrN RN

= Ln(Up) +o(1)

uniformly for z € L, as ¢ — 0. Now the claim follows from the construction U, for
N =2. O

7. Gradient estimate

Now we define
C.= max T (A:(t,2). (29)
t€l0,T1], zeL,

Proposition 8. For sufficiently small § > 0 and any 8’ € (0,9), there exists @ =
w(8,8") > 0, independent of small ¢ > 0, such that

inf(IT; @11} | u € TE* N (Gas(Z,%)\ G (Z2%)), Yew) € F) = (8, ).
Proof. To the contrary, suppose that for some 8’ € (0, §), there exists an element u, €
FSCS N (Gz(;(Z;Oﬂ) \ G,g/(Zgloﬂ)) with Y. (u) € 92’" such that Fg(ue) converges to 0,
up to a subsequence, as ¢ — 0. Since u, € FSCS N ng(Zglo’g) and Y. (u;) € 522’3,
from Proposition 3 there exists x, € RY with dist(x,, Q%) < &Ry such that u, =
G (- —x:/8)U (- — x¢/€) + w, for some U, € S and some w, € H, with ||w.]l. < 26.

Suppose there exist y. € B(x./e,2/¢'/3) \ B(x./e, 1/4¢'/3) and R > 0 satisfying
liminf,_, ¢ fB(yg R) u? dy > 0. Taking a subsequence, we can assume that as ¢ — 0, €y,
converges to some x in the closure of Q% and u, (- + y,) — w weakly in H!(RN) for
some W € H'(RV) \ {0}. Then W satisfies

AW() = V@EOW ) + fF(W()) =0 fory e RV
By definition, Lv(xo)(W) > Evy(y,- Also, for large R > 0,

1 5
liminf/ |Vug|>dy > -/ IVW|>dy. (30)
B(ye.R) 2 Jrw

e—0
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Since V (xg) > m(d), we see from (19) and (30) that

e—0

.. 2 N - N
lim inf [Vug|®dy > —Ly g (W) > —Ep@ > 0.
B(xe.R) 2 2 -
Then, taking 6 € (0, ,/(N/4)E;u)), we get a contradiction. Since there does not exist
such a sequence {y;}e € B(xg/e,2/e'/3)\ B(x,/¢e, 1/4¢'/3) and
supp(Vepe (- — x¢ /) = B(xe /e, 1/6')\ B(xe /e, 1/26'7),

we deduce from a result of P.-L. Lions (see [29, Lemma I.1]) that for N > 3,

lim inf lug|Pdy = 0. (31)

e—>0 -/;upp(W(iJg(-—Xs/S))

For N = 2, we see from [9, Lemma 1] that lim,_, o, fsupp(w@(_%/‘s)l) G(ug) dx = 0 for
any G € C(R, R) satisfying (i) lim;—.o0 G(t)/ 2 = 0 and (ii) for any o > 0 there exists
Cy > O such that |G(1)] < Co,e"”2 for all t € R. As a consequence, we can derive using
(f1), (f2) and boundedness of {||u.||;2}¢ that for i, = (1 — ¢ (- — xg/s))zug,

tim [ (P (@i dy =0
e—>0 JRN
Note that
Ff(ue)ite = /R Vel = w1 Ve (- = xe /o) + Vel — [ (ue)ite] dy.
Since |V (- — x./¢)| < 3¢'/3, we see that
0 = lim ', (ue)ii, = lim / (I Vie|? + Vsﬁg — fue)ugldy. (32)
e—0 e—0 JRN

We note that |||l < 38 for small ¢ > 0. Then, for N > 3, it follows from Sobolev’s
inequality that for some C, ¢ > 0,

N . A N Vo . . _
/ (| Viie|> + Veii2 — f(ie)iieldy > |liel|? — — / atdy — C / ()N N =2 gy
RN 2 JrN RN

N T A~ 12N/(N-2
Mael2 = Cellie 2N/ N2

lael?(X — Ce(38)YN=2). (33)

v

\Y

Taking § > 0 small enough, we see from (32) and (33) that
lim ||ie|le = O. (34)
e—>0

For N = 2, recalling f(t) = C{mt4 for + > 3K, we can argue in a similar way.

We define ve(x) = ue(x + x¢/¢). Then v, converges weakly to some W in H! as
& — 0 after extracting a subsequence.
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We may assume that x, converges to a point xg € 2!% as ¢ — 0. Then
AW —V(xo)W + f(W) =0 inR",

Just as before, for z, € RV satisfying limg_, o |ze — xs/€] = 00, and R > O,

lim uZdx = 0.
£>0JB(ze, R)

This and (34) imply that

lim/ f(ug)ugdxzf fW)YWdx, lim F(ug)dxzf F(W)dx.
RN RN RN

e—0 e—=0 JRN

Thus we see that

lim [ [|Vue> + Veu?ldx = / (VW% + V(x0)W?]dx,

e—>0 JRN RN
and Ly (x,) (W) < E; it follows that for some yg € RV,

W=W(+y)€S.
Note that limg_,¢ V(¢x) = V (x¢) uniformly on B(x./e, 1/81/3). Now, we see from (34)
that
slg% lug — (@ W)(- — yo — xe/€)lle = 0.

This implies that for small e > 0, u, € Gy (Zg1 08 ) for small ¢ > 0. This is a contradiction,
and completes the proof. O

8. An energy decreasing deformation for tails

For u € H,, we suppose that
[ [(IVul® + Veu*ldx < b*/2. (35)
RN\B(y,R)

We consider the following minimization problem:

If,u) = inf{/ [F(Vv? + Vouh) — F(v)]dx | ve Hy’f,,(u)},
RN\B(y.R)

where

HE ) = {v € H,

/H;{N\ ( )[|Vv|2+ Vv ldx < b%, v =uon B(y, R)}.
B(y,R
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Proposition 9. Assume (35) holds with sufficiently small b > 0. Then there exists a
unique minimizer v of IyR’b(u) in Hylfb(u) which satisfies fRN\B(y’R)(Wle + Vev?) dx
< b?%, and
Av—Veu+ f(v) =0 in RN\B(O, R), wv=uinB(y,R). (36)
Moreover, there exist ¢, C > 0, independent of small ¢ > 0, such that
v(x) < Cexp(—c(lx —y[—R—1)) for|x —y[=R+1

Proof. Since f'(0) = 0 and the growth condition (f2) holds, it is rather standard to show
that if » > 0 is sufficiently small, then

/ [$0Vul? + Veu?) — F(w)]dx < 3b%/8, 37
RM\B(y.R)
and for v € H;(u) with fRN\B(y,R)(|VU|2 + Vev?) dx = b?,
/ [V + Vev)) — F(v)]dx > 3b%/8. (38)
RN\B(y.R)

Then, as in [12] and [6], we see that there exists a unique minimizer v(u, y, R) of I;f 5 ()
with fR,\,\B(},‘R)(IVUE|2 + V.(v)?) dx < b%. For details, see Proposition 5.7 of [12] and
Proposition 2.3 of [6]. ]
In what follows, we denote the unique minimizer of Iylf p() in Hy’f ») by v(u, y, R).

From Proposition 3, we see that for any u € Gos (ngﬁ ), there exists y € RN satisfy-
ing |y — Ye(u)| < Rpand ||lu — ¢p(- — y)U(- — )|l < 26. Then, for small ¢ > 0,

supp(¢e (- — MU (- = ) C B(Ye(u), 1//¢).

Thus, it follows that for any u € Gas (Zgl 0ﬂ),

/ (Vul? + Vo) dx < (26)2.
RN\B(Ye(u),1//¢)

We take a small § > 0 so that Proposition 9 holds for b = 2+/2 8. Then it is important
to see from the definition of the new neighborhood Gs (Zgl 08 ) that v(u, Ye(u), 1//€) €
Gas(Z1%) for u € Go5(21°P). We define

Te(u) = v(u, Ye(u), 1/4/5)  foru € Gos(21%).

From the uniqueness of a minimizer of [ R (u), we see that 7, is continuous on
Ye(u),24/28
Gos (2,’810'6 ). We also see from the definition z, («) that for any ¢ € (0, 1],
Te(u) € Geos(Z19P)  foru € Gups5(21P). (39)

It is important to note that for any u € Gog (Z,s1 08 ),

Fe(te(u)) < Te(u). (40)

Now we prove the following result.
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Proposition 10.
IYe(ze()) = Ye()| < 2Ry for any u € Go3(2}).
Proof. By Proposition 3 there exist U € S and y € Q'°8 such that |y — Y, (u)| < Rg and
lu —¢(- — Y)U(- — y)|le <268. Then Proposition 9 implies that for small ¢ > 0,
lte ) = ¢e(- = MU= VI

(V@ — (- — UG — I+ Vel — ¢ (- — MU — y))*1dx

/B(Ts(u),l/\/g)

+ / [IVTe(u)* + Vere ()*]dx
RN\B(Ye(u),1//¢)

< (28)% + (2v/28) < (48).
Note that for |z — Y. (u)| > 2Ry,
ly —zl = [z = Ye(u)| — [y — Te(u)| = Ro.
Thus, for |z — Te ()| > 2Ry, it follows from (21) and (22) that

e @) — ¢ (- = DU = 2)lle
> e =NUC =) = e =DU(C = Dle — lITe() = de - = VU = y)lle

>E/2—48 > 64.
Hence o (dist (7. (1), S(z))) = 0if |z — Te(u)| = 2Rp. This implies that Y, (z.(u)) €
B(Y:(u),2Ryp). O

Note that for z € L, and ¢t € [0, T],
Ac(t,2)(x) = e (x/1 — Oc(2)/18)U (x/1 — Oc(2)/16)

and

supp(A(t, 2)) C B(®:(z2)/e, 1/¢'/3).
Now, since {A:(¢,z) | t € [0, T], z € L.} is compact, we can extend the center of mass
Y, on Gz(g(Zgloﬂ) to a function Y, on

Gas(Z%P) U{Ac(t,2) |1 €10,T1, z € Lg} (41)
so that forany r € [0, T] and z € Q;Oﬂ with A.(t, 2) ¢ Ggg(Zgloﬁ),
IYe(Ac(t, 2)) — ©c(2)/6] < 3Ro 42)
and _
Y:(Ae(f,2)) = Og(z)/e in aneighborhood N of 9([0, T] x L;). (43)

Then we see that if |x — 'Afs(Ag(t, 2))| = 1/4/¢, then A, (¢, z)(x) = O for small ¢ > 0.

Thus we can also extend 7, continuously onto G (Z,}Oﬂ)U{A,s (t,z) |t €[0,T], z € L}
so that for ¢ > 0 is sufficiently small,

Te(Ae(t,2)) = Ae(t,2)  if Ae(t, 2) ¢ Gas(Z1%P). (44)
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9. Energy decreasing deformation through a flow ©

We take a large D > max{l, 108} so that O C B(0, D), and define

w= max V(x)/ min V(x) > 1. 45)
Ix|<10D Ix|<10D

Then we find ¥, € CSO(RN, [0, 1]) such that . (x) = O for |x| > 8D/e, ¥.(x) = 1
for x| < 7D/e and |Vy,| < . We pick ¢ € C(‘)’O(RN, [0, 1]) such that ¢1(x) = 1
for x € Q% \ Q3 and ¢ (x) = 0 for x € Q> U RN \ Q7F). We also select ¢, €
C2(G5(22%), 10, 1]) such that gy (u) = 1 for u € Gs/6,(Z'%F) and @2(u) = 0 for
u ¢ Gs/a,,(Z'%). Then we define a function W : [0, 00) x RN x H, — RN by

W(l, x,u) = P(p1(xX)p2(w)l, x).

We fix I, € (0, 1) so that
|®(, x) — x| < /10 forany! € [0,1,] and x € Q8. (46)

Then we define P; : [0, [,] x ng(Zleﬁ) — H; by

W, eYe(u), u)
Pe(l,u)(x) = (1 — Ye(x)u(x) + (1//su)(x S —

+Ye (u)>- (47)

We note that P.(l,u) = u for any [ € [0,1,] if Yo(u) € QF U RN\ @) or u ¢
G(g/4w(ng’S ). We take a small § > 0 so that ¢ = ¢(8) given in Proposition 5 satisfies

1 — g > 1/+/2. Through the deformation P, the center of mass Y moves roughly like
the deformation W, as we see in the following proposition.

Proposition 11. Foru € Gas (Zgloﬂ ),

|Te(Pe(l, u)) — W, e (u), u)/e| < 2Ro.

Proof. Since W(l, £, (u), u) = Yo () and Pe(l, u) =u if u € Gos(Ze )\ G540 (Z2°P)

or To(u) ¢ QF, we may assume u € Gsa(Z:%) and Ye(u) € 2.°. Then, from
Proposition 3, it suffices to show

[Pe(l,u) = pe(- = MU = y)lle =268

forsome U € Sand y € RY with ly — W, eYe(u), u)/e| < Rpy. From Proposition 3,
we take U € S and z € RN with |z — Y. (u)| < Ro such that

lu = ¢e(- =2DU( = 2le = é/40.

Then ﬁx|27D/€(|vM|2 + Vou?)dx < 8%/16w? since supp(¢p.U)(- — z) C B(0,7D/e).
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Denoting d. (I, u) = W(l, eYe(u), u)/e — Ye(u), we deduce that for small ¢ > 0,

IPe(l, u) = (@eU)(- — 2 —de(, u))le
< 1A = Youlle + 1(Weu) (- = de(l,u)) — (P U)(- — 2 — de(l, u)) ¢
< 8/4w + 0(e) + Vo |Yeu — (:U)(- — 2) |l
< 8/4w + 0(e) + Vo llu = (¢U)(- = 2)|le + Vo (1 = Pe)ulle
<8/2+4 0(e) + 8/4Jw < 6.
Since |z +d:(I,u) — WV (, eYe(u),u)/e| = |z — Ye(u)| < Ro, this proves the claim. [

Proposition 12. If u € Gs/40,(Z2.°7) and Ye(u) € Q1P then Po(l, 7o) € Gsp2(Z:F)
forl €10, 1,1; thus P(l, 7. () € Gas(Z:F) for all 1 € [0,1,] and u € G25(2LP).

Proof. From Proposition 10, we see that |eY (7, (1)) — €Y, (u)| < 2eRp for any u €
Ga2s(Z1%) . Thus it follows from (46) that for small & > 0,

Ye(Pe(l, (1)) € Q¥ whenl € [0, 1,].

We recall that for u € Njs (2610,3) andv € H,,

Ve = / (V0P 4+ Veo?] dx.
lx=Ye()|<1//e

Since u € Gs/ap(Z: ), it follows that 7 (u) € Gs/a0(Z: ") C Nojaw(—q)(Ze ") and

/ [IVTe (@) > + Ve (te () — 2F (zo ()1 dy < (8/4w)*/2.
[y="e(reW)|=1/ /€

Since . (u) € N5/4w(1_q)(Zgloﬁ) and Y. (t. (1)) € Qgﬂ for small ¢ > 0, it follows that
forsomez € Q$ and U € S,

Ite (@) — (- — 2/U( — z/8)lle < §/4w(1 — q). (48)
Then, denoting

Y, eYe(te (), Te(u))
- €

— Ye(te(u)), ge(l,u) = Yo (Pe(l, T (1)),

de(l, u)

we see from a change of variables that for small ¢ > O and [ € (0, [,),

[Pe(l, Te(@))() — @ (- — 2/ —de (L, u)U(- — z/e — de(I, W) e, P, (1,7, ()

_ / IV (2 () (1) — V(e (y — 2/)U(y — 2D dy
ly—ge(LLu)+ds (Lu)|<1//e

+ / Valy + de (L ) (T @)(y) — ey — /WUy — /&)’ d.
ly—ge(L,u)+de (Lu)|<1//e
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Here, we have used the fact that

Pe(l, Te(u)(y) = te(u)(y —de(l,u))  for |y — ge(l, e) +de(l,u)| < 1/4/e.
Note that if |y — g (I, u) +d: (I, u)| < 1/4/¢, then |ey + ed:(I, u)| < 2D, |ey| < 3D for
small & > 0 since eg (I, u) € Q*® C B(0, D) forl € [0,1,] and small & > 0. It follows
from the definition of @ in (45) that if |y — g. ([, u) + d: (I, u)| < 1/4/e,

Viey +ede(l,u)) < wVi(ey).

Consequently,

|Pe(l, Te(u)) — e (- — 2/6 — de(L, u))U (- — 2/& — de (L, ) e, P.lzo ()
< ollte(W) — ¢ (- — 2/8)U (- — z/8)|I?

2 2
< w(§/4w(l —g)* = <§> - < 1@) . (49)
2) 401 —¢)2 2\2

We recall that for I € (0, 1)),

Pell, 7o) () = (1 = Y () 7 () ()
+ (Ve (1)) (x — W(l, eYe(te (1)), e (u))

&

+ e (e (u)))

and

W, eYe (T (), Te(u))
. .

ge(l,u) —de(l, u) — Ye(te () = Te(Pe(l, 7o () —

It is easy to see from Proposition 9 that for some C, ¢ > 0,

/ (V1 = ¥e)Te @) * + Ve((1 — )T ()*1dx < C exp(—ce).
RN\B(0,5D/¢)

From (48) and Proposition 3, we see that
ITe(te(u)) —z/el = Ry and | Yo (YeTe(u)) — z/€] = Ro + o(e).
From (46), we deduce that |d;| < 8/e. Then (45) implies that for small ¢ > 0,
(e Te (@) (- — de (1, w)) — (U (- — z/& — de(l, w)I7
< 0llYete @) — (¢ U) (- — 2/)ll; < 0(3/40(1 = g))* + o(1).
Now, it follows from Proposition 3 that for small & > 0,

| Te(Yete W) (- — de(l, w))) — z/e — de (I, u)| < Ro.
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This implies that for / € [0, [,],

8 (L, u) — de(l, u) — Ye(Te(u))]
< lge(,u) —de(l,u) —z/e| + |2/ = Ye(re(W))| < 2Ro +o(1)  (50)

when & > 0 is small. It follows from Proposition 9 that for small ¢ > 0,
f V@) + Ve (@) (we)?] dx < (8/40(1 = ¢))* + o(1).
[x="e(Te ()|=1//¢

Moreover, it follows from (25) that for / € [0, [,],

/ VP, e ())* + Ve(x)(Pe(l, Te(u)))? — 2F (Pe(l, Te (1)) dx
lx—ge(Lu)|>=1//€

<(+q) [V Pl (@) * + Ve () (Pe(l, (u)))*] dx.
[x—ge(l,u)|>1//e

We see from (50) that for small ¢ > 0 and ! € [0, [,],

f (VPG @) + Ve (o) (Po (7o ))) ] dx
[x—ge(l,u)|>1//e

V(e e @) + Ve (x + de ) (Yee ) 1dx + 0(e)

<

/I.xgs(Lqus(l,u)lzl/x/g

= w/ (VT (W) + Ve (x) (1 ()1 dx + o(e)
|x—ge (1, u)+de (I,u)|21/4/¢,|x|<10D /e

< 0llte(u) — ¢ (- — 2/)U (- — z/&) |2 + 0(e) < w(8/4w(1 — g))* + 0(e).
Thus, for [ € [0, [,] and small ¢ > 0,

/ [V Pe(l, Te@))” + Ve (@) (Pe(l, 7e()))* = 2F (Pe(l, 7 (u)))] dx
lx—ge(w)|=1//e

<o(1+9)(/40(1 — q))* + o(e).
Now, taking sufficiently small § > 0, we see that for small ¢ > Oand / € (0, 1)),

2
[V Pe(l, Te )P+ Ve (Pe(l, 7 ()))* —2F (Pe(l, T (u)))] dx < % (é) ,

/xgg(l,u))lzl/«/g 2

and

8

1 2
[Pl 7o) = 9 (- = 2/e = de)U (- = 2/ = de@) e, 1) < 5 <E> '

This proves the first claim.
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If 7.(4) € Gs/40(R19P) and e (e (u)) € QLF for u € Ga5(Q1%), it follows from
the first claim that P.(/, 7. (1)) € Go5(R'%) for I € [0,1,]. If 7e (1) ¢ Gs/a0,(R'%) and

Ye(te(u)) € Qzﬁ foru € ng(Qloﬂ), we see from the fact supp(¢z) C G5/4w(§210ﬂ) that

Po(l, o) = To(u). If Yo(te(u) ¢ QP for some u € Gas(Q2'%8) it follows from the
facts supp(¢1) C Q7 \ Q% that P, (I, (1)) = 7. (u). Since 7 is a map from Gs(Q'%)
to itself, the second claim follows. O

Proposition 13. For u € ng(Zsloﬂ ) with Y.(u) € sz?ﬁ and small ¢ > 0, the en-
ergy functional T'¢(Pc(l, t¢(u))) is nonincreasing with respect to 1 € [0,1,]. If u €

G(s/]ow(Zloﬂ) and Ye.(u) € Qgﬂ \ Qgﬁ, there exists a constant po > 0, independent
of small ¢ > 0, such that

Le(Pe(lp, 7e () — e (Pe(0, 7e(u))) < —pio.

Proof. 'We see from a change of variables that for0 < <[ +1' < Iy,
e (Pl + l/v T (u))) — T (Pe(l, e (u)))

= /R (= Y m @) ) - V(@) — del+ 1) dx
- A (= Pm@)®) V(@) — dell ) dx
4 /R Vel = YT )0 (et @) (x — el + 1) dx
- /R Vel = YT ) ) (e ) (5 — o1, ) dx

- / [F(Pol + 1, 1)) — F(Po(l, 7o(u))] dx
RN

2
=TI-THN+TII-TIV-TV 4+ TVI,

1 ~
+ = f Vel (e Te () (x + x:)1° dx
RN

where x, = Y. (7. («)) and
Vex) = Vex + Wl + 1, sxe, 7o) = V(ex + W, x5, T (1)),
If o1 (exe)pa(te (1)) = 0, it follows that W (/, ex., u) = x, and thus
Pl +1, te(u) = Pe(l, e (1)) = 7 (u);

hence the monotonicity property holds. From now on we assume that ¢ (ex¢)@2 (7 (1))
> 0 and denote

h = @1 (exe)pa (e ().
In this case, ex, € QP \ Q2. Now, we see that

TI—TII+TIII—TIV TV+TVI
h h h h

1
5 Le(Pell + U, 1)) — Te(Pe(l, T ()] =
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From the decay property of 7. (z) in Proposition 9, elliptic estimates and Lipschitz conti-
nuity of ® in condition (V3), we deduce that for small ¢ > 0,

’TI— TII’ ’TIII— v

7 7 ‘ < o(e).

For an estimate of TV, we see from a change of variables and (46) that

v = /R (A = Yore@) G+ de 41 0) + (PeTe () (1) dx
- AA{N F(((l — Ye)Te (W) (x +de(l, 1)) + (Ws'fe(u))(x)) dx

= / F(((l — )T () (x +de (I + 1, ) + (Ilfsfa(u))(x)) dx
RN\B(0,6D/¢)

- f F(((1 — Ye)Te (W) (x +de(l, u)) + (Tﬂafs(u))(x)) dx
RN\B(0,6D/¢)

= / fe 1, x)ge 1,1, u)dx,
RN\ B(0,6D/¢)

where

g, Ll u) = ((1 = Y)te @) (x +de (0 + 1, u)) — (1 = Ye)Te () (x + de (I, 1)),

Tl x) = F((1 = Y)me)(x +de( + 1", 1)) + (Yo () (%))
ge, 1,1, u)

CF(( = Y ) (x +de (1 1)) + (Yo Te () (1))
g(e, Ll u) '

Then, from the decay property of t.(«) in Proposition 9, elliptic estimates and Lipschitz
continuity of ® in condition (V3), we deduce that for small ¢ > 0,

TV
h

To estimate TVI/h, we note that for the constant c¢; in condition (V3),

<o(l).

ﬂ_l/ Ve Lt @) x4 xe)Pd
h_ZRNh YeTe () (x + X¢ X
1

2 h 2 h
= A + B.

‘78 ’ 1 ‘75 )
:-/l ) —[(WeTe () (x + x6)] dx+—/|| / L (Wete () (x + x5)]* dx
rl=ele x|=zc2 /e
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We see that
1 W+, exe, to(u 2
B=— V(sx)[(%rg(u))(x - GRAQ) +xs>} dx
21 S\ 41 e e () Je]2 2 €
1 W(l, exe, o (u 2
- V(ex)li(%rﬂu))(x _ 20 exe, m@)) +x8>} dx.
21 Jix—w(l,exe,te ) e]= 2 €

Then, denoting

D, = {x c RV ’x _ Vel it e n@)| o ‘x W exe, w»' - c_z}
£ £ £
b= {x crV | |y - \Ifs(l,exg,zg(u»' L ‘x WA ,exs,rg(u))' - C_z}
& & & &
/ 2
E, = [(wgrgw))(x _ Ll da = (1) +x8)}
2
- [(%&(M)(x - w +x8)] ,
we see that

|B| < %/ V() (Yete ) (x — WA +1', £xe, T () /& + x)]* dx
D,

o [ VEWer @)~ W1 v, w0 e+ xo)P d
De
1

2h Jix— o, exe, e ) fe|zca /e
= B1 + B> + Bs.

V(ex)|Es|dx

It is easy to see that for some constant M, depending only on N,

M
eN—1

V(I + 1 exs, Ts() W exe, Te(u))
B B

|De| + |Da| <

when I’ > 0 is small. From the Lipschitz continuity of ® in condition (V3), it follows that

V(I A+ exe, Tew) W, exe, T ()
£ £

1 h
= |2 (exe)@2(Te W) +1'), ex5) — P(p1(exe) @2 (Te W), £x6)| < % D

Thus, we see that
|De| + |De| < Mph/e".
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For small 1 > I’ > 0, we see from (51) that for x € 55,

‘\Il(l—i—l/,exg,tg(u)) '
. —Xx
o W(l, exg, (1)) B ‘\I'(l + 1, exe, T (1)) B W(l, exg, 1o (1))

£ £ £
LG _#h_ o
e e ~ 2¢
This implies that if I’ > 0 is small,
W, exe, te(u))| _
X-—> —
e - 2

for any x € D, U 58. The decay property of t.(u) implies that for some C, ¢ > 0,
|Bi| + |B2| < Cexp(—c/Ve).

Denoting x = x — W(I, ex¢, t:(u))/& + x., we see from the decay property of 7. (u) =
v(u, Ye(u), 1/4/€) in Proposition 9, standard C 2_estimates [22] for the solution of (36)
and the Lipschitz continuity of ® in condition (V3) that for some C, ¢ > 0,

limsup | B3| < £ V(ex)(Yete () (X) |V (Yete (1)) (X)] dx
I'—0 & Jix—W(l,exe,7: () /e|>c2 /e
< Cexp(—c/+/¢).

To estimate A = %flx\sc‘z/e %[(wsrg(u))(x + x:)]* dx, we denote
H = @1 (exe)@a(te (u))l.
Then we see from condition (V3) that if ex, € Q7F \ Q28 then

Viex + V(I + 1, exe, 1 () — V(ex + W, exg, T (1))

V,
limsup — = limsup

hso h h—0 h
. Viex +P(H +h,ex;)) — V(ex + O(H, ex;))
= lim sup < —a
h—0 h

uniformly for |x| < ¢p/¢. Thus, for small ¢ > 0,

limsup A < —«ai:/4,
I'—0

where

Lo = inf / u*dx > 0.
uEng(Zgloﬁ) [xe—x|<cy/e
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Since |x; — Yo (1) = |Te(te(u)) — Ye(u)| < 2Ry, taking a small § > 0, we see that
¢o = liminf,_,0 ¢ > 0. Thus, combining the estimates for 77, TI1I, TIII, T1V, TV and
TVI, we conclude that for sufficiently small I/, ¢ > 0,

1
Z[Fa(Pa(l +1, Te(u))) — Le(Pe(l, T (0)))] < —ao/8.

This proves that I'; (P (I, T (u))) is decreasing with respect to [ € [0, [,].
Ifu e Gg/low(Zloﬂ) and Y.(u) € Qgﬁ \ Qgﬁ, we see from Proposition 10

that 7. () € Gs/100(Z1%), Te(ze)) € Q¥ \ @ for small ¢ > 0. Then h =
©1(eYe(te () @2 (te ()l = I'. Thus, the last claim follows. O

10. Proof of the main theorem

We will show that for any small v, § > 0, there exists a critical point of I'; in
Q(e,v,8) = ([ \TE™) N Gos(2L)

when ¢ > 0 is sufficiently small. We take a small § > 0 so that ¢ = ¢g(8) < 1/1000.
Then we see from (26) that

Gs/3(219%) € Nsjp(Z1) € Gusys(21F) c Ns(2L0P).

To the contrary, we assume that for some small ¢ > 0, there exist no critical points of
I, in Q(e, v, §). We note that A, (1, z) € Zgloﬂ. From Proposition 7, we can take v, § > 0
so that for small ¢ > 0,

Te(Ae(1,2) < Em — v if  Ag(t,2) ¢ Goja00(Z1P) or Yo(As(t, 2)) ¢ Q2F. (52)

We take a smooth function x" on R such that x"(I) = 1 when |l — E,| < v/2 and
x"() = 0for |l — E,| > v. We also find a smooth function Kf on H, such that Kf () =1
foru € Ga(ngﬂ) and K?(u) =0foru ¢ ng(Zgloﬂ). Then we consider the following
flow equation:

d E\Ds v / / *
% = —x"Ce)k T /ITL N 7e(0) = u € Hy.

There is a unique solution n, = 1. (s, u) for s € [0, 0o0). Note thatifu € (I';* \ Ff’”fv) N
Ga3(2: ), then
ne(s,u) € (TE\TEn™) N Gps(21%)  forall s € [0, 00).

Proposition 14. Ler u € Ggg(Zgloﬂ) and Ye(u) € Zgﬁ. Suppose that for 0 < s1 =
s1(e) < so = sp(¢) and some constant ¢ > 0, independent of small ¢ > 0,

ITe (e (51, 1)) — Ye(ne(s2, u))| = c/e.

Then
lim |s2(e) — s1(e)| = oo.
e—0
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Proof. We consider the function Y. (n:(s, u)), s € [s1, s2]. We can take a partition s; =
sO < sl <o < sk < 5K = 55 of [51, 52] such that | Ye (e (s°, 1)) — Ve (e (s~ 1, u))| >
c/ke fori =1, ..., k. From Proposition 3, for eachi = 0, ..., k, there exist z; € Qéoﬁ
and W; € S(z;) satisfying

ne(s', u) — Wille <28, | Te(ne(s', u)) — zi] < Ro.

Then, for small ¢ > 0, it follows from (21) and (22) that
L) — ne (' w)lle
> Wi — Wigille — Ine(s', u) — Wille — Ime (st u) — Wig|le
> £/2 — 48 > 108 — 48 = 66.

lI7e (s

Note that ||07:(s, #)/9s]|} < 1. Then, it is stal_ldard to see that for some A > 0, indepen-
dentofi = 1,...,kand small ¢ > 0, |s' — s”1| > A. This implies that for any k£ > 1,
|s1 — 52| > kA if ¢ > 0 is sufficiently small. This proves the claim. O

We take a sufficiently small § > 0 so that for g = g (§),

1 1 1 1 1 1
— > —, — > —. (53)
V2(14+¢q) 200—¢q) 8 10421+ ¢ 300 -q¢)w 60w
‘We remark that since
1 1 1 and 1 1 1
—_— - > = —_— > —,
V2 278 102 30~ 60

and lims_, 0 ¢(8) = 0, there exists a small § so that (53) holds.
Then, for v > 0 defined in (52), we may assume

8 5 8
V< — ,— ],
600"\ 300
where 14(8, 8") is defined in Proposition 8.

Proposition 15. Suppose that ns(I, us) € Gs2(Ze")\ Gs/100(Z2%) and T (ne (. ue))
e Q% for some 1 € [0, 8/300] and us € Gos(Z.°). If limsup,_, o Ts () < Ep, then

)
Fs(ns(%, u)) <E,-—v/2

Proof. We note from Proposition 6 that for ¢ < d,

for sufficiently small ¢ > 0.

G1-qes(Z1%) € N (Z1%) C Nus(Z1%) € G 14005 (ZP). (5%
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In particular,
Gs2(Z1%)\ Gs100(Z1%) C Nsjp(1-g)(Z21P)\ NB/]O\/E(l-f—q)w(Zg!Oﬁ)v
Ny vaa4g) Ze "\ Nsjsoa—gw(Z1%) € G5s(Z1%) \ Gs/300(2,).

First, we suppose that for some [ € [§/60w, 6/30w] and u, € ng(Zeloﬁ), ne(l,ug) €
0 0, 8 .
Gs2(2: ")\ Gsj10w(Z:7) and Ye (L, ue)) € Q2. Then, since ||dne/dsl. < 1, we

see from Proposition 14 that 7, (s, u¢) € G5(Z0%) \ G5/300(ZeF) and Yo (e (L, ue)) €

2% fors e [l — 8/60w, 1] and small & > 0. Then, if Ts (1. (s, tg)) > Ep — v/2 for any
s € [l — 8/60w, 1], it follows that for small & > 0, dn./dt = —T.(n:)/ L (ne)|I%. Note
that I, is decreasing along the flow 7,. Hence for small ¢ > 0,

Peme(l,u)) — Eyy — o(1) <Teme(l, ue)) — Fe(me(l — 8/60w, ue))
/ l
Z/z F;(ns(s,ug))ms’ug) dS=—/l. IT, % ds

—5/60w d —5/60w

) )
S———ul\d, —— | <—-v.
60w ( 300))

This contradicts the assumption that I'c (9. (s, us)) > E,, —v/2forany s € [l —§/60w, I].
Since TI'; is decreasing along the flow 7., we conclude that for small ¢ > 0,
Fe(e(8/30w, ue)) < Epyy — v/2.

Second, we suppose that for some / € [0, §/60w] and u, € G (Zsloﬁ), ne(l,us) €
Go/2(2: )\ Gojr0w(Ze ") and Te(ne(l, ue)) € QEF 1 Te(ne(s, ue)) > Ep — v/2 for
any s € [/,] 4 §/60w], we get a contradiction by the same procedure as in the first case.
Since [ + /60w < §/30w, we conclude again that for small € > 0, I';(7.(5/30w, uy)) <
E,, — v/2. This completes the proof. O

10.1. Iteration through a gradient flow and a translation

We define 5

30w’
and I' the i-fold composition of /. As before, we denote

lg = I(w) = Pe(lp,)oteone(ly, u)
Q(e,v,8) = (P \ TEn=v) N G5(21).

Since we assume that there exist no solutions of (13) in Q(e, v, §) for small ¢ > 0, there
exists k(¢) > 0 such that

|Fg(u)| > k(e) foranyu € Q(e,v, ). (55)
We take an integer
v
C o .
= kel

Now, we prove the following proposition.
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Proposition 16.
FS(IjE (As(t, Z))) S Em - min{l)/z, I‘LO/z} fOr a”y te [07 T]7 Z€ LS’
where o > 0 is given in Proposition 13.

Proof. By (52), we recall that if T (A(1,2)) > Ep — v, then A(1,2) € Gsja00(Ze ")
and Y, (A(t,z)) € 93’3 . Thus, from now on in this proof, it suffices to consider just the
cases A(t, z) € G5/40w(Zs]0’3) and Y. (A(¢,2)) € Qgﬂ. Hence, we consider a sequence of

continuous paths _
e, I'(Ae(t,2))) [ 1 €10, [gli=0,1,... jo—1-

Note that I'; is nonincreasing along the processes 7, 7, Pe. Further we recall the follow-
ing:

(1) The definition of t, implies

7. (Ges(Z1%)) € Gs(21%)  foreach ¢ € (0, 2].
(ii) Proposition 10 implies

e (e ) = Ye@)] < 2Ry foru € Gas(Z,"). (56)
(iii) Proposition 11 implies

[Ye(Pe(l,u)) — W, eYe(u), u)/el < 2Ro.
(iv) Proposition 14 implies
ITe(me(lg, u)) — Ye(u)] <o(l)/e ase —0;
thus for small ¢ > 0,
{(Ye(e(, u)) | 1 €[0,8/30w]) C QUFIOE if v, (u) e @, d € [1,9).
(v) Proposition 12 implies
Pe(l, T (u)) € G2s(Z1%)  foralll € [0,1,] and u € Go5(Z1P).
(vi) From the definition of the gradient flow n,,
{ne(s,u) | s € [0,00)} C Gas(Z1%)  foru € Gos(2)P).
Hence, for small e > Oandeachi =0,1,..., j. — 1,
Yo (g, I' (Ae(t, 2))) = Ye (' (Act, 2)))] < 4Ro + B/10¢ (57)

and
ITe (e Ly, I'(Ac(t, 2)))) — Te(I'(Ac(t, 2)))| < B/10e. (58)
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Thus, we deduce that at least one of the following three cases holds:

Case A: _
ne(l, I'(Ae(1, 2))) € Gij100(Z1%) N {u | Ye(u) € 3P}

foralli =0,1,...,j. — 1,1 €[0,[].
Case B:
e, I'(Ac(t,2)) |1 € 10,11} C Gs100(ZL%P) N {u | Ye(u) € Q2P P/10\ @I HA/10)
forsomei =0,1,..., j. — 1.
Case C:
ne(l, I'(Ae(t, 2))) € (Gs2(ZL%) \ Gsj100(Z1%)) N {u | Yeu) € QFF)
forsomei =0,1,..., je — 1,1 €[0,[].
In fact, if Case C does not occur,
ne(l, I'(As(1,2))) ¢ (Gs52(Z%)\ G100 (Z1P)) N {u | Yeu) € Q¥F)

foranyi = 0,1,...,j. — land !/ € [0, [;]. Since rs(Gcg(Zgoﬂ)) - Gca(Zgoﬂ) for
c€(0,2]and P.(l,u) = uforl € [0,1,] and u € Gas(Ze P)\ G40 (ZeF), we see that

e, I'(Ae (1, 2))) € Goy100(Z2%P) N {u | Ye(u) € QFF)

foranyi = 0,1,..., je — L and ! € [0, [;]. Then, it is obvious from (57) and (58) that
Case A or Case B occurs. This proves the claim.
Suppose that Case C occurs. Then Proposition 15 implies that for small ¢ > 0,

Te(I (Ae(t, 2))) < TeMelly, I™(Ac(t,2))) < Em — /2.

Next we suppose that Case B occurs. Then we see from (56) and Proposition 13 that
for small ¢ > 0,

Te(Pelp, te(ne g, I (Ae(1,2))))) < Em 4 0(1) — pto < Em — p0/2-
Finally, suppose that Case A occurs. We may assume that
Ce(e(l, I (Ae(2, 2)))) = Epy —v/2

foranym € {1, ..., je — 1} and any [ € [0, [,]. Note that

. Je . ,
Fe(I7(Ae(t, 2))) — Te(Ap(t, 2)) = Z[FS(I](AS(tv 2)) = T/ (A, (2, 2)))]
j=1

Je . _
< Y Me@ely, V7 (Ac(t, 20))) — Te (7 (A (2, )]
j=1
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When
Cee, I (Ae(t,2)))) = Em —v/2,  Ye(ne(, I’ (Ac(t, 2)))) € QF
forany j € {1,..., je — 1} and any [ € [0, [], we have

dn.(lw) LI
T = Fg(ns)/||rg(n8)”e'

This implies that

Te(ne(lg, ' (Ac(t, 2)))) — Te (1771 (A (1, 2))) < —Igk(e).

Therefore
Lo(175(Ae(t, 2))) — Te(Ae(t, 2)) < _jslgk(g) = -V

thus for small ¢ > 0,
Le(17(Ae(t,2))) < Ey — v/2.

Since
Te(172 (Ae(t, 7)) < Te(I 71 (Ae(t,2))) < -+ < Te(I(Ae(t, 2))) < Te(Ae(t, 2)),

it follows that if Ye(n.(l, I" (Ac(t, 2)))) € Qgﬂ forany m € {1,..., jo — 1} and any
1 €0, ], then

Te(17(As(t,2))) < Ep — v/2.
As a result, we conclude that for small ¢ > 0,
(175 (Ap(t, 2)) < Ep — min{v/2, uo/2} foranyt e[0,T], z € L;. m]

‘We define
B.(t, 2) = (I (Ac(t, 2))).

From (44) and the invariance of ang(Z‘; 08 ) under the flows 7, and P, we see that B, :
[0,T] x L — H; is continuous. Proposition 16 implies that if ¢ > 0 is small, for any
te[0,T]and z € L,

[e(Be(t,2)) < Te(Ae(t,2)) < Em — min{v/2, puo/2}. (59)

We note that B.(¢,z) = A.(t,z) for B.(t,z) ¢ Gza(Zgoﬁ). Moreover, we see from
Propositions 3 and 9 that for small ¢ > 0,

Te(Be(1,2) = % /R VBt )P + V(e Te(Be (1, ) (Be (1, 2))*] dx

—f F(B:(t,2))dx +o(1), (60)
]RN
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where lim;_,go(1) = 0 uniformly for (¢,z) € [0,T] x L,. We can take sufficiently

small 8, Ty > 050 that Bx(t, z) ¢ Nas(ZL%) for (1, z) € d([Ty, T1x L¢). It follows from
(43) that for any ¢ € [0, T],

eYe(Be(t,2)) = Op(z) forzina neighborhood A of 9L,. 61)
We define

Qe (t, 2)(u) = %/ \Vul®dx + N/ [LV(eYe(Be(t, ))ul* — F(u)] dx
RN RN
and
Jo(t, ) = %/ VUl dx + V(e Te (Bo(t, D) ul* dx —/ F(u)dx.
RN RN

For N > 3, itis shown in [7] and [25] that if there exists & = h(z, t) > O satisfying
V(eYe(Be(t, 2)))h> — 2F (h) < 0,

then there exists a minimizer W = W(t, z) of J.(¢, z) over the Pohozaev manifold {u €
H'RN)\ {0} | Q.(t, z)(u) = 0} which is a least energy solution of

AW — V(e (Bs(t, )W+ f(W)=0, W >0 onR".

For N = 2, it is shown in [4] that there exists a minimizer W = W (¢, z) of J.(t, z) over
tﬁe Pohozaev manifold, and that for some constant A = A(¢, z) > 0, the scaled function
W(x) = W(ix) is a least energy solution of

AW — V(eTe(Bo(t, )W + f(W)=0, W=>0 onRM.
Since Q. (z, z)(W) = 0, we see that
Je(t, W) = Je (1, (W),
We note that for any z € L,

Q:(To, 2)(Be(To, 2)) > 0, Qe(T,2)(Be(T,2)) <0 (62)

if Ty > 0 is sufficiently small, and that ®,(z) = z for z € Lg. Thus, defining D, (¢, z) =
Q. (t, 2)(B:(t, 7)), we see from (61) that for z in a neighborhood N of Lg in L,

De(t,z) = Qc(t, 2)(Be (2, 2))
_(N—2iN 2

/ IV(¢eU)|* dx + NtV / [V(O:(2))(¢eU)* — F(¢eU)ldx.
2 ]RN RN

This implies that for z € N' C L, Dg(t, 7) is a strictly decreasing function with respect
tot € [Ty, T]if ¢ > 0is small. Hence, for any z € N, there exists a unique t(z) € (To, T)
such that D.(#(z), z) = 0. Then, it is easy to see that

0

81?8 (t(2),2) #0, zeN. (63)
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We note that for s € [Tgp, T]and z € Ly = 0L,
£Ye(Be(1,2)) = Oc(2) = z.

We will show in the following section that for small ¢ > O, there exists (¢, z:) €
(0, T) x L satisfying

De(te,ze) =0 and  V(eYe(Be(te, 2¢))) = m. (64)

10.2. Intersection results

Proposition 17. Let H be a compact connected k-dimensional manifold in (To, T) X Lg
such that
W #0H C (Tp, T) x Lo.

Assume that for the natural projection map we : (To, T) X Lg — L, the restricted
map welgy : 0H — 7w, (0H) C Lo is a homeomorphism. Then n,(H) = L, and
e (0H) = Lo.

Proof. For the natural projection map m,, we have m, : H — L, with 7,(0H) C
oL, = Lg. Then, for any y € L, \ Lo, the mod 2 degree deg> (7., H, y) is well de-
fined. Since 7y : 0H — (0 H) is a homeomorphism, we see that deg, (me, H,y) = 1
for any y close to 0L, = Lg. Since L, is connected and w,(d H) C Lo, we see that
degy (e, H, y) is independent of y € L, \ Lo. This implies that n,(H) = L. Since
e : 0H — m:(d H) is a homeomorphism, it follows that 7,(0H) = 0L, = Lo. m]

Proposition 18. For small ¢ > 0, there exists (t¢, z¢) € (To, T) X L. satisfying

De(te,2e) =0 and  V(eYe(Be(te, 2:))) = m.

Proof. We can approximate D, in CO%[To, T1 x Ly) by {Dé}fil c CNH((Ty, T) x Ly)
so that
Di(t,2) = De(1,2)  for (1,2) € (To, T) x Lo.

Then, by Sard’s theorem, we can find {bf}?; C R with lim; s o bf = 0 and bf is a

regular value of Dé. We can take a sequence {/(i )}?21 such that lim; , /(i) = oo and

lim;_, o0 b/”) = 0. Then, for each i = 1,2,..., (Dr”)~'(®!")) is a union of finitely
many k-dimensional compact connected submanifolds of (Tp, T') x L.

Let H' be a connected component of (Dé(i) )1 (bf(i)) which intersects (7o, T) x Lo.
Let 7. : (Ty, T) x L, — L, be the natural projection map. Then, from (63), we see
that 7, : dH' — 7. (3H') C Ly is a homeomorphism. Hence, by Proposition 17,
H' € L(Lg). If £L(Lo) is the class of orientable manifolds, then the {H'}; are orientable
since there is a nonvanishing normal vector field on H' in the orientable manifold L, x
[To, T1. Thus, if £(Lo) is the class of orientable manifolds, we also have H' € £(Lg).
Then, from the definition of m in (V2), we see that max . epi V(sfg(Bg(t, 2))) > m.
Since B, (t, z) = A (, z) in a neighborhood of d((Ty, T) x L), there exists some p > 0,
independent of small ¢ > 0, such that V(s’f”s (Be(t,2))) <m—pfor(t,z) € dH', and
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|D.é(").(To,z)| > p, |Dé(i)(T, 7)) = pforz € L andi = 1,2,.... Thus there exists
(", 7") € (To, T) x (Lg \ Lo) such that

V(EYeBe(t',2) =m and DIOG, 71y =pl®.

Let (7, z¢) be a limit point of {(+', z')};. Then (z, z) is an interior point of [Tp, T] x L
since V(eY(B:(t,z))) <mond[Ty, T] x L,. Hence,

De(t9,20) =0 and V(e Y. (B: (10, 20))) = m. a]

Completion of the proof of Theorem 2. We have shown that for small ¢ > 0, there exists
(te, ze) € (Ty, T) x L satisfying

Qclte,z2e) =0 and  V(eTe(Be(te, 2¢))) = m.

Note from [7, Proposition 2.1] and [25] that

Em =

: N-2 2 u 1 N

infd L, (u) | —— |Vul“dx+N m——Fu)|dx =0, ue H R")\{0}¢.
2 RN RN 2

Then we see that

Je(te, 2e) (Be(te, 26)) = EV(S’?‘S(BS(157Z5))) =En (65)

since
Q¢ (t0, 20) (Be (1, 2¢)) = 0.

This contradicts (59) and (60).

Thus we conclude that for any d > 0, there exists g(d) > 0 such that for ¢ €
(0, g9(d)), there exists a solution u, € Gz,g(Zgloﬁ) of (13) with I'y(u,) < C. and
Ye(ue) € Qioﬂ C (M?),. This implies that for small ¢ > 0, there exists a solution u,
of (13) such that lim,_, ¢ dist(e Y (ug), M) = 0 and limsup,_, o I's (us) < E,,. Let x, be
a maximum point of u,. Then we see from Proposition 3 that lim,_, o dist(ex,, M) = 0.
Since limsup,_, o e () < E,;, we deduce that u.(- + x) converges, up to a subse-
quence, to a least energy solution U € § of (4) with V(xg) = m as ¢ — 0. Thus, the
conclusion of Theorem 2 follows. ]
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